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ERNST L'VOVICH PRESMAN

(to the 85th birthday)

On February 28, 2026, Ernst L'vovich Presman, Doctor of Physical and
Mathematical Sciences, Chief Researcher of the Central Economics and
Mathematics Institute of the Russian Academy of Sciences, a Member of
Editorial Board of �Eurasian Mathematical Journal�. turned 85 years old.

Ernst L'vovich Presman was born on February 28, 1941, in Moscow. In
1958, he graduated with honors from Moscow Secondary School No. 124
and entered the Moscow Institute of Physics and Technology (MPhTI) the
same year.

In 1964, under the supervision of Academician Yu. V. Prokhorov, he
graduated with honors and entered graduate school at MPhTI.

After completing his graduate studies in 1967, Ernst L'vovich joined the
Central Economics and Mathematics Institute of the Russian Academy of

Sciences, where he remains employed till now, having risen from a junior research fellow to a chief
research fellow.

During his graduate studies and for the following four years, Ernst L'vovich taught mathematics
in the Department of Mathematics at MPhTI. In 1994-1995 he was a Visiting Professor at the
Hosei University, Tokyo, Japan, in 1996 a Visiting Professor at the University of North Caroline
at Charlotte, Department of Mathematics. From 2008 to 2015, he worked as a professor at the
Department of Fundamental and Applied Mathematics at the Russian State University for the
Humanities, and from 2008 to the present, he has taught mathematics at the Moscow School of
Economics at the M.V. Lomonosov Moscow State University.

As a researcher on leave he visited (from one to four months) SUNY at Stony Brook (1989),
University of Toronto (1990, 1995, 1997), University of Texas at Dallas (2000, 2001, 2003), Universite
de Franche Comte, Besancon (2001).

Ernst L'vovich's mathematical interests spanned a wide range. His �rst scienti�c paper appeared
while he was still a student and was published in the Proceedings of the Steklov Mathematical
Institute of the RAS (1964). His diploma thesis was devoted to queuing theory and was published
in the journal �Probability Theory and Its Applications�.

In 1968, Ernst L'vovich defended his PhD dissertation, completed under the supervision of Aca-
demician Yu.V. Prokhorov. The results of his dissertation, devoted to factorization methods for solv-
ing boundary value problems in probability theory, were published in the Bulletin of the Academy of
Sciences and received wide international recognition. In 1996, at the Steklov Mathematical Institute
of the RAS he defended his DSc dissertation: �Investigations on stochastic optimal control� (Com-
mittee: Academician I.A.Ibragimov, Academician A.N.Shiryaev, Professor A.Yu. Veretennikov).

Throughout his career, Ernst L'vovich devoted considerable attention to limit theorems in prob-
ability theory. His work on the multivariate version of Kolmogorov's uniform limit theorem, on
the approximation of various distributions to a family of accompanying laws, his joint work with
UzAS Academician Formanov and later with RAS Academician I.A. Ibragimov on modifying the
Lindeberg and Rotar conditions in the Central Limit Theorem, and his other works in this area are
well known.

After joining CEMI, Ernst L'vovich began working on optimal stopping problems, random process
control, inventory and production management models, and �nancial mathematics. His joint work
with I.M. Sonin on the random choice problem became a classic. Together with I.M. Sonin, he
published the monograph �Sequential Control with Incomplete Information: The Bayesian Approach
to Many-Armed Bandit Problems�, Academic Press, 1990 (a revised translation from the Russian
edition by �Nauka�, 1982).
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First independently, and then jointly with T.A. Belkina and Yu.V. Kabanov, he obtained im-
portant results on the stochastic linear regulator. Together with A.D. Slastnikov, he studied various
stochastic models of economic dynamics, worked with S. Sethi on problems of �nancial mathematics,
and then, with S. Sethi and his students, studied stochastic manufacturing systems.

Ernst L'vovich has published over 200 scienti�c papers to date (see https://scholar.google.com,
Pro�le of Ernst Presman). He has 30 co-authors and has participated in over 100 scienti�c confer-
ences. Two PhD dissertations were defended under his supervision.

In 1993 - 2000 Ernst L'vovich was Executive Secretary and a member of Editorial Board of the
Journal �Theory of Probability and its Applications� and in 2000 � 2013 a member of Advisory
Board of the same Journal. In 2018 � 2023 he was a member of Editorial Board of the Journal
Â¾Theory of Stochastic ProcessesÂ¿, and from 2010 till now he is a Member of Editorial Board of
the �Eurasian Mathematical Journal�.

He is one of the leaders of the general institute seminar CEMI Â¾Problems of stochastic control
and stochastic models in Economics, Finance and InsuranceÂ¿.

Ernst L'vovich was Project Manager of the Russian Foundation for Basic Research �Controlled
Random Processes� through 1994 � 2015.

The Editorial Board of the Eurasian Mathematical Journal, his friends and colleagues cordially
congratulate Ernst L'vovich on the occasion of his 85th birthday and wish him good health, happiness
and new achievements in mathematics and mathematical education.
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model and to verify the optimality of the chosen design points according to certain criteria.
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1 Introduction

The aim of this paper is to construct a D-optimal experimental design if the basis functions are the
Haar functions. It is known that many Monte Carlo algorithms and experimental design methods are
based on selecting a certain probability distribution ρ of the design points de�ned on a measurable
space X [1, 4]. In this work, it is proved that a given discrete design is D-optimal if the design
points are distributed almost uniformly across the intervals of constancy of the Haar functions.

Let us consider a parametrically linear regression model, where the measurement results y(xj)
at points xj ∈ X are represented as follows [2, 4]:

yj = y (xj) =
n∑
i=1

θiϕi(xj) + ε(xj), j = 1, 2, . . . , N, (1.1)

where ϕ (x) = {ϕ1 (x) , ϕ2 (x) , . . . , ϕN (x)}T� is the basis function vector on Õ, in our case the Haar
functions, θi� are the unknown parameters, ε (xj)� are random errors, X � is the design space.
Standard assumptions are made regarding the errors [2]:

Eε (x) = 0, Eε2 (x) = σ2 (x) = const <∞, Eε (xi) ε (xj) = 0, i 6= j,

where E is the mathematical expectation.
The regression model (1.1) can also be written in the form Y = Fθ + ε, where

Y =


y1

y2
...
yN

 , F =


ϕ1(x1) ϕ2(x1)
ϕ1(x2) ϕ2(x2)

. . . ϕn(x1)

. . . ϕn(x2)
...

...
ϕ1(xN) ϕ2(xN)

. . .
...

. . . ϕn(xN)

 =


ϕT (x1)
ϕT (x2)

...
ϕT (xN)

 , θ =


θ1

θ2
...
θn

 .

It is required to estimate the unknown parameters θ and their variances, as well as to verify the
D-optimality of the obtained design, i.e., to �nd the optimal density

ρ∗ = argmin(det[D(ρ)])
ρ∈P

(1.2)
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The Haar function system on the set X=[0,1] with a given (probability) measure µ is de�ned as
follows [3].

We divide the set X with measure µ(X) = 1 into 2m disjoint subsets
d (m, s) (1 ≤ s ≤ 2m−1,m = 1, 2, . . .) each of the same measure µ. The subsets d (m, s)(1 ≤ s ≤ 2m−1)
are de�ned by the equality:

d (m, s) =
[
s−1

2m−1 ,
s

2m−1

)
,

where s ranges from 1 to 2m−1, and m = 1, 2, ... (of course, for s = 2m−1 we consider d(m, s) to be
closed on the right as well). It is easy to see that for each m:

d(m, 1)
⋃
d(m, 2)

⋃
...
⋃
d(m, 2m−1) = [0, 1].

The Haar function system χms(x) is conveniently de�ned in groups: the group with number m
contains 2m−1 functions χms (x),s = 1, 2, . . . , 2m−1, de�ned by the following equalities:

χms(x) =


2
m−1

2 , at x ∈ d(m+ 1, 2s− 1),

−2
m−1

2 , at x ∈ d(m+ 1, 2s),
0, at x /∈ d(m, s).

(1.3)

Let kj (j = 1, 2, ..., n) be the number of points belonging to the subset d(m, j) of the set X=[0,1]

and
n∑
j=1

kj = N .

It is known [2], that if the matrix of the system of the normal equations F TF is non-degenerate,
then the least squares estimate has the form:

θ̂ =
(
F TF

)−1
F TY (1.4)

and the variance has the form:
Dθ̂ = σ2

(
F TF

)−1
, (1.5)

where

F TF =


(φ1, φ1) (φ1, φ2) · · · (φ1, φn)
(φ2, φ1) (φ2, φ2) · · · (φ2, φn)
· · · · · · · · · · · ·

(φn, φ1) (φn, φ2) · · · (φn, φn)

,

(φ, ψ) =
N∑
j=1

φ(xj)ψ(xj), xj ∈ X.

The matrix M = F TF is called the information matrix, and the matrix Dθ̂ = σ2M−1�is called
the variance matrix for model (1.1).

2 Cases with two and four basis functions

To simplify the analysis, let us �rst consider the cases of m = 1, 2, i.e., the interval [0, 1] is divided
into 1 and 2 subsets respectively, and the regression model contains 2 and 4 unknown parameters θ.

In the case of m = 1, the Haar functions take the following form:

φ1 (x) = 1, φ2 (x) =

{
+1, for x ∈ [0, 1

2

)
−1, for x ∈

[
1
2
, 1
] (2.1)

Let k1 and k2 be the number of points selected from the subsets [0, 1
2
) and [1

2
, 1]. respectively,

with k1 + k2 = N . The information matrix takes the following form:
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F TF =

(
(φ1, φ1) (φ1, φ2)
(φ2, φ1) (φ2, φ2)

)
=

(
k1 + k2 k1 − k2

k1 − k2 k1 + k2

)
.

The determinant of this matrix is equal to k1k2. Therefore, for the matrix to be non-degenerate,
it is necessary and su�cient that the conditions k1 and k2 > 0 are satis�ed.(

F TF
)−1

= 1
4

( 1
k1

+ 1
k2

1
k1
− 1

k2
1
k1
− 1

k2
1
k1

+ 1
k2

)
, F TY =

(∑k1
i=1 yi +

∑k1+k2
i=k1+1 yi∑k1

i=1 yi −
∑k1+k2

i=k1+1 yi

)
.

Therefore, the estimate of the unknown parameters θ = (θ1, θ2) is given by:

θ̂ =
(
F TF

)−1
F TY =

(
1

2k1

∑k1
i=1 yi + 1

2k2

∑k1+k2
i=k1+1 yi

1
2k1

∑k1
i=1 yi −

1
2k2

∑k1+k2
i=k1+1 yi

)
,

and their variance has the following form:

Dθ̂ = σ2

4

( 1
k1

+ 1
k2

1
k1
− 1

k2
1
k1
− 1

k2
1
k1

+ 1
k2

)
.

In the case m = 2 we have four Haar functions: φ1(x), φ2(x) from (2.1) and

φ3(x) =


+
√

2, for x ∈ [0, 1
4

)
,

−
√

2, for x ∈
[

1
4
, 1

2

)
,

0, for x ∈
[

1
2
, 1
]
,

φ4(x) =


+
√

2, for x ∈
[

1
2
, 3

4

)
,

−
√

2, for x ∈
[

3
4
, 1) ,

0, for x ∈
[
0, 1

2

]
.

(2.2)

Let k1, k2, k3 è k4 be the number of points selected from the subsets
[
0, 1

4

)
,
[

1
4
, 1

2

)
,
[

1
2
, 3

4

)
and [3

4
, 1],

respectively, with k1 + k2 + k3 + k4 = N . The matrix F TF has the following form:

F TF =


k1 + k2 + k3 + k4 k1 + k2 − k3 − k4

√
2(k1 − k2

) √
2(k3 − k4

)
k1 + k2 − k3 − k4 k1 + k2 + k3 + k4

√
2(k1 − k2

)
−
√

2(k3 − k4

)
√

2(k1 − k2

) √
2(k1 − k2

)
2 (k 1 + k2) 0√

2(k3 − k4

)
−
√

2(k3 − k4

)
0 2 (k 3 + k4)

 .

The determinant of this matrix is det
(
F TF

)
= 256k1k2k3k4, where ki > 0, i = 1, 2, 3, 4. The

invers matrix to the matrix
(
F TF

)−1
and the vector F TY have the following form:

(
F TF

)−1
= 1
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
1
k1

+ 1
k2

+ 1
k3

+ 1
k4

1
k1

+ 1
k2
− 1

k3
− 1

k4
1
k1

+ 1
k2
− 1

k3
− 1

k4
1
k1

+ 1
k2

+ 1
k3

+ 1
k4

√
2
(

1
k1
− 1

k2

) √
2
(

1
k3
− 1

k4

)
√

2
(

1
k1
− 1

k2

)
−
√

2
(

1
k3
− 1

k4

)
√

2
(

1
k1
− 1

k2

) √
2
(

1
k1
− 1

k2

)
√

2
(

1
k3
− 1

k4

)
−
√

2
(

1
k3
− 1

k4

) 2
(

1
k1

+ 1
k2

)
0

0 2
(

1
k3

+ 1
k4

)

 ,

F TY =


∑k1+k2+k3+k4

i=1 yi∑k1+k2
i=1 yi −

∑k1+k2+k3+k4
i=k1+k2+1 yi√

2
∑k1

i=1 yi −
√

2
∑k1+k2

i=k1+1 yi√
2
∑k1+k2+k3

i=k1+k2+1 yi −
√

2
∑k1+k2+k3+k4

i=k1+k2+k3+1 yi

 .

Then, the least squares estimates of the unknown parameters θ = (θ1, θ2, θ3, θ4) determined by

the formula θ̂ =
(
F TF

)−1
F TY are given by:

1
4k1

∑k1
i=1 yi + 1

4k2

∑k1+k2
i=k1+1 yi + 1

4k3

∑k1+k2+k3
i=k1+k2+1 yi + 1

4k4

∑N
i=k1+k2+k3+1 yi

1
4k1

∑k1
i=1 yi + 1

4k2

∑k1+k2
i=k1+1 yi −

1
4k3

∑k1+k2+k3
i=k1+k2+1 yi −

1
4k4

∑N
i=k1+k2+k3+1 yi√

2
4k1

∑k1
i=1 yi −

√
2

4k2

∑k1+k2
i=k1+1 yi√

2
4k3

∑k1+k2+k3
i=k1+k2+1 yi −

√
2

4k4

∑N
i=k1+k2+k3+1 yi

,
and the variance of these estimates by: Dθ̂ = σ2

(
F TF

)−1
.
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3 General case

We obtain the same result using another approach, which allows us to generalize the �nd-
ings to the case of an arbitrary n. To do this, we introduce a system of characteristic func-
tions f1 (x) f 2 (x) , f3 (x) , f4(x) corresponding to the segments d(2, 1) =

[
0, 1

4

)
, d(2, 2) =

[
1
4
, 1

2

)
,

d(2, 3) =
[

1
2
, 3

4

)
and d(2, 4) =

[
3
4
, 1
]
de�ned as follows:

fi (x) =

{
1, if x ∈ d (2, i) ,
0, if x /∈ d (2, i) .

(3.1)

It is then evident that the Haar functions can be expressed in terms of the characteristic
functionsfi (x) , i = 1, 2, 3, 4, in the following form:

φ1(x) = f1(x) + f2(x) + f3(x) + f4(x),

φ2 (x) = f1 (x) + f2 (x)− f3 (x)− f4(x),

φ3 (x) =
√

2 (f1 (x)− f2 (x)) ,

φ4 (x) =
√

2 (f3 (x)− f4 (x))

or
φ (x) = Lf (x) , (3.2)

where

L =


1 1 1 1
1 1 −1 −1√
2 −

√
2 0 0

0 0
√

2 −
√

2

 , (3.3)

φ (x) = (φ1 (x) , φ2 (x) , φ3 (x) , φ4 (x))T , f(x) = (f1 (x) , f2 (x) , f3 (x) , f4 (x))T .

Substituting (3.2) into (1.1), we obtain

Y = Fθ + ε = θTLG+ ε, (3.4)

where

G =


f1 (x1) f1(x2)
f2 (x1) f2(x2)

. . . f1(xN)

. . . f2(xN)
f3 (x1) f3(x2)
f4 (x1) f4(x2)

. . . f3(xN)

. . . f4(xN)

 . (3.5)

From this we obtain:

θTL = θT(1), θ
T = θT(1)L

−1, θ =
(
L−1

)T
θ(1). (3.6)

If now θ̂(1) is the least squares estimate of the unknown parameters under an arbitrary design

ξ with the dispersion matrix Dθ̂(1), then, according to Theorem 1.4 [2], we have that the estimate

θ̂ = (L−1)
T
θ(1) is also a least squares estimate, and its variance is calculated using the formula:

Dθ̂ =
(
L−1

)T
Dθ̂(1)L

−1, (3.7)

Hence,
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detDθ̂ = (detL)−2 detDθ̂(1), (3.8)

which coincides with the previously obtained result, because detL = −16.
The latter method for obtaining least squares estimates for the system of Haar functions allows

us to generalize the estimation process to the general case. Given that Haar functions are linear
combinations of step (characteristic) functions of the type (3.1), the more general case where the
number of basis functions exceeds four can be studied using the previously obtained results for step
functions [4].

In the general case of arbitrary m, we have n = 2m Haar functions de�ned on the interval [0,1],
which is divided into 2m subintervals d(m, s) s = 1, 2, ..., 2m of equal length.

Let us consider the system of characteristic functions fs (x) de�ned by the equalities:

fs (x) =

{
1, if x ∈

[
s−1
2m
, s

2m

]
0, if x /∈

[
s−1
2m
, s

2m

] , s = 1, 2, . . . , 2m.

Lemma 3.1. Let m be a natural number. Then the Haar basis functions {φs (x)} (s = 1, 2, . . . , 2m)
can be expressed in terms of the characteristic functions {fs (x)} (s = 1, 2, . . . , 2m) using formula
(3.2), where the elements of the matrix Lm = (lm,i,j)

n
i,j=1 are de�ned by the following recursive

formula:

lm,i,j =


lm−1,i,[ j+1

2 ], if i ≤ 2m−1

2
m−1

2 , if i > 2m−1, j = i− 2m−1

−2
m−1

2 , if i > 2m−1, j = i+ 1− 2m−1

0, if i > 2m−1, j 6= i− 2m−1, j 6= i+ 1− 2m−1

. (3.9)

Proof. We proceed by the method of mathematical induction. For m = 1, the system of Haar
functions φ1 (x) , φ2 (x) is de�ned in equation (2.1), and the matrix

L1 =

(
1 1
1 −1

)
.

Assume that the conditions of the theorem hold for m = k. We will prove formula (3.9) for the
case m = k + 1. The subintervals d(k + 1, s)s = 1, 2, ..., 2k+1 are obtained from the subintervals
d(k, s)s = 1, 2, ..., 2k by dividing each interval in half. The Haar function system consists of 2k Haar
functions {φs (x)} (s = 1, 2, . . . , 2k) for the case m = k, and 2k functions χk+1,s (x) , s = 1, 2, . . . , 2k

from equation (1.3). Then, the �rst 2k rows of the matrix Lk+1 consist of the elements of the matrix
Lk. The next 2k rows are de�ned by the formulas in equation (1.3), in which two elements are
non-zero and the rest are zero, as re�ected in the last three expressions of formula (3.9). The �rst
2k rows of the matrix Lk have 2k columns, but since the subintervals d(k + 1, s)s = 1, 2, ..., 2k+1 are
halves of the subintervals d(k, s)s = 1, 2, ..., 2k, each element must be repeated twice.

Lemma 3.2. For the matrix Lmthe following equality holds LTmLm = 2mE, where E is the identity
matrix.

Proof. The statement of the lemma means that all rows of the matrix Lm are orthogonal, and the
sum of the squares of the elements in each row is equal to 2m. The second statement is obvious. Let
us prove the orthogonality of the rows, i.e., that the scalar product of any two distinct rows is zero.

The �rst row is orthogonal to all other rows, since the remaining rows contain an even number
of non-zero elements, half of which have opposite signs.

The last 2m−1 rows are mutually orthogonal, as each row contains exactly two non-zero elements
located in di�erent columns.
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The �rst 2m−1 rows are also mutually orthogonal, since they are obtained by duplicating the
elements of the matrix Lm−1, whose rows are orthogonal by assumption.

The scalar product of any row from the �rst half with any row from the second half consists of
two terms with opposite signs and therefore equals zero.

