EURASIAN MATHEMATICAL JOURNAL

volume 16, number 4, 2025

CONTENTS

N. Anakidze, N. Areshidze, L.-E. Persson, G. Tephnadze

Approximation by T means with respect to Vilenkin system in Lebesgue spaces............. 8
V.I. Burenkov, M.A. Senouci

Boundedness of the generalized Riemann-Liouville operator in local Morrey-type

Spaces With MiXed QUASI-NOIMS.........c.coiiirieieieieeeeeeee et esnes 23
K.-S. Chiu, I. Berna Sepulveda

Infinitely many periodic solutions for differential equations involving piecewise

alternately advanced and retarded argument.............cccoeivieiinieicinieieeee e, g8
B. Kanguzhin

Propagation of nonsmooth waves along a star graph with fixed boundary vertices....45
S.A. Plaksa

Continuous extension to the boundary of a domain of the logarithmic double layer

POTENTIAL ...ttt ettt ettt ettt 54
E.L. Presman
Sonin's inventory model with a long-run average cost functional..................... 76

==2EURASIAN
- “NATIONAL

UNIVERSITY

ISSN (Print]: 2077-9879

ISSN (Online): 2617-2658

EURASIAN
MATHEMATICAL
JOURNAL

agy e .
/] IRAN AFGHI"N'-S“N .\:":\::\‘0‘ S 3
NewDe tAg"a ,3«_)
PARSTIN ek o
EGypr b \
-'if(;ER
i

oup  Khartoy,
byjy NDfamena Suban *

A

CENT
h N R,
A ﬂu“"“e REp, FRchN

IS
9 77

207

fersburg RUSSIA
Yaroslayl ~ Perm, % Nt =
> n
“Mingg  *Moscow .Kezn i =, st R
A s Sarat PR / St
G i ratov S 4
“#r Kiev . g
v o+ o Kharkov ot PR

Addis Abbaha

SN 2077-9879

ooy UKRAIN AKHSTAN
KRz RS

o P : ‘N“\'&\‘ N \\m
UZBEKISTAN § mne"l:‘v‘: 2 \
AZERBAWAN -‘ashk EA
Baku TURKMENISTAN ek \,@Q\
* v
+Mosel Ashkhabad i sl

IRAQ *Tehran Kab\.l\ * *

Asma

, el

VOLUME 16, NUMBER 4

2025

7 987003H




ISSN (Print): 2077-9879
ISSN (Online): 2617-2658

Eurasian
Mathematical
Journal

2025, Volume 16, Number 4

Founded in 2010 by
the L.N. Gumilyov Eurasian National University
in cooperation with
the M.V. Lomonosov Moscow State University
the Peoples’ Friendship University of Russia (RUDN University)
the University of Padua

Starting with 2018 co-funded
by the L.N. Gumilyov Eurasian National University
and
the Peoples’ Friendship University of Russia (RUDN University)

Supported by the ISAAC
(International Society for Analysis, its Applications and Computation)
and
by the Kazakhstan Mathematical Society

Published by

the L.N. Gumilyov Eurasian National University
Astana, Kazakhstan



EURASIAN MATHEMATICAL JOURNAL
Editorial Board

Editors—in—Chief
V.I. Burenkov, M. Otelbaev, V.A. Sadovnichy
Vice—-Editors—in—Chief
R. Oinarov, K.N. Ospanov, T.V. Tararykova

Editors

Sh.A. Alimov (Uzbekistan), H. Begehr (Germany), T. Bekjan (Kazakhstan), O.V. Besov (Russia),
N.K. Bliev (Kazakhstan), N.A. Bokayev (Kazakhstan), A.A. Borubaev (Kyrgyzstan), G. Bour-
daud (France), A. Caetano (Portugal), A.D.R. Choudary (Pakistan), V.N. Chubarikov (Russia),
A.S. Dzhumadildaev (Kazakhstan), V.M. Filippov (Russia), H. Ghazaryan (Armenia), V. Gold-
shtein (Israel), V. Guliyev (Azerbaijan), D.D. Haroske (Germany), A. Hasanoglu (Turkey), M. Hux-
ley (Great Britain), P. Jain (India), T.Sh. Kalmenov (Kazakhstan), B.E. Kangyzhin (Kazakhstan),
K.K. Kenzhibaev (Kazakhstan), S.N. Kharin (Kazakhstan), E. Kissin (Great Britain), V.I. Ko-
rzyuk (Belarus), A. Kufner (Czech Republic), L.K. Kussainova (Kazakhstan), P.D. Lamberti
(Italy), M. Lanza de Cristoforis (Italy), F. Lanzara (Italy), V.G. Maz’yva (Sweden), K.T. Myn-
bayev (Kazakhstan), E.D. Nursultanov (Kazakhstan), I.N. Parasidis (Greece), J. Pecari¢ (Croa-
tia), S.A. Plaksa (Ukraine), L.-E. Persson (Sweden), E.L. Presman (Russia), M.A. Ragusa (Italy),
M. Reissig (Germany), M. Ruzhansky (Great Britain), M.A. Sadybekov (Kazakhstan), S. Sagitov
(Sweden), T.O. Shaposhnikova (Sweden), A.A. Shkalikov (Russia), V.A. Skvortsov (Russia), G. Sin-
namon (Canada), V.D. Stepanov (Russia), Ya.T. Sultanaev (Russia), D. Suragan (Kazakhstan),
[.A. Taimanov (Russia), J.A. Tussupov (Kazakhstan), U.U. Umirbaev (Kazakhstan), N. Vasilevski
(Mexico), Dachun Yang (China), B.T. Zhumagulov (Kazakhstan)

Managing Editor
A .M. Temirkhanova

(© The L.N. Gumilyov Eurasian National University



Aims and Scope

The Eurasian Mathematical Journal (EMJ) publishes carefully selected original research papers
in all areas of mathematics written by mathematicians, principally from Europe and Asia. However
papers by mathematicians from other continents are also welcome.

From time to time the EMJ publishes survey papers.

The EMJ publishes 4 issues in a year.

The language of the paper must be English only.

The contents of the EMJ are indexed in Scopus, Web of Science (ESCI), Mathematical Reviews,
MathSciNet, Zentralblatt Math (ZMATH), Referativnyi Zhurnal — Matematika, Math-Net.Ru.

The EMJ is included in the list of journals recommended by the Committee for Control of
Education and Science (Ministry of Education and Science of the Republic of Kazakhstan) and in
the list of journals recommended by the Higher Attestation Commission (Ministry of Education and
Science of the Russian Federation).

Information for the Authors

Submission. Manuscripts should be written in LaTeX and should be submitted electronically in
DVI, PostScript or PDF format to the EMJ Editorial Office through the provided web interface
(www.enu.kz).

When the paper is accepted, the authors will be asked to send the tex-file of the paper to the
Editorial Office.

The author who submitted an article for publication will be considered as a corresponding author.
Authors may nominate a member of the Editorial Board whom they consider appropriate for the
article. However, assignment to that particular editor is not guaranteed.

Copyright. When the paper is accepted, the copyright is automatically transferred to the EMJ.
Manuscripts are accepted for review on the understanding that the same work has not been already
published (except in the form of an abstract), that it is not under consideration for publication
elsewhere, and that it has been approved by all authors.

Title page. The title page should start with the title of the paper and authors’ names (no degrees).
It should contain the Keywords (no more than 10), the Subject Classification (AMS Mathematics
Subject Classification (2010) with primary (and secondary) subject classification codes), and the
Abstract (no more than 150 words with minimal use of mathematical symbols).

Figures. Figures should be prepared in a digital form which is suitable for direct reproduction.

References. Bibliographical references should be listed alphabetically at the end of the article.
The authors should consult the Mathematical Reviews for the standard abbreviations of journals’
names.

Authors’ data. The authors’ affiliations, addresses and e-mail addresses should be placed after
the References.

Proofs. The authors will receive proofs only once. The late return of proofs may result in the
paper being published in a later issue.

Offprints. The authors will receive offprints in electronic form.




Publication Ethics and Publication Malpractice

For information on FKEthics in publishing and Ethical guidelines for journal publication see
http://www.elsevier.com/publishingethics and http://www.elsevier.com/journal-authors/ethics.

Submission of an article to the EMJ implies that the work described has not been published
previously (except in the form of an abstract or as part of a published lecture or academic thesis or as
an electronic preprint, see http://www.elsevier.com /postingpolicy), that it is not under consideration
for publication elsewhere, that its publication is approved by all authors and tacitly or explicitly
by the responsible authorities where the work was carried out, and that, if accepted, it will not be
published elsewhere in the same form, in English or in any other language, including electronically
without the written consent of the copyright-holder. In particular, translations into English of papers
already published in another language are not accepted.

No other forms of scientific misconduct are allowed, such as plagiarism, falsification, fraudulent
data, incorrect interpretation of other works, incorrect citations, etc. The EMJ follows the Code
of Conduct of the Committee on Publication Ethics (COPE), and follows the COPE Flowcharts
for Resolving Cases of Suspected Misconduct (http://publicationethics.org/files/u2/NewCode.pdf).
To verify originality, your article may be checked by the originality detection service CrossCheck
http:/ /www.elsevier.com/editors/plagdetect.

The authors are obliged to participate in peer review process and be ready to provide corrections,
clarifications, retractions and apologies when needed. All authors of a paper should have significantly
contributed to the research.

The reviewers should provide objective judgments and should point out relevant published works
which are not yet cited. Reviewed articles should be treated confidentially. The reviewers will be
chosen in such a way that there is no conflict of interests with respect to the research, the authors
and/or the research funders.

The editors have complete responsibility and authority to reject or accept a paper, and they will
only accept a paper when reasonably certain. They will preserve anonymity of reviewers and promote
publication of corrections, clarifications, retractions and apologies when needed. The acceptance of
a paper automatically implies the copyright transfer to the EMJ.

The Editorial Board of the EMJ will monitor and safeguard publishing ethics.



The procedure of reviewing a manuscript, established
by the Editorial Board of the Eurasian Mathematical Journal

1. Reviewing procedure

1.1. All research papers received by the Eurasian Mathematical Journal (EMJ) are subject to
mandatory reviewing.

1.2. The Managing Editor of the journal determines whether a paper fits to the scope of the EMJ
and satisfies the rules of writing papers for the EMJ, and directs it for a preliminary review to one
of the Editors-in-chief who checks the scientific content of the manuscript and assigns a specialist
for reviewing the manuscript.

1.3. Reviewers of manuscripts are selected from highly qualified scientists and specialists of the
L.N. Gumilyov Eurasian National University (doctors of sciences, professors), other universities of
the Republic of Kazakhstan and foreign countries. An author of a paper cannot be its reviewer.

1.4. Duration of reviewing in each case is determined by the Managing Editor aiming at creating
conditions for the most rapid publication of the paper.

1.5. Reviewing is confidential. Information about a reviewer is anonymous to the authors and
is available only for the Editorial Board and the Control Committee in the Field of Education and
Science of the Ministry of Education and Science of the Republic of Kazakhstan (CCFES). The
author has the right to read the text of the review.

1.6. If required, the review is sent to the author by e-mail.

1.7. A positive review is not a sufficient basis for publication of the paper.

1.8. If a reviewer overall approves the paper, but has observations, the review is confidentially
sent to the author. A revised version of the paper in which the comments of the reviewer are taken
into account is sent to the same reviewer for additional reviewing.

1.9. In the case of a negative review the text of the review is confidentially sent to the author.

1.10. If the author sends a well reasoned response to the comments of the reviewer, the paper
should be considered by a commission, consisting of three members of the Editorial Board.

1.11. The final decision on publication of the paper is made by the Editorial Board and is
recorded in the minutes of the meeting of the Editorial Board.

1.12. After the paper is accepted for publication by the Editorial Board the Managing Editor
informs the author about this and about the date of publication.

1.13. Originals reviews are stored in the Editorial Office for three years from the date of publi-
cation and are provided on request of the CCFES.

1.14. No fee for reviewing papers will be charged.

2. Requirements for the content of a review

2.1. In the title of a review there should be indicated the author(s) and the title of a paper.

2.2. A review should include a qualified analysis of the material of a paper, objective assessment
and reasoned recommendations.

2.3. A review should cover the following topics:

- compliance of the paper with the scope of the EMJ;

- compliance of the title of the paper to its content;

- compliance of the paper to the rules of writing papers for the EMJ (abstract, key words and
phrases, bibliography etc.);

- a general description and assessment of the content of the paper (subject, focus, actuality of
the topic, importance and actuality of the obtained results, possible applications);

- content of the paper (the originality of the material, survey of previously published studies on
the topic of the paper, erroneous statements (if any), controversial issues (if any), and so on);

- exposition of the paper (clarity, conciseness, completeness of proofs, completeness of biblio-
graphic references, typographical quality of the text);



- possibility of reducing the volume of the paper, without harming the content and understanding
of the presented scientific results;

- description of positive aspects of the paper, as well as of drawbacks, recommendations for
corrections and complements to the text.

2.4. The final part of the review should contain an overall opinion of a reviewer on the paper
and a clear recommendation on whether the paper can be published in the Eurasian Mathematical
Journal, should be sent back to the author for revision or cannot be published.



Web-page

The web-page of the EMJ is www.emj.enu.kz. One can enter the web-page by typing Eurasian
Mathematical Journal in any search engine (Google, Yandex, etc.). The archive of the web-page
contains all papers published in the EMJ (free access).

Subscription
Subscription index of the EMJ 76090 via KAZPOST.
E-mail

eurasianmj@yandex.kz

The Eurasian Mathematical Journal (EMJ)

The Astana Editorial Office

The L.N. Gumilyov Eurasian National University
Building no. 3

Room 306a

Tel.: +7-7172-709500 extension 33312

13 Kazhymukan St

010008 Astana, Republic of Kazakhstan

The Moscow Editorial Office

The Patrice Lumumba Peoples’ Friendship University of Russia
(RUDN University)

Room 473

3 Ordzonikidze St

117198 Moscow, Russian Federation



EURASIAN MATHEMATICAL JOURNAL
ISSN 2077-9879
Volume 16, Number 4 (2025), 08 — 22

APPROXIMATION BY 7' MEANS WITH RESPECT TO
VILENKIN SYSTEM IN LEBESGUE SPACES

N. Anakidze, N. Areshidze, L.-E. Persson, G. Tephnadze

Communicated by N.A. Bokayev

Key words: Vilenkin group, Vilenkin system, 7" means, Noérlund means, Fejér means, approxima-
tion, Lebesgue spaces, inequalities.

AMS Mathematics Subject Classification: 42C10.

Abstract. In this paper we present and prove some new results concerning approximation properties
of T means with respect to the Vilenkin system in Lebesgue spaces for any 1 < p < oco. As
applications, we obtain extensions of some known approximation inequalities.

DOI: https://doi.org/10.32523/2077-9879-2025-16-4-08-22

1 Preliminaries

Let Ny denote the set of the positive integers and N := N, U {0}. Let m =: (mg,ms,---) be a
sequence of positive integers not less than 2. Denote by

Ty :={0,1,--+ ,my, — 1}

the additive group of integers modulo my. Define the group G,, as the complete direct product of
the group Z,,, with the product of the discrete topologies of Z,,,’s.
The direct product u of the measures

e ({5}) = 1y (J € Zmy)

is the Haar measure on G,, with 1 (G,,) = 1.

If supgenymi < 400, then we call G, a bounded Vilenkin group. If the sequence {my}i>o is
unbounded, then G, is said to be an unbounded Vilenkin group. In this paper we consider only
bounded Vilenkin groups.

The elements of G, are represented by the sequences

x = (20, L1, Tpy...) (xk € Zm,,) -
It is easy to give a base for the neighborhood of G,,, namely
In(z) =Gy, In(x):={y€Gn|v =20 Yn-1=2Tn1} (v € Gp, n€N).

For brevity, we also define I,, := I,,(0).
Next, we define a generalized number system based on m in the following way:

My =:1, My =: mp M (]C S N)
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Then every n € N can be uniquely expressed as

n= anMj, where n; € Z,,, (j€N)
5=0
and only a finite number of n,’s differ from zero. Let

In| = max{j € N,n; # 0}.

Moreover, Vilenkin (see [33] 34} B5]) investigated the group G,, and introduced the Vilenkin system
{¥; }f.io as

Un (2) =[] ri* (@) (neN).
k=0
where 7 (x) are the generalized Rademacher functions defined by
ri(x) = exp(2mixy/my), (k € N).

If my = 2 for any k£ € N, then the Vilenkin group coincides with the dyadic group, which will be
denoted by G5 and Vilenkin systems include as a special case the Walsh system.
The norms (or quasi-norms) || f|[,, 0 < p < oo, of the Lebesgue spaces LP(G),) are defined by

T / P dp.

The Vilenkin system is orthonormal and complete in L? (G,,) (see e.g. [2] and [27]).

If f e L' (G,,), we can define the Fourier coefficients, the partial sums of the Fourier series,
the Fejér means, the Dirichlet and Fejér kernels with respect to the Vilenkin system in the usual
manner:

Fk) = = [ fihdp, (keN),
Snf L= Z}.\(k) wlm (TL € NJra SOf = )7
onf == S (meN).

D, ZZW, (neNy).
k=

1
Kn o= - Dk, (TL S N+)
"=
Recall that (see e.g. [2] and [25]),
M,, ifzel,
Du, (@) = { 0, if ¢l (1.1)
Dy, —j(z) = Du, (x) =y, 1 (—2)Dj(—2) (1.2)
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id

n|K,| <2R*> MKy,

=0

and

/ Ky(@)du(x) =1,  sup / Ko ()] dial) < R
Gm Gm

neN

where R := supycy my. Moreover, if n > ¢, t,n € N, then

#f(x)a HARS It\[t+17 T — Ty S I?"m
KMn (l') = an—i_la T € ]nv
0, otherwise.

The n-th Norlund mean ¢, and T mean T, of f € L'(G,,) are defined by

1 n
tnf = Q_ZQn—kSkf
" k=1

and
1 n—1
" k=0
where )
Qn = Z dk-
k=0

Here {qx, k > 0} is a sequence of nonnegative numbers, where gy > 0 and

lim @, = oo.
n—oo

10

(1.3)

(1.4)

(1.5)

(1.6)

Then, a T' mean generated by {qz, & > 0} is regular if and only if condition (1.6) is satisfied (see

[25]).
It is evident that

T,f (x) = /f(t)Fn () du(y),
Gm

where
1 n—1
ﬂ:aZM%
" k=0

which are called the kernels of the T" means.
By applying the Abel transformation, we get the following two useful identities

n—2

Z(Qk — Qir1)k + gn1(n — 1)
k=0

n—1
k=0

and

n—2
. ( (qr — @rs1)korf + gnoa(n — 1)0n_1f> .

(1.8)

(1.9)
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2 Historical overview

It is well-known (see e.g. [I5], [25] and [39]) that, for any 1 < p < oo and f € LP(G,,), there
exists C,, > 0, depending only on p, such that

”O-nf”p S Cp Hpr .

Moreover, Skvortsov [30] (see also [I]) proved that if 1 < p < oo, My < n < Myy1, f € LP(Gy)
and n € N, then

M
My

N
lonf = fll, <2R*Y " —"w, (1/M,, f). (2.1)
s=0

where R := sup,cy my and wy(1/My, f) is the modulus of continuity of LP(G,,) functions, 1 < p < oo
functions defined by

wp(1/Mg, f) = sup [[f(- —u) = fC)lp,  kEN,
|u|<1/Mj

where — is the inverse operation of the sum + defined on G, and the modulus |u| of u € G,, is
defined by

o0
u] = -
i=0 Min

It follows that if f € Lip (o, p), i.e.,
Lip(a,p) = {f € IX(Gu) w1/ My, ) = O(1/MZ) as k= 0},
then
O(1/My), if a>1,
0uf = fll, = { OWN/My), if a=1,
O(1/M»), if a<l
Moreover, (see e.g. [25]) if 1 <p < o0, f € LP(G,,) and

loar, f— fll, = o(1/M,), as n — oo,

then f is a constant function.
For the maximal operators of Vilenkin-Fejér means o*, defined by

o"f =sup|o,f|
neN

the weak-(1,1) type inequality

0" fluear—r, < CUfIL (f € LHGm))

can be found in Schipp [26] for Walsh series and in Pal, Simon [24] and Weisz [36] for bounded
Vilenkin series. The boundedness of the maximal operators of Vilenkin-Féjer means of the one- and
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two-dimensional cases can be found in Fridli [I0], Gét [12], Goginava [I4], Nagy and Tephnadze
[22, 23], Simon [28, 29] and Weisz [37].

Convergence and summability of Norlund means with respect to Vilenkin systems were studied
by Areshidze and Tephnadze [3|, Blahota and Nagy [4], Blahota, Persson and Tephnadze [7] (see
also [5l [6]), Blyumin [8], Efimov [9], Fridli, Manchanda and Siddiqi [11], Goginava [I3], Jastrebova
[16], Nagy [20, 21], Memic [I7], Tsutserova [31I] and Zhantlesov [38].

Méricz and Siddiqi [19] investigated the approximation properties of some special Norlund means
of Walsh-Fourier series of LP(G3) functions. In particular, they proved that if f € LP(Gs), 1 < p <
oo,n=2+k 1<k<2 (neN,) and (g, k € N) is a sequence of non-negative numbers, such
that

then there exists C), > 0, depending only on p, such that

Cp 1 1
thf - f”p < Q_i 22 4n—2iWp (§?f> + prp (2_]7f) )

i=0
if the sequence (gi, k € N) is non-decreasing, while

C, 1 1
”tnf - f”p S Q_p Z (an2i+1 - Qn72i+1+l) Wp (Ey f) + prp (57 f) )
" =0
if the sequence (g, k € N) is non-increasing.
Tutberidze [32] (see also [25]) proved that if T;, are T means generated by either a non-increasing
sequence {qx, k € N} or a non-decreasing sequence {q, k € N} satisfying the condition

o 1
— =0+, as k— oo,
Qr (k’)

then there exists an absolute constant C', such that

IT* flwcar—r2, < CUfIL (F € LHGw))

holds. From these results it follows that if f € LP(G,,), where 1 < p < oo and either the sequence
{qx, k € N} is non-increasing, or {q, k € N} is a sequence of non-decreasing numbers, such that the
condition

qn—1 1)
=0(—-), as n — oq, 2.2
@n ( (22)

is satisfied, then
lim [T,/ — £, = 0.

