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BOKAYEV NURZHAN ADILKHANOVICH
(to the 70th birthday)

January 5, 2026, marks the 70th birthday of Nurzhan Adilkhanovich

Bokayev, Doctor of Physical and Mathematical Sciences (1996), Professor

\ (2002), member of the Editorial Board of the Eurasian Mathematical Jour-
nal (2010).

Nurzhan Adilkhanovich Bokayev was born on 5 January, 1956 in the vil-
lage of Urnek, Karabalyk District, Kostanay Region. He graduated in 1972,
with a gold medal from the Burlin Secondary School in the district. That
same year, he entered the Mathematics Department of Karaganda State Uni-
versity and graduated with honors in 1977. From 1978 to 1979, he served
in the Soviet Army. In 1980, he completed an internship, and from 1981 to
1984, he studied in the graduate program at Lomonosov Moscow State Uni-
versity in the Department of Function Theory and Functional Analysis. In
1985, he defended his candidate’s dissertation there under the supervision
of Corresponding Member of the Academy of Sciences of the USSR D.E.
Menshov and Professor V.A. Skvortsov. In 1996, he defended his doctoral dissertation, “Fourier
Coefficients and Uniqueness Theorems for Series in Generalized Walsh and Haar Systems”, at the
Institute of Mathematics of the Ministry of Education and Science of the Republic of Kazakhstan,
speciality Mathematical Analysis (01.01.01).

After completing his postgraduate studies, he worked as a lecturer, senior lecturer, associate
professor, and professor in the Department of Mathematical Analysis at E.A. Buketov Karaganda
State University (1985-1999). He headed the Department of Mathematics and Mathematical Mod-
eling (1996-1999), and was a dean of the Faculty of Mathematics at E.A. Buketov Karaganda State
University (1999-2005). Since 2005, he has been a professor in the Faculty of Mechanics and Math-
ematics at the L.N. Gumilyov Eurasian National University. From 2009 to 2018, he was the Head
of the Department of Higher Mathematics at the L.N. Gumilyov Eurasian National University, and
from 2018 to the present, he has been a professor in the Department of Fundamental Mathematics.

Professor Bokaev’s research focuses on problems in function theory and functional analysis, the
theory of orthogonal series for generalized Walsh and Haar systems, and operator theory in various
function spaces. He has proved renewal and uniqueness theorems for series with respect to peri-
odic multiplicative systems and Haar-type systems, and constructed continual sets of uniqueness
(U-sets) and sets of non-uniqueness (M-sets) for multiplicative systems. He obtained conditions for
functions to belong to various functional classes in terms of the Fourier coefficients of generalized
Haar and Walsh systems, and embedding criteria for Nikol’skii-Besov spaces constructed on the
basis of multiplicative systems. He also obtained conditions for the boundedness and compactness
of the commutator of the Riesz potential in general Morrey-type spaces, and conditions for bound-
edness of generalizedRiesz and Bessel potentials and generalized fractional-maximal operators in
rearrangement-invariant spaces.

His co-authors include Professor V.A. Skvortsov (Moscow State University, Moscow), Professors
V.I. Burenkov and M.L. Goldman (Peoples’ Friendship University of Russia (RUDN University).
Moscow), Dr. A. Gogatishvili (Institute of Mathematics of the Czech Academy of Sciences, Prague).
His doctoral students’ foreign advisors include Professors W. Sickel (Friedrich-Schiller-Universitity,
Jena, Germany), Massimo Lanza de Cristoforis (University of Padova, Padova, Italy), V. Ruzhansky
(Ghent University, Ghent, Belgium), U. Goginava (United Arab Emirates University, Al Ain, United
Arab Emirates), and E. Panakhov (Institute of Applied Mathematics at Baku State University, Baku,
Azerbaijan).

Under his supervision, 15 dissertations (4 candidate’s and 11 PhD) were defended. He has
published over 220 scientific papers, 2 monographs and 2 textbooks.




He is a three-time recipient of the state grant “Best University Teacher” of the Republic of
Kazakhstan (2006, 2010, 2024) and served as Vice President of the Mathematical Society of Turkic-
Speaking Countries (2014-2023). He was awarded the “For Contribution to the Development of
Science” badge (2022).

Over the last ten years, he has been and continues to be a head of more than 5 national and
international funded projects.

The Editorial Board of the Eurasian Mathematical Journal, his friends and colleagues cordially
congratulate Nurzhan Adilkhanovich on the occasion of his 70th birthday and wish him good health,
happiness and new achievements in mathematics and mathematical education.
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HOLDER INEQUALITY ON THE SPACE
OF UPPER SEMICONTINUOUS FUNCTIONS

Sh.A. Ayupov, M.R. Eshimbetov, A.A. Zaitov

Communicated by T. Bekjan

Key words: idempotent measure; max-plus linear functional; Borel sets; upper semicontinuous
functions.

AMS Mathematics Subject Classification: Primary 47B65; Secondary 28C05.

Abstract. For a compact Hausdorff space X, we consider the space Ix(X) of all idempotent
probability measures on X, which are defined as set-functions on the o-algebra of all Borel subsets
of X, and also the space Iysc(X) of all normalized max-plus linear functionals on the linear space
of all upper semicontinuous functions on X, equipped with idempotent operations. In the main
result it is established that a max-plus version of the Holder inequality holds on the space of upper
semicontinuous functions.

DOI: https://doi.org/10.32523/2077-9879-2026-17-1-10-22

1 Introduction

Idempotent mathematics is a branch of mathematical sciences, rapidly developing and gaining pop-
ularity over the last four decades. An important stage of development of the subject was presented
in the book “Idempotency” [7] edited by J. Gunawardena. This book arose out of the well-known
international workshop that was held in Bristol, England, in October 1994. Idempotent mathemat-
ics is based on replacing the usual arithmetic operations with a new set of basic operations, i.e., on
replacing numerical fields by idempotent semirings and semifields. Typical example is the so-called
max-plus algebra Ry, [7], [11].

In [I5] M. Zarichnyi considered categorical properties of the space of idempotent probability
measures on compact Hausdorff spaces. Later the space of idempotent probability measures was
investigated on the class of compact metric spaces [16]. The study of spaces of idempotent probability
measures leads to similar problems for topological spaces which are wider than the class of compact
Hausdorff (or metrizable) spaces, in particular, for the case of Tychonoff spaces. In this case it is
natural to apply the methods proposed in works [I], [2], [6] or [I3].

The results obtained in [14], [19], [I7] show that in order to establish “good” properties of the
space of idempotent probability measures, methods are required which are different from classical
methods (i.e., from methods suitable for probability measures which have been applied in [6], [13]
and others). Note that idempotent probability measures in general are not linear and for a given
compact Hausdorff space X they are defined as max-plus functionals on C'(X) [I4], while the usual
probability measures on X are a positive, linear, normalized functional on C(X) [3], [4].

Unlike the above mentioned papers in the present work for a compact Hausdorff space X we
introduce the notion of idempotent measure as a set-function on the o-algebra B(X) of all Borel
subsets of X. For a compact Hausdorff space X, we denote by I (X) the space of all idempotent
probability measures on X, which define as set-functions p: B(X) — Ry, and by Iysc(X) the
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space of all normalized max-plus linear functionals v: USC(X) — Rpax on the space USC(X) of
all upper semicontinuous functions on X. Then, we present a max-plus version of the well-known
Riesz Representation Theorem. Further, we obtain the main result, which states that the spaces
Ix(X) and Iysc(X) are homeomorphic. Finally, the Holder inequality on the space of all upper
semicontinuous functions is proved.

2 Preliminaries

Let X be a compact Hausdorff space and let B(.X) denote the family of all Borel subsets of X. We
denote Ry = [0, +00) U {+00} = [0, +00]. The symbol 2 denotes a directed set. Following [10], we
introduce the following notion.

Definition 1. A set function p: B(X) — R, is said to be an idempotent measure on X if it satisfies
the following conditions:

2) (AU B) = max{u(A), u(B)} for any A, B € B(X);

3) w UQIAQ) = sup{p(Aa.)} for every increasing net {A,: a € A} C B(X) such that UmA"‘ €
ac ac ac
B(X).

Remark 1. Every idempotent measure p is increasing, i.e., for A, B € B(X) if A C B then
u(A) < p(B).

The set of all idempotent measure on X we denote by IM(X). Let B be a base of the topology
on X. For an idempotent measure p € IM(X) a system of sets

(; Uy oo, Uy ey ={veIM(X): [v(U;) —uU)| <e,i=1,...,n} (2.1)

forms [8] a base of a topology on IM(X) at u. Here U; € B,i=1, ..., n, and € > 0.
If 4(X) =1, the idempotent measure y is called an idempotent probability measure on X. We
denote
Ip(X) ={p € IM(X): p(X)=1}.

Let (X, ) be an idempotent measure space such that p(X) < oo. We adopt the convention that
00-0=0. For A C X its characteristic function y 4 is defined as y4(z) =1 at z € A, and x4(z) =0
at v € X\ A

Definition 2. [10] For a function f: X — R, we define the idempotent integral of f with respect
to p by

&)
[ fin=suw it ulo € X: £ = 1))
. teR,

® ®
For A C X, we let [fdu= [fxadp.
A X

Lemma 2.1. [18] For every couple A and B of Borel subsets of a compact Hausdorff space X the

following equality holds
@ @ ®
[ tdu=[rdue [fan
A B

AUB
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The following two statements will be applied to establish Lemma

Lemma 2.2. [9] For a function f: X — R, we have
l/fdu-—sup{f 0)- £ @)}

Theorem 2.1. [10] For every ¢ € Ry, any Ry -valued functions f, g and a net {f;};es of Ry-valued
functions on X the following properties hold:

) TOdMZO;
@D
2) ilduzu(X);

3)

<D

©®
fdp < [gdp if f<g;
X

4)

N3P

@
(c-fldu=c- [fdy;
X

5 [(f@g)du= ffdﬂ@fgdu,

<P

6) [(f+g) du<ffdu+fgdu,

N3P

o

‘ < [|f — gl du provided the left-hand side is well defined;
b

f Supfj dp = supf £ dp.

xjeJ

Now, for ¢: X — R, and p > 0 we define

D
el = /wumi and Jlglle=  sup  {o)).
- {zeX: u({z})>0}

Lemma 2.3. Let ¢, : X — R,.

1) Let p € [1, 400] and q € [1, +00] be such that % + % = 1. Then,
(&)
‘/w@¢@uusnwuwwm;
X

2) If (X) = 1, then |[¢ll, < |lellg, where 0 <p <g.
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Proof. 1) From [3], [I2], we have the following inequality:

1 1
ab< < 4+ % wherea, b>0, p>1,¢>1and =+ = = 1.
p q [ q
Now, let I; = fgop Ydu # 0 and I, = qu Ydu # 0. Then,
B AP N
R T
® ®
p(x)Y(x) eP(@) | vi(=)
/ 17 duS/( o T )d,uS
x ' X
® ® ® @
< /“”;;f)du—l— /w;]}:)du = pih/goff’(ac)d,ujL q}2/wq(x)du =—-+4+-=1
X X X X
Consequently, we obtain
®
1 1
[e@@idn < 1 -1 = lielly - 9l
X

® 11
If I, =0o0r I, =0, then 0 < [p(z)Y(x)du < I - I} = 0.
X

®
Hence, fcp (x)dp = 0.

2)If 0 < p < q, then r = q > 1. According to the first part of Lemma H and p(X) =1, we
have

3
b
Q

o ~—
<~ ®
ASY
3
—_
=
Y
=
—
—_

o
Y
=
|

QI

- foon
7<p” < 790"(%‘)@)

RS

Thus, ||¢|l, < ||ellq-

[
To obtain the main results we need the following notions and facts.
_ e
Definition 3. [10] We say that a function f: X — R, is maximable (or p-maximable), if [ f(x)du <
b's

&
oo and, moreover, ff(x X{zeX: fz)>tydp — 0 as t — oo.
X

Theorem 2.2. [10] A function f: X — R, is mazimable if and only z'f there exists a monotonically

increasing function F: Ry — R, such that £ ) — 00 as x — o0 and f Yo f(x))du < oc.
b's
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Definition 4. [10] A net {f,: a € A} of R, -valued functions on X is said to be uniformly max-
imable (or p-uniformly maximable) if

lim SQlllp/fa(l’)X{zeX: fu@>adp — 0 as ¢t — oo.
ac

Theorem 2.3. [10] A net {fo: a € A} is uniformly mazimable if and only if the following conditions
hold:

1) hmsupffa Ydp < oo;
acd X

2) for every € > 0 there exists n > 0 such that hmsupffa Ydu < e for every net of sets
acd A,

{As: a € U} such that limsup{u(A4.)} < n.
acl

Theorem 2.4. [10] Let {f,: a € A} be a net of Ry-valued functions of X and f be an R, -valued
function on X.

1) [fhmmf{fa} > f, then hmmfffa Ydp > ff Ydp;

@
2) If fo 55 f and net {f.} is uniformly mazimable, then lirrgllffa(x)du =

= — D

fx)dp;

H—a.e.

3) 1 I TfJMMMLm Jdp = ff

Definition 5. [5] Let X be a Tychonoff space. A function ¢: X — Ry is said to be upper
semicontinuous if for every a € R the set {x € X: ¢p(x) < a} is open.

3 Max-plus version of the Riesz representation theorem

We denote by USC(X) the linear space of all upper semicontinuous functions defined on X which
is endowed with the sup-norm ||| = sup{|p(x)|: = € X} and denote by USC,(X) the space of all
real-valued upper semicontinuous functions on X bounded above. Note that (—oc0)x € USC(X)
and [|(~o0)x|| = +oc.

Now we present the version of the convergence theorem in the Lebesgue sense of idempotent
integrals.

Theorem 3.1. Let for an arbitrary sequence of functions pn(x) € USCy(X), the sequence
{e#n(®): n € N} be uniformly mazimable. If @, 5 @, then

@ ® @
lim [ e @ dy = /enlem@"(m)du = /ew(m)d,u. (3.1)

n—00
X X X

Proof. First, let us prove the first part of the theorem. We introduce the following notation A, ; =
{r € X: e#(®) > t}. Clearly, A, ; — @ ast — oo. (Note the symbol A, ; — @ means the following:
A, DA, fort <t and QAn,t = @ for each n).
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Then, according to the Definitions [2] and [4]

@ @

sup/e“’"(x)XAn’tdu = sup / e @y =

neN neN
X An,t

—sup{ sup {t-p{z € A,,: @ >t}} =
neN te(0, oo]

= sup{ sup {t-p(A, )} - sup{oo-p(@)} =0 as t— oco.
neN 1o, ool neN

So, the set {e#»(*): n € N} is uniformly maximable.
Now we will prove equality (3.1). By the assumption of the theorem lim ¢, (z) = ¢(z). Then,

n—oo
according to the property of continuous and measurable functions

lim egon(:r) _ enlimw¢n(x) — eap(z).

n—oo

Hence and by part 2) of Theorem [2.4] we have

@ + @
lim [ e @dy = /enleoo%(m)du = /e‘p(a”)d,u.
n—oo

X X X

]

Now, we introduce the notion of a max-plus-linear functional on USC(X).

For each ¢ € Ry« we denote by cx the constant function in USC(X) defined by the formula
cx(x) = c for each x € X. Define on the set USC(X) operations @ and ® by ¢ @& 1) = max{p, ¢}
and ¢ ©® Y = ¢ + 1, where ¢, » € USC(X).

Definition 6. We say that a functional v: USC(X) — Ry is max-plus-linear, if it has the
following properties:

1) v(p @) =v(p) ®v(y) for any ¢, ¢ € USC(X);

2) v(c® ) =cOu(p) for every ¢ € Ryax and ¢ € USC(X).

The set of all max-plus linear functionals on USC(X) we denote by USC(X)®. For a max-plus
linear functional v € USC(X)® a system of sets

Wi o1, .. one ey ={v e USC(X)®: |v'(p;) —v(g)| <e,i=1,...,n}

forms a base of USC(X)® at v. Here, p; € USC(X),i=1, ..., n, and € > 0. The proof of the last
statement can be obtained in the same way as in [I5], if we accept the convention (—oo)—(—o0) = 0.

In order to give the following definition we note that v(0x) = 0 if and only if v(cx) = ¢ for
every ¢ € Ryay. Indeed, for every ¢ € Ry, we have v(cx) = v(c®0x) = ¢ ©® v(0x). Hence, we get
vicx) —c=v(0x).

Definition 7. A max-plus linear functional v: USC(X) — Ryax is said to be normalized, if
3) v(cx) = c for each ¢ € Ry ax.

Put
Iysc(X) = {r e USC(X)®: v(0x) = 0}.
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Theorem 3.2. For each normalized maz-plus linear functional v: USC(X) — Ryax a set-function
ty: B(X) — R defined by the rule

py(A) = inf{v(p): ¢ € USC(X), ¢ > xa}, A€ B(X),
15 an idempotent probability measure on X.

Proof. Clearly, p1,(2) =0 and 1, (X) = 1. Equality 2) in Definition [I| holds. Indeed,

¢): 9 € USC(X), ¢ > xauB} =
©):p e USC(X), p > xa® XxB} =
¢): p e USC(X), (¢ > xa)AN(p >xB)} =
1@ p2): o1, 2 € USC(X), (o1 > xa) A (p2 > xB)} =
= inf{v(p1) ©v(pa): 01, w2 € USC(X), (91 > xa) A (92 > xB)} =
= max{inf{v(¢1): ¢1 € USC(X), ¢1 > xa},
inf{v(pa): po € USC(X), p2 > xB}} =
= 1y (A) ® i, (B).

We have to show that equality 3) in Definition [1]is also true.
Let {A,: o € A} C B(X) be an increasing net such that UmAO‘ € B(X). Then, we have
(¢S]

(AU B) = inf{v
= inf{v
= inf{v

= inf{v

Py

po( Y, Aa) = mf{v(p): o € USC(X), 0 2 x y 4.} =
= inf{v(p): p €e USC(X), ¢ > supxa,} =
()
(

ac
¢ € USC(X), ¢ > xa,, € €A} =
= inf{v @ngoa): Yo EUSC(X), o > Xa,, @ €A} =
ac

= inf{v(p

= inf{supv(ps): o € USC(X), ¢0 > Xa,, @ € A} =

acl

= sup{inf{v(¢a): pa € USC(X), @0 > xa.}} =

acl

- sup{,ul,(Aa)}.

ac
O]
Theorem 3.3. For a compact Hausdorff space X and for any normalized max-plus functional
v: USC(X) — Ryax there exists a unique idempotent probability measure p,, on B(X) such that
®

vig)=In | / Wy, |, @ e USC(X). (3.2)
X
Proof. We need to verify that the functional v defined by (3.2)) satisfies the conditions in Definition

[} Indeed,
1) according to Lemma for every pair of p, ¢ € USC(X) one has

(e‘p &) ew) du, | =

X\@

@
I/(QO %, 77[]) =1In m/eip@tbdﬂy =In ;LLU%X)
X

&)

5
=1In MU%X)/e“"dul, @ In My(lX)/ewdu,, =v(p) ®r(Y);
X X
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2) for every ¢ € Ryay and ¢ € USC(X)

veoy) =t |

®
Finally, v(cx) = In (miecdﬂy> =In <;@%X) e MV(X)> =c.

Uniqueness. Suppose, that for some v there exist two different measures p; and po satisfying
(3-2). Then, according to Theorem there exists a set A € B(X) such that ui1(A) # pa(A).
Recall that one has

11 (A) — p2(A)] =
= |inf{v(p): ¢ € USC(X), ¢ > xa} —inf{v(p): ¢ € USC(X), ¢ > xa}| = 0.

This contradiction shows that p; = po.
O

Clearly, Theorem [3.3]is a max-plus variant of the well-known Riesz Representation Theorem.
Considering I5(X) with the topology generated by the sets of form (2.1)) and Iysc(X) equipped
with the pointwise convergence topology, by Theorems and [3.3] we get

Corollary 3.1. For every compact Hausdorff space X the topological spaces Is(X) and Iysc(X)
are homeomorphic.

Now, let us consider a more general case. Let X be a Tychonoff space. Denote by X the
Stone-Cech compactification of X. We define the following set:

L(X)={pel(BX): p(F)=0 forevery F € B(fX),F C X\ X}.

Elements of I.(X) are called T-smooth idempotent probability measures (see [8]).
For each p € I,(X) we define the set function fi: B(X) — R on the family B(X) of all Borel
subsets of X by the formula

a(A) =inf{u(B): BeB(BX), BD A}, A e B(X). (3.3)
Lemma 3.1. [8] i is an idempotent probability measure on X.
Now, we shall extend the assertions of Theorems [3.2]and [3.3]to a wider class of topological spaces.