Substituting (3.2) into (1.1), we obtain:

Y = θTF + ε = θTLG+ ε = θT(1)G+ ε, (3.10)

where

G =


f1 (x1) f1(x2)
f2 (x1) f2(x2)

. . . f1(xN)

. . . f2(xN)
. . . . . .

fn (x1) fn(x2)
. . . . . .
. . . fn(xN)

 . (3.11)

θ = (θ1,θ2,..., θn)Tare the unknown parameters in the case of Haar functions, and θ1 =(
θ

(1)
1 , θ

(1)
2 , . . . , θ

(1)
n

)T
in the case of characteristic functions. From this follow equalities (3.6).

If now θ̂(1) is the least squares estimate of the unknown parameters under an arbitrary design ξ

with the dispersion matrix Dθ̂(1), then, according to Theorem 1.4 [2], the estimate θ̂ = (L−1)
T
θ(1) is

also a least squares estimate, and its variance is calculated using formula (3.7), while the determinant
is given by formula (3.8).

Since the determinant of the information matrix M(θ̂(1)) in the case of step functions is easily
computed and equals [1]

detM
(
θ̂(1)

)
= nnk1k2 . . . kn, (3.12)

then the determinant reaches its maximum value when k1 = k2 = ... = kn.
Thus, if the number of measurement points N is divisible by the number of unknown parameters

n = 2m, then the following theorem holds.

Theorem 3.1. Let X = [0, 1], n = 2m, {φi (x)} (i = 1, 2, ..., n) be the system of Haar functions.
Consider the linear regression model (1.1) Y = Fθ + ε. If the number of measurement points N is
divisible by n, i.e., N = ln, then the determinant in formula (3.8) reaches its minimum value when
k1 = k2 = ... = kn = l

Theorem 3.2. Let X = [0, 1], n = 2m, {φi (x)} (i = 1, 2, ..., n) be the system of Haar functions.
Consider the linear regression model (1.1) Y = Fθ + ε. Now suppose the number of measurement
points N is not divisible by the number of partitions n, i.e., N = ln+ r, where 0 < r < n.

Then, in the optimal design, all ki di�er from each other by no more than one, i.e.,

k1 = k2 = ... = kr = l + 1, kr+1 = kr+2 = ... = kn = l.

The number of such designs is equal to Cr
n.

Proof. Indeed, to proceed, we order the values k1, k2, . . . , kn and obtain a variational series

k1 ≤ k2 ≤ . . . ≤ kn,

where

k1k2 . . . kn =
1

nn
detM (ξ) .

Suppose that kn − k1 > 1. We construct a new design in which all ki, except for k1 and kn,
remain unchanged, while kn is replaced by kn − 1 and k1 is replaced by k1 + 1. For this new design,
the determinant equals (k1 + 1)k2 . . . kn − 1(kn − 1) > k1, k2, . . . , kn, i.e., the original design is not
optimal, and therefore our assumption is incorrect. Thus, in the optimal design, all ki di�er from
each other by no more than one. The number of such designs is equal to Cr

n. One such design is:
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ξ =

(
x1 x2 · · · xr xr+1 · · · xn
l+1
N

l+1
N
· · · l+1

N
l
N

· · · l
N

)
.

Thus, a D-optimal design has been constructed for the system of Haar functions in a linear
regression model with parameters appearing linearly.

Discussion

Thus, we have obtained an explicit form of the discrete optimal design under the D-optimality
criterion for a linear-in-parameters regression model in the case of the system of Haar basis
functions. Furthermore, we derived an explicit form of the transformation matrix Lm converting
step functions into Haar functions, which satis�es the conditions of Theorem 1.4 in [2]. The resulting
construction extends naturally to functions de�ned on an arbitrary �nite interval X = [a, b]. One
may also replace the Haar system with other basis functions possessing similar structural properties.
In addition, it is possible to construct optimal designs for other optimality criteria (G, MV) and to
verify the assertion of the Kiefer�Wolfowitz equivalence theorem (Theorem 2.3 in [2]).
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1 Introduction

Given metric spaces (X, ρX) and (Y, ρY ), denote by BX(x0, r) the closed ball centered at point
x0 ∈ X with radius r ≥ 0 in the space X. An analogous notation we will use for closed balls in the
space Y. Let ψ, ϕ : X → Y be given mappings.

A point ξ ∈ X is said to be a coincidence point of the mappings ψ and ϕ if ψ(ξ) = ϕ(ξ). In [1],
there was developed the coincidence point theory. It was shown, that under natural continuity and
completeness assumptions, if the mapping ψ satis�es a certain covering assumption and the mapping
ϕ is Lipschitz with a su�ciently small Lipschitz constant, then there exists a coincidence point of
the mappings ψ and ϕ. Analogous results were derived for set-valued mappings. Let us recall the
concepts in use.

Given a real number α > 0, the mapping ψ is said to be α-covering if the following inclusion
takes place

BY (ψ(x0), αr) ⊂ ψ(BX(x0, r)) ∀x0 ∈ X, ∀ r ≥ 0.

Given a real β > 0, the mapping ϕ is said to be β-Lipschitz if the following inequality takes place

ρY (ϕ(x1), ϕ(x2)) ≤ βρX(x1, x2) ∀x1, x2 ∈ X.

The mapping ψ is said to be closed if its graph

gphψ := {(x, ψ(x)) : x ∈ X}

is a closed subset of the metric space X × Y endowed with the metric de�ned by formula

ρ((x1, y1), (x2, y2)) := ρX(x1, x2) + ρY (y1, y2), (x1, y1), (x2, y2) ∈ X × Y.

Note that there could be de�ned other equivalent metrics in the spaces X × Y. However, the one
de�ned above is more convenient in the subsequent.
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Recall now the coincidence point theorem from [1]. Assume that the metric space (X, ρX) is
complete, the mapping ψ : X → Y is α-covering and closed, the mapping ϕ : X → Y is β-
Lipschitzian and α > β > 0. Then for every point x0 ∈ X there exists a point ξ = ξ(x0) ∈ X such
that

ψ(ξ) = ϕ(ξ) and ρX(x0, ξ) ≤
ρY (ψ(x0), ϕ(x0))

α− β
.

In the particular case, in which the space (Y, ρY ) coincides with the complete space (X, ρX) and ψ is
the identity mapping, this coincidence point theorem implies the �xed point theorem by S. Banach
and R. Caccioppoli (see, for example, [5, Chapter 1, �1]).

In this paper, we consider the coincidence point problem for the speci�c case α = β.

If α = β and all assumptions of the cited coincidence point theorem are preserved except α > β,
then the mappings ψ and ϕ could have no coincidence point even under the additional assumption
that the domain X is compact. For example, assume that X is a circle in the Euclidian plane R2

with the induced metric, Y = X, ψ : X → X is the identity mapping, ϕ is a rotation mapping
by a �xed angle di�erent from 2πm and m ∈ {..., −1, 0, 1, ...}. Take α = β = 1. Then, all the
assumption of the coincidence point Theorem 1 in [1] hold except the assumption α > β. At the
same time, the mappings ψ and ϕ have no coincidence points, although the domain X is compact.

Assume now that the mapping ϕ satis�es the strict Lipschitz inequality with the constant α, i.e.

ρY (ϕ(x1), ϕ(x2)) < αρX(x1, x2) ∀x1, x2 ∈ X : x1 6= x2. (1.1)

Then, the α-covering mapping ψ and the mapping ϕ can also have no coincidence point. For
example, assume that X = Y = [1,+∞) and the mappings ψ : X → X and ϕ : X → X are de�ned
by formulae

ψ(x) = x, ϕ(x) = x+
1

x
+ c, x ∈ [1,+∞).

Here, real c ≥ 0 is given. Take α := 1. Then the mapping ψ is α-covering and continuous, whereas
the mapping ϕ satis�es strict Lipschitz inequality (1.1). However, the mappings ψ and ϕ have no
coincidence points. Moreover,

|ψ(x)− ϕ(x)| > c ∀x ∈ [1,+∞). (1.2)

Note that, both considered examples were given in monograph [8] and illustrated the absence of a
�xed point of the corresponding mappings.

As is known, if the metric space X is compact, Y = X and the mapping ϕ : X → X is a strict
contraction (i.e. inequality (1.1) holds with α = 1), then the mapping ϕ has the only coincidence
point (see, for example, [5, �1.6 (A.7)] or [8, �1.6]). In other words, in the contraction mapping
theorem, the contraction assumption can be weakened by replacing it with the assumption of strict
contraction, and the assumption of completeness of the space X can be strengthened by replacing
it with the assumption of compactness of this space. For more results on �xed points of mappings
satisfying various contraction assumptions see, for example, [6, 7, 9]. For the results on application
to optimization see, for example, [3], [4].

In connection with the above, the following natural question arises. Is Theorem 1 in [1] true if
the assumption of completeness of X is replaced by the assumption of compactness of X, and the
assumption that ϕ is β-Lipschitz with β < α is replaced by the assumption that strict Lipschitz
inequality (1.1) holds with the same constant α?

Below, we will provide a positive answer to this question. In addition, we obtain su�cient
conditions for the existence of coincidence points and generalized coincidence points of set-valued
mappings.
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2 Coincidence points of single-valued mappings

Let us now present su�cient conditions for the existence of coincidence points of two mappings
de�ned on compact domain.

Theorem 2.1. Let a metric space (X, ρX) be compact. Given α > 0, assume that a mapping
ψ : X → Y is α-covering and closed, a mapping ϕ : X → Y satis�es strict Lipschitz inequality (1.1)
with the constant α.

Then, there exists a coincidence point ξ ∈ X of the mappings ψ and ϕ, i.e. ψ(ξ) = ϕ(ξ).

Proof. Denote
D := {(x1, x2) ∈ X ×X : ψ(x2) = ϕ(x1)}.

Let us prove that the set D is a closed subset of the space X ×X endowed with the metric

ρ((x1, x2), (x̄1, x̄2)) := ρX(x1, x̄1) + ρY (x2, x̄2), (x1, x2), (x̄1, x̄2) ∈ X ×X.
Take an arbitrary sequence {(xi1, xi2)} ⊂ D convergent to a point (x̄1, x̄2) ∈ X × X. Then,

ϕ(xi1) → ϕ(x̄1) as i → +∞ since the mapping ϕ is Lipschitz and, therefore, continuous. Since
{(xi1, xi2)} ⊂ D, the de�nition of the set D implies that ψ(xi2) = ϕ(xi1) for every i. Therefore,
ψ(xi2)→ ϕ(x̄1) as i→ +∞ as well. The closedness of the mapping ψ and the relations xi2 → x̄2 and
ψ(xi2)→ ϕ(x̄1) as i→ +∞ imply that the point (x̄2, ϕ(x̄1)) belongs to the graph of the mapping ψ.
Therefore, the equality ψ(x̄2) = ϕ(x̄1) takes place. Hence, (x̄1, x̄2) ∈ D. So, it is shown that the set
D is a closed subset of the space X ×X.

Let us consider the following constrained optimization problem:

minimize ρX(x1, x2) subject to the condition (x1, x2) ∈ D. (2.1)

The set D is compact since this set is a closed subset of the compact space X ×X. Moreover, the
function (x1, x2) 7→ ρX(x1, x2) is continuous on the entire space X ×X. Therefore, the Weierstrass
theorem implies that there exists at least one point (ξ1, ξ2) ∈ D which is a solution to Problem (2.1),
i.e. ρX(ξ1, ξ2) ≤ ρX(x1, x2) for every (x1, x2) ∈ D.

Let us prove that the minimal value ρX(ξ1, ξ2) to Problem (2.1) equals zero. Assume the contrary,
i.e. ρX(ξ1, ξ2) > 0 or equivalently ξ1 6= ξ2. Since the mapping ψ is α-covering, there exists a point
ξ3 ∈ X such that ψ(ξ3) = ϕ(ξ2) and the inequality ρX(ξ2, ξ3) ≤ α−1ρY (ψ(ξ2), ϕ(ξ2)) takes place.
Applying this inequality we obtain

ρX(ξ2, ξ3) ≤ α−1ρY (ψ(ξ2), ϕ(ξ2)) = α−1ρY (ϕ(ξ1), ϕ(ξ2)) < ρX(ξ1, ξ2).

Here, the equality follows from the inclusion (ξ1, ξ2) ∈ D and the strict inequality follows from (1.1)
since ξ1 6= ξ2.

So, we have (ξ2, ξ3) ∈ D, since ψ(ξ3) = ϕ(ξ2). At the same time, it is shown that ρX(ξ2, ξ3) <
ρX(ξ1, ξ2). Therefore, the point (ξ1, ξ2) is not a solution to Problem (2.1). The contradiction obtained
proves that ρX(ξ1, ξ2) = 0.

Denote ξ := ξ1. Since ρX(ξ1, ξ2) = 0, we have ξ2 = ξ. Thus, the inclusion (ξ1, ξ2) ∈ D implies
that ψ(ξ) = ψ(ξ1) = ϕ(ξ1) = ϕ(ξ).

Let us compare the obtained coincidence point theorem with Theorem 7.2 in [2]. In Theorem
7.2 it is assumed that the domain X as well as the target space Y are Banach spaces, whereas in
Theorem 2.1 these spaces are metric ones and X is compact. In [2], it is assumed that the α-covering
mapping ψ is smooth, whereas in Theorem 2.1 ψ is closed. In [2], the mapping ϕ satis�es a stronger
assumption than (1.1). So, these two coincidence point theorems do not follow from each other.
These two theorems also di�ers from Theorem 1 in [1]. The key di�erence is that they can be
applied if the mapping ϕ is not β-Lipschitz with β < α. However, Theorem 2.1 here as well as the
result in [2] are not applicable if the metric space X is neither compact nor Banach. At the same
time Theorem 1 in [1] can be applied to certain mappings in this case.
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3 Coincidence points of set-valued mappings

Let us pass to the study of the coincidence points of set-valued mappings.
For a nonempty set M ⊂ Y and a real number r ≥ 0 denote BY (M, r) :=

⋃
y∈M

BY (y, r). Denote

by hY the Hausdor� distance between subsets of the space Y, i.e.

hY (M,N) := inf{r > 0 : BY (M, r) ⊃ N, BY (N, r) ⊃M}

for nonempty closed subsets M,N ⊂ Y. Here, if the set in the right-hand side of the equality
is empty, then we assume that hY (M,N) := +∞. Below we will also use the following distance
function between sets

distY (M,N) := inf{ρY (y1, y2) : y1 ∈M, y2 ∈ N}.

Here M,N ⊂ Y are arbitrary nonempty closed subsets.
Let Ψ,Φ : X ⇒ Y be given set-valued mappings, i.e. the mappings that correspond to each

point x ∈ X closed nonempty subsets of the space Y. A point ξ ∈ X is said to be a coincidence point
of the mappings Ψ and Φ if Ψ(ξ) ∩ Φ(ξ) 6= ∅. A point ξ ∈ X is said to be a generalized coincidence
point of the mappings Ψ and Φ if dist(Ψ(ξ),Φ(ξ)) = 0.

Given a number α > 0, recall that the set-valued mapping Ψ is said to be α-covering if

BY (Ψ(x0), αr) ⊂ Ψ(BX(x0, r)) ∀x0 ∈ X, ∀ r ≥ 0.

The set-valued mapping Ψ is said to be upper semicontinuous if for every point x ∈ X and every
sequence {(xi, yi)} ⊂ gph Ψ the relation dist(yi,Ψ(x))→ 0 as i→∞ takes place. Here,

gph Ψ := {(x, y) ∈ X × Y : x ∈ X, y ∈ Ψ(x)}.

Let us formulate now su�cient conditions for the existence of a generalized coincidence point of
two set-valued mappings.

Theorem 3.1. Let a metric space (X, ρX) be compact. Given α > 0, assume that a set-valued
mapping Ψ : X ⇒ Y is α-covering and upper semicontinuous, and a set-valued mapping Φ : X ⇒ Y
satis�es the strict Lipschitz inequality with the constant α, i.e.

hY (Φ(x1),Φ(x2)) < αρX(x1, x2) ∀x1, x2 ∈ X : x1 6= x2. (3.1)

Then, there exists a generalized coincidence point ξ ∈ X of the set-valued mappings Ψ and Φ, i.e.
distY (Ψ(ξ),Φ(ξ)) = 0.

Before moving on to the proof of the main results of this section, we present and discuss auxiliary
constructions. First, consider a constrained optimization problem (2.1) with the set D de�ned in a
new way by the formula

D := {(x1, x2) ∈ X ×X : Ψ(x2) ∩ Φ(x1) 6= ∅}. (3.2)

If this problem has a solution and the minimal value for this problem equals zero, then obviously
there exists a generalized coincidence point ξ ∈ X of the set-valued mappings Ψ and Φ. In the
particular case when the mappings Ψ and Φ are single-valued, the set D coincides with the set D in
the proof of Theorem 2.1. In this case, the set D is compact. This fact was shown in the proof of
Theorem 2.1. However, if the mapping Φ is set-valued, then the set D is not necessarily compact.
Consider the corresponding example.
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Example 1. Put X := [0, 1], Y := {0} ∪ [1,+∞),

Ψ(x) := 1/x, x ∈ (0, 1], Ψ(0) := 0,

Φ(x) := [1,+∞), x ∈ [0, 1].

Then, the space X is compact, the mapping Ψ is closed and 1-covering. The mapping Φ is constant,
so it satis�es strict Lipschitz inequality (3.1) with the constant α = 1.

The points (1/i, 1/i) belong to the set D for every i, since Ψ(1/i) = i ∈ [1,+∞) = Φ(1/i).
At the same time the limit (0, 0) of the sequence (1/i, 1/i) does not belong to the set D, since
Ψ(0) = 0 6∈ [1,+∞) = Φ(0). Therefore, the set D is not compact.

This example shows that the reasonings from the proof of Theorem 2.1 are not valid when the
assumptions of Theorem 3.1 hold. Namely, we cannot apply the Weierstrass theorem to Problem
(2.1), since the set of admissible points D is not necessarily compact. Thus, we cannot prove the
existence of a solution to Problem (2.1). In fact, Example 2 below shows that a solution may not
exist. So, we need the following auxiliary assertions.

Lemma 3.1. Let a metric space (X, ρX) be compact. Given α > 0, assume that a set-valued mapping
Φ : X ⇒ Y satis�es inequality (3.1).

Then, for every real number µ > 0 there exists a nonnegative real number β = β(µ) < α such
that

hY (Φ(x1),Φ(x2)) ≤ βρX(x1, x2) ∀x1, x2 ∈ X : ρX(x1, x2) ≥ µ.

Proof. Take an arbitrary real number µ > 0. Denote

M := {(x1, x2) : ρX(x1, x2) ≥ µ}.

It is obvious thatM is a compact subset of the space X ×X.
Consider the function f :M→ R de�ned by formula

f(x1, x2) :=
hY (Φ(x1),Φ(x2))

ρX(x1, x2)
, (x1, x2) ∈M.

Since ρ(x1, x2) ≥ µ > 0 for every (x1, x2) ∈ M, inequality (3.1) implies that this function f is
continuous. The Weierstrass theorem implies that the function f attains its maximal value β at
some point (x̄1, x̄2) ∈M. Then x̄1 6= x̄2. So, inequality (3.1) implies that β < α. Moreover,

hY (Φ(x1),Φ(x2)) = f(x1, x2)ρX(x1, x2) ≤ βρX(x1, x2) ∀ (x1, x2) ∈M.

Thus, the constructed value β is the desired one.

Lemma 3.2. Let a metric space (X, ρX) be compact. Given α > 0, assume that a set-valued mapping
Ψ : X ⇒ Y is α-covering and a set-valued mapping Φ : X ⇒ Y satis�es inequality (3.1).

Then the in�mum in problem (2.1) equals zero, i.e.

inf{ρX(x1, x2) : (x1, x2) ∈ D} = 0. (3.3)

Here, the set D is de�ned by formula (3.2).

Proof. Denote µ := inf{ρX(x1, x2) : (x1, x2) ∈ D}. It is obvious that µ ≥ 0. Let us prove that µ = 0.
Assume the contrary: µ > 0. For each (x1, x2) ∈ D we have ρX(x1, x2) ≥ µ. Then Lemma 3.1

implies that there exists a nonnegative real number β < α such that

hY (Φ(x1),Φ(x2)) ≤ βρX(x1, x2) ∀x1, x2 ∈ D.
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Thus, there exists a real number θ > 1 such that βθ < α.
Since µ > 0, the de�nition of µ implies that there exists a point (x1, x2) ∈ D such

that ρX(x1, x2) < µα/(βθ). Since (x1, x2) ∈ D, there exists a point y1 ∈ Y such that
y1 ∈ Ψ(x2) ∩ Φ(x1). Thus, the de�nition of the Hausdor� distance implies that the inequal-
ity dist(y1,Φ(x2)) < θhY (Φ(x1),Φ(x2)) holds. So, there exists a point y2 ∈ Φ(x2) such that
ρY (y1, y2) ≤ θhY (Φ(x1),Φ(x2)).