For the Walsh system in [I8] Moricz and Rhoades proved that if f € LP(G2), where 1 < p < oo,
and T,, are regular 7" means generated by a non-increasing sequence {q., k¥ € N}, then, for any
2NV <n < 2N+ we have the following approximation inequality:

Cy N g :
1T, f = fll, < Q—p > 2quw, (1/2°, f) + Couwp (1/2V, f) . (2.3)
" s=0
In the case in which the sequence {q, k € N} is non-decreasing and satisfying the condition

k-1 1
—=0(-], as k — oo, 2.4
Qr (k) (24)
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the following inequality holds:

ITnf = fllp < Gy ZQJ Yy (1/27, £) + Cywp (1/27, f) - (2.5)

In this paper we use a new approach and generalize inequalities in (2.3) and (2.5)) for 7" means
with respect to the Vilenkin system (see Theorems 1 and 2). We also prove a new inequality for the
subsequences {T), } means if the sequence {qx, k& € N} is non-decreasing (see Theorem 3).

3 The main results

Qur first main result reads:

Theorem 3.1. Let f € LP(G,,), where 1 < p < oo and T, are T means generated by a non-
increasing sequence {qi, k € N}. Then, for any n,N € N, My < n < My,1, we have the following
inequality:

6R6 N-1
@n

ITuf = fllp <

Mgy, wp (1/Mj, f) + 4R°w, (1/My, f) - (3.1)

Next we state and prove a similar inequality for non-decreasing sequences but under some re-
strictions.

Theorem 3.2. Let f € LP(G,,), where 1 < p < oo and T, are reqgular T means generated by a

non-decreasing sequence {qi, k € N}. Then, for any n,N € N, My < n < My, we have the

following inequality:

4RSq, 1 My
@n

If, in addition, the sequence {qy, k € N} satisfies condition (2.2)), then the inequality

ITf - 11, < 2 S Zwa (1/M;. ) + wp (1/My. ). (3.2)

N oA
ITuf = Flp < Co )y M—jva (1/M;, f) (3:3)
j=0

holds for C, > 0, depending only on p.

Finally, we state and prove the third main result for non-decreasing sequences, in which we prove
a more precise result than that in (3.3) and without restriction ([2.2)), but only for subsequences.

Theorem 3.3. Let f € LP(G,,), where 1 < p < oo and Ty are reqular T means generated by a
non-decreasing sequence {qx, k € N}. Then, for any n € N, the following inequality holds:

M;
ﬁu/ )

MH

||TM7Lf - pr S

Q
O

2R4 (TL - ]>qA1n—1v1 M

" QP = M, wp (1/Mj, f) 4 wp (1/ My, f) . (3.4)
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We also point out the following generalizations of some results in [I8] (in that paper, only the
Walsh system was considered):

Corollary 3.1. Let {qx, k > 0} be a sequence of non-negative and non-increasing numbers, while
in case when the sequence is non-decreasing it is assumed that also condition (2.2)) is satisfied. If
f € Lip(a,p) for some a >0 and 1 < p < oo, then

O(n™), if 0<a<l,
\Tof = fllp =94 O(ntlogn), if «a=1,
O(Tfl), if a>1,

Corollary 3.2. Let {qr, k > 0} be a sequence of non-negative and non-increasing numbers such
that

g~ kP for some 0<p<1

18 satisfied.
If f € Lip(«,p) for some a >0 and 1 < p < oo, then

O(n ]Ogn+n a), if CM“‘/@:L

T.f — flp =

| T f — fllp O(*l) it a+pB8>1, B>1,
O((logn)~1), if p=1

Corollary 3.3. Let {qr, k > 0} be a sequence of non-negative and non-increasing numbers such
that the equivalence

qr ~ (log k)fﬁ for some (>0

18 satisfied.
If f € Lip(«,p) for some a >0 and 1 < p < oo, then

O(n™%), if O<ax<l, >0,
O(n~tlogn), if a=1 0<p<1,
ITf = fllp = . . Ca
O(n~'lognloglogn), if a=p=1,
O(n~t(logn)?), it a>1, f>0.

Corollary 3.4. Let f € LP(G,,), where 1 < p < oo and {qx, k > 0} is a sequence of non-negative
and non-increasing numbers, while in case when the sequence is non-decreasing it 1s also assumed

that condition (2.2) is satisfied. Then,

Tim |70 f = fllp =
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4 Proofs

Proof of Theorem 1. Let My < n < Mpy1. Since T,, are regular 7" means generated by a sequence
of non-increasing numbers {g; : £ € N}, we can combine (1.8) and ([1.9) and conclude that

n—2
ITnf = flly < Ql (Z( = @+1)jllosf = fllp + gu-a(n = Dfon-1f — f”p)
= I+ 11 (4.1)
Moreover,
1 Mpy—1 1 n—1
I = = Z (4 — +1) jlloj f = fllp + Z (¢; — gj+1) dllof = fllp

Qn 2 Qu 2

= [1+[2. (42)

Now we estimate both terms separately. By applying estimate ({2.1]) for I; we obtain that

5 N—1Mp11—1 k M
[1 S n Z Z QJJrl ]ZMkwp 1/Ms:f)
k=0 j=DMj s=0
6N 1 Mk+1 1 k M
< ZMk > (G =a) ) 7w (/M f)
@n k=0 J=Mjy, s=0 K
o po V-1
<3 Z (4, = ., Zwa 1/M,. f)
o6 N-1
< ZMWP 1/M;, f) Z (qu _qu-H)
n s=0 k=s
oo V-1
< o> My, (ML), (43)
" s=0
Moreover,
2R5 n—1 . N MS
I, < 9 (g; QJ+1>]ZM wp (1/Ms, f)
" j=My s=0 N
2RO My N M,
< 0 (g; QJ+1)ZM wy (1/M, [)
n ]:MN s=0 N
2RS N
< QqMN ZMst (1/M57f)
n s=0
2R6 &
<3 > Mg, w, (1/M,, f)
" s=0
2RO 6
< ZM Qo wp (1/ M, f) + 2R%w, (1/Mj, f). (4.4)

Qn =



Approximation by T means with respect to Vilenkin system in Lebesgue spaces 16

For I1 we have that

N

2R5MN+IQ7171 Ms
I < w, (1/M.,
— Qn ; MN P( / f)
o p6 N1
< 0 MsQMSwp (1/Ms, f) +2R6wp (1/Mn, f). (4.5)
" s=0
The proof of (3.1) is complete by just combining (|4.1))-(4.5)). ]

Proof of Theorem 2. Let My <n < My,. Since T,, are regular 7' means, generated by a sequence
of non-decreasing numbers {q; : k € N}, by combining (1.8]) and (1.9), we find that

n—1
ITof = fllp < Qi (Z (@541 = ¢j) dllogf = fllp + gn-a(n = Dllonf - f||p>
no\j=1

— T41I (4.6)
Furthermore,
| Myl 1 =t
I = 5o 2 @n—a)illosf = flo+ 5= 2 @ = a)dllosf = fl
j=1 J=Mn
= L+ 1. (47)

Analogously to (4.3) we get that

g N=1 k
Il S Q—Z (qu+1 - qu) Z (1/M37f)
o “va
< Q Zwa (1/Ms, f) (qu+1 _qu>
™ s=0 k=s
= Q ZMWp 1/M57f) (qMN qu)
™ s=0
2R%pr,, N
< %Z M, (1/M,, f)
N—-1
< % Mw, (1/M87f>' (4.8)
n s=0

In a similar way as in (4.4]) we find that

2R5n 1 N
> w, (1/M,
Qn q]+1 j Sz; Mpr / ?f)

<

I <

2R
@n

IR My 101
< # > M, (1/M,, f)

s=0

M
My

hE

((n = 1)gn-1 — @n)

Wp (1/M57 f)

Il
=)

s
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2R, 1
S Q ! ZMSwp (1/M87f)
n s=0
2R6Qn71 — 2RGanl]\/[N
< Q—ZMswp(l/Msaf)+Q—(l/MNvf)' (4.9)
n s=0 n
For II we have that
2R%Gy 1 M1 o= M.
I < LN > w, (1/M,
2R%, 1
< =5 =Y M, (1/M,, f)
n s=0
2R6qn71 — 2R6qn71MN
= LY My (1M, f) + S (1M, ). (110
n s=0 n
By combining (4.6))-(4.10)) we find that (3.2)) holds. Moreover, by using condition ({2.2]) we obtain
estimate (3.3), so the proof is complete. O
Proof of Theorem 3. According to (1.2) we find that
| Mal
Tot,f = Dagy % f = 5— > @ ((Yar,1Dx) % f) -
Qu. 47
Hence, by using the Abel transformation we get that
Tu,f = D, *f
| Ma2
- Q_ Z (an_j - an—j—l) j((an—lKj) * f)
Mn 555
1 —
- Q—Manfl(Mn = D)Wy, o K n-1 % f)
== DMn * f
| M2
- Q— Z (anfj - anfjA) j((,[?Z}Mn—lKj) * f)
M 555
1 —
- Q_Manfan<anflKMn * f)
- —
+ ST(anﬂDMn * f)’

so that
Ty, /() — f(z) = / (F(x — ) — £(2)) Do, (t)dt

Mp—2

_QL]V[” JZO (an—j - QJanjfl) ] /Gm (f(x — t) — f(g;)) anfl (t>Kj<t)dt
1

Q_an—an (f(33 - t) - f(x)>¢1un—1<t)7Mn (t)dt
My, Gm
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9ar, -1 _ B T _M
+ s / (fle =) = F@) (D, ()

= I+I1I+1IT+1V.
By combining generalized Minkowski’s inequality and (|1.1)) we find that
I < [ 15 =) = F@)Dar, ()it <y (1/M.
and

V1l S/I 1f(z =) = f(@)[l, Do, (B)dt < wp (1/ M, f) .

Moreover, since
Muqy,—1 < Qu,, forany neN,

we can use ([1.5)) and generalized Minkowski’s inequality to find that

[, < /G 1f (@ =1) = F @)l [K s, ()] du(t)

_ /||f(a:—t Iy [ s, (8)] dps

s Zmz [ 1m0 = @l Fu. 0]t
< [ 1ra=n-rwl, T

N ZMSH z / N CCEURS G0

S -

L (1/M,., ) / Mot L)

; ZMS+1 ) [ Mg dut)

ns=1 nses)
n—1 M
< wp (1M, )+ B2 Y 57wy (1M, f).
s=0 n

From this inequality and the estimates in (4.14)) it follows also that

M, ; If (z =) = f @), 1K, (8)] da(t) < By Myw, (1/M,,, f).

s=0

Let My < j < Mgy1. By applying (1.3)) and the last estimate we find that

k

j/G If (z =) = f (@), [K;()ldp(t) < 2R Y Y Mw, (1/M,, f) .

=0 s=0

18

(4.11)

(4.12)

(4.13)

(4.14)
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Hence, by also using (|1.3) we obtain that

121]],
| Ml
< Qu, Z% (an,j - anjl)j/Gm | f(z—1)— f($>||p|Kj(t)|dM(t)
n—1Mgi1—1
< oo Y st [ 15— 0 = @R
Mnk =0 j=Mj, Gm
R IZ 1My yp1—-1 Eool
S Q Z Z qlwn —J an —j—1 ZZMSWP (1/M87f>
Mn =0 j=M, —0 s=0
2R T k
< Q Z (an—Mk - an—MkH) Z Mswp (1/Ms,f)
Mnj—o 1=0 s=0
2R4 n—1n-1 l
< G2 2 (B = D) D Moty (/M. )
Mn—g k=1 s=0
2R* <
< Q Zan MZZMst (1/M,, f)
My,
< QM" > Mswp (1/M,, f) Zan v
2R4 n—1
< Mswp (1/M57 f) Ay, — g (n - S)
@, =
M
< 2342 Datnste gy, (1/M,, ). (4.15)

qo

Finally, by combining (4.11)-(4.15) and using Minkowski’s inequality we obtain (3.4]), so the
proof is complete. O
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1 Introduction

First, we recall the definition of local Morrey-type spaces.

Definition 1. Let  C R” be a Lebesgue-measurable set, 2o € Q, 0 < p, § < 0o, A > 0. Then
fe LM, () if fis Lebesgue-measurable on € and

1
HfHLM;‘G @ 17278 || F1 22 Blaos)) | Lo(0,00) < 00,

where B(xg,r) is the ball centered at xy of radius r.

If X\ =0, then, clearly, LM} . () = L,(Q). If A = 0 and 6 < oo, then LMy, . () consists only

poo,To

of functions f equivalent to 0 on €2, because for any p > 0

1l zazs, . @ 2 Mz @nBEom [ Lot.o0) 2 1] Loto00) [LF Nl o1 B0 1) -

For 2 = R", xy = 0 this definition was first introduced in [1], [2].

The boundedness of various operators acting from one local Morrey-type spaces LM;‘MO
LMY, . () was investigated in a number of papers. See, for example, [1], [2].

In this paper, we consider the following two variants of the local Morrey-type spaces with mixed
quasi-norms.

We shall use the following notation for vectors z € R" : ¢ = 7 = (1, ...,x,) and T = (T vey T1)-

(Q) to

Definition 2. Let p = (p1,...,0n), 0 = (61, ...,0,), A = (A1, ..., M), a = (aq, ..., an), b= (b1, ..., b,) —
00 < a; <b <00,0<p. 0; <oo,0< )\ <o0,i=1,...n, Qa,b) ={reR"aq <z <b,i =
L,...,n}.

Let LM;(,’Q (Q(a,b)) = LM%?’%(Q((I, b)) be the spaces of all Lebesgue-

measurable functions on @(a, b) for which the following quasi-norms are finite

(Q(a,b)), T,

p,a
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= ...\ f (x4, ...,
”fHLMﬁg@ (Q(a,b)) H Hf( 1 )HLMp 01,0y ,2q ((@1,01)) LM;;\T:LGn oo ((@n b))
_ 1 —A1— 5
"0, 01
= el L1yey
n ) ! f( ! n> Lpy 2y ((a1,b1)m(a17“17a1+7"1))) Lo, (0,00)

(1.1)

Lpn,zn ((an,bn) ﬂ(anfrngan“r”n)) LQn (0,00)

and

Hfumpgﬁ (Q(CL,())) = H Hf(fl:l, ceey )HLMA"gn an.zn ((an,bn)) ** HLMp191 at, Ll((a17bl))
[ e s
= ||r Tn T1y.eeey Ty a An—Tn,an+T
1 1 Lanzn(( nvb")n( n n,0n+ ")) LGn(Oyoo)

Lpy,zq ((@1,b1) N(a1—r1,a1+71)) Il Lg, (0,00)

respectively.

If @ = 0, then, for brevity, we denote the corresponding spaces by HfHLM Q) and
Hme;g(Q(

Definition 3. [5] Let f € LI(R"), a = (a1, ..., ), 0 < a; < 1, k = (ky,...., k), ki > 0, a =
(a1,...yap), © = (x1,...;2,), 0 < a; < z; < 00, @ = 1,...,n. The generalized Riemann-Liouville
fractional integral operator Ig;k of order « is defined by the following equality:

(L&) ()

(ki + 1)1 "
H + / /H T = T f(t, ) dbdt,, (1)
=1

where I' is the Euler Gamma-function.

2 One-dimensional case

Lemma 2.1. Let 0 <y <o00,0<p,0<00,0<A<o00 forf <oo, 0 <A<oo for =00
Then[]

1
111z 00) < O 25 1 | mar, 0 (2.1)

Proof. 1t suffices to note that for A > 0

D=

[e.9]

HfHLM;,\G(O,y) = /TAQleH%p((O,y)ﬂ(—rm))dr
0
1 1
o0 0 oo 6
_\H— _\O— 1
- /}Aeﬂmimmmmﬂr = 11llzs02) /rwlm = () 77y ly00
Yy )

LIf § = oo, then here and in the sequel it is assumed that (/\9)5 =1forall 0 <\ < oo.
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if 0 < oo and
HfHLMgoo(o,y) IOEUE T ||fHLp( 0 N(=rr) S Y HfHLp(Oy

if 0 = oo

The case A = 0,60 = oo is trivial, since LM (0,y) = Ly,(0,y).
[

Lemma 2.2. Let0§a<b<oo,1<p§oo,0<q§oo,i<a<1,k20,0<9,0§oo,
0<A<0iff<oo,0<A<0if=00,0<pu<o0ifoc<oo,0< <o ifo=o0.
Then there exists C1 > 0 such that

a,k v
[Rp fHLMé‘q,a(a,b) < Ci(b—a) Hf|’LM;0’a(a,b) (2.2)

for all finite intervals (a,b) and for all f € LM, (a,b), where

1 1
V:/\+5—2—9+<I€+1)(}—M (2.3)

under the assumption v > 0 if 0 < o0 and v > 0 if 0 = 0.
Moreover, v cannot be replaced by any other number.

Proof. 1t suffices to consider the case in which a =0, 0 < b < oo0.
Step 1. In [5] (see inequality (2.2)) it is proved that there exists K; > 0 such that

(16£) @)] < 525275l 00
for any 0 < x < b and for any f € L,(0,z). By using ({2.1), we obtain

‘(Ig‘ff) (x )‘ < KyzFrhes +/\()\9) ||f||LM;‘9(O,x)

and ) )
ok < K, (0\0) x(k+1)a_5+/\‘ Fllan
1], oy S EO) oy a0
Note that
I Fll a0 = |77 || 155
152" F1l £z (0,00) 0+ N om0
1
— | |lrr 7 ||t |l |t (2.4)
O |1, (0.0) ODI Ly (b,00)

Moreover, since (k + 1)a — i + A >0, it follows that

1 7% v
((k+Da=2+xg+1) " r<b

1

L0 (k4 Da = T4 Mg+ 1) "t >,

< Y, r <b,
= | bWTHrTH > b,

1
e x(k+1)a—;+A‘ _

Therefore, if » < b, then, since v > 0 for § < co and v > 0 for § = 0o
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b |75t ]

0t (=r,1)N(0,0))

|

Lq ( rr)ﬁ(O b)) La(O,b)

y_1
o

< K (M)

Lo (0) ||f||LM;‘9(O,b)

= K1(>\9)5(VU)fgbnyHLMgg(o,b)-

If r > b, then, since p > 0 for ¢ < oo and p > 0 for o = oo,

Lg((=r,r)NO) || L, (b,00)

S Kl ()\U)%b(k—Fl)a—%—")\“'é 7,,7/1,7%

Lo (b:00) Hf”LM?e(O,b)

1 1,
— Ki(00)H (10) ) oy o
So, by (2.4), (2.5)), (2.6) it follows that

&
113" Fll Lagts, 0,00) < Cl||f||LM;9(o,b),

where

O, = K;(\)io

%\»—t
Q\»—t
RS
R =
_I_
==
N———

Q=

Step 2. Suppose that for some Ky(b) > 0

a,k
’ < Ky (b .
O+ fHLM;U(O,b) < Kol )HfHLM;e(Qb)

for all f e LM}(0,b).
Let f - X(%’b), then

b
||X b )ﬂ(_rﬂn)) == O, lf’/’ S 5,
and
b\» . b
Rt ltoncran < M = (5) 10> 3
Moreover,
— _ -1
HfHLM:g(O,b) - ”X(S,b)HLM;(O’b) = Hr X sy llLoit s A-rmy) ‘Lg(g,oo)
1
b\? , 1 Ly
= (5) I HLe sy = K3 br 7,
where K3 = 2’\_%()\9)—5,
Next,
k+1)" v
]a’ka — (— / PR yas T () d
’ 0+ LMY (%,b) F(a) 0 ( ) (Q,b)( ) LM;U(g,b)

k+1

/CE a—1 dZ
4
. k1

11—«
(=) = B DT = K o]

moy qo‘(%»b) ’
LM, (3,b)

26

(2.5)

(2.7)
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where
Ki=((k+1)°T(a+1))""
Note that
(k+1) - a(k+1)
[EaRl P Rl E ||Lq<<—r,r>n<3,b>>HLU(,,,OO)
_ =Ly alk+1)
ol S P
1 alk+1)+1—
= [ FD o T ey = b E I,
where

1 — 9—alk+l)g-1 : L
K5 = ( ( ) (IUU)ig.

alk+1)g+1

Hence, we have

where K6 Ky K.

By (2.7) and (2.8)), we get

S0,

for all b > 0.

27

(2.8)

If 1} holds with 7 # v replacing v, then %b” < Ks(b) < C1b" for all b > 0, which is impossible.

Corollary 2.1. If in Lemma 2.2 v = 0, then inequality (2.2) takes the form

o,k
Lot fHLMq”ga (a,b) < Cillflleay, o
for all0 <a<b< oo and for all f € L pea(a,b), where
1 1
p=A+(k+a+-——.
q p

Remark 1. For 0 = § = oo the statements of this section were proved in [6].

