ISSN (Print]: 2077-9873

EURASIAN MATHEMATICAL JOURNAL

volume 17, number 2, 2026

ISSN (Online): 2617-2658

CONTENTS
ErnstL'vovich Presman (to the 85th birthday) ... 8

A.A. Adamov, M.B. Gabbassov, A.U. Kussebay E U R A S I A N

Construction of a discrete D-optimal design for a linear regression model with Haar

DaSIS fUNCHIONS. ... o e 10
MATHEMATICAL
On coincidence points of mappings on compactdomains..............c.cooviiieieennen. 18

e N | JOURNAL

Existence and uniqueness of solutions for third-kind linear Volterra integral
L= U= 0] 0 26

A.A. Nuraly, N.D. Markhabatov, Ye.R. Baisalov
Pseudofinite unar theory with arbitrary number of semichains and antichains.......... 39

V.M. Savchin, P.T. Trinh
The variational approach to time discretization of Birkhoff's equations for infinite-
dIMENSIONAl SY S EIMS. ... et 49 %

e ctersburg : RUSSIA % N
] Yaroslal  Pem, QRO | R
A.R. Yeshkeyev, A.R. Yarullina, M.T. Kassymetova D ey K e N -,
. : : U WA
On Kaiser class of unars in expanded SIgnature...................oeeeeeeeeeeeieeeeieeeeean. 58 « bl 0 s PSR e o
"% % fﬁ'é‘fow +Hiev , Kharkov * ot e

KAZRISTAN

Short communications

A Sou ‘Nﬁi\'&\‘ " ik W
UZBEKISTAN m@w“‘ :;i: R
AZERBAAN : -“5\\\&%\\\ w@a\ \
K.A. Bekmaganbetov, E.D. Nursultanov , | TURKMENSTAN B
On interpolation of local Morrey-type Spaces...........ccccvvviiiiiiiiiiiiiiiiiiianennn. 70 g o ~“Mosel *Ashkhabad QRS g et s |
| " 7 IRAQ *Tehran Kab\.l\* * G‘M
(’ﬂ‘f,gl,‘ 0 \,'a‘{\O‘e
e / IRAN AFGHANISTAN . ~\ \ka“‘%. r
. i R flBasran New Del, | (3 :
4 PAKISTAN ; '\Aa“\)“‘ »

Ja'm\.\t

CEN
h 8 TRa
A Slingy REp, FRchN

SN 2077 98

Vﬂllll\lif 17, NIIM.BEIl 2




ISSN (Print): 2077-9879
ISSN (Online): 2617-2658

Eurasian
Mathematical
Journal

2026, Volume 17, Number 2

Founded in 2010 by
the L.N. Gumilyov Eurasian National University
in cooperation with
the M.V. Lomonosov Moscow State University
the Peoples’ Friendship University of Russia (RUDN University)
the University of Padua

Starting with 2018 co-funded
by the L.N. Gumilyov Eurasian National University
and
the Peoples’ Friendship University of Russia (RUDN University)

Supported by the ISAAC
(International Society for Analysis, its Applications and Computation)
and
by the Kazakhstan Mathematical Society

Published by

the L.N. Gumilyov Eurasian National University
Astana, Kazakhstan



EURASIAN MATHEMATICAL JOURNAL
Editorial Board

Editors—in—Chief
V.I. Burenkov, M. Otelbaev, V.A. Sadovnichy
Vice-Editors—in—Chief
R. Oinarov, K.N. Ospanov, T.V. Tararykova

Editors

Sh.A. Alimov (Uzbekistan), H. Begehr (Germany), T. Bekjan (Kazakhstan), O.V. Besov (Russia),
N.K. Bliev (Kazakhstan), N.A. Bokayev (Kazakhstan), A.A. Borubaev (Kyrgyzstan), G. Bour-
daud (France), A. Caetano (Portugal), A.D.R. Choudary (Pakistan), V.N. Chubarikov (Russia),
A.S. Dzhumadildaev (Kazakhstan), V.M. Filippov (Russia), H. Ghazaryan (Armenia), V. Gold-
shtein (Israel), V. Guliyev (Azerbaijan), D.D. Haroske (Germany), A. Hasanoglu (Turkey), M. Hux-
ley (Great Britain), P. Jain (India), T.Sh. Kalmenov (Kazakhstan), B.E. Kangyzhin (Kazakhstan),
K.K. Kenzhibaev (Kazakhstan), S.N. Kharin (Kazakhstan), E. Kissin (Great Britain), V.I. Ko-
rzyuk (Belarus), A. Kufner (Czech Republic), L.K. Kussainova (Kazakhstan), P.D. Lamberti
(Italy), M. Lanza de Cristoforis (Italy), F. Lanzara (Italy), V.G. Maz’ya (Sweden), K.T. Myn-
bayev (Kazakhstan), E.D. Nursultanov (Kazakhstan), .N. Parasidis (Greece), J. Pecari¢ (Croa-
tia), S.A. Plaksa (Ukraine), L.-E. Persson (Sweden), E.L. Presman (Russia), M.A. Ragusa (Italy),
M. Reissig (Germany), M. Ruzhansky (Great Britain), M.A. Sadybekov (Kazakhstan), S. Sagitov
(Sweden), T.O. Shaposhnikova (Sweden), A.A. Shkalikov (Russia), V.A. Skvortsov (Russia), G. Sin-
namon (Canada), V.D. Stepanov (Russia), Ya.T. Sultanaev (Russia), D. Suragan (Kazakhstan),
[.A. Taimanov (Russia), J.A. Tussupov (Kazakhstan), U.U. Umirbaev (Kazakhstan), N. Vasilevski
(Mexico), Dachun Yang (China), B.T. Zhumagulov (Kazakhstan)

Managing Editor
A.M. Temirkhanova

(© The L.N. Gumilyov Eurasian National University



Aims and Scope

The Eurasian Mathematical Journal (EMJ) publishes carefully selected original research papers
in all areas of mathematics written by mathematicians, principally from Europe and Asia. However
papers by mathematicians from other continents are also welcome.

From time to time the EMJ publishes survey papers.

The EMJ publishes 4 issues in a year.

The language of the paper must be English only.

The contents of the EMJ are indexed in Scopus, Web of Science (ESCI), Mathematical Reviews,
MathSciNet, Zentralblatt Math (ZMATH), Referativnyi Zhurnal — Matematika, Math-Net.Ru.

The EMJ is included in the list of journals recommended by the Committee for Control of
Education and Science (Ministry of Education and Science of the Republic of Kazakhstan) and in
the list of journals recommended by the Higher Attestation Commission (Ministry of Education and
Science of the Russian Federation).

Information for the Authors

Submission. Manuscripts should be written in LaTeX and should be submitted electronically in
DVI, PostScript or PDF format to the EMJ Editorial Office through the provided web interface
(www.enu.kz).

When the paper is accepted, the authors will be asked to send the tex-file of the paper to the
Editorial Office.

The author who submitted an article for publication will be considered as a corresponding author.
Authors may nominate a member of the Editorial Board whom they consider appropriate for the
article. However, assignment to that particular editor is not guaranteed.

Copyright. When the paper is accepted, the copyright is automatically transferred to the EMJ.
Manuscripts are accepted for review on the understanding that the same work has not been already
published (except in the form of an abstract), that it is not under consideration for publication
elsewhere, and that it has been approved by all authors.

Title page. The title page should start with the title of the paper and authors’ names (no degrees).
It should contain the Keywords (no more than 10), the Subject Classification (AMS Mathematics
Subject Classification (2010) with primary (and secondary) subject classification codes), and the
Abstract (no more than 150 words with minimal use of mathematical symbols).

Figures. Figures should be prepared in a digital form which is suitable for direct reproduction.

References. Bibliographical references should be listed alphabetically at the end of the article.
The authors should consult the Mathematical Reviews for the standard abbreviations of journals’
names.

Authors’ data. The authors’ affiliations, addresses and e-mail addresses should be placed after
the References.

Proofs. The authors will receive proofs only once. The late return of proofs may result in the
paper being published in a later issue.

Offprints. The authors will receive offprints in electronic form.




Publication Ethics and Publication Malpractice

For information on Ethics in publishing and Ethical guidelines for journal publication see
http:/ /www.elsevier.com/publishingethics and http://www.elsevier.com /journal-authors/ethics.

Submission of an article to the EMJ implies that the work described has not been published
previously (except in the form of an abstract or as part of a published lecture or academic thesis or as
an electronic preprint, see http://www.elsevier.com /postingpolicy), that it is not under consideration
for publication elsewhere, that its publication is approved by all authors and tacitly or explicitly
by the responsible authorities where the work was carried out, and that, if accepted, it will not be
published elsewhere in the same form, in English or in any other language, including electronically
without the written consent of the copyright-holder. In particular, translations into English of papers
already published in another language are not accepted.

No other forms of scientific misconduct are allowed, such as plagiarism, falsification, fraudulent
data, incorrect interpretation of other works, incorrect citations, etc. The EMJ follows the Code
of Conduct of the Committee on Publication Ethics (COPE), and follows the COPE Flowcharts
for Resolving Cases of Suspected Misconduct (http://publicationethics.org/files/u2/NewCode.pdf).
To verify originality, your article may be checked by the originality detection service CrossCheck
http: //www.elsevier.com/editors/plagdetect.

The authors are obliged to participate in peer review process and be ready to provide corrections,
clarifications, retractions and apologies when needed. All authors of a paper should have significantly
contributed to the research.

The reviewers should provide objective judgments and should point out relevant published works
which are not yet cited. Reviewed articles should be treated confidentially. The reviewers will be
chosen in such a way that there is no conflict of interests with respect to the research, the authors
and /or the research funders.

The editors have complete responsibility and authority to reject or accept a paper, and they will
only accept a paper when reasonably certain. They will preserve anonymity of reviewers and promote
publication of corrections, clarifications, retractions and apologies when needed. The acceptance of
a paper automatically implies the copyright transfer to the EMJ.

The Editorial Board of the EMJ will monitor and safeguard publishing ethics.



The procedure of reviewing a manuscript, established
by the Editorial Board of the Eurasian Mathematical Journal

1. Reviewing procedure

1.1. All research papers received by the Eurasian Mathematical Journal (EMJ) are subject to
mandatory reviewing.

1.2. The Managing Editor of the journal determines whether a paper fits to the scope of the EMJ
and satisfies the rules of writing papers for the EMJ, and directs it for a preliminary review to one
of the Editors-in-chief who checks the scientific content of the manuscript and assigns a specialist
for reviewing the manuscript.

1.3. Reviewers of manuscripts are selected from highly qualified scientists and specialists of the
L.N. Gumilyov Eurasian National University (doctors of sciences, professors), other universities of
the Republic of Kazakhstan and foreign countries. An author of a paper cannot be its reviewer.

1.4. Duration of reviewing in each case is determined by the Managing Editor aiming at creating
conditions for the most rapid publication of the paper.

1.5. Reviewing is confidential. Information about a reviewer is anonymous to the authors and
is available only for the Editorial Board and the Control Committee in the Field of Education and
Science of the Ministry of Education and Science of the Republic of Kazakhstan (CCFES). The
author has the right to read the text of the review.

1.6. If required, the review is sent to the author by e-mail.

1.7. A positive review is not a sufficient basis for publication of the paper.

1.8. If a reviewer overall approves the paper, but has observations, the review is confidentially
sent to the author. A revised version of the paper in which the comments of the reviewer are taken
into account is sent to the same reviewer for additional reviewing.

1.9. In the case of a negative review the text of the review is confidentially sent to the author.

1.10. If the author sends a well reasoned response to the comments of the reviewer, the paper
should be considered by a commission, consisting of three members of the Editorial Board.

1.11. The final decision on publication of the paper is made by the Editorial Board and is
recorded in the minutes of the meeting of the Editorial Board.

1.12. After the paper is accepted for publication by the Editorial Board the Managing Editor
informs the author about this and about the date of publication.

1.13. Originals reviews are stored in the Editorial Office for three years from the date of publi-
cation and are provided on request of the CCFES.

1.14. No fee for reviewing papers will be charged.

2. Requirements for the content of a review

2.1. In the title of a review there should be indicated the author(s) and the title of a paper.

2.2. A review should include a qualified analysis of the material of a paper, objective assessment
and reasoned recommendations.

2.3. A review should cover the following topics:

- compliance of the paper with the scope of the EMJ;

- compliance of the title of the paper to its content;

- compliance of the paper to the rules of writing papers for the EMJ (abstract, key words and
phrases, bibliography etc.);

- a general description and assessment of the content of the paper (subject, focus, actuality of
the topic, importance and actuality of the obtained results, possible applications);

- content of the paper (the originality of the material, survey of previously published studies on
the topic of the paper, erroneous statements (if any), controversial issues (if any), and so on);

- exposition of the paper (clarity, conciseness, completeness of proofs, completeness of biblio-
graphic references, typographical quality of the text);



- possibility of reducing the volume of the paper, without harming the content and understanding
of the presented scientific results;

- description of positive aspects of the paper, as well as of drawbacks, recommendations for
corrections and complements to the text.

2.4. The final part of the review should contain an overall opinion of a reviewer on the paper
and a clear recommendation on whether the paper can be published in the Eurasian Mathematical
Journal, should be sent back to the author for revision or cannot be published.



Web-page

The web-page of the EMJ is www.emj.enu.kz. One can enter the web-page by typing Eurasian
Mathematical Journal in any search engine (Google, Yandex, etc.). The archive of the web-page
contains all papers published in the EMJ (free access).

Subscription
Subscription index of the EMJ 76090 via KAZPOST.
E-mail

eurasianmj@yandex.kz

The Eurasian Mathematical Journal (EM.J)

The Astana Editorial Office

The L.N. Gumilyov Eurasian National University
Building no. 3

Room 306a

Tel.: +7-7172-709500 extension 33312

13 Kazhymukan St

010008 Astana, Republic of Kazakhstan

The Moscow Editorial Office

The Patrice Lumumba Peoples’ Friendship University of Russia
(RUDN University)

Room 473

3 Ordzonikidze St

117198 Moscow, Russian Federation



ERNST L’VOVICH PRESMAN
(to the 85th birthday)

On February 28, 2026, Ernst I’vovich Presman, Doctor of Physical and
Mathematical Sciences, Chief Researcher of the Central Economics and
Mathematics Institute of the Russian Academy of Sciences, a Member of
Editorial Board of “Eurasian Mathematical Journal”. turned 85 years old.

Ernst L’vovich Presman was born on February 28, 1941, in Moscow. In
1958, he graduated with honors from Moscow Secondary School No. 124
and entered the Moscow Institute of Physics and Technology (MPhTI) the
same year.

In 1964, under the supervision of Academician Yu. V. Prokhorov, he
graduated with honors and entered graduate school at MPh'TT.

After completing his graduate studies in 1967, Ernst L’vovich joined the
Central Economics and Mathematics Institute of the Russian Academy of
Sciences, where he remains employed till now, having risen from a junior research fellow to a chief
research fellow.

During his graduate studies and for the following four years, Ernst I’vovich taught mathematics
in the Department of Mathematics at MPhTI. In 1994-1995 he was a Visiting Professor at the
Hosei University, Tokyo, Japan, in 1996 a Visiting Professor at the University of North Caroline
at Charlotte, Department of Mathematics. From 2008 to 2015, he worked as a professor at the
Department of Fundamental and Applied Mathematics at the Russian State University for the
Humanities, and from 2008 to the present, he has taught mathematics at the Moscow School of
Economics at the M.V. Lomonosov Moscow State University.

As a researcher on leave he visited (from one to four months) SUNY at Stony Brook (1989),
University of Toronto (1990, 1995, 1997), University of Texas at Dallas (2000, 2001, 2003), Universite
de Franche Comte, Besancon (2001).

Ernst L’vovich’s mathematical interests spanned a wide range. His first scientific paper appeared
while he was still a student and was published in the Proceedings of the Steklov Mathematical
Institute of the RAS (1964). His diploma thesis was devoted to queuing theory and was published
in the journal “Probability Theory and Its Applications”.

In 1968, Ernst L’vovich defended his PhD dissertation, completed under the supervision of Aca-
demician Yu.V. Prokhorov. The results of his dissertation, devoted to factorization methods for solv-
ing boundary value problems in probability theory, were published in the Bulletin of the Academy of
Sciences and received wide international recognition. In 1996, at the Steklov Mathematical Institute
of the RAS he defended his DSc dissertation: “Investigations on stochastic optimal control” (Com-
mittee: Academician I.A.Ibragimov, Academician A.N.Shiryaev, Professor A.Yu. Veretennikov).

Throughout his career, Ernst L’vovich devoted considerable attention to limit theorems in prob-
ability theory. His work on the multivariate version of Kolmogorov’s uniform limit theorem, on
the approximation of various distributions to a family of accompanying laws, his joint work with
UzAS Academician Formanov and later with RAS Academician I.A. Ibragimov on modifying the
Lindeberg and Rotar conditions in the Central Limit Theorem, and his other works in this area are
well known.

After joining CEMI, Ernst L’vovich began working on optimal stopping problems, random process
control, inventory and production management models, and financial mathematics. His joint work
with I.M. Sonin on the random choice problem became a classic. Together with I.M. Sonin, he
published the monograph “Sequential Control with Incomplete Information: The Bayesian Approach
to Many-Armed Bandit Problems”, Academic Press, 1990 (a revised translation from the Russian
edition by “Nauka”, 1982).




First independently, and then jointly with T.A. Belkina and Yu.V. Kabanov, he obtained im-
portant results on the stochastic linear regulator. Together with A.D. Slastnikov, he studied various
stochastic models of economic dynamics, worked with S. Sethi on problems of financial mathematics,
and then, with S. Sethi and his students, studied stochastic manufacturing systems.

Ernst L’vovich has published over 200 scientific papers to date (see https://scholar.google.com,
Profile of Ernst Presman). He has 30 co-authors and has participated in over 100 scientific confer-
ences. Two PhD dissertations were defended under his supervision.

In 1993 - 2000 Ernst L’vovich was Executive Secretary and a member of Editorial Board of the
Journal “Theory of Probability and its Applications” and in 2000 — 2013 a member of Advisory
Board of the same Journal. In 2018 — 2023 he was a member of Editorial Board of the Journal
B«Theory of Stochastic ProcessesB», and from 2010 till now he is a Member of Editorial Board of
the “Eurasian Mathematical Journal”.

He is one of the leaders of the general institute seminar CEMI B«Problems of stochastic control
and stochastic models in Economics, Finance and InsuranceB».

Ernst L’vovich was Project Manager of the Russian Foundation for Basic Research “Controlled
Random Processes” through 1994 — 2015.