Since the mapping Ψ is α-covering, there exists a point x3 ∈ X which satis�es the relations

y2 ∈ Ψ(x3) and ρX(x2, x3) ≤ 1

α
ρY (y1, y2).

Note that the obtained inequalities imply that

ρX(x2, x3) ≤ 1

α
ρY (y1, y2) ≤ θ

α
hY (Φ(x1),Φ(x2)) ≤ βθ

α
ρX(x1, x2) < µ.

Moreover, (x2, x3) ∈ D, since y2 ∈ Ψ(x3) and y2 ∈ Φ(x2) as is shown above. The obtained inequality
ρX(x2, x3) < µ and the inclusion (x2, x3) ∈ D imply that the value µ is less than inf{ρX(x1, x2) :
(x1, x2) ∈ D}. This contradicts the fact that µ is the in�mum. The obtained contradiction proves
equality (3.3).

Lemma 3.2 shows that in�mum of ρX(x1, x2) in (2.1) equals zero. The compactness assumption is
essential for this assertion. Indeed, let X = Y = [1,+∞), ψ(x) = x, ϕ(x) = x+1/x+c, x ∈ [1,+∞)
and c > 0 be a given real number. Then, by virtue of (1.2), the statement of Lemma 3.2 fails even
for single-valued mappings.

Proof of Theorem 3.1. Lemma 3.2 implies that

inf{ρX(x1, x2) : (x1, x2) ∈ D} = 0.

Here, D is the set de�ned by formula (3.2). So, there exists a sequence {(xj1, x
j
2)} ⊂ D such that

ρX(xj1, x
j
2) → 0 as j → ∞. This sequence has a convergent subsequence, since the space X is

compact. Denote this subsequence by {(xj1, x
j
2)} as well. Denote its limit by (ξ1, ξ2) ∈ X ×X. Since

ρX(xj1, x
j
2) tends zero as j → ∞, we obtain that ξ1 = ξ2. Denote ξ := ξ1. So, we have x

j
1 → ξ and

xj2 → ξ as j →∞.
Since {(xj1, x

j
2)} ⊂ D, we have Ψ(xj2) ∩ Φ(xj1) 6= ∅ for each j. Therefore, there exists a sequence

{yj} ⊂ Y such that yj ∈ Ψ(xj2) ∩ Φ(xj1) for each j. Since the set-valued mapping Ψ is upper
semicontinuous, yj ∈ Ψ(xj2) for all j and xj2 → ξ, then distY (yj,Ψ(ξ)) → 0 as j → ∞. Since
yj ∈ Φ(xj1) for each j, inequality (3.1) implies that distY (yj,Φ(ξ))→ 0 as j →∞.

Let us prove now that distY (Ψ(ξ),Φ(ξ)) = 0. For each j take ψj ∈ Ψ(ξ), ϕj ∈ Φ(ξ) and a
sequence of positive real numbers δj such that

ρY (ψj, yj) ≤ distY (Ψ(ξ), yj) + δj, ρY (ϕj, yj) ≤ distY (Φ(ξ), yj) + δj, δj → 0 + as j →∞.

Applying the triangle inequality, we have

ρY (ψj, ϕj) ≤ ρY (ψj, yj) + ρY (yj, ϕj) ≤ distY (Ψ(ξ), yj) + distY (Φ(ξ), yj) + 2δj.

This inequality and the obtained relations imply that ρY (ψj, ϕj)→ 0 as j →∞. Thus, the inequality
distY (Ψ(ξ),Φ(ξ)) ≤ ρY (ψj, ϕj) implies that distY (Ψ(ξ),Φ(ξ)) = 0.

Theorem 3.1 implies the following assertion on coincidence points.
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Corollary 3.1. Let the assumptions of Theorem 3.1 hold. Namely, α > 0 is given, a metric space
(X, ρX) is compact, a set-valued mapping Ψ : X ⇒ Y is α-covering and upper semicontinuous, a
set-valued mapping Φ : X ⇒ Y satis�es inequality (3.1). Assume additionally that for each x ∈ X
at least one of two sets either Ψ(x) or Φ(x) is compact.

Then there exists a coincidence point ξ ∈ X of the set-valued mappings Ψ and Φ, i.e. Ψ(ξ) ∩
Φ(ξ) 6= ∅.

Proof. Theorem 3.1 implies that there exists a point ξ ∈ X such that distY (Ψ(ξ),Φ(ξ)) = 0. Since at
least one of two sets either Ψ(x) or Φ(x) is compact, it follows from this equality that Ψ(ξ)∩Φ(ξ) 6=
∅.

Remark 1. Theorem 2.1 does not follow from Corollary 3.1 of Theorem 3.1, since the closedness
assumption in Theorem 2.1 is weaker than upper continuity assumption in Corollary 3.1.

In Theorem 3.1, the coincidence point may not exist. Let us demonstrate this fact by the following
example which was presented in [1].

Example 2. Put Π := {(x, x2/2) : x ∈ [0, 1]} ⊂ R2. Consider the spaces X = [0, 1], Y = ([0, 1] ×
[0, 1]) \ Π with the metrics induced by the metric of R and R2, respectively. Put

Ψ(x) := {(x, t) : t ∈ [0, 1]} \ Π, Φ(x) := {(t, tx/2) : t ∈ [0, 1]} \ Π, x ∈ [0, 1].

Obviously, the metric space X is compact. Put α := 1. The set-valued mapping Ψ : X ⇒ Y is
α-covering and upper semicontinuous. Moreover, the set-valued mapping Φ : X ⇒ Y satis�es strict
Lipschitz inequality (3.1) with the constant α = 1. So, all the assumptions of Theorem 3.1 are
satis�ed. Thus, Ψ and Φ has a generalized coincidence point. However, Ψ(x) ∩ Φ(x) = ∅ for each
x ∈ X. For more details see [1, Example 1].

Finally, note that the upper semicontinuity assumption in Theorem 3.1 cannot be replaced by
the weaker closedness assumption. For the corresponding example see [1, Example 2].
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1 Introduction

According to the theory of integral equations, the solution of �rst-kind linear Volterra integral
equations exists and is unique in the space of continuous functions if the input data is smooth and
the kernel K(x, t) does not vanish on the diagonal t = x. In this case, it is possible to precisely
determine the value of the desired function at the initial point of the segment, which is requried for
the numerical solution of the equation. Naturally, the question arises whether similar results can be
obtained for third-kind linear Volterra integral equations in the case of smooth known functions.

G.C. Evans, in [4, 5], thoroughly studied the solvability conditions for Volterra integral equations

a(x)u(x) +

x∫
0

K(x, t)u(t)dt = f(x), (1.1)

with the right-hand side f(x) = a(x)g(x) and a singular kernel.
Since then, only a few works have been published addressing the existence of solutions for third-

kind Volterra integral equations [1, 6, 8, 15, 19]. These works have investigated only special classes
of third-kind equations with continuous data [1, 19] and weakly singular kernels [1, 6, 8, 15].

T. Sato [19] constructed the solution of nonlinear third-kind Volterra integral equations in the
form of a power series when a(x) = x. T.F. Fényes [6] demonstrated the existence of a locally
integrable solution to equation (1.1) with a convolution-type kernel and a(x) = x + c, c < 0. A.M.
Nakhushev [15], using the apparatus of fractional di�erentiation, investigated integral equation (1.1)
with a weakly singular kernel for a(x) = xβ, 0 < β < 1. P. Grandits [8] obtained conditions
under which equation (1.1) with the special kernel K(x, t) = 1 + Γ(x, t) has a unique continuous
solution. S.S. Allaei, Z.-W. Yang, and H. Brunner [1], using the properties of cordial Volterra integral
operators, proved the existence of a unique continuous solution to equation (1.1) with a continuous
(or weakly singular) kernel for a(x) = xβ, β > 0. A multiparameter family of solutions to equation
(1.1) in Banach spaces of a special type was obtained by N.A. Magnitskii [14].
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G.C. Evans's method [4] has been further developed in the theory of regularization of third-kind
Volterra integral equations. In the works of A. Asanov [2], M.I. Imanaliev and A. Asanov [10], and
T.T. Karakeev [12], issues of regularizing the solution of equation (1.1) in the space of continuous
functions, when a(x) is monotonic (in the scalar case), have been investigated. T.D. Omurov [16]
and S.B. Tagaeva [20] demonstrated the applicability of the regularization method in the space of
summable functions for (1.1) with a non-decreasing function a(x). The regularization of equation
(1.1) with a weakly singular kernel is addressed in the work of S.V. Pereverzev and S.A. Prössdorf
[18]. S. Iskandarov [11] studied the conditions for the uniqueness of a solution of equation (1.1) on
the half-line.

In this work, we will prove the existence and uniqueness of a solution to integral equations (1.1)
both in the class of continuous functions and in the space Lp(0, b). We will de�ne the smoothness
order of a solution.

2 Resolving equation

G.C. Evans [4] proved the existence of a unique bounded solution to a second-kind Volterra integral
equation with a non-integrable order kernel. The study of such equations was continued by L.I.
Panov [17], who demonstrated the unique solvability of the equation in a special Banach space of
continuous functions. In this section, we will consider a special class of second-kind Volterra integral
equations, which can be categorized as the type of equations studied in [4, 17]. The results of this
section will be used in subsequent sections.

Let G(x), a(x), f(x) be known functions on the segment [0, b] and a function Q(x, t) be de�ned
in the domain D := {(x, t) : 0 ≤ t ≤ x ≤ b}. Assume that the following condition holds:

(A) a(0) = 0,
x∫
0

dt
a(t)

= +∞, a(x) > 0,∀x ∈ (0, b].

Consider the integral equation

v(x) =

x∫
0

exp

(
−

x∫
t

G(τ)dτ

a(τ)

)
G(t)

a(t)

{ t∫
0

Q(t, s)v(s)ds+ f(t)

}
dt. (2.1)

By Cn,0(D) we denote the space of continuous functions z(x, t) on D that have continuous

derivatives ∂nz
∂xn

, and functions ∂diz
∂dxi

(x, x), i = 0, 1, ..., n − 1, are di�erentiable on [0, b] up to order
n− i− 1 inclusively. Cn,1(D) is the space of continuous functions w(x, t) on D that have continuous
derivatives ∂w

∂t
, ∂

nw
∂xn

and ∂w
∂t
∈ Cn,0(D).

Theorem 2.1. Let functions a(x), f(x), and G(x) be continuous on [0, b], a function Q(x, t) be
continuous on the domain D, and the function a(x) satisfy condition (A), and G(x) > 0. Then,
equation (2.1) has a unique solution v(x) ∈ C[0, b] with v(0) = f(0). If a(x), f(x) ∈ Cn[0, b], G(x) ∈
Cn−1[0, b], Q(x, t) ∈ Cn,0(D), and the following condition holds

Gm(x) = G(x) +ma′(x) ≥ d1 > 0,m = 0, 1, ..., n, (2.2)

then the solution v(x) ∈ Cn[0, b].

Proof. Let Q1 = max{|Q(x, t)|, (x, t) ∈ D}, N0 = max{|f(x)|, x ∈ [0, b]}. From (2.1), using Dirich-
let's rule for the repeated integral, we obtain

v(x) =

x∫
0

L(x, t)v(t)dt+ F (x),
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where

L(x, t) =

x∫
t

exp

(
−

x∫
s

G(τ)dτ

a(τ)

)
G(s)

a(s)
Q(s, t)ds,

F (x) =

x∫
0

exp

(
−

x∫
t

G(τ)dτ

a(τ)

)
G(t)

a(t)
f(t)dt.

Since, according to (A) and (2.2),

0 ≤ exp

(
−

x∫
0

G(τ)dτ

a(τ)

)
≤ exp

(
−d1

x∫
0

dτ

a(τ)

)
= 0,

we have

exp

(
−

x∫
0

G(τ)dτ

a(τ)

)
= 0.

Thus, for any x ∈ (0, b]

x∫
0

G(τ)dτ

a(τ)
= +∞.

Let ξ =
b∫
x

G(τ)dτ
a(τ)

, η =
b∫
t

G(τ)dτ
a(τ)

. At t = x, we have η = ξ. If t=0, then η = +∞ . Then [4, Section

6]
x∫

0

exp

( b∫
x

G(τ)dτ

a(τ)
−

b∫
t

G(τ)dτ

a(τ)

)
G(t)

a(t)
dt =

∞∫
ξ

exp(ξ − η)dη = 1

and
x∫
t

exp

(
−

x∫
s

G(τ)dτ

a(τ)

)
G(s)

a(s)
ds =

η∫
ξ

exp(ξ − σ)dσ = 1− exp

(
−

x∫
t

G(τ)dτ

a(τ)

)
,

where σ = η at s = t. Due to this, the following estimates hold

|F (x)| ≤ N0, |L(x, t)| ≤ Q1,

and

|v(x)| ≤ Q1

x∫
0

|v(t)|dt+N0. (2.3)

If a function g(x) is integrable on [0, b], g(x) ≥ 0, and a function f(x) is continuous on [0, b], then
the theory of de�nite integrals allows the application of the mean value theorem in a generalized
form [9, p. 324]: for some x1 ∈ [0, b]

b∫
a

f(t)g(t)dt = f(x1)

b∫
a

g(t)dt.
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Due to this formula and condition (A) we have that for some x̄ ∈ [0, x0]

F (x0) = f(x̄)

x0∫
0

exp

(
−

x0∫
t

G(τ)dτ

a(τ)

)
G(t)

a(t)
dt = f(x̄).

where x0 is an arbitrary point from [0, b]. From this, when x0 → 0 it follows that F (0) = f(0). So
the kernel L(x, t) degenerates on the diagonal t = x : L(x, x) = 0.

For the function F (x) and the kernel L(x, t), it is easily established by standard methods that
the increments ∆F → 0 as ∆x→ 0 and ∆L→ 0 as ∆x→ 0,∆t→ 0.

From the above and estimate (2.3), it follows that the function F (x) and the kernel L(x, t) are
continuous, respectively, in the regions [0, b] and D. According to the theory of Volterra integral
equations of the second kind [3, p. 5], there exists a unique solution v(x) of equation (2.1) in C[0,b]
and v(0) = f(0).

Let a(x), f(x) ∈ Cn[0, b], G(x) ∈ Cn−1[0, b], Q(x, t) ∈ Cn,0(D), and condition (2.2) be satis�ed.
From (A) and (2.2) it follows that

exp

(
−

x∫
0

Gm(τ)dτ

a(τ)

)
= 0,m = 0, 1, ..., n. (2.4)

By integrating by parts, due to (2.4), we get

x∫
0

exp

(
−

x∫
t

G(τ)dτ

a(τ)

)
G(t)

a(t)
f(t)dt = f(x)−

x∫
0

exp

(
−

x∫
t

G(τ)dτ

a(τ)

)
f ′(t)dt

and
x∫

0

exp

(
−

x∫
t

G(τ)dτ

a(τ)

)
G(t)

a(t)

t∫
0

Q(t, s)v(s)dsdt

=

x∫
0

Q(x, s)v(s)ds−
x∫

0

exp

(
−

x∫
t

G(τ)dτ

a(τ)

)
c(t)dt,

where c(x) = Q(x, x)v(x) +
x∫
0

Qx(x, s)v(s)ds.

We will demonstrate the existence of a continuous derivative for the solution of equation (2.1).
Since

exp

(
−

x∫
t

a′(τ)dτ

a(τ)

)
=
a(t)

a(x)
,

from condition (2.4) it follows that the function

w(x) =

x∫
0

exp

(
−

x∫
t

G(τ)dτ

a(τ)

)
c0(t)dt,

is continuously di�erentiable and

w′(x) = c0(x)−G(x)

x∫
0

exp

(
−

x∫
t

G1(τ)dτ

a(τ)

)
c0(t)

a(t)
dt.
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where c0(x) = c(x) + f ′(x).
Thus, the solution of equation (2.1) has a continuous derivative

v′(x) = c0(x)− w′(x) = G(x)

x∫
0

exp

(
−

x∫
t

G1(τ)dτ

a(τ)

)
c0(t)

a(t)
dt. (2.5)

Let x0 be an arbitrary point from [0, b]. For v′(x0), using the generalized mean value theorem, we
obtain

v′(x0) = G(x0)

x0∫
0

exp

(
−

x0∫
t

G1(τ)dτ

a(τ)

)
G1(t)

a(t)
c1(t)dt = G(x0)

c0(ζ)

G1(ζ)
,

for some 0 ≤ ζ ≤ x0, where c1(x) = c0(x)
G1(x)

. From this, when x0 → 0

v′(0) = G(0)
c0(0)

G1(0)
= G(0)

Q(0, 0)f(0) + f ′(0)

G1(0)
. (2.6)

In a similar manner, for any continuous function c0(x), one can derive the following representation:

w(x0) =
c0(ζ)

G1(ζ)
a(ζ), 0 ≤ ζ ≤ x0.

Therefore, w(0) = 0, since a(0) = 0. This fact will be used repeatedly in the following computations.
We introduce the notations

c1(x) =
c0(x)

G1(x)
, cm(x) =

c′m−1(x)

Gm(x)
,m = 2, 3, ..., n,

Wm(x, t) = exp

(
−

x∫
t

Gm(τ)dτ

a(τ)

)
,m = 0, 1, ..., n,

A1(x) =

x∫
0

c0(t)

a(t)
W1(x, t)dt, Am(x) =

x∫
0

c′m−1(t)

a(t)
Wm(x, t)dt,m = 2, 3, ..., n. (2.7)

We write (2.5) in the form
v′(x) = G(x)A1(x). (2.8)

The function

A1(x) =

x∫
0

c1(t)W1(x, t)
G1(t)

a(t)
dt = c1(x)−

x∫
0

W1(x, t)c′1(t)dt

is continuous on [0, b] and A1(0) = c1(0). According to condition (2.2), the following estimate holds

|A1(x)| ≤ d−1
1 ‖c0(x)‖∞

x∫
0

W1(x, t)
G1(t)

a(t)
dt ≤ d−1

1 ‖c0(x)‖∞ .

The function A1(x) is continuously di�erentiable and

A′1(x) =
G1(x)

a(x)

x∫
0

W1(x, t)c′1(t)dt = G1(x)

x∫
0

W2(x, t)
c′1(t)

a(t)
dt = G1(x)A2(x).
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Since

A2(x) =

x∫
0

c2(t)W2(x, t)
G2(t)

a(t)
dt = c2(x)−

x∫
0

W2(x, t)c′2(t)dt,

we get

A′1(0) = G1(0)c2(0), |A′1(x)| ≤ d−1
1 ‖G1(x)‖∞ ‖c

′
1(x)‖∞ .

Then, there exists a continuous second derivative on [0, b] and

v′′(x) = G′(x)A1(x) +G(x)A′1(x). (2.9)

Note that formula (2.8), for determining v′(x), contains the �rst derivatives of f ′(x), a′(x) and
Qx(x, t), while in formula (2.9) for v

′′(x), the second derivatives f ′′(x), a′′(x), Qxx(x, t) and the �rst
derivatives of the functions Q(x, x), v(x), G(x), also the derivative Qx(x, x) are present.

By di�erentiating n− 1 times from (2.8), we get

v(n)(x) = (G(x)A1(x))(n−1).

We will show that A1(x) has continuous derivatives of order n − 1. Above, it was shown that the
function A1(x) has a �rst derivative. Let us di�erentiate A2(x).

A′2(x) =
G2(x)

a(x)

x∫
0

W2(x, t)c′2(t)dt = G2(x)

x∫
0

W3(x, t)
c′2(t)

a(t)
dt = G2(x)A3(x)

and

A′2(0) = G2(0)c3(0), |A′2(x)| ≤ d−1
1 ‖G2(x)‖∞ ‖c

′
2(x)‖∞ .

Next, the second derivative exists:

A′′1(x) = (G1(x)A2(x)))′ = G′1(x)A2(x) +G1(x)A′2(x).

The third-order derivative A
(3)
1 (x) is given by the formulas:

A
(3)
1 (x) = (G1(x)A2(x)))′′ = G′′1(x)A2(x) + 2G′1(x)A′2(x) +G1(x)A′′2(x),

A′′2(x) = (G2(x)A3(x)))′ = G′2(x)A3(x) +G2(x)A′3(x).