Theorem 3.4. Let X be a Tychonoff space. If [i is T-smooth idempotent probability measure on
B(X), then integration

P n | =i / e?Ddp
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is a normalized maz-plus linear functional on the linear space USCy(X). Conversely, for any nor-
malized maz-plus linear functional v: USCy(X) — Ryax there exists a unique T-smooth idempotent
probability measure fi on B(X) such that

=

2
7(p) =1n (1)/6@@)@ . ¢ eUSCHX).
X

Proof. We define a max-plus linear functional v on USC(8 X) by v(p) = (), where ¢ denotes
the restriction of ¢ € USC(8X) to X. It is obvious that v satisfies the conditions of Definition [6]
According to Theorem there exists a unique idempotent probability measure p on 8(8 X) such
that

@
o) = | s [ ). peUsCex).
BX

Now, we prove the converse part of Theorem [3.4. By Theorem [3.2] we can write
u(B) = inf{v(p): p € USC(BX), ¢ > xp},  B€B(BX).
Then, applying for each € I.(X) we have
a(A) =inf{u(B): BeB(LX), BD A}, A e B(X).
According to Lemma it is an idempotent probability measure on X.

Uniqueness. Suppose, for some p there exist two different measures fi; and gip. Then, there exists
a set A € B(X) such that

0 74/11(14) - /12(14)’ =
= |inf{u(B): BeB(FX), BD A} —inf{u(B): Be B(LX), BD A}| =0.

This contradiction implies that 1, = fio.

O
4 Max-plus version of the Holder inequality
Now, we introduce a notion of an inner product in the space USCy,(X).
Theorem 4.1. The following equality defines an inner product on the linear space USCy(X) :
®
(¢, ¥) =In ﬁ/e@(“m’mdu (4.1)
b's

for ¢, v € USCy(X).

Proof. By the definition of an inner product, we have to verify the following properties:
1) for every ¢, » € USCy(X) one has (¢, ¥) = (¢, ¢) (it is obvious);
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2) for every ¢, ¥, x € USC,(X) we have

(p @, X) = 1In | o [ ePREVEIND g | =

~

elP@Ox@NSW@OX@) g, | =

‘H

=In

wX

~—

I
=)
=y
Ea
M—D O <~ D

5%}
?@ox@ g, | g 1n [ L / P@ox@) g, | =
X

= (, X) ® (¥, x);

3) for each p, ¥ € USCy(X) and ¢ € R we have

(cop ¥) = 5

@
In [ Ao fe @0y | —n [ e Lo / P @) gy, | —
X

4) for any ¢ € USC,(X) we have e > 0. According to the monotonicity of the idempotent
@
integration [e¥@dy > 0. Then, (¢, ) > 0.
b
O

Lemma 4.1. Inner product (4.1) is continuous.

Proof. Let ¢, — @, ¥, — 1 and \,, — X for ¢, 1, € USCy(X) and A\, € R. Then, ¢, B, — pdY
and \, ® ¢, = A ® ¢. By Theorem B.1] (o, ¥n) = (¢, ¥). O

For ¢ € USCy(X), we define a @-norm of ¢ by ||¢]lae = /(|¢l, |¢]). For p > 2 we put
1

1 ® P
lellep = In (m}f(ﬁp'wl(z)dﬂ) -

Theorem 4.2. (Hélder inequality) 1) Let p € [1, +00| and q € [1, +00] be such that ]—1) +% = 1.
Then, we have the following inequality

(o, ) < [lellep © [[¢llog,  for every ¢, € USCy(X);

2) If p(X) = 1, then [lgllep < [[#l]eq, where 0 <p <q.
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Proof. By the first part of Lemma [2.3] we have

® ® P ®
/eso(u’v) ¥ @y < /ep""(x)du . /eq’w(”)du =
X X X
1
® ® P @ q
1 x P(x 1 (T 1 U(x
m/@p().e()dug m/epso()du . m/eq()dﬂ =
X X X
1 1
52 52 P D q
In ﬁ/ew) @y || <1 ﬁ/ep'“’(m)d,u ol ﬁ/ewﬂﬂdu
X X X

Hence, [(¢, ¥)| < lgllap © [[¢]og-
According to the second part of Lemma and from a property of logarithmic function one has

lellep < l@lleq- O
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1 Introduction

Let B(H) denote the C*-algebra of all bounded linear operators on a complex separable Hilbert space
H. For T € B(H), let T = R(T) +i3(T) be the Cartesian decomposition of T, where R(T) = £
and S(T) = 5.

Let IC(H) denote the class of all compact operators in B(#H). For a compact operator T, the
Schatten p-norm of T is defined by ||T||, = (t'r\T\p)%, where 1 < p < oo and |T| = (T*T)2. For
0<p<1,|-|isaquasi-norm. The Schatten p-class in B(#), denoted by B,(H) is defined by

By(H) ={T € K(H) : | T, < o0}

Note that when p = oo, the Schatten p-norm of 7" is the operator norm ||T|. = ||T] =
SUp|z=1 [|7||, and when p = 2, it is the Hilbert-Schmidt norm |7y = (¢r7*T)>. For
1 <p < q < oo, the Schatten p-norm of T satisfies the monotonicity property

-

1T lloo < ITMlq < Ty < T2
For 0 < p < 0o, we have the following relations:
113 = TPl = Tl for s >0 (1.1)

If T,S € B,(H), where 0 < p < oo, then

T 0 0o T 1
T TR R
p p
Moreover, if T' € B,(#H) and S € B(#), then
IS, < ITll[[S] - and (ST, < [[STIT[p- (1.3)

Let 1 < p < o0. The p-numerical radius of 7" is defined by

p

w,(T') = sup H%(ewT)Hp = sup “S(eieT)“
0eR R
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It is well known [I] that the p-numerical radius of T is equivalent to the Schatten p-norm. In fact,
we have

1
STl = wp(T) < [T}, (1.4)

There are many papers dealing with estimates of the p-numerical radius of a bounded linear operator
on a separable Hilbert space. We refer the readers to [3], [5], [6], [7] and the references therein.
Next, we focus our attention on the tensor product of operators, which has a wide range of
applications in various fields. We mention here image processing, quantum computing, semidefinite
programming, operator equations, operator differential equations and other disciplines.
The tensor product of operators has many interesting properties. For example the mixed-product
property, which states that for any operators T, S, A, B € B(H), we have

(T®S)(A®B) = (TA® SB).

Other useful properties of the tensor product, that will be used later to state our results, are as
follows:

T® S| =Tl

and
(T®S) =T"®5".

If7,5>0andr >0, then
(T®S) =T"S5".
Another useful property of the tensor product is the Schatten p-norm equality, which says that if

T,S € B,(H), then
1T @ Sy = [T l1S5lp-

In the case in which dim’H = n € N, we identify B(H) with the matrix algebra M,,(C) of all
n X n matrices with entries in the complex field C. The tensor product (or the Kronecker product)
of T' = [t;;] € M, (C) and S = [s;;] € M,,(C) is defined to be the block matrix

tnS .. tlnS
th1S ... S

Many works involving the tensor product have been published. The reader may consult [2], [4], [8],
[10], [11] and references therein.

In this paper, we give several p-numerical radius and Schatten p-norm inequalities for the tensor
product of operators.

2 Main results

For X € M,,(C), the Schatten p-norm distance A,(X) of the matrix X from the scalar matrices is
defined as

Ap(X) = inf [ X = 21]],.

By a compactness argument, one can deduce that there exists 2y € C such that || X —zo/||, = A,(X).
It can be easily verified that A,(+) is a seminorm on M,,(C), and it is obvious that A,(X) < | X||,-

In the following two theorems, we give lower bounds for the p-numerical radius of the tensor
product of matrices 7" and S using merely the entries of these matrices.
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Let X[Z|J] denote the submatrix of X consisting of the entries which belong to the rows i € 7
and the columns j € J. Let |Z| and | J| denote the cardinality of Z and 7, respectively. It is easy
to see that if ZNJ = 0, then (X — 2I)[Z|J] = X[Z|J] for any z € C.

Note that the Schatten p-norm of an m x n matrix can be defined in a natural way. It is known
that || Xo|l, < ||X||,, where X is any submatrix of X. It should be mentioned here that some ideas
of the proofs of the first two results are inspired by [9).

Theorem 2.1. Let T' = [t;;], 5 = [si5] € M, (C), and let p > 1. Then
1 n ) n ) 1 n n 9 2
o > Y Ll - E(Ztiz‘zsu‘) < wp(T ® 5).
-1 1

1,7=1 1,7=1 % i=

Proof. Tt is well known that for any matrix X € M, (C), we have
1
X, = |X|| = —||X]||2.
X1y X1 2 Z=1X1;
Now,

1
w(TeS) 2 ST S|,

v

L,
b T®S =21,

v

1.
Sl |7 @S~ 2],

_ 1 2 1 2
_ %\/HT@SHQ ~ (T )

1 1
= iz - Lexrynes),
as required. O

Theorem 2.2. Let T = [t;;], 5 = [sij] € M, (C), and let p > 1. Then

oo izt bl 5=y < e ),
z 2¢/|7] i€T,j¢T

where ) # 1 C {1,2,...,n} and |Z| < %.
Proof. Let Z,J be as described above with ZN 7 = (). Then

1
w(TeS) > TS,

1.
> Sinf||T®S -2,
1.
> Sl |(T®S—2DI|J]l,
1
= ST eSIIIT],
1
> T ST\T
> min(|I|,|j|)||( IZIT NI

_ mingegjeg [ty ST lsul?
= - VA
2/min(|Z},]7]) i€Z,jeT
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Letting J = {1,2,...,n} \ T and restricting |Z| < %, gives the desired result.
[

TlleliSle < w,(T ® S), which can be extracted from

The following theorem refines the inequality

inequality ([1.4)).
Theorem 2.3. Let T,S € B,(H), and let p > 1. Then

s (ITIIST, + (1R © S), ~ ST © 9, |) < w,(T@5),

Proof. We have

wp(T® §) = max { |R(T @ 9|, 9T & )|, }

_ IRT @S, +IS(T @, WR TS|, ISTeSs),]
2 2
| IRT®8)+i(T @9, !H%T@)SH ~IS(T 2 9)|, |
= 2 2
_ TSl N | H%(T@?S)Hp— I(T 9, |
2 2 :
as required. O

In the following corollary, we give a necessary condition for the equality

T|,||S
(s 5) = 1ASI:
T|,||S
Corollary 2.1. Let T\, S € B,(H), and let p > 1. If w,(T ® S) = M, then

IT®S+T @5, =T®S =T @5, = [T/,
T

Proof. Let wy(T' ® S) = %. Then by Theorem , we have

IR(T @ S)|l, = IS(T"® S5)][, . On the other hand, we have

IR(T ® S|, < w,(T ® 5)
R
2
_ IR@ @ 5)], + I3 @ 5)l,
- 2
— [T ® ).

Hence, we obtain the required equalities. O

In the next theorem, we provide another lower bound for w,(T' ® S).
Theorem 2.4. Let T, S € B,(H), and let p > 2. Then

177 @181 + [T @ S*?, ) [IR(T® )2 - (T @ S|
4 2

< wﬁ(T@ S).
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Proof. We have
w}(T & §) = max {IR(T & 9|2, |S(T @ 9|2}

_IRTeS)E+ISTeS)E [T 9S-I @ )|
2 2
+sATes),, [IRTe-ISTes)3
+
2 2
| IR@es)+92@as),, |IRTes);- 19T s
- 2 2
TP elsP P els P, IR(T @ 9| - 13T @ )|
B 4 2

as required. 0

Corollary 2.2. Let T, S € B,(H), and let p > 2 . If

T & [S]” + T @ |S*? o2
4

_aas),,

(T®S)

then

2 — H€Z€T® S _ e—ieT* ® S*

1T @ S + 7T @ |3 > = TP ISP+ [T ® 1Sl

[
for all 6 € R.
Proof. Assume that
1T @[S + 1T @ |S*[*lpy2
1 .
Then, from the fact that w,(T ® S) = w,(¢“T ® S), where § € R, and by Theorem we get

IRET & 9|, = |3 T @ 9)|. (2.1)

(T®S)

Now,

H(eiQT ® S + e—z‘GT* ® S*)Z _ (ez‘eT ® S — e—z‘GT* ® S*>2Hp/2
_ ||(619T ® S + eszT* ® S*)2||p/2 + H(ezHT ® S - eszT* ® S*)2||p/2
- 2
B Hez‘GT R S + e—iGT* ® S*H; + Hez‘9T® S _ e—ieT* ® S*Hz
B 2
= [e’T ® S+ e T ® S*|2 (by equality (2.1))
< 4w (T ® S)
=T @ [S)* + 1T @ |S*[ly2-

4T ® S) =

Hence, we get the desired result. O]
Our next lower bound for w,(T" ® S) reads as follows.
Theorem 2.5. Let T\, S € B,(H), and let p > 1. Then

V2 IT®S+T*@ S, - |T®S—T"®S*|
wp(T' @ 8) 2 =l TlplSllp + | . 1 7

2
+*§]\|T®S+z':r*®s*up— IT® S —iT* @ S°,|.
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Proof. We have

(T & ) = max {|R(T & )|, ST ® )], |

IRT @), + I1ST@9), |IPUT@I)],—[S(TeS5)
- 2 * 2
> %maX{H?R(T@ 5)+ (T 8),. IR(T®5) - (T @)}

I,

I,

IR(T @ ), = S(T'® 5)

+

2
RT @S5+ (T @9, + IR(T®S) —(T I,
B 4
‘||%(T® S)+ (T @S|, ~ IRT®S) (T I,
+ 4
IR(T @ ), - IS(T @ ),
+ 2

N [(R(T®5)+3(T®S9))+i(R(T®S)—-3(T 9,

- 4

IR(T®S)+S(T 9|, IRT=S)-(T =9,
4

IR(T @ 5), — IS(T'® )

2
G+ o5, [IRT@S),-ISTeS9),
4 * 2

IR(T@S)+ST )|, - IRTeS)-3(TeDI)

4

V2 IT®S+T*® S, - |IT®S—T*®S*|,|
IS, + y

¥

2 . * * N * *
+ T ® S+ @5, |78 S —il" @ 5,

I

I

+

This completes the proof.

In the following two theorems, we give some upper bounds for w,(T' ® S).

Theorem 2.6. Let T, S € B,(H), and let p > 1. Then

wp(T © 5) <[ Tpwp(S5)
+ min{w, (RT ® S*), w, (ST @ S*) ,w, (RT @ S) ,w, (ST ® S)}.
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Proof. Let 8 € R. Then

(e 19T®S ”p—wp( 19T®S )
ZOT B S —ZGT* ® 9
- w”( 2 )
zos+e 105* _wT*®S*—T®S*

- wp( 2 )
< w,(T ® R(e *’S)) +w, (ST @ S¥)

< 1T, lIR(e™S) |l + w, (ST @ S7).

By taking the supremum over all § € R in the above inequality, we get
w(T®S) < |Tlwy(S)+w, (ST ® . (2:2)

Replacing T by T in inequality (2.2)), yields

wy(T®S) = wy(iT®S)
< T |lpwp(S) + w, (RT @ S™). (2.3)
From inequalities and , we obtain
wp(T ® S) < | Tlpwy(S) + min {w, (RT ® ) ,w, (3T ® 5”) }.
The required result follows from the fact that w,(T ® S) = w,(T* ® S*). O

In the next theorem, we improve the inequality w,(7T ® S) < ||T|,/|S]|,, which can be deduced

from inequality (|1.4)).
Theorem 2.7. Let T, S € B,(H), and let p > 1. Then

1 * *
wy(T ® 8) < SIITF @ [SP + [T @ [S*Pllp2:

Proof. Let 6 € R. Then

) 1 . .
IR(T @ S)p = 71" T ® S+ 7T @ 5|7

L[ e [Tes o]
T4l 0 0 | |[Tr®S 0
_L| el e || [ Tes o
=1l lo o TS 0
(by inequality (|1.3)))
c[Tres TesS|[Tes 0
-2 0 0 T*® S* 0
L dllp/2

(by inequality (1.1])

1 * *
=5 ITP ISP +1T° P & [S7]],
(by inequality (|1.2]).

The result follows by taking the supremum in the above inequality over all § € R. O]



30 A. Frakis, F. Kittaneh, S. Soltani

In the rest of this work, we present certain inequalities involving the Schatten p-norms of oper-
ators.

Theorem 2.8. Let T, S € B,(H), and let p > 2. Then

max {|T® S+ SQT|Z|T®S—-SeT|2}

>max { |[T°® S+ @ 1| .|| ITP @[S +[SP TP, }
N \|]T®S+S®T\|§—||T®S—S®T|]§|'
2

Proof. Let M =max {|T®S+SQT|2 T ®S—S®T|2}. Then

IT@S+ST|2+|T®S—S®T|?
2
IT@S+SeT|2-|TeS—SeT|?
+ 2
LNTeS+50T |+ I(T®S - ST,
= 2
IT@S+SeT|2—|TeS—SaT|
* 2
(by the inequality || X2 > || X?|, for any X € B,(H))
TRS+ST)+(TeS-5S0T)|,
2
IT©S+SeT|2—|T®S—SaT|
+ 2
=|T*"®s*+5*eT?|,
IT@S+SeT|2—|T®S—SaT|
+ 2 :

|

On the other hand, we have

NFJW®S+S®ﬂ@HW®S—S®ﬂﬁ
B 2
IT®S+S@TI2-IT®S—SQT|?
+ p p
2
TS+ SOTE o + [ IT®S = SOTI |y
2
IT®S+SRTI2—|T®S—S®T|?
+ p p
2
>HW®S+S®TP+W®S—S®NHMQ
- 2
IT®S+SQTI2—[T®S—-ST|2
+ p p
2
= 1TP &SP+ ISP TP,
IT@S+SQTI2—|T®S - ST
+ i P
5 .

Hence, we obtain the desired result. ]
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Theorem 2.9. Let T, S € B,(H), and let p > 2. Then

max {|[T® S+ SQT|2 IT®S—-S®T|2} <min{a, s},

where
a= TP @[S]*+ ISP QT |lp2 + TS @ S*T + S*T @ T*S || 2

and
B=1TP @[S+ S @ [T**|lpj2 + ITS* @ ST* + ST* @ T'S*| /2.

Proof. We have |[T® S+ S®T|?

1T®SESRT] |,

|(TRSESRT)(TRSESRT) |2

=[[ TP @S+ [SPP& TP £ (T*S @ S*T + S*T @ T*S)||,/2
1T @SP4+ S @ TP |l + |1T%S @ S*T + S*T @ T*S ||,/

Using the fact that |7, = [|T*]|,, gives
IT®S+SRTI) < || T @ [S** + [S** & [T**ll,y2 + ITS* @ ST* + ST* @ TS* ||, /o-

Hence, we get the desired inequality.
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Abstract. We prove Adams theorem for the Riesz potential I (B-Riesz potential) in the total
Morrey spaces L, (., (total B-Morrey spaces), associated with the Laplace-Bessel differential
operator Ag. More precisely, we obtain necessary and sufficient conditions for the operator I to
be bounded from the total B-Morrey space Ly (x ), to the total B-Morrey space L (), and from
the total B-Morrey space Lj )~ to the weak total B-Morrey space WL, x 4),-

DOI: https://doi.org/10.32523/2077-9879-2026-17-1-33-46

1 Introduction

The classical Morrey spaces were introduced by Morrey [4] for the study of solutions of some quasi-
linear elliptic partial differential equations. For more applications of the Morrey spaces to partial
differential equations, the reader is referred to [4, 15, 29]. In [16] the first author introduced a variant
of the Morrey spaces called the total Morrey spaces Ly, ,(R"), 0 <p < 0o, A € R and px € R. The
total Morrey spaces generalize the classical Morrey spaces L, \(R™) so that L, \(R") = L, \(R")
and the modified Morrey spaces ZP,A(R”) so that L, o(R") = Zn,\(R”). See also |1, [7, 8, T4, 17, 18]
93, 24 27, 28).
The Laplace-Bessel differential operator

im1 (9[[‘12 i1 ZT; (9[[‘1‘7 m ’ Yk ’

is known as an important operator in the Fourier-Bessel harmonic analysis and applications. The
maximal operator, potentials and related topics associated with the Laplace-Bessel differential op-
erator Ap have been investigated by many researchers. See B. Muckenhoupt and E. Stein [20], I.
Kipriyanov [20], K. Trimeche [33], L. Lyakhov [22], K. Stempak [32], A.D. Gadjiev and I.A. Aliev [9],
[.A. Aliev and S. Bayrakci [5], V.S. Guliyev |10} 11], V.S. Guliyev and J.J. Hasanov [12], S. Bayrakci
[6], V.S. Guliyev, A. Serbetci and I. Ekincioglu [13], A. Akbulut, M. Dziri and I. Ekincioglu [3], A.
Serbetci and I. Ekincioglu [30], E.L. Shishkina [3I] and others.

In this paper, we consider the generalized shift operator generated by the Laplace-Bessel dif-
ferential operator Ap in terms of which the B-maximal operator and the B-Riesz potential are
investigated in the total B-Morrey space. We prove Adams theorem for the B-Riesz potential I in
the total B-Morrey spaces Ly, (), namely, we will obtain necessary and sufficient conditions for
the operator I'' to be bounded from one total B-Morrey space L, (), to another one Ly ), and
from the total B-Morrey space Ly (5 ) to the weak total B-Morrey space W Ly ()~
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The paper is organized as follows. In Section 2 we present some definitions and auxiliary results.
In Section 3 we study some embeddings for the total B-Morrey spaces. In Section 4 the boundedness
of the B-maximal operator M, on the total B-Morrey spaces Ly )~ is proved. The main result
of the paper is Adams theorem for the B-Riesz potential I'* in the total B-Morrey space Ly (x )~
established in Section 5.