The Editorial Board of the Eurasian Mathematical Journal, his friends and colleagues cordially
congratulate Ernst L’vovich on the occasion of his 85th birthday and wish him good health, happiness
and new achievements in mathematics and mathematical education.
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Abstract. Parametrically linear regression models are widely used in practice to describe various
types of dependencies. The goal of such experiments is to estimate the unknown parameters of the
model and to verify the optimality of the chosen design points according to certain criteria.
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1 Introduction

The aim of this paper is to construct a D-optimal experimental design if the basis functions are the
Haar functions. It is known that many Monte Carlo algorithms and experimental design methods are
based on selecting a certain probability distribution p of the design points defined on a measurable
space X |1, 4]. In this work, it is proved that a given discrete design is D-optimal if the design
points are distributed almost uniformly across the intervals of constancy of the Haar functions.

Let us consider a parametrically linear regression model, where the measurement results y(z;)
at points x; € X are represented as follows [2, 4]:

i =y (x) =Y Opilx;) +e(e;), j=1,2,...,N, (1.1)

=1

where ¢ () = {1 (x), 92 (), ..., on (x)}"— is the basis function vector on X, in our case the Haar
functions, 6~ are the unknown parameters, € (z;)- are random errors, X — is the design space.
Standard assumptions are made regarding the errors [2]:

Ee(x) =0, Ee® (z) = 0° (v) = const < 0o, Ee(z;)e(x;) =0, i},

where E is the mathematical expectation.
The regression model (|1.1)) can also be written in the form Y = F6 + ¢, where

Y1 o1(z1)  w2(71) oo () W;(fﬂl) 0,
v y:2 F— 9015%) 802(;772) S SOn(:xz) _ ¥ (:1’2) . ?2
YN p1(zn) w2(rn) o pn(TN) o' (zn) On

It is required to estimate the unknown parameters 6 and their variances, as well as to verify the
D-optimality of the obtained design, i.e., to find the optimal density

Pt = argmigp(det[D(p)]) (1.2)
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The Haar function system on the set X=[0,1] with a given (probability) measure p is defined as
follows [3].

We divide the set X with measure p(X) = 1 into 2™ disjoint subsets
d(m,s)(1<s<2™ 1 'm=1,2,...)each of the same measure u. The subsets d (m, s)(1 < s < 2m71!)
are defined by the equality:

s—1 s
d(m7 S) - |:27n71 9 2'm71) bl

where s ranges from 1 to 2™~ ! and m = 1, 2, ... (of course, for s = 2"~! we consider d(m, s) to be
closed on the right as well). It is easy to see that for each m:

d(m, 1) Jd(m,2) ... d(m, 271y = [0, 1].

The Haar function system x,,s(x) is conveniently defined in groups: the group with number m
contains 2™~ functions Y,.s (z),s = 1,2,...,2™ ! defined by the following equalities:

2"5, at z € dim+1,2s — 1),
m—1

Xms(T) = ¢ =277, at  xcd(m+1,2s), (1.3)
0, at x & d(m,s).

Let k; (j =1,2,...,n) be the number of points belonging to the subset d(m, j) of the set X=[0,1]
and Z ]{?j =N.
=1

J
It is known [2], that if the matrix of the system of the normal equations F'7F is non-degenerate,

then the least squares estimate has the form:

0= (FTF)" FTy (1.4)
and the variance has the form: X )

DY =q*(F'F) ", (1.5)
where

(P1,01) (¢1,92) -+ (¢1,0n)
FTF: (¢2?¢1) <¢27i¢2) (¢27'i¢n)

(a6t (Du ) o (G )
(6,7) = Z o(z)(z)), x; € X.

The matrix M = FTF is called the information matrix, and the matrix Dl = o2 M~'-is called
the variance matrix for model ([1.1}).

2 Cases with two and four basis functions

To simplify the analysis, let us first consider the cases of m = 1, 2, i.e., the interval [0, 1] is divided
into 1 and 2 subsets respectively, and the regression model contains 2 and 4 unknown parameters 6.
In the case of m = 1, the Haar functions take the following form:

¢ () =1,z (2) = {ti: ;Z; i é [[0%7’51% (2.1)

1

Let k; and k; be the number of points selected from the subsets [0, 5

with ky + ko = N. The information matrix takes the following form:

) and [3,1]. respectively,
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FTF — <(¢17¢1) (¢1,¢2)> _ (kl + ke k1 — k’2)
(f2,¢1) (d2, P2) ki — ko ki+ko)

The determinant of this matrix is equal to k1ky. Therefore, for the matrix to be non-degenerate,
it is necessary and sufficient that the conditions k; and ko > 0 are satisfied.

1 1 1 1 k1 k1+k2
-1 Tl o T -1 Yi + i
(FTF) " =1 (kf oA kf) , FTY = (Z;gl Y Z —hy+1 ) .

k1 ks ki k2

doim Vi — i= k1+1yz

Therefore, the estimate of the unknown parameters 6 = (6, 6,) is given by:

1 k1 1 k1+k2
) -1 2k Zi: Yi t o5 Zz Yi
0= (F'F) FTY = | S0 it na
2k Zz’:l Yi — 2k Zi=k1+1 Yi

and their variance has the following form:

A T B BN &
_ g k k k k
De—z(i_ﬁ 1y 12)

k1 ko ki1 ko

In the case m = 2 we have four Haar functions: ¢;(z), ¢2(x) from (2.1)) and

+V2, for z €0, ) ; +V2, for ze B %)
(253(.1}') = _\/ia fOT YIS [4 ) ;) ¢4<I’> = _\/57 fOT YIS |: 1) (22)
0, for =xze€ [ 1} , 0, for ze€ [ }
Let ki, ko, k3 u k4 be the number of points selected from the subsets [0, %), [i, %) , [% %) and [%, 1],

respectively, with k; + ko + k3 + k4 = N. The matrix F7F has the following form:

ky+ko+ks+ky Kki+Fke—Fks—ky \/§(k31—k32) \/§(k3—k4)
T | Rt e = ks — Ry ks o+ Ky V2(k1 — ko) —v2(ks — ky)
V2(ky — k) V2(k1 — k2) 2 (k| + k) 0
V2(ks — k4) —V/2(ks — ky) 0 2 (kg + ky)
The determinant of this matrix is det (FTF) = 256kikoksks, where k; > 0,4 = 1,2,3,4. The
invers matrix to the matrix (FTF)_1 and the vector FTY have the following form:

1 1 1 1 1 _ 1 1 1
k1+k2+k3+k4 Bt B R \/5’“ k2 ﬂ( )

k1+ko+k3+ks

i=1
Zkﬁ-kz . Zk1+k2+k3+k4
( i=k1 +k2+1 (

V2SI g — \/_Zﬁ]kil ;
\/EZflJIgfiJlgfj-l Y; \/_zlir 2+k3+ky y

i=k1+ko+kz+1 I

FTY =

Then, the least squares estimates of the unknown parameters 6 = (61,05, 63,0,) determined by
the formula 6 = (FTF)f1 FTY are given by:

1 k1 1 k1+ko 1 Nkitketks 1 N
mzzlyz‘ + mzizkl+1yi + > Yi + o

i i=h1- ks 2 §_1+§_2k+1 i Thy Ltizhytho+ho+1 Yi
1 1 1 1+k2 1+ko+ks 1 )
Ak zz 1Y+ Aky i:kl-‘rl Yi — 4k3 ZZ kitho+1 Y T aky Zi:k1+k2+k3+1 Yi

k1 k1+ko ’
1k Z =1Yi— 4k2 Zz i+l Yi

k1+ka+ks -
ks ZZ k1+ko+1 Yi ks ZZ ki1+ko+kz+1 Yi

and the variance of these estimates by: Dl =o (FTF) '
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3 General case

We obtain the same result using another approach, which allows us to generalize the find-
ings to the case of an arbitrary n. To do this, we introduce a system of characteristic func-
tions f1 () f2 (), f3 (), fa(z) corresponding to the segments d(2,1) = [0,1), d(2,2) = [1,1),
d(2,3) = [1,2) and d(2,4) = [2,1] defined as follows:

1, if ze€d(2,i),
fi(x):{o, if w¢d(2i). 3.1)

It is then evident that the Haar functions can be expressed in terms of the characteristic
functionsf; (z),i = 1,2, 3,4, in the following form:

¢1(x) = [i(@) + fo(x) + fo(2) + fal2),
$2 (2) = f1(2) + f2 () = fs (2) = ful2),
3 (1) = V2 (fi () = f2 (),
1 (x) = V2(f3 (2) = fa ()

¢ (x) = Lf (x), (3.2)

where
1 1

1 1
1 1 -1 -1
0 V2 V2

¢ (x) = (91 (2), 62 (2) 5 (2) , 04 ()", f(2) = (fi (2), fa (2), fs (), fu (&))"
Substituting into , we obtain

Y=F0+e=0"LG +e, (3.4)
where

fi(z) filza) ... fil*w)

| fozr) faze) ... folow)
=1 h@) flws) . folew) | (8:5)

fa(x1)  fa(wo) fa(zw)

From this we obtain:

0TL =0, 07 =00 L7, 0= (L) 6y, (3.6)

If now é(l) is the least squares estimate of the unknown parameters under an arbitrary design
¢ with the dispersion matrix Dé(l), then, according to Theorem 1.4 [2], we have that the estimate
0= (L‘l)T 0(1) is also a least squares estimate, and its variance is calculated using the formula:

DO = (L™ DiuyL ™, (3.7)

Hence,
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det DO = (detL) > det Dy, (3.8)

which coincides with the previously obtained result, because det. = —16.

The latter method for obtaining least squares estimates for the system of Haar functions allows
us to generalize the estimation process to the general case. Given that Haar functions are linear
combinations of step (characteristic) functions of the type , the more general case where the
number of basis functions exceeds four can be studied using the previously obtained results for step
functions [4].

In the general case of arbitrary m, we have n = 2™ Haar functions defined on the interval [0,1],
which is divided into 2™ subintervals d(m, s) s = 1,2, ...,2™ of equal length.

Let us consider the system of characteristic functions fs () defined by the equalities:

1, of z€ 52_—1 oo
s(r)=<. . 2ro2ry s=1,2,...,2™
f ( ) {07 Zf z ¢ 2_77117 om
Lemma 3.1. Let m be a natural number. Then the Haar basis functions {¢s(z)} (s =1,2,...,2™)
can be expressed in terms of the characteristic functions {fs(x)} (s = 1,2,...,2™) using formula

(3.2), where the elements of the matriz L,, = (Imi;)._, are defined by the following recursive
s8] ’Lj—l
formula:
m—1,i,[Z41] if i<2m!
iy = 2?1, if i>omTl j =4 —gm-l
" 2% if i>2mt j=i41-—2m1!
0, if i>2m1  gj#£i—2mt A&+ 1-2mt

(3.9)

Proof. We proceed by the method of mathematical induction. For m = 1, the system of Haar
functions ¢, (x), @2 (z) is defined in equation ([2.1]), and the matrix

1 1
n=(; ).

Assume that the conditions of the theorem hold for m = k. We will prove formula for the
case m = k + 1. The subintervals d(k + 1,s)s = 1,2, ..., 28" are obtained from the subintervals
d(k,s)s = 1,2, ..., 2% by dividing each interval in half. The Haar function system consists of 2¥ Haar
functions {¢, (x)} (s = 1,2,...,2%) for the case m = k, and 2% functions xj11.(z),s = 1,2,...,2%
from equation (1.3). Then, the first 2* rows of the matrix L;; consist of the elements of the matrix
Li. The next 2% rows are defined by the formulas in equation , in which two elements are
non-zero and the rest are zero, as reflected in the last three expressions of formula (3.9). The first
2% rows of the matrix L; have 2% columns, but since the subintervals d(k +1,s)s = 1,2, ..., 25 are
halves of the subintervals d(k, s)s = 1,2, ..., 2, each element must be repeated twice. O

Lemma 3.2. For the matriz Ly,the following equality holds LL L,, = 2™E, where E is the identity
matriz.

Proof. The statement of the lemma means that all rows of the matrix L,, are orthogonal, and the
sum of the squares of the elements in each row is equal to 2. The second statement is obvious. Let
us prove the orthogonality of the rows, i.e., that the scalar product of any two distinct rows is zero.
The first row is orthogonal to all other rows, since the remaining rows contain an even number
of non-zero elements, half of which have opposite signs.
The last 2™~ rows are mutually orthogonal, as each row contains exactly two non-zero elements
located in different columns.
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The first 27! rows are also mutually orthogonal, since they are obtained by duplicating the
elements of the matrix L,,_;, whose rows are orthogonal by assumption.
The scalar product of any row from the first half with any row from the second half consists of

two terms with opposite signs and therefore equals zero. O]
Substituting into , we obtain:
Y =0TF4+e=0"LG+e=00G+e, (3.10)
where

fiz) filz2) ... fil*w)

G = f2 (1’1) fg(ﬂfg) fQ(xN) . (311)
0 = (91,927...,9n)Tare the unknown parameters in the case of Haar functions, and 6, =

T
(951), 951), e ,97(11)> in the case of characteristic functions. From this follow equalities ([3.6]).

If now é(l) is the least squares estimate of the unknown parameters under an arbitrary design &

with the dispersion matrix Dé(l), then, according to Theorem 1.4 [2], the estimate 6 = (L™1)" 01y is
also a least squares estimate, and its variance is calculated using formula , while the determinant
is given by formula .

Since the determinant of the information matrix M (é(l)) in the case of step functions is easily
computed and equals [1]

detM (B)) = n"kika . b, (3.12)

then the determinant reaches its maximum value when k1 = ko = ... = k.
Thus, if the number of measurement points N is divisible by the number of unknown parameters
n = 2™, then the following theorem holds.

Theorem 3.1. Let X = [0,1],n = 2" {¢;i ()} (i = 1,2,...,n) be the system of Haar functions.
Consider the linear regression model (1.1) Y = F0 + €. If the number of measurement points N is
divisible by n, i.e., N = In, then the determinant in formula (3.8)) reaches its minimum value when

ky=ky=..=k,=1

Theorem 3.2. Let X = [0,1],n = 2™, {¢; (2)} (i = 1,2,...,n) be the system of Haar functions.
Consider the linear regression model Y = F0+ e. Now suppose the number of measurement
points N 1s not divisible by the number of partitions n, i.e., N =In+r, where 0 <r < n.

Then, in the optimal design, all k; differ from each other by no more than one, i.e.,

ky=ko=..=k.=1l+1, kyy=kio=..=k,=1.
The number of such designs is equal to C.
Proof. Indeed, to proceed, we order the values ki, ko, ..., k, and obtain a variational series
ki <ky <...<ky,
where

1
nm

Suppose that k, — k; > 1. We construct a new design in which all k;, except for k; and k,,
remain unchanged, while k,, is replaced by &, — 1 and k; is replaced by k; + 1. For this new design,
the determinant equals (ky + 1)ko. ..k, — 1(k, — 1) > ky, ko, ..., ky, i.e., the original design is not
optimal, and therefore our assumption is incorrect. Thus, in the optimal design, all k; differ from
each other by no more than one. The number of such designs is equal to C]. One such design is:
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. T X9 e T, Tpy1 0 Ty
E=\m w1 o o1
N
0

Thus, a D-optimal design has been constructed for the system of Haar functions in a linear
regression model with parameters appearing linearly.

Discussion

Thus, we have obtained an explicit form of the discrete optimal design under the D-optimality
criterion for a linear-in-parameters regression model in the case of the system of Haar basis
functions. Furthermore, we derived an explicit form of the transformation matrix L,, converting
step functions into Haar functions, which satisfies the conditions of Theorem 1.4 in [2]. The resulting
construction extends naturally to functions defined on an arbitrary finite interval X = [a,b]. One
may also replace the Haar system with other basis functions possessing similar structural properties.
In addition, it is possible to construct optimal designs for other optimality criteria (G, MV) and to
verify the assertion of the Kiefer-Wolfowitz equivalence theorem (Theorem 2.3 in [2]).
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Abstract. In the paper, we study coincidence points of two mappings defined on a compact metric
space. We assume that the first mapping satisfies the covering condition with a constant o > 0 and
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1 Introduction

Given metric spaces (X, px) and (Y, py), denote by Bx(zo,7) the closed ball centered at point
xo € X with radius r > 0 in the space X. An analogous notation we will use for closed balls in the
space Y. Let ¥, p: X — Y be given mappings.

A point £ € X is said to be a coincidence point of the mappings 1 and ¢ if ¥(§) = ¢(&). In [1],
there was developed the coincidence point theory. It was shown, that under natural continuity and
completeness assumptions, if the mapping 1 satisfies a certain covering assumption and the mapping
@ is Lipschitz with a sufficiently small Lipschitz constant, then there exists a coincidence point of
the mappings ¢» and . Analogous results were derived for set-valued mappings. Let us recall the
concepts in use.

Given a real number a > 0, the mapping ¢ is said to be a-covering if the following inclusion
takes place

By (¥(xg), ar) C (Bx(xo,r)) Yaoe X, Vr>0.

Given a real § > 0, the mapping ¢ is said to be g-Lipschitz if the following inequality takes place
py (p(71), p(22)) < Bpx(z1,72) Vg, 22 € X,
The mapping v is said to be closed if its graph
gph ¢ = {(z,¢(2)) : v € X}
is a closed subset of the metric space X x Y endowed with the metric defined by formula
p((x1,41), (22,92)) = px (1, 2) + py (y1,%2), (21, 91), (22,52) € X x Y.

Note that there could be defined other equivalent metrics in the spaces X x Y. However, the one
defined above is more convenient in the subsequent.
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Recall now the coincidence point theorem from [I]. Assume that the metric space (X, px) is
complete, the mapping ¥ : X — Y is a-covering and closed, the mapping ¢ : X — Y 1is (-
Lipschitzian and o > B > 0. Then for every point xy € X there exists a point & = {(xo) € X such

that

py (Y(w0), (o))
a—f '
In the particular case, in which the space (Y, py) coincides with the complete space (X, px) and 9 is
the identity mapping, this coincidence point theorem implies the fixed point theorem by S. Banach
and R. Caccioppoli (see, for example, [5, Chapter 1, §1]).

In this paper, we consider the coincidence point problem for the specific case a = (.

If o = § and all assumptions of the cited coincidence point theorem are preserved except o > f3,
then the mappings ¢) and ¢ could have no coincidence point even under the additional assumption
that the domain X is compact. For example, assume that X is a circle in the Euclidian plane R?
with the induced metric, ¥ = X, ¥ : X — X is the identity mapping, ¢ is a rotation mapping
by a fixed angle different from 27m and m € {..., =1, 0, 1, ...}. Take &« = § = 1. Then, all the
assumption of the coincidence point Theorem 1 in [I] hold except the assumption o > . At the
same time, the mappings ¢ and ¢ have no coincidence points, although the domain X is compact.