Here, we need to show the di�erentiability of

A3(x) =

x∫
0

W3(x, t)
c′2(t)

a(t)
dt.

All other functions on the right-hand sides of these equations are de�ned and continuous on [0, b].
By virtue of (2.2), we have

A′3(x) = G3(x)

x∫
0

W4(x, t)
c′3(t)

a(t)
dt = G3(x)A4(x)

and

A′3(0) = G3(0)c4(0), |A′3(x)| ≤ d−1
1 ‖G3(x)‖∞ ‖c

′
3(x)‖∞ .
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Using the method of induction, it is easy to establish that A
(n−1)
1 (x) is determined by the following

system of formulas:

A
(n−1)
1 (x) = (G1(x)A2(x))(n−2), A

(n−2)
2 (x) = (G2(x)A3(x))(n−3),

..., A
(1)
n−1(x) = Gn−1(x)An(x).

At each step m, we need to �nd A′m(x), for which the following formulas hold:

A′m(x) = Gm(x)Am+1(x), A′m(0) = Gm(0)cm+1(0),m = 1, 2, ..., n− 1

and
|A′m(x)| ≤ d−1

1 ‖Gm(x)‖∞ ‖c
′
m(x)‖∞ ,m = 1, 2, ..., n− 1.

The function c′n−1(x) in the equality

An(x) =

x∫
0

c′n−1(t)

a(t)
Wn(x, t)dt,

contains a(n)(x), f (n)(x), v(n−1)(x), Q
(n)
x (x, t) and lower-order derivatives, and

An(0) = cn(0), |An(x)| ≤ d−1
1

∥∥c′n−1(x)
∥∥
∞ .

Thus, the function A1(x) is continuously di�erentiable n − 1 times. Then, by Leibniz's rule it
follows that the function v(x) is continuously di�erentiable up to order n inclusively. Therefore, the
solution v(x) of equation (2.1) belongs to Cn[0, b].

De�nition 1. We will call equation (2.1) the resolving equation for equation (1.1) if G(x) = K(x, x)

and Q(x, t) = ∂
∂t

(K(x,t)
G(t)

)
.

3 Theorem of existence and uniqueness of regular solutions

Theorem 2.1 serves as the basis for establishing the conditions of existence, uniqueness, and continu-
ity of the solution to the linear Volterra integral equation of the third kind (1.1), where a(x), K(x, t)
and f(x) are known functions, and u(x) is the desired function.

V. Volterra [21, pp. 97-98] demonstrated the possibility of solving Volterra integral equations
of the �rst kind in two ways: by di�erentiating the equation and by integrating by parts with the
introduction of a new desired function through an integral substitution. In both cases, we obtain a
Volterra integral equation of the second kind. The �rst method has found wide application, including
in the construction of numerical solutions. The second method involves �nding the derivative of the
new desired function and is rarely used. We are particularly interested in the second method, the
generalization of which proves to be useful for investigating the existence, uniqueness, and continuity
of the solution to Volterra integral equations of the third kind. Moreover, it is possible to identify
the conditions that determine the order of smoothness of the solution.

For equation (1.1), condition (2.2) takes the form

Gm(x) = K(x, x) +ma′(x) ≥ d1 > 0,m = 0, 1, ..., n. (3.1)

Theorem 3.1. Let a(x), f(x) ∈ C1[0, b], K(x, t) ∈ C1,1(D), f(0) = 0 and let conditions (A), and
(3.1) (for m=0,1) hold. Then equation (1.1) has a unique solution u(x) ∈ C[0, b], which at x=0 takes
the value

u(0) =
f ′(0)

K(0, 0) + a′(0)
(3.2)
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and the following estimate holds:

‖u(x)‖∞ ≤ N1 ‖f(x)‖C1 ,

where N1 is a positive constant, ‖·‖C1 is the norm in the space C1[0, b]. Furthermore, if a(x), f(x) ∈
Cn[0, b], K(x, t) ∈ Cn,1(D) and condition (3.1) holds, then u(x) ∈ Cn−1[0, b].

Proof. Let us rewrite equation (1.1) as

a(x)u(x) +

x∫
0

G(t)u(t)dt =

x∫
0

Q(x, t)

t∫
0

G(s)u(s)dsdt+ f(x), (3.3)

where G(x) = K(x, x), Q(x, t) = ∂
∂t

(K(x,t)
G(t)

)
. We introduce a new unknown function by substituting

x∫
0

G(t)u(t)dt = v(x). (3.4)

Then, from (1.1), we obtain the integro-di�erential equation

a(x)v′(x) +G(x)v(x) =

x∫
0

G(x)Q(x, t)v(t)dt+G(x)f(x), (3.5)

with the initial condition v(0) = 0. We reduce this zero initial value problem to the integral equation
of the followig form [5, Section 11]:

v(x) = exp

( b∫
x

G(τ)

a(τ)
dτ

) x∫
0

exp

(
−

b∫
t

G(τ)

a(τ)
dτ

)
G(t)

a(t)

[ t∫
0

Q(t, s)v(s)ds+ f(t)

]
dt,

which can be represented in form (2.1), where G(x) and Q(x, t) are de�ned according to (3.3). Any
solution of integro-di�erential equation (3.5) with the initial condition v(0) = 0 is a solution of
integral equation (2.1) and vice versa, because at x = 0 the solution of equation (2.1) takes the
value v(0) = f(0) and, by the assumptions of the theorem, f(0) = 0. Consequently, solving the
zero Cauchy problem for (3.5) is equivalent to solving resolving integral equation (2.1). From the
conditions imposed on the function K(x, t), it follows that Q(x, t) ∈ C1,0(D). By virtue of Theorem
2.1, resolving equation (2.1) has a unique solution v(x) ∈ C1[0, b]. Then, from (3.4), we �nd the
unique solution of equation (1.1)

u(x) =
v′(x)

G(x)
, (3.6)

which belongs to the space C[0, b]. At x = 0, from (3.6) and (2.6), we obtain (3.2). The estimate of
this theorem directly follows from (3.6), (2.3), and (2.5).

Suppose a(x), f(x) ∈ Cn[0, b], K(x, t) ∈ Cn,1(D) and condition (3.1) is satis�ed. Then, according
to Theorem 2.1, the solution of resolving equation (2.1) v(x) ∈ Cn[0, b], and from (3.6) it follows
that the solution of equation (1.1) u(x) ∈ Cn−1[0, b].

Formula (3.2) is well consistent with the theory of �rst-kind Volterra integral equations. If
a(x) ≡ 0, then from (1.1) we obtain a linear �rst-kind Volterra integral equation. When the kernel
and the right-hand side of the �rst-kind equation are smooth and K(x, x) > 0, it has a unique
continuous solution u(x) and

u(0) =
f ′(0)

K(0, 0)
,

which we also obtain from (3.2) when a(x) ≡ 0.
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Remark 1. Under the assumptions of Teorem 3.1 estimate (2.3), it follows that the solution of
equation (1.1) can be constructed by the method of successive approximations according to the rule:

un+1(x) =

x∫
0

W1(x, t)

a(t)

{
Q(t, t)vn+1(t) +

t∫
0

Qx(t, s)vn+1(s)ds+ f ′(t)

}
dt,

vn+1(x) =

x∫
0

W0(x, t)
G(t)

a(t)

{ t∫
0

Q(t, s)vn(s)ds+ f(t)

}
dt, n = 0, 1, ....

Example 1. Let K(x, t) = x − t + 1/2, 0 ≤ t ≤ x ≤ 1, f(x) = 3x/2 + 7x2/4 + x3/6, a(x) = x,
0 ≤ x ≤ 1. Then, G(x) = 1/2, Q(x, t) = −2, F (x) = x/2 + 7x2/20 + x3/42.
If we choose the initial approximation v0(x) = F (x) and apply the method of successive approxima-
tions to (2.1), then

vn(x) = x/2 + x2/4 + (−1)n(βn/105 + xγn/42)xn+2, n = 1, 2, ...,

where β1 = 1, βn = 2n−1
∏n+2

m=4
1

m(2m+1)
(n = 2, 3, ...), γn = 2βn

(n+3)(2n+7)
(n = 1, 2, 3, ...).

Then, v(x) = limn→∞ vn(x) = x/2 + x2/4 and the solution of integral equation (1.1), according

to (3.6), is u(x) = 1 + x and u(0) = f ′(0)
K(0,0)+a′(0)

= 3/2
1/2+1

= 1.

4 Existence and uniqueness of a solution in Lp(0, b)

The smoothness properties of the function a(x), the kernel K(x, t), and the right-hand side f(x) of
equation (1.1) allowed us to prove the existence and uniqueness of a continuous solution to equation
(1.1). If we discard some of these conditions, equation (1.1) may not have a solution in C[0, b].

Let a function f(x) be continuous on [0, b] and f ′(x) ∈ Lp(0, b), p ≥ 1. Then, the ful�llment of
conditions (A) and (3.1) (for m=0) does not imply that equation (1.1) has a solution in the space
of continuous functions. In this case, it is reasonable to investigate the solvability of equation (1.1)
in the space Lp(0, b). In this case, by a solution of equation (1.1), we mean a function delonging to
Lp(0, b) which, when substituted into (1.1), transforms the equation into an identity in the integral
sense

Let the function a(x) be continuously di�erentiable on [0, b] and satisfy condition (A), and let
K(x, t) ∈ C1,1(D). We require the ful�llment of the condition

kmG0(x) +ma′(x) ≥ dm+1,m = 0, 1, k1 = min(k0,
q

2
), k0 = 1, (4.1)

where d1, d2 are positive constants, 1/p+ 1/q = 1, p ≥ 1, and G0(x) = K(x, x).
If f(0) = 0, f(x) ∈ Cγ[0, b], 0 < γ ≤ 1, then equation (2.1), where G(x) and Q(x, t) are de�ned

according to (3.3), is the resolving equation for equation (1.1). By virtue of the continuity f(x) and
Q(x, t) = ∂/∂t(K(x, t)/G(t)), respectively on [0, b] and in D, according to Theorem 2.1, resolving
equation (2.1) has a unique continuous solution v(x). From (3.4) and (2.1) we �nd the solution of
equation (1.1)

u(x) = F0(x) +

x∫
0

W1(x, t)
Q(t, t)

a(t)
v(t)dt+

x∫
0

v(t)

x∫
t

W1(x, s)
Qx(s, t)

a(s)
dsdt, (4.2)

where

F0(x) =
f(x)

a(x)
− 1

a(x)

x∫
0

W0(x, t)
G0(t)

a(t)
f(t)dt. (4.3)
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Lemma 4.1. Let a function f(x) ∈ C[0, b] and f ′(x) ∈ Lp(0, b), p ≥ 1. If f(0) = 0 and conditions
(A) and (4.1) are satis�ed, then the following estimate holds:

‖F0(x)‖Lp ≤
(
d2

)− 1
q
(
pd1

2

)− 1
p

||f ′(x)||Lp . (4.4)

Proof. Integrating by parts, from (4.3) we get:

‖F0(x)‖pLp =

b∫
0

∣∣∣∣∣f(x)

a(x)
− 1

a(x)

x∫
0

exp

(
−

x∫
t

G0(τ)dτ

a(τ)

)
G0(t)

a(t)
f(t)dt

∣∣∣∣∣
p

dx

=

b∫
0

∣∣∣∣∣ 1

a(x)

x∫
0

exp

(
−

x∫
t

G0(τ)dτ

a(τ)

)
f ′(t)dt

∣∣∣∣∣
p

dx.

According to Hölder's inequality, we have:( x∫
0

exp

(
−

x∫
t

G0(τ)dτ

a(τ)

)
|f ′(t)|dt

)p

≤

( x∫
0

exp

(
−q

2

x∫
t

G0(τ)dτ

a(τ)

)
dt

) p
q

×
x∫

0

exp

(
−p

2

x∫
t

G0(τ)dτ

a(τ)

)
|f ′(t)|pdt.

Then

‖F0(x)‖pLp =

b∫
0

∣∣∣∣∣ 1

a(x)

x∫
0

exp

(
−

x∫
t

G0(τ)dτ

a(τ)

)
f ′(t)dt

∣∣∣∣∣
p

dx

≤
b∫

0

(
1

a(x)

)p( x∫
0

exp

(
−q

2

x∫
t

G0(τ)dτ

a(τ)

)
dt

) p
q

x∫
0

exp

(
−p

2

x∫
t

G0(τ)dτ

a(τ)

)
|f ′(t)|pdtdx.

Since (
1

a(x)

)p( x∫
0

exp

(
−q

2

x∫
t

G0(τ)dτ

a(τ)

)
dt

) p
q

=
1

a(x)

( x∫
0

exp

(
−q

2

x∫
t

G01(τ)

a(τ)
dτ

)
dt

a(t)

) p
q

,

where G01(x) = q
2
G0(x) + a′(x), then

‖F0(x)‖pLp ≤ (d2)−
p
q

b∫
0

1

a(x)

x∫
0

exp

(
−p

2

x∫
t

G0(τ)dτ

a(τ)

)
|f ′(t)|pdtdx.

Using Dirichlet's rule, we get the estimate

‖F0(x)‖pLp ≤ (d2)−
p
q

b∫
0

|f ′(t)|p
b∫
t

exp

(
−p

2

x∫
t

G0(τ)dτ

a(τ)

)
1

a(x)
dxdt

≤ (d2)−
p
q

2

pd1

b∫
0

|f ′(t)|pdt.

From this, estimate (4.4) follows.
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Since ∣∣∣∣∣
x∫

0

W1(x, t)
Q(t, t)

a(t)
v(t)dt

∣∣∣∣∣ ≤ Q1d
−1
2 ||v(x)||∞

and ∣∣∣∣∣
x∫

0

v(t)

x∫
t

W1(x, s)
Qx(s, t)

a(s)
dsdt

∣∣∣∣∣ ≤ Q2bd
−1
2 ||v(x)||∞,

where Qi+1 = max{|Q(i)
x (x, t)|, (x, t) ∈ D}, i = 0, 1, by virtue of Minkowski's inequality and estimate

(4.4), from (4.2) we arrive at the following estimate:

‖u(x)‖Lp ≤
(
d2

)− 1
q
(
pd1

2

)− 1
p

‖f ′(x)‖Lp + (Q1 +Q2b)b
1
pd−1

2 ‖v(x)‖∞.

The uniqueness of a solution to resolving equation (2.1) and this estimate guarantee the uniqueness
of the solution to equation (1.1) in Lp(0, b).

Theorem 4.1. Let a(x) ∈ C1[0, b], K(x, t) ∈ C1,1(D), and a function f(x) be continuous on [0, b],
with f(0) = 0 and f ′(x) ∈ Lp(0, b). Suppose that conditions (A) and (4.1) are satis�ed. Then, there
exists a unique solution to equation (1.1) in Lp(0, b), and the following estimate holds:

‖u(x)‖Lp ≤
(
d2

)− 1
q
(
pd1

2

)− 1
p

‖f ′(x)‖Lp +M2‖v(x)‖∞,

where M2 = (Q1 +Q2b)b
1
pd−1

2 .

Example 2. Let the functions a(x) and K(x, t) be the same as in Example 1, and the function f(x)
be given by

f(x) = (7/4 + 9x/10)
3
√
x2, 0 ≤ x ≤ 1.

Then,

F (x) =

(
3

4
+

27

130
x

)
3
√
x2,

and G0(x) = 1
2
, Q(x, t) = −2. If we choose the initial approximation v0(x) = F (x) and apply the

method of successive approximations to (2.1), then we get:

v1(x) =

(
3

4
− 243

65
β1x

2

)
3
√
x2, ...,

vn(x) =

(
3

4
+ (−1)n

32n+3

65
2n−1βnx

n+1

)
3
√
x2, ...,

where βn =
∏n

m=1
1

(3m+5)(6m+13)
, (n = 1, 2, 3, ...). Hence, v(x) = limn→∞ vn(x) = 3

4

3
√
x2. Then, the

solution of integral equation (1.1), according to (3.6), is u(x) = 1
3√x .

5 Conclusions

In regularization theory, as well as in the numerical solution of Volterra integral equations of the
third kind, one of the main di�culties lies in the fact that the value u(0) is unknown. Therefore, an
approximate value uδ is often used instead of u(0) [13], which is not always easy to determine.

Theorem 3.1 for equation (1.1) with smooth data eliminates this problem since the exact value of
u(0) is known and is determined by formula (3.2). Moreover, Theorem 3.1 can serve as a theoretical
basis for constructing a regularizing operator and numerically solving equation (1.1) not only for a
monotonic function a(x) [7], but also for a broader class of functions a(x).
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1 Introduction

The study of pseudo�nite structures is important because it provides a way to model in�nite struc-
tures that are similar to �nite structures. This allows the transfer of techniques and results from
�nite mathematics to the study of in�nite structures. For example, in model theory, pseudo�nite
structures are used to study the behaviour of in�nite structures under di�erent model-theoretic
interpretations.

The family of (pseudo�nite) theories is studied in [32, 33, 34, 27, 16], their rank characteristics
and topologies in [14, 15], pseudo�nite acyclic graphs in [18], and equivalence relation in [10, 19].

In the paper [3] there are considered surjective quadratic Jordan algebras, which has connections
with problems of decomposition of algebraic structures, as in [11], where there is studied the e�ective
decomposition of Abelian groups. In both cases, the issues of decomposition and model construc-
tion are important. Paper [4] is devoted to countable models of small stable theories, which has
connections with the topics of [5, 12], where there is studied the di�culty of recognizing decidable
theories.

Problems concerning complete theories of unars were considered in works [9, 13, 18, 22, 23, 30, 28,
8]. Yu.E. Shishmarev [30] obtained a description of uncountably and countably categorical theories
of unars, in [13] L. Marcus solved the problem of the number of non-isomorphic countable models
in the complete theory of unars, A.A. Ivanov [9] obtained a criterion for elementary equivalence of
unars.

This paper is a continuation of the study on approximations of unar theory by �nite unar theories
starting from [31, 17, 8]. The characterization of pseudo�nite theories of unars depends essentially
on the combinatorial structure of their connected components, particularly on the distribution of
semichains and antichains. While the case in which these components occur in equal numbers is
comparatively tractable, the general situation with arbitrary �nite or in�nite numbers of semichains
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and antichains is substantially more involved. The interaction between these two types of compo-
nents signi�cantly in�uences the existence of �nite approximations and, consequently, the pseud-
o�niteness of the corresponding theories. Therefore, obtaining necessary and su�cient conditions
for pseudo�niteness in the general case constitutes a natural and important extension of previous
investigations and provides a complete characterization of pseudo�nite unar theories.

In [29] an algebraic description of projective, weakly-, quasi- and pseudo-projective, injective,
weakly-, quasi- and pseudo-injective unars is presented.

In [31], it is proved that a coproduct of �nite acts over monoid is pseudo�nite.
As usual, we will use the standard terminology. In particular, ω denotes the set of all non-negative

integers.

De�nition 1. A unar is a structure U = 〈U ; f〉 where f : U → U is a unary operation on a set U .
For any u ∈ U , let f 0(u) = u, fn+1(u) = f(fn(u)) for all n ∈ ω, f−1(u) = {w ∈ U |f(w) = u}. A
unar U is called a cycle of length n ∈ ω if there exists u ∈ U such that U = {f i(u)|0 ≤ i < n},
fn(u) = u, f i(u) 6= f j(u) for all distinct i, j ∈ {0, . . . , n − 1}. A set {ui|i ∈ ω} ⊆ U is called a
semichain if f(ui) = ui+1 and ui 6= uj for all distinct i, j ∈ ω. A set {ui|i ∈ ω} ⊆ U is called an
in�nite antichain if f(ui+1) = ui and ui 6= uj for all distinct i, j ∈ ω. If the cardinality of the set
{w ∈ U |f(w) = u} is k, we say that u is a k-branching point, or k-valence point. In the language of
the graph theory we say that u is a point of degree k.

In the �rst section basic facts are given about model-theoretic properties of unars with some
explanations. In the second section there are given equivalent de�nitions of pseudo�niteness. The
third section is devoted to approximations developed by S.V. Sudoplatov in [33]. In the fourth
section, a pseudo�nite theory of a unar with an arbitrary number of semichains and antichains is
constructed. It is proved that this theory is omega-stable.

2 Preliminaries

De�nition 2. Let X ⊆ U and u, v ∈ U . We say that u, v are connected if there are n,m ∈ ω
such that fn(u) = fm(v). We say that X is connected if any two elements of X are connected. A
maximal connected subset of U is called a connected component of U .