Finally, we make some conventions on notation. Throughout this paper, we assume that the
letter C' denotes a positive constant that may vary at each occurrence but is independent of the
essential variables. By A < B we mean that A < C'B with some positive constant C' depending only
on the numerical parameters.

2 Notations and preliminaries

Suppose that n and k are positive integers with 1 < k£ < n and R” is n-dimensional Euclidean
space. For # = (x1,...,2,) € R", we set 2/ = (21,...,2%) € RF, 2" = (xp41,...,7,) € R*F,
r=(2/,2") € R", n>2. Let

Rp, ={z=(2",2") eR" 2, >0, ..., 2, >0}
and
E(x,r)={yeRy ; [vr—y[<r}, E,=EQ,r).
For a measurable set E, let \E|V = [p(a’)dx, where 7 = (7,...,7) are positive numbers and
= e s (@) = 272 |, |“/—W(n k,y)r9, @ =n+ |y], where
e T T2
w(n,k,v):/El(x)”cM: o g T

Define the generalized shift operator (B-shift operator) by

TVf(z w/ / fF(@y)g, 2" —y") dv(B),

where (4, ;) = (2?2 — 2xzyzcosﬁz + yf)é7 1 < i

(x1, 1) 8105 - - (T Yk ), ), AV (B) = H sin?~ ! B dBy ... dBy, 1 <k < n and

IN
&
—~
H\
@\
~—
ke

I

Lk H F(%;H 2k
r (%

=1 ?

w(2k, k, 7).

We remark that the generalized shift operator 7Y is closely connected with the Bessel differential
operator B (if n = k = 1 see [21] for details, if n > 1, k = 1 see [20)], if n, k > 1 see [22]).
Let L, (R} ) be the space of all measurable functions on R}, with finite norm

1/p
HfHLmzHfHLm(R;f(/n rf<w>|p<x'>wx> S 1<p<c.

Rk,+

For p = oo the space Lo, (R} ) is defined by means of the usual modification

1 2oy = 1Nl 2e = eSSRSHPIf( z)|-

k,+
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The B-maximal function (see [10, [I1]) is defined by
M, (@) =sup B, [ T1#(a)( )y
r> B,
and the B-Riesz potential (see [10) 11])) is defined by
£ = [ (o9 1) )y 0 < a < Q.
Ry

where TV is the generalized shift operator generated by the Laplace-Bessel differential operator Ag.

The operator M., was introduced by Guliyev in [I0]. Moreover, the strong-(L,.,L,), 1 < p <
oo and weak-(L; , L1 ) boundedness of M, was proved in [10] (see also [1I]). Also, the strong-
(Lp~sLgy), 1 <p<gqg<oo,1/p—1/qg=a/Q and weak-(Ly,,Ly~), 1 < g <o0,1—-1/¢g=0a/Q
boundedness of I was proved in [I0] (see also [11]).

Theorem 2.1. [10, IT] 1. If f € Li,(R} ), then M, f € WL, (R} ) and

HM'nyWLL., < Cl,’nyHLLw

forall f € Ly (R}, ), where Cy,, > 0 depends only on v,k and n.
2. If f € Lp,(RE ), 1 <p < oo, then M, f € L, (R} ,) and

HM'YfHLp,'\/ S pr'y HfHLp,'\N

forall f € L, (R} ), where C,., > 0 depends only on p, v, k and n.

Theorem 2.2. [10,[11] Zet 0 < a<Q and 1 <p < %

NIfl<p< %, then the condition % — % = % is necessary and sufficient for the boundedness I3
Jfrom Lp,7<RZ,+) to Lq,’y(RZ,Jr)-
2) If p =1, then the condition 1 — % = % is necessary and sufficient for the boundedness I from

Ly (Ry 1) to WLy (R ).

3 Some embeddings for the total B-Morrey spaces

In this section we define the total B-Morrey spaces Ly, (xR ), give auxiliary results and some
embeddings for these spaces.

Definition 1. Let 1 < p < oo, A € R, p € R, [t]; = min{1,¢}, t > 0. We denote by L, (R} )

the classical B-Morrey spaces [12], by zp,,\ﬁ(R’,;Jr) the modified B-Morrey spaces [I4], and by
va(/\,u)w(RZer) the total B-Morrey spaces: the sets of all locally integrable functions f with the
finite norms

1/p
£l = s (2 [ Tl ray)
Z‘GRZ’+,t>O on
1/p
91z, = _sw (10 [ TP @)
o 2€RY >0 B
- - . 1/p
1l = _swo (W20 [ P oy
zERY >0 Eq

respectively.
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Definition 2. Let 1 < p < oo, A € R and p € R. We define the weak Morrey spaces
WLpxn (R ) [12], the weak modified Morrey spaces WL, x(Ry | ) [14] and the weak total Morrey
spaces W Ly, (x 0)~(RE ;) as the sets of all locally integrable functions f with the finite norms

1/p
Iflwr,, = s (e (vydy) "
z€RR L, 1>0 {yeEe:T=|f(y)|P}

s, = _sw (10 [ wydy) "
o z€RY ,,t>0 {yeET|f(y)|P}

||f||WLp,(>\,ll«)a'Y - Sup (ml_)\ [1/t]1_“ /

z€RE |, t>0 {veET"|f(y)l*}
respectively.

Note that

p7(070)77(RZ,+) = LP70,'Y<RZ,+> = Lp,Oﬁ(RZ,Jr) = LPQ’(RZ,+>7
WLP,(&OM(RZ,Q = WLP,O,W(RZ,Jr) = WLP,O,7<RZ,+) = WLp,v(RZ,Jr)v
i

Lpﬁ(/\)\)ﬁ(R ,+) = Lp,/\,v(RZ,+)> Lp,(/\,O)n(RZ,+) = Lp,A,W<RZ,+)-

We have || fllwr, .00 < Ifllz , therefore, the following continuous embedding holds

DA, 1),y

Lp,(/\,u)n (RZ,JF) C- WLp,(/\vu)n (RZ,+)‘

Furthermore,
Lp,(/\,u)ﬁ(RZ,Jr) C- Lp«\v(RZ,Jr)» p<A and ||f||Lp,M < ||f||Lp,<A,H>,77 (3.1)
va()‘7u)7'7(Rz,+) C- Lp,uwy(RZ,Jr)a p<A and ||fHLp,u,'y < ”JCHL,,,(A,H),V (3.2)
and

LP7>\7W(RZ,+) Cx LP,W(RZ,-F) and ||f||Lp,'y < “fHZ
If A< 0or A> @, then

LP,A77(RZ,+) = LP7A7W(RZ,+) = WLP7A77(RZ,+) = WLP,)\KY(RZ,—F) =0,

DAY

where © = O(R}, ) is the set of all functions equivalent to 0 on R} ,.

Lemma 3.1. If 1 <p<oo, 0 < pu<A<Q, then

Lp,(A,u)ﬁ<RZ,+> = Lp,/\n (RZ,+) N Lp,u,w(RZ,+)
and

||f||Lp7(,\7M)7»y = mnax {Hf”Lp,)\,'y? ||f||Lp,u,'y} :

Proof. Let f € Ly x 0 ~(RE ). Then from (3.1)) and (3.2)) we have that f € L, (R} )N Ly, (R} )

and max {||fllz, .- 1£1z, 0, } < I1Fllz, 00
Now, let f € Lyx~(Ry )N Ly, (RE ). Then

1/p
[l 0, = sUD (m;* i [ Tﬂf(yﬂp(ywy)
xGRZv+,t>O

E

—max{__swp (e [ Plrwre/ra)”

z€RY | 0<t<1

(0 [ peras)” ) < ma {17l 1 )

zeRY +,t>1
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Therefore, f € ij(,\7“),7(ng+) and the embedding Lp7,\ﬁ(RZ7+) N Lnun(RZ,Jr) Cso Lp,(,\ju)ﬁ(]RZ#) is
valid.

Thus, Lp,na (RE4) = Lpas(RE ) 0 Ly (RE L) and max {[[fllz, .o 11z, b = 1F 1]z, 0.,
[l

Corollary 3.1. [19] Lemma 5] If 1 < p < 00, 0 < A < Q, then

Lp,A,'y(RZ,Jr) = LP7>\7’Y(RZ,+) N Lpn(RZ,+)

and

“szp,)\w/ - maX{HfHLp,/\w’ ||f||va} :
Lemma 3.2. If 1 <p<oo, 0 <pu<\<Q, then
WLpﬂ(A,u)ﬁ(RZ&) = WLP)\W(RZ,Jr) n WLp,uﬁ(RZ,+)

and

1AWy oy = max L fllwrpsss 1 fllwe,,, -

Remark 1. If 1 <p < oo, and < 0or A > Q, then
Lp,(&u),v(RZ,Jr) = WLp,(A,u),v(RZ,Jr) - @(RZ,Jr)-
Lemma 3.3. If 1 <p<00,0<A<Q and 0 < u<Q, then
Lp,(Qﬁu)n(RZﬁ) C- LOO,'Y(RZ,Jr) C- va(AvQ)ﬂ'Y(RZ,*F)

and
111z, oy < WO k)P Loy S N2y gne

Proof. Let f € Looy(R},). Then for all z € R}, and 0 <t <1

/p
(7 [ riswrwyar)” <sonk ) Il 050

and for all z € Ry, and ¢ > 1

1/p
(00 [ riswreyd)” < ook 1
Ey
Therefore, f € L, q)~(R} ) and

£y oy < @k, )P f 2

Let f € Ly @u~(RE ;). By the Lebesgue’s Theorem we have (see [12])

lim [ | /E T f )P ) dy = |f (@)

for almost all z € R} .
Then for almost all z € R} |

@)l = (i [ TP ) v
<w(n k)™ sup (tQ/ETx‘f(y)|p(y,>7dy>1/p

z€RY ., 0<t<1

< w(n, k, 7)_1/pr”Lp,(QvM)'
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Therefore, f € Lo (R} ) and

”fHLoo,’y < w(n, k?W)_l/p”fHLp,(Q,u)ﬁ'

Corollary 3.2. If 1 < p < oo, then

LP,QN(RZ,Jr) = Lp,QNGRZ,Jr) - Loo,v(RZ,Jr)

and
102y = IF1lz, o = w7l £l

Lemma 3.4. I[f0< A< Q,0< u<@Q,0<a<@—-Aand0 << Q— ,u,thenfor SpSQT

Lp,(/\,u)ﬁ(RZ,Jr) Cs- LL(Q—O«Q—BM(RZ,H
and for all f € Ly .~(Ry ) the following inequality

/
[P (O ) [ P

18 valid.
Proof. Let 0 <a < Q,0<A<Q, f € L,owy(RE,) and =2 < p < % By Hoélder’s inequality

we have

HfHLL(Q—a,Q—ﬁ),w - GRSRUP [t](le [Uﬂ?ﬁf T f(y)(y') dy

K t>0 E,

, -Q/p' a— Q=2
win,k, )" sup ([t )y 7
wGRz‘+,t>0

_a_k 1/p
N a (W /[ Tﬂf(y)\p(ywy)

, Q= Q
w(”? kfy)l/p ||f||Lp,()\,p,),'y Stg%)) ([t]lt 1) : [t]l L

Note that

1\ L8 a-2 _
sup ([tht ) [t] = max os<ltll<)1t p UL < 00

@:Q_Agng_”
a 5

Therefore, [ € Ll,(Q—a,Q—ﬁ)N(RZ,—F) and

/
H-fHLl,(Qfa,Qf,B),—y < w(na kafy)l/p HfHLp,()\,,u,),’y'

Corollary 3.3. [19, Lemma 6] If 0 < A < Q and 0 < a < Q — A\, then for Q— <p< %

va)\u"f<RZ,+) C Ll,Q—a,v<RZ,+)

and for all f € ZP,A,V(RZ#) the following inequality

1Az, . S @l k)Y (1711

DAY

18 valid.
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4 L, u~-boundedness of the B-maximal operator

In this section we will prove that the B-maximal operator M., is bounded on the total B-Morrey
spaces Ly (x.),,- Let us begin by recalling that B-maximal operator M, is bounded on the B-Morrey
spaces Ly, » .

Theorem 4.1. [12]
Iffelpyy(Ry ), 1<p<oo,0<A<Q, then M, f € L,,(R} ) and

||M7f||Lp,A,7 S va)‘7’7||f||Lp¢/\,’y7

for some C) x> 0 depending only on p, A\, v, k and n.
2) If f € Liny(RE ), 0 <A< Q, then M, f € WLy ,(R} ) and

My fllwey sy, < Ciasllfllzos,

Jor some Cy )\, > 0 depending only on A, v, k and n.

Applying Lemma and Theorem we obtain the following L, (. ,-boundedness of the
B-maximal operator M, in the total B-Morrey spaces.

Theorem 4.2. 1) If f € Ly, ,0,(RE,), 1 <p<o0, 0 < pu<A<Q, then Myf € Ly ~(RE )
and

||M7f||Lp,(/\,M),7 < Cp7>\7’Y||f||LP7(/\vM)»’Y7

for some Cp ., > 0 depending only on p, \, u, v, k and n.
2)If f € Lipwy(RE ), 0< < A<Q, then My f € WLy u,(RE ) and

My Fllwes oy < Cragllflley gom.qs
for some Cy )\, > 0 depending only on A, u, v, k and n.

Proof. 1) Suppose that f € L, x),(RE,), 1 <p<oocand 0 <p <A< Q. It is obvious that (see

Lemma
Ml o = max LMy fllz, s 1M fll,, b

Then, by the boundedness of M, on L,~(R},), 1 <p<ooand 0 < pu <A <@ (see Theorem
and Lemma , we get

HM'YfHLp,()\,u),'y = max {sz)"Cpuu} HfHLp,)\,-y'
2) Suppose that f € Ly~ (RE ), 0 < p < A < Q. It is obvious that (see Lemma

||M7f||WL1,(A,p),W = maX{HM’VfHWLI,/\,’y7 HM'YfHWLLM,’y} *

Then, by the weak boundedness of M, on L, (R}, ) and 0 < g < A < @ (see Theorem and
Lemma , we get

1Mo fllwey o, = max {Crx, Crut £z,
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5 Adams theorem for the B-Riesz potential in the total B-Morrey spaces

In this section we prove Adams theorem for the B-Riesz potential I7 in the total B-Morrey spaces
Ly np,~ Namely, we will obtain necessary and sufficient conditions on the numerical parameters
for the B-Riesz potential I’} to be bounded from one total B-Morrey space Ly (x )~ to another one
Ly ),y and from the total B-Morrey space Ly (y ) to the weak total B-Morrey space W Ly ( u).~-
These statements are the main results of our article.

Theorem 5.1. Let 1 <p<oo, 0 < pu<A<Q,0<a< ==
1)If1<p< Q_)‘ then the condition o < % %
boundedness of the opemtor I from Ly (6 ~RE ) to Ly,

2)If p=1< ==, then the condition =2— < 1 —

Proof. 1) Sufficiency. Let 1 < p < %= ’\, o L

1
a - = p

— ¢ < g% and f € Ly 4 (R ;). Then
) = ([ + [, )OS0l = Ao+ ) (5.1)
Ey n on

For A(z,t) we have

Az, 1) < [E ) o0y < S (290) /E TV | (2)] (o' 'dy

j=—00 2i+1:\Eojy
~1
< 37 (297 By, My f(w) = 12 w(n k,v) 29 M, f(z 22 je
j=—o00
Hence,
w(n, k,7)29

|A(z,t)| < Cst*M, f(z)  with Cs = (5.2)

20 —1

For C(xz,t) by Holder’s inequality we have

_ 1/p Bia_0)y 1/p
caol< ([ weri@pera) ([ G )
RY \E; RY \E;
:Jl'Jg.

Let A < 8 <@ — ap. For J; we get

, 1/p
5= Z / @R W)

27t
s o087
<2 [, [/, nfuLW(zz )
7=0
A\—p

=
=Cy[t]," [1/t] Hf”Lpuu)w

1/p
where C4 = <2ﬁ_2—ffl) .
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For Jy we obtain

1
ol

Jy = (/ Wdf/ FQ1H(5+a—Q)p dr) _ CE)tﬂJra——7
sn— 1

1/p'

where C5 = (w(n, k,7) (Q + (g +a— Q) p’) 1) . Then

A=Q _u=Q_,
C (@) <Colth” [/t " [ fllz, 0.
where Cg = C - C5. Thus, from (5.2)) and ([5.3) we have

. . 0 Q=2 e
15 f@)] St M fle) + [t " [/t 7 1l o,

for all ¢ > 0. Taking

P

t = (M) e and ¢ — (M) Q-

M, f(x) M, f(x)
we have
12 )| < min { (M £ @) 12O F@) 12
R M’yf(z) 7% M'yf(x) 1= Q*A
—min{ () (e )
then
M. A p
125 5 (ﬁ) 17y s = (Mg @) S 1AL

Hence, by Theorem and inequality (5.4)), we get

3 S 1/q
15 ey = _sww (i 1/ [ T3 ) )
:EGRZ+, >0 By

1

o (107 W [ (O w)) 0 )’

P, (A1), Y
zeR] .

Sl

b
- !If|!LpMJ|(M N¥llainn,

SIA IMFIE

~ Hf”Lp,(A,M),»Y

P (A1), Y

if 1 <p<g<ooand

_ 1/q
115 w0 =0 sup (1172 [ (') dy)
>0 {ye BT |15 f(y)|7>r}

r>0 zeR} ot

kot
1—1 1
= 112,101 Mty o

1
S HfHLl’?)\,#)ﬂHM'YfH{iVLL(A,u)W

SJ |’fHL1,<)\,[,L),’Y

1

SIS, 5w sw (| (v/)dy)’
PAVEIT 50 zeR? | >0 {yEEtITI(wa(y))>T}
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(5.3)

(5.4)
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ifp=1<qg<o0.
Therefore, for 1 < p < ¢ < oo we have I f € Ly .)~(R} ) and

HI’(;LJCHL(L(/\’H)’7 ’S HfHpr(A,u)ﬁ’

also for p =1 < g < oo we have IS f € WLgx~(Ry ) and

HI’?fHWL ’S HfHLl»(NM)W'

@, (X)),

Necessity. Let 1 < p < &2 f ¢ Ly~ (RE ) and IS be bounded from L, (x ), (R} ) to

o ?

Ly oxwn(RE ;). Define fi(z) =: f(tx). Then we have

1/p

Q
p
Dy (A 1),y T>0 xeR”

0, =% s (K [ TSP 0/ a)

QL—A —p

= [t]l P [1/t] ||fHLp,(>\,H)1'7

and

I fi(z) = 7L f(tx),

ty| ro a. 1y 1/a
Al .., = t—amof,;g% (> el [ T s )
= s (0l [ el @)
S Vi Hf”‘fllwm

By the boundedness I from Ly x ), (R} ) to Ly x~(RE ) we get

@b Q=2 Q-2 - Q-n, Q-u
H 7fHL Cquv[t]l ! ! [1/t]1 ! 3 ||f||Lp,(A,M),w

a,(X 1),y

where Cpq /\v > ( depends only on p,q,\,v,k and n.

If < = —|— W’ then by letting ¢ — 0 we have ||IO‘fHLq o 0 for all f € Lp,(/\,u),w<RZ,+)- Sim-
ilarly, 1f > = + , then by letting t — oo we obtain H]afHL =0 for all f € Ly~ (RE ).
Therefore, we have Q <i_ 1 <

w—=0p Q AT

Letp=1< Q A fe L, 7( ko) and I be bounded from Ly (x ), (R} ) to WLy x 0~ (RE ).
We have

8l =t s (W [ P )d)
o)y >0, z€RY By
= P T Ul

and

1/q
I°f =supr sup T’\lT“/ y' ) dy
175 5illws, ., = S0 I /70, {yEET:TW(x)W}( )
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1/q
—eeswpre s (P (v')dy)
r>0 z€RY | ,7>0 {yeb:r : TW|Ig f(ta)|>rt}

—a—% OH-% a Y m / 1/q
=" /T s sup ([ AL (v)'dy)
r>0 z€RY |, 7>0 {yEE:r : TY|IS f(x)|>rt>}
Q=2 N
R HI Hlws o

By the boundedness I from Ly (), (R} ) to WLy (x4 (RE ) it follows that

a+9=2_(Q-)N)

—a—Q=rio_
175w, ) < Cranl 7

||f||L1,(/\,p,),'y7

where C 45, > 0 depends only on ¢,\,7,k and n.
If1 < % + QL*M’ then by passing to the limit as ¢ — 0 we have HI’(;fHWLq,(A,H);y = 0 for all

fel (A,H)W(Rn )-
Similarly, if 1 > X —|— o then by passing to the limit as ¢ — oo we obtain HIﬁfHWL =0

a4, (A, p),y
1
forall f e L A,u)n(Rk, ). Therefore, we have —qu <1 7 < —Q‘ik.