3 Multidimensional case

O

We start with proving a statement, in which we apply the generalized Minkowski’s inequality for
the Lebesgue spaces: let £ C R™ and F' C R™ be Lebesgue-measurable sets 0 < p < ¢ < o0, and

f: Ex F — C be a Lebesgue-measurable function. Then

[17@ o, <1700

Y Lp 2 (E)

(3.1)
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Lemma 3.1. (Generalized Minkowski’s inequality for local Morrey-type spaces.) Let —oo < a < b <

o0, —0 < c<d< oo,
0 < max{p, 0} < min{q,o} < oo,

0< A\ pu<oo,and f:(a,b) x (c,d) — C be a Lebesque-measurable function.
Then

< |17l

HHf Y HLMA (“b)HLM“ oen( Cd)HLMZ’,\G’a’x(a,b)'

go,c,y (C,d)

Proof. By applying inequality (3.1) several times, we get

[ P B -2
qo,c,y\C

1 1
S p—#—; )\_5 fx,y a a—r,a+r
1/ ( )||Lp,x( DN@=rat)|| L (ed) Ne—petn)) 20(059) | 1. (0,50)
-1 P
<(p<q)<|pe @D canerem |, wmneran Lo
Y ’ (9,29 | Ly (0,00)
—u—1 =1
<(0<o)<||p "= ‘r g ||f(x,?J)HLq,y((c,dm(c_p,chp)) Lpa(a) a—ratn)|| 1, 0 00
o ’ o (009011 L,y (0,00)

<(p<o)<|lr e

-1
‘p @ e ]|

Lp,(a,b) N(a—r,a+r) Ly(0,00)

= HHf(!E;y)||LM‘;‘g,C,y(c,d)) LA, . (ab) -

Theorem 3.1. Letn € Nya,b, o, k,p,q, A\, u,0,0 € R",
1
0<a;<b<o0,1<p; <00,0<86;,q,0,<00,k;>0,—<aq;<1l,i=1,...,n
O< A\ <ooif ;, <oo, 0<\; <0 if =00, 1 =1,....,0n,;
O<p; <o if g, <00, 0< pu; <00 if 0, =00, 1 =1,...,n.

Furthermore, let
max{p;,0;} <min{q;,0;},i=2,..,n, j=1,...,i— 1

Then there exists Cy > 0 such that

n

I N5z, @ < Co 1T = a1 gy

qo,a
=1

for all f € LM}, ,(Q(a,b), where

1 1
ul:)\z+—+az(kl+1)———u2 >0, z'zl,...,n
i Di
under the assumptions v; > 0 if 0, < oo and v; > 0 if o, =00, 1 =1,..n.
Moreover, each v;, 1 = 1,...;n, cannot be replaced by any other number.

(3.2)

(3.3)

(3.4)

(3.5)
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Proof. Without loss of generality, we assure that a = 0.
Step 1. A typical case is n = 3, which we assume. In this case by Definition 2, (1.3) and (1.2)

we have
- ‘ fHTqU(Q b)) ‘

_ ”](m,ang(khkz,kg) H
= |1

IO(IC

s

LML (Q05)

(n3,m2:11) )
LM(‘ZS 1201)(03,09.,0 )(0 b3)x(0,b2)%x(0,b1)

as,ks a2,k2 < a17k1 f)) H
LMq3(73 (0,b3)

e

By Lemma 2.2 with

2
LMg5,(0,b2) LM;‘{,1 (0,b1)

a=oz,k=ks; p=p3,q=q3,0 =03 A=XA3,p=p3,0 =03; a=0,b=0bs

By applying assumption (3.3)) and inequality (2.2]) first with

max{p3,93} < min{Qz,UQ} and A= X3,p =p3,0 =03; p= 2,9 = q2,0 = 09;

there exists K3 > 0 such that

A < Kby

i (541

-
LM 3, (0,b3
p3o5 (0:03) LM§25,(0,b2) LM, (0,b1)

then with
max{ps,fs} < min{q, 01} and A= X3,p=p3,0 =0s; = 1,9 = q1,0 = 0y;

we get

A < Ksby

i ()

“ LM, (002)

A3
LM, o,(0,03) LMyl (0,b1)

< Ksbg?

a:a27k:k2; M= H2,qd = (2,0 = 02; )\:)\Qap:p%e:e% a:Oab:b27

i (504

LM}2,,(0,b2)

LMEL (0,b A
01 (0,01) LMP§63(O,63)

By Lemma 2.2 with

there exists Ky > 0 such that

A < Ky Kabpbs

1]

(0 b2 51
LM, b X
aro1 (0,01) LMp5’93 (0,b3)

By applying assumption (3.3)) and inequality (3.1) with
max{py,th} < min{qy, 01} and A= Xy, p = pa,0 = Oo; p1= 11,9 = q1,0 = 01;

we get

i

LML, (0,b1)

A < Ko Kb “-—‘“H

A2
LMp202 (Obe) LM;‘SSGS (O,bg)
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Finally, by Lemma 2.2 with
a=an,k=k; p=pu,q=q,0=01; A=A, p=p,0 =01; a=0,b=0b

there exists K7 > 0 such that

A < KlKQKgblljlbg2b§3 o HHfHLM)\l (0,61)
p1017? LM;\lg (0,b2) A3
202 LMp393(0,b3)
Also,
HfHLMM = Hf”LMA :
(0.51) (Q(0,0))
HH p101 ! LM;\2292(0,b2) LM;‘3393(0,1)3) "
Therefore,
a, k 1% 1% 1%
) Iy foﬂl Qo) < Ky Ko Kb oo b5 (| f 1l L, o)) -

30

Step 2. Suppose that the operator ]&’ is bounded from LM ,(Q(0,0)) to mge(Q(O,b)), SO

there exists K4(b) > 0 such that

a,k
b, fH‘L—“ ooy = K1 O g, @ (3.6)
Let f(z1,22) = x1(21)Xa(z2)x3(3), where x;(z;) = X(%,bi)(l‘i)vi =1,2,3. Then
||f||LM1§\9(Q(O,b)) — ||X1||LM;‘1101@1 (O,bl) ||X2||LM1;\2202,Q32 (07b2) ||X3||L]\/[;\33937$3(07b) Y
where, as in Lemma 2.2,
)\1_L _ 1 %—)xl .
: <27 pr(A\By) byt =1,2,3.
HX(%J%) Loy (%) )b =1,
Therefore, we obtain the following upper estimate:
’ L\
1A 2arx @0y < K [Te ™ (3.7)
i=1

where

3 .
=T2" (o) 5.
i=1

By applying inequality (2.8) to the equality

Io‘“ Xi

3
]'a,k‘ H
o f £, Qo) H

M“:Ui(%,bi) ’

we also get the lower estimate:

fo“ (Q(0,b))

3
ai(ki+1)+ - — i
= | DR (3.8)
=1
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where
3
1 _1 _ 1
Ko = [J (ki +1)7 (T (e + 1) 71 (1 = 27 @kt DatDya (a,(k; + 1)g; + 1)@ (o)

=1

By using inequalities (3.6), (3.7) and (3.8), we get

3 3
ai(ki+1)+$fm %*)\i
Ko [ ], el | [
i=1 i=1
So,

K
m@zéwww

If for some i € {1,2,3}, say for ¢ = 1, inequality (3.4) holds with 7 # v; replacing v, then

K,
Op < Ky(b1,1) < CybT
K

for all by > 0, which is impossible.
Thus, we obtain the required statements for n = 3. The case n > 3 is considered similarly. [

Remark 2. For 0 = 6 = oo Theorem 2.1 is an anisotropic version of Theorem 2.1 of [6].
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Abstract. The manuscript introduces an innovative framework for establishing the existence of
infinitely many nontrivial periodic solutions within a class of differential equations characterized
by a piecewise alternately advanced and retarded argument. It comprehensively delineates the
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1 Introduction

A differential equation with a piecewise constant argument which is alternately advanced and re-
tarded (DEPCA) is expressed as:

o= 1 (a2 (n|2H))), (1)

where [-] denotes the greatest integer function, f is a continuous function defined on R x R x R, and

P [%] is a piecewise constant function defined by

p[%l] —kp for telkp—L(k+p—1), keZ
with p and [ being positive constants satisfying p > [.
The deviation argument of DEPCA ([1.1)), defined as

plt) =t —p 2]

is negative within the interval [kp — [, kp) and positive in [kp, (k + 1)p —[). This alternating sign
behavior classifies DEPCA as a differential equation of alternately advanced and retarded type.

DEPCASs represent a hybrid class of equations that combine characteristics of both discrete
dynamics and continuous systems. These equations are particularly relevant in modeling applications
in biomedical sciences and physical processes, as discussed in [6, 24] and further elaborated in
[16, 18], 19, 20, 27]. Moreover, extensive research has been conducted to investigate various properties
of DEPCAs. See, for example, |2, Bl @4 5].
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Recent studies |1, 12, 14, 15, 17, 22, 20, 28, 29, 30, BI] have analyzed specific formulations of
DEPCAs.

Additionally, the works in [7, 8 [0] 10, 1] simplified the problem of n-periodic solution solvability
into a system of n linear equations. Utilizing foundational principles of linear algebra, these studies
systematically identified the conditions required for the existence of n-periodic solutions and provided
explicit methodologies for deriving these solutions.

In 2024, M.I. Muminov and T.A. Radjabov [11] investigated the conditions under which 2-periodic
solutions exist for first-order differential equations with piecewise constant delay:

T'(t) = a(t)T(t) + b()T([t]) + f(1).

They introduced a systematic method to identify 2-periodic solutions, clearly defined the requisite
existence criteria, and provided explicit solution formulas.

Subsequently, K.-S. Chiu and F. Cordova [23]| explored the conditions for the existence of 4-
periodic solutions for first-order DEPCA with the parameters p =2 and [ = 1.

To the best of our knowledge, only the two studies [IT] and [23] have investigated the existence
of infinitely many periodic solutions for DEPCA. However, neither has formulated detailed criteria
for identifying such solutions in differential equations with a general piecewise alternately advanced
and retarded argument.

This paper investigates a non-homogeneous differential equation with piecewise alternately ad-
vanced and retarded argument, given by:

/0 = attwte) + 00 (» || + 90t (1.2
where the functions a(t), b(t), and ¢(t) are continuous and non-zero on R. The general framework
of this problem was previously analyzed in [I3| 21, where the authors derived conditions ensuring
the existence of a solution and demonstrated a Gronwall-type integral inequality as a practical
application.

In this paper, we focus on establishing the conditions necessary for the existence of 2p-periodic so-
lutions to the initial value problem. An illustrative example is provided to demonstrate a case where
an infinite number of 2p-periodic solutions exist, thereby offering new perspectives that complement
earlier studies on uniqueness for homogeneous cases.

2 Alternately advanced and retarded differential equation

A solution of DEPCA ([1.2) is defined as follows. A function y is considered to be a solution of
DEPCA (1.2) on R if it satisfies the following criteria:

(i) y is continuous on R,

(ii) the derivative y/(t) exists at each ¢t € R, except possibly at points t = kp — [ for k € Z, where
one-sided derivatives are required to exist,

(iii) y satisfies DEPCA (|1.2)) within each interval (kp — I, (k+1)p— l) for k € Z, and the equation
is satisfied for the right-hand derivative at t = pk — [ for k € Z.

To determine a solution of DEPCA (|1.2), we follow the integration methodology described in
[25]. By integrating equation (1.2)), the solution can be expressed as:

t t .
y(t) — GfP a(8)d8y<p) + / b(S)y (p |:S + l:|) efs a(T)drdS
p
p

t
+/ g(s)els aWdrgs e p—1,2p—1).
p
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We define .
AL, s) = elsatrdr 4 / el oMy () du,

s

AMee|5) U g ieG - 1)

where l,s € [p—l,OO) ) )‘<p.] _lap]) 7é 07 j eN.
The following theorem provides a representation formula for the solution to DEPCA ((1.2) for
t > 0. The proof is similar to proofs of Theorem 2.1 in [I3] and Theorem 2.2 in [21].

Theorem 2.1. If A (pj — ,pj) # 0 for j € N, then y(t) represents the unique solution to DEPCA
(1.2) fort >p—1if and only if y(t) can be represented as

[((T+0)/p]
y(t) =V (¢, 7)y(T) + / U (t,7)G(T,s)ds

[(t+D)/pl-1

Y /(k+1)P\p(t, (k+1p = 1) G((k+ Dp = 1,5)ds (2.1)

k=I(r+)/p] * P

+G(Lplt+0/r]).

Proof. First, we demonstrate that the function y(t) defined in (2.1)) satisfies DEPCA (1.2)). This can

be readily verified using the relation % = a(t)A (t,s) + b(t), where s is fixed. Using the notation

introduced earlier, we proceed as follows:

dt <s,p[%l]> =[] Apj =1, pj)

) e G- 1)
p H )\(pj—l,pj)

v (t,s) (tvp [%l]) [ﬁ] Apj—1Lp(j —1))

[

P [tTl]) ﬁ] Apj—1Lp(j — 1))
A (s,p [%D j=[=1] 11 A(pj —1,pj)

Conversely, suppose that y;(¢) is a solution to DEPCA ([1.2)) on the interval ip—1 < ¢t < (i+1)p—1.
Then, it satisfies

yi(t) = a(t)yi(t) + b(t)yi(ip) + g(t).

By defining G(t,u) = qu eli al®dr g(g)ds, the solution of this equation on I; = [ip— I, (i + 1)p — 1)
is expressed as:

t
( " a s)ds ef a n)dnb(s)ds) y; (ip) +/ els a(n)dng(s)ds
. ip

= \(t,ip) yz('lp) + G(t,ip).

(2.2)
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From ({2.2)), substituting ¢t = ip — [ and taking the limit as t — (i + 1)p — [~, we obtain

yilip) = (yi(ip _Al()i;_Gl(’igg - LI )). (2.3)

Thus, based on ({2.3)), we deduce:

A((i+ 1)p —1,ip)

yi((i+)p—1) = ( ) (yl-(z'p 1) —G(ip—1, zp)) +G((i+ 1)p — L,ip).

A(ip — 1, ip)
Similarly,
alip =0 = (FEZ ) (a6 p =) - GG = Dp = 1,6~ 1)
. . ) T+
+G(ip—1,(i —1)p), 22{ . }—f—Q,

(500 () G- o)
<o([5)[5)

Applying the two previous relations, we obtain

| A((i+ Dp — 1 ip) T Ap—1G—1p)
yz-<<z+1>pm( )( 11 T )ym
A(rp =) [ A(jp =1, jp)

and ast — p ([T—“} + 1) — [7, we have

)

i A(li+Dp — Lip) L AGp 1, (j — 1)p)
+k[TZH]+1{ (A((k-i- 1)p—l,(k—l— 1)p)) (H )\(jp—l,jp) )X

Jj=k+2

()\ ((k+1)p—1kp)

A((i+ 1)p — 1, ip) L AGp 1~ 1)p)
i (A((k’+1)p—l,(k¢+1)p)> ( [H+ A(jp =1, jp) ) -

(LD (o) oo (252

(=G(kp =1, kp)) + G((k + 1)p — 1, kp)> }
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Using the notation ¥, we have for all + > [%l} + 1:

Wi+ Dp =D =W+ Dp =Ly + Y [+ Do o= 0+ (~Gllp ~ L )
[F]n

+\I’((i+1)p—l,(/{:+1)p—l)-G((k—l—l)p—l,kp)}

)
ofermean((5]) ) (5] [

Wip =0 == Lr)o()+ X Wi~ Lk =) (-Glbp k)
(]

+V(p—1,(k+1p=1)-G((k+ 1)p—l,/<:p)]

[
+VU(ip—1,7)- <—\I/ (T,p [—T+ ]))
p
wv (o=t ([5+) =) e (o ([57] ) - [57]).
p p p
From equations , , and , it follows that:
A (t,ip)

yi(t) = A (L, ip) yi(ip) + G(t,ip) = A (ip — 1, ip)

st 100 (6 (2 [5])

(oo ([ =)e (5] 1) e [5])]

In particular,

(2.4)

W (ip — 1,7) y(7)

A(t,ip) — .
Np—Lip) k{;}ﬂ [‘1’ (tp— 1, kp—1) - (=G(kp — I, kp))

+V(p—1L(k+1)p—10)-G((k+ 1)p—1, kp)}

- (?p(t_’ii)ip) Glip — 1, ip) + G(t, ip)
stmrswn(o(oo[22)

+U(t, (i(7) + Dp = DG <p ({TTTZ} * 1) —hLp [TTHD

+ i [\1: (t,kp—1) (=G(kp — 1, kp)) + U (¢, (k + 1)p — 1) G((k + 1)p — 1, kp)
k=[]
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__A(tip)
A(ip =1, ip)

=V (t,7)y(r) + G(t,ip) + V (t,7) (—G (T’p [T; q >>

(e (5 ) =) b5 =) - [57)

G(ip — ,ip) + G(t,ip)

Py ﬁuwp4ﬂ4ﬂm—um»+www+anMwhHm—amﬂ
=[]
A(t,ip) ‘ .
X p—Lip P

i(T)p .
=W (t,7)y(r) + / U(t, 1) els “(”)d“g(s)ds

fﬁﬁﬁﬂwme(qu+Q—Qeﬂmwwhmw@@

P

k=i kp kp—1
. [P a(k)de
+ E ()41 (/k U (t,kp—1)e g(s)d5>

p—I1

k=i—1 (k+1)p—1 T
|\ Np — IR a(k)dk
+ Zk:i(ﬂ“ </kp (t, (k+1p—1l)e g(s)ds

t
—i—/ els W g (§)ds

ip

¢
+ / el amdrg(5)ds.
ip

From this, equality (2.1 follows.
If g(t) = 0 in (2.1]), we obtain the solution to linear DEPCA (1.2)), given by y(t) = ¥ (¢,7) y(7).
]

3 Existence of infinitely many periodic solutions

In this section, we propose an approach to identify 2p-periodic solutions to DEPCA , assuming
that the functions a(-), b(+), and ¢(-) are continuous on the interval [p—1, c0) and exhibit 2p-periodic
characteristics.

Assuming that y(t) satisfies DEPCA within the interval kp—1 <t < (k+1)p—I, integrating
DEPCA yields the solution of the following form:

t t . t .
y(t) — efkpa(s)dsy(kp) +/ b(s)y (p |:S + l:|> efs a(T)deS +/ g(s)efs a(r)drds
p k

kp D

t

t t t t
= (efkp als)ds 1 / b(s)els a(r)drds) y(kp) + / g(s)els A g,
kp k

P
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Using the notations A(t,s), and G(t, s), the solution y(t) is expressed as:
y(t) = At kp)y(kp) + G(t, kp), kp—1<t<(k+1)p—L

From the above, by setting ¢t = kp — [, we derive:

~ ylkp—1) = G(kp — I, kp)
y(kp) = o =1 kp)

Substituting this result back, we obtain:

") = <y<kp )= Glp 1, kp>> + Gt kp).

Assuming that y(t) is 2p-periodic on the interval [p — [, 00), the function y(¢) on [p —1,3p — 1)
can be represented as:

(t) /\(Azféﬁ) (y(p—l) —G(p—l,p)> + G(t,p), telp—1,2p—1),
y et

(3.1)
e (y(2p —1)—-G(2p—1, 2p)> +G(t,2p), te2p—13p-1).

This formulation highlights that the expressions on the right-hand side of (3.1)) rely exclusively
on the values of the unknowns y,_; = y(p —[) and ya,—; = y(2p — [). By leveraging the continuity
of y(-), these unknowns can be defined as follows:

(i) yop1=y(2p—1)= lim y(t), wheret € [p—1,2p—1),

t—2p—1—

(i) ysp—1 =yBp—1)= lim y(t), where t € 2p —1,3p —1).

t—3p—1—

Given the continuity and periodicity of y(-), it follows that y(p — 1) = y(3p — ). To determine
Yp—1 = Ysp— from (3.1)), we obtain the following system of equations:

(3.2)

Ax(ffz%)yxg—li)) —y(2p 1) _A—g?’?f;zG(p —1,p) = G(2p—1,p),
y(p = 1) = sopay(2p — 1) = =35y 12 G(2p — 1, 2p) + G(3p — . 2p).

Let A denote the determinant of the matrix M, where

Np—1,
M= 0 o |
A(2p—1,2p)

Using this, we establish the following theorem regarding the existence of 2p-periodic solutions to

DEPCA (T.2).

Theorem 3.1. Let a(-), b(-), and g(-) be 2p-periodic continuous functions. The following results
hold.

(a) If A #0, DEPCA (1.2)) has a unique 2p-periodic solution, as given in (3.1), where (Yp—i, Yop—1)
represents the sole solution of the system (3.2]).
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(b) If A=0and Glp—1,p) = G2p—l,p) = G(2p — ,2p) = G(3p — 1,2p) = 0, DEPCA (1.2)
admits an infinite number of 2p-periodic solutions, as described below:

ol (yp = 1) = Glo—L.p) ) + Glt.p). telp—12-1),
y(t) = \t2p)
a)\(Qpifzp) (y(Zp - l) - G(Qp - l7 2]9)) + G(ta 2p)7 te [Qp - l7 3p - l)

Here, (yp—i,y2p—1) represents an eigenvector of M corresponding to the eigenvalue 0, and o
denotes a real-valued scalar.

(c) If A =0 and the rank M is less than the rank of the augmented matriz (M|b), where

b:( ARG (p —1,p) — G(2p — L, p), )

A(3p—1,
AEQi—z;gG@p —1,2p) + G(3p —1,2p)

then DEPCA (1.2)) does not possess a 2p-periodic solution.

Proof.  (a) Assume y(t) is a 2p-periodic solution to DEPCA (1.2)). This solution can be charac-
terized by (3.1), where (y,_;, yop—i) satisfies the system (3.2). The solvability of linear system
(3-2)) requires that A # 0. Consequently, A # 0 must hold. Conversely, when A # 0, DEPCA
admits a unique solution (y,—;, y2p—;). Furthermore, it can be demonstrated that the
function y(-), defined in , represents the periodic solution to DEPCA .

(b) The function G assumes a value of zero at the points (p — {,p), (2p — I,p), (2p — [,2p), and
(3p — 1,2p). Consequently, equation (3.2]) simplifies into a homogeneous form. A non-trivial
solution to this equation exists if and only if A = 0.