P(€) =p(§) and px(z0,§) <

Assume now that the mapping ¢ satisfies the strict Lipschitz inequality with the constant «, i.e.

py (o(x1), p(12)) < apx(z1,22) YV, z0 € X 7 # 2o (1.1)

Then, the a-covering mapping ¢ and the mapping ¢ can also have no coincidence point. For
example, assume that X =Y = [1,+00) and the mappings ¢ : X — X and ¢ : X — X are defined
by formulae

() =z, )=+ i +c¢, w€]l,400).

Here, real ¢ > 0 is given. Take o := 1. Then the mapping v is a-covering and continuous, whereas
the mapping ¢ satisfies strict Lipschitz inequality (|1.1)). However, the mappings 1) and ¢ have no
coincidence points. Moreover,

[h(z) —p(z)| >c Vaell,+o00). (1.2)

Note that, both considered examples were given in monograph [§] and illustrated the absence of a
fixed point of the corresponding mappings.

As is known, if the metric space X is compact, Y = X and the mapping ¢ : X — X is a strict
contraction (i.e. inequality holds with o = 1), then the mapping ¢ has the only coincidence
point (see, for example, [, §1.6 (A.7)] or [8 §1.6]). In other words, in the contraction mapping
theorem, the contraction assumption can be weakened by replacing it with the assumption of strict
contraction, and the assumption of completeness of the space X can be strengthened by replacing
it with the assumption of compactness of this space. For more results on fixed points of mappings
satisfying various contraction assumptions see, for example, [6l [7, 9]. For the results on application
to optimization see, for example, [3], [4].

In connection with the above, the following natural question arises. Is Theorem 1 in [I] true if
the assumption of completeness of X is replaced by the assumption of compactness of X, and the
assumption that ¢ is S-Lipschitz with § < « is replaced by the assumption that strict Lipschitz
inequality holds with the same constant a?

Below, we will provide a positive answer to this question. In addition, we obtain sufficient
conditions for the existence of coincidence points and generalized coincidence points of set-valued
mappings.
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2 Coincidence points of single-valued mappings

Let us now present sufficient conditions for the existence of coincidence points of two mappings
defined on compact domain.

Theorem 2.1. Let a metric space (X, px) be compact. Given o > 0, assume that a mapping
Y X =Y is a-covering and closed, a mapping ¢ : X — Y satisfies strict Lipschitz inequality
with the constant a.

Then, there ezists a coincidence point & € X of the mappings ¥ and @, i.e. (&) = p(&).

Proof. Denote
D= {(331,1'2) e X xX: l[)(fﬁg) = @(331)}
Let us prove that the set D is a closed subset of the space X x X endowed with the metric

p(([El, 1‘2), (fbfg)) = px(l'l, Zfl) + py(fl?g,fg), (ﬂfl,l‘g), (fl,fg) € X x X.

Take an arbitrary sequence {(x%,z%)} C D convergent to a point (Z1,Z3) € X X X. Then,
o(zt) — ¢(z1) as i — +oo since the mapping ¢ is Lipschitz and, therefore, continuous. Since
{(2%,2%)} C D, the definition of the set D implies that ¥ (z}) = ¢(z}) for every i. Therefore,
Y(xh) — ¢(Z1) as i — +o0 as well. The closedness of the mapping v and the relations z%, — T, and
Y(xh) — ¢(Z1) as i — +oo imply that the point (Zs, ©(7;)) belongs to the graph of the mapping 1.
Therefore, the equality 1 (Z2) = ¢(%;) takes place. Hence, (Z1,Zs) € D. So, it is shown that the set
D is a closed subset of the space X x X.

Let us consider the following constrained optimization problem:

minimize px(r1,79) subject to the condition (zy, ) € D. (2.1)

The set D is compact since this set is a closed subset of the compact space X x X. Moreover, the
function (1, x2) — px(x1,z2) is continuous on the entire space X x X. Therefore, the Weierstrass
theorem implies that there exists at least one point (£1,&) € D which is a solution to Problem ,
e, px(&1,&) < px(x1,x0) for every (x1,29) € D.

Let us prove that the minimal value px (&1, ;) to Problem equals zero. Assume the contrary,
i.e. px(&1,&) > 0 or equivalently & # &. Since the mapping ¢ is a-covering, there exists a point

& € X such that (&) = (&) and the inequality px (€, &) < a~lpy (1¥(&), (E)) takes place.
Applying this inequality we obtain

px(62,63) < a7 lpy (¥(&), p(&)) = a oy (0(&), (&) < px (&1, &2).
Here, the equality follows from the inclusion (&1, &) € D and the strict inequality follows from ((1.1)
since & # &s.
So, we have (&,&3) € D, since (&) = p(&2). At the same time, it is shown that px(&2,&3) <
px(&1,&2). Therefore, the point (£, &) is not a solution to Problem (2.1)). The contradiction obtained

proves that px(&1,&) = 0.
Denote £ := &. Since px(&1,&) = 0, we have & = £. Thus, the inclusion (£;,&) € D implies

that $(€) = ¥(&1) = p(&) = (). -

Let us compare the obtained coincidence point theorem with Theorem 7.2 in [2]. In Theorem
7.2 it is assumed that the domain X as well as the target space Y are Banach spaces, whereas in
Theoremthese spaces are metric ones and X is compact. In [2], it is assumed that the a-covering
mapping ¢ is smooth, whereas in Theorem 1 is closed. In [2], the mapping ¢ satisfies a stronger
assumption than . So, these two coincidence point theorems do not follow from each other.
These two theorems also differs from Theorem 1 in [I]. The key difference is that they can be
applied if the mapping ¢ is not S-Lipschitz with 8 < «. However, Theorem here as well as the
result in [2] are not applicable if the metric space X is neither compact nor Banach. At the same
time Theorem 1 in [I] can be applied to certain mappings in this case.
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3 Coincidence points of set-valued mappings

Let us pass to the study of the coincidence points of set-valued mappings.

For a nonempty set M C Y and a real number r > 0 denote By (M,r) := |J By(y,r). Denote
yeM
by hy the Hausdorff distance between subsets of the space Y, i.e.

hy(M,N) :=inf{r > 0: By(M,r) D N, By(N,r)> M}

for nonempty closed subsets M, N C Y. Here, if the set in the right-hand side of the equality
is empty, then we assume that hy (M, N) := +oo. Below we will also use the following distance
function between sets

disty (M, N) := inf{py (y1,y2) : y1 € M, ys € N}.

Here M, N C Y are arbitrary nonempty closed subsets.

Let .9 : X == Y be given set-valued mappings, i.e. the mappings that correspond to each
point z € X closed nonempty subsets of the space Y. A point £ € X is said to be a coincidence point
of the mappings ¥ and ® if ¥(£) N P(£) # (). A point £ € X is said to be a generalized coincidence
point of the mappings ¥ and ® if dist(V (&), P(£)) = 0.

Given a number o > 0, recall that the set-valued mapping V¥ is said to be a-covering if

By (V(zg),ar) C V(Bx(xg,r)) Vzoe X, Vr>D0.

The set-valued mapping W is said to be upper semicontinuous if for every point x € X and every
sequence {(z%,4")} C gph ¥ the relation dist(y’, ¥(z)) — 0 as i — oo takes place. Here,

gphVU :={(z,y) e X xY :2€ X, ye¥(r)}.

Let us formulate now sufficient conditions for the existence of a generalized coincidence point of
two set-valued mappings.

Theorem 3.1. Let a metric space (X, px) be compact. Given o > 0, assume that a set-valued
mapping ¥ : X =Y is a-covering and upper semicontinuous, and a set-valued mapping ¢ : X =Y
satisfies the strict Lipschitz inequality with the constant «, i.e.

hy (®(z1), (x2)) < apx(x1,z2) Vay,ze € X 21 # xo. (3.1)

Then, there exists a generalized coincidence point & € X of the set-valued mappings ¥ and @, i.e.

disty (¥(£), (£)) = 0.

Before moving on to the proof of the main results of this section, we present and discuss auxiliary
constructions. First, consider a constrained optimization problem ({2.1]) with the set D defined in a
new way by the formula

D= {(x1,25) € X x X : U(an) N D(a1) £ 0}, (3.2)

If this problem has a solution and the minimal value for this problem equals zero, then obviously
there exists a generalized coincidence point £ € X of the set-valued mappings ¥ and ®. In the
particular case when the mappings ¥ and ® are single-valued, the set D coincides with the set D in
the proof of Theorem In this case, the set D is compact. This fact was shown in the proof of
Theorem [2.1. However, if the mapping ® is set-valued, then the set D is not necessarily compact.
Consider the corresponding example.
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Example 1. Put X :=[0,1], Y := {0} U [1, +0o0),
U(x):=1/z, x€ (0,1, ¥(0):=0,

O(x) :=[1,+00), z€][0,1].

Then, the space X is compact, the mapping W is closed and 1-covering. The mapping ® is constant,
so it satisfies strict Lipschitz inequality with the constant a = 1.

The points (1/i,1/7) belong to the set D for every i, since U(1/i) = i € [1,400) = ®(1/i).
At the same time the limit (0,0) of the sequence (1/i,1/i) does not belong to the set D, since
U(0) =0¢ [1,+00) = ®(0). Therefore, the set D is not compact.

This example shows that the reasonings from the proof of Theorem are not valid when the
assumptions of Theorem hold. Namely, we cannot apply the Weierstrass theorem to Problem
, since the set of admissible points D is not necessarily compact. Thus, we cannot prove the
existence of a solution to Problem . In fact, Example [2] below shows that a solution may not
exist. So, we need the following auxiliary assertions.

Lemma 3.1. Let a metric space (X, px) be compact. Given a > 0, assume that a set-valued mapping
O : X Y satisfies inequality (3.1]).

Then, for every real number p > 0 there exists a nonnegative real number B = B(n) < a such
that

hy (®(z1), ®(22)) < Bpx(x1,22) Va,x0€ X px(x1,22) > p.

Proof. Take an arbitrary real number p > 0. Denote

M= {(z1,72) : px(21,72) > p}.

It is obvious that M is a compact subset of the space X x X.
Counsider the function f: M — R defined by formula

hy (®(21), P(2))
px (1, 72)

f(xh IQ) =

, (x1,m9) € M.

Since p(x1,z2) > p > 0 for every (z1,x2) € M, inequality (3.1) implies that this function f is
continuous. The Weierstrass theorem implies that the function f attains its maximal value  at
some point (Z1,T2) € M. Then Ty # Z5. So, inequality (3.1)) implies that § < a. Moreover,

hy (®(1), (x2)) = f(21, 22)px (21, 72) < Bpx (w1, 22) V(71,72) € M.
Thus, the constructed value [ is the desired one. O]

Lemma 3.2. Let a metric space (X, px) be compact. Given a > 0, assume that a set-valued mapping
U X Y is a-covering and a set-valued mapping ® : X =Y satisfies inequality (3.1)).
Then the infimum in problem (2.1) equals zero, i.e.

inf{px(z1,zs) : (21, z3) € D} = 0. (3.3)
Here, the set D is defined by formula (3.2]).

Proof. Denote p := inf{px(x1,22) : (x1, z2) € D}. It is obvious that > 0. Let us prove that p = 0.
Assume the contrary: pu > 0. For each (z1,22) € D we have px(z1,22) > pu. Then Lemma
implies that there exists a nonnegative real number 5 < a such that

hy(@(l’l),@(l’g)) < /Bpx(xl,@) Vai,29 € D.
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Thus, there exists a real number 6 > 1 such that 0 < «.

Since u > 0, the definition of p implies that there exists a point (z1,22) € D such
that px(z1,22) < pa/(B0). Since (x1,x3) € D, there exists a point y; € Y such that
y1 € Y(xy) N ®(xq). Thus, the definition of the Hausdorff distance implies that the inequal-
ity dist(yy, ®(zq)) < Ohy(P(x1), P(x2)) holds. So, there exists a point yo € P(x2) such that
py (Y1, y2) < Ohy (P(21), D(x2)).

Since the mapping VU is a-covering, there exists a point x3 € X which satisfies the relations

1
y2 € U(z3) and px(z2,23) < aPY(?JhZ/z)-

Note that the obtained inequalities imply that

1 0 0
px (2, 3) < apy(yla?h) < ahy(q)(xl),@(b)) < %PX(«'Eth) < .

Moreover, (z2,23) € D, since yo € VU(x3) and yo € ®(z2) as is shown above. The obtained inequality
px(xe,x3) < g and the inclusion (x9,23) € D imply that the value p is less than inf{px(z1,z5) :
(x1, x2) € D}. This contradicts the fact that u is the infimum. The obtained contradiction proves

equality (3.3)). ]

Lemmashows that infimum of px (21, x2) in equals zero. The compactness assumption is
essential for this assertion. Indeed, let X =Y = [1,+00), ¢¥(z) =z, p(x) = x+1/x+c, x € [1,400)
and ¢ > 0 be a given real number. Then, by virtue of , the statement of Lemma fails even
for single-valued mappings.

Proof of Theorem[3.1 Lemma [3.2] implies that
inf{px(z1,22) : (21, x2) € D} = 0.

Here, D is the set defined by formula (3.2). So, there exists a sequence {(zJ,23)} C D such that
pX(x{,xé) — 0 as 7 — oo. This sequence has a convergent subsequence, since the space X is
compact. Denote this subsequence by {(z,23)} as well. Denote its limit by (£;,&) € X x X. Since
pX(x{,xé) tends zero as j — oo, we obtain that & = &. Denote £ := &;. So, we have x{ — £ and
3332 — £ as j — oo.

Since {(z],x})} C D, we have U(z}) N ®(z)) # 0 for each j. Therefore, there exists a sequence
{y;} C Y such that y; € ¥(x}) N ®(x]) for each j. Since the set-valued mapping ¥ is upper
semicontinuous, y; € W(z3) for all j and 2} — &, then disty(y;, U(¢)) — 0 as j — oo. Since
y; € ®(27) for each j, inequality implies that disty (y;, ®(£)) — 0 as j — oo.

Let us prove now that disty (U(£), ®(£)) = 0. For each j take ¢; € U(£), p; € ®(&) and a
sequence of positive real numbers ¢; such that

py (U5, ;) < disty (U(E), ;) + 05, py(;,y;) < disty (®(£),y;) +0;, 6, =0+ as j— oo.
Applying the triangle inequality, we have
pY(qvij 90]) S PY(ZD]‘, y]) + pY(yj7 SOJ) S dlSty(\I](f), yj) + dlSty(q)(f), yj) + 25]

This inequality and the obtained relations imply that py (¢}, ¢;) — 0 as j — oco. Thus, the inequality
disty (¥(£), ©(£)) < py (5, ¢;) implies that disty (¥(¢), D(£)) = 0. O

Theorem [3.1] implies the following assertion on coincidence points.
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Corollary 3.1. Let the assumptions of Theorem [B.1] hold. Namely, o > 0 is given, a metric space
(X, px) is compact, a set-valued mapping V : X =Y is a-covering and upper semicontinuous, a
set-valued mapping © : X =Y satisfies inequality . Assume additionally that for each v € X
at least one of two sets either V(x) or ®(z) is compact.

Then there exists a coincidence point & € X of the set-valued mappings ¥ and ®, i.e. V(&) N

() # 0.

Proof. Theorem [3.1]implies that there exists a point £ € X such that disty (¥(€), ®(£)) = 0. Since at
least one of two sets either WU(x) or ®(x) is compact, it follows from this equality that ¥(£) N® (&) #
0. O

Remark 1. Theorem does not follow from Corollary of Theorem [3.1] since the closedness
assumption in Theorem is weaker than upper continuity assumption in Corollary

In Theorem [B.1], the coincidence point may not exist. Let us demonstrate this fact by the following
example which was presented in [I].

Example 2. Put IT := {(z,2%/2) : = € [0,1]} C R2. Consider the spaces X = [0,1], Y = ([0,1] x
[0,1]) \ IT with the metrics induced by the metric of R and R?, respectively. Put

U(z) = {(z,t): t€ [0, 1)\ I, ®(z):={(t.tz/2): t € [0,1]}\II, z € [0,1].

Obviously, the metric space X is compact. Put a := 1. The set-valued mapping ¥ : X = Y is
a-covering and upper semicontinuous. Moreover, the set-valued mapping ® : X = Y satisfies strict
Lipschitz inequality with the constant a = 1. So, all the assumptions of Theorem are
satisfied. Thus, ¥ and ® has a generalized coincidence point. However, W(x) N ®(x) = @ for each
z € X. For more details see |1, Example 1.

Finally, note that the upper semicontinuity assumption in Theorem cannot be replaced by
the weaker closedness assumption. For the corresponding example see [I, Example 2|.
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1 Introduction

According to the theory of integral equations, the solution of first-kind linear Volterra integral
equations exists and is unique in the space of continuous functions if the input data is smooth and
the kernel K(x,t) does not vanish on the diagonal ¢ = z. In this case, it is possible to precisely
determine the value of the desired function at the initial point of the segment, which is requried for
the numerical solution of the equation. Naturally, the question arises whether similar results can be
obtained for third-kind linear Volterra integral equations in the case of smooth known functions.
G.C. Evans, in [4, 5], thoroughly studied the solvability conditions for Volterra integral equations

a(x)u(r) —i—/K(x,t)u(t)dt = f(x), (1.1)

with the right-hand side f(x) = a(x)g(z) and a singular kernel.

Since then, only a few works have been published addressing the existence of solutions for third-
kind Volterra integral equations [1, 6, 8, 15, 19]. These works have investigated only special classes
of third-kind equations with continuous data |1, 19] and weakly singular kernels [1, 6, 8, 15].

T. Sato [19] constructed the solution of nonlinear third-kind Volterra integral equations in the
form of a power series when a(x) = x. T.F. Fényes [6] demonstrated the existence of a locally
integrable solution to equation (1.1) with a convolution-type kernel and a(z) = z + ¢,¢ < 0. A.M.
Nakhushev [15], using the apparatus of fractional differentiation, investigated integral equation (1.1)
with a weakly singular kernel for a(z) = 2,0 < 8 < 1. P. Grandits [8] obtained conditions
under which equation (1.1) with the special kernel K(z,t) = 1 4+ I'(x,t) has a unique continuous
solution. S.S. Allaei, Z.-W. Yang, and H. Brunner [1], using the properties of cordial Volterra integral
operators, proved the existence of a unique continuous solution to equation (1.1) with a continuous
(or weakly singular) kernel for a(z) = z°, 3 > 0. A multiparameter family of solutions to equation
(1.1) in Banach spaces of a special type was obtained by N.A. Magnitskii [14].
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G.C. Evans’s method [4] has been further developed in the theory of regularization of third-kind
Volterra integral equations. In the works of A. Asanov |2|, M.I. Imanaliev and A. Asanov [10], and
T.T. Karakeev [12], issues of regularizing the solution of equation (1.1) in the space of continuous
functions, when a(x) is monotonic (in the scalar case), have been investigated. T.D. Omurov [16]
and S.B. Tagaeva [20] demonstrated the applicability of the regularization method in the space of
summable functions for (1.1) with a non-decreasing function a(x). The regularization of equation
(1.1) with a weakly singular kernel is addressed in the work of S.V. Pereverzev and S.A. Prossdorf
[18]. S. Iskandarov [11] studied the conditions for the uniqueness of a solution of equation (1.1) on
the half-line.