From Theorem in the case A\ = p or p = 0 we get the following corollaries.

Corollary 5.1. [12] Let 0 < a < Q,0<A<@Q—-aand 1 <p< %

NIfl<p< %, then the condition %—é = ﬁ 1s necessary and sufficient for the boundedness
Iﬁ Jrom LPJ\,‘/(RZ’,—F) to Lq,A,7<RZ,+)-

2) If p = 1, then the condition 1 — % = 575 8 necessary and sufficient for the boundedness I3}

Q-
from Ly~ (R} ) to WLy~ (RE ).

Corollary 5.2. [T9] Let 0 < a < Q, 0 <A< Q — « d1<p @.
1If1<p< %, then the condition % <

boundedness I3 from EIL)\»V(RZ,Jr) to Zq7A77(RZ+)
2)Ifp=1«< %, then the condition &

boundedness I3 from EMW(RZ#) to Wiqv,\v(R 4

1
P

<1- % < Q% 1s necessary and sufficient for the

6 Conclusion

In this paper, necessary and sufficient conditions on the numerical parameters are found ensuring
that the B-Riesz potential 7 is bounded from the total B-Morrey space Ly (x )~ to the total B-
Morrey space Lg (), and from the total B-Morrey space Ly (5 ), to the Weak total B-Morrey space
W Lg,(xp).-
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Abstract In this paper, there are defined the anisotropic local Morrey-type spaces LM;@ and

the anisotropic generalized Morrey-type spaces Méq, where p, G, and A are vectors. The spaces

LMI?@ allow relaxation of the conditions on the parameter A, namely, the components of the given
vector can take any real value, i.e., —oco < )\; < 00, i = 1,d, in contrast to previously studied
spaces. The embedding properties of the defined spaces are investigated. Additionally, an anisotropic
interpolation method is considered, which allows the study of the interpolation properties of these
spaces.
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1 Introduction

To study specific operators of analysis, such as the Riesz operator, the O’Neil operator, the
convolution operator, and others, it is important to correctly choose the spaces in which various
properties of these operators can be described. In recent decades, the Morrey spaces M};\ and their
various generalizations [17, [7, 8, 1] have played an important role in analysis. At the same time,
there are only few studies dedicated to the anisotropic Morrey-type spaces and local Morrey-type
spaces, in which functions have different characteristics for each variable. This is because traditional
methods are not always effective for such spaces. For example, the real interpolation method is not
applicable to the anisotropic local Morrey spaces.

The classical Morrey space was introduced in the work of Morrey [I7] in 1938 in connection with
the study of the properties solutions to quasilinear elliptic differential equations.

Let 0 <\ < % and 0 < p < co. The Morrey space M) (R?) is the set of all Lebesgue measurable

functions f € Li*(R?) for which the following quantity is finite:

Hf”M,} = ||fHM1§\(]Rd) = Sup sup T_AHfHLp(Br(x)y
zeRd >0

Here, B,(x) is the ball centered at point  with radius r > 0. Note that if A = 0, then M)(R?) =

d
Ly(RY); if A = ¢ and 0 < p < oo, then My (R?) = Loo(R?); and if A < 0 or A > ¢, then M, = O,
where © is the set of all functions equivalent to zero on R,

The question of interpolation in classical Morrey spaces was addressed in the work of Stampacchia
[21] in 1964, Campanato and Murthy [16] in 1965, as well as in the work of Peetre [20] in 1969.
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Peetre’s studies led to the conclusion that (MPAO,]WPM)OOO — M), where i = 1p_—09 + pil, A= (1-
)Xo+ 01, 0 < 6 < 1. Note that this embedding is strict. From the work of Blasco, Ruiz, and Vega
[6], it follows that (M, M), ~# M.

In the work of Burenkov V.I. and Guliyev H.V. [10], the local Morrey-type spaces were introduced

00 1/(]
L dt

S /kthmem>;- <o
0

where A > 0. The interpolation properties were studied by Burenkov V.I. and Nursultanov E.D. in
works [9]-[14]. In particular, it was established in [9], [I2] that the scale of the local Morrey-type
spaces LM;:O = LMI;\@O is closed under interpolation with respect to the upper parameter, that is,
the following equality holds:

(LMpy, LML), = LM,

p,q’ p,q’

where A = (1 —0) g+ 60X, 0 <0 < 1.
In the present work, the anisotropic local Morrey-type spaces and anisotropic generalized Morrey-
type spaces are defined and their properties are investigated. The apparatus for studying these

spaces, namely, the anisotropic interpolation method was developed in the works of Nursultanov
E.D. and Bekmaganbetov K.A. [I8] and [4].

2 Anisotropic local Morrey-type spaces LM%Q(T)

In the work of Nursultanov E.D. and Suragan D. [19], the interpolation properties of the following
local Morrey-type spaces were studied.
Let k € Z, and let G}, denote the set of all cubes in R? of the form

0,25 + 2%m,  m e Z%. (2.1)

It is obvious that
R'= | | @ (2:2)
QeGy
where | | @ denotes the union of mutually disjoint sets.

The set G = |J Gy, is called the family of dyadic cubes in RY. Note that each cube Q € G is
kEZ

subdivided into 2¢ cubes from Gj,_;.
Let 1 be the d-dimensional Lebesgue measure in R?. The family of mutually disjoint cubes
T = {Q} C G is called a local decomposition of the space R? if:

Lo (R Ugeg, @) = 0
2. |T N Gk| < Q.
Here and in the sequel, |A| denotes the number of elements in the set A.

Let A\ € R, 0 < p,q < oo, and T be a local decomposition of R?. The local Morrey-type space
LM, (T) is defined as the set of all measurable functions f, for which

1l 2agy om) = (Z (2—“ > |\f||Lp(Q)> ) < o0.

keZ QETR=TNG},
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Now we define the anisotropic local Morrey-type spaces.

Let @ = (n4,...,nq) where n; € N, || = ny + - + ng, and let k = (ky,..., kq) where k; € Z.
Denote Gj; = {Q = Q1 X -+ X Qq : Qi C Gy, i = 1,...,d}. The family of all mutually non-
intersecting cubes T, = {Q;} C Gy, is called a local decomposition of the space R™, and the
families T4, ..., T, are local decompositions of the spaces R™, ... ,R”d, respectively. The family of
all mutually disjoint parallelepipeds T=T; X+ xT;={Q =Q1 X - xQq: Q; CT;; i =1,...,d}
is called, respectively, a local decomposition of the space Rl

Let A = (Ay,..., \q) € R vectors b = (py,...,pq) and § = (q1,...,qq) be such that 0 < p;, ¢ <
00, i =1,d, and T; =TNGy.

For arbitrary vectors @ = (a1, ...,aq) and b= (b, ...,by), let (@,b) denote (@,b) = aby + --- +
(ldbd.

We define the anisotropic local Morrey-type space LMT;\@(']I‘) as the set of all measurable functions
f, for which

q1 re ad

Wl = | 2o | 22 [27%Y X2 Wl S (2:3)
QeTx

kq€EZ k1€Z

In particular, in ¢; = oo for i = 1, d, the expressions

92 99

(/Qd( m!w()l‘”i?) 2.,_%>qz and | (Z ‘%I‘“)ﬁ... i

ka€Qyq k1€eQq

are understood as sup |¢(#)| and sup |ag|, respectively, where Q =y X -+ x Q.
teQ ke
For the anisotropic local Morrey-type spaces the following lemma holds.

Lemma 2.1. (i) For vectors m = (ni,...,n4), By = (%,...,09), »» = (pi,...,p}), and § =
(q1,...,qq) such that 0 < pd < p! < o0, 0 < ¢ < oo fori=1,...,d, we have
o B
LMG o(T) — LM%@(T)
where @ = (av, ..., aq) and B = (B, ..., B4) such that B = oy — Z%jtl% fori=1,...,d, and "—"
denotes the continuous embedding.

(ii) For vectors o= (p1,...,pa), Go = (&, ..., 43), 4, = (q1,...,q}) such that 0 < ¢? < q} < 0

fori=1,...,d, we have

>\ >N
LMMO("JI‘) < LM (T).

D,q1

Proof. Let us prove (i). Let f € LM
|Q;] = 2%, we obtain

5.~ Applying Holder’s inequality and taking into account that

B L N o W
A <D D (2752 > 1Al H|Q|9 &
o kq€Z k€7 QeT;
p ay\ o i
- 2 k=G =180
<[> (2= C Dl @ ol = g

kq€Z k1€Z QETy,
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Let us prove (ii). Let f € LM A Applying Jensen’s inequality, we obtain

Pido”
q% % 9 4q
W lzas, =12 [ 22 (27%Y 22 W@
ka€Z ki€Z QET;,
Pt
N AL
gl % 931 99—1
S 2 o 2 (2 2 e
kq€Z kqg_1€Z k1€Z QGTk
a3 P
A\ @ ¢
— (kA _ i}
<UD 127D e ol = W g,

kdEZ k1€Z QGTE
]

Note that in [II] periodic Morrey spaces were studied, while in [I5] local Morrey-type spaces
with mixed quasi-norms were considered.

Lemma 2.2. [Hardy’s inequality| For o > 0, 0 < q,h < 00, and d > 1, the following inequalities
hold:

1

Q
Q|

i d ak|bk ) ’
k=0

=
N

i 1
d—ak (Z |b7~|h> < Cong

r=0

YL

S [ (fj bﬂ)i

kIO T:k

for some coq > 0, depending only on o and q.

3 Interpolation of anisotropic local Morrey-type spaces LM;@(T)

Let Ay = (AY,..., A%, A, = (A}, ..., A}) be a pair of anisotropic spaces. E = {& = (&1, ...,£4) :
gi=0oreg =1, i =1,...,d} be the vertices of the d-dimensional unit cube. For an arbitrary ¢ € F,
consider the space A. = (A7, ..., A") with the norm

lacllac =11 llallag - [laze- (3.1)
d
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Let us define the method of anisotropic interpolation. Let A = (Ag, A;) be a compatible pair of

Banach spaces [5]. For an arbitrary vector k € Z? we denote 2% = (251, ...,2%). Let us consider the
K-functional

K (2%, a; Ag, Ay) = inf {Z 2%af|a.: a=> a., ac € Ag} .

ecE eek

If vectors ¢ = (qi, ..., qa), 0 = (61, ...,0,) are such that 0 < ¢; < 0o, 0 < 6; < 1, then

lalla, =D (Z (2_<9’k>K(2’“,a)>ql>m--- ’ < oo}

k1€Z

Ajss = (ZOvZI)EQ - {a - Zaa a. € A HCLHAaa = Sup 2_@7%)}((2%7 a) < OO}

ccE EeZd

For some vector b = (by, ..., bg), b; > 1, i = 1,d, the K-functional takes the form

d
K(bk,a;ﬁo,[h) = inf {ZHbfzel ‘a«sHAs a= Zaea (e € Az—:}

e€FR 1=1 eelk

and

d B QN o W
lalla, = Z...(Z (Hb;kieiK(Ek,a)>> el

ky€Z krez \i=1

Lemma 3.1. (see [18]) Let {A.}ecr and {B:}ecp be Banach spaces that are subspaces of some linear
space. Let vectors 0 = (01,...,04) and ¥ = (ry,...,rq) be such that 0 < 0; <1, 0 <r; < oo. If T is a
linear operator such that T : A, — B. with the norm M. for any ¢ € E (here the spaces A. and
B. are defined by norm ), then

T : Agi — Bgi

with the norm ||T|| < max M..
eck

Here we may mention the papers [2] and [3].

Theorem 3.1. Let vectors Ao = (A, .., 0)), Ay = (AL, .00Y), 0= (01,...,04), P= (p1,--sPa); o =
<Q?7JQ2)J 61 = (q%aché)v q = (QI>-~->Qd)7 n = (nlv"-und>_be such that 0 < Q?7q1176h S 097
0<pi<oo, —o00< AN <A <+400,60;,€(0,1), n;, €N, i=1,d and T is a local partition of R,
Then

Iy

(LM;%O(T),LMXI (T)) — LM

pyql a 6
k)

,Q(T)a

where the vector X = (A1, ..., \g) is such that \; = (1 — 0)\) + 0\, i =1,d.

-

ks
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Proof. Let r = 121'121{% @, qt}, 7= (r,...,r). Since for any X with coordinates \; € R, i = 1,d
XS

A
LM,
it suffices to prove

(L2 (T), LM;;O(T))M < LM(T) = (LMS(T), LM(T) )

Let us first prove the left relation in 1) Let f € (LM;%(T),LM;&(T) e 7 e =

)‘?7 & = 07

. For an arbitrary

(1,..,64) € E. Let us denote \. = (A", ..., \5"), where \;' = {

representation f = > f., where f. € LM;%(T) we obtain

eeE
Sl @ < D0 Y Il

QeTw Q€ETw ecE

=2 ( D A FA e )

< 2<m>\0 (Z Q(m/\g >‘0>||f5|| MAE )) .

eek

Taking into account the arbitrariness of the representation f = > f. and the definition of the
eel
K-functional, we obtain

D g < 27K QA F LML),

QeTH

Let b; = 2%~ § =1,d, then from the last inequality we obtain

HfHLM;a(’]I‘) = Z Z Z Z <2<m’)\> Z HfHLp(Q)>

kq€EZ b’;'d <2md <b§d+1 ki1€Z blfl <om1 <b’1€1+1 QETw

Z Z e Z Z <2_<m’X_XO>K(2<W,X5)7 f)>fh

deZ bSdSZmd <b];d+1 k1€Z blfl §2m1 <b11“1+1
1
a2 -
q1 a1 ad
<c> . (E:(Hb—“«b’f ) )
kq€Z k1€Z
<
M e msmpcm)
0g

here ¢ > 0 depends only on the parameters Ay, \;. Therefore,

(LM%, LIRL) < 1AL,

p,00? gq pq
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Let us prove the second embedding in B3.2). Let k = (k1,....kq) : ks €Z, by =2%"N > 1, i=1,4d,
fe LMTS\@(T)- For an arbitrary € € E we will consider the following intervals:

) (o0 kil NZ, for e; =0,
)\ [ki+1;400)NZ, fore; =1

and A, = A, x -+ x A,,. We define the functions f. as follows:
f@), forze || L @

fe(T) = 0, forz¢ HDAeQEI;lEmQ.

meAe QeTwm

Then, since

r1 [
HfaHLM;;: Z Z (2_<m”\5) Z ||f||Lp(Q)> ,

QeTH

we get

Q[
iy

d _ q1
||fH(LM;%,LM§1?)§q <c Z . (Z (H bzkzezK(l—)k:’f)> )

k4€Z k1ez \i=1

d q1 Z% a4
s (s (e Simg) ) -

kq€Z kiez \i=1 ccE

d

i—0i)ki
<e¢ g E . g bl(e )

e€EE \ky€Z ki1€Z \i=1
a2 L
ro % q1 a1 a4

1\ 71 d
_<m7X )
X E E (2 € ||f||L5(Q)
mg€A., m1€Ae QeTm

Taking into account, that b; = NN N = (1-0;)A\°40;\! i = 1,d, and applying for each parameter
i, © = 1,d the generalized Minkowski inequality and Hardy’s inequality (Lemma , we obtain

||f||<

o < -
LM?)\,%’LMEA}F>§7 > CHfHLMFj\@
»q

Here, ¢ > 0 depends only on the parameters Ao, A1, D, G. O
4 Anisotropic generalized Morrey-type spaces M;q
Let p = (p1,....,04), 4= (q1,.-,q4), A = (A1,..., \g) be such that 0 < p; < 00, 0 < ¢; < 00, 0 <

A; < 00. We define the anisotropic generalized Morrey-type spaces Mgﬁ as the set of all Lebesgue
measurable functions f € L(R™), for which the following norm is finite

- AN
||f||Mﬁ; = Z (Z (2—<k7>\> ngg ||f||Lp(Q)> ) < 00,
’ 3

! kqa€Z k1€EZ
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where Gy = {Q = Q1 X -+ X Qq: Q; C Gy, i =1,d}.

By the anisotropic Morrey space MT;\ we mean the set of all Lebesgue measurable functions

f € Liee(R™), for which

111

’U\y\

kezd

= sup (2““A> sup HfHLp(Q)> < 0.
z QeGE

Note, that for § =30

M2 = M. (4.1)
Let us present some properties of the introduced spaces.
Lemma 4.1. (i) Let vectorsm = (ny, ..., ng), ﬁoi(p(l’, DY) D= (pl, o ph) and g = (q1, ..., qa)
be such that 0 < p{ < p} < 00,0 < q; < oo, i=1,d. Then
X X
Mp117q MPOOQ’
where Ao = (A, ... 09), Ay = (\L,...AL) are such that \) = \! — s = 1,d.
(it) Let vectors p= (p1,...,pa), Go = (41s---,49), & = (a1 q}) such that 0 < ¢ < ¢} < oo,
t=1,d. Then B B
) X
Mﬁ@o - Mﬁﬂl'
The proof is similar to the proof of Lemma
Theorem 4.1. Let vectors p = (p1,...,pa), 4 = (q1,---,44), o = (@,....q), g =

(gf,-,ah), Ao = (A%...,2))
0<pZSOO)O<Q’L7Q?7qz SOO 0 E(O,].) Then

where A= (A1,..., ) ¢ A= (1 —0)N +6,\}, i =1,d.

A1
Mﬁ,%) 5

0,9

Proof. Let f € (M)‘O

ftesk

For vectors k = (ki,...,ka), A= (M,..., ) and € € E we denote A\, = (A", ..., AS")

N for g; =0,
A, forg; = 1.

Let f = > f. be an arbitrary representation of the function f, where f. € M;%

eeE

270N sup ||l < 27FRD Y <2<MS> e, “fEHLp(Q)> |
QeCy Qely

eek

Taking into account the arbitrariness of the representation f = > f., we obtain
eelE

2= EN sup || fllr0) < 27EOPD (28§, MAE)
QeG+

Hence,

||f’|]w% S Z ... <Z <2_<E,(X—X0)>K(2E7 f)>Q1) o _ ”fH( .

kq€Z

p OO’MP 0<>>

0,9

A, A = (ML A, 0 = (6h,...,04) be such that \) # Al

(4.2)

& __

. Then we have
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Thus, we have
A A A A >y
<M 0 Mp;h)aq - (MJL Mﬁ%%i — M.

p?ﬁ()’ p,OO’

)
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Abstract. We present a new method for dimension reduction that combines unsupervised di-
mension reduction (UDR) with sufficient dimension reduction (SDR). In unsupervised dimension
reduction the goal is to find a low-dimensional linear subspace that approximates the support of a
data distribution. If data is supervised, then in sufficient dimension reduction the goal is to find a
low-dimensional linear subspace, called the effective subspace, such that the projection of an input
vector onto that subspace maximally captures information on correlations between an input and an
output.

The objective that we suggest to minimize consists of two parts. The first one is responsible for
the UDR part, it forces a low-dimensional probabilistic measure p to approximate a distribution
over inputs. The second one is responsible for the SDR part, it forces a regression function f to be
consistent with supervised data. Additionally, we require the support of i and the effective subspace
of f to be equal. In this hybrid setting we solve two problems, UDR and SDR, so that the UDR
term serves as a regularizer of the SDR term.

We reformulate the problem as an optimization task of finding a k-dimensional linear subspace S
and a pair of complex measures (u, i1') supported in S. Instead of optimizing over complex measures,
we suggest minimizing over ordinary functions (gi, go) but with an additional term R that penalizes a
distortion of the common support of g, g» from a k-dimensional linear subspace. The algorithm that
we develop can be formulated for functions (g;,¢g2) as well as for their inverse Fourier transforms.
Eventually, we report results of numerical experiments on well-known datasets.

DOI: https://doi.org/10.32523/2077-9879-2026-17-1-58-76

1 Introduction

Unsupervised dimension reduction (UDR) is a classical problem in data science that has many
non-equivalent formulations coming from different contexts, such as principal component analy-
sis [I3], factor analysis, linear multidimensional scaling [10], Fisher’s linear discriminant analy-
sis [12], canonical correlations analysis [18], sufficient dimension reduction (SDR) [14], maximum
autocorrelation factors [29], slow feature analysis [43], kernel methods |27, 4] B34], methods based
on autoencoders [38, 3] and more.

In UDR we are given a finite number of points in R™ (sampled according to some unknown
distribution) and our goal is to find a “low-dimensional” affine (or linear) subspace that approximates
“the support” of the distribution. As was pointed out in [35], the study field currently achieved a
saturation level at which developing a unifying framework to the problem becomes highly demanding.
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In SDR (sometimes called supervised dimension reduction), we are given a finite number of pairs
(x4, v:),%x; € R" y; € R, also generated according to some unknown joint distribution p(x,y), and

our goal is to find k vectors (where k < n) wy, -+, wy € R" such that symbolically:

y 1L x|wix, -, WiX.
This means that an output y is conditionally independent of x, given wix,--- , wix or, the condi-
tional distribution p(y|x) is the same as p(y|wlx, -, wlx).