The pair of non-zero solutions (y,—;, y2p—;) serves as an eigenvector of M corresponding to the
eigenvalue 0. Thus, (ay,_;, ays,_;) represents a non-trivial solution to equation (3.2)), where a
denotes an arbitrary non-zero scalar. Accordingly, the 2p-periodic function is expressed as:

ozA?(fi’)) (y(p —1)—G(p— l,p)) + G(t, p), telp—1,2p-1),
y(t) = /\(fZ 7)p
T mT) (y(Zp —1)—-G(2p-1, 210)) +G(t,2p), te2p—13p—1)

This function satisfies DEPCA ([1.2)), where a can take any value.

(c) If A = 0 and the rank of M is strictly less than the rank of the augmented matrix (M |b),

where N
b ( —)\(;—l,;% Gp—1,p)—G2p—1,p) > |

Nov 420 G(2p — 1,2p) + G(3p — 1, 2p)

then equation (3.2) does not admit a solution. As a result, DEPCA (1.2) cannot have a
2p-periodic solution.

]

4 Illustrative example

In this section, we provide a pertinent example to demonstrate the practical application of our
theoretical framework. Specifically, we consider the following scalar differential equation involving a
piecewise alternately advanced and retarded argument
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t+1

y/(t) = sin (27t) y (3 [TD +glt), t>2. (4.1)

DEPCA (4.1]) represents a particular case of DEPCA ([1.2)), specified by the parameters p = 2,1 =1,
a =0, b(t) = sin (27t) with

sin (&=25=38) t €2+ 3k,3+3k),
0= - () s (=222, v 3 3k5+ 30,

for k € No.
It can be readily verified that G(2,3) = G(5,3) = G(5,6) = G(8,6) = 0. The matrix associated
with the linear system of equations involving the variables y, and ys is given as follows:

A(5,3)
M= [ 2@3) -1y -1 -1
- 1 2860 7\ 1 1)
£(5.,6)

The determinant M is zero and vector (1, 1) serves as an eigenvector of M corresponding to the
eigenvalue 0. According to Theorem |3.1] m b), the solution to DEPCA is given by

aA(t,3)y(2) + 3i(1), € [2.3),
(1) = LOAE3)R) —3a(0), 1 € [3.5),
Yo aA(t, 6)y(5) + g5<t>, € [5,6),
Oé)‘(tafi)y( ) g4(t)7 [678)7

where

o= (o (52 o (2)
- (S35 (e (1) (7).
o= (o (5 ().
- (585555 (e (52 e (2).

This solution is 6-periodic for any non-zero value of a.
The graphs of y,(t) for « = 0.7 and & = —0.5 are presented in Figure 1 and Figure 2, respectively.

2 T T T T T T T

05 | 1 - 1 1 - 1 1 |
5 10 15 20 25 30 35

Fig. 1. 6-periodic solution to DEPCA ({.1)) if a = 0.7.
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| | | f | |
05 { | | | / | | -
| | |

05 L L L L L L L
5 10 15 20 25 a0 35

t

Fig. 2. 6-periodic solution to DEPCA {.1)) if « = —0.5.

It is worth highlighting that the parameters of the equation in this example conform to the
conditions outlined in the main results of [I2]. Moreover, Example 4.1 extends and enhances the
conclusions of Theorem 4.4 in [I2], which establishes the uniqueness of the solution to the DEPCA

).

5 Conclusion

This article examines the presence of infinitely many periodic solutions to first-order differential
equations characterized by piecewise alternately advanced and retarded argument. Several theo-
rems have been developed to establish both the existence and uniqueness of solutions to DEPCAs
of this nature. Drawing inspiration from the methodologies in [I1] 23], we have identified sufficient
conditions ensuring the existence of infinitely many periodic solutions under the appropriate assump-
tions. Additionally, a range of numerical examples and simulations are provided to demonstrate the
practical relevance and applicability of the theoretical results.
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Abstract. The paper studies the spread of waves along the star graph. The continuation of the
initial data from the graph edges for the entire numerical axis allows to represent an analogue of the
d’Alembert formula for waves on the star graph. At the same time, the continuation of the initial
data is closely related to the continuation of the system of its eigenfunctions of the Sturm-Liouville
problem originally defined on the star graph. The continuation of the eigenfunctions defined on
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equation. The indicated continuation of the initial data of the mixed problem was proposed by B.M.
Levitan.
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1 Statement of the main result

Let I' = {V, E'} be a star graph. Here V is a set of vertices and E is a set of edges. The vertices
are numerated by integer numbers from 0 to m + 1. The interior vertex corresponds to the number
m + 1. The directed edges are denoted by ey, ..., €,,11, with j corresponding to the vertex of edge
ej. The length of the edge e; is denoted by b;.

On each edge e; of the star graph I" we study the initial boundary value problem (IBVP) for the
wave equation with the individual continuous potential ¢;(x;)

0%0;(x;,t) _ 0°0;(z;, 1)

o2 = 817]2 — Qj(Ij)ej($j,t>, t >0, T; € ey (11)
with the initial conditions
99;(z;,0)
0;(2;,0) = asa;), 52 = bilay), (1.2)
matching conditions
01(0,t) = 05(0,t) = ... = 0,,(0,t) = 0m+1(bm+1,t), (1.3)
a9m+1 m+17 89
1.4
0T i1 Z 895] (1.4)

at the interior vertices of the star graph, and the Dirichlet boundary conditions

01(b1,t) = Os(b, ) = .. = O (bst) = Ors1 (0, 2) (1.5)
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at the boundary vertices. So, one IBVP - corresponds to the each edge e; of the star
graph I'.

The goal of this work is to establish an analogue of the d’Alembert formula for the mixed problem
- . In the simplest case of a graph, representing a sequential connection of four intervals,
such a formula is presented in [I].

We invoke some constructions from the monograph [I] for the statement of the main result. We
extend the continuous function g¢;(x;) from (0,b;) with j = 1,...,m + 1 continuously to the entire
real axis. So, we consider the following Goursat problem

Pwj(xj,t,s)  O*wj(xy,t, )

B = 52 —qj(s)w;(z;,t,s), t>0, seR,

t
1
wj(xj,t,t+xj) = —§/qj-(’7'+l'j)d7',
0

¢
/qj(xj — 7)dT
0

for j =1,...,m+ 1. The Goursat problem has a unique solution w;(z;,t,s).

wj(xjuthj' _t) = -

N | —

Now we exploit an assumption that ensures the simplicity of the spectrum for eigenvalue problem
2.1) - (2.4).

Assumption 1.1. The lengths by, ..., by,11 of the edges e, ..., 41 and the potentials q;(x;), j =
1,....,m+ 1 are chosen such that the spectra of the Sturm-Liouville operators L; do not intersect
pasrwise. The operator L; is defined by the differential expression:

& — q;(x;) on the domain D(L;) = {y(z;) € W[0,b;] : y(b;) = y(0) = 0}.

dz?

We note that such a choice is always possible.

We state the main result of the work. We establish an existence and uniqueness of the solution to
problem - on the star graph in the following theorem. Moreover, we present an analogue of
the d’Alembert formula for the solution to the initial boundary value problem for the wave equation
on the star graph.

Theorem 1.1. Suppose that the potentials q;(x;) for j =1, ...,m+1 represent a set of real continuous
functions. Let Assumption also be satisfied. We assume that the initial functions a;(z;), b;j(z;),
j=1,....,m+1 are twice continuously differentiable on the corresponding edges and satisfy conditions
).

Then, the solution to problem - exists and is unique. Moreover, for the solution, an
analogue of the d’Alembert formula holds and for bj(z;) =0, j = 1,...,m + 1 the solution can be
represented as follows

Ij+t

1. 1. 1 -
0j(wj,t) = 5a(z; +1) + 5a5(; — 1) + 5 / wj(z;,t, s)d;(s)ds.

zj—t

Here a;(s) is the special continuation of the function a;(x;) from the interval (0, b;) to the entire
real axis. The details of this continuation are given in the proof of Theorem
We note that ¢;(z;) = 0 implies that w;(z;,t,s) = 0.
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2 Proof of Theorem [1.1

It is sufficient to prove Theorem for bj(z;) = 0 with j = 0,1,...,m + 1. To state and prove
Theorem for nontrivial b;(x;), we invoke the standard procedure from [3]. Now we state the
following eigenvalue problem

Li(y;) = =y (25) + q5(x)y; () = Ay;(), o5 € e; (2.1)
with the following Dirichlet boundary conditions
y1(b1) = ya(b2) = ... = Y (bm) = Ym41(0) =0 (2.2)

at the boundary vertices of the star graph and the following matching conditions

1(0) = 12(0) = ... = Ym(0) = Yms1(brmi1) (2.3)
and .
y;n—i-l (by1) = Z y;(O) (2.4)

at the interior vertices of the star graph. The spectral properties of eigenvalue problem -
are essential to prove Theorem [I.T]

We state some notations and auxiliary facts related to eigenvalue problem — in Appendix
1. In particular, Appendix 1 proves that if Assumption [I.Tholds, then all the eigenvalues of problem
- are simple, even if the potentials ¢;(x;) with j = 1,...,m + 1 are complex-valued
continuous functions. If the potentials ¢;(z;) are real continuous functions, then all the eigenvalues
are real, and the corresponding system of eigenfunctions forms an orthogonal basis in the space
Lo(T).

We denote by Ai, where & € N, the sequence of eigenvalues of problem (2.1)) - (2.4). Hence,
A # A if k # s by Lemma from Appendix 1. The corresponding system of eigenfunctions can
be written as follows

-

(I)(f7 )‘k) = {<(701($1> )‘k)v sy (;Oerl(merla Ak))Ta k Z 1}
Now we expand the initial function
g(f) = (a1 (1), - g1 (T 1)) "

in terms of the system of eigenfunctions of problem ({2.1)) - (2.4)) to the following series

aj(z;) = Z ik (T4, Ar), (2.5)

where
b

J e —
J a;(;)er (5, Ae)d;

Cjk = » .
J @@, M)y (x5, A )da

0

Since the smooth function A(Z) satisfies all conditions (2.2), (2.3) and (2.4), series (2.5) converges
absolutely and uniformly on the graph T'.



Propagation of nonsmooth waves along a star graph 48
We seek the solution of problem ([I.1)) - ({1.5) in the following form

0;(x;) = Y dix(t) (x5, M). (2.6)

k=1

o0

In a standard way, we find that
djr(t) = cji cos \/ Ait.

In the next lemma we give the representation of the solution of problem ([1.1)) - (1.5) in terms of the
special extension of the eigenfunctions.

Lemma 2.1. The following formula

$j‘+t
COS 4/ )\kt QOj(ZEj, /\k) = @j(l’j + t, /\k) + @j(l‘j - t, )\k> + / wj(xj, t, s)géj(s, /\k)ds
r;—t

holds for t > 0 and x; € e, where @;(xj, \) is the special extension of the function ¢;(x;, \p) from
the interval e; to the entire real azis.

Proof. In fact, the potential g;(z;) is defined only on the edge e;. We extend the potential ¢;(x;)
to the entire real axis, preserving its class but otherwise arbitrarily. The function p;(x;, A\y) (j
1,...,m+ 1) is the solution of the homogeneous equation

—¢5(x5) + qi(x5) () = Mpj(75), 75 €€ (j=1,...,m+1)
with Cauchy conditions at z; = b;

Let 9;(x,t) = 2cos vV Aptp;(z, \g) for x € e;, t > 0. We note that J;(z,t) is the solution of the
mixed problem

8219j($, t) . 8219]' (l’, t)

Ot2 - Ox2 —4gj ("I;j)ﬁj (l’, t>7 (28)
(2,0 = 26,0, 1), 2280 g (2.9)
9;(0, 1) = 2cos v/ Atip; (0, \i), 95(by, 1) = 0. (2.10)

Invoking the results of the monograph [2], we write the solution to the mixed problem ([2.8]), (2.9)),
(2.10) as follows

.Z’j-‘rﬁ

9:(,8) = 35+ £, \) + 35 — £, ) + / w;(x, , 8)5(5, M )ds. (2.11)

rj—t

Here, w;(z,t,s) can be uniquely constructed from the function ¢;(x), z € R, as the solution of the
Goursat problem
8211)]' . 82wj

o2 0s?

— qj(s)wy,
t

1
wi(z,t,x+1t) = —§/qj(:v+7')d7',
0
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t

/ 4;(x — 7)dr.

0

wi(z,t,x —t) = —

N| —

Let us clarify how the continuation of the function ¢;(x, ;) initially defined as ¢;(z, \y) on = €
e; = (0,b;) is extended to the entire real axis.
Substitution of representation (2.11) into the first of conditions (2.10)) leads us to the following
equality
t
2cos /At (0, Ap) = @;(t, ) + /wj(O,t, s)p;(s, A)ds
0

0
+ @i(—t, M) + /wj(O,t, $)p;(s, Ax)ds.
Zt

For 0 <t < bj, this equality implies that

Qi(—t, \k) + /wj((),t, s)p;(s, Ak)ds = Fj(t), (2.12)

where
t

F;(t) = 2cos v/ At (0, Ag) — @;(t, A) — /wj(O, t,s)p;i(s, Ax)ds.
0
In [2] it is shown that such an extension of the function ¢;(z;, \x) belongs to the space C?[—b;, b;].
Applying the second of boundary condition (2.9)), we extend the function ¢;(z;, Ay) to the interval
(b;,2b;). Therefore, the substitution of (2.10)) into the second of conditions (2.9)) gives the following
integral equation

bj+t
55(b; +1, M) + / (b, 1, 8)35(5, Ae)dds = R (1) (2.13)
0
for 0 <t <b;, where
0
Rj(t) = —pj(bj —t, ) + / wj(bj,t,8)p;(s, \p)ds (j =1,...,m+1).
bj—t

The extension of ¢;(z;, \¢) from the interval (0,b;) to the interval (b;,2b;) belongs to C*(0,2b;).
Integral equations (2.11) and (2.12) allow the function ¢;(z;, \x) to be extended to the entire real
axis. 0

Representation (2.6)), relation (2.5) and Lemma allow us to express the desired solution as

follows
T —+t

0i(wj,t) = aj(z; +t) +a;(r; —t) + / wj(xj,t,s)a;(s)ds
:Djft

for j =1,...,m+1, where a;(¢;) is the extension of a;(x;) from the interval (0, b;) to the entire real
axis, realized by the formula

a;(&5) = chk@(fm)\k), §; € (—o0, 00).

k=1
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3 Appendix 1. Spectral properties of problem (2.1) - (2.4)

In this appendix, we state the spectral properties of problem . . that are necessary to prove
Theorem |1 . In the absence of potentials ¢i(x1) = 0, ..., ¢gm+1(Tmy1) = 0, the spectral properties
can be found in the work of N.P. Bondarenko [4]. In the case of real potentials ¢i, ..., ¢my1, problem
- is self-adjoint in the function space Lo(I"). Therefore, its spectrum consists of real
eigenvalues and the corresponding system of eigenfunctions forms an orthogonal basis in the space
Ly(T). We establish conditions under which problem (2.1) - (2.4) has only simple eigenvalues. In
our considerations, the potentials ¢;(-) =0, ..., ¢m+1(-) = 0 may represent complex-valued continuous
functions.

We denote by ¢;(z;, \) the solution of the homogeneous equation [;(¢;) = Ap; with z; € e; =
(0,b,) that satisfy the Cauchy conditions

Wj(bﬁ)‘) 0, @J(b >‘)

at x; =bjforj=1,...,m. Assumptionimplies that the values ©1(0,\), ..., ¢, (0, A) do not vanish
for all complex values of the spectral parameter .
We also introduce the system of functions vy (z;,\) = Bjpi(xj,A), x; € e;. The numbers

By, ..., By, are chosen so that condition ({2.3)) is satisfied

Bj = By H ©;(0,7),
2

where B,, 1 is a common constant for all indices j = 1,2, ..., m. The value of B,,,; may depend on
the spectral parameter \, but does not depend on x,,11 € €,,11.

Now we denote by ©,11(Tmi1,A) the solution of the homogeneous equation l,,1(@me1) =
APma1(Tma1, A) for 2,41 € (0,b,,41) which at the point z,,.; = b,,,1 satisfies the following condi-
tions

Omr1(bmy1, A Hgoj 0, ),
1 (s, A) = D ] [0, 200, ).
i=1 s=1
s;ﬁz

Therefore, we can write the following relation

Cmi1(Tmr1, A) = Omi1 (bmat, A)emir (Tmi1, A) + 90§n+1(bm+17 A)Smi1(Tmi1, A)

for all x,,.1 € (0,b11). Here, ¢pi1(zmy1, A) and Syp1(2my1, A) form a fundamental system of
solutions of the homogeneous equation ;11 (Ym+1) = AYm+1(Tima1, A), Tima1 € €ma1 with the Cauchy
conditions

Smt1 (Oma1, A) = g1 (bng1, A) = 0

and
S a1 (bms1,A) = Cmg1(bmgr, A) =1

at Tm+1 = bm+1.

We note that the function ,,+1(Zmn11, A) is an entire function of the spectral parameter A for all
fixed ;11 € [0,b41]. The characteristic determinant of the eigenvalue problem - has
the following form

AN) = @nmi1(0,0), A e C.
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Lemma 3.1. The characteristic determinant A(X\) has only simple zeros

Proof. Let A\, € C. We denote by I (y) = —y"(z;) + G;(z;)y;(x;), z; € e; the formally adjoint
differential expression to [;(-).

We consider the following difference

J b]

b;
m+1
= ([ blortes e, — [ oyt NS i)

=1 9 0

where the functions goj(a:j,ﬁ),j = 1,...,m + 1, are the solutions of the homogeneous equations
(] (x;, 7)) = fi] (x;,75), and their construction is analogous to the construction of ¢;(x, \)
1,...,m+1. The characteristic determinant of the adjoint problem is A™(7)

= ¢1n+1(0,71). Applying
the Lagrange formula [5] and Cauchy conditions (2.7)) to the difference R, we obtain

m1 I ——
d — dj (), 1)\ |2 =bs=0
R = § <d SD](:E]?A%O] (CE'J,,U) 903‘(953‘7)\) jd$]] ) ;=0
j=1

dpmi1(bmi1, \)——F——— Aoy 1 (bmir, 1)
= d2mis 90;+1(bm+17 M) - <Pm+1(bm+1’ /\) tllmmﬂ

5,0 s 70

Z ]dﬂf m+1 (bm+17 M) + Om+1 (berl; )\) Z ]dT
J — ;

tonir (0.0) s M)
dZm+1 Pt (0,7 F 22 (0, 4) ATy

det (0
_ A()\) Spm—i-l( 7#) dgom-i-l(o A)A+( )
AT 41 AT 41
On the other hand, we have the following equality

m-+1 by

/90%7 90; (z;, 1 )dxj
0

1

j:
As a result, we obtain the identity

m+1

Z/ o5, N ;) (2,7 )d:vj =
_ 1 dgpm—&-l(owu) d‘Pm—&-l(O /\) Y=

Let A = )¢ be an arbitrary eigenvalue of the problem ({2.1) - (2.4). Then A()\g) = 0. Thus, the
following equality

1bJ

/90 Tj, A 90] ‘Tja )dl”]—
0

m

+

A+( )M

1 0— AT

.
Il
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holds. Now, let 1 — Ag. This equality implies the limiting relation
bJ

/90 .23], 90] $], )dl’]—
0

m+1

+

dA+()\_0) ) dSOmH(O, >\0)
dp drmi1

J=1

The results of monograph [6] imply that ), is an eigenvalue of the adjoint problem, and gpj(:cj,)\_o)

o m+1 bj -
is the eigenfunction corresponding to the eigenvalue Ag. Moreover, > [ o(x;, o)) (x5, B)dx; # 0.
=10
Hence, we get dA+fLA°) : d%g;;(ol’\o # 0. We observe that Cl@"%@’\o) £ 0, since i1 (g1, Ao) = 0.

Otherwise, this would contradict Assumption [T Therefore, it follows that

dAT(\
dp

Hence, the eigenvalue Ay of the adjoint problem is simple. Consequently, the eigenvalue of original

problem (2.1 - (2.4) must also be simple. O

Corollary 3.1. If )\ is an eigenvalue of problem ({2.1] . then the corresponding eigenfunction
has the follwing form

(B()‘O) = (301($1, )‘0)7 902(‘%27 >‘0)7 ) me-i,-l(l'm-',-l, AO))

and none of the components of 5()\0) can be identically zero.
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1 Introduction

Let v be a closed rectifiable Jordan curve in the complex plane C, and let D™ and D~ be the interior
and exterior domains bounded by 7, respectively.
The classical theory of the logarithmic double layer potential

1 0 1
— 1 D* 1.1
27r/g(t)8nt (n ]t—z!) ds; Vzé€ (1.1)

Y

is developed in the case in which the integration curve = is a Lyapunov curve (see, for example,
J. Plemelj [23]). Here n; and s; denote the unit vector of the outward normal to the curve v at a
point ¢ € v and an arc coordinate of this point, respectively, and the integral density ¢ : v — R
takes values in the set of real numbers R.

J. Radon [26] established the continuous extension of the logarithmic double layer potential from
the domains D' and D~ to the boundary v in the case in which v is a curve of bounded rotation,
i.e., a curve for which the angle between the tangent to the curve and a fixed direction is a function
of bounded variation. It is known that the class of Lyapunov curves and the class of Radon curves
of bounded rotation are different, i.e., each of them contains curves that do not belong to the other
class (see, for example, I.I. Danilyuk [4, p. 26]).

J. Krél [19] established a necessary and sufficient condition for the curve v, under which the
logarithmic double layer potential is continuously extended from the domains DT and D~ to the
boundary v for all continuous functions g : v — R.