A connected component is de�ned as for graphs. Two vertices u, v are connected if there is a
f -path connecting them: u = w0, w1, . . . , wk = v, where either f(wi) = wi+1 for each 0 ≤ i ≤ k − 1
or f(wi) = wi−1 for each 1 ≤ i ≤ k. We can de�ne the distance ρ(u, v) as the minimum length
of a path connecting u, v if these vertices lie in the same component; and if they lie in di�erent
components, then we assume ρ(u, v) =∞.

The cycle (ring) of a component (graph) Γ is the set consisting of all u ∈ Γ for which there exists
n > 0 such that fn(u) = u. A component Γ is called a component with a cycle if its cycle is not
empty.

If a component does not contain a cycle of length n > 0, we call it a tree. If a unar is disconnected
and each component does not contain a cycle of length n > 0, we call it a forest.

The root of depth n of an element u is the set Kn(u) = {w ∈ U| there is i ≤ n such that
f i(w) = u}. The root of u is

K(u) =
⋃
i∈ω

Kn(u).

A connected subset of the root Kn(u) that contains u is called a subroot of depth n of the element
u.

Fact 1. There is at most one cycle in one component.
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If u does not belong to a cycle, then K(u) is a tree. Indeed, suppose for vertices u′, v′ ∈ K(u)
there are two paths u′ = x0, x1, . . . , xk = v′ and u′ = x0, y1, . . . , ym−1, xk = v′. We can assume that
the common vertices of these two paths are only u′ and v′. One of these paths "comes" to u′, let us
say f(x1) = u′. Then, we have f(xi+1) = f(xi) for each i ∈ {0, 1, . . . , k}, and the second path leads
from u′ to v′. The union of these paths gives a cycle containing u′ and v′, but not containing u, a
contradiction with u′, v′ ∈ K(u).

Similarly, it can be proved that if a vertex u belongs to a cycle C, then (K(u) \ C) ∪ {u} is a
tree. For simplicity of further exposition, we will also denote this tree by K(u) (when the vertex u
belongs to a cycle).

Description of connected components of a unar.
(1) There is a cycle in a component. Then the component is a forest of trees planted on the

vertices of this cycle.
(2) There is no cycle in a component. If there is an element that does not have an f -preimage,

then the component is a forest of trees planted on the f -trajectory (semichain) of this element.
(3) There is no cycle in a component. All elements have an f -preimage and the component is a

forest of trees planted on the f -trajectory (Z-chain) of any element.

De�nition 3. A theory T is said to be limited if there exists a natural number N such that the
following formula is true in T :

(∀u)[
N∨

n,m=1

(fn(u) = fn+m(u))].

Fact 2. [23, 30] A theory T is ω-categorical if and only if
i) T is limited,
ii) if U |= T , then there are only �nitely many non-isomorphic sets of the form

⋃
n<ω f

−n(u) in
U or equivalently, U realizes �nitely many 1-types.

In components of form (2) and (3) there are vertices u, v with the formula property ρ(u, v) = n
for any natural n, and there is a unique f -path without repetitions connecting these vertices u, v.
Therefore, in a countably categorical unar, all components contain a cycle. The lengths of cycles
are uniformly bounded, and all trees planted on the vertices of a cycle have �nite height, and these
heights are also uniformly bounded.

Let us prove the following: all trees of the form K(u) can be assigned labels so that isomorphic
trees and only they have the same labels. A label is a formula that tells about the property of the
root of this tree. The total number of labels is �nite, which is not surprising since up to equivalence
the number of formulas (with one free variable) in a countably categorical structure is �nite. A label
of a tree of height h will have the superscript h.

We will assign labels by induction on the height of the trees. There is only one tree of height
zero, it is assigned the label p0

0, and the formula says that the root does not have a f -preimage.

Let us assume that all trees of height ≤ k are assigned labels. For each label pij with j ≤ k, there
is a natural number mi

j such that if the f -preimage of a vertex contains more than m
i
j vertices u for

which K(u) has the label pij, then the f -preimage contains in�nitely many such vertices (again, due
to countable categoricity).

Let a tree of the form K(u) have height k+ 1. Then we study the composition of the set f−1(u),
each vertex v from this set de�nes a tree K(v), and therefore some label pij with j ≤ k. We count
how many vertices from f−1(u) de�ne a tree with label pij: if there are n ≤ mi

j pieces, then we
compose the formula ψ−1(x), which says that "f−1(x) contains n vertices with label pij", and if there
are n > mi

j pieces, then we take the formula ψ
−1(x), which says that "f−1(x) containsmi

j+1 vertices
with label pij". The conjunction of all formulas ψ−1(x) will be a label for u.
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The distribution of labels to vertices is complete.

It is easy to prove by induction on height that if the labels of the vertices u, v coincide in a
countable model, then K(u) ∼= K(v).

Now consider two components. They are isomorphic if and only if their cycles have the same
length and the labels of the vertices on the cycles are such that there is an isomorphism between
the cycles that maps the vertices with the same labels. Since there are �nitely many labels and the
lengths of the cycles are bounded by some number, there will be �nitely many non-isomorphic com-
ponents in a countable model. A complete theory of a unar simply speci�es how many components
of a certain type of isomorphism there are in its model.

Note also that in a countably categorical unar the connectivity relation is formulaic and therefore
each component is distinguished by a formula (with a parameter).

Fact 3. [30] A limited theory T is uncountably categorical if and only if it satis�es the following
conditions:

i) |f−1(u)| is in�nite for at most one u, and is otherwise bounded.
ii) If |f−1(u)| is �nite for all u, then all except one type of connected component of U are �nite.
iii) If there is u ∈ U such that |f−1(u)| is in�nite, then all types of connected components of U

are �nite and all Kn(u) for f(w) = u are isomorphic except for �nitely many u.

A set of N -neighborhood of V ⊆ U is the set

{u ∈ U : there is v ∈ V such that
N∨
n,m

fn(v) = fm(u)}.

Fact 4. [30] An unlimited theory T is uncountably categorical if it satis�es the following condi-
tions:

i) |f−1(u)| is bounded.
ii) For each n ∈ ω there are only �nitely many connected components whose cycle consists of n

elements.
iii) There exist a �nite set V0 ⊆ U , a set V ⊆ U , m ∈ ω, and a set {Pv : v ∈ V } such that

U = V0 ∪
⋃
v∈V Pv, Pv is a subroot of depth m for v ∈ V , and for v, w ∈ V , the subroots Pv and Pw

are isomorphic and this isomorphism can be continued to an isomorphism of their 2m-neighborhoods.

The following statement perfectly and succinctly summarizes the last two facts above.

Theorem 2.1. [22] Let 〈M, f〉 be a unar. Then Th(〈M, f〉) is ω1- categorical if and only if it is
quasisimilar to the theory of in�nite sets without any structure.

In work of J. Ax [2] the concept of pseudo�niteness was �rst de�ned. The ground works obtained
to date for pseudo�nite structures directly depend on the results of J. Ax. The basic de�nitions of
pseudo�niteness are the following:

De�nition 4. [2] An in�nite structureM of a �xed language L is pseudo�nite if for all L-sentences
ϕ, M |= ϕ implies that there is a �nite M0 such that M0 |= ϕ. The theory T = Th(M) of the
pseudo�nite structureM is called pseudo�nite.

Many beautiful theorems in model theory of the 1950-60s were proved using the ultraproducts.
Set theorists love ultraproducts since they give rise to elementary embeddings, a staple of large
cardinal theory. J. Ax in [2] connects the notion of pseudo�niteness and the construction of ultra-
products.
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Theorem 2.2. [2] Fix a language L and an L-structureM. Then the following are equivalent:
1) an L-structureM is pseudo�nite;
2)M |= Tf , where Tf is the common theory of all �nite L-structures;
3)M is elementarily equivalent to an ultraproduct of �nite L-structures.

In classical logic, the following property is a straightforward corollary of pseudo�niteness.

Theorem 2.3. LetM be a pseudo�nite structure and f : Mk →Mk be a de�nable function. Then
f is injective if and only if f is surjective.

Pseudo�nite �elds are studied in [2], more detailed information can be found in [7]. Also a survey
on pseudo�nite groups is given by D. Macpherson in [20, 21]. The investigation of pseudo�nite
rings was started in [6, 1], more complicated pseudo�nite rings are studied in the series of papers
[24, 25, 26].

De�nition 5. [33] Let T be a family of theories and T be a theory such that T /∈ T . The theory
T is said to be T -approximated, or approximated by the family T , or a pseudo-T -theory, if for any
formula ϕ ∈ T there exists T ′ ∈ T for which ϕ ∈ T ′.

If the theory T is T -approximated, then T is said to be an approximating family for T , and
theories T ′ ∈ T are said to be approximations for T .

De�nition 6. [35] A disjoint union
⊔
n∈ωMn of pairwise disjoint systemsMn of pairwise disjoint

predicate signatures Σn, n ∈ ω, is a system of the signature
⋃
n∈ω Σn ∪ {P (1)

n |n ∈ ω} with the
support

⊔
n∈ωMn, Pn = Mn, and interpretations of predicate symbols from Σn that coincide with

their interpretations in systemsMn, n ∈ ω.

A disjoint union of theories Tn, of pairwise disjoint predicate signatures Σn, respectively, n ∈ ω,
is the theory ⊔

n∈ω

Tn 
 Th(
⊔
n∈ω

Mn),

whereMn |= Tn, n ∈ ω.
Obviously, the T1 t T2 theory does not depend on choice of the disjunctive unionM1 tM2 of

modelsM1 |= T1 andM2 |= T2.

3 An example of pseudo�nite unar theory with arbitrary number of

semichains and antichains

In this section, we give an example of a complete, pseudo�nite graph theory T in a language L =
{=, f (1)} with equality and a unary function f (1).

We immediately move on to listing the axioms of our theory. We present them in groups,
sometimes providing corresponding semantic consequences. The groups of axioms are numbered in
the order of their appearance in our presentation. We avoid formal writing of axioms in the language
of �rst-order logic, limiting ourselves to their semantic description.

(1) The theory says that f is a unary function de�ned as in De�nition 1. We will freely use the
terms of unar theory (such as k-branching vertice, distance between vertices, antichain, semichain
etc.) for the semantic description of the given axioms.

(2) For every natural number i ≥ 2 there is an axiom ϕi, which says that in the models of the
theory T there are no cycles of length i. This means that every connected component of a unar that
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is a model of T will be acyclic. Moreover, for any two vertices from one connected component, the
distance is de�ned as the length of the only chain connecting these vertices.

(3) There is one and only one vertex of valency ≥ 3, the remaining vertices have valency 1 or 0.
Moreover, for each i ≥ 3 there is an axiom δi, which says that if the valency of a vertex ≥ i, then
the degree of this vertex ≥ i + 1. As a consequence, in the model of T , there is exactly one vertex
of in�nite valency, all other vertices have degree 1 or 0. Note that a vertex of in�nite valency is
formulaically de�nable (as a vertex of valency ≥ 3), so we will call it a root vertex, and in the future
we will use this name to describe other axioms.

(4) For every natural number i ≥ 0 there is an axiom ψi, which says that there is a unique vertex
of valency 0, the distance from which to the root vertex is i.

(5) There is one axiom of the theory that says that the chain connecting two vertices of valency
0 has length ≥ 3. For every natural number i ≥ 3 there is an axiom εi that says that every chain of
length i connecting two vertices of valency 1 passes through the root vertex.

We call the component containing the root vertex the root component. We represent the root
component as acyclic unar with a root (of in�nite valence) to which branches (i.e. maximal chains
descending to the root vertex) descend. If the distance from a vertex of valence 0 to the root is
�nite, then the branch is a �nite chain. In the case where the distance is in�nite, then the model
contains a semichain starting from the vertex of valence 0 and an antichain descending to the root.

Note that di�erent branches do not have common vertices because the valences of non-root
vertices are ≤ 1 and there are no �nite cycles. Since each vertex of the root component is connected
to the root by some �nite chain, the vertices on all branches exhaust all non-root vertices of the root
component.

The group of axioms (4) states that for each natural number i ≥ 1 there is exactly one branch
of length i. On the other hand, the model of our theory may contain an arbitrary number of
in�nite branches (antichains) in the root component or none at all: our axioms do not contain any
restrictions on the number of in�nite branches.

Now, we turn to the description of non-root components of the potential model of our theory T .
In such components, all vertices have valence ≤ 1.

For convenience, we introduce the following de�nitions. The standard models 〈N; =, succ〉 and
〈Z; =, succ〉, where succ is the successor function, will be called the N-model and Z-model, respec-
tively. A graph component will be called the N-component and Z-component if it is isomorphic to
the N-model and Z-model, respectively.

Suppose that the non-root component of a model of the theory T contains k ≥ 2 vertices of
valence 0. We choose two vertices of valence 0 in the component; By the de�nition of connectivity,
there is a �nite chain connecting these two vertices, and obviously this chain does not contain the
root vertex. We obtain a contradiction with the group of axioms (5).

Thus, the non-root component of a model of the theory T can either contain exactly one vertex
of valence 0, then it will obviously be an N-component, or not contain a vertex of valence 0 at all,
then it will obviously be a Z-component, since by the axiom group (2) there are no �nite cycles in
a unar.

Thus, we have practically given a description of all models of the theory T : it consists of a root
component, where for each natural number i ≥ 1 there are exactly one branch of length i and an
arbitrary number of in�nite branches, and an arbitrary number of N-components and Z-components.

Theorem 3.1. Any model of theory T has an elementary extension with countably many N-
components, countably many Z-components, and countably many in�nite branches in the root com-
ponent.

Proof. First, we will supplement our language with the following notations and axioms in accordance
with them.
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1. Since the root vertex r has in�nite valency, it means that an in�nite number of branches
descend to it. If we denote the branch number by j ∈ ω, then the valency of the vertex will be
|f (−1)(r)| = ω , where each previous vertex a1j(a0j = r) which is in the corresponding branch j
which in turn descends to r, is written in general form as aij, and the lengths of each branch are
determined through the indices i ∈ ω, k ∈ Z. Now, we introduce an extension of the theory T by
adding the following axiom

f(aij = akj ⇔ j ∧ i− k = 1 ∧ (i > k))

2. The vertex b0j has valency 0, and the vertex bij has valency equal to 1. The corresponding
axiom will have the form, for j ∈ ω, i ∈ ω, k ∈ Z, f(bij) = bkj ⇔ j ∧ i− k = 1 ∧ (i > k).

3. The vertex cij has valency 1, and the axiom for j ∈ ω, i ∈ ω, k ∈ Z, f(cij) = ckj ⇔ j ∧ i− k =
1 ∧ (i > k).

It is clear that the chain aij i∈ω is an in�nite branch, the chain bij i∈ω is the N -component, and
the chain cij i∈Z is the Z-component for each �xed j ∈ ω in any model of the extended theory.
Let us assume that we are given some model 〈U ; f〉 of the theory T . Let us further enrich our
language by highlighting each element of U as a constant. As a result, our language is represented
as L∪{aij, bij, ckj, f}i,j∈ω,k∈Z,f∈U . It is enough for us that the extended theory is consistent with the
elementary diagram T4 = Th(〈U ; f〉) of the model 〈U ; f〉.

The latter is a consequence of the compactness theorem. Let T0 be a �nite set of sentences
consisting of several sentences of the elementary diagram T4 and several axioms of the extension
T given above. We can assume that these axioms (extensions) mention all the constants from the
set aij, bij, cij, 0 ≤ i, j ≤ n ∈ ω, and only them, and T0 includes all axioms describing the mapping
between these constants and their properties; we will show that these constants can be interpreted
in the 〈U ; f〉 so that all expansion axioms included in T0 will be true.

As for the �nite fragment T4, we can assume that they only mention elements from the �nal
branches of the root component, since other elements do not interfere with us when interpreting the
constants aij, bij, cij, 0 ≤ i, j ≤ n, in the model 〈U ; f〉.

First, we select all �nite branches of length ≤ m of the root component, covering all constants
from {f : A → A} mentioned in sentences from T0, and here we interpret each constant aij, bij, ckj
as an element U . Let N = max{m + 1, n + 1}. Next, we use n branches with lengths N +
1, N + 2, . . . , N + n to interpret the constants aij, 0 ≤ i, j ≤ n. After this, n branches with lengths
N+n+1, N+n+2, . . . , N+2n are used to interpret the constants bij, 0 ≤ i, j ≤ n. Finally, branches
with lengths N + 2n+ 1, N + 2n+ 2, . . . , N + 3n are used to interpret the constants cij, 0 ≤ i, j ≤ n.

It is easy to see that an unar containing only �nite branches in the root component is a
prime model of the theory, and the model with countably many N-components, countably many
Z-components and countably many in�nite branches in the root component is a countably saturated
model of the theory T .

Theorem 3.2. The theory T is ω-stable.

Proof. As we mentioned, let us consider a saturated model M of the theory T . In this model, each
element belongs to one of three components:

Root component: Contains a single root of in�nite valency and in�nite branches.
N-components: Chains isomorphic to (N,f).
Z-components: Chains isomorphic to (Z,f). We will show that the number of element types in

the entire model is at most countable.
Let us directly count the number of types. In the root component, we have:
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A unique root, which is de�nable by a formula. Vertices on �nite branches, which are distin-
guished by their distance from the root. These vertices are fully determined by their distance,
meaning their types depend only on an integer. Vertices on in�nite branches, whose position is
determined by their relative distance from the root. Due to this strict structure, the number of
distinct types here does not exceed ω.

In each N-chain, the f acts as: i 7→ i+ 1.
Elements di�er only by their position in the chain, meaning the type of an element is determined

by an integer (its distance from a reference point). Since a saturated model contains only countably
many such elements, the number of types is at most ω.

In Z-chains, the situation is similar: each element's position is determined by its distance from
a �xed point. Thus, the number of types is again at most ω.

We have proved that T is ω-stable since, in every saturated expansion, the number of element
types remains at most countable.

4 Concluding remarks

An elementary equivalence of pseudo�nite unars with n semichains and m antichains, where n 6= m,
remained an interesting question. In this paper, a pseudo�nite theory of a unar with an arbitrary
number of antichains and semichains is constructed. It is known that any complete theory of unars
is superstable. It is proved that this theory is omega-stable. A prime model of this omega-stable
theory is omega categorical, hence, smoothly approximable.
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Abstract. Di�erence methods are widely used for the numerical solution of problems in mechanics
and physics. When constructing discrete analogues, it is important to preserve the basic properties of
the original di�erential problem. The main goal of this work is to discretize a system of equations of
the form C (x, t, u)ut+E (x, t, uα) = 0, based on its functional � the Hamiltonian action. Necessary
and su�cient conditions for potentiality with respect to a given bilinear form are obtained. The
Hamiltonian action for this system is constructed and its representation in the form of Birkho�'s
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symmetry.
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1 Introduction and problem statement

Let the con�guration of an in�nite-dimensional potential system be de�ned by the vector function
u(x, t) = (u1(x, t), u2(x, t), . . . , u2n(x, t))T, (x, t) ∈ QT = Ω× (0, T ), Ω be a bounded domain in Rm

with a piecewise-smooth boundary ∂Ω.
Consider the following system of equations:

N(u) ≡ C(x, t, u)ut + E(x, t, uα) = 0, (1.1)

where α = (α1, α2, . . . , αm), αi (for i = 1,m) are non-negative integers, |α| =∑m
i=1 αi, |α| = 0, s; C(x, t, u) is a given matrix [Cik(x, t, u)]2n×2n, E(x, t, uα) =

(E1(x, t, uα), E2(x, t, uα), . . . , E2n(x, t, uα))T is a given vector function, and u = (u1, . . . , u2n) is the

unknown vector function. Here uit =
∂ui

∂t
for i = 1, 2n, and uα = Dαu =

∂|α|u

∂xα1
1 ∂x

α2
2 . . . ∂xαmm

.

Moreover, Cik : Ω× [0, T ]× R2n → R and Ei : Ω× [0, T ]× Rq → R are given smooth functions,
where q is the length of the vector {uα}, |α| = 0, s and Ω = ∂Ω ∪ Ω.

We will consider system of equations (1.1) on the set

D(N) =
{
u ∈ U = (U1, . . . , U2n)T : ui ∈ U i = C2s,1

x,t (Ω× [0, T ]) : ui
∣∣
t=0

= ϕi0(x),

ui
∣∣
t=T

= ϕi1(x),
∂νui

∂nνx

∣∣∣∣∣
ΓT

= ψiν(x, t), i = 1, 2n, |ν| = 0, s− 1

}
,

(1.2)
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where ΓT = ∂Ω×(0, T ), nx is the outward normal to ∂Ω; ϕi0, ϕ
i
1, ψ

i
ν(x, t) are given smooth functions.