Obviously, the last formulation is not precise if we do not make any assumptions about the joint
distribution, or more specifically about the conditional distribution p(y|x). Typically, it is assumed
that

y=g(wWix, -, Wix)+e, (1.1)

where ¢ is the Gaussian noise with Ec = 0 and Ee? = §2. The function ¢ is an unknown smooth
function. Then, the function f(x) = E[y|x] = g(wix, -+ ,w}x) is called the regression function.

Many methods have been proposed for estimation of the parameters of model such as: sliced
inverse regression [22],[9], methods based on an analysis of gradient and Hessian of the regression
function [23], [44] 26], methods based on combining local classifiers [17, 28], kernel-based methods [14]
and more. In such methods for the SDR problem as the Sliced Inverse Regression [22], the Principal
Hessian Direction 23], the Sliced Average Variance Estimation [6], an effective subspace is recovered
from the Singular Value Decomposition applied to a certain matrix that is constructed from a train-
ing set in a straightforward way. Other methods, such as the Principal Fitted Components [7], the
Likelihood Acquired Direction [§], the Kernel Dimensionality Reduction [I4], are based on analytic
expressions measuring the affinity of a k-dimensional subspace to the effective subspace. In the
second type of methods the SDR problem is reduced to an optimization problem over the Stiefel
manifold, or the Grassmanian. For other methods we refer to a tutorial on SDR methods [I5].
Again, an important aspect of all these methods is that, given a fixed effective subspace, the regres-
sion function that predicts an output variable has a relatively straightforward structure and is not
optimized by any additional supervised learning procedure.

The SDR problem is tightly connected with the unsupervised dimension reduction problem.
In [42] it was shown how a method originally developed for SDR can be turned into a UDR method,
i.e. applied to unsupervised data by simply setting an output to be equal to an input. In [I1], the
SDR problem, together with UDR problems, is cast as an optimization problem over the Stiefel man-
ifold. Taking into account deep connections between UDR and SDR problems, the current study’s
goal is to develop an approach to a hybrid setting, i.e. when we target to find a low-dimensional
linear subspace that both approximates the support of data and is close to the effective subspace
(that allows to predict an output). Note that one can solve these two problems independently and
obtain two solutions — the span of their union maintains some of their desirable properties (at the
expense of increasing the dimension to 2k). The goal of the paper is to develop better approaches
to the problem.

In the hybrid setting our goal is to approximate the empirical inputs distribution fiem, by
a distribution pu, supported in some k-dimensional subspace L, and find the regression function
f=g(wlx, -+ wlx) such that the effective subspace span (wy,---,wy) is equal to L. This will
guarantee that after projecting the input vector x onto L we are changing the geometry of the
dataset only slightly and, additionally, do not lose the ability to predict the output y. The objective
that is minimized in this setting consists of two parts, the first considering the dependence on p and
the second considering the dependence on f. Thus, for a target space L there is a trade-off between
the requirement to support the whole data and the sufficiency to predict y. Note that if the main
goal is SDR, then the first part of the objective can be interpreted as a regularization part that
is dedicated to avoiding over-fitting. If alternatively, the main goal is UDR, then the second part
can play its role in many interesting contexts. For example, let the output y be an indicator of an
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outlier, i.e., ¥ = 1 indicates that the input x is an outlier. Then, it is desirable that after projecting
onto the low-dimensional subspace L we are still able to distinguish outliers from typical points.

The key observation of our analysis, stated in Theorem of Section [3] is that a class of
functions of the form g(wlx,--- ,w]x) can be characterized as functions whose Fourier transforms
are supported in a k-dimensional linear subspace. Thus, the main problem in the hybrid setting is
to find a probabilistic measure ;1 that approximates the empirical measure fiem, and the regression
function f such that p and F[f] are both supported in the same k-dimensional linear subspace.
Instead of optimizing over generalized functions with a k-dimensional support (or, k-dimensional
complex measures, in our terminology), we suggest minimizing over ordinary functions given as
feed-forward neural networks but with an additional soft constraint. To force the function’s support
to be close to a k-dimensional subspace, in Section @ we introduce a class of penalty functions R
such that large values of R indicate a strong distortion of the support from any k-dimensional linear
subspace. For a specific case of R, in Section |§| we develop an algorithm for our problem that can be
formulated for functions given in the frequency coordinate form as well as in the initial coordinate
form. The last section is dedicated to experiments.

2 Preliminaries

Throughout the paper we will use common terminology and notations from functional analysis. The
Schwartz space of functions is denoted by S(R™) and the set of all tempered distributions is &’(R"),
the dual space of S(R™). The Fourier and the inverse Fourier transforms are first defined by

FUNE) = i [ S0 ax

Ffx) = W f(f) €' xq¢,

and then extended to continuous bijective linear operators F, F ! : S'(R") — S'(R™). A Borel
complex measure is a mapping u : £ — C where £ is a sigma-algebra of all Borel sets on R™ and u
is sigma-additive. If u is real-valued, then p is called a finite Borel measure. A finite Borel measure
with p(R™) = 1 is called the Borel probabilistic measure. The set of all Borel probabilistic measures
on R" is denoted by B(R"). The symbol X;,--- , X,, ~¥ 1 denotes the fact that random variables
X1, -+, X,, are all independent and each has a distribution function pu.

If a function f: R™ — C is such that Jan £ ( Jdx < oo for any u € S(R™) then it induces an
operator Ty : S(R™) — C, where T(u fRn x)dx. Analogously, a Borel complex measure [
on R™ defines a tempered dlstrlbutlon T,:S (R”) —> (C where T),(u) = [p. u(x)dp. For simplicity
of our notation, we use f and Ty (u and T,) interchangeably (from the context it will alway be
clear what we mean). By Ls(R™) we denote the Hilbert space of all square-integrable functions
from R" to C, with the inner product (u,v)r,mn) = [u(x)*v(x)dy. The induced norm is then

[l o) = v/ (u, w).

A positive-definite function is a complex-valued function f : R® +— C such that for any real
numbers Xy, - - - , X5 the matrix A = (az‘,j)?jzl where a;; = f(x; — Xx;) is positive-semidefinite.

For a matrix A = [a;] \<ij<n the Frobenius norm is [AllF = /22 laij]?.

3 Problem formulation

We formulate the hybrid dimension reduction problem as an optimization task:

(M§ng)f€©(1 = P) (1, fremp) + pJ (f)- (3.1)
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In the last expression pu € B(R™) denotes a Borel probabilistic measure on R"™ that approximates
the empirical distribution over inputs, ftemp, and I denotes the distance function between measures
(e.g. the maximum mean discrepancy or the Wasserstein distance) and p € [0, 1].

The object f:R™ — R is a smooth real-valued function that can be given in an arbitrary form,
keeping in mind the case of f defined by a feed-forward neural network. We assume that f is a
candidate for the regression function and J(f) is a cost function that values how strongly f fits in
this role. In practice for the regression case we use the following cost function:

N
ZEENN(O,U2In)|yi - f(X’L + 6)|2a

=1

=5

where the target variable y is normalized, i.e. the estimator of outputs variance VAar(y) =1. We
add the last remark only to make I(u, ftemp) and J(f) to be of the same scale. For the binary
classification case with 0-1 outputs we use:

N
1 ef(x1+6)
‘](f) = N ;EENN(O,O'2I")H <y27 1 + ef(Xi+6)) ’

where H(y,p) = —ylogp — (1 — y)log(1l — p). Thus, p = 0 corresponds to the pure unsupervised
dimension reduction task and p = 1 corresponds to the pure sufficient dimension reduction task.
We assume that f satisfies (for k fixed in advance):

f(x) = g(wix, -, wix),
where ¢ is an arbitrary function and wy,--- ,wy, € R". Thus, given an input x, the corresponding
output depends on the projection of x onto span(wy,---,wy). Thus, span(wy,--- ,wy) serves as

the effective subspace. We assume that the measure p is also supported in that subspace. Thus, we
define:

D ={(u f)lue %(R"),@wl,--- wy, Jg:RF 2 R
such that v A u(A) = u(ANspan(wy, -+, wy)) (3.2)
Borel
and Vx f(x)=g(wix, -, wix)}.
Rn

The parameter p > 0 regulates how strongly we prefer the sufficiency term J over the distance till
the empirical distribution.
The following theorem is the key observation behind our approach to the problem (3.1)).

Theorem 3.1. A function k(x) can be represented as k(x) = g(wix, - - ,wlx),g € S(R*) if and

only if there is an orthonormal basis {ay,--- ,a,} C R"™ such that:
‘F[E] = ’f‘(a’{X, T 7a£’X) H 5(&;}{), re S(Rk>7 (33)
i=k'+1
where §(-) is the Dirac delta-function and span(ay,--- ,a,) = span(wy, -+, Wg).
Sketch of the proof. Without loss of generality, we can assume that wq, - -- , w;, are linearly indepen-

dent. A rigorous proof of the theorem would require a careful checking of certain integral identities.
Instead, we will present a sketch of the proof at the abstraction level common to theoretical physics
papers.
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(=) We also can assume that wy,---,wj are orthonormal. Indeed, after every redefinition
of g given by the rule g(s1,---,s%) < g(s1,---, 8 + asj, -+, ) we get the same function [ if we
simultaneously transform w; to w; —aw;. By making such redefinitions, we can always orthogonalize
Wy, -+, Wy by the Gramm-Schmidt process with a subsequent scaling of ¢g’s arguments.

Let us complete wq, -+, wg with wi,q, -+, W, to form an orthonormal basis in R" and set:

Q=[wi, -, wn| = [Q1.Q:] ,Q1 e RV*,Qy € R¥(n—k)

Then, in the Fourier transform formula we make the change of variables x = () Bl} = Q1y1+ Q2y2,
2
y1 € R* y, € R"* and get:

1 .
FlI(&) = W/ g(wix, - ,ng)eﬂngdX
1 -ieha [yl} 1
B \/27r”/ g(y1)e Y2l dy dys = / 7Tn 9(}’1)e_i(Qng)Tyl_i(Qgg)TdehdYQ

"2y, = v2r" " Flgl(QTE)0"(QTe),

1 T
— €'y /
e
\/W/ng(y” il e
where 0" *(sy, - ,8,4) = [[}o10(s;)). Here we used the equality [p, ,e ™ ¥2dy, =
(27)"*§"~k(z). Thus, we obtain the needed representation.
(<) Suppose that:

'F[l] = r(aipx, e 73;};F/X) H (5<azTX)
i=k/+1

Using the inverse Fourier transform we get:

1
= — r(ayx
L.

,ahx) H 5(aiTx)eixT5dx.

i=k/+1
After the change of variables x = Oy, where O = [al, e ,an}, we get:
1 i . n T
l = —n/ " k! 5 612i:1 vid Ed n
(5) \/ﬁ . (yl k ) '_1;!_1 (y ) U1
1
, ZZz 1 Yia; £d ) = — aT S ’aT ,
\/F . ylk Y1:k \/%'n—kg( 1€ ké)
where g = F~![r]. O

Substantively, the theorem claims that if the function’s value depends only on the projection of
an argument x onto the span(wy, - -+, wy), then frequencies of the spectrum of such function are all
in the span(wy, -+, Wg).

Definition 1. Let €(R") be a set of symmetric Borel complex measures on R", i.e., any pu €
¢(R™) is a sigma-additive complex-valued function on the sigma-algebra of Borel subsets of R” and
pu(—A) = p(A)* (where z* denotes the complex conjugate of z). We will call a measure p € €(R")
a k-dimensional measure if there is a k’-dimensional linear subspace S C R”, k' < k such that
u(ANS) = p(A) for any Borel set A. The minimal linear space S with the last property is called
the support of © and is denoted by supp p. The set of all k-dimensional Borel complex measures is
denoted by Gi. The set of all pairs (u1, p2), where 1, s € Gy and supp p; = supp pe, is denoted by
Gr.
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Thus, problem (3.1)) is equivalent to the following equality:

inf 1 — o) (i, femp) + pJ (F!
(U= PV (s remp) + 9 (F ()

= lnf 1 - I ) Frem + :] ,Fil / .
prred gL ™ M (s temp) + T (F7 1)

Instead of minimization over tempered distributions, we will relax the property that the common
support of the pair (u, ') is k-dimensional, reducing the problem to the following one:

1 — o) (1, fremp) + pJ(F LK) — min
(1T = )L (4 premp) + pJ (F[1]) ) BRE Rl (3.4)

where R(u, ') is a penalty term that penalizes (u, ') if the dimension of their common support is
greater than k. In the next section we describe one natural approach to construct such a penalty
term R.

4 Penalty function

We need the following theorem.

Theorem 4.1. Let v : R" — R be a positive definite continuous function and (u, 1) € B(R™) x
C(R™) be such that

Vi, j / 1y (x — y)ydu(x)du(y) < oo,
R xR™

/ Ty (x — y)y;dp (x)"dp/ (y) < oo.
R xR™

The pair (p, 1) is in G if and only if
rank(M) < k,

where

M=a xy(x — y)y" du(x)du(y)

R" X RTL

+b/ xy(x —y)yldy' (x)*dp/ (y),a > 0,b > 0.
R xR

I 2 then there is a k-dimensional linear subspace S C R" such that u(ANS) =
pu(A), W' (ANS) = u/(A). Let {v;}!, be an orthonormal basis in R" such that v; L S,i > k. Then:

RS
=3
S
=,
R
—
\_/z;
m
Q

n

/R . xy(x = y)y' du(x)du(y) = /R o S vivixy(x — )y dp(x)dpu(y).

i—1
Since [o,(v]x)*y(x —y)du(x) = 0,7 > k, then:
k

/ Z vivixy(x —y)yldu(x) Z ViV / xy(x — y)y du(x)du(y).
RrxR™ 7 R7 XR™

The same can be proven for ', therefore:

k
M = Z vivi M

i=1
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and we see that rank(M) < k.
(<) If rank(M) < K, then there exist linearly independent vectors {u;};, . such that

u Mu; = a / u/xy(x — y)u] ydu(x)du(y)
R7 xR"™
+b / u) xy(x — y)ujydp' (x)*dp'(y) = 0.
R” xR™
From positive definiteness of v we conclude that p({x|u/x # 0}) = 0 and u/'({x|ulx # 0}) = 0.

Therefore, u(A) = p(AN{xulx,i =k +1,n}) =0and p/(A) = /' (AN{xjulx=0,i =k + 1,n}) =
0. Thus, suppp C {xjufx =0,i =k + 1,n} and supp i/ C {x|ulx=0,i =k +1,n}. O

Let us define

M, = xy(x —y)y" dv(x)"dv(y)
R”xR"
and
My =1 = p)M, + pM,.
Note that M, is a positive semidefinite matrix, and therefore, the square root MZ ’2#,) is defined.
Our definition for the penalty function R is as follows:

) = i 72— M| 4.1
R(p, 1) MeRnx%ﬂk(mq”Mw’) M| (4.1)

It is natural to expect that if R(u, ') < e and € > 0 is small, i.e., M%fu,) (together with M, ) is
close to some rank k£ matrix, then the common support of (u, ') is approximable by a k-dimensional
linear subspace. Now, our goal is to develop an algorithm for the following problem:

1 — p) (1, fhem J(F W) + AR, ot/ i :
(L= p)I (1, premp) + pJ (F 7 [1']) + AR(p u)%(u’u,)eg?ﬂggwmn) (4.2)

where ) is a penalty parameter that can be chosen sufficiently large to force R(u, p’) to be small.

4.1 Another description of the penalty

Let us now give an alternative description of the penalty R(u,y') that suits better to the goal of
designing an algorithm for problem (3.4]).
Let v and s be smooth real-valued positive definite functions such that:

=) = [ s x5l - X

For example, vy(x) = \/gne_”x”Q/Q and s(x) = e~ IXI*, Note that v(x) = y(—x) and s(x) = s(—x).
Let us define

n

Sy = [/n s(x — X')X’du(x/)/ s(x —x")x'dp/ (') E,

where
0"
E= :
0V
This object is an n x 2 matrix whose entries are functions.
By L3**(R") we denote the space of all matrices [b;;(x)] |<icnjo12 Where bi; € Ly(R™). Also,

Li([R") = LZ*'(R™). Note that L2(R"™) is a linear space over complex numbers. Let us also denote
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by L2(R™) the real linear space that is the set L2(R") considered over real numbers only, equipped
with the inner product

([0, o], [¥1, 2] ") paany = Re {{b1, ¥1) o) + (B2, Vo) 1o (any } -

The set of all bounded linear operators from L3(R™) to R™ is denoted by B"*2, )
It is easy to see that any A € Ly**(R") defines a bounded linear operator O, from L2(R™) to
R™ by the following rule:

[ij € T2(R") 594 Re / Ax)* [Qﬁl(x)} dx.

P2 (x)

n

Moreover, it is easy to see that all bounded linear operators from L2(R™) to R” can be represented
in this way. Obviously, B"*? is a Hilbert space, where the inner product is defined as:

(Oa,,04,)p2x2 = Re / Trace (A;(x)"Ax(x))dx,

n

where for any A(x) = [Aij(X)]i<icnicjce € LYP(R"), A(x)! denotes the matrix

0TI ) >

I B e

Recall that, for a bounded linear operator O : H; — Hy between Hilbert spaces Hy, Ho, the rank of
O is defined as dimIm(O), where Im(O) = {O[¢]|¢ € H1}.

Theorem 4.2. If M,y < oo, then Sy, € Ly*(R"Y), OS(N’”/)OE(N’N/) = My, and
rank(Os,, ) = rank(M,.)).

w')

Sketch of the proof. Since

<O‘2(uyu’)y’ |i§;:| >ﬂ§(R") - yT(OS(M,u’) |:ZZZ;:|)

we obtain
T !
i _ o [ Jpe s(x = X)X ydp(x)
Os(u,u’)y E {fRn s(x — x)xTydy (x')|
Let us now check that OSW’#,)OLW#,) = M,y by direct calculation:

ol f o NT /
n S g S(x = X )x"ydu(x')
yeR" — E {fR" S(X . X/)X/Tde/(X/>

OM/) Re /R" [/n s(x — x")x'dp(x") /n s(x — x)x'dp/ (x')*]
Jan s(x = x)xTydu(x')
o {fw s(x — X’)X’Tydu’(X’)}
(=) [ =Xy duaux) + p [ o= Xy () dyd ()

= My



66 Zh. Mukanov, A. Sharafudinov, R. Takhanov, A. Bekembayev

From the equality Osw“,)ngw = M) We conclude that rank(M, /) < 1rafrnk(05< ). Con-
versely, if xi,---,%, is a basis of Im(M, )", then 0 = xf M, ,nx; = HOSm HL2 Rn),
OS( X = 0. Therefore, for i € [r], we have
Iy
<OS(M1H/)¢’ Xi>[:%(R”) = <¢7 Og(HyH/)Xi>I~’%(Rn) = 07
for any ¢, i.e., Im(OS(M/)) C {x1, -+, %, }*+. Thus, rank (OS(W,)) <n —r =rank (M, ). H

The Eckart-Young-Mirsky theorem [19, Theorem 4.4.7| in the theory of Singular Value Decom-
position (SVD) gives us that

Rl = min M2~ MIE = 30 A

MEeR > rank(M)<k
i=k+1

1 1
where \; > --- > )\, are eigenvalues of M, ) = M(QMTM,)M(QM - Due to the relationship

t
OSwwOSm,m

Theorem 4.3. We have

= M) the following statement is true.

R(p, 1) = min S — S%nx n)
</~L :U') SGL"XQ(R’”L) rank(Og) <k H () HL 2R
and the latter minimum is attained at Py, Sy, where Py = Zle wul is the projection
operator to first k principal components of M, .