In this work, we will prove the existence and uniqueness of a solution to integral equations (1.1)
both in the class of continuous functions and in the space L,(0,b). We will define the smoothness
order of a solution.

2 Resolving equation

G.C. Evans [4] proved the existence of a unique bounded solution to a second-kind Volterra integral
equation with a non-integrable order kernel. The study of such equations was continued by L.I.
Panov [17], who demonstrated the unique solvability of the equation in a special Banach space of
continuous functions. In this section, we will consider a special class of second-kind Volterra integral
equations, which can be categorized as the type of equations studied in [4, 17|. The results of this
section will be used in subsequent sections.

Let G(x),a(z), f(z) be known functions on the segment [0,b] and a function Q(x,t) be defined
in the domain D := {(z,t) : 0 <t <2 < b}. Assume that the following condition holds:

(4) a(0) =0, g" oty = Foo,a(x) > 0,Vz € (0,0].

Consider the integral equation

= er — [ G(T)dT % | S)vlSs S
v(z) = / p< / e )a@){ / Q(t. s)(s)d +f<t)}dt- (2.1)

0

By C™°(D) we denote the space of continuous functions z(z,t) on D that have continuous
derivatives %, and functions %(m,x},i =0,1,...,n — 1, are differentiable on [0,b] up to order
n —1— 1 inclusively. C™!(D) is the space of continuous functions w(z,t) on D that have continuous

ivati w 9"w ow n,0
derivatives 57, 57 and 57 € C™(D).

Theorem 2.1. Let functions a(z), f(z), and G(z) be continuous on [0,b], a function Q(x,t) be
continuous on the domain D, and the function a(x) satisfy condition (A), and G(x) > 0. Then,
equation (2.1) has a unique solution v(x) € C|0,b] with v(0) = f(0). If a(x), f(x) € C™[0,b],G(x) €
C"10,0], Q(z,t) € C™°(D), and the following condition holds

Gm(z) = G(z) + md' (z) >dy >0,m=0,1,....n, (2.2)
then the solution v(z) € C™[0,b].

Proof. Let Q1 = max{|Q(z,t)|,(x,t) € D}, Ny = max{|f(z)|,z € [0,b]}. From (2.1), using Dirich-
let’s rule for the repeated integral, we obtain
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Lo t) = /(

where

Since, according to (A) and (2.2),

0< e:cp(—/xG(i;)_;iT) < emp(—dl/x%> =0,

we have

Thus, for any z € (0, b]

6]
[oo{ P o) it s
0 z t 3
and
[eo(- [ 55 Y= [t ovo 1 [ S257),

where 0 = n at s = t. Due to this, the following estimates hold

|[F(z)| < No, [L(z,1)| < @,
and

h@ﬂﬁ@/www+M» (2.3)

If a function g(z) is integrable on [0,b], g(x) > 0, and a function f(z) is continuous on [0, b], then
the theory of definite integrals allows the application of the mean value theorem in a generalized
form |9, p. 324]: for some z; € [0, b]

b
/fwmwwzfma/gwﬁ

a
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Due to this formula and condition (A) we have that for some Z € [0, 2]

Fa) = @) | exp<— / GW”) S 4y — fa).

a(t) ) a(t)

where ¢ is an arbitrary point from [0,b]. From this, when z7 — 0 it follows that F'(0) = f(0). So
the kernel L(z,t) degenerates on the diagonal ¢t =z : L(z,z) = 0.

For the function F'(z) and the kernel L(x,t), it is easily established by standard methods that
the increments AF — 0 as Ax — 0 and AL — 0 as Ax — 0, At — 0.

From the above and estimate (2.3), it follows that the function F'(z) and the kernel L(z,t) are
continuous, respectively, in the regions [0,b] and D. According to the theory of Volterra integral
equations of the second kind [3, p. 5|, there exists a unique solution v(x) of equation (2.1) in C[0,b]
and v(0) = f(0).

Let a(z), f(x) € C™[0,b],G(z) € C"1[0,b],Q(x,t) € C™°(D), and condition (2.2) be satisfied.
From (A) and (2.2) it follows that

IGm(T)dT B B .
ea:p(—/(—> =0,m=0,1,...,n. (2.4)

a(T)
0

By integrating by parts, due to (2.4), we get

j exp(— / Gfg;”)%f@)dt:f(x) - O/ e:cp<— / G(EQ;”) £(t)dt
/zexp<_/$GfLZ§h)%/tQ(t, s)v(s)dsdt

0 t

_ / Q(a, s)v(s)ds — / exp(— i G{gz;h>6(t)dt,

0 t

and

where ¢(z) = Q(z, z)v(x) + Owax(:c, s)v(s)ds.

We will demonstrate the existence of a continuous derivative for the solution of equation (2.1).

Since
. Ia/(T)dT :a(t)
p( / a<r>> alz)’

from condition (2.4) it follows that the function

w(z) :/xexp<—/ch(Lz7)_;iT>co(t)dt,

0 t

is continuously differentiable and

W' (@) = colw) — Gla) / ea:p(— / Gl(T)dT>CO(t)dt.
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where c¢q(z) = c(z) + f'(z).
Thus, the solution of equation (2.1) has a continuous derivative

V'(x) = co(z) —w'(x) = G(x) / exp (— / G;<2)d7> (:(<tt)) dt. (2.5)

0 t

Let xy be an arbitrary point from [0, b]. For v'(zy), using the generalized mean value theorem, we

obtain
o (0) = G(xo) / e“’p<_/ Gl(T)dT) S (1t = Gy 2L

0 o)) a) &\(C)
for some 0 < ¢ < zg, where ¢;(x) = CCJ‘JI((Z)). From this, when zg — 0
0 0,0)f(0 (0
o(0) = G(O)é°1<(0)) — (0 >Cf;§ (2))+ Q) (2.6)

In a similar manner, for any continuous function ¢y(z), one can derive the following representation:

Q)
wlw) = 710

Therefore, w(0) = 0, since a(0) = 0. This fact will be used repeatedly in the following computations.
We introduce the notations

a(€),0 < ¢ < .

Cl(ﬂf) _ CO(:C> Cm(llf) — C{m—l(x> m = 2’3’

ey Ty

Wi (z,t) :exp<—/%>,m:0,l,...,n,

A (x) :/%Wl(x,t)dt, Ap(x) :/C/";_(;gt)Wm(x,t)dt,m:2,3,...,n. (2.7)

We write (2.5) in the form

The function

Ay(z) = / Wi, ) S gy = () — / Wi (e, £)¢, (8 dt

is continuous on [0,b] and A;(0) = ¢1(0). According to condition (2.2), the following estimate holds

G (t)
a(t)

|Ai(2)] < dy! IICo(I)Hm/Wl(%t) dt < dy [leo(2)]] -
0

The function A;(x) is continuously differentiable and

G1($)
a(x)

A(z) =

/ Wi, ) (£)dt = G (x) / Wy(z, 1) (;'1(%) dt = G () As(x).
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Since
X

As(z) = / ()Wl 1) 2 bt = ) - / Wala, 1), (8)dt,

we get
A1(0) = G1(0)e2(0),  [A)(2)] < dy M| G1 ()] ller ()]

Then, there exists a continuous second derivative on [0, b] and

[l

V'(x) = G'(2) AL (z) + G(2) Al ().
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(2.9)

Note that formula (2.8), for determining v'(z), contains the first derivatives of f'(z),a’(x) and
Q:(x,t), while in formula (2.9) for v”(x), the second derivatives f”(z), a”"(z), Q.(x,t) and the first

derivatives of the functions Q(z, z),v(x), G(x), also the derivative Q,(x,z) are present.

By differentiating n — 1 times from (2.8), we get

v(2) = (G(2) Ay ()"

We will show that A;(z) has continuous derivatives of order n — 1. Above, it was shown that the

function A;(x) has a first derivative. Let us differentiate As(z).

Gg(l‘)

/Wg(x,t)cg(t)dt: Gg(x)/Wg(x,t)f((;)

and
A5(0) = Go(0)e3(0),  [Aq(x)| < dit [|Ga(@) |l s (@)

oo "

Next, the second derivative exists:
Af(x) = (Gi(2)Az(x)))" = Gi(2) Az(z) + Gr(2) Ay(z).

The third-order derivative Ag?’) (x) is given by the formulas:

AP (x) = (G1(2)As(2)))" = G (x) Az () + 261 () Ay(2) + G (2) Ay (),

A3 (z) = (Ga(x) As(w)))" = Go(w) As(w) + Gaw) Ay ().

Here, we need to show the differentiability of

All other functions on the right-hand sides of these equations are defined and continuous on [0, b].

By virtue of (2.2), we have

As(z) = Gs(x) / W4(x,t)cj(—(;))dt = G3(x)As(2)

and
A5(0) = G3(0)ea(0),  [A5(2)| < dit [|Ga(@) ]l s ()]

oo *
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Using the method of induction, it is easy to establish that Agnfl)(:c) is determined by the following
system of formulas:

AT () = (Gr(@)As()) ", AT (@) = (Galw) Ag()) ",
23 AS—)I(‘/L‘) = Gn—l(x)An(‘/L‘)
At each step m, we need to find A/ (z), for which the following formulas hold:
Al (2) = Gp(x)Apia(x), AL (0)=Gn(0)cmii(0),m=1,2,...n—1

and

The function ¢/, ;(z) in the equality

contains a™ (z), ™ (z), vV (2), Q" (z,t) and lower-order derivatives, and
An(0) = en(0),  [An(2) < di |y (@), -
Thus, the function A;(z) is continuously differentiable n — 1 times. Then, by Leibniz’s rule it

follows that the function v(x) is continuously differentiable up to order n inclusively. Therefore, the
solution v(x) of equation (2.1) belongs to C"[0, b]. O

Definition 1. We will call equation (2.1) the resolving equation for equation (1.1) if G(z) = K(z, z)

and Q(z,t) = %(Kéft’;)).

3 Theorem of existence and uniqueness of regular solutions

Theorem 2.1 serves as the basis for establishing the conditions of existence, uniqueness, and continu-
ity of the solution to the linear Volterra integral equation of the third kind (1.1), where a(x), K(z, 1)
and f(z) are known functions, and u(z) is the desired function.

V. Volterra |21, pp. 97-98] demonstrated the possibility of solving Volterra integral equations
of the first kind in two ways: by differentiating the equation and by integrating by parts with the
introduction of a new desired function through an integral substitution. In both cases, we obtain a
Volterra integral equation of the second kind. The first method has found wide application, including
in the construction of numerical solutions. The second method involves finding the derivative of the
new desired function and is rarely used. We are particularly interested in the second method, the
generalization of which proves to be useful for investigating the existence, uniqueness, and continuity
of the solution to Volterra integral equations of the third kind. Moreover, it is possible to identify
the conditions that determine the order of smoothness of the solution.

For equation (1.1), condition (2.2) takes the form

Gp(z) = K(x,z) + md'(z) > dy > 0,m=0,1,....n. (3.1)

Theorem 3.1. Let a(z), f(z) € C*0,b], K(x,t) € CH(D), f(0) = 0 and let conditions (A), and
(3.1) (for m=0,1) hold. Then equation (1.1) has a unique solution u(x) € C[0,b], which at x=0 takes
the value

f'(0)

K(0,0) + a'(0)

u(0) = (3.2)
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and the following estimate holds:
[u(@)ll o < Nullf (@)l s

where Ny is a positive constant, ||| is the norm in the space C*[0,b]. Furthermore, if a(x), f(x) €
C"0,b], K (z,t) € C™ (D) and condition (3.1) holds, then u(x) € C"1(0,b].

Proof. Let us rewrite equation (1.1) as
a(z)u(r) —I—/G(t)u(t)dt: /Q(x,t)/G(s)u(s)dsdt—l—f(x), (3.3)

where G(x) = K(z,z),Q(z,t) = %(%) We introduce a new unknown function by substituting

/G(t)u(t)dt = v(z). (3.4)

Then, from (1.1), we obtain the integro-differential equation

alw)v' () + Gla)o(z) = / G(2)Q(, to(t)dt + G(a)f (@), (3.5)

with the initial condition v(0) = 0. We reduce this zero initial value problem to the integral equation
of the followig form [5, Section 11]:

v(x) = exp (/b S((:))d7> jewp (/bf((:)) dT)

x t

(;)) [ / Q(t, $)v(s)ds + f(2)

dt,

G
af

which can be represented in form (2.1), where G(z) and Q(x,t) are defined according to (3.3). Any
solution of integro-differential equation (3.5) with the initial condition v(0) = 0 is a solution of
integral equation (2.1) and vice versa, because at x = 0 the solution of equation (2.1) takes the
value v(0) = f(0) and, by the assumptions of the theorem, f(0) = 0. Consequently, solving the
zero Cauchy problem for (3.5) is equivalent to solving resolving integral equation (2.1). From the
conditions imposed on the function K (z,t), it follows that Q(x,t) € C1°(D). By virtue of Theorem
2.1, resolving equation (2.1) has a unique solution v(z) € C'[0,0]. Then, from (3.4), we find the
unique solution of equation (1.1)

u(z) = : (3.6)

which belongs to the space C[0,b]. At x = 0, from (3.6) and (2.6), we obtain (3.2). The estimate of
this theorem directly follows from (3.6), (2.3), and (2.5).

Suppose a(z), f(z) € C"[0,b], K(z,t) € C™!(D) and condition (3.1) is satisfied. Then, according
to Theorem 2.1, the solution of resolving equation (2.1) v(z) € C™[0,b], and from (3.6) it follows
that the solution of equation (1.1) u(z) € C"*[0,b]. O

Formula (3.2) is well consistent with the theory of first-kind Volterra integral equations. If
a(x) = 0, then from (1.1) we obtain a linear first-kind Volterra integral equation. When the kernel
and the right-hand side of the first-kind equation are smooth and K(x,z) > 0, it has a unique
continuous solution u(x) and

which we also obtain from (3.2) when a(z) = 0.
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Remark 1. Under the assumptions of Teorem 3.1 estimate (2.3), it follows that the solution of
equation (1.1) can be constructed by the method of successive approximations according to the rule:

= x Wi(z,1) Jv s)v s
Unt1(z) = J a(0) { Q(t, t)vnta(t /ta nri(s)ds + f/(t )}

xT

Upi1(z) = /Wg(@lﬁ)%{/@(t, s)vn(s)ds+f(t)}dt,n =0,1,....

0
Example 1. Let K(2,t) =2 —t+1/2,0 <t <z <1, f(z) = 32/2 + 72%/4 + 2°/6, a(x) = =,
0 <z <1. Then, G(z) =1/2,Q(x,t) = =2, F(z) = a:/2+7a:2/20+:1:3/42

If we choose the initial approximation vy (z ) F(z) and apply the method of successive approxima-
tions to (2.1), then

vp(7) = 2/2 + 22 /4 + (=1)"(B, /105 + 27, /42)2" 2 n = 1,2, ...,
where 3; = 1,8, = 2"! Hn+2 ; (n=2,3,..), 7 = —222— (n=1,2,3,...).

m=4 m(2m+1) (n+3)(2n+7)
Then, v(x) = lim,_, v, (z) = 2/2 + 2%/4 and the solution of integral equation (1.1), according

0 (3.6),is u(x) =1+ x and u(0) = K(o];)(i)a o) = 1?2/42& =1.

4 Existence and uniqueness of a solution in L?(0,b)

The smoothness properties of the function a(x), the kernel K (z,t), and the right-hand side f(x) of
equation (1.1) allowed us to prove the existence and uniqueness of a continuous solution to equation
(1.1). If we discard some of these conditions, equation (1.1) may not have a solution in C0, b].

Let a function f(z) be continuous on [0,b] and f'(z) € LP(0,b),p > 1. Then, the fulfillment of
conditions (A) and (3.1) (for m=0) does not imply that equation (1.1) has a solution in the space
of continuous functions. In this case, it is reasonable to investigate the solvability of equation (1.1)
in the space LP(0,b). In this case, by a solution of equation (1.1), we mean a function delonging to
LP(0,b) which, when substituted into (1.1), transforms the equation into an identity in the integral
sense

Let the function a(z) be continuously differentiable on [0, b] and satisfy condition (A), and let
K(x,t) € CYY(D). We require the fulfillment of the condition

kmGo(z) +mad' (z) > dyi1,m = 0,1, k1 = min(ko, = ) ko =1, (4.1)

where d;, dy are positive constants, 1/p+1/g=1,p > 1, and Go(z) = K(x,x).

If f(0) =0, f(x) € C"[0,b],0 < v < 1, then equation (2.1), where G(x) and Q(x,t) are defined
according to (3.3), is the resolving equation for equation (1.1). By virtue of the continuity f(x) and
Q(z,t) = 0/0t(K(x,t)/G(t)), respectively on [0,b] and in D, according to Theorem 2.1, resolving
equation (2.1) has a unique continuous solution v(x). From (3.4) and (2.1) we find the solution of

equation (1.1)
+/W1(x,t)Qa(<tt’ Do dt+/ /W1 S’) Qelst) o, (4.2)

T £t t. (4.3)

where
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Lemma 4.1. Let a function f(x) € C[0,b] and f'(x) € LP(0,b), p > 1. If f(0) = 0 and conditions
(A) and (4.1) are satisfied, then the following estimate holds:

it < () (22 1ol (1.9

Proof. Integrating by parts, from (4.3) we get:

f@) 1 Iex [ Gyl(r)dr ) Golt)
@) a(az)o/ p( / (™) )a(t) fa

e / ‘””Q(‘/x %)f e

dz.
0 t

b

IR (@), = /

p

dx

0
According to Holder’s inequality, we have:

<0/ exp<_/x G(;<(Tf))d7>‘f/<t>|dt>p < ( 0/ exp<_g / GZ((TT))dT)dt>q

t t

[ P mGo(T)dT L
X/exp( 2/ 2(7) >|f(t)| dt.

0

Then
ot [ ool [ 4 ol
<[l ([ ) [l 2] ) rome
Since

IR@IE < @) [ [ ew(% / G(;?)dT)\f’(t)!pdtdx-

0

Using Dirichlet’s rule, we get the estimate

| Fo(z < (dy)~ /\f /exp( /IG(;(Z;_))CZT> a(lx)d:z:dt

p 2

< (da)”

From this, estimate (4.4) follows. O
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Since
w0 LD < Qs il
and . 0 N
[ oy [ i, D dsat] < Qubets ool

where Q41 = ma${|QS)(x7 t)], (z,t) € D},i = 0,1, by virtue of Minkowski’s inequality and estimate
(4.4), from (4.2) we arrive at the following estimate:

_é dl _% / 1,1
@l < () (%) 17 @l + (@ + Qe ofo)]e

The uniqueness of a solution to resolving equation (2.1) and this estimate guarantee the uniqueness
of the solution to equation (1.1) in LP(0,b).