Note that (1.1) is a generalization of system of equations of the form

C(t, u)u̇(t) + E(t, u) = 0, (1.3)

where u̇(t) =
du

dt
.

In [4] it was proved that (1.1) admits a classical variational formulation if and only if it can
be represented in the form of Birkho�'s equations [1]. In this case, its Hamiltonian action [8] was
constructed.

In [5] the potentiality of a discrete system obtained from equations of form (1.3) with continuous
time was investigated. Necessary and su�cient conditions for potentiality with respect to a given
bilinear form were provided. An algorithm for constructing the corresponding functional, the discrete
analogue of the Hamiltonian action, was outlined.

The main goal of this work is to construct a discrete-time analogue of system (1.1) based on its
Hamiltonian action.

2 Necessary and su�cient conditions for potentiality

Let V = (V 1, V 2, . . . , V 2n) : V i = C(Ω× [0, T ]), i = 1, 2n. De�ne a bilinear form 〈·, ·〉 : V × U → R
as follows:

〈v, g〉 =

T∫
0

∫
Ω

2n∑
i=1

vigidxdt. (2.1)

Following [2, 6], we say that problem (1.1), (1.2) admits a direct variational formulation with
respect to (2.1) if there exists a di�erentiable G�ateaux functional FN : D(N) → R such that its
di�erential has the form:

δFN [u, h] = 〈N(u), h〉, ∀u ∈ D(N),∀h ∈ D(N ′u).

Here, D(N ′u) is the domain of the G�ateaux derivative N
′
u of the operator N at a point u ∈ D(N).

In this case, it is also said that the operator N is potential on D(N) with respect to bilinear form
(2.1).

The criterion for potentiality of N on the convex set D(N) is the symmetry condition [2, 6]

〈N ′uh, g〉 = 〈N ′ug, h〉, ∀u ∈ D(N),∀h, g ∈ D(N ′u). (2.2)

When this condition is satis�ed, the desired functional FN � the Hamiltonian action � can be
found using the formula

FN [u] =

∫ 1

0

〈N(û+ λ(u− û)), u− û〉 dλ+ const, (2.3)

where û is an arbitrary �xed element in D(N).

Let us denote Nj ≡
2n∑
k=1

Cjku
k
t + Ej, and N(u) ≡ (N1(u), N2(u), . . . , N2n(u)).

Let us �nd the G�ateaux derivative of the operator Nj

(N ′uh)j =
2n∑
k=1

2n∑
i=1

∂Cjk
∂ui

hiukt +
2n∑
i=1

Cjih
i
t +

2n∑
i=1

s∑
|α|=0

∂Ej
∂uiα

hiα.
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Using condition (2.2), we get

〈N ′uh, g〉 =

T∫
0

∫
Ω

2n∑
j=1

(N ′uh)j.g
jdxdt

=

T∫
0

∫
Ω

2n∑
j=1

 2n∑
k=1

2n∑
i=1

∂Cjk
∂ui

hiukt +
2n∑
i=1

Cjih
i
t +

2n∑
i=1

s∑
|α|=0

∂Ej
∂uiα

hiα

 gjdxdt
(2.4)

and

〈N ′ug, h〉 =

T∫
0

∫
Ω

2n∑
i=1

(N ′ug)i.h
idxdt

=

T∫
0

∫
Ω

2n∑
i=1

 2n∑
k=1

2n∑
j=1

∂Cik
∂uj

gjukt +
2n∑
j=1

Cijg
j
t +

2n∑
j=1

s∑
|β|=0

∂Ei

∂ujβ
gjβ

hidxdt.

Integrating by parts, from (2.4) we �nd

〈N ′uh, g〉 =

T∫
0

∫
Ω

2n∑
j=1

[
2n∑
k=1

2n∑
i=1

∂Cjk
∂ui

higjukt −
2n∑
i=1

d

dt

(
Cjig

j
)
hi+

+
2n∑
i=1

s∑
|α|=0

(−1)|α|Dα

(
∂Ej
∂uiα

gj
)
hi

 dxdt.

It should be noted that

d

dt

(
Cjig

j
)

=
d

dt
(Cji) g

j + Cjig
j
t =

2n∑
k=1

∂Cji
∂uk

ukt g
j +

∂Cji
∂t

gj + Cjig
j
t ,

s∑
|α|=0

(−1)|α|Dα

(
∂Ej
∂uiα

gj
)

=
s∑

|α|,|β|=0

(−1)|α|
(
α
β

)
Dα−β

(
∂Ej
∂uiα

)
gjβ,

where

(
α
β

)
=


(
α1

β1

)(
α1

β1

)
...

(
αm
βm

)
, if ∀i ∈ {1, 2, ...,m} : αi ≥ βi,

0, if ∃i ∈ {1, 2, ...,m} : αi < βi,(
αi
βi

)
=

αi!

βi!(αi − βi)!
.
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Taking into account this for the potentiality of operator N (1.1), we obtain

〈N ′uh, g〉 − 〈N ′ug, h〉 =

T∫
0

∫
Ω

2n∑
i=1

{[
2n∑
k=1

2n∑
j=1

∂Cjk
∂ui

gjukt −
2n∑
j=1

2n∑
k=1

∂Cji
∂uk

ukt g
j−

−
2n∑
j=1

∂Cji
∂t

gj −
2n∑
j=1

Cjig
j
t +

2n∑
j=1

s∑
|α|,|β|=0

(−1)|α|
(
α
β

)
Dα−β

(
∂Ej
∂uiα

)
gjβ

−
−

 2n∑
k=1

2n∑
j=1

∂Cik
∂uj

gjukt +
2n∑
j=1

Cijg
j
t +

2n∑
j=1

s∑
|β|=0

∂Ei

∂ujβ
gjβ

hidxdt

=

T∫
0

∫
Ω

2n∑
i=1

{
2n∑

j,k=1

(
∂Cjk
∂ui

− ∂Cji
∂uk

− ∂Cik
∂uj

)
gjukt −

2n∑
j=1

(Cji + Cij) g
j
t −

2n∑
j=1

∂Cji
∂t

gj+

+
2n∑
j=1

s∑
|α|,|β|=0

(−1)|α|
(
α
β

)
Dα−β

(
∂Ej
∂uiα

)
gjβ −

2n∑
j=1

s∑
|β|=0

∂Ei

∂ujβ
gjβ

hidxdt = 0.

By virtue of arbitrariness of the functions hi, we come to the conditions:

Cij + Cji = 0,

∂Cji
∂uk

+
∂Cik
∂uj

+
∂Ckj
∂ui

= 0,

∂Cji
∂t

=
s∑

|α|=0

(−1)|α|Dα

(
∂Ej
∂uiα

)
− ∂Ei
∂uj

,

s∑
|α|=1

(−1)|α|
(
α

β

)
Dα−β

(
∂Ej
∂uiα

)
− ∂Ei

∂ujβ
= 0

(2.5)

for ∀ (x, t) ∈ QT ,∀u ∈ D (N), where i, j, k = 1, 2n, and |β| = 1, s.

Theorem 2.1. System (1.1) is potential on D(N) (1.2) with respect to bilinear form (2.1) if and
only if conditions (2.5) are satis�ed.

3 Construction of the Hamiltonian action

If conditions (2.5) are satis�ed, the desired functional FN can be constructed using formula (2.3).
Another approach can be taken to this problem. Let us look for the Hamiltonian action for (1.1) in
the form

FN =

T∫
0

∫
Ω

(
2n∑
i=1

Riu
i
t −B

)
dxdt, (3.1)

where Ri(x, t, u), B(x, t, uα) are the unknown smooth functions.
The G�ateaux di�erential of functional (3.1) is given by

δFN [u, h] =

T∫
0

∫
Ω

 2n∑
i=1

2n∑
k=1

∂Ri

∂uk
hkuit +

2n∑
i=1

Rih
i
t −

2n∑
i=1

s∑
|γ|=0

∂B

∂uiγ
hiγ

 dxdt.
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Integrating by parts, we obtain

δFN [u, h] =

T∫
0

∫
Ω

[
2n∑
i=1

2n∑
k=1

∂Rk

∂ui
hiukt −

2n∑
i=1

dRi

dt
hi−

−
2n∑
i=1

s∑
|γ|=0

(−1)|γ|Dγ

(
∂B

∂uiγ

)
hi

 dxdt.
(3.2)

Since

dRi

dt
=

2n∑
k=1

∂Ri

∂uk
ukt +

∂Ri

∂t
,

we can write (3.2) as

δFN [u, h] =

T∫
0

∫
Ω

2n∑
i=1

[
2n∑
k=1

(
∂Rk

∂ui
− ∂Ri

∂uk

)
ukt −

∂Ri

∂t
−

−
s∑
|γ|=0

(−1)|γ|Dγ

(
∂B

∂uiγ

)hidxdt.
From the de�nition of potentiality, we have

T∫
0

∫
Ω

2n∑
i=1

 2n∑
k=1

(
∂Rk

∂ui
− ∂Ri

∂uk

)
ukt −

∂Ri

∂t
−

s∑
|γ|=0

(−1)|γ|Dγ

(
∂B

∂uiγ

)hidxdt =

=

T∫
0

∫
Ω

2n∑
i=1

[
2n∑
k=1

Ciku
k
t + Ei

]
hidxdt.

Since the elements hi are arbitrary, we obtain

2n∑
k=1

(
∂Rk

∂ui
− ∂Ri

∂uk

)
ukt −

∂Ri

∂t
−

s∑
|γ|=0

(−1)|γ|Dγ

(
∂B

∂uiγ

)
=

2n∑
k=1

Ciku
k
t + Ei, (3.3)

where i = 1, 2n.
Comparing the left- and right-hand sides of (3.3), we �nd

∂Rk

∂ui
− ∂Ri

∂uk
= Cik,

−∂Ri

∂t
−

s∑
|γ|=0

(−1)|γ|Dγ

(
∂B

∂uiγ

)
= Ei,

(3.4)

where i, k = 1, 2n. For the �rst group of equations in system (3.4), we obtain the following solution
[4]:

Ri = −
1∫

0

2n∑
k=1

λCik (x, t, û+ λ(u− û)) (uk − ûk)dλ, i = 1, 2n.
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Let B[t, u] =

∫
Ω

B(x, t, uα)dx;
δB

δui
be the functional derivative of B with respect to ui, i = 1, 2n.

Let us rewrite the second group of equations in system (3.4) in the following form

s∑
|γ|=0

(−1)|γ|Dγ

(
∂B

∂uiγ

)
= −∂Ri

∂t
− Ei.

or
δB

δui
= −∂Ri

∂t
− Ei, i = 1, 2n.

Using formula (2.3), we obtain

B[t, u] = −
∫
Ω

1∫
0

2n∑
i=1

[
∂Ri

∂t
(x, t, û+ λ(u− û)) + Ei(x, t, ûα + λ(uα − ûα))

]
·

·(ui − ûi)dλdx+ const.

Thus, we arrive to the following Birkho�'s equations for in�nite-dimensional systems:

Ni ≡
2n∑
k=1

(
∂Rk

∂ui
− ∂Ri

∂uk

)
ukt −

∂Ri

∂t
− δB

δui
= 0, i = 1, 2n. (3.5)

Theorem 3.1. The extremals of functional (3.1) are solutions to the system of equations (3.5).

4 Discretization

Let us divide the interval [0, T ] into l equal parts with nodes tj = jτ , j = 0, l, where τ = l−1T . Let
us introduce the narrowing operators [7]

T ru (x, t) = ur =
(
u1 (x, t1) , u2(x, t1), . . . , u2n(x, t1), u1(x, t2), u2(x, t2), . . . ,

u2n(x, t2), . . . , u1(x, tl−1), u2(x, tl−1), . . . , u2n(x, tl−1)
)
,

where r = 2n(l− 1). Such vectors form a linear space, which we will denote as U r. For convenience,
let us denote ũj = u (x, tj), ũ

i
j = ui (x, tj), i = 1, 2n, j = 0, l.

Denote by N the operator of the discrete analogue of problem (3.5), (1.2), obtained on the basis
of functional (3.1).

Let us de�ne

D
(
N
)

=
{

(ũ0, ur, ũl) : ur ∈ U r, ũ
i
0 = ϕi0 (x) , ũil = ϕi1 (x) , ũij ∈ C2s

(
Ω
)
,

∂ν ũij
∂nνx

∣∣∣∣∣
∂Ω

= ψiν (x, tj) , i = 1, 2n, |ν| = 0, s− 1, j = 0, l

}
,

D
(
N
′
u

)
=
{

(h̃0, hr, h̃l) : hr ∈ U r, h̃
i
0 = 0, h̃il = 0, h̃ij ∈ C2s

(
Ω
)
,

∂ν ũij
∂nνx

∣∣∣∣∣
∂Ω

= 0, i = 1, 2n, |ν| = 0, s− 1, j = 0, l

}
,

where N
′
u is the G�ateaux derivative of the operator N .
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Next, we approximate the integrals as follows:

tj+1∫
tj

∫
Ω

(
2n∑
i=1

Riu
i
t −B

)
dxdt ≈ T

l

∫
Ω

(
2n∑
i=1

Ri,j

ũij+1 − ũij
τ

−Bj

)
dx,

where Ri,j = Ri (x, tj, ũj), Bj = (x, tj, Dγũj).
We replace functional (3.1) by the discrete Hamiltonian action:

F (ur) =
T

l

l−1∑
j=0

∫
Ω

(
2n∑
i=1

Ri,j

ũij+1 − ũij
τ

−Bj

)
dx.

Then, we have

δF
[
ur, hr

]
=
T

l

l−1∑
j=0

∫
Ω

(
2n∑
i=1

2n∑
k=1

∂Ri,j

∂ũkj
h̃kj
ũij+1 − ũij

τ
+

2n∑
k=1

Rk,j

h̃kj+1 − h̃kj
τ

−

−
2n∑
k=1

s∑
|γ|=0

∂Bj

∂Dγ

(
ũkj
)Dγh̃

k
j

 dx.

(4.1)

Since

h̃i0 = 0, h̃il = 0,
∂ν
(
h̃ij

)
∂nνx

∣∣∣∣∣
∂Ω

= 0, i = 1, 2n, j = 0, l, |ν| = 0, s− 1,

integrating by parts in (4.1), we get

δF
[
ur, hr

]
=
T

l

l−1∑
j=1

∫
Ω

[
2n∑
i=1

2n∑
k=1

∂Ri,j

∂ũkj

ũij+1 − ũij
τ

−
2n∑
k=1

Rk,j −Rk,j−1

τ
−

−
2n∑
k=1

s∑
|γ|=0

(−1)|γ|Dγ

(
∂Bj

∂Dγ

(
ũkj
))
 h̃kjdx.

From the equality δF
[
ur, hr

]
= 0, ∀ur ∈ D

(
N
)
, ∀hr ∈ D

(
N
′
u

)
we obtain the system of

equations for discrete-time motion as follows:

Nk,j ≡
2n∑
i=1

∂Ri,j

∂ũkj

ũij+1 − ũij
τ

− Rk,j −Rk,j−1

τ
− δBj

δũkj
= 0,

j = 1, l − 1, k = 1, 2n,

(4.2)

where Bj = B[tj, ũj].

Theorem 4.1. Equations (4.2) are discrete-time analogues of (3.5).

5 Example

Let us consider the wave equation with axial symmetry [3]:

wtt = a2

(
wρρ +

1

ρ
wρ

)
, t ∈ [0, T ], ρ ∈ [ρ1, ρ2], (5.1)



56 V.M. Savchin, P.T. Trinh

with the following boundary conditions:

w
∣∣
t=0

= ϕ1 (ρ) , w
∣∣
t=T

= ϕ2 (ρ) ,

w
∣∣
ρ=ρ1

= φ1 (t) , w
∣∣
ρ=ρ2

= φ2 (t) ,

where w(t, ρ) is the unknown function, ρ is the radial coordinate, and a is a constant coe�cient.
Let us denote {

w = u1,

wt = u2.

We can represent equation (5.1) as a system of equations:

N (u) ≡
(

1 0
0 1

)(
u1
t

u2
t

)
+

 −u2

−a2

(
u1
ρρ +

1

ρ
u1
ρ

) = 0. (5.2)

According to Theorem 2.1, operator (5.2) is not potential. Using conditions (2.5), we can �nd
the matrix variational multiplier as follows:

M =

(
0 ρ
−ρ 0

)
.

Then, the system

N̂ = MN =

(
0 ρ
−ρ 0

)(
u1
t

u2
t

)
+

(
−a2ρu1

ρρ − a2u1
ρ

ρu2

)
= 0 (5.3)

admits a representation in the form of Birkho�'s equations and we �nd

R1 = −1

2
ρu2, R2 =

1

2
ρu1, B = −1

2
a2ρ
(
u1
ρ

)2 − 1

2
ρ
(
u2
)2
.

Therefore, according to formula (3.1), the Hamiltonian action for (5.3) takes the following form:

FN̂ [u] =

1∫
0

∫
Ω

1

2

[
−ρu2u1

t + ρu1u2
t + a2ρ

(
u1
ρ

)2
+ ρ

(
u2
)2
]
dxdt.

By converting it to its discrete version, we can easily obtain the discrete version of system of
equations (5.3) as follows:

N1,j ≡
1

2
ρ
ũ2
j+1 − ũ2

j

τ
+

1

2
ρ
ũ2
j − ũ2

j−1

τ
− a2ρ

∂2

∂ρ2
ũ1
j − a2 ∂

∂ρ1
ũ1
j = 0, j = 1, l − 1,

N2,j ≡ −
1

2
ρ
ũ1
j+1 − ũ1

j

τ
− 1

2
ρ
ũ1
j − ũ1

j−1

τ
+ ρũ2

j = 0, j = 1, l − 1.

6 Conclusion

Necessary and su�cient conditions for the potentiality of the system of equations of the form
C (x, t, u)ut + E (x, t, uα) = 0 with respect to a given bilinear form have been obtained. An al-
gorithm for constructing the corresponding Hamiltonian action and transforming this system into
the form of Birkho�'s equations for in�nite-dimensional systems is presented. Based on the de-
rived Hamiltonian action, a discrete analogue of this system of equations has been obtained. An
illustrative example has been considered.
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1 Introduction

The research concerning complete theories of unars is connected with the works of Yu.Ye. Shishmarev
[31], A.A. Ivanov [11, 12], A.N. Ryaskin [27, 28], L. Marcus [16, 17]. Unary algebras as structures
were studied in the works of S. Burris [5, 6], G.E. Puninskii [25], and A.W. Miller [19].

Recent papers in Eurasian Mathematical Journal also show that questions related to algebraic
methods and model-theoretic structures remain active in di�erent but connected directions. In
particular, generalized reduction algorithms were considered in [2], while algebras of binary formulas
for weakly circularly minimal theories with equivalence relations were studied in [14]. These works
illustrate the broader context in which algebraic and logical methods interact.

Since Jonsson theories are, generally speaking, not complete theories, it is interesting to study
Jonsson unars and consider their general problems in terms of Model Theory (for example using
results from [26, 30, 18, 24, 3]), as well as in the framework of universal algebra, concerning the
nature of unars.

The study of unars in terms of Jonsson theories started from the works of T.G. Musta�n and
A.R. Yeshkeyev [38, 37]. The authors considered the properties of Jonsson universals and Jonsson
primitives, as well as obtained the de�nition of characteristics of their semantic models. In [40]
the authors expanded the signature of unars by a new constant symbol and one unary predicate,
that distinguished an existentially closed Jonsson unar and obtained some properties of the enriched
Jonsson universals and primitives. The main idea for the present paper was to naturally continue
using this technique in terms of constructing Jonsson spectrum of semantic Jonsson quasivariety of
unars.

It is important to note, that the concept of double factorization was �rst introduced by A.R.
Yeshkeyev in [39]. However, in [39] the double factorization was used in terms of cosemanticness
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relation and Jonsson semantic and Jonsson syntactic similarity. In order to distinct, we will use
the denotation D1F for the double factorization in the present paper - in terms of cosemanticness
relation and KT -equivalence.

More information on Jonsson theories and their properties one can �nd in [35, 13, 22, 1]. For the
convenience of readers, we recall the basic terminology used in the paper. A �rst-order language, or
signature, is understood as a collection of non-logical symbols, such as constant, function and relation
symbols. A theory is a set of �rst-order sentences in a �xed language. A unar is a structure whose
signature contains one unary functional symbol; in this paper we work in the signature σ = {f 1}.
For standard model-theoretic terminology see, for example, [32]; for unars in the signature of one
unary function see [31, 28].