Sketch of the proof. First, we check that all arguments of the Eckart-Young-Mirsky theorem for
matrices maintain in the case of bounded linear operators from L3(R™) to R™. Indeed, all arguments
survive, because such operators are compact and can have only a finite spectrum, since R” is ﬁnite—

dimensional. Let us only describe an optimal S on which min 1Sy — SII?

nXx2mn
SeLy*?(Rn):rank(Og)<k Ly (R )

attained.
Let uy, -+ ,u, be orthonormal eigenvectors of M, ) = Og, | Ol and Ay > --- >\ >0
bt () 7S, ut)
oL [ui
be the corresponding non-zero eigenvalues. For o; = +/\; let us define v, = 7 Here, v; is

of)

equal to the function

vi(x) =

1 {V L= p [ s(x = X )uj x'dp(x')
VP Jon s(x — X )ulX'dy/ (%)

It is easy to see that vq,---v,s is an orthonormal basis in Im O:rq( iy and SVD for OS(u o 18
ot ;

n/

— § ' ]

O ) = 2 Vs
1=1

By the Eckart-Young-Mirsky theorem, an optimal S = Op in min 10s,.., — S| Fuxe 18

SeBn*2 rankS<k
defined by a truncation of SVD for OS( , at kth term, i.e.,

vV1—p / s(x — x) ZuuTxd,u

P(/w )S(wt’)v

Ve | os(x—x ZuZuTXdu x')
Rn

where P, ) = Zle u;ul is the projection operator to first k principal components of M)

From the equality [|O4l|gnx2 = [|A|| nx2(gny We obtain the statement of theorem. O
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5 The alternating scheme

Complex measures are in the weak closure of the main functional classes, L, and Sobolev spaces, con-
tinuous functions, single-layer neural networks, etc. The major gain from penalty formulation (4.2))
is that, instead of optimizing over complex measures whose supports have empty interior, we can
vary the argument over a space of ordinary functions §, where § C C(R") can be chosen as any
class of functions which is dense (with respect to the weak weak topology) in ® = B(R") x €(R"),
for example:

5= te= |2 lom € CRY (0 20, [ a1, [ mlix <) G
n Rn
Thus, we need to solve the following optimization problem:
(1= p)I (g1, Hemp) + pI (F'[g2]) + AR(g1,92) = min . (5.2)
(91,92)€F

Using Theorem we can represent problem (5.2)) in the following form:

O(g = [zj . §) = (1= p)I(g1, ptemp) + pJ (F " [92]) + A S(g1.00) = ST my

— min .
g€F,S€ Ll X2 (Rn):rank(Og) <k
The simplest idea for an optimization is to minimize over g = (g1, g2) € § and over S € Ly**(R") :
rank(Og) < k alternatingly. The first part would be an optimization over an infinite-dimensional
object, which cannot be implemented in practice. To avoid infiniteness, we will fix a proper param-
eterized set of functions 9 C § (e.g., deep neural networks [36, [I 2], B9 [0, 24]) and optimize over
M. A general scheme of optimization is given in Algorithm

Algorithm 1 Alternating scheme
1: procedure

2: E% +—0
3: fort=1,---,N do
4: g, «+ argmin ®(g, S;_1)
geMm
5: S, < ar min S, — S|?,.
! gSELgXQ(R"):rank(OS)Sk‘ Bt HL2 *(R™)
Note that Step 5 of the algorithm is equivalent to minimizing ||Sg, — SHinxg(Rn) over S €
2

Ly*%(R™) : rank(Og) < k. In the previous section we have already described an optimal solution for
that task (equation (4.3))):

St = Pgt Sgt’
Se, = / s(x — x)x'gl (x')Edx’.
Here Py, € R™" is the projection operator to the first k& principal components of
Mg, = v(x = y)xy gi(x) B*gi(y)dxdy.

R7™ xR™

The hardest part of that step is to estimate the matrix Mg, for a given g, € 9. Thus, a practical
implementation of our algorithm would require ) to be defined in such a way that the latter integral
can be calculated either analytically or numerically. At the same time, 9t should be rich enough to
approximate functions from ® in terms of weak topology. Thus, to summarize, 0 should be:
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e dense in ©’.
o M, is efficiently computable.

An example of 9 that satisfies the latter 2 conditions will be given in the next section.

5.1 Return to initial coordinates

In applications, it is desirable that an algorithm for the problem deals with the function F~![g] =
[F~Yg1], F'[ga]], rather than with [g1, ga).

The pair [F~'[g1], F'[g2]] has the following interpretation. Since g; is the probability density
function that approximates the empirical distribution fiemp, then Gy = F~1[g;] is the characteristic
function of g; (up to a constant factor). By Bochner’s theorem [5] we know that the function can
serve as the characteristic function of a probability distribution if and only if it is continuous, positive
definite and

G1(0) = 1.

The function Gy = F~1[gy] is simply the regression function in the term pJ(F~1[gs]) = pJ(G2),
i.e., G5 is a real-valued function.

Thus, in the dual reformulation we search over pairs [G1, G3] where G7 is complex-valued,
continuous, positive definite and G5 is real-valued.

The specifics of scheme [1]is that it allows such a reformulation.

Indeed, at step 4 of the algorithm we minimize the expression:

(g, ) = (1= p)I(g1, Hemp) + pJ (F ' [g2]) + AllSg — St ]2 gny.

where S;_; = P, ,Sg, , has been calculated on the previous iteration. According to Theorem

and formula (4.3) we can rewrite the penalty term A||Sg — Stleinx2(Rn) as:
2

A /R e T Y)E@EX)X" — g a(x)x" Py, ) (yg(y)" — Pe,_,ygi1(y)") Edxdy.

Let us denote G = F'[g] and G;_; = F'[g; 1]. Using the well-known duality between x; and
—i0,,, we see that
Flxg(x)"] = —10:G",
‘F_l[Pgtﬂth—l(X)T] = _intflaszﬂ—l‘

The unitarity of the inverse Fourier transform and the convolution theorem gives us that the penalty

term equals
N / p(x)

denotes the Jacobian of £ : R” — R* and p = F 7], P,_1 = Py, ,-

The set dual to 9 is defined as M’ = {F'[h]|h € M}. The matrix M; = M,, can also be
calculated using Gy:

2

dx, (5.3)
F

E——-F

ox ox Fia

' oG 0G4

of _ |9k
where §- = [ ory

M = [fRann v(x = y)rigl (X)y; B (y)dxdy |

OEG: T 0BG, _ OEG,T0EG,
x [f]R" P(X) % oz, dx]nm = /HP(X) I Ox dx
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For G =[G}, Go]" we define:

2

dx.
F

B(G) = (1= ) I(FIGi], ftemp) + pI (G2) + N / p(x) Py

n

OEG B O0FEG,_;
ox ox

Note that we can assume that Gy and Giy are real-valued, because the objective ®}(G) always
attains its minimum on such a pair [G} G3] that G} is a real-valued function.
Thus, algorithm [2] is dual to algorithm

Algorithm 2 Alternating scheme with initial coordinates
1: procedure
2 Py« 0
3 fort=1,---,N do
4: G, < argmingemw ¢, ,(G)
5
6

M fo pls) 2282 25

ox

P, < projection to first k principal components of M,

5.2 The description of IV

Let us now give an example of a set 9 that satisfies both conditions that we imposed in Section [5]
Instead of defining 91 we will define its dual

m' = {H: [hl] \hiEFFi},
ho

where F'F; is a set of functions defined by the standard single layer neural network:

M
> wab(alx+b),

i=1

where a; € R", w;, b; € R are parameters and M is a hyperparameter. For 1) we only assume that
it is some non-constant function whose first derivatives are continuous and bounded. In practice we
use the hyperbolic tangent function for .

We define F'Fi as a set of functions given in the following parameterized form:

M’

> aer, (5.4)
=1

where o; > 0 and Zij\ill a; = 1. It is easy to see that such functions are always positive definite.
In practice we use the expression Zﬁ/l a; cos(w!'x), because the empirical distribution is made
symmetrical before we apply the algorithm. The number of neurons in the single-layer neural
network with the cosine activation function, M’, is a hyperparameter.

Let us show that 9 is dense in F1[D’]. It is a well-known fact that for any compact set Q C R",
single-layer neural networks can approximate any function in C(R™) with an arbitrary accuracy [4].
Thus, the weak closure of F'F}, contains F~![€(R")] (all functions in the last class are real-valued),
i.e. F'F, covers all interesting functions that can serve as candidates for the regression function.

Using Theorem 2 from [4], it can be shown that the conical hull of {€“/*|w € R"} is dense in
the cone of continuous positive definite functions, and therefore, are dense with respect to weak
topology in F1[B(R™)]. Thus, by the expression (5.4) we are able to approximate all characteristic
functions.
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5.3 Maximum mean discrepancy metric

All our experiments were done for the following well-known distance function [16]:

s tone) = [ a616,(3) = Gunpl20) P (55

where ¢(x) > 0 is a continuous function such that [, ¢(x)dx = 1 and ¢, demp are the characteristic
functions of the distributions p, ftemp correspondingly. It is easy to see that

N
- 1 )
(bemp(X) = ]:[“?‘E'g'”,uernp€IXTg - Nj eleTx.

=1

The Maclaurin series of the characteristic function has the form:

, 2\ B¢, (ixT€)7
Pu(x) = E£~u€IXT§ - Z : #g'l 2 '
Jj=0 '

Thus, by approximating ¢emp(x) in a neighborhood of the origin, defined by ¢(x), our method tries
to approximate all moments of fem, simultaneously.

Our experiments show that algorithm [2| converges to a better solution if we set ¢(x) x p(x) =
Fhl

5.4 Practical algorithm with initial coordinates

2
eS|

Let us set p(x) = f/%n. Step 4 of algorithm

0 = arg mein ®,_1(Go)

is done via the gradient descent-type algorithm (we use the Adam optimizer [20], a popular tool in
AT [31), 211, B0, 33], 37, B2] 41, 25]) that needs as an oracle an unbiased estimator of the gradient at
a given point 6.

In practice it is natural to estimate the gradient of ®,_,(Gy) as follows:

1 _ p Mpatch p Mbatch
va( S 11G(20) — dempl@)P + —2— 3 s — Gonloxi + €|
=1 =1

Npatch i— Nbatch i

A E OEG OEGy,
+ I (2;) — ———(z) Pa|? ),

Npatch i—1 ox ox

where x1, -+, Xpp .~ flemp (Y1, Ynpa are the corresponding outputs),
y _Ix? y
€1, €Enpoen ~tid 2710226 207 and z1, -+, Zny g le? T 7Z/nbatch ~td p (: q)'
Since
OEGy, TOEG,
M, = e : Ldx,
! / n p(x) ox 0x
it is natural to estimate it as:
M B 1 Npatch 8EG9t T(t )8EG9,5 (t )
b Nbatch - aX ! (9x v

=1

where t;,--- ,ty, ., are independent identically distributed with distribution p. Thus, the pseu-
docode of the algorithm can be found below.
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Algorithm 3 Practical algorithm with initial coordinates
By +— 0, 90 +—0
fort=1,---,7T do
while 6 has not converged do

Sample X1, -+, Xpy. .~ flemp With the corresponding outputs yi, -+, Yy,
. (B3
DY ZZd l 2
Sample €, s Enparen ™ \/W”e 2 »
/ / 2%
Sample Zy, - 7anatch7 Zl’ T ’anatch ~ p

yi — Goa(xs + €)]° +

P — (1_P anatch ||G61( ) _ Cbemp(zi)Hz + nb:)mh Z'Z’lb?tch
OEG
|52 (7)) — 5 (2) P

Mbatch
A § :nbatch
Mpatch 0x

f +— Adam(V9L7 97 «, ﬁh 52)

0, «— 0
Sample t1,- -+, ty,,., ~"

) — 1 Nyatch 8EG0/ -i-aEGg
Mt Nbatch zl:l ox ; <tl) ox : (tz)

Find {Vz}? s.t. ./\;ltVi = )\Z’VZ', )\1 > 2> >\n
P, S5 vivT

Output: vy, -+, vy

5.5 Experiments

We made experiments on the standard datasets: Heart, Breast Cancer, Diabetes, Boston house
prices and Wine quality. First, we applied Principal Component Analysis (PCA) and Sliced Inverse
Regression (SIR) algorithms to the training set and calculated the effective subspace for k =
All points were projected to that space and we obtained two-dimensional representations of input
points. In the last step we applied the 10 nearest neighbors algorithm (KNN) to predict outputs of
the test set (for the regression case, the KNN regression was used). The same scheme was repeated
with the Kernel Dimensionality Reduction (KDR) algorithm [14] and the alternating scheme with
p =1, 2,O We verified that p = 1 corresponds to the pure sufficient dimension reduction case,
because the best prediction was achieved for this value.

We experimented with algorithm |3[ setting the key parameters asﬂ (the data was standardized):

p(x) _ 1 Bk

Vor"

T =50,\ = 10.0,0 = 0.8,
a=10"% 6, =0.5,5, = 0.9.

Hyperparameters 6 of the neural network model Gy were set as: M’ = N and M equals either 50

or 100. The parameters of the characteristic function were initialized as of = %, w) = x; so that

wal a? cos(w? - X) = Gemp(x). Depending on the dataset, npaen ~ % and Npaen &~ 10000. In table
one can see the obtained test set accuracy on the classification tasks and R? on the regression tasks.

From Table [I] we see that the alternating scheme for p = 1 always outperforms SIR. As ex-
pected, the worst prediction accuracy is shown for p = 0, when the sufficiency term J(f) is absent.
Surprisingly, results for p = % are also comparable with SIR’s, which indicates that the two basic
requirements, the proximity to the empirical distribution and the sufficiency to predict an output are

often not mutually exclusive. The conclusion holds only if the distance to the empirical distribution

1Since the role of the parameter o is similar to that of the bandwidth in the kernel density estimation, we use
Silverman’s rule of thumb to set o.
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Dataset PCA%|[SIR |[KDR [p=1|p=1]p=0

Heart (acc) 79.80 | 81.1 | 84.5 | 83.2 | 80.4 | 81.8
Breast (acc) 93.46 | 96.5 | 95.1 | 97.1 | 95.6 | 94.0
Diabetes (R?) | 25.34 | 438 | 384 | 442 | 39.9 | 234
Boston (R?) | 56.42 | 762 | 704 | 76.7 | 742 | 51.3
Wine (R?) | 93.91 |8L.7| 89.9 | 952 | 92.7 | 94.1

Table 1: The cross-validated accuracies and R? of KNN on 2-dimensional input representations.

is the maximum mean discrepancy distance. Figure [I| shows how the 2D scatter plots of points on
the effective subspace look for the values of p =1, %, 0.
Codes that simplify the reproducibility of our results can be downloaded from GitHub repository

https : //github.com/k — nic/ LR _SDR.

6 Conclusions

Unsupervised dimension reduction and sufficient dimension reduction tasks are usually treated as
optimization tasks with substantially different objectives. An approach suggested in the paper deals
with the hybrid setting, i.e. the objective that we study is the sum of the term that measures the
consistency with an unsupervised part of data and the term that measures correlations between a
projected input and an output. We develop a new approach to the minimization of such objectives
that we call the alternating scheme. The results demonstrate that it is often possible to find a
low-dimensional subspace that approximates well the support of unsupervised data, and at the same
time can serve as an efficient subspace for the regression.
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Figure 1: 2d-scatter plots of test sets for Heart, Breast Cancer, Diabetes, Boston and Wine datasets

(rows) and for p = 1, 3,0 (columns). For regression tasks, the blackness of a point is proportional
to a target variable’s value.
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Abstract. In this paper, the main theorem is proved by establishing the reducibility to an equiv-
alent multiperiodic linear system with a differentiation operator directed along the diagonal of the
independent variables space. It is shown that helical lines on a circular cylindrical surface form
periodic characteristics of the operator. The reducibility of a multiperiodic system is examined
near a helix starting from the initial point of the phase circle, following the classical approach used
for periodic systems. A monodromy matrix is introduced, which remains constant along the first
integrals of the characteristic equations and possesses the properties of smoothness and multiperi-
odicity. The existence of localised positive eigenvalues consistent with the properties of this matrix
is demonstrated. It is assumed that at the initial point of the phase circle, the monodromy matrix
attains the maximal number of distinct eigenvalues. Their localisation on the cylindrical surface is
established using the Gershgorin method.
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1 Introduction

The reducibility of linear systems with continuously periodic coefficients to a system with constant
coefficients was given for the first time in the dissertation work of A.M. Lyapunov [19]. In modern
scientific literature, the issue of the reducibility of periodic systems is primarily met with a rationale
associated with Floquet’s theorem [I0], which pertains to the representation of their fundamental
solutions.

The equivalence of the reducibility problem to the representation of fundamental solutions by
Floquet was shown later in [§].

Thus, nowadays, the reducibility of periodic systems of ordinary differential equations has become
well known. The interest in the reducibility of conditionally periodic systems probably began in
the 1930s of the last century in connection with the application of electronic tubes in technology
for generating and receiving electromagnetic oscillations with different frequencies. Work [2] is
considered to be beginning of a new stage in the development of nonlinear oscillation theory, and
linear oscillation theory with periodic and quasi-periodic behaviour, was at the centre of interest as
a basis of studying oscillations [3].

The unresolved and important issue of the reducibility of linear conditionally periodic systems
is particularly highlighted in [4]. In [I5], to study this issue a method based on the transition
to multiperiodic systems of partial differential equations with a special differentiation operator is
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proposed and the sufficiency of studying it in a small neighborhood of the diagonal of the space of
independent variables is noted.

In this paper, we followed the author’s recommendation of the proposed method related to the
transition to systems of partial differential equations by applying Bohr’s theorem [6] and used some
ideas from [} [7, [T, 12} 22].

The specificity of the characteristic equation dt/dr = e for the operator D is as follows: first,
although the basic system depends on this vector field, it does not depend on the original given
system with the operator D, secondly, it can be considered an autonomous equation with a given
vector field v(t) = e in the phase space and, thirdly, the vector field v(t) = e can be considered
periodic with any period p and, in particular, we can put p = 6.

Obviously, one and only one phase curve t = h(7,&,m),7 € R passes through each point of the
characteristic equation’s phase space (£,n). Hence, different phase curves of this equation do not
intersect.

It is also known from the theory of autonomous systems that the solution ¢ = h(7,£,n) to the
characteristic equation, which takes the same value h(7,&,n) = h(m,&,n) at two different points
T =1 and T = Ty, is periodic with the smallest period § = 7 — 71 > 0, and {kf,k € Z} is the set
of periods, where Z is a set of integers.

The characteristic equation does not have a constant solution since all components of the vector
field v(t) = e are positive numbers.

Note also that the initial D-system is given in the Euclidean space, therefore, following this
premise in [I5] the Euclidean space is also considered as the phase space of the characteristic equation.
At the same time, the phase integral lines are straight lines that violate the basic specificity of the
original system associated with its 6-periodicity in 7. This was a big insurmountable obstacle in the
study of the system’s problems related to the periodicity in 7 of period 6. Therefore, the author
of this method and his followers [T}, 21} 26], 27, 28], along with other problems about multiperiodic
oscillations, limited themselves to the study of special cases of this problem. The multiperiodic
and periodic solutions of various classes of ordinary differential equations and partial differential
equations were studied also in [9] 13} [14] [16] 17, 18].

It turns out that if we consider the above-mentioned specifics of the characteristic equation,
this difficulty can be overcome by replacing the Euclidean phase space with a cylindrical surface
[20, 23], 24, 25]. Then, as the phase integral curves of the characteristic equation of the differentiation
operator, we can take a helical line at an angle of elevation 7. In this case, if 7 represents the shift
of a point along the generatrix of the cylinder, and by ¢; we mean the length of the arc of the phase
circle, then the point (7,t;) changes along the helix in the three-dimensional Euclidean space, and t;
changes #-periodically with respect to 7. Thus, the concept of a helical line in the three-dimensional
space is introduced. Then, based on the Cartesian product of three-dimensional helical lines we have
multidimensional helical lines.

Following this innovation, in this paper there is investigated the reducibility of a linear homo-
geneous multiperiodic system with a diagonal differentiation operator of independent variables to
a similar system but with a constant on the diagonal multi-periodic matrix in terms of equivalent
systems introduced in [22].

To prove the existence of the logarithm of the monodromy matrix of the original system in
the e-neighbourhood of the diagonal of independent variables we use the method of localisation
of eigenvalues according to Gershgorin [II], [12], from which follows the existence of a closed line
not passing through the zero of the complex plane covering the whole spectrum of the monodromy
matrix. Consequently, the required logarithm is determined by the Cauchy integral formula [7].

In conclusion, the main result of the reducibility of a conditionally periodic matrix equation with
an ordinary differentiation operator to a matrix equation with a constant matrix is obtained based
on the transition from an equation with a differentiation operator to an equation with a diagonal
matrix according to [15].
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2 Problem statement

We consider the following linear system

d dt
— X =P(r.t) X, —
dr (T.6)X, dr

P(r+0,t+ kw) = P(r,t) € CU9(R x R™),

T,

:67

Zk‘jwj#(), Z\k’]]#O, kj GZ,j:Lm, (21)
Jj=0 j=0

where 7 € (—o0,+00) =R, t = (t1,...,ty) ERX...xR=R™ e=(1,...1) and w = (w1, ...,wpn)
are m-vectors, w; € R,j = 1,m, 6 = wy = const € R, P(7,t) is a given n-matrix function, X is
the required n-matrix function, Cg;e) (R x R™) is a class of functions of variables (7,t) € R x R™ of
smoothness (0, e).

The reducibility of system (2.1)) to a system

d
VY =AY 2.2
dr ’ (2:2)

with a constant matrix A is investigated, based on the linear matrix replacement
X =Q(r,1)Y, Q1 +0,t +w) = Q(1,t) € CLIR x R™), det Q(,1) #0, (2.3)

which is quasi-periodic along the diagonal t = er.
The problem ([2.1))—(2.3)) is formulated in [4] with an indication of the characteristic equation

dt
dr

which is a subsystem of system (2.1]).
System ([2.4]) is a Cartesian product of independent scalar equations

dt; _
dr

which are convenient for further study of vector equation ({2.4)).
The problem of reducibility is investigated based on the method [15], according to which, along

with equation ([2.1]), we consider a linear multiperiodic matrix equation with a diagonal differentiation
operator of the form

e, e=(1,...,1), (2.4)

1, j=1,m, (2.5)

0 N0

DX =P(r,t)X, D= — —
(T7) 9 87—_'_] atj7

(2.6)
where all input data satisfies the conditions of equations respectively.