Theorem 4.1. Let a(z) € C'[0,b], K(z,t) € CY (D), and a function f(z) be continuous on [0,b],
with f(0) =0 and f'(x) € LP(0,b). Suppose that conditions (A) and (4.1) are satisfied. Then, there

exists a unique solution to equation (1.1) in LP(0,b), and the following estimate holds:

=

()20 < (d2)3 (%) 17 @ + Ml

where My = (Q1 + Qub)brdy ",

Example 2. Let the functions a(z) and K(x,t) be the same as in Example 1, and the function f(x)
be given by (
flz) = (7/4492/10)Vz%,0 < z < 1.

3 27 3
Flz)= 2+ Zla | Va2
(@) (4 * 130‘T> o
and Go(z) = 3, Q(z,t) = —2. If we choose the initial approximation vy(z) = F(z) and apply the
method of successive approximations to (2.1), then we get:

wto) = (3= 20 )V

Then,

4 65
3 32n+3
= [ S+ (=) 21 BT ) Va2, .
i) = (§+ o) VL
where 8, =[] _, m, (n =1,2,3,...). Hence, v(z) = lim, o0 v, (x) = 3¥22. Then, the

solution of integral equation (1.1), according to (3.6), is u(z) = %/ii

5 Conclusions

In regularization theory, as well as in the numerical solution of Volterra integral equations of the
third kind, one of the main difficulties lies in the fact that the value «(0) is unknown. Therefore, an
approximate value wug is often used instead of u(0) [13|, which is not always easy to determine.

Theorem 3.1 for equation (1.1) with smooth data eliminates this problem since the exact value of
1(0) is known and is determined by formula (3.2). Moreover, Theorem 3.1 can serve as a theoretical
basis for constructing a regularizing operator and numerically solving equation (1.1) not only for a
monotonic function a(z) 7], but also for a broader class of functions a(x).
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1 Introduction

The study of pseudofinite structures is important because it provides a way to model infinite struc-
tures that are similar to finite structures. This allows the transfer of techniques and results from
finite mathematics to the study of infinite structures. For example, in model theory, pseudofinite
structures are used to study the behaviour of infinite structures under different model-theoretic
interpretations.

The family of (pseudofinite) theories is studied in [32] B3], 34] 27, [16], their rank characteristics
and topologies in [T4] 15], pseudofinite acyclic graphs in [I8], and equivalence relation in |10} 19].

In the paper [3] there are considered surjective quadratic Jordan algebras, which has connections
with problems of decomposition of algebraic structures, as in [I1], where there is studied the effective
decomposition of Abelian groups. In both cases, the issues of decomposition and model construc-
tion are important. Paper [4] is devoted to countable models of small stable theories, which has
connections with the topics of [5 [12], where there is studied the difficulty of recognizing decidable
theories.

Problems concerning complete theories of unars were considered in works |9, 13 18], 22 23], 30, 28|
8|. Yu.E. Shishmarev [30] obtained a description of uncountably and countably categorical theories
of unars, in [I3] L. Marcus solved the problem of the number of non-isomorphic countable models
in the complete theory of unars, A.A. Ivanov [9] obtained a criterion for elementary equivalence of
unars.

This paper is a continuation of the study on approximations of unar theory by finite unar theories
starting from [31), T, §]. The characterization of pseudofinite theories of unars depends essentially
on the combinatorial structure of their connected components, particularly on the distribution of
semichains and antichains. While the case in which these components occur in equal numbers is
comparatively tractable, the general situation with arbitrary finite or infinite numbers of semichains
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and antichains is substantially more involved. The interaction between these two types of compo-
nents significantly influences the existence of finite approximations and, consequently, the pseud-
ofiniteness of the corresponding theories. Therefore, obtaining necessary and sufficient conditions
for pseudofiniteness in the general case constitutes a natural and important extension of previous
investigations and provides a complete characterization of pseudofinite unar theories.

In [29] an algebraic description of projective, weakly-, quasi- and pseudo-projective, injective,
weakly-, quasi- and pseudo-injective unars is presented.

In [31], it is proved that a coproduct of finite acts over monoid is pseudofinite.

As usual, we will use the standard terminology. In particular, w denotes the set of all non-negative
integers.

Definition 1. A unar is a structure & = (U; f) where f : U — U is a unary operation on a set U.
For any u € U, let fo(u) = u, f"*(u) = f(f"(u)) for all n € w, f~Hu) = {w € U|f(w) = u}. A
unar U is called a cycle of length n € w if there exists u € U such that U = {f*(u)|0 < i < n},
f™(u) = u, fi(u) # f7(u) for all distinct 4,5 € {0,...,n — 1}. A set {w;]i € w} C U is called a
semichain if f(u;) = w41 and w; # w; for all distinct 4,5 € w. A set {u;|i € w} C U is called an
infinite antichain if f(u;11) = u; and u; # w; for all distinct ¢, j € w. If the cardinality of the set
{w e U|f(w) = u} is k, we say that u is a k-branching point, or k-valence point. In the language of
the graph theory we say that u is a point of degree k.

In the first section basic facts are given about model-theoretic properties of unars with some
explanations. In the second section there are given equivalent definitions of pseudofiniteness. The
third section is devoted to approximations developed by S.V. Sudoplatov in [33]. In the fourth
section, a pseudofinite theory of a unar with an arbitrary number of semichains and antichains is
constructed. It is proved that this theory is omega-stable.

2 Preliminaries

Definition 2. Let X C U and u,v € U. We say that u,v are connected if there are n,m € w
such that f"(u) = f™(v). We say that X is connected if any two elements of X are connected. A
maximal connected subset of U is called a connected component of U.

A connected component is defined as for graphs. Two vertices u,v are connected if there is a
f-path connecting them: u = wg, wy, ..., wr = v, where either f(w;) = w;;; foreach 0 <i <k —1
or f(w;) = w;—; for each 1 < i < k. We can define the distance p(u,v) as the minimum length
of a path connecting wu, v if these vertices lie in the same component; and if they lie in different
components, then we assume p(u,v) = oo.

The cycle (ring) of a component (graph) I' is the set consisting of all u € T' for which there exists
n > 0 such that f"(u) = u. A component I' is called a component with a cycle if its cycle is not
empty.

If a component does not contain a cycle of length n > 0, we call it a ¢ree. If a unar is disconnected
and each component does not contain a cycle of length n > 0, we call it a forest.

The root of depth n of an element u is the set K,(u) = {w € U] there is i < n such that
fi(w) = u}. The root of u is
K(u) = ) Ku(u).
1€wW
A connected subset of the root K, (u) that contains u is called a subroot of depth n of the element
u.

Fact 1. There is at most one cycle in one component.
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If u does not belong to a cycle, then K(u) is a tree. Indeed, suppose for vertices u',v" € K(u)
there are two paths v’ = xg,zq,..., 2, = v and v’ = 2o, y1, ..., Ym—1, 2 = v'. We can assume that
the common vertices of these two paths are only ' and v’. One of these paths "comes" to «/, let us
say f(x1) =u'. Then, we have f(z;41) = f(x;) for each i € {0,1,...,k}, and the second path leads
from v’ to v’. The union of these paths gives a cycle containing «’ and v’, but not containing u, a
contradiction with v/, v" € K (u).

Similarly, it can be proved that if a vertex u belongs to a cycle C, then (K(u) \ C) U {u} is a
tree. For simplicity of further exposition, we will also denote this tree by K (u) (when the vertex u
belongs to a cycle).

Description of connected components of a unar.

(1) There is a cycle in a component. Then the component is a forest of trees planted on the
vertices of this cycle.

(2) There is no cycle in a component. If there is an element that does not have an f-preimage,
then the component is a forest of trees planted on the f-trajectory (semichain) of this element.

(3) There is no cycle in a component. All elements have an f-preimage and the component is a
forest of trees planted on the f-trajectory (Z-chain) of any element.

Definition 3. A theory T is said to be limited if there exists a natural number N such that the
following formula is true in 7"

N

(Fa)[ \/ (") = F74 ().

n,m=1

Fact 2. |23, B0] A theory T is w-categorical if and only if

i) T is limited,

i) if U =T, then there are only finitely many non-isomorphic sets of the form \J,_, f~"(u) in
U or equivalently, U realizes finitely many 1-types.

In components of form (2) and (3) there are vertices u, v with the formula property p(u,v) =n
for any natural n, and there is a unique f-path without repetitions connecting these vertices u,v.
Therefore, in a countably categorical unar, all components contain a cycle. The lengths of cycles
are uniformly bounded, and all trees planted on the vertices of a cycle have finite height, and these
heights are also uniformly bounded.

Let us prove the following: all trees of the form K(u) can be assigned labels so that isomorphic
trees and only they have the same labels. A label is a formula that tells about the property of the
root of this tree. The total number of labels is finite, which is not surprising since up to equivalence
the number of formulas (with one free variable) in a countably categorical structure is finite. A label
of a tree of height h will have the superscript h.

We will assign labels by induction on the height of the trees. There is only one tree of height
zero, it is assigned the label pJ, and the formula says that the root does not have a f-preimage.

Let us assume that all trees of height < k are assigned labels. For each label p;'- with 7 <k, there
is a natural number mj such that if the f-preimage of a vertex contains more than m/ vertices u for
which K (u) has the label p}, then the f-preimage contains infinitely many such vertices (again, due
to countable categoricity).

Let a tree of the form K (u) have height £+ 1. Then we study the composition of the set f~1(u),
each vertex v from this set defines a tree K (v), and therefore some label p; with 7 < k. We count
how many vertices from f~'(u) define a tree with label p’: if there are n < m/ pieces, then we
compose the formula ¢)~"(z), which says that " f~'(z) contains n vertices with label p%", and if there
are n > m/, pieces, then we take the formula ¢)~"(z), which says that " f~'(z) contains m}+1 vertices

with label p%". The conjunction of all formulas ¢~*(z) will be a label for w.
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The distribution of labels to vertices is complete.

It is easy to prove by induction on height that if the labels of the vertices u,v coincide in a
countable model, then K (u) = K (v).

Now consider two components. They are isomorphic if and only if their cycles have the same
length and the labels of the vertices on the cycles are such that there is an isomorphism between
the cycles that maps the vertices with the same labels. Since there are finitely many labels and the
lengths of the cycles are bounded by some number, there will be finitely many non-isomorphic com-
ponents in a countable model. A complete theory of a unar simply specifies how many components
of a certain type of isomorphism there are in its model.

Note also that in a countably categorical unar the connectivity relation is formulaic and therefore
each component is distinguished by a formula (with a parameter).

Fact 3. [30] A limited theory T is uncountably categorical if and only if it satisfies the following
conditions:

i) | f~1(w)] is infinite for at most one u, and is otherwise bounded.

i) If | f~1(u)| is finite for all u, then all except one type of connected component of U are finite.

i) If there is w € U such that | f~'(u)| is infinite, then all types of connected components of U
are finite and all K, (u) for f(w) = u are isomorphic except for finitely many u.

A set of N-neighborhood of V' C U is the set

N

{u € U : there is v € V such that \/ ff(w) = f™(u)}.

n,m

Fact 4. [30] An unlimited theory T is uncountably categorical if it satisfies the following condi-
tions:

i) | (u)| is bounded.

ii) For each n € w there are only finitely many connected components whose cycle consists of n
elements.

i) There exist a finite set Vo C U, a set V C U, m € w, and a set {P, : v € V} such that
U=VoUUyev P, Py is a subroot of depth m for v €V, and for v,w € V, the subroots P, and P,
are isomorphic and this isomorphism can be continued to an isomorphism of their 2m-neighborhoods.

The following statement perfectly and succinctly summarizes the last two facts above.

Theorem 2.1. [22] Let (M, f) be a unar. Then Th((M, [)) is wi- categorical if and only if it is
quasisimilar to the theory of infinite sets without any structure.

In work of J. Ax [2] the concept of pseudofiniteness was first defined. The ground works obtained
to date for pseudofinite structures directly depend on the results of J. Ax. The basic definitions of
pseudofiniteness are the following:

Definition 4. [2] An infinite structure M of a fixed language L is pseudofinite if for all L-sentences
0, M | ¢ implies that there is a finite My such that Mg = ¢. The theory T' = Th(M) of the
pseudofinite structure M is called pseudofinite.

Many beautiful theorems in model theory of the 1950-60s were proved using the ultraproducts.
Set theorists love ultraproducts since they give rise to elementary embeddings, a staple of large
cardinal theory. J. Ax in [2] connects the notion of pseudofiniteness and the construction of ultra-
products.
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Theorem 2.2. [2| Fiz a language L and an L-structure M. Then the following are equivalent:
1) an L-structure M is pseudofinite;
2) M =Ty, where Ty is the common theory of all finite L-structures;
3) M is elementarily equivalent to an ultraproduct of finite L-structures.

In classical logic, the following property is a straightforward corollary of pseudofiniteness.

Theorem 2.3. Let M be a pseudofinite structure and f : M* — M* be a definable function. Then
f s ingective if and only if f is surjective.

Pseudofinite fields are studied in [2], more detailed information can be found in [7]. Also a survey
on pseudofinite groups is given by D. Macpherson in [20, 21]. The investigation of pseudofinite
rings was started in [6] [I], more complicated pseudofinite rings are studied in the series of papers
[24, 25| 26].

Definition 5. [33] Let 7 be a family of theories and T' be a theory such that 7" ¢ T. The theory
T is said to be T -approzimated, or approrimated by the family T, or a pseudo-T -theory, if for any
formula ¢ € T there exists 7" € T for which ¢ € T".

If the theory T is T-approximated, then 7 is said to be an approzimating family for T, and
theories T” € T are said to be approzimations for T.

Definition 6. [35] A disjoint union | | _. M, of pairwise disjoint systems M, of pairwise disjoint
predicate signatures ¥,,n € w, is a system of the signature (J, ., %, U {PV|n € w} with the
support | |, ., My, P, = M,, and interpretations of predicate symbols from X, that coincide with
their interpretations in systems M,,, n € w.

new

A disjoint union of theories T,,, of pairwise disjoint predicate signatures Y,,, respectively, n € w,
is the theory

| | 7 = Th(| | M),
new new
where M,, ET,,,n € w.
Obviously, the T} LI T5 theory does not depend on choice of the disjunctive union M; LU My of
models M; | T; and M, = Ts.

3 An example of pseudofinite unar theory with arbitrary number of

semichains and antichains

In this section, we give an example of a complete, pseudofinite graph theory T in a language L =
{=, f®W} with equality and a unary function f).

We immediately move on to listing the axioms of our theory. We present them in groups,
sometimes providing corresponding semantic consequences. The groups of axioms are numbered in
the order of their appearance in our presentation. We avoid formal writing of axioms in the language
of first-order logic, limiting ourselves to their semantic description.

(1) The theory says that f is a unary function defined as in Definition 1. We will freely use the
terms of unar theory (such as k-branching vertice, distance between vertices, antichain, semichain
etc.) for the semantic description of the given axioms.

(2) For every natural number i > 2 there is an axiom ¢;, which says that in the models of the
theory T' there are no cycles of length <. This means that every connected component of a unar that
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is a model of T" will be acyclic. Moreover, for any two vertices from one connected component, the
distance is defined as the length of the only chain connecting these vertices.

(3) There is one and only one vertex of valency > 3, the remaining vertices have valency 1 or 0.
Moreover, for each ¢ > 3 there is an axiom ¢;, which says that if the valency of a vertex > ¢, then
the degree of this vertex > i 4+ 1. As a consequence, in the model of T, there is exactly one vertex
of infinite valency, all other vertices have degree 1 or 0. Note that a vertex of infinite valency is
formulaically definable (as a vertex of valency > 3), so we will call it a root vertex, and in the future
we will use this name to describe other axioms.

(4) For every natural number i > 0 there is an axiom ;, which says that there is a unique vertex
of valency 0, the distance from which to the root vertex is i.

(5) There is one axiom of the theory that says that the chain connecting two vertices of valency
0 has length > 3. For every natural number ¢ > 3 there is an axiom ¢; that says that every chain of
length ¢ connecting two vertices of valency 1 passes through the root vertex.

We call the component containing the root vertex the root component. We represent the root
component as acyclic unar with a root (of infinite valence) to which branches (i.e. maximal chains
descending to the root vertex) descend. If the distance from a vertex of valence 0 to the root is
finite, then the branch is a finite chain. In the case where the distance is infinite, then the model
contains a semichain starting from the vertex of valence 0 and an antichain descending to the root.

Note that different branches do not have common vertices because the valences of non-root
vertices are < 1 and there are no finite cycles. Since each vertex of the root component is connected
to the root by some finite chain, the vertices on all branches exhaust all non-root vertices of the root
component.

The group of axioms (4) states that for each natural number 7 > 1 there is exactly one branch
of length i. On the other hand, the model of our theory may contain an arbitrary number of
infinite branches (antichains) in the root component or none at all: our axioms do not contain any
restrictions on the number of infinite branches.

Now, we turn to the description of non-root components of the potential model of our theory T
In such components, all vertices have valence < 1.

For convenience, we introduce the following definitions. The standard models (N; =, succ) and
(Z; =, succ), where succ is the successor function, will be called the N-model and Z-model, respec-
tively. A graph component will be called the N-component and Z-component if it is isomorphic to
the N-model and Z-model, respectively.

Suppose that the non-root component of a model of the theory T contains k > 2 vertices of
valence 0. We choose two vertices of valence 0 in the component; By the definition of connectivity,
there is a finite chain connecting these two vertices, and obviously this chain does not contain the
root vertex. We obtain a contradiction with the group of axioms (5).

Thus, the non-root component of a model of the theory T can either contain exactly one vertex
of valence 0, then it will obviously be an N-component, or not contain a vertex of valence 0 at all,
then it will obviously be a Z-component, since by the axiom group (2) there are no finite cycles in
a unar.

Thus, we have practically given a description of all models of the theory T': it consists of a root
component, where for each natural number ¢ > 1 there are exactly one branch of length ¢ and an
arbitrary number of infinite branches, and an arbitrary number of N-components and Z-components.

Theorem 3.1. Any model of theory T has an elementary extension with countably many N-
components, countably many Z-components, and countably many infinite branches in the root com-
ponent.