The logarithmic double layer potential is the real part of the Cauchy-type integral (see, for
example, F.D. Gakhov [§], N.I. Muskhelishvili [20])

g9(z) = ﬁ/%dt Vze D*. (1.2)
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The theory of the boundary properties of the integral in (|1.2)) is presented in the monographs by
F.D. Gakhov [8] and N.I. Muskhelishvili [20] under the classical assumptions about the smoothness
of the integration curve and the Holder density of the integral. In the papers of N.A. Davydov [6],
V.V. Salaev [27], T.S. Salimov [28], E.M. Dyn’kin [7], O.F. Gerus [9, 1], the theory of the Cauchy-
type integral and the Cauchy singular integral is developed on an arbitrary rectifiable Jordan curve
in classes that are more general than the Holder class of the integral density, which are defined, as
a rule, in terms of the modulus of continuity of the function g.

In the paper of O.F. Gerus and M. Shapiro [12], an analog of the Davydov theorem [6] is proved
for an appropriate Cauchy-type integral along an arbitrary rectifiable Jordan curve in R?, which
takes values in the algebra of quaternions. This result is applied in the paper of O.F. Gerus and
M. Shapiro [13] to establish sufficient conditions for the continuous extension to the boundary of
a domain of metaharmonic potentials, a partial case of which is logarithmic double layer potential
).

At the same time, the results mentioned above about the continuous extension of the logarithmic
double layer potential to the boundary of a domain, which are contained in papers |23, 26l [19], are
valid for arbitrary continuous functions g. It is linked to the fact that the real part of the Schwartz
integral, i.e. the Poisson integral, is continuously extended to the boundary of the unit disk for an
arbitrary continuous integral density, while the continuous extension of the imaginary part of the
Schwartz integral requires additional assumptions about the integral density.

The purpose of this paper is to establish general results about the continuous extension of the
real part of the Cauchy-type integral with a real-valued integral density, which are usable for the
cases in which the classical results of papers [23], 26], 19] as well as the corresponding result of paper
[13] are not applicable, generally speaking.

2 Preliminary information

In what follows, a closed rectifiable Jordan curve «y satisfies the condition (see V.V. Salaev [27])

O(c) :=sup O¢(e) =0(e), €—0, (2.1)
gey
where 0¢(g) := measy:(§), V(€)== {t € v: |t — & < e} and meas denotes the linear Lebesgue
measure on . Curves satisfying condition are important in solving various problems (see,
for example, V.V. Salaev [27], L. Ahlfors [I], G. David [5], C. Pommerenke [24], A. Bottcher and
Y.I. Karlovich [2]). Such curves are often called regular (see, for example, [5]) or Ahifors-reqular
(see, for example, [24]), or Carleson curves (see, for example, [2]).

It is well known that a closed rectifiable Jordan curve  has a tangent at almost all points ¢t € ~.
For such a point ¢ € v we denote by ¥J; the angle between the tangent to the curve ~ at this point
and the direction of the real axis. J. Radon [26] called v a curve of bounded rotation if the angle 9,
is a function of bounded variation on 7.

This implies that for a curve v of bounded rotation, the angle ¥; can have at most a countable
set of discontinuity points, and there are one-sided tangents at each point of the curve . Moreover,
a curve of bounded rotation can have only a finite set of cusp points and at most a countable set of
corner points. At the same time, every curve of bounded rotation satisfies condition ([2.1)).

This follows, for example, from the fact that the Cauchy singular integral operator is bounded
in Lebesgue spaces on any curve v of bounded rotation (see I.I. Danilyuk [4], I.I. Daniljuk and
V.Yu. Selepov [3], E. G. Gordadze [I5]), and a necessary condition for this is condition on the
curve (see V.A. Paatashvili and G.A. Khuskivadze |21]).

A curve 7 is called a Lyapunov curve if the angle 19, satisfies the Holder condition:

|79t1 — 19152‘ S C|t1 — tQ‘a th,tg c v,
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where a € (0,1] and the constant ¢ does not depend on t; and t5. It is clear that the Lyapunov
curve is a smooth curve and also satisfies condition (2.1). There are Lyapunov curves that are not
the Radon curves of bounded rotation (see, for example, I.I. Danilyuk [4, p. 26]).

J. Kral [19] proved that logarithmic double layer potential is extended continuously from
the domains Dt and D~ to the boundary ~ for all continuous functions ¢ : v — R if and only if the

curve -y satisfies the condition
2m

sup [ (6,006 < o, (2.2)
ey ;

where 11,(€, ¢) is the number of intersection points of the curve v with the ray {z = {+re” : r > 0}.
It will be shown below that each curve 7, which satisfies condition , also satisfies condition
(2.1)), i.e, it is an Ahlfors-regular curve.

Note that not every smooth curve satisfies condition . In particular, an example of such a
curve will be given below.

For a function f: F — C continuous on a set £ C C, we shall use its modulus of continuity

we(f, €)= sup |f(t1) — f(t2)].

t1,to€E: ‘t1 —tQ‘SE

Quite often, the conditions for a given domain are formulated in terms of a mapping of the unit
disk onto this domain (see, for example, I.I. Priwalow [25, §§ 12-17 of Chapter III}).

Consider a conformal mapping o : U — D% of the unit disk U onto the domain D*. Tt is well
known that the mapping o is continuously extended to the boundary OU and defines a homeomor-
phism between the unit circle OU and the curve 7.

In paper [I6], when solving boundary value problems for monogenic hypercomplex functions
associated with a biharmonic equation, the following result on the continuous extension of logarith-
mic double layer potential has actually been established, although it was not formulated as a
theorem.

Theorem 2.1. Let o : U — D% be a conformal mapping of the unit disk U onto the domain DT,
and let the continuous extension of o to the circle OU have the nonvanishing continuous contour
derivative o’ on OU, and let its modulus of continuity satisfy the Dini condition

1
/
/@@Q;@mwan (2.3)
n
0

Then, for each continuous function g: v — R, integral (1.1)) has a continuous extension from the
domain D% to the boundary ~.

Theorem generalizes the corresponding result of the classical theory of the logarithmic double
layer potential on the Lyapunov curves (see, for example, J. Plemelj [23]), because in the case in
which ~ is a Lyapunov curve, condition is satisfied owing to the Kellogg theorem (see, for
example, G.M. Goluzin [I4]). Condition (2.3)) is also satisfied in the more general case in which the
modulus of continuity of the angle 1}, satisfies the condition

1

/Mlnzdn<oo‘ (2.4)

U n
0

It follows from the estimate of the modulus of continuity of the function o’ presented in Theorem 2
in the paper of J.L. Heronimus [I7] (see also S.E. Warschawski [30]).
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If the modulus of continuity of the function ¢ :~vy — R satisfies the Dini condition

/w dn < oo, (2.5)

0

then the reduced singular Cauchy integral

/%?th = lim \/@ %dt VEeEy (2.6)

exists (see O.F. Gerus [9], and also V.V. Salaev [27], where the Dini condition of form ([2.5)) is given
in terms of the regularized modulus of continuity using the Stechkin construction).

From this and from the result of N.A. Davydov [6], it follows that Cauchy-type integral has
the limiting values §*(£) at every point & €  from the domains D*, which are expressed by the
Sokhotski-Plemelj formulas:

77O =9+ 5 [T 0 2.1
7€) = % /%g(g)dt. (2.8)

Let d := max |t1 — ta| be the diameter of the curve .
1,t2€Y

To single out the real part of integral (2.6]), we define a branch arg(z — £) continuous on 7\ {¢}
of the multivalued function Arg(z — &) in the following way. For each positive § < d/2, we select
that connected component ¢ 5 of the set v5(£) which contains the point &, and we take such a point
§1 € Ve, at which there is a tangent to v and which does not precede the point § under the given
orientation of the curve . It is obvious that in the case in which there is a tangent to v at the point
&, we can set & = . Let us cut the complex plane along the curve I'c 5 := v[€, & ] UT'[&;, 00|, where
v[€, &1] is the arc of « with the initial point £ and the end point &, and T'[¢;, oo] is a smooth curve
that connects the points & and oo and lies completely (except for its ends & and oo) in the domain
D~. Now, let us single out a branch args(z — &) of the multivalued function Arg(z — &), which is
continuous outside the cut I'¢ 5 with the normalization condition args(zo — &) = ¢, where z5 € D
and ¢g is one of the values of the function Arg(z — &) at z = z;. We shall use the fixed values zg
and ¢ for all positive § < d/2. As a result, we have the obvious equality

args (t — &) = args(t — &) Vo,0:0< 0 <0<d/2 Vtevy\ (&)

that implies the existence of the following limit:
arg(t — €)= lim argy(t—€)  Vie v\ {€}.
6—0+

Thus, under the assumption that the function ¢ : v — R satisfies the condition (2.5, from
equality (2.6) we get the equality

Re(i/Mdt):ihm | 6 -g@)darge-¢)  veen.

2mi t—¢
ol Y\7s(6)

where in the right-hand side of the equality the integral is the Stieltjes integral.
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Let us accept by definition

/ (9(t) — 9(€)) darg(t — €) = lim / (9(t) — g() darg(t —€)  Veer.  (29)

6—0Tt
v Y\5 (&)

Finally, denoting .
(Refq’) (&)= lim . Reg(z) V¢ e,

z—&,2z€D
as a corollary of formulas and , for all £ € v, we obtain the equalities
(Re3)"(©) = 9(6) + 5= [ o(0) ~ 9(6)) dar(t — &), (2.10)
Reg) (&) = ! d 2.11
(Red) () = 5= [ (o10) ~ 9(6)) das(t ~ ). (2.11)
8!

Below, we investigate the fulfillment of equalities (2.10) and (2.11), not assuming, generally
speaking, neither the fulfillment of condition (2.5)) for the function g :~y — R nor the fulfillment of
condition (2.2) for the curve .

3 A necessary and sufficient condition for the continuous extension of the
real part of the Cauchy-type integral to the boundary of the domain
bounded by an Ahlfors-regular curve

The following statement is true.

Theorem 3.1. Let a closed Jordan curve v be Ahlfors-reqular and let a function g: v — R be
continuous on . The function Reg(z) has a continuous extension to the boundary v from the
domain DY or D™ if and only if the following condition is satisfied:

(g(t) —g(ﬁ))darg(t—f) — 0, e—0. (3.1)
Y= (§)\v5(€)

sup sup
§€v d€(0e)

In the case in which condition (3.1) is satisfied, the limiting values (Reﬁ)i(f) are represented by
formulas (2.10) and (2.11)) for all £ € .

Proof. Sufficiency. Obviously, if condition (3.1)) is satisfied, the limit exists in equality (2.9).
Let us prove equality (2.10)). Let £ € v, z € D and ¢ := |z — {| < d/8. Denote &; := Itnin |t — z|.
€y

Let us choose the point &, € « closest to the point z.
We use the following representation of the difference:

Reg(z) —9(6) = 5 [ (9(0) — 9(6)) darg(t — ¢
—re (5 [POZEE o) - (000 - 9(60) danele - )+ 9(6) ~ o9

+ % / (9(t) — g(&.)) darg(t — &) — % / (g(t) — g(&)) darg(t — &).

Y Y
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Consider the difference

Re (L / Mdt) ~ 5 [ (o) - gle) dar(t ~ &)

2mi t—z
Y 2l
= Re (2_7rz / rE— dt> 5 / (9(t) — g(&.)) darg(t — &)
Yaeq (€2) 261 (€2)
Z— fz g(t) B g(gz) . _
Y\v2¢4 (€2)

Taking into account condition (2.1]), we obtain the relation

1 t) — g(&, w~ (g, 2e
Ay S S R Y
7251(62)

where the constant ¢ depends only on the curve 7.
Condition (3.1 implies the relation

|IQ| —>0, €1 — 0.

To estimate the integral I3, we use Proposition 7.2 in [22] (see also the proof of Theorem 1 in
the paper of O.F. Gerus [10]) and condition ({2.1)) so that we have

I < 2 — & / l9(t) — 9(&:)] ) < 2 / wy (g, 1) dBe. (n)

p [t — £ T ’
Y\Y2e, (€2) [21,]
) J o 0o ) 2d
<2 / & (2n)w, (g, 2n) dngcgl/wdn—)(], €1 — 0,
3 Uk Ua
€1 €1

where the constant ¢ depends only on the curve 7.
Now, consider the difference

o [ (ot = gl€) dar(t — &) = 5 [ (5(0) ~ 9()) davgt ~ ©)
o [ - g@)duee- ) vre (5 [ 10 )
() e O\ €2) ’
- % / (9(t) — g(&)) darg(t — &) + Re (—522;2,5 / % dt)
~4e (&) Y\v4e (§)
—I—Re(%ﬂig(gz) / tiitfz>::J1+J2—J3+J4+J5.
Y\ 72 (§)

Condition (3.1]) implies the relations

|Ji] =0 and |J3] = 0, e — 0.
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The integrals J; and J; are estimated similarly to the integrals I; and I3, respectively. As a
result, we have the relations
|Jo] = 0 and |Jy] — 0, e — 0.

In addition, the following relations are satisfied (see the proof of Theorem 1 in the paper of
V.V. Salaev [27]):

mgW‘ / dt

<2w,(g,2¢) =0, e — 0.

z

Y\ v4e (€)

An obvious corollary of the given relations is equality . Equality is similarly estab-
lished.

Necessity. Since the curve ~ satisfies condition , the singular Cauchy integral operator is
bounded in the Lebesgue spaces L, for p > 1 on 7 (see Theorem 1 in the paper of G. David [5]).
At the same time, Cauchy-type integral belongs to the Smirnov classes E, (see, for example,
LI Priwalow [25]) for p > 1 in the domains D™ and D~. In addition, its angular boundary values
ﬁaing(f ) from D¥ exist for almost all points £ € v, and the following equality holds almost everywhere
on :

g(g) = g;ng(g) - g;ng(g)'

We denote by g+ the function that is defined by equality in the domain D* and is extended
almost everywhere on v by means of the values @fng. We denote also the real part of this function
by Reg®*.

Note that the values of the functions Reg ™ and Re g~ are expressed by equalities of form ([2.10])
and for almost all points £ € 7. It obviously follows that in the case in which the function
Reg(z) is continuously extended to the boundary + from one of the domains DT or D~, this function
is also continuously extended to v from the other domain.

For ¢ € v and 0 < 0 < € < d, consider the open sets Dg;(g) ={zeD¥: < z-€£ <¢e}
and their boundaries (9D§7E€(f), the orientation of which is induced by the orientation of 7. Denote
[y ={t€ D5 (§\v:|z—€ =0}, TZ={t€dD;.() \7:]e—& =}

We have the equalities:

[ -g@)dase-g—m( [ =)

Ye(§)\vs(€) Ye (E)\7s(£)
([ TUTO-RTOrRIE,)
= -
Y= ()\s(8)
-~ g () —Reg™(§) , [g ()—Reg®(§) ,, [g"(t)—Reg™ (&) )
([ TORT, [TORG, [P0 RGO,
oD} (€ rf r
g (1) —Reg(§) g (t) —Reg(§) g (t) —Reg(§)
—Im( / - dt—/ - dt—/ P— dt).
oD; (&) ry r-

Further, taking into account that the integrals of functions from the Smirnov classes along the
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closed curves 8D§i’5(5) are equal to zero, we have
| (o0 - g(€) dusst - )

Ye(€)\ s (€)
o [T [T R,

rf rr

i ([T [I70RT )
o [RIORT [ Reg 0 ReF) )

; rt

Hm(/Reﬁ‘(ti:?eﬁ‘(S) e [RT0-ReT (6 dt).

ry rs

T

Since the function Re g(2) is continuously extended to the boundary + from D* and vanishes at
infinity, the function Re ¢ * is uniformly continuous in the closure D* of the domain D*. Therefore,
we obtain the following estimates:

[ - sle) daete—g)

Ye(E\s(8)
(1) — R+ () — Red+
S/\Reg (t) = Reg (é‘)\|dt|+/\Reg (t) —Reg (5)\|dtl
| |
Iy I
Reg~(t) — Reg~ Reg(t) — Reg~
+/| eg (|i_§|eg (5)‘|dt\+/| eg (|i_§|eg (€)\,dt‘
ry ro
<4rwpr (Regt,e) +drwp=(Reg . e),
which imply condition (3.1)). O

Theorem is similar in a certain sense to the corresponding theorem for the Cauchy-type
integral, which is proved by A.O. Tokov [29].

Let us note that in the case in which condition (3.1)) is satisfied for a function g: v — R given
on an Ahlfors-regular curve v, a similar condition with the Stieltjes integral

g(t) — g(§)
AV A
/ g
7= (©)\15(€)

may not be satisfied if the function g does not satisfy Dini condition . In this case, the function
Im g(z) has no continuous extension to the boundary ~ from the domains D™ and D~. Indeed, the
necessary condition established by A.O. Tokov [29] for the continuous extension of the Cauchy-type
integral to the boundary y is not satisfied.
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4 Some properties of Ahlfors-regular curves

Note that for each £ € v and each ¢ > 0, the function arg(t — £) has a bounded variation on the set
v\ 75(&). However, in general, the function arg(t — &) can be a function of unbounded variation on
v, because, in particular, it can be unbounded in a neighborhood of the point &.

Consider the class of curves -, for which the function arg(t—¢) has a bounded variation V,[arg(t—
€)] on v\ {¢} for all £ € v and, moreover, satisfies the condition

igp‘fdarg(t—-ﬁﬂ < 00. (4.1)

It is obvious that a curve satisfying the condition has one-sided tangents at each point £ € .

Note that condition is equivalent to condition , which follows from the Banach indicatrix
theorem (see J. Kral [19, Lemma 1.2]). Thus, the class of curves satisfying condition includes
curves from the corresponding classical results of J. Plemelj [23] and J. Radon [26] and from Theorem

21l
Curves satisfying the condition (4.1]) will be called the Krdl curves.

Proposition 4.1. Every Kral curve is an Ahlfors-regular curve.

Proof. Let v be a Kral curve and & € . Let us first show that for an arbitrary € > 0, the variation
of the function [t — | on the set .(§) satisfies the inequality

Viollt =&l < ce, (4.2)

where the constant ¢ does not depend on ¢ and .

In the case in which we consider a fixed point z € C\ 7 and a variable ¢ € v, we understand
arg(t — z) as an arbitrary branch of the multivalued function Arg (¢t — z).

We use the representation v.(€) = v1 U yo U 73, where

1= N {t=E+re® >0, ¢ € (—m/d,m/4) U (3n/4,51/4)},
Yo = 76(5) N {t = 5 +r€id) ‘> 07 ¢ € <_37T/47 _7T/4) U (71-/47 37T/4)}’

V3= 7&(5) N {t =¢ +re?r >0,¢9€ {_W/477T/47 _37/4’37‘-/4}}'

For the variation of the function |t — £| on the set 7q, the following inequality holds (see J. Krél
[18, Theorem 2.10]):

Cull 280 < o) (v (e — ]+ V2 vt — €~ 2)]).

where ¢y = 6/sin*(7/4) = 12. Moreover, since the curve 7 satisfies condition (4.1)), by virtue of
Theorem 1.11 from the paper J. Krél [19], the following condition is also satisfied:

sup V, [arg(t — z)] < 00
zeC

As a result, under condition (4.1)) for the curve v, we obtain the inequality
Vallt =€l < eace, (4.3)

where the constant ¢; does not depend on £ and ¢.
In a similar way, for the variation of the function |t — | on the set 75, we obtain the inequalities

Vaallt = €l] < o (Vaalarg(t — €)) + Vaylarg(t — € —ie)] ) e < er (4.4)
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In addition, it is obvious that
Visllt = €l] < 4e. (4.5)

Inequalities (4.3)) — (4.5)) imply inequality (4.2), where ¢ = 2¢; + 4.
Now, taking into account condition (4.1)) and inequality (4.2)), for arbitrary £ € v and £ > 0, we
obtain the relations

/|dt|< / e~ ¢l|+ [ 1t~ €lldarg(e )

e 5) 75(5)
Vo.ollt = &[] + ¢V, Jarg(t — €)] < ce,

where the constant ¢ does not depend on £ and e. Thus, the curve 7 satisfies condition (2.1)), i.e.,
it is an Ahlfors-regular curve. m

Among the Kral curves there are curves that are not the Radon curves of bounded rotation, as
the following example shows:

Example 1. Consider the curve
v = {Z _ ech) ¢ e [O T } U 2 2n+172—2n+2]

U H {z =27 ¢ € [072_”]} U U {z =re" iy e 27 2_2"+1]}.

n=1
It is clear that V,[¢,] = oo, but at the same time, the following relations are fulfilled:
V, [arg t] <7r+i2_”—i-1—7r+§
e 2~ "y

n=1

v [arg(t - g)] = V’Y|§\/2(0) [arg(t - f)] + VY\§|(§)\’Y\§|/2(O) [arg(t - f)] + V’Y\’Y\§|(€)\’Y\§|/2(0) [arg(t - 5)]

<V

Ve /2(0) [arg t] + 27 + 2‘/:7\’7\5\(5)\’7\5\/2(0) [arg t] < QVV[arg t] + 27 VEey:0< ‘5’ <1,

|dt|
|t = ¢

V,]Jarg(t — €)] < Vi a(6) larg(t — &)] + / <7+ 2mes~y VEery: g =1.

MNr1/2(6)

Thus, 7 is a Krél curve that is not the Radon curve of bounded rotation.

For points &,& € 7, we denote by [, &) the arc of the curve v with the initial point & and
the end point & at the orientation of this arc, which is induced by the orientation of the curve ~.
The following statement defines a class of smooth curves satisfying condition (4.1J).

Proposition 4.2. If for a closed smooth Jordan curve v the angle ¥, satisfies the condition

1
/w'}’(?f]tan) dn < 00, (46)

0

then v is a Kral curve.
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Proof. Let £ € ~. Tt is known (see, for example, N.I. Muskhelishvili [20]) that there exists 1o > 0,
which does not depend on &, such that each circle of radius r < ry centered at the point & intersects
v in only two points.