Since [15] along the characteristics ¢ = 5(7, £, 1) of equation (2.4)), the operator D of differentia-
tion of the function z(7,t) € C’St’e) (R x R™) passes into the ordinary operator -- of differentiation of
the function z(7, 8(7,£,n)) and inversely, then for t = er = (7,0, 0) conditionally periodic equation
(2.1)) and multiperiodic equation are equivalent.

According to Bohr’s theorem [6], which states the relationship between continuous periodic func-
tions of many variables and continuous almost periodic functions of one variable, the matrix P(7,1)
given in and at t = eT becomes a conditionally periodic matrix P(7,er) with a constant
basis (wy ', wi?, ..., wl) with incommensurable frequencies vy = wy ', 1y = wi', .., Uy = Wil

Thus, the problem of the reducibility of f was reduced to the problem of reducibility
of multiperiodic equation to equation along the diagonal of independent variables t = et
based on substitution (2.3)).
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3 Periodic characteristics of the diagonal differentiation operator

Assuming the variable t is one-dimensional, equation (2.5)) is takes the form

dt
— =1 3.1
dr (3:1)
Then if we take the straight lines
t=n+717-¢

with the initial point (£,77) € R? as phase lines, we have rectilinear motion, which is a particular
case of curvilinear motion.

If we take a circle S of length 27 = 6 on the vOw plane as a phase line and by ¢t we mean the
length of the arc s of the circle S, and by ¢ = 6717 the angle of rotation of the radius vector of the
arc t, then t = t(v, w) is determined by its coordinates as a point (v, w) of the circle S:

v =rsin (2%9_17) , W=7T1—1cos (27r9_17’) =r4rsin (2#9_1 (7“ — g)) .
Obviously, dt = dr, and
t=n+ ]{ v wdr = y(7,¢,m)
9

represents circular motion with period 6, which is a special case of general curvilinear motion. The
points t and t + k0, k € 7Z are identical on the circle S.

These planar straight-line and circular motions constitute strong restrictions on the systems
under consideration, namely and .

In [I5] the author limited himself to the flat rectilinear case and the problem was not investigated
from a more general point of view. In the case of circular motion, systems and are found
to be T-periodic, for which this problem is solved in [I5] and [19].

The most general kind of motion is the rotational-reciprocating motion. Since, according to
systems and , rotation must have the property of periodicity, the phase integral curves of
equation (2.4) must be helical in nature. This circumstance suggests the consideration of equation
on an infinite circular cylindrical surface of space (u,v,w) € R3,

In this regard, we consider the characteristic equation of the operator D on a #-circular cylindrical
surface with the parametric equations

t t t
u=r, v:rsin(—), w:r—rcos<—>:r+rsm(——z) (3.2)
r r ro 2

with two parameters 7 and ¢, which are related to equation (3.1), where 27r = 6.
According to equation (3.1)), we have a S-line of the surface M of the form

t=n+717-&¢=p6(1,&1n), (r,t)eM (3.3)

with the initial data (£,n) € M.
Substituting (3.3) into (3.2]), we obtain the equation of the phase integral curve of equation (3.1))
on the surface M of the form

u=7T, vV=rsin (LT_é), w=7+rsin (w—z) (3.4)

T T 2
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Figure 2: Projection of a circular helix onto a plane

with the parameter 7 € R, (£,n) € M (see Fig. [2). The sweep function is the projection of the
circular helix (see Fig. [2) on the plane 7Ot, where 0(0,0,0) = O, O'(0,0,7) = O', P'(0,t,0) = P',
P(r,t,0) = P, =tan, [0,¢9] C (Ot) =R, p = ZOO'P'.

Equations are parametric equations of a helix, where 7 is the length of displacement of a
point P(u,v,w) along the cylinder generatrix, passing through this point, and ¢ = t(v, w) represents
the arc length s of the phase circle corresponding to the polar angle ¢ = n 4+ 7 — £ in radians.
Obviously,

t=n 4 () [ VR e = g ) € M (35)

with the initial point (§,7n) € M.

Thus, from the geometric interpretation of equation in the plane R? we have switched to
its kinematic interpretation in the three-dimensional space R3. The independent variable 7 in R? is
one of the coordinates of the point (7,¢), and in R? space becomes a time parameter characterizing
the motion of the point along a helical line drawn on a cylindrical surface.

The other dependent coordinate ¢ of equation on the plane R?, in space R3 characterizes the
motion of a point depending on time 7 (numerically equal to the displacement along the cylinder’s
generatrix) along the path of a kind of helical spiral located on the cylinder, moreover, the phase
trajectory t is a circle S obtained by projecting a helix in the direction of the 7 axis.

In general, on M, the [-characteristics of the operator D have the following properties

B(r+0,&m) =B(1,§+0,m) = B(1,&,n+w) —w=B(1,§n) = B(1,(, B, €, ). (3.6)

It is important to have flat equivalents of helical lines (3.3)—(3.5) for quantitative analysis of
system (22.6) (see Fig. [3).

'

Y%

-26

~V

Figure 3: Cycloidal projection of helical curves

We consider the cycloidal sweep of y-mapping of a 6-circular infinite cylindrical sur-
face to get an idea of the equation of the helix ¢ = fg(7,0,0) = f*(7) on the
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(7,t) € R? plane. This surface is obtained by cutting the cylinder along its lower generatrix and un-
folding it upward onto the plane by shifting the phase circle S without sliding. Then, the cylindrical
surface turns into an infinite strip Il with boundaries 7 =0 and 7 = 6.

In the y-mapping, the areas, angles and lengths of the arcs are preserved, and the arcs of
the helix are straightened and become segments. For example, the equation of the helical line
t = B*(7) originating from the initial point O of space (u,v,w) € R? on the plane has the form
t = 6{607'7} =}(r), where {7} is the fractional part of the number 7. The graph of this jump
function is well-known (Fig. |3)).

The quantitative analysis related to the issue of integrating functions of variables (7, t) along the
helical lines on the plane R? is carried out based on the functions }(7) and

(1) =r=}7)= 010" 7]

where [7] is the integer part of the number 7.

Note that the fractional partial function }(7) is a smooth, f-periodic on M C R, and the 6-step
function ](7) is a function identical to zero, moreover, they are summands of the expansion of the
diagonal function ¢t = 7 =|(7)+}(7) on the plane R?. The results of the integration of functions over
¢ € R in the limits from 7° to 7 are presented in terms of the first characteristic integrals of the
form

n=pEmnt), =57 () eM, (3.7)
which relate to the first integrals n = 0(&, 7,t) of the operator D by the relation
B(ga T, t)|(T,t)€M = 6(£a T, t)_](f - T)|(T,t)ER27 5 € R? (38)

on the plane (7,t) € R%

Here we tried to consider the recommendations of [22] on a reasonable definition of the phase
space of a vector field based on the specifics of the statement problem. In this case, the specifics
of the problem include: 1) the vector field describes the differentiation operator of functions along
its direction and, 2) on the manifold where the differentiation operator was defined, this vector field
must allow periodic integral curves with a given period, although it has only linear solutions in the
plane.

Information about the differentiation operator can be obtained from [5] and [I5]. Based on the

T-periodic characteristics (3.3))—(3.5]) of equations (3.1]), the characteristics
tj :Bj(Tafanj)> (T7tj) eM

of equation (3.1) with initial data (§,n;) € M, j = 1, m were obtained. Then, the Cartesian product
of these characteristics is a vector characteristic

t=(Bu(,&m), s (75 6,0m)) = BT, €,m), (7,8) € M™, (3.9)

of system (2.4)) with initial data (¢,n) € M™, where n = (91, ..., ).
The [-characteristics (3.9) of system (22.4) have the properties of (0, w)-periodicity and a group

of form (3.6)).
The first characteristic integrals of system (2.4]) by (3.7) and (3.9) are defined in the form

n =B ,t),(r,t) e M™, (3.10)

with the parameters (£,7) € M™.
The connection of helical characteristic integrals (3.10) with the linear Euclidean characteristic

integrals
77:5(£7T7t)’ (T7t)€Rme:Rl+m
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following (3.8]) and (3.9) is determined by the relation

/B(fa T, t)|(7',t)€/\/( = 5(57 T, t)|(7',t)6R1+m _]<€ - 7—)’ 5 € R, (311)

Thus, the following statement is justified.

Theorem 3.1. Characteristic equation (2.4) of the diagonal differentiation operator D on an infinite
cylindrical surface M™ has B-characteristics (3.9)) which have the properties of (0, w)-periodicity and

group (3.6)). Moreover, its corresponding first characteristic integrals (3.10|) through §-characteristics
equation (2.4) in the Euclidean space R*™™ are related to relation (3.11)).

4 Reducibility of a multiperiodic linear homogeneous system with a di-
agonal differentiation operator

We consider a multiperiodic linear homogeneous system with a diagonal differentiation operator in
matrix form (2.6)). The characteristic equation (2.4]) of the operator D, its [-characteristics (3.9)
with properties (3.6) and the first integrals

are defined on the cylindrical surface M™, where (£,7) is the initial point of the characteristic
t = B(r1,&,m), which is smooth in all arguments, having the properties of (6, w)-periodicity and the
group given in , and the first integrals n = 3(&, 7,t) are defined based on the characteristics.

The matricant X (7,t) of equation is uniquely determined by the integral equation below
and has the properties of w-periodicity in ¢ and smoothness in (7, t):

X(rt)=E+ / " P(CLB(C T )X (C B T ),

(4.2)
X(r,t+w) = X(r,t) € CLIR xR™), detX(r,t) #0
where F is the unit matrix.
The monodromy matriz X (6, 3(0,7,t)) of equation ([2.6]) satisfies the equation
X(t+06,t)=X(r,t)X(0,5(0,7,1)). (4.3)

Obviously, both parts of equality (2.4) satisfy equation (2.6) and for 7 = 0, by virtue of (4.1),
we have the same initial condition. Hence, from the unique solvability of the initial problem for

equation (2.6)), we have identity (4.3).

If ®(7,t) is any fundamental solution with a w-periodic initial value of equation (2.6)), then it
can be represented in the form

O(r,t) = X(7,1)®(0, 5(0, 7,1)),

4.4
¢(0,t+w) = P(0,t), detd(0,t) # 0, (44)

which has the following properties:
O(1 +0,t) = ®(r,t) - ©7H(0, B(0,7, 1)) X (8, 8(0,7,)) (0, B(0, 7, 1)), (45)

O(r,t +w) = b(r,t) € CLI(R x R™),

The matrix
U(B(0,7,t)) = @‘1(0,5(0,7, )X (0, 5(0,7,t)P(0,5(0,7,1)) (4.6)
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is called the main matriz of the solution (4.4}). Next by the fundamental solution, we mean a solution

with a w-periodic in t a nonsingular initial matrix.

Let us show that representations and are valid.

Indeed, both the right and left sides of these equalities satisfy equation and, by virtue of
7, turn into identities in 7 = 0. Therefore, based on the unique solvability of the initial
problem for system , we have the identities for 7 € R. This is exactly what is needed to be
proved.

Thus, the following theorem is proved.

Theorem 4.1. Any fundamental solution ®(1,t) of system (2.6) has the property
B(r +0,1) = B(r, HU(B(0, 7,1) (47)
with its basic matriz U(5(0,7,t)) that is defined by relation (4.6)).

Along with system ([2.6), we consider another similar multiperiodic system

DY = Q(r,1)Y,
QT +0,t +w) = Q(,t) € CH7 (R x R™) 49
with the matricant Y (6,¢) having the properties of (6, w)-periodicity of the form
Y(r+0,t)=Y(7,t)-Y(0,5(0,7,1)), (49)

Y(r,t+w)=Y(7,t) € C’i}t’e)(R x R™).

Definition 1. Systems ([2.6) and (4.11)) are called equivalent if there exists a matrix 7'(7,¢) having
properties
T(r+6,t+w) =T(r,t) € CL7(R x R™),  detT(r,t) #0, (4.10)

such that linear substitution
X =T(r,t)Y (4.11)

transforms system ([2.6)) to system (4.11]), where Y has properties (4.9).
Theorem 4.2. For systems (2.6) and (4.8]) to be equivalent, it is necessary and sufficient that they
admit fundamental solutions of ®(7,t) and V(7,t) with a common basic matriz:
U(B(0,7,t)) = V(B(0,7,1)),
O(r+40,t) = O(7,t)U(B(0,7,1)), (4.12)
(r +6,1) = U(r, )V (B(0, 7, 1)).

The ezistence of the basic matriz V(8(0,7,t)) follows by Theorem [L.1] by virtue of ([{L.7).
Proof. Let systems ([2.6) and (4.8) be equivalent. Then, by virtue of (4.10) and (4.11)), we have a

sequence of identities of the form
O(1,t) =T(7,t) Y(1,1),
O(t+0,t) =O(r,t)U(7,t) =T(1,t)VU (T + 0,t) =T (1, 0)V(7,t) - V(7,t) = O(7, )V (T, 1).
From here we get 1|4.12D

Inversely, let we have (4.12). Let us prove (4.11). Dividing the second identity of ([4.12) by the
third one, we obtain

O(r+0, )0 (1 +0,t) = D(1,t)U (B(0,7,1)) V1 (B(0, 7,1)) U (7,1)

= DO(r, 1)U (r,1). (4.13)
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Further, let the following equality hold:

O(1, ) U (7,t) = T(7,1). (4.14)
As can be seen from (4.13]) matrix (4.14)) is (0, w)-periodic, and
O(7,t) =T (1, t)V(7,1). (4.15)

Since ®(7,t) = X and ¥(7,t) = Y are arbitrary fundamental solutions of equations (2.6) and
@D, respectively, then the established relation between them (4.15) defines linear transformation

4.11|i. O

The (0, w)-periodic system ([2.6) can be considered as (26, w)-periodic in (7,t) € R x R™. Then,

X (20, 8(0,7,)) = X2 (0, 3(0,7,1)) . (4.16)

Eigenvalues of for fixed (7,t) are real, and the elementary divisors corresponding to neg-
ative eigenvalues are repeated an even number of times. This is important in further studies on the
logarithm of the monodromy matrix in terms of real-valued matrix functions.

The function F (S(&,7,t)) of the first characteristic integrals n = 5(, 7, ) is said to be constant
along the diagonal ¢ = e, since 5(&, 7, e1) = €€.

Theorem 4.3. Equation s reduced by linear substitution with to the equation
DZ =K (5(0,7,t) Z (4.17)
with a diagonal constant matriz K (5(0,7,t)):
Kt+w)=K(@t) eCO®R™, |t—er|<e (4.18)
where € > 0 is a sufficiently small number.

Proof. Under assumptions (4.1)) and (4.8), equation (4.17)) is (0, w)-periodic in (7,t). Therefore, it is
(20, w)-periodic in (7,t). For each fixed (7,t), we have a fixed value n = (0, 7,¢) and suppose that

20K — X (20, ), (4.19)

hence, X(20,n) = E+ 3777, (Qz)j K7 (n).

Since X (20,n) = X?(0,n) according to (4.16]), then the equality
1
K(n) = % In X(260,7) (4.20)

is valid for every fixed value of the variable 7.
In the case of differentiability K (5(0,7,t)), the matricant of equation (4.17)) has the form

7 — eTK(B(O,T,t))

and the monodromy matrix is
W (B(0,7,t)) = XK BOTY), (4.21)

By virtue of (4.18) and (4.21]) we obtain the equality
W (B(0,7,1)) = X (20,5(0,7,t)) (4.22)
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for the monodromy matrix of equation (4.17). The Coincidence of the monodromy matrices
by Theorem - 4.2 proves the equivalence of equatlons and -

To complete the proof, it is required to show the Vahdlty of property .

Assuming, that t = er, we have n = 3(0,7,er) and the monodromy matrix of system can
be represented as

X (20,5(0,7,t)) = X(26,0) + [X (260, 5(0,7,t)) — X(26,0)]

© (4.23)
= X(20,0) +Q(B(0,7,1)), Qn+w)=Q(n) € C;7R™),
where Q(n) = X(20,n7) — X(20,0) — 0 for n — 0.
Let the constant matrix A reduce the matrix X (26,0) to the Jordan normal form
ATIX(20,0)A = J = diag [\MEy + 011, ..., ME + 611 (4.24)
where Aq,..., )\ are real non-zero eigenvalues of the matrix X (26,0), E; are unit matrices of di-

mension n; X n;, and [; are over diagonal unit matrices, ny + ... +n; = n; J; are sufficiently small
positive constants, j=1, (.
Then, by (4.24), equality (4.23)) can be written in the form

ATIX(20,8(0,7,1) A= J + F (B0, 7,),  F(n) = [f(n)],

B )= (4.25)
F(n)=AT'QmA—=0,17—0 Fn+w)=F(@n) eCRM.

According to Gershgorin’s theorem [11], 12], we define circles I';, in which lie the eigenvalues

1(B) = pu(B8) = M + vi(8) of the matrix J + F(j3) of form (1.25),

DA+ fi(B) — u(B)] < 05 + Z \fik(B)], 7 =1,n, B8=75(0,7,t), [t —eT| <e.

k=1,k#j

Obviously, 5(0,7,t) — 0 for t — er and f;x(n) — 0 for n — 0, and the constants dy,...,d; can
be arbitrarily small. Then, the radii

Ni(B) =06+ D |fw(B)

k=1,k#j

can be made arbitrarily small, and the centers O;(5) = \; + f;;(8) can be brought closer to A; with
any accuracy by diminishing the number € > 0.

Here, inequalities |t — eT| < € and the concept ¢t — er should be understood in the meaning that
the coordinates t; of the vector t represent the length of the arc s; of the circle Se, and 7 is the
length of the shift along the generatrix of the cylinder are approximately equal to ¢; ~ 7 in a narrow
helical strip B, of width 2¢ with a central helix line t; = 7.

It can be shown that any eigenvalue of 1 (8(0,7,t)) = u(5) and p(f5) satisfy the estimates

1 2

where mm Nl =7>0,
1<5<

5j <§g, |f]k (B(OvTvt)” <e
for (1,t) € B, and ¢ = 3L for all j,k =1,n.
n

Thus, all eigenvalue p(/5) of the matrix J + F(/3) will lie in one of the Gershgorin circles I',
which do not intersect and do not cover the zero of the complex plane at a sufficiently small € > 0.
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Then, there is a closed contour v, which includes all Gershgorin circles containing the eigenvalues
of u(B), but not covering the zero of the complex plane.
Consequently by [7], the logarithm In [J 4+ F(3)] is represented by the Cauchy integral formula

™
y

In[J + F(B)] = zi / (AE — J — F(B8)) " InAd), (4.26)

and the eigenvalues of () inherit all the properties of the matrix related to (0, w)-periodicity and
smoothness:

15 (B0, 7+ 6,1 +w)) = p; (B0, 7,1)) € CL7 R xR™), 1<j<n. (4.27)
Thus, from (4.26) and (4.27) follows (4.18]), since by virtue of (4.25) the monodromy matrix
F(26, B) is logarithmic. O

5 Reducibility of a conditionally periodic ordinary differential equation

A linear conditionally periodic matrix equation is given by (2.1). Since by [15] along the charac-
teristics t = (G(7,&,m) of the equation dt = edr, the operator D of differentiation of a function

e . , d : o
x(7,t) € L (R x R™) transforms into the ordinary operator — of differentiation of the func-
’ T
tion « (7, B(1,&,n)) and inversely, it follows that for ¢ = er = 3(7,0,0) systems (2.6) and (2.1)) are

equivalent.

According to Bohr’s theorem [6] on the relation between continuous periodic functions of many
variables and continuous almost periodic functions of one variable, the matrix P(7,t) given in (2.6))
and for t = er becomes a quasiperiodic matrix P(7, eT) with constant basis (wal, wit, .. wit
with incommensurable with each other components

-1 -1 -1
Vo =Wy V1 =W 4.y Uy =W, .

Thus, along the diagonal ¢t = er of the independent variables (7,¢) € (R x R™) both equation
(2.6) and (2.1) can be represented as the equation

d
d—Y = P(r,e)Y, Y = X(1,e7),
-

P(1+0,er + kw) = P(r,er) € CYI(R x R™),

T,eT

where Y 7% kjw; # 0, D00 1kl #£0, kj €Z, j =0,m, wo =0, w = (wWo,wr, - -+, Wp)-
As a result, by Theorem applied to equation (5.1)), we have the following reducibility theorem.

(5.1)

Theorem 5.1. Conditionally periodic equation (5.1)) is reduced by the conditionally periodic linear
substitution

Y =T(r,er)Z, detT(r,eT) #0,
T(t46,er +w) =T(r,er) € CLY (R x R™)

T,ET

(5.2)

to the equation

d
7= AZ (5.3)

with the constant matriz A = K(0), where the transformation matriz T(7,t) is defined by relations
(4.14]), (4.11) and (4.10), and the matriz K(n) by relations (4.19)).