Proof. First, we will supplement our language with the following notations and axioms in accordance
with them.
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1. Since the root vertex r has infinite valency, it means that an infinite number of branches
descend to it. If we denote the branch number by j € w, then the valency of the vertex will be
|fCV(r)] = w , where each previous vertex aj;(ap; = 7) which is in the corresponding branch j
which in turn descends to r, is written in general form as a,;, and the lengths of each branch are
determined through the indices ¢ € w,k € Z. Now, we introduce an extension of the theory 7' by
adding the following axiom

2. The vertex by; has valency 0, and the vertex b;; has valency equal to 1. The corresponding
axiom will have the form, for j e w,i cw,k € Z, f(bi;) =byj = jNi—k=1A (1> k).

3. The vertex ¢;; has valency 1, and the axiom for j € w,i € w,k € Z, f(¢i;) = & jNi—k =
LA (> k).

It is clear that the chain a;,., is an infinite branch, the chain b;;, . is the N-component, and
the chain ¢;j,, is the Z-component for each fixed j € w in any model of the extended theory.
Let us assume that we are given some model (U; f) of the theory T. Let us further enrich our
language by highlighting each element of U as a constant. As a result, our language is represented
as LU{a;j, bij, cij, f}ijewrez. reu- It is enough for us that the extended theory is consistent with the
elementary diagram T = Th((U; f)) of the model (U; f).

The latter is a consequence of the compactness theorem. Let T be a finite set of sentences
consisting of several sentences of the elementary diagram T and several axioms of the extension
T given above. We can assume that these axioms (extensions) mention all the constants from the
set aij, by, ¢i5,0 < 1,7 < n € w, and only them, and 7j includes all axioms describing the mapping
between these constants and their properties; we will show that these constants can be interpreted
in the (U; f) so that all expansion axioms included in Ty will be true.

As for the finite fragment T, we can assume that they only mention elements from the final
branches of the root component, since other elements do not interfere with us when interpreting the
constants a;;, b;;, ¢;j,0 <1i,j < n, in the model (U; f).

First, we select all finite branches of length < m of the root component, covering all constants
from {f : A — A} mentioned in sentences from 7}, and here we interpret each constant a;;, b;;, cx;
as an element U. Let N = max{m + 1,n + 1}. Next, we use n branches with lengths N +
1, N +2,...,N +n to interpret the constants a;;,0 <, j < n. After this, n branches with lengths
N+n+1,N+n+2,..., N+2n are used to interpret the constants b;;,0 < ¢, 5 < n. Finally, branches
with lengths N +2n+1, N +2n+2,..., N + 3n are used to interpret the constants ¢;;,0 < 7,5 < n.

O

It is easy to see that an unar containing only finite branches in the root component is a
prime model of the theory, and the model with countably many N-components, countably many
Z-components and countably many infinite branches in the root component is a countably saturated
model of the theory T

Theorem 3.2. The theory T is w-stable.

Proof. As we mentioned, let us consider a saturated model M of the theory T'. In this model, each
element belongs to one of three components:

Root component: Contains a single root of infinite valency and infinite branches.

N-components: Chains isomorphic to (N, f).

Z-components: Chains isomorphic to (Z,f). We will show that the number of element types in
the entire model is at most countable.

Let us directly count the number of types. In the root component, we have:
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A unique root, which is definable by a formula. Vertices on finite branches, which are distin-
guished by their distance from the root. These vertices are fully determined by their distance,
meaning their types depend only on an integer. Vertices on infinite branches, whose position is
determined by their relative distance from the root. Due to this strict structure, the number of
distinct types here does not exceed w.

In each N-chain, the f acts as: i +— i+ 1.

Elements differ only by their position in the chain, meaning the type of an element is determined
by an integer (its distance from a reference point). Since a saturated model contains only countably
many such elements, the number of types is at most w.

In Z-chains, the situation is similar: each element’s position is determined by its distance from
a fixed point. Thus, the number of types is again at most w.

We have proved that T is w-stable since, in every saturated expansion, the number of element
types remains at most countable.

O

4 Concluding remarks

An elementary equivalence of pseudofinite unars with n semichains and m antichains, where n # m,
remained an interesting question. In this paper, a pseudofinite theory of a unar with an arbitrary
number of antichains and semichains is constructed. It is known that any complete theory of unars
is superstable. It is proved that this theory is omega-stable. A prime model of this omega-stable
theory is omega categorical, hence, smoothly approximable.
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Abstract. Difference methods are widely used for the numerical solution of problems in mechanics
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the original differential problem. The main goal of this work is to discretize a system of equations of
the form C (z,t,u) us+ E (x,t,u,) = 0, based on its functional — the Hamiltonian action. Necessary
and sufficient conditions for potentiality with respect to a given bilinear form are obtained. The
Hamiltonian action for this system is constructed and its representation in the form of Birkhoff’s
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1 Introduction and problem statement

Let the configuration of an infinite-dimensional potential system be defined by the vector function
u(z,t) = (ul(x,t),u(x,t), ..., u*(z, 1), (z,t) € Qr = Q x (0,T), Q be a bounded domain in R™
with a piecewise-smooth boundary 0f).

Consider the following system of equations:

N(u) = Cl(z, t,u)us + E(z,t,uy) =0, (1.1)
where o = (aj,a9,...,ap), « ((for ¢ = 1,m) are non-negative integers, |a| =
S, ol = 0,55 Clz,t,u) is a given matrix [Ci(x,t,u)|anxon, E(z,tu,) =
(Ei(z,t,us), Ba(x,t,uy), . .., Ean(x,t,u,))T is a given vector function, and u = (u',...,u?") is the

- ou S el
unknown vector function. Here u; = il forv=1,2n, and uy, = Dyu = —5—5— 4 .
ot 0x{'0x5” ... Oxom

Moreover, Cy, : 2 x [0,T] x R? — R and E; :  x 0,7] x R? — R are given smooth functions,
where ¢ is the length of the vector {u,}, |a| =0,s and Q = 9Q U Q.
We will consider system of equations ((1.1)) on the set

DIN)={ueU=U",....U0™" v e U =C2'(Qx[0,T)) : u'l,_, = (),
oV ut

ui‘t:T:@il(x%W :¢i($,t),i:1,2n,|y‘:0’3_1}’

zFT

(1.2)
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where I'r = 90 x (0, T), n, is the outward normal to 99; i, ¢!, ¥’ (z,t) are given smooth functions.
Note that (1.1)) is a generalization of system of equations of the form
C(t,u)u(t) + E(t,u) =0, (1.3)
du
where 4(t) = —.

In [4] it was proved that (1.1)) admits a classical variational formulation if and only if it can
be represented in the form of Birkhoff’s equations [I]. In this case, its Hamiltonian action [§] was
constructed.

In [5] the potentiality of a discrete system obtained from equations of form ((1.3]) with continuous
time was investigated. Necessary and sufficient conditions for potentiality with respect to a given
bilinear form were provided. An algorithm for constructing the corresponding functional, the discrete
analogue of the Hamiltonian action, was outlined.

The main goal of this work is to construct a discrete-time analogue of system (1.1]) based on its
Hamiltonian action.

2 Necessary and sufficient conditions for potentiality

Let V= (VL V% ... V™) :Vi=C(Qx[0,T]),i = 1,2n. Define a bilinear form (-,-) : V x U — R

as follows:
T 2n
(v, g) ://Zvigidxdt. (2.1)
0 o =1

Following [2], [6], we say that problem (1.1)), (1.2) admits a direct variational formulation with
respect to (2.1) if there exists a differentiable Géateaux functional Fy : D(N) — R such that its
differential has the form:

§Fy[u,h] = (N(u),h), Yue D(N),Yh € D(N').

Here, D(N)) is the domain of the Gateaux derivative N, of the operator N at a point u € D(N).
In this case, it is also said that the operator N is potential on D(N) with respect to bilinear form

ED).

The criterion for potentiality of N on the convex set D(INV) is the symmetry condition [2], 6]
(N/h,g) = (N!g,h), Yue D(N),Vh,g € D(N)). (2.2)

When this condition is satisfied, the desired functional Fy — the Hamiltonian action — can be
found using the formula

1
Fylu] = / (N(t~+ Mu—1)),u —a) dX\ + const, (2.3)
0
where 4 is an arbitrary fixed element in D(N).
2n
Let us denote N; = ZC’jkuf + E;, and N(u) = (Nq1(u), Na(u), ..., Nop(u)).
k=1

Let us find the Gateaux derivative of the operator N;

b= 303 K, f+20ﬁw+zza 1

k=1 i=1 i=1 |a|=0 Ua
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Using condition ([2.2)), we get

T 2n
ihg) = [ [ S Nim, g
0o o J=t

N

n n

T
://Z Zacﬂ’“hz uZCﬂthZ o OB 13 | fdedt
0 Q J i=1

j=1 | k=1 i=1 |a|=0

o

and

T 2n
<N’l//,g7 h> :// (N;g)lh‘d;rdt
0o o =L
T 2n 2n n a '
:// > 5 +Zngt +Z Z 7| hidudt.
0 O =1 k=1 j5=1 j=1|8|= 0
Integrating by parts, from ( we find
T on [on 2n 2
8C~k o d o
(N!'h IR pi ik PSP AR N
-9) //Z[ i 9 Zdt(cﬂg)h+
0 7j=1 Lk=1 =1 =1
TL S aE
+ — 1)l Da< ] J) hi| dxdt.
It should be noted that
d , d . R aC; aC;;
= (Cing’) = 2 (C) ¢ + Cigl = ) 5 =Fuig + 29" + Ciugl,
k=1
- OE; ; - o 0E;\
—Dlelp, (24 ) = — 1)l Do
|QZ_0( ) (auég > |a%_0( ) g Oul, 9s

where

(g) - (%i) (gi) <5m) itVie {1,2,..,m}: o > B,

0,if 3i € {1,2,....m} : a; < 3,
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Taking into account this for the potentiality of operator N (L.1)), we obtain

oun oo~ [ [ (B8 e 555

S-S oS S o (5) o (52) | -

J=1|al,|8|=0
2 8Czk ] j i
ZZ ut+ZCZ]gt+ZZa] hidxdt
k=1 j=1 Jj=1|8|=0
B Z Z out  Ouk  Ou gut—' (Cii + ij)gt_, 8tg+
0 Q =1 7,k=1 7j=1 7j=1

. 2n ~ e (g) D, (W) Z 5 28 Uitdear =0

j=1|8]= oauﬁ

<
¥

s

=
I

By virtue of arbitrariness of the functions h?, we come to the conditions:

;

Cij + Oji = 0,

ot ow T ou

8Cji_ ® 1\l GEJ _8EZ

o 2. (5) - 5
i (_1)|o¢| (67 D 8E] o 8El _
= g) Now) o

for ¥V (z,t) € Qr,Yu € D (N), where i,j,k = 1,2n, and || = 1, s.

:0’

(2.5)

Theorem 2.1. System (1.1) is potential on D(N) (1.2)) with respect to bilinear form (2.1) if and

only if conditions (2.5)) are satisfied.

3 Construction of the Hamiltonian action

If conditions ({2.5)) are satisfied, the desired functional Fy can be constructed using formula ([2.3)).
Another approach can be taken to this problem. Let us look for the Hamiltonian action for (|1.1)) in

the form
T

2n
Fy = / / (ZR,»ug—B> ddt,
0o o \i=l

where R;(z,t,u), B(x,t,u,) are the unknown smooth functions.
The Gateaux differential of functional (3.1]) is given by
T

SFy [u,h] = // an t+ZRh’ ZZ—M dxdt.

d i=1 k=1 i=1 |y|=0

(3.1)
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Integrating by parts, we obtain
2n

T
k1 dRiz‘
SFy [u, h] = //[ ihuf—zﬁh_
0

=1 k= =1

, (3.2)
n S B )
-> > (-n"'p, (%) ne| dadt.
i=1 yl=0 “r
Since
dR; <~0R; , OR,
i~ 2wt o
we can write (3.2)) as
[ OR, OR OR
= AR TP, Bk
6FNUh_//Z[ (8u’ 8u"‘>ut ot
0o o =1
- OB :
- (-, ( ) i dzdt.
1=0 o
From the definition of potentiality, we have
OR,  OR; IR < OB\
//Z (8uz 8uk) uy — ot Z (_1)”' D, (%) h'dvdt =
i=1 [yI=0 K
T 2n 2n
_ / / SIS Gtk + B | hdadt.
0 o =1 Lk=1
Since the elements h’ are arbitrary, we obtain
2n s 2n
OR, OR;\ , OR; I 0B
Z (0ui B 8uk) T T Z (=)" D, Oui. ZC’“ut +Ei, (3-3)
k=1 =0 v
where ¢ = 1, 2n.
Comparing the left- and right-hand sides of (3.3)), we find
oR. _OR, _,
out  ouk ™ (3.4)
OR; < | OB :
— ~M'p ) = E,
at Z ( ) ol (auz ) )
[v1=0 v

where i, k = 1,2n. For the first group of equations in system (3.4)), we obtain the following solution

[4]: 1

Ri= = [ SoAC (ot 4+ Aw =) (o — @), i =120

0 k=1
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B
Let Blt,u] = /B(m, t, uq )dr; Sui be the functional derivative of B with respect to v, i = 1, 2n.
u

Q
Let us rewrite the second group of equations in system (3.4) in the following form
: OB OR;
-H"'D - ) =——"—E.
> -0 (52) -5
|v|=0
. 5B OR
N g =T,
ou’ ot ! e

Using formula ({2.3)), we obtain

[ I [OR
_ / / Z [a—tz (x,t,u 4+ AMu —u)) + Ei(x, t, Uy + Mo — Uy))
o o =1
(u" — @")d\dx + const.

Thus, we arrive to the following Birkhoft’s equations for infinite-dimensional systems:

N, = Z (aRk ) ub — OR; 0B _ 0,i=T1,2n. (3.5)

out  Ouk ot ou?

Theorem 3.1. The extremals of functional (3.1)) are solutions to the system of equations (3.5]).

4 Discretization

Let us divide the interval [0, 7] into [ equal parts with nodes t; = j7, j = 0,1, where 7 = [~'T. Let
us introduce the narrowing operators [7]

Tou(z,t) =1, = (ul (z, 1) ,u? (2, t1), ..., u®" (2, ty), ul (2, 1), u? (2, ts), . . .,
u?(z,ts), ..., ut (2, t_1), v (z, ty), . .., u*(x, t1—1)) ,

where r = 2n(l — 1). Such vectors form a linear space, which we will denote as U,. For convenience,
let us denote u; = u (z,t;), us = v’ (z,t;), i =1,2n, j = 0,1.
Denote by N the operator of the discrete analogue of problem (3.5)), (I.2)), obtained on the basis

of functional (3.1)).
Let us define

D (N> = {(607ﬂryﬂl) ur S Umuo (100< ) - g011 (‘7;) ’ﬂ; € 028 (§> ’

8”u} ; _ R
ony :¢V($7tj)7221> TL,|I/|:0,S—1,]: 7l )
T o0

D (N/) - {<E07ET7?L1> :ET GU“EB = 077L7i = O’,}VL; = 028 (ﬁ)’

u

ow| ._
=0,i=1,2n,lv|=0,s—1,7=0,1lp,
onY

o9

where N; is the Gateaux derivative of the operator N.
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Next, we approximate the integrals as follows:

L 2n m ~ —:

I3 T U/Z' 1 - U/Z-
/ / (g Ryuy — B) dzdt ~ T/ (E Ri’j% _ Bj) dz,
tj Q 1=1 Q =1

where R,"j = Rz (l’,tj, ﬂj), Bj = (l’,tj, Dyﬂj).
We replace functional (3.1)) by the discrete Hamiltonian action:

- T -1 2n  2n aRZ . az . /I,IZ n ,}\L/k _%k
0F |:ur7 hr] = 7 : / (Z Z aﬂé:] hf Jtl J + Z Rk,j J+1T J _
) =

-
7=0 i=1 k=1 k=1
, (4.1)
n S aB
_Z ]~k D, f dx
k=1 |7|=0 oD, (iif)
Since _
o (m) _
h =0, h; =0, o 8920,2:1, n,j=0,0|v|=0,s—1,

integrating by parts in (4.1]), we get

., T S OR; Uy — U N Ry, — Ry
SF [u,,h,] = = i,j "+l J »J J—1
[ ] = 7 b/l; P 2T

7=1 Q i=1 k=1 J k=1

M

N v aBj Tk
->. > (=)"D, (W) hjdz.

k=1 |5|=0

From the equality 6F [m,ﬁr] =0, Yu, € D (N), Vh, € D <N;> we obtain the system of
equations for discrete-time motion as follows:

2n ) )
= — aRm Ujpr — Uy B de‘ — Rk,j—l B 5%] —0
oo i=1 0 T T oy 7 (4.2)

j=T1=1k=T72n,
where B; = Blt;, u,].

Theorem 4.1. Fquations (4.2)) are discrete-time analogues of (3.5)).

5 Example

Let us consider the wave equation with axial symmetry [3]:

1
Wy = CL2 (wpp + ;wp> ’t € [07T]7p € [pIHOQ]u (51)
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with the following boundary conditions:

w’t:o =¥ (p> ’wlt:T = P2 (p)v
:qﬁl(t),w‘ = ¢ (t),

where w(t, p) is the unknown function, p is the radial coordinate, and a is a constant coefficient.

Let us denote
w=u',
Wt = U2.

We can represent equation ([5.1)) as a system of equations:

w|
p=p1 p=p2

2
—U
1 0\ (u}
= 1 =
N (u) = (0 1) (u,?) + 2 (u})ﬁ;u})) 0. (5.2)

According to Theorem operator (5.2) is not potential. Using conditions (2.5)), we can find

the matrix variational multiplier as follows:

v=(210).

Then, the system

~ 1 2001 201
N:MN:(O p) <ug>+< © % ] a“f’) =0 (5.3)
—p 0] \u pu
admits a representation in the form of Birkhoff’s equations and we find
Lo Lo L n2 1 2\ 2
Ry = —5pu , Ry = ZPU , B = —50 p(up) — ép(u ) :

Therefore, according to formula (3.1)), the Hamiltonian action for (5.3 takes the following form:
1
1 2 2
Folu] = / / 5 [Fovul + ot + a2 (ul) + p ()] do.
0 Q

By converting it to its discrete version, we can easily obtain the discrete version of system of
equations (.3) as follows:

~ 1 E‘?H_E‘? 1 &?—ﬂ?,l ), 0% 2 0 4 :
N17j:§p - +§p - —apa—pzuj—a a—pluj:(],jzl,l—l,
_ L @ 1 @ —d

Ny i=——p2tt 9“9 70 2 —04=11-1.

25 = —5h— SP i =0, =1,

6 Conclusion

Necessary and sufficient conditions for the potentiality of the system of equations of the form
C(x,t,u)u + F (x,t,u,) = 0 with respect to a given bilinear form have been obtained. An al-
gorithm for constructing the corresponding Hamiltonian action and transforming this system into
the form of Birkhoff’s equations for infinite-dimensional systems is presented. Based on the de-
rived Hamiltonian action, a discrete analogue of this system of equations has been obtained. An
illustrative example has been considered.
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1 Introduction

The research concerning complete theories of unars is connected with the works of Yu.Ye. Shishmarev
[B1], A.A. Ivanov [I1], 2], A.N. Ryaskin |27, 28|, L. Marcus [I6, I7]. Unary algebras as structures
were studied in the works of S. Burris [5, 6], G.E. Puninskii [25], and A.W. Miller [19].