We denote by t_ and ¢, the points of intersection of the circle {z € C : |z — £| = 1o} and the
curve v, and with the given orientation ~ the point ¢_ precedes the point £ and the point ¢, follows
it. Considering one of the arcs either vy[t_, &] or v[¢,t,], we will denote it 7.

The arc 7 allows the parameterization t = & + 7 @)+®) - € [0,70], where ¢ is a real
constant and ¢(r) — 0 as 7 — 0. Denote Z(r) :=rcosé(r), y(r):=rsineo(r).

For all t € ¥\ {{}, the following equalities hold:

y(r) 1 y'(r)  y(r)z'(r)
darg(t — &) = do(r) = darct ,yv = 2(~ — = 2)617"
g(t = &) = do(r) & F(r) N (gm ) (@)
i _ r — 9. — r
=7/(r) cos? ¢(r) e (r) f(:? o) dr =7'(r) cos @(r) te (% 1952 tg o(r) dr .

Note that for a smooth arc 7, for each r € (0,79 there exists r, € [0,r]| such that for ¢, =
£+ 1, e@)+90) the following relations are fulfilled:

|6(r)] = |01, — Vel < w, (04, 7). (4.7)

Without loss of generality, we assume 7, to be small enough to satisfy the inequality w. (J;,70) <
1. Then we get the estimate

70

/\darg(t—fﬂg c/wdr<oo,

5 0

where the constant ¢ depends on 7y, but does not depend on &.
Finally, using the obtained estimate, we estimate the variation

dt
V. larg(t — &) /]dargt— \—l—/ldargt— )|+ / Itlf|§|

v[t1,€] v[€.t2] Y\ ¥rg (€)

which yields the fulfillment of condition (4.1)) for the curve . m

It is obvious that condition (4.6]) is a weaker constraint on the curve v compared to condition

23).
Relation (4.7)) implies the estimate

wy (arg(t — €),n) < w,(9,n) V€0, 1),

where the arc 7 is defined in the proof of Proposition Therefore, if the modulus of continuity of
the angle ¢J; satisfies Dini condition (4.6)), then the condition of the same form is also satisfied for
the modulus of continuity ws(arg(t — £),n) at all points & € 7:

1
t —
/w7 arg ).1) dn < oo. (4.8)

0
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Let us show that the class of smooth Krél curves differs from the class of smooth curves ~ that
satisfy the conditions of form (4.8 at all points £ € 7. First, we give an example of a smooth curve
v that is a Krél curve, but condition (4.8) is not satisfied at a point £ € 7.

Example 2. Consider the smooth arc

5= {t(r) :rexp<—iﬁ> e (077“0]},

where rq is the smallest positive root of the equation Ret'(r) = 0. It is obvious that the one-sided
tangent to the arc ¥ at the beginning point ¢ty = 0 is the positive semi-axis of the real axis. At the
end point t(ry), the arc 7 has the one-sided tangent parallel to the imaginary axis of the complex
plane.

Let T" be such an arc of the ellipse that includes the points z = x + iy satisfying the equation

x? (y — Imt(rg))?
(Ret(ro))? (Im t(rg))?
which is smoothly glued to the arc 7 at the points 0 and ¢(rg). Then v =75 UT is a closed smooth
Jordan curve.

It is obvious that the curve 7 satisfies condition (4.1} because V. [arg(t — £)] = 7 for all £ € 7.
At the same time, condition (4.8]) is not satisfied at the point £ = 0 owing to the fact that

=1,

1 ( ; ) o
w~(argt, 1
u/n_l___fi_ll_dn Ei__d/‘ dn = 0.
/ n / ninn

Now we give an example of a smooth curve v for which the conditions of form (4.8]) are satisfied
at all points & € ~, but it is not a Kral curve.

Example 3. Consider the smooth arc

r, = {t(r) = rexp ( —iﬁ cos g) 1€ (0, 1/2]} :
Let I'y be such an arc of the ellipse that includes the points z = = + 1y satisfying the equation
2 -} 2
a b2

with fully defined positive a and b, which is smoothly glued to the arc I'; at the points 0 and ¢(1/2).
Then v =11 U5 is a closed smooth Jordan curve.

For each point £ € 7, consider the arcs y[t_,¢] and [, ¢, ] defined in the proof of Proposition
and denote them by 7, and vgr , respectively. Considering the function arg(t — &) on the arc 7?,
we redefine it at the point ¢ = £ by the limiting value

lim arg(t — ¢&).
p»§¢ew§

As a result, for each £ € 7, the function arg(t — &) satisfies the Holder condition on each of the
arcs v; and 7;:

|arg(ty — &) —arg(ty — &) < clti —bo|* Vi, ty €97
for all a € (0,1/2], where the constant ¢ does not depend on ¢, and . Therefore, the conditions

of form (4.8 are satisfied at all points of £ € .
At the same time,

=1
V[argt] > Vi, fargt] > > = o0,
n=2

nlnn

i.e., condition (4.1]) is not satisfied for the curve ~.
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Example 3| also shows that condition (4.6) on the angle ¥; in Proposition can not be replaced
by a similar condition of form (4.8 on the function arg(t — &).

5 Sufficient conditions for the continuous extension of the real part of
the Cauchy-type integral to the boundary of domain with unbounded
variation of the function arg(t — ¢)

We shall now consider curves for which condition (4.1)) is not satisfied, generally speaking.

In what follows, we use the following characteristic of the function f: ' — C continuous on the
set £ C C (see O.F. Gerus [I1]):

Qg r(a,b) == sup welf,n) for 0<a<b.

a<n<b 7]

The function Qg f(a,b) does not increase monotonically with respect to the variable a and does not
decrease monotonically with respect to the variable b. In addition, the function a Qg f(a, b) does not
decrease monotonically with respect to the variable a.

Denote Ef¥1v2(€) :={z=E64+re®: R/2<r < R, < ¢ < iy}

Let us describe a certain finite set of Jordan arcs placed in the closure of domain E#%%(0). For
this purpose, we consider two sets of points {7;}7_; and {n;}}_, located on the rectilinear parts of
the boundary of domain Ef0%(0) such that

R>m>m>--->1,>R/2,
nj=Inle® and R >|m|> || > > |n.| > R/2.

Let I' := U Iy, Where I'; is a Jordan arc with ends at the points 7; and 7;. Moreover, the

arcs I';, 7 = 1,2,...,n, excluding the ends, lie in the domain E®%%(0) and pairwise do not intersect
within this domain. In addition, if the arc I'; is oriented from the point 7; to the point 7;, then the
next arc I'j1; is oriented in the opposite direction from the point 7,4, to the point 7,41, and vice
versa, if the arc I'; is oriented from the point 7n; to the point 7;, then the arc I';; is oriented from
the point 7;;1 to the point 7;41.

Consider the auxiliary statements.

Lemma 5.1. If a function f: ' — R is continuous on ', then

‘/f(t)dargt‘ < (RQRJc(%,R) +T£1€E¥X|f(t)|>¢-}-2wF(f’2)meSF7
r

where A := max mesI'; and argt is any branch of the multivalued function Argz, which is contin-
J

wous on I'.

Proof. As in the paper T.S. Salimov [28], we use the representation

/f dargt—Z/ 7'3 dargt—i—ZfT] /dargt

Im/f(t)—tf(ﬂ') dt‘ <

|f 2wr, (f,mes[j)mesT;  2wr(f,\) mesT
dt| < <
/ g <3 < SR

and the estimates

)dargt‘
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3> st [ asnst| < (3 150 = 1)+ 2017001

r;

where ng is the integer part of the number n/2 and ¢ is the fractional part of the number n/2.
Next, taking into account the estimates (see Lemma 1 in the paper O.F. Gerus [11])

> ) = ) < 3 (o =) < ROy (5. F)

j=1
and the inequality 2ny < n, we have

> 1) [auwgt| < (Rons (2. 8) + maxiro) v
j=1

Ly

The given estimates imply the statement of the lemma. O

For a given closed rectifiable Jordan curve 7y, we shall consider its intersections with the domains
ERv1v2(£) where £ € 7. We shall denote these intersections by gy, .4, (€). By n, (&, R, 1, s)
we denote the number of connected components of the set gy, 4, (§), the ends of which lie on the
different segments {z = £ + e : R/2 <r < R} and {z = { +re™2 : R/2 < r < R}. We can
say that the number n, (£, R, 11, 12) expresses the number of complete oscillations of the function
arg(t — &) in the domain Ef¥1%2(¢). Since the curve 7 is rectifiable, the number n. (&, R, 11, 19) is
finite, but with fixed £ and R it can tend to infinity when 1y — 7.

Consider the case in which there exist £ € v and R € (0, d] such that

k. (&, R) == max {1, sup  n,(§ R, ¢1,¢2)} < 0. (5.1)

0<yp1 <y <2m

Denote by ¢.,(&, R) the Lebesgue measure (given on the segment [0,27]) of the set of those
¢ € [0,2n] for which the rays {z = £ +re'® : r > 0} have a nonempty intersection with the set

Yr(€) \VR/Q(f)-

Lemma 5.2. Let a closed Jordan curve vy be Ahlfors-reqular and satisfy condition (5.1)) and let a
function g: v — R be continuous on . Then the following estimate holds:

R
(g(t) — g(¢)) darg(t — &) | < 6 R, (£, R) (m , R)- (5.2)
Yr(E\YR/2(E)

Proof. For the proof, we apply the method developed by T.S. Salimov 28] for estimating the modulus
of continuity of the Cauchy singular integral on an arbitrary closed rectifiable Jordan curve and
adapted by O.F. Gerus [LII]| for the purpose of using the modulus of continuity of the integral
density instead of the regularized (by means of the Stechkin construction) modulus of continuity,
which is used in the paper [28].

The set ¥ := Yr(£) \ Yr/2(§) is the union of no more than a countable collection of connected
components of the set ¥\ {z € v : |z —&| = R}, which is open in the topology of the curve 7, and
the closed set {z € v: |z — £| = R} for which

mes{z € 7: [z — & = R} < ¢,(§, R)R.
Therefore, there exists a finite union 7 of the specified connected components such that

mes (7 9) < 2, (&, R)R.
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We have the equality

/ (9(t) — 9(6)) darg(t — €)

Yr(E\VR/2(E)

_ / (9(t) — 9(€)) darg(t — €) + / (9(t) — 9(€)) darg(t —€) (5.3)
¥ F\Y

and the estimate

sl [

YNy

lg(t) = 9(©)] w, (g, R) mes (7\ 7)
<[ —§| < R/

YNy

<4 (E R (9. B) S 4R (€ R) Q. (i R). (5.0
k’y (57 R)
To estimate the first integral in the right-hand side of equality , we partition the ring
{z € C:R/2<|z—€ < R} by the rays {z = £+ e : r > 0}, m = 1,2,...k, for 0 =
G < ¢1 < --- < ¢p = 2m, so that the ends of all connected components of all nonempty sets
VRibm1.6m (&) = N EROm—19m (&) ' = 1,2,... k, lay on the indicated rays. It is always possible
due to the finite number of connected components of the set 7. In this case, there is the representation
AR 1.6m (&) = TYm1 U Y2, where 7, 1 1= Uj Am,1,; is the union of connected components 7, ; of
the set Yr.g,, 1,6, (§) With the ends on one of the specified rays, and 3,2 := J;7m,2; is the union
of a finite number of connected components 7, 2 ; of the set Vg .. | 4. (&) with the ends on different
rays.
We have the following equality for these sets:

k k k
:Y\ = U Am,l U U ﬁm,? ) U /’?m,f}a
m=1 m=1 m=1

where 3,3 := 3N {z = £+ re®m : R/2 < r < R}, which implies the following equality for the
corresponding integrals:

](g(t) 9(¢)) darg(t — &) mzk:l(/ / /) (€)) darg(t — €)

v TYm,1 ’7m2 ’7’m3

_ ( [+ ) 9(6) darg(t —©), (5.5)

= ’Ym 1 ’Ym2

because the integrals over the sets 7, 3 are equal to zero.

Denote A := max max mes 7, ;.
=12 m
3J

Estimating the integrals over the nonempty sets 7, 1, we denote one of the ends of the arc 7, 1
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by 7., and as a result, we get

’/ dargt— ‘

_Wmmg@_@]

’ym ) 'Ym 1,7
g(t) m Tm
E Im / : e dt‘ Z / J)| “
'Y'm 1,5 'Y'm 1,5
. Z w- (g, \) mesFy, 1 < 2wy (g, A) mes Y1 . (5.6)

R/2 = R

The integrals over the nonempty sets 7,, 2 are estimated by applying Lemma for the applica-
tion of which it is necessary to establish an obvious correspondence between the parameters of the
sets [ and 7, 2. As a result, we have

[ 0-sami-

< (¢m - ¢m—1) (RQ%Q<WRR)> R) + w7(97 R)) + QW’Y(g’ Aj?mes Ym,2
R 2w, (g, \) mes Yy, 2
< 2(¢m — Pm-1) RQ%g(Ma ) : R . (5.7)

Taking into account equalities ([5.3]), (5.5]) and estimates (5.4)), (5.6 and (5.7)), as well as condition
(2.1)) on the curve v, we obtain the estimate

/ (g(t)—g(g))darg(t—g)’ §4R907(§>R)Q%g(ki R>

V(& R)’
YR(E\TR/2(8)
k - .
R wy(g, A) (mes 1 + mesFn, 2))
+ 2 m — Om—1) BQ — R) + 2 . .
Z;(@ onet) B (1 5 ) R

R
<6Ry, (£ R) Q%g<m, R) +ew (g, \),

where the constant ¢ does not depend on ¢ and R.
Now, as a result of a refinement of the partition of the ring {z € C: R/2 < |z — £|] < R}, if
k — oo, hence A — 0, from the last estimate we obtain estimate (5.2)). O]

Lemma 5.3. Let a closed Jordan curve v be Ahlfors-reqular and let a function g: v — R be con-
tinuous on 7. Let for & € v condition (5.1) be satisfied for all R € [6,2¢|, where 0 < § < e < d/2.
Then the following estimate holds:

(mw—g@»dwgt—o\

Ye(©)\5(8)
2e
C(/ @(f,n)Q%g<AL, 77) dn+ww(g,€)>, (5.8)
5 k’Y(San)
where P,(&,R) == sup ¢,(&,7), %(f,R) = sup k(& 1), and the constant ¢ > 0 does

re[R/2, R] r€[R/2, R]
not depend on &, § and €.



Continuous extension to the boundary of a domain of the logarithmic double layer potential 70

Proof. Let § € [¢/2",¢/2"!) for some natural n. Using estimate ([5.2), we obtain

[ 0 -a@)aae-o| < ¥ [ @) aai-o)]
e (€)\vs(€) =0 am O\, jgm 1 ()
n \ (o(t) — 9(6)) dang(t — &) '
Ve om—1(E)\75(6)

<6 om py(&5€/2 )Q%g<2m ko (€, 2/2m) 2_m>

t —
n 'Im / %dt‘ = I(€,0,¢) .
75/277,71 (5)\76 (5)
Next, we continue the estimation, using the monotonicity properties of the function 2, , and

performing the transition to the functions ¢, and k,:

6 <= ¢ € € 6/Qmilaln
RPN BN
(5 8) = 1n2 — om (ID’Y(g 8/ ) 79 om k7(£75/2m) om 2. n
l9(t) —9(9)]
+ / 0 |dt|
|t =<l
’\/E/anl (5)\’75 (g)
o o2 (g.6/21) Oele/2)
- i wy(g,e/2" ") Oc(e/2"
< — / %(é,n)ﬁv,gQ ,77) dn + — :
2 m=0 g/2m ky(&,?]) 6/2
As a result, taking into account condition (2.1]) on the curve v, we get estimate (5.8)). O

The following statement is true.

Theorem 5.1. Let a closed Jordan curve v be Ahlfors-regular and let a function g: v — R be
continuous on 7. Consider a partition v = v U~?, for which there exists Ry € (0,d] such that:

(a) for all € € v* and all R € (0, Ry|, the curve v satisfies condition (5.1)) and, in addition, the
following condition is satisfied:

Ro
. n
sup/sa & Qy g =——,n)dp<oo; (5.9)
66710 ! Wg(’%(&ﬂ?) )

(b) for each & € ~* there exists (&) € (0, Ro] such that the curve «y satisfies condition (5.1)) for
all R € (r(§), Ro|, the function arg(t — &) has bounded variation on the set vy)(&) \ {{} and, in
addition, the following condition is satisfied:

Ro

sup (Voo =€+ [ Br(em 9 (=
g€y E) k'y (67 77)

: 77) dn) < 00. (5.10)

Then the function Reg(z) has a continuous extension to the boundary ~y from the domains DT

and D, and the limiting values (Re ﬁ)i(f) are represented by formulas (2.10) and (2.11) for all
£e€y.
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Proof. Let us show that under the assumptions of the theorem, condition ({3.1)) is also satisfied.
Let € € (0, Rg/2] and § € (0,¢). Then estimate (5.8)) holds for all £ € 4!, and for each & € +?,
taking into account Lemma [5.3] we obtain the estimate

- s(6) durete - 6|

Ye(§)\5(E)
g\ / (mw—g@»dmat—@\+\ / (mw—g@»dmgv—@\

Yr(e) ()75 (€) Ve (E)\Vr(e) (€)
2¢e

S w’Y(g7 6) V’Yr(g)(f) [arg(t - f)] +c ( / @’Y(ga 77) Q’y,g(g (Z )
o) LA

where the constant ¢ > 0 does not depend on &, 0 and €.
Under conditions (5.9) and ([5.10)), the given estimates yield condition ({3.1).
Now, to complete the proof, it remains to apply Theorem O]

Corollary 5.1. The statement of Theorem [p.1] remains valid if conditions (5.9), (.10) are replaced
by the conditions

7 77) dn + w, (g, 6)) :

lfaxam%xamwwﬁm

sup dn < oo, (5.11)
geryt n
0
T a,En (€ n) wg.n)
M ) w M
prmme—m+/% ””77“”d0<m, (5.12)
ser” r(©) 7

respectively.

It is clear that Corollary [5.1] follows from Theorem [5.1] and the inequality

( U > < K& w,(g,m)
g\ = )=
k’Y (57 77) n

Note that in the papers of T.S. Salimov [28], E.M. Dyn’kin [7] and O.F. Gerus [11], the singular
Cauchy integral on an arbitrary closed rectifiable Jordan curve is considered under certain
conditions on the integral density, which are reduced to a condition of form in the case of
a curve satisfying condition . Under such conditions on the curve and the integral density,
Cauchy-type integral is continuously extended to the boundary 7 from the domains DT and
D™, and the limiting values (Re ﬁ)i(é ) are expressed by formulas and - for all € € 7.

At the same time, under additional assumptions of type ({5.1)) about the curve v, Theorem [5 -
and Corollary allow to construct examples (see the next example) of the curves v that do not
satisfy condition and the functions ¢ that do not satisfy condition and a similar condition
(see N.A. Davydov [6]) used in Theorem 2 in the paper of O.F. Gerus and M. Shapiro [13], but the
limiting values (Re ’g)i(g) of logarithmic double layer potential exist at all points £ € v and

are expressed by formulas ) and (| -

Example 4. Consider the curve

v = {z e pec0,n } U [27 20+l g=2nt2)

o

U U {z _ 9 e [O,l/n]} U U {z — e il .y c [2—271’2_271-4-1]}

n=1 n=1



Continuous extension to the boundary of a domain of the logarithmic double layer potential 72

and the function
(t) = —1/(In[t| = 1) for te~\{0},
A 0 for t=0
that does not satisfy Dini condition (2.5)) as well as a similar condition used in Theorem 2 in paper
[13] because

1

. / /Ig ‘Idt\ /Ig

0
0

__/ at
IV ARICITES V.
-1

For 0 < ¢ < 1/2, denoting by ng the smallest natural number n that satisfies the inequality
27" < g, we obtain the estimate

0(e) =

d<2 2
T E+l2+ —r——7— Lo

<2£—|—Z—+/ 1 +1n72
n=ng
< <4+—V1+h122> - (5.13)

In2

which proves the validity of condition (2.1)) for the curve . Thus, 7 is an Ahlfors-regular curve.

At the same time,
1
V,largt] > E —

and condition (4.1)) is not satisfied for the curve =, i.e., 7y is not a Kral curve.

Let us show that the curve v and the function ¢ satisfy the conditions of Corolary There is
the partition v = v U~?, where ! = {0} and v* = v\ {0}. Let Ry = 1/2 and r(¢) = min {2|¢|,1/2}
for all £ € ¥2. Then for all £ € ¥2, we have the estimate

/ |dt| 0(r(&))

3

i—g =" e

V%-(s)(ﬁ) larg(t — &)] < V%(g)/4(§) [arg(t — &)] + <7+ 4c,

Vr(e) )\ Vr(e) /4 (§)

where ¢ =4+ (In2)~' /1 +1n?2 as it is follows from estimate (5.13).

It is obvious that %W(O,n) <2and ¢,(0,n) < —1/Inn for all n € (0, Ry

In addition, EW({', n) < 2 for all £ € 4% and all n € (r(£), Ro).

Finally, taking into account the relations [t| < |t — &| + |¢] < 3n/2, which hold for all £ € ~?
and all ¢ € v such that |t — & = n € (r(§), Ro, for the specified £ and 7, we obtain the inequality
Py(&m) < —=3/In(3n/2).