Proof. First of all, it should be noted that Theorem [5.1]is a direct corollary of Theorem There-
fore, its justification is contained in the formulation of the theorem itself, with reference to trans-

formation (4.11)), which yields (5.2)), and to equation (4.17)), from which (5.3 follows. O]
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6 Conclusion

The general theory of almost-periodic functions of one variable and their connection with peri-
odic functions of many variables originates from the works of P. Bohl, G. Bohr, A. Bezikovitch,
V.V. Stepanov, S. Bochner, B.M. Levitan, and others.

Applied aspects of this theory in the form of differential models of oscillatory phenomena and
constructive-technical processes were first investigated in the works of A.A. Andronov, N.N. Bo-
golyubov and N.M. Krylov, G. Bohr and O. Neugebauer, S.L.. Sobolev, and others.

The problem of reducibility of linear almost periodic systems of ordinary differential equations
probably appeared in these years in connection with the needs of practice and the tasks of simplifying
the qualitative study of such equations as the basis of the theory of oscillations.

Research on this problem has been particularly intensified after creation of the KAM theory in
1954-1966, the creators of which are A.N. Kolmogorov, V.I. Arnold and J. Moser.

In his work [4], V.I. Arnold raised questions about the reducibility of general conditionally pe-
riodic linear equations. Further, he noted that the problem of the reducibility of linear equations
with conditionally periodic coefficients naturally appears in the study of neighborhoods of invariant
tori of autonomous systems that admit conditionally periodic motions.

Although this problem was formulated in terms of ordinary differential equations, it was con-
sonant with the formulation of the reducibility problem for linear multiperiodic systems of partial
differential equations by V.Kh. Kharasakhal [I5].

In this study, it was established that in the Euclidean space there exists an infinite circular
cylindrical surface on which the vector field of the differentiation operator with respect to the diagonal
variables admits periodic characteristics [24] 25]. Using these helical characteristics, the reducibility
of multiperiodic linear systems with a diagonal differentiation operator to systems with constant
coefficients along the diagonal was demonstrated in a neighbourhood of the diagonal. The logarithm
of the monodromy matrix was shown to exist by means of Gershgorin’s localization of eigenvalues. By
subsequently passing to the diagonal of independent variables, the principal result on the reducibility
of conditionally periodic linear systems of ordinary differential equations was obtained in a sufficiently
general situation.
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Abstract. In 1992 V.I. Burenkov proved some Hardy’s inequalities with sharp constants in Lebesgue
spaces for monotone functions for 0 < p < 1. Later R.A. Bandaliev established analogous estimates
in weighted variable exponent Lebesgue spaces for monotone functions for 0 < p(z) < ¢(z) < 1.
In 2020 A. Senouci and A. Zanou generalized the results of R.A. Bandaliev for quasi-monotone
functions. The aim of this paper is to obtain some generalizations of the previous results cited above
for weighted Hardy operators by introducing a parameter o € R. Moreover, by using the quasi-
norms || fopT(T)(Q) introduced by V.I. Burenkov and T.V. Tararykova, we obtain an improvement of
constants in our previous estimates.
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1 Introduction

For the first time the variable exponent Lebesgue space appeared in the literature already in the
thirties of the last century, being introduced by W. Orlicz. At the beginning these spaces had
theoretical interest. Later, at the end of the last century, their first use beyond the function spaces
theory itself, was in variational problems and studies of p(x)-Laplacian (see Zhikov [11], [12]) which
in its turn gave an essential impulse for the development of this theory. The extensive investigation of
these spaces was also widely stimulated by applications to various problems of applied mathematics,
e.g., in modelling of electrorheological fluids [8].

The variable exponent Lebesgue spaces LP®) for p(x) > 1 appeared in the literature for the first
time in [7]. Further developement of this theory was connected with the theory of modular functions.

Many investigations are devoted to the problem of boundedness of the Hardy operator in the
Lebesgue spaces LP®) for p(z) > 1 (see for example [1]). However, investigations of the Hardy
inequality in the variable exponent Lebesgue spaces LP(*) for 0 < p(x) < 1 are much less known.

It is well known that for L,-spaces with 0 < p < 1, the Hardy inequalities are not satisfied for
arbitrary non-negative measurable functions, but are satisfied for non-negative monotone functions
(for more details see [5]). The aim of this work is to obtain weighted inequalities for the Hardy
operators acting from one weighted variable exponent Lebesgue space Lyz)w,(2)(0,00) to another
weighted variable exponent Lebesgue space Lg(z) w,(z)(0,00) for 0 < p(x) < g(x) < 1, for functions
defined on (0,00) and satisfying conditions of the quasi-monotonicity. Some results obtained in
[10] are generalized. Moreover, by using the quasi-norms Hfomew(z) introduced by V.I. Burenkov
and T.V. Tararykova (for more details see [4]) and a new parameter o, we establish some weighted
inequalities for the same operators with improved constants.
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2 Preliminaries

In this section, we state definitions, lemmas, corollaries and theorems that are useful in the proofs
of main results. Let R™ be the n-dimensional Euclidean space of points x = (x1,za,...,z,), € be
a Lebesgue measurable subset of R™”. Suppose that p is a Lebesgue measurable function on €2 such
that 0 < p(x) < coVax € Q, and w is a weight function, that is a positive Lebesgue measurable
function on €.

Definition 1. Let p be a Lebesgue measurable function, 0 < p(x) < oo forallz € Q. By Lyz) w(z)(€2)
we denote the set of all Lebesgue measurable functions f on €2 such that

i) = [ (F@R(@) s < . 1)

Note that the expression

p(z)
gt = > 05 [ (Y0, <y (2.2

defines a quasi-norm on Ly w@)(2). Lp@)w@ () is a quasi-Banach space equipped with this
quasi-norm (see [9]).

In Definition 1, the case p(z) = oo is not considered. For w(x) = 1 definitions, including this
case, were Con81dered by O. Kovachik, J. Rakosnik (quasi-norm Hf|| @) ) and V.I. Burenkov, T.V.

Tararykova (quasi-norm || f|#% ( )(Q)) (see [6] and [4], respectlvely) We shall use the quasi-norm
based on the definition given in [4].

Definition 2. Let Q be a Lebesgue measurable subset of R", p(z) : Q@ — (0,00], f : @ — C,

Lebesgue measurable functions on Q. Following [4], we say that f € L]T) . (Q) if

w p(x)
IAIZ) ) @ inf{A>0; /Q<|f< )A| @ >> dxgl} < oo. (2.3)

p(z)
If L@@ -9 anq p(z) = oo, then it is assumed that (W) = 0.

p(x)
If L@@ 1 apnd p(z) = oo, then it is assumed that (M) = 00.

Remark 1. Note that Lf(g)(Q) is a quasi-normed space with the quasi-norm HfHme oy (@) (norm

if p(z) > 1).

Clearly, if p(z) < oo Vz € Q, then || f||FT o () = [FA I P—rr

w(x)
The following statement is known (see [1]).
Lemma 2.1. Let €y C R", Q5 C R™ be measurable sets, p be a Lebesgue measurable function on €2y

and q be a Lebesgue measurable function on Qy, 1 < p < p(zr) < q(y) <G < oo for all z € Q; CR"
andy € Qo CR™. If pe C(y), q € C(Sy), then the inequality

1712000 (2.4)

<C
Lq(m)(QQ) P

11200y 22

p(a:) (Ql)

15 valid, where

D
Cra = (sl + Dol + 4+ E) (Ul + sl (25)
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p =essinfg(x), p =esssupq(z), ¢ =essinfg(x), § = esssupq(z),
- Q1 0 - Q2 Qo

Ay ={(z,y) € Q1 x Q; p(x) = q(y)}, Ay = (1 x D)\A,
C(£21), C(Q22) are the spaces of continuous functions in Qy, Qg and f: Qy x Qs — R is any Lebesgue

< oQ.
p(x) (Ql)

measurable function such that H [RATNES

The following definition was introduced in [3].

Definition 3. We say that a non-negative function f is quasimonotone on ]0, o], if for some real
number a, x®f(x) is a decreasing or an increasing function of z. More precisely, given § € R, we say
that f € Qg if only if 277 f(x) is non-increasing and f € Q” if only if 277 f(z) is non-decreasing.

The following theorems were proved in [10].

Theorem 2.1. Let p,q be Lebesgue measurable functions on (0,00), 0 < p < p(z) < q(z) <7< 1,

r(z) = ppp( , Jor x € (0,00), 8 > —1. Suppose thalt wy and we are weight functions defined on

(0, 00).
1) If f € Qp, then the inequality

||

HHfHLq(t),wQ(ac)(Ovoo) S 222 (/8 + 1) P Cpaqdp w1< ) ‘ r(z) OOO HfHLP(JC)awl(W)(O’OO) (26)
holds.
2) f € QP, then the inequality
HHfHLq(r) w2 OO)
[fy# (@541 — o)) 2

1 é
< p* (B+1) ¥ Cpady

q(x) (y,oo) ‘

w1 (I’) )HfHLp(w),wl(x)(O’oo) (27)

1 X
= ;/0 f(y)dy,

p P
Cpa = (Ixllimtoms + Ixsalliom + (24 ) ) (I lenioo + st

r(z) (0700

holds, where

S1={r € (0,00): p(x)=p}, So = (0,00)\S1 and

IS =

p_
d, = (1+—p +H><SIHLOOOOO)

Theorem 2.2. Let p,q Lebesgue measurable functions on (0,00), 0 < p < p(z) < q(z) <7< 1,

r(z) = p]ZL for x € (0,00) and f = —1. Suppose that wy and wy are weight functions defined on

(0,00).
1) If f € Q_1, then the inequality

—%1 t\ 57 (| w2 (@)

w ()

HH*fHLq(w), HfHLp(w),wl(w)(QOO) (28)

T PgTp

L1(:c) (O’OO)

holds.
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2) If f € Q7', then the inequality
1
1 t7 (Int )7 122 o)
HH-fHLq(z),wQ(z)(ano) S Z_jgcpvq P wl(x) ‘ LT<I>(07OO)H‘f|’LP(I>,W1(Z)(O,OO) (29)
holds.
In (2.8) - (2.9)
/ f®dt, (H*f / f(@)

and Cp, , d, are the constants in Theorem 2.1.

The following proposition was proved in [3].
Proposition 2.1. (a) Let —oo < f < o0, fe€ Qs 0<a<b<ooforf>—-1land 0 <a<b<oo

for < —1.
If 0<p<1 and B # —1, then

(/:f(y)dy>,, <pls+1 [

—1, then

</abf(y)dy)p < p/ab (y ln%>p_1 [P (y)dy.

The inequalities hold in the reversed direction if 1 <p < oo
(b) Let —co < B <oo, fe@andd<a<b<oo for B<—-1land0<a<b<oo for

B>l
If 0<p<1 and [ # —1, then

(/abﬂy)dy)p <ol +1p

If 0<p<1andp=-1, then

</abf(y)dy)p < p/ab (y 1n§)p1 2 (y)dy.

The inequalities hold in the reversed direction if 1 < p < o0
(c¢) The constants in these inequalities are the best possible in all cases

b |y5+1_a5+1| p—1
(Y g o

If 0<p<1andp=
(2.11)

b B+l _ pB+1 p—1
<|yy—5|) [P (y)dy. (2.12)

(2.13)

We note the following special cases of Proposition 2.1 which are useful in the proofs of main
results. If we set a = 0 and b = x in (2.10) and assume that f is nonnegative and w € Q%, then we

get for.O < x <00
(/Ox f(y)yaw(y)dy)p < (z7w(z (/ fly dy)

< p(B + 1)1 PP (2)aeP / () dy

0

Corollary 2.1. Let 0 <p <1, 0<x < 0.
(@) If B> -1, fe€ Qs weQ™, a R, then

( Ox f<y>y—%<y>dy)p < p(B + 1)\ PP (a)ae / " )y (2.14)
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(b) If B<—1, f€QP, weEQ,, acR, then

(m ﬂwyﬂmmmgpSpw+1rﬂf@Mﬂwémw4ﬂ<>

(2.15)
() If B> -1, f€QP, weQ* acR, then

p T
—a — —« — -1
(/ FW)y w(y)dy> <p(B+ 1) e (2)z ”/ [y (7 =y )] Py (216)
0 0
The estimates (2.15) and (2.16) are proved similarly by putting a =z, b =00 and a =0, b=z
n (2.12).

If we take a = x, b = oo and @ = 0, b = z in (2.11) and (2.13) respectively, we obtain the
following corollary.

Corollary 2.2. Let0<p<1,p=-1,a0a€eR, 0<zx <
1) If w € Q., then

( /x ) f (y)y‘“w(y)dy)p < () /:o (

$>p_l fP(y)dy. (2.17)
2) If w € Q%, then

( /0 s (y)y“"w(y)dy>p < pu(z)ze" /Om < z

(2.18)
The following theorem was proved in [4]

Theorem 2.3. Let Q2 C R" be a Lebesgue measurable set; p,q: Q2 — (0,00], f: Q — C, Lebesgue
measurable functions, such that

1) for allz € Q0 < p(x) < q(x) < ooy

2) r(z) = 2R if p) < g(z) < oo, 1(z)
p(x) = q(x);

p(x), if p(z) <

q(z) = oo, and r((z) = oo, if
3) m= eszsi)nf%, M = ess %up Z% p= eszgznfp( ).
€T TE x
If p>0, then
IFGET < (14 M = m)2IF1ET g2 (2.19)
for all f € qug (Q) and g € LT]?(E)(Q)

1
Remark 2. The constant (1 + M — m)? in inequality (2.19) is an improvement of the constant in
Corollary 2.1 of [2|, with A=M,B=1—

If the functions p, g satisfy the conditions of Theorem 2.3, f is replaced by fws and g =
Theorem 2.3, we obtain the following corollary

“L in
2

Corollary 2.3. Suppose that Q@ C R™ is a Lebesque measurable set, then the inequality (2.19) takes

the form

IFIZ)

w1 (IL‘) BT

wo()

1
Lp(), UJ1(ﬂv) <1 ™ M- m>2

r(xz)
BT w
for every f € Lq(x)m(m)(Q) and > € L

) ()
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3 Main results

Let w be a weight function on (0,00) and a € R.
Consider the weighted Hardy operators

Hw,a == ¢ (y)d% (OAS Rv

(Hiof / Fy)y = w(y)dy,

where W (x fo y “w(y)dy, y > 0 and f is a non-negative Lebesgue measurable function on
(0, 00).
Note that for w(y) = 1, and a = 0, the H,, , and H} , are the usual Hardy operators H and H*.

Theorem 3 1. Let p,q be Lebesgue measurable functions on (0,00), 0 < p < p(x) < q(x) <g <1,

r(z) = p(z p, for x € (0,00), B> —1, f € Qp, « € R, and w € Q*. Suppose that wy and wy are
weight functions defined on (0,00).
Then, the inequality

”H"%afHLq(z),LuQ(z) (0700)

yv || 2t 2|
CEO‘W L z)(yoo)

w1 (I) Ly(a) (0,00)

holds, where C,, ,, M and m are the constants in Theorems 2.1, 2.3 respectively.

\'U\»—A

PB4+ 1) 7 Cpy(1+ M —m)?

Proof. Taking in account Remark 2.1 and by applying Corollary 2.1 and inequality (2.14) with p = p,
we get

wo(w) [* _
Hw a o0) — Hw a c0) — H / “wd ‘

Lg(2)(0,00)
B _Aflwel()w(x z %
e ) </0 FE)edy ) () (0,00)
Let ( ) ( ) T )
wolT)w(x ) ,
= ”—</ )Pl d )7 |
1 W (x) o fE(W)y Y .
then,
= H(/OO F2(¥) X0 () [M}pyp_ldyﬂ
1 (0,x) ,CECYW(.T) L (0)

_H / THX )[#((? pyp_ldy)qu<z>(o,oo)

- H‘ fg(y)X(o,x)(y)[ m)w(x)} yg—l)

W (z)
Now, one can use Lemma 2.1 and get that

K < Cp,q< /0 ) H[fﬂ(y)]xm,z)(y) [—W;aﬁig)}pyﬂ

L1(0,00)
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= Cpyq ( /Oo" ey HX(M) (y) [M]p

(SAT

dy)
L 4(x) (0,00)
P

z*W (z)
> ws(z)w(z) >
e e )
PN o W) oW (@) 2,000
1 || wa(z)w(z)
= Cpg| f(y)y7 —’ ’ :
ba||F(¥) W () Ly (w,00) 1 L(0,00)
Let
o= [row? P )
W () 1Ly (y,00) 1 Lp(0,00)
Finally, applying Corollary 2.3, we have
g7 (LG BT
Ko< (1+M— ) e .
2 = ( + m) w1($) ,.(w>(0,oo)||f”Lp<I)’W1(I)(O7 )
consequently,
1 -1 HH af/VQZ)HL() o) || BT
pr 1) 7Cyy(1+M—m)z = ’ 00)-

U

Remark 3. Note that (1+M — m)” < d,. Since, under the assumptions of Theorem 3.1, || f||F* =

p(x)

1 £z, (), if we take o = 0, w(x) = 1 in inequality (3.1), we get inequality (2.6) of Theorem 2 1
with an improved constant. Moreover, by putting 5 = 0, we get Theorem 3.1 of [2].

By applying Corollary 2.1, inequality (2.15), the following theorem is proved in a similar way.

Theorem 3 2. Let p,q be Lebesgue measurable functions on (0,00), 0 < p < p(z) <q(z) <g<1,
r(z) = p}zi -t forz € (0,00), B< -1, f€Q°, a€R, andw € Q. Suppose that wy and wy are
weight functions defined on (0,00). Then, the inequality

”HZ,afHLq(x),wQ(w) (O’OO)

,, () w(x)
1 _4i 1 ” AWz ||L @ 0y || BT
<pr|B+ 1 Chg(l+ M —m)? - - N 3.2
— ]_) |ﬁ + | P p,q( + m) wl(x) Lr<z)(0700)||f||Lp(z)7w1(:c)(0’ ) ( )

holds, where C,, and M, m are the constants in Theorem 3.1.
By using Corollary 2.1, inequality (2.16), the following theorem is proved similarly.

Theorem 3.3. Let p,q Lebesgue be measurable functions on (0,00), 0 < p < p(x) < q(r) <g <1,

r(z) = ppp( ?) , forz € (0,00), B> —1, f€Q°, a €R, and w € Q. Suppose that w, wy are weight

functions deﬁned on (0, 00).
Then, the inequality

-

-1
HH(.«),afHLq(z),w2(0,oo) S BE (6 + 1) v Cp,q(l —+ M — m)

I3 =

H ”[y_ﬁ(x/B—H - yB—H)] g w;‘ggi:/l/wx) HLq(l) ) ‘ .

wi () Lip(a)(0,00)

holds, where C,,, and M, m are the constants in Theorem 3.1.

HfHLp(x),wl(rc)(Ofoo) (33)
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Remark 4. Since, under the assumptions of Theorem 3.3, || f||5* = | fllz, @, if we take o = 0,

Lp(a)(©2
w(z) = 1 in inequality (3.3), we get inequality (2.7) of Theorem 2 1, with an improved constant.
Moreover, by putting 5 = 0, we get Theorem 3.2 of [2].

Remark 5. For constant p(x) = ¢(x) = p and wy(x) = we(z) = 2* and w(z) = 1, inequalities (3.1)
and (3.3) with sharp constants, were proved in [3] and if § = 0 earlier in [5].

Now we consider the case § = —1.

Theorem 3 4. Let p,q be Lebesgue measurable functions on (0,00), 0 < p < p(z) < q(z) <g <1,

r(z) = p(z for r € (0,00), f = —1, and a € R. Suppose that wy and wy are weight functions

defined on (O 00).
1) If f € Q1 and w € Q,, then the inequality

||H:J,af||Lq(z),w2(z) (0700)

1 1
t7 (In £)7 || =

1 1
S]_)BC'p,q(l—FM—m)B HLq(a:) 0,t)

BT
w1 (I’) L, (2)(0,00) ||f||Lp(z) wy (2)(0,00) (34)

holds.
2)If f € Q7' and w € Q°, then the inequality

||vaaf||Lq(z),WQ<I>(07oo)

L w2(x
1 (In )7 |22,

wl(x)

q(z)

1 1
< QEvaq(l + M —m)e

holds.

Proof. 1. By using inequality (2.17) with p = p, we obtain

HH:;,af||Lq(z),w2(z)(0700) = ||w2(x>H:),af”Lq(z)(0700) =

S ([ () )

- [SR8 ([ mty)

The rest is similar to the proof of Theorem 3.1.
2. We apply inequality (2.18) with p = p and the rest of the proof is similar to that of Theorem
3.1. O

IN
I3
7 I

Lq(z) (0700)
We put

SAE

Lq(z) (0,00)

Remark 6. Since, under the assumptions of Theorem 3.4, || | =[£Iz, () if We set o =0,

p(i)

w(z) = 1 in inequalities (3.4) and (3.5), we obtain inequalities (2.8) and (2.9), respectively, of
Theorem 2.2 with improved constants.
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