Recent papers in Eurasian Mathematical Journal also show that questions related to algebraic
methods and model-theoretic structures remain active in different but connected directions. In
particular, generalized reduction algorithms were considered in 2], while algebras of binary formulas
for weakly circularly minimal theories with equivalence relations were studied in [14]. These works
illustrate the broader context in which algebraic and logical methods interact.

Since Jonsson theories are, generally speaking, not complete theories, it is interesting to study
Jonsson unars and consider their general problems in terms of Model Theory (for example using
results from |26, [30) 18], 24] B]), as well as in the framework of universal algebra, concerning the
nature of unars.

The study of unars in terms of Jonsson theories started from the works of T.G. Mustafin and
A.R. Yeshkeyev [38, [37]. The authors considered the properties of Jonsson universals and Jonsson
primitives, as well as obtained the definition of characteristics of their semantic models. In [40]
the authors expanded the signature of unars by a new constant symbol and one unary predicate,
that distinguished an existentially closed Jonsson unar and obtained some properties of the enriched
Jonsson universals and primitives. The main idea for the present paper was to naturally continue
using this technique in terms of constructing Jonsson spectrum of semantic Jonsson quasivariety of
unars.

It is important to note, that the concept of double factorization was first introduced by A.R.
Yeshkeyev in [39]. However, in [39] the double factorization was used in terms of cosemanticness
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relation and Jonsson semantic and Jonsson syntactic similarity. In order to distinct, we will use
the denotation D1F for the double factorization in the present paper - in terms of cosemanticness
relation and Kp-equivalence.

More information on Jonsson theories and their properties one can find in [35] 3], 22| [I]. For the
convenience of readers, we recall the basic terminology used in the paper. A first-order language, or
signature, is understood as a collection of non-logical symbols, such as constant, function and relation
symbols. A theory is a set of first-order sentences in a fixed language. A unar is a structure whose
signature contains one unary functional symbol; in this paper we work in the signature o = {f1}.
For standard model-theoretic terminology see, for example, [32]; for unars in the signature of one
unary function see |31, 28].

2 Jonsson theories of unars

Throughout this paper a unar is understood as a structure of the signature o = {f'}, where f is
a unary functional symbol; equivalently, it is a model with one unary operation. We first recall
some important notions and definitions concerning model-theoretic properties of Jonsson theories,
starting with the definition of Jonsson theory itself.

Definition 1. |35]|A theory T is said to be Jonsson, if it satisfies the following conditions:
1) T has at least one infinite model;
2) T is V3-axiomatisable;
3) T has joint embedding property (JEP);
4) T has amalgamation property (AP).

The existence of at least one infinite model is a strong demand, this follows from the first
condition. The second condition is syntactic and it coincides with property of inductiveness, i.e.,
the chain of any models of this theory will be a model of this theory as well. The third and fourth
are very important properties of AP and JEP (more information on mentioned properties one can
find in [35]) that play a big role in algebras having a syntactic property (for example, expressibility
by sentences from a specific fragment of first-order logic such as equational, Horn, universal, V4,
existential, positive-primitive, etc.). Let us recall the definition of an inductive theory.

Definition 2. [4] Let L be a first-order language. A theory T in the language L is called inductive
(or a V3-theory) if it is axiomatizable by a set of V3-sentences; that is, it is equivalent to a set of
sentences of the form Vay...Vz, Jy; ...y, ¥(x1, ..., 20,1, ..., Ym), Where ¢ is a quantifier-free
L-formula (contains no quantifiers) and m,n > 0.

More detailed information on inductive theories can be found in [32, 8, 33} [10].

Definition 3. [23] Let T be a Jonsson theory. A model €7 of power 21! is said to be a semantic
model of the theory T if €7 is a wt-homogeneous wt-universal model of the theory T.

If a Jonsson theory has several semantic models then they are all equal up to isomorphism. The
following criterion is crucial.

Theorem 2.1. [23| Inductive theory T is Jonsson if and only if it has a semantic model €.

It is easy to see, that if a theory is Jonsson then it has a semantic model and vice versa. The
next definition of the center of a Jonsson theory was introduced by T.G. Mustafin.

Definition 4. [35]|The elementary theory of a semantic model of a Jonsson theory T is called the
center of this theory. It is denoted by 7™, i.e. Th(€r) = T*.
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It is important to note, that the center of a Jonsson theory is a complete theory by definition.
However, we cannot claim that for any Jonsson theory its center is a Jonsson theory too. For
example, group theory is a Jonsson theory, but its center is not a Jonsson theory. But in the case
of perfect Jonsson theories, such as, for example, theories of abelian groups, this statement is true.
More detailed information can be found in [35].

The present work is associated with the Jonsson universal of unars in the frame of first-order
language L of the signature o = {f'}, where f is a unary functional symbol. Let us recall some
important concepts.

Denotation 1. [38]|Let V be II; U Xy, i.e. V is the set of all universal or existential L-formulas.

Thus, V is the set of all formulas that have in prenex normal form either one universal quantifier
or one existential quantifier.

Definition 5. [38] 1) If 7' = T}, i.e. the theory is equal to its universal logical consequences, then
T is said to be universal;

2) If T = Ty, i.e. the theory is equal to its universal or existential logical consequences, then the
theory T'is called primitive.

The connection between two Jonsson universals with regards to their centers and semantic models
is presented in the form of the following proposition.

Proposition 2.1. [38] Let T, Ty, be Jonsson universals. Then the following conditions are equiv-
alent:

1) Ty, = Tv,;

2) Q:Tvl = Q:Tv2 ,

8) Ty =Ty,

Here Q:Tvl and Q:TVQ are semantic models, 7Y and 7Y, are the centers of Jonsson universals Ty, , Tv,
respectively.

Let 2 be some unar, i.e. a model of signature o = {f'}, where f is a unary functional symbol.
Since each model of a Jonsson theory embeds into its semantic model by Definition |3} the following
fact is true for Jonsson universals of unars. Jonsson universals of unars, considering Definition
are theories consisting of universal sentences in terms of o = {f!}.

Lemma 2.1. [38]| For any unar 2 the following holds
2( is a model of Ty < A embeds in €y,
where Cr, is a semantic model of a Jonsson universal of unars Ty.

In what follows, the relation "2l is a model of Ty" will be denoted by the standard satisfaction
symbol |=. Thus, instead of writing that a structure 2 is a model of a theory T, we will write
A ): Tv.

Let f(z) =z, f**'(z) = f(f"(z)), n € w. Elements a,b € 2A are called A-connected in X C 2 if
there exist natural numbers m and n such that f™(a) = f™(b) and f°(a), ..., f™(a), f°(b), ..., f(b) €
X.

A set X C 2 is called A-connected if any two elements from X are 2A-connected. A subsystem
B C 2 whose universe is the maximal 2(-connected subset of the universe of 2 is called a component
in 2.

Let us recall some important definitions.
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Denotation 2. [38|For any a € €, let

y(a) = {w if f*(a) # f*(a),for any n < k < w
(n,m), it (n,m) = min{(n,m) : f*(a) = f"(a)}.

Definition 6. [38|A set {a4,...,a,,} of elements of €y, is called an m-cycle, if a; # a;, f(a;) = ait1
forall 1 <i<j<mand f(a,)=a.

Denotation 3. [38]|For any a € €, let

k(a) = {b € &, : f(b) = a}|
i.e. k(a) is the cardinality of the set of all preimages of a by f.

Probably one of the most important definitions is Definition [} It defines the characteristic of a
semantic model of a Jonsson universal of unars.

Definition 7. [38] A tetrad (€2, v, i, €) is said to be the characteristic €, and denoted by char(Cr,),
if

Q= {x(a) rac &y},

v:w\ {0} = wU{oo} such that for any m > 0,

(m) k,if the number of m-cycles in €p, is finite and equals k,
vim) =
00, otherwise;

p: Q) — wU{oo} such that if @ € Q2 and « € x(a), then p(a) = k(a), if k(a) < w and pu(a) = oo,
if k(a) = |€x;
0,if {a € &p, : x(a) =w}| =0,

00, otherwise.

Let us give a more detailed look at Definition [7}

1) Q is the set that consists of x(a),a € €, i.e. a is an element of the universe of a semantic
model, i.e., x(a) = w if f*(a) # f*(a), n and k indicate the number of acts on element a by a
function f, for any n < k < w, both n and k are finite numbers, k > n. x(a) = (n,m), (n,m) is
the minimal ordered pair such that f"(a) = f"*"(a). Hence, 2 expresses whether there are finite
or infinite cycles in the semantic model.

2) v is a correspondence from the set w without 0 into the set that consists of w or {oo}. The
correspondence holds as follows: for any m > 0,

(m) k,if the number of m-cycles in €r, is finite and equals k,

v 00, otherwise.

That is, the correspondence v(m) expresses the number of m-cycles, where m is the number of
elements in the cycle.

3) p is a correspondence from the set Q@ = {x(a) : a € €x,} into the set that consists of w or
{o0}. The correspondence holds as follows: if a« € Q and « € x(a), then u(a) = k(a), if k(a) < w
and u(a) = oo, then k(a) = |€r,|. Since we are working in the frame of [23], |€x, | = 2.

k(a) is the power of the set that consists of all roots of element b € €, such that f(b) = a,
a € €p,. The properties and dependencies between the concepts of k(a) and x(a) were studied in
[38].

4) € can vary between two values: 0 and oo. It depends on the power of the set that consists of
such elements a € €, that y(a) = w. If no such elements exists the power of this set will be equal
to 0, i.e. € = 0, if there are such elements, then ¢ = co. € expresses the existence of cycles in the
semantic model.

The following properties follow immediately from Definition [7]
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Lemma 2.2. [38] If char(Cr,) = (R, v, 1, ), then

1°. #Q C{w}l U (w X w);

2°. For any (n,m) € Q and 0 < k < n we have (k,m) € Q;

3°. v(m) >0« (0,m) € Q;

4° w e Qs e =00;

5. |Q =w=we

6°. (n,m) € Q= (n+1,m) ¢ Q< u((n,m))=0;

7. If w ¢ Q and Q is finite, there is m < w such that v(m) = oo or there are n,m < w such that
(n,m) € Q and p((n,m)) = oo;

8°. If | = w we have either p(w) > k,if there are finite k,l such that k = max{u({(n,m)) €
Q,n+m > 1} orif such k,l do not exist, then p(w) = oco.

The characteristic €, is considered to be an invariant of the Jonsson universal of unars. It is
important to note that in |38 37] T.G. Mustafin and A.R. Yeshkeyev obtained the result that shows
that for any arbitrary characteristics there is a universal of unars.

3 On normal Jonsson theory of unars

For this section we need to consider the definition of a perfect Jonsson theory.
Definition 8. [35] A Jonsson theory T is called perfect if its semantic model €7 is w'-saturated.
The example of a Jonsson theory that is not perfect is a group theory.

Theorem 3.1. [35] Let T be an arbitrary Jonsson theory. Then the following conditions are equiv-
alent:

1) T is perfect;

2) T* is the model completion of T.

Theorem 3.2. [37| Let T be a Jonsson universal of unars, T* its center. Then
1) T* is the model completion of T';
2) T* allows quantifier elimination (i.e. submodel complete);
3) T* is w-stable.

By aforementioned Theorems [3.1] and [3.2] the universal of unars is a perfect Jonsson theory. This
fact was proved in work [37].

Let Ty be the theory of all unars. It is known that Ty is an empty theory (the set of axioms of
this theory is empty), i.e. it is a set of all sentences in the language L of the signature o = {f'},
where f is a unary functional symbol. It was proved in [40)] that the theory of all unars is a Jonsson
theory. Let €r, be its semantic model.

According to Definition 3| of a semantic model of a Jonsson theory and Deﬁnition of char(Cr,),
Cr, (semantic model of theory of all unars) is a concatenation of components.

In [40] the following lemma was proved:

Lemma 3.1. [40] Let Ty be the Jonsson theory of all unars, and let M be its model. Then M is a
component of the theory Ty if and only +f M € Er,,, where Er, is the class of all existentially closed
models of the theory Ty .

Hence, any component of the theory of all unars is an existentially closed model. Since the theory
of all unars Ty is a universal theory [40], according to Theorem Ty is a perfect Jonsson theory.

Lemma 3.2. |35 If T is perfect, then the class of all 31-closed models Er coincides with Mod (T™).
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Moreover, the following statement holds.
Theorem 3.3. [35] If T' is perfect, then T* is a Jonsson theory.

Thus, by Lemma and Theorem Th(€r,) = T} is a complete perfect Jonsson theory and
Mod(T},) = Er,,.

In order to give the definition of a normal Jonsson theory, we need to consider first two important
notions of a cosemanticness relation and a Kaiser class.

Definition 9. [35] Let 77 and 7, be Jonsson theories, Cp, and Cr, be their semantic models,
respectively. 77 and T5 are said to be cosemantic Jonsson theories (denoted by T < T3), if C'r, = Cry,.

Definition 10. Let 7" be a Jonsson theory. The class of all models Ky C Mod(T) such that
Ky ={2 |2 € Mod(T) and Thy3(2) is a Jonsson theory} is called the Kaiser class of T

In the framework of studying the theories of all unars the following statement holds:

Lemma 3.3. Let Ty be a theory of all unars, Ty, be its center. If Er, is its class of existentially
closed models, Kr, is its Kaiser class, and Kf s the Kaiser class of Ty, then Ky, 2 Er, and
K; = Ep,.

U U

Proof. The theory of all unars is a perfect Jonsson theory and Mod(T};) = Er,. The statement of
the lemma follows from the following theorem.

Theorem 3.4. [36] Let T be a Jonsson theory. Then, for any model A € Er, the theory T°(A) =
Thy3(A) is Jonsson.

It is trivial, that K} = FEr, by Theorem Mod(Ty) = Inf(Ty) U Kt,, U Fin(Ty), where
Inf(Ty) is the set all of such infinite models 2 that T'hy3(2) is not a Jonsson theory (such theory
does not have AP property), and Fin(Ty) is the set of all finite models of the theory T;. The
existence of such models is guaranteed by the fact that Jonsson theories are, generally speaking, not
complete theories. By Theorem 3.4 Er,, ¢ Inf(Ty), and, obviously, Er, ¢ Fin(Ty), therefore, it is
evident that Krp, O Er,,. O

Theorem shows that a Kaiser class always exists for any Jonsson theory. Since by Definition
Er (the class of all existentially closed models of Jonsson theory T') will always be a subset of
Kr.

Theorem 3.5. Let Ty be the Jonsson theory of all unars, and let I be its model. Then M is a
component of the theory Ty if and only of M € Kr,, where Kr, is the Kaiser class of the theory
Ty.

Proof. The proof follows from Lemma and Theorem Since Kr,, O Er,, for the theory of all
unars, it is evident that for any component 9t of the theory Ty: 9% € Kr, and, moreover, by the
definition of Kaiser class (Definition [10), T'hy3(90) is a Jonsson theory. O

Definition 11. A Jonsson theory T is called a normal theory if for any 9 € K7 : MY = Thys(M),
and Copo is an existentially closed submodel of €7 (€ypo is a semantic model of MY, €7 is a semantic
model of T').

As an example of a normal Jonsson theory we can consider the theory of all abelian groups, more
detailed explanation one can find in [39].

Theorem 3.6. The theory of all unars Ty is a normal Jonsson theory.
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Proof. Let us consider the theory of all unars Ty and its semantic model €r,,. 9 € K, means that
M € Mod(Ty) and Thy3(9M) is a Jonsson theory, where K, is a Kaiser class of the theory of all
unars. Since by Theorem a Jonsson universal of unars admits quantifier elimination, 7T'hy3(90)
is a Jonsson theory. Since it is a Jonsson theory by Theorem [2.1] it has a semantic model. Let
IO = Thy3(M) and Expo be a semantic model of M by virtue of cosemanticness relation (Definition

Let us consider €ypo and Crp,,. Here, we can use the following lemma.
Lemma 3.4. [35] The semantic model Cr of a Jonsson theory T is T-existentially closed.

Cono € Mod(Ty) holds since any L-structure is a model of the theory of all unars due to it being
an empty theory. It means that since €ypo € Mod(Ty) and €p, by Lemma is an existentially
closed model, then Jzp(x,a), where p(z,a) is a formula of the language L, a € €ypo, from the fact
that €, = Jrp(z, a) follows that there exists such a’ € Cypo that Ego = Jrp(z,a’). It is evident
that by the definition of characteristic of semantic models of all unars (Definition (7)) and the fact
that the theory of all unars is a perfect Jonsson theory, therefore, €r,, is an wt-saturated model
(Definition [g)), this expression holds.

O

4 On double factorization and permissible expansion of the signature of
unars

Let K be a class of models of a fixed signature . Then we can consider Jonsson spectrum for K
defined as follows.

Definition 12. [36] The set JSp(K) of Jonsson theories of the signature o, where
JSp(K) = {A |A is a Jonsson theory and K C Mod(A)},

is called the Jonsson spectrum for the class K.

A more detailed look at the Jonsson spectrum one can find in [36]. Now, considering this set we
can introduce various equivalence relations on it and obtain its factor-sets. Let us give the definition
of the following binary relation.

Definition 13. Let 77 and 75 be Jonsson theories of the considered language L. T} and T, are
called Kp-equivalent (T} 0 Tb) if Ky, = K.

We can consider the cosemanticness relation on Jonsson spectrum JSp(K) and obtain a partition
of JSp(K) onto disjoint equivalence classes with coinciding semantic models. We get a factor-set,
denoted as JSp(K) . We introduce the Kp-equivalent relation on the factor-set and obtain its
double factorization JSp(K)/pir.

Let K be a class of quasivariety in the sense of [15] of a first-order language L, Lo C L, where Lg
is the set of all sentences of the language L, i.e. Lo = L/Lpy,, here L, is the set of all formulas with
at least one free variable. We consider the elementary theory Th(K) of such class K, by adding to
Th(K) such V3 sentences of the language L that are not contained in the Th(K). We can consider
the set of Jonsson theories J(Th(K)) defined as follows.

Denotation 4. [36]A set J(Th(K)) = {A | A is a Jonsson theory, A = Th(K) U {¢'}}, where
@' € V3(Lo) and " ¢ Th(K), i = 0 or i = 1 (i.e. it is a formula or its negation), Th(K) is an
elementary theory of the class of quasivariety K, V3(Lg) is the set of all V3 sentences of first-order
language L.
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Obviously, every A has its own semantic model. Let us consider the set of all such semantic
models and denote it as JC.