2 Jonsson theories of unars

Throughout this paper a unar is understood as a structure of the signature σ = {f 1}, where f is
a unary functional symbol; equivalently, it is a model with one unary operation. We �rst recall
some important notions and de�nitions concerning model-theoretic properties of Jonsson theories,
starting with the de�nition of Jonsson theory itself.

De�nition 1. [35]A theory T is said to be Jonsson, if it satis�es the following conditions:
1) T has at least one in�nite model;
2) T is ∀∃-axiomatisable;
3) T has joint embedding property (JEP );
4) T has amalgamation property (AP ).

The existence of at least one in�nite model is a strong demand, this follows from the �rst
condition. The second condition is syntactic and it coincides with property of inductiveness, i.e.,
the chain of any models of this theory will be a model of this theory as well. The third and fourth
are very important properties of AP and JEP (more information on mentioned properties one can
�nd in [35]) that play a big role in algebras having a syntactic property (for example, expressibility
by sentences from a speci�c fragment of �rst-order logic such as equational, Horn, universal, ∀∃,
existential, positive-primitive, etc.). Let us recall the de�nition of an inductive theory.

De�nition 2. [4] Let L be a �rst-order language. A theory T in the language L is called inductive
(or a ∀∃-theory) if it is axiomatizable by a set of ∀∃-sentences; that is, it is equivalent to a set of
sentences of the form ∀x1 . . . ∀xn ∃y1 . . . ∃ym ψ(x1, . . . , xn, y1, . . . , ym), where ψ is a quanti�er-free
L-formula (contains no quanti�ers) and m,n ≥ 0.

More detailed information on inductive theories can be found in [32, 8, 33, 10].

De�nition 3. [23] Let T be a Jonsson theory. A model CT of power 2|ω| is said to be a semantic
model of the theory T if CT is a ω+-homogeneous ω+-universal model of the theory T .

If a Jonsson theory has several semantic models then they are all equal up to isomorphism. The
following criterion is crucial.

Theorem 2.1. [23] Inductive theory T is Jonsson if and only if it has a semantic model CT .

It is easy to see, that if a theory is Jonsson then it has a semantic model and vice versa. The
next de�nition of the center of a Jonsson theory was introduced by T.G. Musta�n.

De�nition 4. [35]The elementary theory of a semantic model of a Jonsson theory T is called the
center of this theory. It is denoted by T ∗, i.e. Th(CT ) = T ∗.
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It is important to note, that the center of a Jonsson theory is a complete theory by de�nition.
However, we cannot claim that for any Jonsson theory its center is a Jonsson theory too. For
example, group theory is a Jonsson theory, but its center is not a Jonsson theory. But in the case
of perfect Jonsson theories, such as, for example, theories of abelian groups, this statement is true.
More detailed information can be found in [35].

The present work is associated with the Jonsson universal of unars in the frame of �rst-order
language L of the signature σ = {f 1}, where f is a unary functional symbol. Let us recall some
important concepts.

Denotation 1. [38]Let ∇ be Π1 ∪ Σ1, i.e. ∇ is the set of all universal or existential L-formulas.

Thus, ∇ is the set of all formulas that have in prenex normal form either one universal quanti�er
or one existential quanti�er.

De�nition 5. [38] 1) If T = T∀, i.e. the theory is equal to its universal logical consequences, then
T is said to be universal;

2) If T = T∇, i.e. the theory is equal to its universal or existential logical consequences, then the
theory T is called primitive.

The connection between two Jonsson universals with regards to their centers and semantic models
is presented in the form of the following proposition.

Proposition 2.1. [38] Let T∀1 , T∀2 be Jonsson universals. Then the following conditions are equiv-
alent:

1) T∀1 = T∀2;
2) CT∀1 ' CT∀2 ;
3) T ∗∀1 = T ∗∀2.

Here CT∀1 and CT∀2 are semantic models, T
∗
∀1 and T

∗
∀2 are the centers of Jonsson universals T∀1 , T∀2

respectively.
Let A be some unar, i.e. a model of signature σ = {f 1}, where f is a unary functional symbol.

Since each model of a Jonsson theory embeds into its semantic model by De�nition 3, the following
fact is true for Jonsson universals of unars. Jonsson universals of unars, considering De�nition 5,
are theories consisting of universal sentences in terms of σ = {f 1}.

Lemma 2.1. [38] For any unar A the following holds

A is a model of T∀ ⇔ A embeds in CT∀,

where CT∀ is a semantic model of a Jonsson universal of unars T∀.

In what follows, the relation "A is a model of T∀" will be denoted by the standard satisfaction
symbol |=. Thus, instead of writing that a structure A is a model of a theory T∀, we will write
A |= T∀.

Let f 0(x) = x, fn+1(x) = f(fn(x)), n ∈ ω. Elements a, b ∈ A are called A-connected in X ⊆ A if
there exist natural numbers m and n such that fm(a) = fn(b) and f 0(a), ..., fm(a), f 0(b), ..., fn(b) ∈
X.

A set X ⊆ A is called A-connected if any two elements from X are A-connected. A subsystem
B ⊆ A whose universe is the maximal A-connected subset of the universe of A is called a component
in A.

Let us recall some important de�nitions.
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Denotation 2. [38]For any a ∈ CT∀ let

χ(a) =

{
ω, if fn(a) 6= fk(a), for any n < k < ω

〈n,m〉, if 〈n,m〉 = min{〈n,m〉 : fn(a) = fn+m(a)}.

De�nition 6. [38]A set {a1, ..., am} of elements of CT∀ is called an m-cycle, if ai 6= aj, f(ai) = ai+1

for all 1 ≤ i < j ≤ m and f(am) = a1.

Denotation 3. [38]For any a ∈ CT∀ let

k(a) = |{b ∈ CT∀ : f(b) = a}|

i.e. k(a) is the cardinality of the set of all preimages of a by f .

Probably one of the most important de�nitions is De�nition 7. It de�nes the characteristic of a
semantic model of a Jonsson universal of unars.

De�nition 7. [38] A tetrad (Ω, ν, µ, ε) is said to be the characteristic CT∀ and denoted by char(CT∀),
if

Ω = {χ(a) : a ∈ CT∀},
ν : ω \ {0} → ω ∪ {∞} such that for any m > 0,

ν(m) =

{
k, if the number of m-cycles in CT∀ is �nite and equals k,

∞, otherwise;
µ : Ω→ ω∪{∞} such that if α ∈ Ω and α ∈ χ(a), then µ(α) = k(a), if k(a) < ω and µ(α) =∞,

if k(a) = |CT∀ |;

ε =

{
0, if |{a ∈ CT∀ : χ(a) = ω}| = 0,

∞, otherwise.

Let us give a more detailed look at De�nition 7.
1) Ω is the set that consists of χ(a), a ∈ CT∀ , i.e. a is an element of the universe of a semantic

model, i.e., χ(a) = ω if fn(a) 6= fk(a), n and k indicate the number of acts on element a by a
function f , for any n < k < ω, both n and k are �nite numbers, k > n. χ(a) = 〈n,m〉, 〈n,m〉 is
the minimal ordered pair such that fn(a) = fn+m(a). Hence, Ω expresses whether there are �nite
or in�nite cycles in the semantic model.

2) ν is a correspondence from the set ω without 0 into the set that consists of ω or {∞}. The
correspondence holds as follows: for any m > 0,

ν(m) =

{
k, if the number of m-cycles in CT∀ is �nite and equals k,

∞, otherwise.
That is, the correspondence ν(m) expresses the number of m-cycles, where m is the number of

elements in the cycle.
3) µ is a correspondence from the set Ω = {χ(a) : a ∈ CT∀} into the set that consists of ω or

{∞}. The correspondence holds as follows: if α ∈ Ω and α ∈ χ(a), then µ(α) = k(a), if k(a) < ω
and µ(α) =∞, then k(a) = |CT∀ |. Since we are working in the frame of [23], |CT∀ | = 2ω.

k(a) is the power of the set that consists of all roots of element b ∈ CT∀ such that f(b) = a,
a ∈ CT∀ . The properties and dependencies between the concepts of k(a) and χ(a) were studied in
[38].

4) ε can vary between two values: 0 and ∞. It depends on the power of the set that consists of
such elements a ∈ CT∀ , that χ(a) = ω. If no such elements exists the power of this set will be equal
to 0, i.e. ε = 0, if there are such elements, then ε = ∞. ε expresses the existence of cycles in the
semantic model.

The following properties follow immediately from De�nition 7.
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Lemma 2.2. [38] If char(CT∀) = (Ω, ν, µ, ε), then
1◦. ∅ 6= Ω ⊆ {ω} ∪ (ω × ω);
2◦. For any 〈n,m〉 ∈ Ω and 0 ≤ k < n we have 〈k,m〉 ∈ Ω;
3◦. ν(m) > 0⇔ (0,m) ∈ Ω;
4◦. ω ∈ Ω⇔ ε =∞;
5◦. |Ω| = ω ⇒ ω ∈ Ω;
6◦. 〈n,m〉 ∈ Ω⇒ 〈n+ 1,m〉 /∈ Ω⇔ µ(〈n,m〉) = 0;
7◦. If ω /∈ Ω and Ω is �nite, there is m < ω such that ν(m) =∞ or there are n,m < ω such that

〈n,m〉 ∈ Ω and µ(〈n,m〉) =∞;
8◦. If |Ω| = ω we have either µ(ω) ≥ k, if there are �nite k, l such that k = max{µ(〈n,m〉) ∈

Ω, n+m ≥ l} or if such k, l do not exist, then µ(ω) =∞.

The characteristic CT∀ is considered to be an invariant of the Jonsson universal of unars. It is
important to note that in [38, 37] T.G. Musta�n and A.R. Yeshkeyev obtained the result that shows
that for any arbitrary characteristics there is a universal of unars.

3 On normal Jonsson theory of unars

For this section we need to consider the de�nition of a perfect Jonsson theory.

De�nition 8. [35] A Jonsson theory T is called perfect if its semantic model CT is ω+-saturated.

The example of a Jonsson theory that is not perfect is a group theory.

Theorem 3.1. [35] Let T be an arbitrary Jonsson theory. Then the following conditions are equiv-
alent:

1) T is perfect;
2) T ∗ is the model completion of T .

Theorem 3.2. [37] Let T be a Jonsson universal of unars, T ∗ its center. Then
1) T ∗ is the model completion of T ;
2) T ∗ allows quanti�er elimination (i.e. submodel complete);
3) T ∗ is ω-stable.

By aforementioned Theorems 3.1 and 3.2 the universal of unars is a perfect Jonsson theory. This
fact was proved in work [37].

Let TU be the theory of all unars. It is known that TU is an empty theory (the set of axioms of
this theory is empty), i.e. it is a set of all sentences in the language L of the signature σ = {f 1},
where f is a unary functional symbol. It was proved in [40] that the theory of all unars is a Jonsson
theory. Let CTU be its semantic model.

According to De�nition 3 of a semantic model of a Jonsson theory and De�nition 7 of char(CT∀),
CTU (semantic model of theory of all unars) is a concatenation of components.

In [40] the following lemma was proved:

Lemma 3.1. [40] Let TU be the Jonsson theory of all unars, and let M be its model. Then M is a
component of the theory TU if and only if M ∈ ETU , where ETU is the class of all existentially closed
models of the theory TU .

Hence, any component of the theory of all unars is an existentially closed model. Since the theory
of all unars TU is a universal theory [40], according to Theorem 3.2 TU is a perfect Jonsson theory.

Lemma 3.2. [35] If T is perfect, then the class of all Σ1-closed models ET coincides with Mod (T ∗).



On Kaiser class of unars in expanded signature 63

Moreover, the following statement holds.

Theorem 3.3. [35] If T is perfect, then T ∗ is a Jonsson theory.

Thus, by Lemma 3.2 and Theorem 3.3, Th(CTU ) = T∗U is a complete perfect Jonsson theory and
Mod(T∗U) = ETU .

In order to give the de�nition of a normal Jonsson theory, we need to consider �rst two important
notions of a cosemanticness relation and a Kaiser class.

De�nition 9. [35] Let T1 and T2 be Jonsson theories, CT1 and CT2 be their semantic models,
respectively. T1 and T2 are said to be cosemantic Jonsson theories (denoted by T1 ./ T2), if CT1 = CT2 .

De�nition 10. Let T be a Jonsson theory. The class of all models KT ⊆ Mod(T ) such that
KT = {A | A ∈Mod(T ) and Th∀∃(A) is a Jonsson theory} is called the Kaiser class of T .

In the framework of studying the theories of all unars the following statement holds:

Lemma 3.3. Let TU be a theory of all unars, T∗U be its center. If ETU is its class of existentially
closed models, KTU is its Kaiser class, and K∗TU is the Kaiser class of T∗U , then KTU ⊇ ETU and
K∗TU = ETU .

Proof. The theory of all unars is a perfect Jonsson theory and Mod(T∗U) = ETU . The statement of
the lemma follows from the following theorem.

Theorem 3.4. [36] Let T be a Jonsson theory. Then, for any model A ∈ ET , the theory T 0(A) =
Th∀∃(A) is Jonsson.

It is trivial, that K∗TU = ETU by Theorem 3.4 Mod(TU) = Inf(TU) ∪ KTU ∪ Fin(TU), where
Inf(TU) is the set all of such in�nite models A that Th∀∃(A) is not a Jonsson theory (such theory
does not have AP property), and Fin(TU) is the set of all �nite models of the theory TU . The
existence of such models is guaranteed by the fact that Jonsson theories are, generally speaking, not
complete theories. By Theorem 3.4 ETU /∈ Inf(TU), and, obviously, ETU /∈ Fin(TU), therefore, it is
evident that KTU ⊇ ETU .

Theorem 3.4 shows that a Kaiser class always exists for any Jonsson theory. Since by De�nition
10 ET (the class of all existentially closed models of Jonsson theory T ) will always be a subset of
KT .

Theorem 3.5. Let TU be the Jonsson theory of all unars, and let M be its model. Then M is a
component of the theory TU if and only if M ∈ KTU , where KTU is the Kaiser class of the theory
TU .

Proof. The proof follows from Lemma 3.1 and Theorem 3.4. Since KTU ⊇ ETU for the theory of all
unars, it is evident that for any component M of the theory TU : M ∈ KTU and, moreover, by the
de�nition of Kaiser class (De�nition 10), Th∀∃(M) is a Jonsson theory.

De�nition 11. A Jonsson theory T is called a normal theory if for any M ∈ KT : M0 = Th∀∃(M),
and CM0 is an existentially closed submodel of CT (CM0 is a semantic model of M0, CT is a semantic
model of T ).

As an example of a normal Jonsson theory we can consider the theory of all abelian groups, more
detailed explanation one can �nd in [39].

Theorem 3.6. The theory of all unars TU is a normal Jonsson theory.
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Proof. Let us consider the theory of all unars TU and its semantic model CTU . M ∈ KTU means that
M ∈ Mod(TU) and Th∀∃(M) is a Jonsson theory, where KTU is a Kaiser class of the theory of all
unars. Since by Theorem 3.2 a Jonsson universal of unars admits quanti�er elimination, Th∀∃(M)
is a Jonsson theory. Since it is a Jonsson theory by Theorem 2.1 it has a semantic model. Let
M0 = Th∀∃(M) and CM0 be a semantic model of M0 by virtue of cosemanticness relation (De�nition
9).

Let us consider CM0 and CTU . Here, we can use the following lemma.

Lemma 3.4. [35] The semantic model CT of a Jonsson theory T is T -existentially closed.

CM0 ∈Mod(TU) holds since any L-structure is a model of the theory of all unars due to it being
an empty theory. It means that since CM0 ∈ Mod(TU) and CTU by Lemma 3.4 is an existentially
closed model, then ∃xϕ(x, a), where ϕ(x, a) is a formula of the language L, a ∈ CM0 , from the fact
that CTU |= ∃xϕ(x, a) follows that there exists such a′ ∈ CM0 that CM0 |= ∃xϕ(x, a′). It is evident
that by the de�nition of characteristic of semantic models of all unars (De�nition 7) and the fact
that the theory of all unars is a perfect Jonsson theory, therefore, CTU is an ω+-saturated model
(De�nition 8), this expression holds.

4 On double factorization and permissible expansion of the signature of

unars

Let K be a class of models of a �xed signature σ. Then we can consider Jonsson spectrum for K
de�ned as follows.

De�nition 12. [36] The set JSp(K) of Jonsson theories of the signature σ, where

JSp(K) = {∆ |∆ is a Jonsson theory and K ⊆Mod(∆)},

is called the Jonsson spectrum for the class K.

A more detailed look at the Jonsson spectrum one can �nd in [36]. Now, considering this set we
can introduce various equivalence relations on it and obtain its factor-sets. Let us give the de�nition
of the following binary relation.

De�nition 13. Let T1 and T2 be Jonsson theories of the considered language L. T1 and T2 are

called KT -equivalent (T1
∼
./ T2) if KT1 = KT2 .

We can consider the cosemanticness relation on Jonsson spectrum JSp(K) and obtain a partition
of JSp(K) onto disjoint equivalence classes with coinciding semantic models. We get a factor-set,
denoted as JSp(K)/./. We introduce the KT -equivalent relation on the factor-set and obtain its
double factorization JSp(K)/D1F .

Let K be a class of quasivariety in the sense of [15] of a �rst-order language L, L0 ⊂ L, where L0

is the set of all sentences of the language L, i.e. L0 = L/LFm, here LFm is the set of all formulas with
at least one free variable. We consider the elementary theory Th(K) of such class K, by adding to
Th(K) such ∀∃ sentences of the language L that are not contained in the Th(K). We can consider
the set of Jonsson theories J(Th(K)) de�ned as follows.

Denotation 4. [36]A set J(Th(K)) = {∆ | ∆ is a Jonsson theory, ∆ = Th(K) ∪ {ϕi}}, where
ϕi ∈ ∀∃(L0) and ϕi /∈ Th(K), i = 0 or i = 1 (i.e. it is a formula or its negation), Th(K) is an
elementary theory of the class of quasivariety K, ∀∃(L0) is the set of all ∀∃ sentences of �rst-order
language L.
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Obviously, every ∆ has its own semantic model. Let us consider the set of all such semantic
models and denote it as JC.

Denotation 5. [36]The set JC = {C∆ | ∆ ∈ J(Th(K)),C∆ is a semantic model of ∆}.

We will call the set JC semantic Jonsson quasivariety of class K if its elementary theory Th(JC)
is a Jonsson theory. A thorough study on semantic Jonsson quasivarieties and their Jonsson spectra
can be found in [36].

Let us consider the �rst-order language L of the signature σ = {f 1}, where f is a unary functional
symbol and expand it by symbols of a new constant c and a unary predicate P 1. More on expansion
of a signature can be found in [9, 34, 21, 29, 20, 7].

Let σ′′ = σ ∪ σ′, where σ = {f 1}, σ′ = (P 1, c). We consider the theory T ∀ in the new expanded
signature σ′′ as follows [40]:

T ∀ = T∀ ∪ Th∀(CT∀ , a)a∈P 1(CT∀ )∪P 1(c) ∪ {P 1,⊆} ∪ P 1(c).

Here, P 1 is a new unary predicate symbol, {P 1,⊆} is an in�nite set of sentences, which are
expressing the fact that in CT∀ the predicate P

1 distinguishes an existentially closed submodel of
CT∀ , i.e. P

1(CT∀) = M,M ∈ KT∀ , Th∀∃(M) is a Jonsson theory, and KT∀ is a Kaiser class of theory
T∀. Let us denote the center of T ∀ as follows:

T
∗
∀ = Th(CT∀) = Th(CT∀ , c, a)c,a∈P 1(CT∀ )

It was proved in [40], that the theory which was constructed in such a way is Jonsson and,
moreover, it is a perfect Jonsson theory.

De�nition 14. [36] A Jonsson theory is said to be hereditary if, in any of its permissible expansions,
it preserves its Jonssonness.

Therefore, the following theorem was proved.

Theorem 4.1. [40] If a Jonsson theory of unars T∀ is a perfect Jonsson theory and T ∀ is its
hereditary expansion, then T ∀ is also a perfect Jonsson theory of unars.

Moreover, it turns out, that the theory T ∀ will also be a normal theory. The normality property
of a Jonsson theory is preserved in an enriched Jonsson theory if the expansion of the signature is
hereditary.

Theorem 4.2. If a Jonsson theory of unars T∀ is a normal perfect Jonsson theory and T ∀ is its
hereditary expansion, then T ∀ is also a normal perfect Jonsson theory of unars.