Now, the validity of conditions (5.11)) and (5.12)) follows from the estimates

1/2 1/2
34(6,m) ks (€,m) wy (g, m) p dn
i‘éﬁ’ﬁé 0 <8 / nn(n/2) Iy —1) =~

where B(£) =0 for £ =0 € v and B(&) = r(€) for € € 12
Thus, all conditions of Corollary are satisfied for th;aE given curve 7 and the given function g.
As a result, we can state that the limiting values (Re 'j) (€ ) of logarithmic double layer potential

exist at all points £ € v and are expressed by formulas and ( -
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The results of this paper have been announced at a preprint of Arxiv (arXiv:2405.01482v1
[math.CV]).
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Abstract. We present an inventory model where a manufacturer (firm) uses for “production” a
“commodity” (resource), which is consumed with the unit intensity. The price of the commodity
follows a stochastic process, modelled by a continuous time Markov chain with a finite number of
states and known transition rates. The firm can buy this commodity at the current price or use
“stored” one. The storage cost is proportional to the storage level. The goal of the firm is to minimize
the long-run average cost functional. We prove the existence of a canonical triple with an optimal
threshold strategy, present an algorithm for constructing optimal thresholds and the optimal value
of the functional, and discuss issues of uniqueness.
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1 Introduction

There are various mathematical inventory models (see, for example, Arrow et al., 1951, [I]; Bather,
1966, [2]; Rubalskiy, 1972, [15]; Browne, Zipkin 1991, [4]; Bayer et al., 2010, |3|; Bulinskaya, Sokolova,
2015, [5]. These models allow us to find the optimal strategy for purchasing a product that minimizes
the total cost of purchasing, registration and delivery of the order, storage of goods, as well as losses
from its shortage.

In this paper, we will consider the following inventory problem.

There is a manufacturer (firm) who needs to consume an intermediate product (commodity)
with the unit intensity for production. If the price of a commodity is constant, then it is possible
to purchase the commodity with the same intensity, and thereby production will be ensured. If the
price changes over time, then at a low price it is reasonable to buy a one-time quantity in order not
to overpay at a high price. But if you make a one-time purchase, then the purchased product must
be stored, and you have to pay for this. An example of such a commodity is cotton, which, on one
hand, is still one of the most important world products, and on the other hand, is characterized by
significant price fluctuations, see for example Darekar and Reddy, 2017, [6].

[.M. Sonin proposed to consider the situation in which the price depends on the value of a Markov
chain with continuous time, a finite number of n states and known transition intensities. In this
case, it is reasonable to create a warehouse and make purchases and create a stock in accordance
with the price.

It is assumed that purchases at the current price can be made both in large quantities and by
continuously increasing (without decreasing) the quantity of the purchased goods.

It is assumed that the storage fee is proportional to the amount of goods in stock, the cost of
ordering does not depend on the size of the order, the order is processed instantly.
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The question is how to organize the work of the warehouse in order to minimize the expected costs
of storage and purchase of goods, while the costs can be considered both discounted and marginal
averages per unit of time.

This problem was studied first in the thesis of Hill, 2004, [8], and then in Hill, Sonin, 2006,[9],
Katehakis, Sonin, 2013, [10] for the case n = 2 and special cases for n = 3. In these works, the
marginal average expected costs per unit of time were considered and it was assumed that, in the
general case, the strategy for the optimal organization of the work of the warehouse is of a threshold
nature, i.e.:

for each state ¢ of a Markov chain, there is a threshold a; such that

if the inventory level x is less than or equal to a;, then it is necessary to make a one-time purchase
up to the level of this threshold, i.e. buy goods in the quantity a; — z, and then, until the next jump
of the Markov process (the moment of price change), it is necessary to purchase goods with the unit
intensity so that the inventory level is equal to the threshold value a;,

if x > a;, then purchases should not be carried out until the next jump of the Markov process or
the moment when the value of the inventory level, decreasing with the unit intensity becomes equal
to a;.

In Presman, Sonin, 2023, [14], using the methods developed in Presman, Sonin, 1982, [I1],
Presman, Sethi and Zhang, 1995, [12], Presman, Sethi, 2006, [13], a complete solution of this problem
was given for the case of discounted costs. The existence of an optimal threshold strategy was
proved, an algorithm for constructing optimal thresholds and the optimal value of the functional
was formulated, the problem of the uniqueness of the optimal control was investigated.

We first describe the main ideas and features of the results and proofs of [14]. First, it turned out
that in problems with Markov chains with continuous time it is convenient to write the optimality
equation (the Bellman equation) in the form of choosing the optimal control until the moment
of the first jump, i.e., consider an imbedded Markov chain. After that, from considerations of
the convexity of the value function, it is easy to show that there is an optimal threshold control.
Secondly, it turned out that in such problems it is convenient to pass from studying the value
function to studying its derivative. Thirdly, it turned out that instead of the smooth gluing condition
(continuity of the derivative of the value function), which arises in problems with diffusion processes,
the condition of twice smooth gluing appears (continuity of the second derivative). Fourth, as a
rule, the optimal control is unique, but, for some relations between the parameters, in which, in
addition, the corresponding transition intensities are equal to zero, for some states the optimal
control is unique, and for others, any optimal control is of quasi-threshold character, i.e., there is a
whole interval of optimal thresholds (from zero to maximum), and if in the corresponding state the
inventory level does not exceed the maximal optimal threshold, then any control that does not go
beyond the interval of optimal thresholds is optimal.

In this paper, we study the case with the long-run average cost functional under the assumption
that the chain is regular, i.e., from any state it is possible with a positive probability to get to any
other (not necessarily after the first jump). A passage to the limit is carried out with the discounting
parameter tending to zero. As a result, an analogue of the canonical triple, known in the theory of
controlled Markov chains with discrete time and a finite number of states, arises. It is shown that,
as in the case of discounting, there is an optimal threshold strategy, an algorithm for constructing
optimal thresholds is given, and issues of uniqueness are considered.
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2 Problem formulation and results for discounted costs

Let a right-continuous Markov process {m(t) }o<t<oo, m(0) = i, with a finite number of states n (a
Markov chain in continuous time) and an intensity matrix (infinitesimal operator)

A= ()\i,j), where )\iJ 2 O, )\m = _Z)\i’j = —>\7, < 0. Z,j € N = {1, .. ,n},
J#i
are given, i.e., if at some point in time the process is in state i, then in a short time A with probability
i ;O 4 o(A) it goes to state j, and with probability 1 — A\;A + o(A) it remains in state i.
Let F = {Fi}o<t<oo be the filtration generated by it, i.e., F; contains all information about the
Markov process up to and including the time ¢. Control u is

an F-adapted left continuous nondecreasing function u(t),u(0) = 0, whose value
at time ¢ corresponds to the total purchases of goods up to time ¢ inclusive.

In other words, the total purchases up to time ¢ can only depend on the behavior of the Markov
process up to time ¢t and cannot take into account whether the Markov process jumped at time ¢.

The moments of jumps and the sizes of jumps at these moments correspond to the moments and
sizes of one-time purchases.
Since the consumption of a good occurs at the unit intensity, the equation

2'(t) =z —t +u(t) (2.1)

determines the inventory level at time ¢ with an initial level of z > 0.

Controls for which x*(t) > 0 for all ¢ > 0 and the values of the functionals are finite will be
called admissible. Denote by U(x) the set of all admissible controls for the initial point x.

For u € U(x), we consider the functionals

VO (@) = By / e eat (t)dt + / e Pugydu(t) ¢ for p >0, (22)
0 0
T T
1
V() zliglj:p 7B / cx"(t)dt + / Poydu(t) o (2.3)
0 0

where c is the cost of storage of a unit of goods per unit of time, P; is the price of a product under
condition that the Markov process is in the state i € N, E, ;{-} — mathematical expectation when
the initial state of the Markov process is equal to ¢ and the initial inventory level is x. Without loss
of generality, it is assumed that P, > P;,q for 1 <i<n—1.

The goal is to find for p > 0 the value

Vo) = inf VI(2). i€ N, (2.4)

and determine the optimal control. The function V;’(z) is called the value function. The name of
the value function is also used for the column vector V?(z) with coordinates V;’(z), i € N.
We will say that a control is a;-threshold in state i € N if it satisfies the following conditions.

Let m(ty) =i, z(ty) = x, be satisfied at some time to > 0 and let ¢ty + 7 be the moment of the
first jump after ¢ of the process m(t). To simplify the notation, we assume that to = 0.
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If < a;, then a one-time purchase of a; — x is immediately made to bring the inventory level to
the value of a;, and after that, up to the moment 7, purchases are made with the unit intensity to
keep the inventory at the level a;, and hence 2"(t) = a; for 0 <t < 7,ie. u(t) =u(0)+a; —x +1
for0<t<mT;

if > a;, then at first no purchases are made (in this case, the inventory level decreases with
the unit intensity), and this happens until the minimum from the moment 7 and the moment when
the inventory level becomes equal to a;, and then, if 7 > a; — x, until 7 purchases are made with
unit intensity to keep inventory level at a;, so u(t) = u(0) + max|[0,¢ — (x — a;)] for 0 < ¢ < 7, which
means x"(t) = x —t > a; for 0 < t < minfx — a;, 7|, and 2"(t) = a; for v —a; <t < 7.

Consider a vector a with coordinates ay,...,a,. We call a threshold strategy a control that is
a;-threshold for every ¢ € N.

As already mentioned, [T4] gave a complete solution of this problem for the case p > 0. Let us
first present the results obtained there.

Let P be an n-dimensional column vector with coordinates F;, © € N; I be an n-dimensional
column vector with coordinates equal to 1; E be an n x n diagonal matrix such that all diagonal
element are equal to 1; V?(z) be the column vector with coordinates V’(x), 7 € N; 0 be the
N-dimensional column vector with zero coordinates.

We define the vector v = (A — pE)(—P) + ¢l, so that

W=ct+Ni+pP=> N;Pr=c+pPi+> Nj(Pi—P), i€N. (2.5)
J# J#

It turned out that for any state ¢ € NV there exists an optimal threshold control, and the equality
of the optimal threshold to zero or its positiveness depends on the sign of b/.
Let us put
NP ={i: b;>0}, Ny={i: b;=0}, N’ ={i: b <0} (2.6)

Remark 1. The set N? is non-empty because P; > P, for all j # i, and from the second equality
in (2.5) we get that b; > 0.

Below, if it is clear which p > 0 we are talking about, we will omit the superscript p for all
considered quantities.
The following theorem was proved in [14].

Theorem 2.1. 1) There is a vector a* such that the a*-threshold strategy is optimal in the class of

all admissible controls in the problem of minimization of functional (2.2]).

dV (z

2) The vector function V (x) is convez and its derivative U(x) = is a unique continuously

differentiable solution of the equation

dU (z)
dx

= max[b(x),0], U(0) = —P, where

¢ (2.7)
b(z) = (A—pE)U(x)+cl = (A —pE) (U(x) - ;I) :

(hereinafter for any vector d the notation max|d, 0] denotes taking the coordinate-wise maximum),
moreover
b(0) =0b, bi(z)<O0for0<z<a;, bxr)>0forz>a;, i€N, (2.8)

which means
a; > 0 if and only if i € N_. (2.9)
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Let us put a™ = max;{a}}. It follows from (2.7) and (2.8)) that for x > a™

U(“T)_% [ — (A—pE)(a—a™) (U(am)—g ]) = A-rB)e=a™)py (am)—;e’)(’”“m)f : (2.10)

The function V(x) itself is determined from the relation

1 7
cpr I— /(U(y)—£]> dy
p p
e—p(x—am)+px_1 (A—pE)(z—a™) -1 m m
V(z)= =c 5 I+e% P (A—pE)""U(a™) for x>a™, (2.11)
p

(

m m

_/ Ul(y)dy +V(am):—/ U(y)dy—l-ca?f—i—(A—pE)lU(am) for 0<x <a™.

\ x x

a

For ™ > 0, in [14] an algorithm was formulated for successive construction of the vector-
function U(z) and the vector a* on successive intervals between thresholds, starting from the interval

(@™, a®], where ¥ = 0 and a® is the minimal positive threshold. On this interval, the vector-
function U(x) was first constructed, and then the threshold a(® and theset /@ = {i: a = a?}.
Then, if a™ > a®, then the same is done for the interval [a®, a®)], Where a(3) is the minimal

threshold of those thresholds that are greater than a®, etc., up to a), where the number r was
determined from the condition a(” = a™.

For a more precise formulation, we need some notation. For any set of thresholds a, which is
convenient for us to consider as a column vector with coordinates a;, consider:

the number r corresponding to the number of different threshold values;
increasing numbers a!)(a), ..., a™(a) corresponding to different threshold values;

sets I0(a), 1 < | <r(a), where IV(a) = {i: a; = aV(a)};

l
sets NV(a) = {i: a; < a¥(a)} = JI%(a), while N\ (a) = N; (2.12)
k=1
sets N (a) = N\ Nﬂ)(a) = {i: a; >aY(a)}).

For a = a* we will omit the dependence on a and simply write r; a®, 1", Nﬁ), Nil), 1 <1 <.
In addition, in further notation, if it is clear which [ we are talking about, we will not write the
superscript "(1)".

Let us introduce the following notation:
A= ig)ijene s A= g jeno s Ae = ig)icno jen s
Ay = (Ai,j)ieN(_l),jeNj_l) . A=A-pb, A=A —pE,, A=A -—-pE_,

for any vector d = (d;);en we set d, = (d;) d- = (d;),.yw - Here the subscript "+" (respec-

ieN®
tively "—") defines a vector with coordinates from Nﬁ) (respectively Ng)) and transitions from Nﬁ)
to NJ(FZ), (respectively, from ND o NO ). The subscript "+" (respectively "F") defines transitions
from NJ(FZ) to NV (respectively from N 4o NJ(FZ)).

Remark 2. From the fact that A, corresponds to a Markov chain with the state set NJ(FZ) and the
killing rate in state ¢ equal to p; = p+ Z A1, the existence of the inverse matrix (A,)~" follows.

jen®
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Given [, 1 < [ < r, for 0 < z < oo we define the column vector-function F'(x) as follows:
F(z) =U(z) for 0 < 2 < a®, and for y > 0

F (aD+y)= —P_
(2.13)
Fi(aV+y)= - (A+)_1 [cl — AP ]+ (A+)_1 €A+$b+(@(l))‘
Counsider also the vector-function
f(x)=cl+(A—pE)F(x), 0 <z < o0, (2.14)

so that f(z) = b(z) for 0 <z < aW.
It follows from relation 1} that f;(a)) > 0fori ¢ Nﬁ), fi(a®) < 0foric NY. Consider now

the function

o (x) = mj\?(}l% fi(z), z>a®. (2.15)
[ASTA

Proposition 2.1. Algorithm for constructing the vector-function U(xz) and the vector
a*. Assume that for some | < r we have constructed a®”) and I for 1 < i <1, and also U(x) for

0 < <al, satisfying 2.7). If | < r, then
Uz) = F(z) for o <z <a*Y, (2.16)

a™) = inf{z: @) >0}, 1Y ={i: ieNY oY) =0}, (2.17)

where F(x), f(x) and f™(x) are defined in (2.13)), (2.14)), (2.15).

Let us pass to the study of the uniqueness of the optimal control. Let a; = inf{z : b;(z) > 0}.
From it follows that a; > a}. It turns out that if a; = a}, then the optimal control in state i
is unique, and if a@; > a}, then a’ = 0, and in the state ¢ any threshold control with a threshold not
exceeding a; is optimal. Moreover, in this state, the control is optimal if and only if, in this state,
it prescribes not to make purchases at an inventory level greater than a;, and if the inventory level
does not exceed a;, then it prescribes to make such purchases so that the trajectory of the inventory
level does not go beyond the segment [0, a;].

We say that a control in state @ € J is a;-quasi-threshold if it satisfies the following conditions.

Let m(ty) =i, x(to) = x, be satisfied at some time ty > 0 and let ty + 7 be the moment of the
first jump after ¢y of the process m(t).

If x > a; and ty <t <ty + min(z — a;, 7), then, as for threshold control, u(t) = u(ty). If x > a;
and x —a; <t <ty+7,orx <a;and ty <t < to+ 7, then the control u is such that 0 < z%(¢t) < a;.

Let N C N. The set of (a, N )-quasi-threshold strategies is the set of all admissible controls that
satisfy the following properties: in states i ¢ N they are a;-threshold, and in states i € N they are
a;~quasi-threshold.

Denote by N the set of those states from N, from which one can get to states belonging to /N
only by visiting states from N_. The following theorem was proved in [14].

Theorem 2.2. If Ny = (), then a; = a} for all i € N and in the optimization problem the
optimal control is unique and is given by a*-threshold strategy, and if Ny # 0, then from i ¢ Ny
it follows that a; = af, from i € Ny it follows that a; > af =0, bi(x) =0 for 0 < x < a; and the
control is optimal if and only if it belongs to the set of (a, Ny )-quasi-threshold strategies. Wherein:

a) Uj(x) = =P, for 0 <z < a; and b;(x) > 0 for x > a; (and hence, by virtue of the first equality
in 2.7), Ui(z) strictly increases for v > @;), i € N.

b) ifi € Nél), then there exists I, 2 <1 < r such that a; = a) > 0, and if @; > a'¥, then \;; = 0
for any such j, that a; < a®.
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For 1 <[ <7r we set:

[él) = {Z T E NQ, C_Li = a(l)}, Nélil) = {’l D1 E No, C_LZ' 2 a(l)}, N_s_l) = {Z : C_Li < a(l)}.
It follows from here that Néo) = Ny = Z Iél), No(l) = Nélil) \ [él). It follows from Theorem [2.2| that
I=1

NV = N;.

In paper [14] the following algorithm for the sequential construction of sets [0(l
algorithm is related to the structure of the zero elements of the matrix A.

At first it was shown how the set I(()l) is constructed. First, one includes in it all those elements
i € Ny for which there exists j € Ny such that \;; > 0, then all those elements ¢ € N, for which
there exists \; ; > 0 for j included in the previous step, and so on.

) was given. This

Proposition 2.2. Algorithm for constructing sets Iél). Let the sets ]éi), 1 <1 <1 be constructed
for some | < r (this was done above for | = 1). From statement b) of Theorem 3.2, it follows that

for any i € Nél) it s true that: \;j = 0 for any j € NJ(FZ). To construct [é”l), we first include in

it those elements i € Nél) for which there exists j € It such that Aij > 0. If this set is empty,
then the set I(()ZH) s also empty. Otherwise, to those included in I(()Hl) at the first stage, we add
those elements i from the elements remaining in Nél) for which there exists j included in the first

step such that \;; > 0. If this set is empty, then the construction of the set ]élﬂ)

1s complete. If

not, then we repeat the procedure, and so on. As a result, the set ) will be constructed.

Remark 3. It is worth paying attention to the fact that, although in the formula the vector
F, () is written as an exponent, nevertheless, if @; > a(¥), then i € NJ(FZ) and Fj(x) = P. Tt is
possible to reformulate Proposition 2.2 in such a way that all coordinates of the new vector F, (z)
are represented as constants minus decreasing functions, which are linear combinations of decreasing
exponentials, perhaps multiplied by sines or cosines (in the case of complex eigenvalues of the new
matrix A, ), and, perhaps, multiplied by polynomials (in the case of multiples of eigenvalues). To
do this, NJ(FZ) should be determined not according to , but according to the formula: Nfrl) =
Nourl?, N = NSD OO ULl for 1 <1< r—1. In the sequel, we will talk about the algorithm
in this formulation.

The aim of this paper is to consider the case p = 0, i.e., studying functional (2.3). This is carried
out by passing to the limit as the discount coefficient tends to zero. Therefore, in what follows we
return to the use of the superscript p.

3 Main results

3.1 Main theorems

If the chain m(t) is regular, then it is natural to assume that in the problem of minimization of
functional (a long-run average cost) the optimal value of the functional V°(z) does not depend
on ¢ and x and is equal to some number, which we will denote V*. In this case, it is natural to
consider the problem of finding

o0

Gi(r) = ig(f )Em- /[(cx“(t) — V*)dt + Ppdu(t)] p, i € N. (3.1)
uct(x
0
If such a function exists, then, by virtue of the Bellman optimality principle, for any stopping
time 7 (with respect to the process m(t))) with a finite mathematical expectation, the following

relation holds:
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T

GZ(I):uellr,{lfx)ExZ / [(ca™(t) = V*)dt+ Poyydu(t) | + Gy (z*(T)) ¢, i € N. (3.2)
0

A vector-function G(x) that for any Markov moment with a finite mathematical expectation
satisfies relation is naturally called an invariant function for the problem of minimization of
functional (2.3).

Let there exist a strategy u* (i.e. a set of controls that assigns to each i € N and x > 0 a control
uy ;(t) € U(z)) on which the minimum of functional (3.1) is achieved. Let z*(f) be the trajectory
corresponding to the control u ,(t). If E, ;G (2*(T)) is bounded with respect to T for each x
and 7, then

T

Gi(x) = By / ((cx*(£) — V*)dt + Pyt 1(8)) + Gy (@*(T)) b (3.3)
0
In this case (V*; u*; G(x)) is called the canonical triplet for the problem of minimization of
functional (2.4) by analogy with the corresponding concept in control problems for discrete-time
Markov chains (see [7], Chapter 7).

Theorem 3.1. Let a chain be reqular and ¢ > 0. Then:

a) there exist a vector a®*, a number V*, and a vector function W (z) such that

*

Vv
I, a™* = lim a”*, (3.4)
P p—0

W(zx) = })ig(l) WP(x), where W*(z)=V?(z)—

and V*, a%*-threshold strategy and W (x) form a canonical triplet for minimization problem ({2.3)),
dW (x)

b) the function U°(x) =

differentiable solution of the equation

d 0
W) (AU) 41,0), 090) = P, for 0. <, 35)

here V* = ca®™ —AU®(a®™), where the row vector A denotes the invariant distribution of the Markov
chain.

0, . . .
for 0 < z < "™ = maxi{ai *} 1S a unique continuously

c) ap* >0 ifi € N° and a)* = 0 otherwise,

d) the solution of equation (3.5) and the numbers a)* are constructed in accordance with the
algorithm from Proposition 2.1.

Remark 4. To find V* in case ¢ > 0 it is not necessary to find W (z) for z > a®™, but it suffices
to solve equation (3.5)). Nevertheless, below, in (4.12) we give an explicit expression for W (x) for
x> a’m.