Denotation 5. [36]The set JC = {€a | A € J(Th(K)),€a is a semantic model of A}.

We will call the set JC semantic Jonsson quasivariety of class K if its elementary theory Th(JC)
is a Jonsson theory. A thorough study on semantic Jonsson quasivarieties and their Jonsson spectra
can be found in [36].

Let us consider the first-order language L of the signature o = {f'}, where f is a unary functional
symbol and expand it by symbols of a new constant ¢ and a unary predicate P'. More on expansion
of a signature can be found in |9, B4, 21 29| 20, [7].

Let 0" = 0 Uo’, where o = {f!}, 0/ = (P*,¢). We consider the theory Ty in the new expanded
signature o” as follows [40]:

TV = Tv U ThV(QTvy a)aepl(QTv)Upl(c) U {P17 Q} U PI(C>.

Here, P! is a new unary predicate symbol, {P!, C} is an infinite set of sentences, which are
expressing the fact that in €7, the predicate P! distinguishes an existentially closed submodel of
Cr,, i.e. PH(Cx,) =M M e K, Thy3(IM) is a Jonsson theory, and Krp, is a Kaiser class of theory
T,. Let us denote the center of Ty as follows:

T;’ = Th(ETv) = Th(Q:Tw ¢, Cl)qaePl(QTv)

It was proved in [40], that the theory which was constructed in such a way is Jonsson and,
moreover, it is a perfect Jonsson theory.

Definition 14. [36] A Jonsson theory is said to be hereditary if, in any of its permissible expansions,
it preserves its Jonssonness.

Therefore, the following theorem was proved.

Theorem 4.1. [40] If a Jonsson theory of unars Ty is a perfect Jonsson theory and Ty is its
hereditary expansion, then Ty is also a perfect Jonsson theory of unars.

Moreover, it turns out, that the theory T will also be a normal theory. The normality property
of a Jonsson theory is preserved in an enriched Jonsson theory if the expansion of the signature is
hereditary.

Theorem 4.2. If a Jonsson theory of unars Ty is a normal perfect Jonsson theory and Ty is its
hereditary expansion, then Ty is also a normal perfect Jonsson theory of unars.

Proof. By Theorem TV is a perfect Jonsson theory of unars, and €, (semantic model of enriched
theory of all unars in the expanded signature) is a concatenation of components. A normality
property of the Jonsson theory (Definition [L1)) means that any semantic model Cypo (I = Thy3(90)
is an existentially closed submodel of €7,. Moreover, any P'(€p,) = M, M € Ky, distinguished
by the unary predicate is a component by virtue of Lemma . Since ETV is a concatenation
of components by Definition [3| and Definition [7] this property of normality will be preserved in
the permissible expansion introduced above, therefore, T\ is a normal perfect Jonsson theory of
unars. [

Lemma 4.1. If Ty is a normal perfect Jonsson universal of unars and Ty is its hereditary expansion,
then T; s a perfect Jonsson theory.
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Proof. Let us consider a Kaiser class K7, and a class of existentially closed models E7r, of the theory
Ty. By virtue of Lemma 3.3 Eq, C Kp,. Since Ty is a perfect Jonsson theory, its center T3 (Th(Cr,))
is a complete perfect Jonsson theory and Ep, = Mod(Ty). Therefore, Mod(T) C Kr,. This means
that any A € Mod(T) is an existentially closed model and its Thy3(2() theory is a Jonsson theory.
Hence, T is model complete by Theorem Considering the expansion of 7\ as above, and the
fact that 7, admits quantifier elimination, T; is model complete as well. Hence, T\j is a perfect
Jonsson theory. O

We consider the theory T'v in the new expanded signature ¢ as follows [40]:
TV =Tgv U Thv(Q:Tv, a)aepl(Q‘Tv)Upl(c) U {Pl, g} U PI(C).

Here P! is a new unary predicate symbol, { P!, C} is an infinite set of sentences, which are ex-
pressing the fact that in the semantic model €1, of Ty the predicate P! distinguishes an existentially
closed submodel of €y, i.e. PY(Cr,) =M, M € Kr, Thys(IM) is a Jonsson theory, Kz, is a Kaiser
class of theory Ty. Let us denote the center of T'y as follows:

TV = Th(ETv) = Th(Q:TV, C, a)anPl(CTv)

Let us consider the following notions in the new expanded signature ¢”. Let us start from
Denotation 4.

Denotation 6. A set J(Th(K)) = {A | A is a Jonsson primitive of unars, A = Th(K) U {¢'}},
where ' € V3(Ly) and ¢' ¢ Th(K), i =0 or i = 1 (i.e. it is a formula or its negation), Th(K) is
an elementary theory of the class of the quasivariety of unars K in the new expanded signature o”,
V3(Ly) is the set of all V3 sentences of first-order language L of the signature o”.

Definition 15. A set JCr, = {€a | A € J(Th(K)), €4 is a semantic model of A} is called a
semantic Jonsson quasivariety of Jonsson primitives of unars in a signature o” if its elementary
theory Th(JCrg) is a Jonsson theory.

Let us consider a Jonsson spectrum of semantic Jonsson quasivariety of unars in the new expanded
signature as follows.

Definition 16. The set JSp(JCr,) of all Jonsson theories of signature o, where
JSp(JCry) = {Ty |Ty is a Jonsson primitive of unars and JCr, C Mod(Tv)},

is called the Jonsson spectrum for the class JCr,, where JCr is a semantic Jonsson quasivariety
of Jonsson primitives of unars in the signature o”.

Let us introduce the double factorization on the set JSp(JCr,) and obtain such disjoint equiva-
lence classes [[T'v]] € JSp(JCro)/pir- [[Tv]] is an equivalence class of Jonsson primitives of unars
in the new expanded signature, containing theories that have coinciding centers, semantic models
and Kaiser classes, as well as the class of models of such theories is equal to or contains semantic
Jonsson quasivariety of primitives of unars JCr (Definition .

Let [[Tv]] € JSp(JCry)/p1r, where [[Ty]] is the class described above. Let [Ty]]* be its center,
E[[Tv]l be its semantic model.

Theorem 4.3. Let [[Tv]] be a double factorization class (D1F), and let [[Tv]]* be its center. Then,
[Tv]lv = [[To])%-
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Proof. It is obvious that [[Ty]] is a proper subset or equals [[T'v]]*, hence, [[Ty]]y is also a proper
subset or equals [[T'v]] (this follows from the definition of universals and primitives). Suppose the
opposite: let us assume that there is such a sentence ¢ in the complement of [Ty]ly to [Tv]}%
that ¢ € [Tv]]i \ [Tv]lv- Let ¢ = VZv(z) be a universal sentence. Since [[Ty]] 2 [[Tv]}v and
¢ ¢ [[Tv]lv, [[Tv]] F ¢ does not hold, then it follows that a theory [[Tv]] U {—} is a consistent
theory.

If the theory is consistent, then it has a model. Let 2 |= [Ty]] U {—¢}. Then, from the fact
that ¢ is a universal sentence follows = = 3z —1(Z) and the following is true for the model 2:

2 = 3z (z), A = [[Tv]]. Due to the wh-universality of the model E[[Tvﬂ’ we can assume that
2AC E[ﬁv]]’ where E[[Tvﬂ is the semantic model of class [[T'v]] and E[[Tv]] = [[Tv]]*, since [[Tv]]* is
Th(a[[fvﬂ) by the definition of the center of a Jonsson theory. Let a € 2 be such that 2 = —(a).

Since the formula —¢)(Z) contains no quantifiers, €7y = —p(a). However, since ¢ € [[Tv]]* and

This leads to a contradiction. O
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to the interpolation method for anisotropic spaces. We define approximation local Morrey spaces

LM;TQ and approximation spaces LMg\Tq, and in terms of these spaces we obtain a description of

interpolation spaces for pairs of local Morrey-type spaces (LMIf‘Oﬂq(), LM];\;QI) in the case py # p1.

DOI: https://doi.org/10.32523/2077-9879-2026-17-2-70-76

1 Introduction

Morrey spaces [22] and their generalizations have been widely applied in various problems of function
theory and partial differential equations (see, for example, survey papers [10, [IT]).

Let 0 < p < oo and 0 < A < n/p. The Morrey spaces M, were defined in [22] as the spaces of
all functions f € L“(R") such that

1fllazy = sup sup | fl|L, B < o0,
zeR™ r>0

where B(z,7) is the open ball of radius r > 0 centered at = € R". If A = 0, then M) = L,(R"),
while if A = n/p, then Mg/p = Loo(R"). If X < 0 or A > n/p, then M} = ©, where © is the set of
all functions that are equivalent to zero on R".

Interpolation of these spaces was considered in |27, 18], 25]. According to the results of [25], we

have
A A A
(MPO’ Mpl)e,oo = Mp’
where 1 <p<o0,0< N # N <n/p,0<0 <1, A= (1-0)\ + 0\, and the symbol < denotes
continuous embedding. In [26] O] it was established that this inclusion is strict, which raised the
problem of giving a complete description of the interpolation spaces.

In [I5] a similar problem was considered for a local variant of the Morrey spaces and for their
generalizations involving an additional parameter.

Definition 1. Let 0 < p,g < occand 0 < A < 0 if ¢ < o0 and 0 < XA < o if ¢ = oo. The local
Morrey-type spaces LMif:q are defined as the spaces of all functions f € L;"C(R") such that for ¢ < oo

o q dt Ha
sy, = ([~ W lmon)' T ) < o
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and for ¢ = o0
1y, = iglof’ M FllLy o) < oo

Unlike the Morrey spaces M]f‘, the scale of local Morrey-type spaces LM;},q remains closed under
interpolation when py = p;. Specifically, the following statement was proved in [I5].

Theorem 1.1 ([I5]). Let 0 < p,qo,q1,q9 < 00 and 0 < 6 < 1. Suppose, in addition, that \g # A\
and 0 < X, A1 < n/p if p < oo and at least one of the parameters qo,q1 and q is finite, and
0< Ao, Mt <n/pifg=q=q=o0. Then
(LAMS,, LM ), = LM,
7q

P07 p,q1 p,q’
where A = (1 — 0)\g + O\

Later, in works [13], 17, 12l 16, 24 14] generalizations of this result were obtained, and their
applications to the study of various problems in analysis were explored.

In [B] 6l [7, 8] further modifications and generalizations of local and global Morrey spaces were
defined, based on the use of norms of general symmetric spaces X and [ (instead of Lebesgue space
norms L, and [,). In these works there were investigated problems related to the interpolation of
such spaces. Below, we provide some of the definitions from these works.

A Banach space X of measurable functions on R™ is called an ideal space [21] if, for every function
f € X, any measurable function g satisfying |g(t)| < |f(¢)| for almost all ¢ € R™ also belongs to X
and satisfies ||g||x < ||f|lx (the symbol || f||x denotes the norm of an element f in the space X).

For f : R"™ — R we denote by m(f,~) the distribution function of f, namely,

m(f,7) = p({t € R" - [f(1)] > 7}),

where p is the Lebesgue measure on R".

An ideal space X is said to be symmetric if from the condition f € X, the measurability of g
follows, and also the validity of the inequality m(g,v) < m(f,~) for all v € R, that ¢ € X and
lgllx < 1£1x.

Along with ideal function spaces, we need to define ideal sequence spaces. Let e¢; =
{...,0,1,0,...} (1 stands in the ith place, ¢ € Z) be the standard basis in the space of two-sided

sequences. We denote by [ an ideal sequence space consisting of sequences z = Z x;e; with the
norm || - ||;. By definition, [ is an ideal sequence space if, for every sequence x = {z;};cz € | and
every sequence y = {y; }iez satisfying |y;| < |x;| for all i € Z, we have y € [ and ||y||; < ||z]|;.
Let U(0,1) C R™ be such that 0 € U(0,1) and u(U(0,1)) € (0,00). We also assume that U(0, 1)
is star-shaped with respect to the point 0, that is, if ¢ € U(0, 1), then vt € U(0,1) for v € (0, 1).
Let U(0,7) be the homothetic set to the set U(0,1) with a coefficient » > 0. We denote by T
the set of all non-negative number sequences 7 = {7;} each of which satisfies the conditions

Vit < T, U(Tz',Tz'H] =R,
i
If 7,11 = oo, we assume that (7;,00] = (7;,00). For every sequence 7 = {1;} we construct a family

of sets U(0,7;) and a family of disjoint annuli R(0,7;—1,7;) = U(0,7:) \ U(0, 7i—1).

Definition 2. Let an ideal space X on R", an ideal space [ of two-sided sequences with the standard
basis {e;} and a sequence 7 € T be given. The discrete local Morrey spaces M x are defined as the
spaces of all functions f € Li°(R™) such that

o0

> el xU©,m)lx

1=—00

< OQ.

1 llaer o =

l
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The approximation local Morrey space M [x 1s defined as the space of all functions f € L¢(R™)
such that

o0

> el (R0, 7m0, 7))l

1=—00

< 00.

Hf“leX -

!
Here x(D) is the characteristic function of a set D.

In [5], conditions under which the equality m = My holds were studied. It was also shown
that the approximation local Morrey space m is a retract of the space of vector-valued sequences
1(X).

Note that in the framework of the classical interpolation method, it is only possible to describe
the interpolation result for pairs (LM;‘ZO, LM;:\,}A) with the same parameter p. We are interested in

the problem of describing interpolation spaces for pairs (LM;‘O0 . LMpAl1 q1) when py # p;.

2 Anisotropic interpolation method and spaces of vector-valued se-
quences

Let us consider the interpolation method for anisotropic spaces proposed by E.D. Nursultanov [23]
(see also |1}, 2 19]).

Let A; be a Banach space, and A be a functional Banach lattice (see [20]). We denote by
A = (A, Ay) the space of Aj-valued measurable functions such that || f||4, € Az, with the norm
1flla=|| 1 £1l 4, HAZ. This space is called a mixed-norm space.

Let Ag = (A9, AY), A, = (A}, Al) be two mixed-norm spaces, and let € = (e1,69) € E = {0,1}%
We define the space A, = (A7', A3?) with the norm

Jalla. = |lelLi | .
A pair of mixed-norm spaces Ag = (AY, A9), A; = (A}, Ad) is called compatible if there exists a
linear topological Hausdorff space A, containing the spaces A. as subspaces for all ¢ € E.
We define a functional for a € ) __, A, as follows:

K(t,a;A) ZtEHaEHAE

EEE Qe

Let 0 < 6 = (01,605) < 1,0 <r = (r,r2) < oo. For any rearrangement x = (ji,j2) of the
set {1,2} let r* = (r;,,75,). We denote by Ap = (Ao, Ai)gr~ the linear subset of > __, A, for all
elements of which the following quasi-norm (norm if r > 1) is finite:

ri v 1/”2
[e'e] [e'e] o, _p. r Clt 72/ J1 dt
lalla,. = / (/ <t]~19“tj2912K(t,a;AO,A1)> " ﬂ) J2 < 00.
0 0 t L,

Lemma 2.1 ([23]). Let 0 < 0 <1, 0 <r < 00, * = (j1, J2) be some rearrangement of the set {1,2},
A = {A.}ccr and B = {B.}.cp be two compatible families of Banach spaces. If a linear operator
T : A, — B. with the quasi-norm M. for any ¢ € E, then

T : Agr — Bors,

with the quasi-norm
||T||A6r*—>Ber* 5 lllaXMg.
eel

Here, A < B means that there exists a constant ¢ > 0 such that A < cB for all A, B under
consideration.
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Below we give the definition of the Lorentz space L,,(R"™), and spaces of vector-valued sequences

17(Lp,)(R™) and Ly, (17)(R™).
Let 0 < pr<oocand 0 < p< oo if r < ooand 0 < p < oo if r = co. The Lorentz spaces
L,.(R™) are defined as the spaces of all functions f measurable on R” such that for r < oo

> A
ey = ([ @) ) <o

and for r = co
112, rny = supt/? f*(¢) < oo,
t>0

where f* is the nonincreasing rearrangement of f.

e~

Let —o0 < 0 < 00, 1 < ¢,p,7 < 00, we define spaces I7(L,,)(R") and L, (I7)(R"), as the set of
sequences a = {ag(x)},- ., where a;(z) are functions, measurable on R”, for which the following
norms are respectively finite:

o0

. 1/q
”CLng(LpT)(]R") = ( Z <20k ||akHLpr(Rn)> ) )

k=—oc0

00 1/q
_ ok x\4
||CLHLPT(13)(R7L) - (kz (2 ak) ) )
= Lpr(R™)

with the standard modification for ¢ = oc.

3 Main result

We use the scheme for constructing local Morrey spaces from Definition 2.

Let U(0,1) C R™ satisfy the conditions imposed earlier in Introduction. Set 7 = {7;}, where
=2 i€Z. Letl<pr<ocandl <p<ooifr<ocandl <p<ooifr=o00,1<¢q¢g< o0
and 0 < A< o if g <oocand 0 < A < oo if ¢ = co. As the space X, we take the Lorentz space
L,.(R"), and as the space [, we take the space l;’\. The thus-defined discrete local Morrey spaces

My and approximation local Morrey spaces My will be denoted by the symbols LM};\Tq and LMIS\,?,
respectively.

Remark 1. From the results of [3], it follows that in this case, the equality LM)? = LM holds.
It can also be shown that when p = r the space LMZ;\,‘? coincides with the local Morrey-type spaces
LM, (with norms equivalence).

The norm in the approximation local Morrey space LMﬁ‘Tq can be written as follows

1 e = I{XCRO,275 2 | oy

We also define the approximation space LM;}? as the space of all functions f € LP¢(R") such
that

£ —, = [{fx(RO, 272D} ——, < oo

LM Lpr(lg ) (R™)

We have obtained the following theorem.
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Theorem 3.1. Let 1 <pg#p;1 <00, 1 <r <oo and 1 < qy,q1,q < 0. Suppose, in addition, that
X F# N oand 0 < X\, < n/p; if pp < oo (i =0,1) and at least one of the parameters qo,q1 and q 1is
finite, and 0 < X\, < n/p; (i =0,1) if go = ¢ = ¢ = 00. Then, for 0 < 01,05 < 1, the following
equalities hold:

a) if x1 = (1,2), then

A A _ A
(LMpoovqo’ LMP117Q1)(91792),(T7Q)*1 - LMqua
b) if xo = (2,1), then
A A - A
(LMPOO,QO’ LMP117q1)(91702),(r7q)*2 - LMPTqv

where A\ = (1 — 02))\0 + 92)\1, 1/p = (1 — 91)/]?0 + 91/1’1-

Remark 2. This approach was previously used by us to study the interpolation properties
of Nikol’skii-Besov and Lizorkin-Triebel type spaces by applying the interpolation method for
anisotropic spaces (see 3], 4]).
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