Proof. By Theorem 4.1 T ∀ is a perfect Jonsson theory of unars, and CT∀ (semantic model of enriched
theory of all unars in the expanded signature) is a concatenation of components. A normality
property of the Jonsson theory (De�nition 11) means that any semantic model CM0 (M0 = Th∀∃(M)
is an existentially closed submodel of CT∀ . Moreover, any P 1(CT∀) = M,M ∈ KT∀ distinguished
by the unary predicate is a component by virtue of Lemma 3.1. Since CT∀ is a concatenation
of components by De�nition 3 and De�nition 7, this property of normality will be preserved in
the permissible expansion introduced above, therefore, T ∀ is a normal perfect Jonsson theory of
unars.

Lemma 4.1. If T∀ is a normal perfect Jonsson universal of unars and T ∀ is its hereditary expansion,
then T

∗
∀ is a perfect Jonsson theory.
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Proof. Let us consider a Kaiser class KT∀ and a class of existentially closed models ET∀ of the theory
T∀. By virtue of Lemma 3.3 ET∀ ⊆ KT∀ . Since T∀ is a perfect Jonsson theory, its center T

∗
∀ (Th(CT∀))

is a complete perfect Jonsson theory and ET∀ = Mod(T ∗∀ ). Therefore, Mod(T ∗∀ ) ⊆ KT∀ . This means
that any A ∈Mod(T ∗∀ ) is an existentially closed model and its Th∀∃(A) theory is a Jonsson theory.
Hence, T ∗∀ is model complete by Theorem 3.2. Considering the expansion of T ∗∀ as above, and the
fact that T∀ admits quanti�er elimination, T

∗
∀ is model complete as well. Hence, T

∗
∀ is a perfect

Jonsson theory.

We consider the theory T∇ in the new expanded signature σ′′ as follows [40]:

T∇ = T∇ ∪ Th∇(CT∇ , a)a∈P 1(CT∇ )∪P 1(c) ∪ {P 1,⊆} ∪ P 1(c).

Here P 1 is a new unary predicate symbol, {P 1,⊆} is an in�nite set of sentences, which are ex-
pressing the fact that in the semantic model CT∇ of T∇ the predicate P

1 distinguishes an existentially
closed submodel of CT∇ , i.e. P

1(CT∇) = M,M ∈ KT∇ , Th∀∃(M) is a Jonsson theory, KT∇ is a Kaiser
class of theory T∇. Let us denote the center of T∇ as follows:

T
∗
∇ = Th(CT∇) = Th(CT∇ , c, a)c,a∈P 1(CT∇ )

Let us consider the following notions in the new expanded signature σ′′. Let us start from
Denotation 4.

Denotation 6. A set J(Th(K)) = {∆ | ∆ is a Jonsson primitive of unars, ∆ = Th(K) ∪ {ϕi}},
where ϕi ∈ ∀∃(L0) and ϕi /∈ Th(K), i = 0 or i = 1 (i.e. it is a formula or its negation), Th(K) is
an elementary theory of the class of the quasivariety of unars K in the new expanded signature σ′′,
∀∃(L0) is the set of all ∀∃ sentences of �rst-order language L of the signature σ′′.

De�nition 15. A set JCT∇ = {C∆ | ∆ ∈ J(Th(K)),C∆ is a semantic model of ∆} is called a
semantic Jonsson quasivariety of Jonsson primitives of unars in a signature σ′′ if its elementary
theory Th(JCT∇) is a Jonsson theory.

Let us consider a Jonsson spectrum of semantic Jonsson quasivariety of unars in the new expanded
signature as follows.

De�nition 16. The set JSp(JCT∇) of all Jonsson theories of signature σ′′, where

JSp(JCT∇) = {T∇ |T∇ is a Jonsson primitive of unars and JCT∇ ⊆Mod(T∇)},

is called the Jonsson spectrum for the class JCT∇ , where JCT∇ is a semantic Jonsson quasivariety
of Jonsson primitives of unars in the signature σ′′.

Let us introduce the double factorization on the set JSp(JCT∇) and obtain such disjoint equiva-
lence classes [[T∇]] ∈ JSp(JCT∇)/D1F . [[T∇]] is an equivalence class of Jonsson primitives of unars
in the new expanded signature, containing theories that have coinciding centers, semantic models
and Kaiser classes, as well as the class of models of such theories is equal to or contains semantic
Jonsson quasivariety of primitives of unars JCT∇ (De�nition 15).

Let [[T∇]] ∈ JSp(JCT∇)/D1F , where [[T∇]] is the class described above. Let [[T∇]]∗ be its center,
C[[T∇]] be its semantic model.

Theorem 4.3. Let [[T∇]] be a double factorization class (D1F), and let [[T∇]]∗ be its center. Then,
[[T∇]]∀ = [[T∇]]∗∀.
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Proof. It is obvious that [[T∇]] is a proper subset or equals [[T∇]]∗, hence, [[T∇]]∀ is also a proper
subset or equals [[T∇]]∗∀ (this follows from the de�nition of universals and primitives). Suppose the
opposite: let us assume that there is such a sentence ϕ in the complement of [[T∇]]∀ to [[T∇]]∗∀
that ϕ ∈ [[T∇]]∗∀ \ [[T∇]]∀. Let ϕ = ∀x̄ ψ(x̄) be a universal sentence. Since [[T∇]] ⊇ [[T∇]]∀ and
ϕ /∈ [[T∇]]∀, [[T∇]] ` ϕ does not hold, then it follows that a theory [[T∇]] ∪ {¬ϕ} is a consistent
theory.

If the theory is consistent, then it has a model. Let A |= [[T∇]] ∪ {¬ϕ}. Then, from the fact
that ϕ is a universal sentence follows ¬ϕ ≡ ∃x̄¬ψ(x̄) and the following is true for the model A:
A |= ∃x̄¬ψ(x̄), A |= [[T∇]]. Due to the ω+-universality of the model C[[T∇]], we can assume that

A ⊆ C[[T∇]], where C[[T∇]] is the semantic model of class [[T∇]] and C[[T∇]] |= [[T∇]]∗, since [[T∇]]∗ is

Th(C[[T∇]]) by the de�nition of the center of a Jonsson theory. Let ā ∈ A be such that A |= ¬ψ(ā).

Since the formula ¬ψ(x̄) contains no quanti�ers, C[[T∇]] |= ¬ψ(ā). However, since ϕ ∈ [[T∇]]∗ and

C[[T∇]] |= [[T∇]]∗, we have C[[T∇]] |= ϕ, that is, C[[T∇]] |= ∀x̄ ψ(x̄).
This leads to a contradiction.
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Abstract. In this paper, we study the interpolation properties of local Morrey-type spaces related
to the interpolation method for anisotropic spaces. We de�ne approximation local Morrey spaces

LMλq
pr and approximation spaces L̃Mλq

pr , and in terms of these spaces we obtain a description of
interpolation spaces for pairs of local Morrey-type spaces

(
LMλ0

p0,q0
, LMλ1

p1,q1

)
in the case p0 6= p1.
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1 Introduction

Morrey spaces [22] and their generalizations have been widely applied in various problems of function
theory and partial di�erential equations (see, for example, survey papers [10, 11]).

Let 0 < p ≤ ∞ and 0 ≤ λ ≤ n/p. The Morrey spaces Mλ
p were de�ned in [22] as the spaces of

all functions f ∈ Llocp (Rn) such that

‖f‖Mλ
p

= sup
x∈Rn

sup
r>0

r−λ‖f‖Lp(B(x,r)) <∞,

where B(x, r) is the open ball of radius r > 0 centered at x ∈ Rn. If λ = 0, then M0
p = Lp(Rn),

while if λ = n/p, then Mn/p
p = L∞(Rn). If λ < 0 or λ > n/p, then Mλ

p = Θ, where Θ is the set of
all functions that are equivalent to zero on Rn.

Interpolation of these spaces was considered in [27, 18, 25]. According to the results of [25], we
have (

Mλ0
p ,M

λ1
p

)
θ,∞ ↪→Mλ

p ,

where 1 ≤ p ≤ ∞, 0 ≤ λ0 6= λ1 ≤ n/p, 0 < θ < 1, λ = (1− θ)λ0 + θλ1, and the symbol ↪→ denotes
continuous embedding. In [26, 9] it was established that this inclusion is strict, which raised the
problem of giving a complete description of the interpolation spaces.

In [15] a similar problem was considered for a local variant of the Morrey spaces and for their
generalizations involving an additional parameter.

De�nition 1. Let 0 < p, q ≤ ∞ and 0 < λ < ∞ if q < ∞ and 0 ≤ λ < ∞ if q = ∞. The local
Morrey-type spaces LMλ

p,q are de�ned as the spaces of all functions f ∈ Llocp (Rn) such that for q <∞

‖f‖LMλ
p,q

=

(∫ ∞
0

(
t−λ‖f‖Lp(B(0,t)

)q dt
t

)1/q

<∞,
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and for q =∞
‖f‖LMλ

p,q
= sup

t>0
t−λ‖f‖Lp(B(0,t)) <∞.

Unlike the Morrey spaces Mλ
p , the scale of local Morrey-type spaces LMλ

p,q remains closed under
interpolation when p0 = p1. Speci�cally, the following statement was proved in [15].

Theorem 1.1 ([15]). Let 0 < p, q0, q1, q ≤ ∞ and 0 < θ < 1. Suppose, in addition, that λ0 6= λ1

and 0 < λ0, λ1 < n/p if p < ∞ and at least one of the parameters q0, q1 and q is �nite, and
0 ≤ λ0, λ1 ≤ n/p if q0 = q1 = q =∞. Then(

LMλ0
p,q0
, LMλ1

p,q1

)
θ,q

= LMλ
p,q,

where λ = (1− θ)λ0 + θλ1.

Later, in works [13, 17, 12, 16, 24, 14] generalizations of this result were obtained, and their
applications to the study of various problems in analysis were explored.

In [5, 6, 7, 8] further modi�cations and generalizations of local and global Morrey spaces were
de�ned, based on the use of norms of general symmetric spaces X and l (instead of Lebesgue space
norms Lp and lq). In these works there were investigated problems related to the interpolation of
such spaces. Below, we provide some of the de�nitions from these works.

A Banach space X of measurable functions on Rn is called an ideal space [21] if, for every function
f ∈ X, any measurable function g satisfying |g(t)| ≤ |f(t)| for almost all t ∈ Rn also belongs to X
and satis�es ‖g‖X ≤ ‖f‖X (the symbol ‖f‖X denotes the norm of an element f in the space X).

For f : Rn → R we denote by m(f, γ) the distribution function of f , namely,

m(f, γ) = µ({t ∈ Rn : |f(t)| > γ}),

where µ is the Lebesgue measure on Rn.
An ideal space X is said to be symmetric if from the condition f ∈ X, the measurability of g

follows, and also the validity of the inequality m(g, γ) ≤ m(f, γ) for all γ ∈ R+ that g ∈ X and
‖g‖X ≤ ‖f‖X .

Along with ideal function spaces, we need to de�ne ideal sequence spaces. Let ei =
{. . . , 0, 1, 0, . . .} (1 stands in the ith place, i ∈ Z) be the standard basis in the space of two-sided

sequences. We denote by l an ideal sequence space consisting of sequences x =
∞∑

i=−∞

xiei with the

norm ‖ · ‖l. By de�nition, l is an ideal sequence space if, for every sequence x = {xi}i∈Z ∈ l and
every sequence y = {yi}i∈Z satisfying |yi| ≤ |xi| for all i ∈ Z, we have y ∈ l and ‖y‖l ≤ ‖x‖l.

Let U(0, 1) ⊂ Rn be such that 0 ∈ U(0, 1) and µ(U(0, 1)) ∈ (0,∞). We also assume that U(0, 1)
is star-shaped with respect to the point 0, that is, if t ∈ U(0, 1), then νt ∈ U(0, 1) for ν ∈ (0, 1).

Let U(0, r) be the homothetic set to the set U(0, 1) with a coe�cient r > 0. We denote by Υ
the set of all non-negative number sequences τ = {τi} each of which satis�es the conditions

∀i : τi < τi+1,
⋃
i

(τi, τi+1] = R+.

If τi+1 = ∞, we assume that (τi,∞] = (τi,∞). For every sequence τ = {τi} we construct a family
of sets U(0, τi) and a family of disjoint annuli R(0, τi−1, τi) = U(0, τi) \ U(0, τi−1).

De�nition 2. Let an ideal space X on Rn, an ideal space l of two-sided sequences with the standard
basis {ei} and a sequence τ ∈ Υ be given. The discrete local Morrey spaces M τ

l,X are de�ned as the

spaces of all functions f ∈ Lloc1 (Rn) such that

‖f‖Mτ
l,X

=

∥∥∥∥∥
∞∑

i=−∞

ei ‖fχ(U(0, τi))‖X

∥∥∥∥∥
l

<∞.
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The approximation local Morrey space M τ
l,X is de�ned as the space of all functions f ∈ Lloc1 (Rn)

such that

‖f‖Mτ
l,X

=

∥∥∥∥∥
∞∑

i=−∞

ei ‖fχ(R(0, τi−1, τi))‖X

∥∥∥∥∥
l

<∞.

Here χ(D) is the characteristic function of a set D.

In [5], conditions under which the equality M τ
l,X = M τ

l,X holds were studied. It was also shown

that the approximation local Morrey space M τ
l,X is a retract of the space of vector-valued sequences

l(X).
Note that in the framework of the classical interpolation method, it is only possible to describe

the interpolation result for pairs
(
LMλ0

p,q0
, LMλ1

p,q1

)
with the same parameter p. We are interested in

the problem of describing interpolation spaces for pairs
(
LMλ0

p0,q0
, LMλ1

p1,q1

)
when p0 6= p1.

2 Anisotropic interpolation method and spaces of vector-valued se-

quences

Let us consider the interpolation method for anisotropic spaces proposed by E.D. Nursultanov [23]
(see also [1, 2, 19]).

Let A1 be a Banach space, and A2 be a functional Banach lattice (see [20]). We denote by
A = (A1, A2) the space of A1-valued measurable functions such that ‖f‖A1 ∈ A2, with the norm
‖f‖A =

∥∥‖f‖A1

∥∥
A2
. This space is called a mixed-norm space.

Let A0 = (A0
1, A

0
2), A1 = (A1

1, A
1
2) be two mixed-norm spaces, and let ε = (ε1, ε2) ∈ E = {0, 1}2.

We de�ne the space Aε = (Aε11 , A
ε2
2 ) with the norm

‖a‖Aε =
∥∥∥‖a‖Aε11 ∥∥∥Aε22 .

A pair of mixed-norm spaces A0 = (A0
1, A

0
2), A1 = (A1

1, A
1
2) is called compatible if there exists a

linear topological Hausdor� space A, containing the spaces Aε as subspaces for all ε ∈ E.
We de�ne a functional for a ∈

∑
ε∈E Aε as follows:

K(t, a;A) = inf
a=

∑
ε∈E aε

∑
ε∈E

tε‖aε‖Aε .

Let 0 < θ = (θ1, θ2) < 1, 0 < r = (r1, r2) ≤ ∞. For any rearrangement ? = (j1, j2) of the
set {1, 2} let r? = (rj1 , rj2). We denote by Aθr? = (A0,A1)θr? the linear subset of

∑
ε∈E Aε for all

elements of which the following quasi-norm (norm if r ≥ 1) is �nite:

‖a‖Aθr?
=

(∫ ∞
0

(∫ ∞
0

(
t
−θj1
j1

t
−θj2
j2

K(t, a;A0,A1)
)rj1 dtj1

tj1

)rj2/rj1 dtj2
tj2

)1/rj2

<∞.

Lemma 2.1 ([23]). Let 0 < θ < 1, 0 < r ≤ ∞, ? = (j1, j2) be some rearrangement of the set {1, 2},
A = {Aε}ε∈E and B = {Bε}ε∈E be two compatible families of Banach spaces. If a linear operator
T : Aε → Bε with the quasi-norm Mε for any ε ∈ E, then

T : Aθr? → Bθr? ,

with the quasi-norm
‖T‖Aθr?→Bθr? . max

ε∈E
Mε.

Here, A . B means that there exists a constant c > 0 such that A ≤ cB for all A, B under
consideration.
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Below we give the de�nition of the Lorentz space Lpr(Rn), and spaces of vector-valued sequences

lσq (Lpr)(Rn) and L̃pr(lσq )(Rn).
Let 0 < p, r ≤ ∞ and 0 < p < ∞ if r < ∞ and 0 < p ≤ ∞ if r = ∞. The Lorentz spaces

Lpr(Rn) are de�ned as the spaces of all functions f measurable on Rn such that for r <∞

‖f‖Lpr(Rn) =

(∫ ∞
0

(
t1/pf ∗(t)

)r dt
t

)1/r

<∞,

and for r =∞
‖f‖Lpr(Rn) = sup

t>0
t1/pf ∗(t) <∞,

where f ∗ is the nonincreasing rearrangement of f .

Let −∞ < σ < ∞, 1 ≤ q, p, r ≤ ∞, we de�ne spaces lσq (Lpr)(Rn) and L̃pr(lσq )(Rn), as the set of
sequences a = {ak(x)}∞k=−∞, where ak(x) are functions, measurable on Rn, for which the following
norms are respectively �nite:

‖a‖lσq (Lpr)(Rn) =

(
∞∑

k=−∞

(
2σk ‖ak‖Lpr(Rn)

)q)1/q

,

‖a‖
L̃pr(lσq )(Rn)

=

∥∥∥∥∥∥
(

∞∑
k=−∞

(
2σka∗k

)q)1/q
∥∥∥∥∥∥
Lpr(Rn)

,

with the standard modi�cation for q =∞.

3 Main result

We use the scheme for constructing local Morrey spaces from De�nition 2.
Let U(0, 1) ⊂ Rn satisfy the conditions imposed earlier in Introduction. Set τ = {τi}, where

τi = 2i, i ∈ Z. Let 1 ≤ p, r ≤ ∞ and 1 ≤ p < ∞ if r < ∞ and 1 ≤ p ≤ ∞ if r = ∞, 1 ≤ q ≤ ∞
and 0 < λ < ∞ if q < ∞ and 0 ≤ λ < ∞ if q = ∞. As the space X, we take the Lorentz space
Lpr(Rn), and as the space l, we take the space l−λq . The thus-de�ned discrete local Morrey spaces

M τ
l,X and approximation local Morrey spacesM τ

l,X will be denoted by the symbols LMλq
pr and LM

λq
pr ,

respectively.

Remark 1. From the results of [5], it follows that in this case, the equality LMλq
pr = LMλq

pr holds.
It can also be shown that when p = r the space LMλq

pr coincides with the local Morrey-type spaces
LMλ

p,q (with norms equivalence).

The norm in the approximation local Morrey space LMλq
pr can be written as follows

‖f‖LMλq
pr

=
∥∥{fχ(R(0, 2i−1, 2i))

}∥∥
l−λq (Lpr)(Rn)

.

We also de�ne the approximation space L̃Mλq
pr as the space of all functions f ∈ Lloc1 (Rn) such

that

‖f‖
L̃Mλq

pr

=
∥∥{fχ(R(0, 2i−1, 2i))

}∥∥
˜

Lpr(l
−λ
q )(Rn)

<∞.

We have obtained the following theorem.
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Theorem 3.1. Let 1 ≤ p0 6= p1 ≤ ∞, 1 ≤ r ≤ ∞ and 1 ≤ q0, q1, q ≤ ∞. Suppose, in addition, that
λ0 6= λ1 and 0 < λi < n/pi if pi < ∞ (i = 0, 1) and at least one of the parameters q0, q1 and q is
�nite, and 0 ≤ λi ≤ n/pi (i = 0, 1) if q0 = q1 = q = ∞. Then, for 0 < θ1, θ2 < 1, the following
equalities hold:

a) if ?1 = (1, 2), then (
LMλ0

p0,q0
, LMλ1

p1,q1

)
(θ1,θ2),(r,q)?1

= LMλq
pr ,

b) if ?2 = (2, 1), then (
LMλ0

p0,q0
, LMλ1

p1,q1

)
(θ1,θ2),(r,q)?2

= L̃Mλq
pr ,

where λ = (1− θ2)λ0 + θ2λ1, 1/p = (1− θ1)/p0 + θ1/p1.

Remark 2. This approach was previously used by us to study the interpolation properties
of Nikol'skii-Besov and Lizorkin-Triebel type spaces by applying the interpolation method for
anisotropic spaces (see [3, 4]).
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