For ¢ = 0, the situation differs from the case ¢ > 0. We show that if ¢ = 0 and p — 0, then
VP* — P, and the solution of problem is obtained by passing to the limit as p — 0. It is clear
that for c = 0 and V* = P, to solve problem ([3.2)), it is necessary for i # n to minimize the expected
costs until the hitting time of state n. We show that when solving the latter problem, the optimal
control is a threshold strategy for which the thresholds coincide with " = lim a”*,i # n. At the

p—0
same time, it turns out that if for « = n one uses the y-threshold control and after the first jump

uses the obtained optimal strategy, then the larger y the smaller the value of functional is (it is due
to the fact, that a2* — oo as p — 0). Thus, when solving problem , there exists an invariant
function, but for ¢ = n there is no optimal control, while in problem for any control, the value
of the functional is infinity.
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Before we formulate and prove these facts, we introduce the following notation. Denote N, =
N\ {n}. By analogy with the previous ones, the subscript "4+n" of the vector means that we are
considering a vector with coordinates from N.,.

Theorem 3.2. Let a chain be regular and ¢ = 0. Denotle a = rr;axaf’*. Then the following

statements hold
a) There erist ag’;kl = lir% atr; numbers g > 0, u > 0, and an integer number mo > 0 such that
p—
apt—ap 1 . . R
lim *———" = — where a(p) > myq is the root of the equation [a(p)]™ e = gp; for 0 < x <
=0 a(p) [
there exists U°(z) = liII(l) U?(x) such that U)(x) = =P, and the function U?, (z) for 0 <z < o0 is a
p—

unique continuously differentiable solution of the equation

du° (z) "
;—x = max (A, U%, (2) —A™P,,0.,), U, (0)=—Py,, (3.6)
where A is the column-vector with elements Ain, 1 <1< n—1. The numbers al*, i # n, and

U0, (z) are constructed in accordance with the algorithm from Proposition 2.1.
b) In the problem of minimization of functional (2.3) V* = P, and there exists W(x) =

1
lin(l) [V”(x) — (aﬁ + —) Pn[], which is an invariant function that for © # n is equal to the min-
p— P
imal expected costs until the hitting time T™ of state n minus P, E;{T™}. Herewith
Wo(z) = —2Py,  Won(2) = —2Pulen — / U0, (0) + L] dv, (3.7)

x

where UY, (v) + P, 14, exponentially converges to 04y as v — 0o.

¢) For any i € Ny, the a?’*—threshold control is optimal in the problem of minimization of the
right hand side of (where ¢ = 0, V* = P, and G(x)) = W(x)). There is no optimal control
fori=mn. For any e > 0, there exists such y(e) that for y > y(e) the y-threshold control is e-optimal
for the state i = n. In the problem of minimization of functional for any control, the value of
the functional is infinity.

3.2 Uniqueness

When studying functional , it makes no sense to talk about the uniqueness of the optimal
control, since an arbitrary control on any fixed time interval with subsequent use of the optimal
control gives the same value of the functional. But it makes sense to talk about the uniqueness of
the optimal control for solving problem with G(z) = W (z), which, as mentioned, also gives a
solution to problem (12.3]).

After constructing W (z) you can define numbers @ and sets 10", NJ
it was done for p > 0.

l_l), 1 <1 <r, just as

Theorem 3.3. The statements of Theorem 2.2 and Proposition 2.2 are also true in the optimization

problem (3.2)) with G(x) = W (x) for i € N in the case ¢ > 0 and for i € N4, in the case ¢ = 0.

Remark 5. In [T4] it was noted that, as a rule, optimal control is unique. If we fix all parameters
except p, then non-uniqueness is possible only for a finite set of values of p at which some of b; (see
(2.5))) vanish, and even then, provided that the corresponding JA;; equals zero. It follows directly

from 1) that for p = 0 it may turn out that NS’{I} # () and therefore optimal control is not unique,
while for sufficiently small p it is always true that Nj = () and optimal control is unique.
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4 Proofs

4.1 Proof of Theorem 3.1

In this section, we consider a regular Markov chain, for which with positive probability it is possible
to go from any state to any other one, possibly after some jumps.

4.1.1. Let us first show how (3.4) yields and statement b) of Theorem 3.1. Let us write
down the obvious identity:

-
Vi) = inf Eo.i / e (ca(t)dt + Prgydu(t)) + e ?TVE o (z*(T))
uel(x
0
T (4.1)
= E.; /e”t (cx™” (t)dt + Py du*(t)) +e*pTV£(7_)(x“p’*(7'))
0
r 1—e T
Using the equality /e‘ptdt = ——  relation (4.1) can be rewritten as:
/ p
-
Wr(x)= 12{ )Eac,i /e_pt ((ca™(t) = V*)dt + Prydu(t)) + e_pTWTZ(T) (x“(T))
uel(x
0
. (4.2)
= E,, /e‘pt ((cx®™ (t) = V*)dt + Py du?*(t)) +e_pTW£(T)(xap’*(7‘))
0

We know the structure of the functions W/ (z), and therefore we can take a limit as p — 0. So we
get (3.2) and assertion b) of Theorem 3.1.

4.1.2. Let us move on to the proof of the existence of the limit vector function W (zx).
First, we show that using the algorithm from Proposition 2.1, one can construct a vector a

such that a”* = lim a”*, and a vector-function U%(z) defined for 0 < z < a®™ = max ay”*, such
p— 1€

that U°(z) = lim UP(z) for 0 < z < a®™, U%x) is the only continuously differentiable solution of
p—

equation ([3.5)).
It is easy to see that for this it suffices to prove the existence of a finite limit liH(l) a”*, because
p—

then relation (3.5 and assertion d) of Theorems 3.1 follow from the continuous dependence on the
parameter of the solution of the system of linear differential equations. To prove the existence of a

finite limit hI% a”*, in turn, it suffices to prove that for any 1 < [ < 9, there exists () € N such
p—

that lim fﬁ;gl)(x) > 0 for all p > 0 because, according to the algorithm, ff’(l)(ap’(l)) < 0 for any
T—00

0,

1€ Ng), and the positiveness of the corresponding limit guarantees the existence of a”(¢+b.

In [I4] the proof of the existence of a”* was based on the study of the optimality equation and
made essential use of the property p > 0. Here we give an independent proof of the existence of a”*,
which is valid for both p > 0 and p = 0. Therefore, later in this section we will omit index p.

For f_(z) formula can be written as

fo(r)=cl_+AzF (z) —A_P_ (4.3)
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where, according to (2.13)), for x > a(®)
Fu(a® +2) = (~A0) 7 [l = AeP] 4 (=AM Db, (a), (4.4)

In Remark [2| it was said that since A, corresponds to a Markov chain with state set Nfrl) and the
killing rate in state 4 is equal to p; = p + ZjeN(l) A, the existence of the inverse matrix (A)7

follows. For p = 0, for some i € NJ(FZ) the corresponding sum may turn out to be zero. However, the
following lemma will be proved in Appendix A1l.

Lemma 4.1. If p > 0 or p =0 and a chain m(t) is reqular, then

a) there exists (Ay)™', and all elements of this matriz are nonpositive,

b) the eigenvalue of the matriz A, with the maximal real part is negative, and therefore e+* — 0
for x — oo, and the convergence is exponential.

From this lemma and from (4.4)) we get

Fy = lim F(z)=(—Ay) " [el, — ALP_], (4.5)

T—r0o0

and from this and from (4.3)) it follows that

fo=:lim f (z) =c[l_+As (-A,)"'I,] - BP_, (4.6)

T—r00

where
B=A_+A; (—A+)71 Ay, (4.7)

In Appendix A2 an interpretation of the elements of the matrices (A, )™*

and the following lemma will be proved.

and B will be given

Lemma 4.2. If p > 0, or p = 0 and the chain m(t) is regular, then
a) all off-diagonal elements of the matriz B are non-negative, and the sum of the off-diagonal
elements over each row is positive,
b)
BI_ +p(I-+ Az (-Ay) ' 1) =0_. (4.8)

jeN(l)

Define i from the condition P,;) = max P;. Multiplying 1} by P,u and adding with (4.6

we get
fo=(c+ Pwp)l-+ Az (=A) " I1] + B(Pwl- — P.). (4.9)

All elements of the matrix (—A+)_1 are nonnegative, consequently all elements in the first square
brackets are positive. All elements of the matrices A, and Ay are also non-negative. Therefore, all
coordinates of the vector in square brackets on the right side of are non-negative. As for the
last term on the right side of , its component corresponding to i) is obtained by multiplying
the row corresponding to i") by the vector PwI_ — P_, whose coordinate corresponding to i) is
equal to zero, and all other coordinates are strictly positive. Therefore, it follows from assertion
a) of Lemma 4.2 that f,oy > 0. This proves the existence of a(*?), and hence the existence of the
limit a”* and the limit function U%(z) on the interval [0, a”™], while U°(x) is the only continuously
differentiable solution of equation (3.5). Thus, we have proved also both statements c¢) and d) of
Theorem 3.1. To complete the proof of Theorem 3.1, it remains to consider the interval [a”™, c0).

4.1.3. Note now that on the interval [a”™, co) the situation becomes more complicated for
p = 0. On this interval, for p > 0, the function V() is given by formula (2.11]), which contains the
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matrix (A — pE)_1 eA=PE)@=a™) " Therefore, to carry out the passage to the limit as p — 0, we need
to consider the structure of the matrix (A — pE) ™" eA =B,

Let a Markov chain m(t) be regular, and let u;, i = 1,..., N be the eigenvalues of the matrix
A. Then the eigenvalue with the maximal real part (we will assume that this is p;) is single and
equal to zero. It corresponds to the right column eigenvector I, consisting of ones, and the left row
eigenvector A, which defines the unique invariant distribution of the chain. All other j;,i # 1, have
a negative real part. For the case N = 3 in [I4] it is shown that among them there can be both
complex conjugate and coinciding.

Let us first consider the situation in which all roots are different and real, and hence p; < 0 for
i # 1. In such a case the following representation is valid:

1
eA=PE)T(A — pE)1 = Xdiag < e(‘”p)x> X!
Hi —p

e(m—p):inyi7

1 N
— T

pe X1Y7 + Z —,
where diag (f;) is a diagonal matrix with diagonal elements f;; X; is the i-th column vector of the
matrix X, which is the right eigenvector of the matrix A corresponding to the eigenvalue pu; (with
X, = I); Y; is the i-th row vector of the matrix Y = X! which is the left eigenvector of the matrix
A corresponding to the eigenvalue p; (where Y; = A).

In the general case, instead of the diagonal matrix, there are the corresponding Jordan cells, in
which there are decreasing exponentials (with sines and cosines in the case of complex eigenvalues),
multiplied by polynomials in the case of multiple eigenvalues.

In the general case, the following representation takes place

—px

_ep IA + B?(z), B°(x)I =0. (4.10)

G(A—pE)w(A —pE) =

where the matrix B”(z) has a limit as p — 0, while the elements of the limit matrix B°(x) are
combinations of decreasing exponents, possibly multiplied by sines, cosines and polynomials, and
the last equality follows from the fact that Y = X1

Hence, using (2.11)), (2.10)), and (4.10) we obtain that for x > a”™

(e=Pe=a"™) 4 py — 1) e—pla—atm)

Ve(z) =c p I- SN =B (2 =) | U7 (@)
_ e p);L pr=1), ep(xpam TAU(a"™) + B (& — a®™ UP (a#™)  (411)
_ Vp*f+§ (2—a%™)* I —(z—a%™) IAU° (™) + B (z—a®™) U (a®™)+o(p)1,
where V* = ca®™ — AU® (a%™). Thus, for & > a*™
Wia) =5 (¢ =a")" 1= (x=a"") IV (a"") + B (x —a®") U° (). (4.12)

If 0 <z < a®™, then

aO,m

Wi(x) =— / U(y)dy + W (ao’m) ,

where the vector-function U%(z) was constructed in Section 4.1.2. U
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4.2 Proof of Theorem 3.2

First we will prove statement a) of the theorem.

For ¢ = 0, the proof that there exists a®¥) = lim, ,oa”® for 1 <1 < r, and for 0 <z < a®"~Y =
a? there exists a limit U%(x) = lim,_,o U?(z) is not different from the corresponding proof for ¢ > 0.

In order to prove that lim, . a”, = oo we first prove by induction that b2 (a”") < 0 for sufficiently
small p for any 1 < [ < r. For [ = 1, a»® = 0 holds, and, according to , b2 (0) = pP, +
> (P, — Pj). Since P, < P; for any j # n, then for sufficiently small p this expression is
gggative. Thus, for [ = 1 the induction hypothesis is satisfied. If » = 2, then everything is proved.
Let r > 2 and we have proven that b2 (a”(®) < 0 for some 1 <[ < r — 1 for sufficiently small p.

Let us rewrite for ¢ =0 and in the form

f-=—-BP_, (4.13)
0-=Bl +p(I-+ Az (-Ay) ' L), (4.14)

Multiplying (4.14)) by P, and adding with (4.13]) we get:
fo=pll- + Az (=A) " L)P, + B(P,I_ — P.). (4.15)

We will show that the last coordinate of the vector B(P,/_ — P_), which corresponds to the state
of the chain with the number n, is negative. In fact, this last coordinate is equal to the product of
the last row of the matrix B by a vector whose last element is zero, and all the others are negative.
But, according to Lemma 4.2, for p > 0 all coordinates other than the last one of the last row of
the matrix B are non-negative, and at least one is positive. This proves the negativity of the last
coordinate of the vector B(P,I_ — P_). From here and from it follows that for sufficiently
small p, the last coordinate of the vector f_ is also negative. Thus, in the interval a®® < z < oo,
the function f,(z) increases from the value b2 (a”") < 0 to a negative value set by formula ,
remaining negative. According to the algorithm, on the interval a”»® < z < a”(*D the equality
b (z) = fu(v) holds, and therefore b2(a”(*YV) < 0, which completes the proof of the induction
assumption.

Thus, for z > a? and a sufficiently small p, the set NV consists of one element n, and due
to Lemma 4.1 for such p the matrix (A%,,)~" exists, is continuous at p = 0 and all its elements are
nonpositive.

We define the matrix A(p), column vectors G(p) and H(p), and row vector A, as follows:

A(p) = (Ain)717 G(ﬂ) = A(p)A(n)a A(n) = ()\n,la ) /\n,n—l) )

. (4.16)
H(p) = Usnl@}) — PaG(p) = Alp) [AL,U (@) — PAA™] = A(p)V,(af) < 0.

It is evident, that Ay Iy, = Ay, G(p) = —11n — pA(p)I4, (the last equality is obtained from the
elementary equality A = — [A,, + pE,,] I, by multiplying from the left by A(p)).

Using these notations and relations, we can rewrite (4.4) and for ¢ = 0 in the following
form: for z > 0

Fo(af +z) = P,G(p) + V" H(p)

) (4.17)
= =Pl + pPyA(p) L + A(p)e 708, (af)
fﬁ(&ﬁ + [L’) = Pn()‘n + P) + A(H)F—ﬁn(&z + -77)
(4.18)
= pP, (1= Ay A(p)Lin) + Ny A(p)esn®tf,, ().
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Note also that according to Remark [3, all coordinates of the vector FY¥, (a2 + x) are strictly
increasing.

The function ff(a?+x) is strictly increasing and according to Proposition 2.2 f#(af) = b°(af) < 0
and, according to and due to Lemma 4.1 f = lim,_, fP(x) > 0. The threshold a?* is
determined from the condition ff(a?*) = 0, which, according to (4.18)), can be written as

PP (1= AyA(p) 1) = =AW =5 H (p). (4.19)

It follows from here that a”* — oo as p — 0, therefore we got that for z > a”("~ there exists
a finite limit 7 (2) = hH(l) F?,.(z). According to Proposition 2.2 for a1 < z < af we have
p—

F? (x) =U%,(x), Ur(x) = —P,.

n
Thus, we proved that for 0 < 2 < co there exists a limit U? (a5 + x) = lir% U, (a? + z), where
p—

U9, (x) = P,G(0) + M (U0 (a0) — P,G(0)) = P,Iy — pA(p) Ly + A(p)e™ @1, (ar),
while UQ(x) = —P,.
To complete the proof of statement a) of Theorem 3.2 it remains to study the limiting behavior
of a? as p — 0. In Appendix A3, the following lemma will be proved, which completes the proof of
statement a) of Theorem 3.2.

Lemma 4.3. a) There exist numbers g > 0, p > 0, and integer number my > 0 such that
ab* —ab 1

lim " = — where a(p) is the root of the equation [a(p)]™ =¥ = gp.
=0 a(p) p
1
b) There exists a finite limit lim —e" %)
p—0 P

Let us proceed to the proof of statement b) of Theorem 3.2. For ¢ = 0 and 0 < = < a”™,
expression ([2.11]) can be rewritten as

X
ab

Vo(r) = — / (U(y) + Pu)dy + V?(a2) + (a2 — 2)) P, for 0 <z < aP*.
It follows from this expression that to prove the existence of W (z), it suffices to prove the
existence and finiteness of two limits

*
af{ [e%]

lir% (UP(y) + P.I)dy = /(Uo(y) + P,1)dy < oo, (4.20)
p—
) 1
lim [V’”(aﬁ) - —Pnf} < 00. (4.21)
p—0 p

For i = n, the integrands in both parts of (4.20]) are zero, since Uf(x) = —P, for x < af, p > 0.
For ¢ # n, convergence and finiteness in @ follows from the proven statement a) of Theorems
3.2, from the second equality in , and from the exponential decay of integrands which in turn
follows from Lemma 4.1.

Let us move on to the proof of relation (4.21)). From the second equality in (4.11)) it follows that
forc=0

P UP(al) + P,1
—n gy

VP(ag) = 21 = A BP(0)U(af).
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Since V(af) = P, it follows from here that to prove (4.20), it suffices to prove the existence and
finiteness of the limit o
lim Ul (af) + P, 1, C
p—0 P
This follows from the second equality in , and from statement b) of Lemma 4.3.

To complete the proof of statement b) of Theorem 3.2, it remains to verify that W (x) is an
invariant function. The proofs of this fact and that the a?’*—threshold control in state i # n is
optimal in the problem of minimization of the right hand side of is similar to the proof of the
corresponding facts for the case p > 0, which is given in Section 4.1.1. One only needs to substitute
Vp + pa?* instead of V* in (4.2) and take into account that pa?* — 0 as p — 0.

Let us show that the y-threshold control is e-optimal for the state i = n in the problem (3.2).
Indeed, let us first consider the case in which 7 is the moment of the first jump of the process m(t).
Then the application of y-threshold control in the state (x,n) with y > z is reduced to a one-time
purchase of y — x and a subsequent purchase with intensity P, up to the moment 7. Therefore, the
difference between the value of the functional in (3.2), corresponding to the y-threshold control, and
the optimal value (equal to —zP,), is

(4.22)

n—1 n—1 o0
By = Eun 9P+ Goio0)] = X 52 loPa+ Gy(w)) = = Y52 [P+ Up(o)ds, (429
n j=1 n

where the last equality follows from (3.7)). Now e-optimality for sufﬁcie?;ltly large y follows from the
exponential convergence to zero of the integrands in , proved in statement b) of Theorem 3.2.
For an arbitrary 7 with a finite mathematical expectation, it is necessary to split the interval
from zero to 7 into a random number of intervals between successive hits of the chain in state n.
On each such interval, except for the last one, the increment of the functional value will be equal to
A,, and on the last one it will be only less. O

j=1

4.3 Proof of Theorem 3.3

According to Remark the value of V* in is uniquely determined. At the same time, if the
coordinates of the vector-function G(x) satisfy , then for any constant C' the vector G(x) + CI
also satisfies relation (3.1|). Therefore, without loss of generality, we will assume that G(0) is the
same as the value obtained from .

Let us write relation for the moment 7 of the first jump of the process m(t)

Gi(z) = elrzlf )Em /ca:z(t)dt — VT + P2(7) + Gy (2°(7)) 2 (4.24)
where Z(z) is the set of admissible dntrols between jumps, i.e., the set of nondecreasing left con-
tinuous deterministic functions z =: z(t) such that z(0) = 0 and z*(t) =: @ — t + z(¢) > 0 for any
t>0.

Substituting here the expression 2*(7) + 7 — « instead of z(7) and taking into account that the
moment 7 of the first jump of the process m(¢) with the initial value ¢ has exponential distribution

with expectation equal to T we get
i

[e%s) t o0
P -V ) Y Ny
Gi(r) = ———— — 2P, + inf /)\ie Ait /cy(s)ds dt —1—132-/)\1-6 )‘”y(t)dt

i yEA(z)
0 0 0 (4.25)

+ /e—m (Z )\z',jGj(y(t))> dt|

0 J#i
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where A(z) is the set of all admissible trajectories between jumps, i.e. the set of deterministic
functions y =: y(t) such that y(0) = x, y(t) > 0 for any ¢ > 0 and z(¢) =: y(t) — z + t is a non-
decreasing left continuous function. Changing the order of all integration in the first term under the
inf sign, we obtain

o

P =V : Y
Gi(r) = )\—Z —xb; +y€13£n)/6 At (?J( )(c+ AiF) ;AZJG ) dt . (4.26)
0 1

Let Hi(y) = y(c+ N\ P)+ Z i jWi(y). The functions W;(y),i € N, are convex as limits of convex

functions, and from 11: follows that as y — oo they tend to +oo (quadratically for ¢ > 0 and
linearly for ¢ = 0). For each i € N the function H;(y) is convex, finite at zero, and tends to plus
infinity at infinity, and hence reaches a minimum. It follows that if the function reaches a minimum
at one point a, then the optimal control until the moment of the first jump of the Markov process is
unique and is a threshold control with a threshold a}, because any other admissible trajectory gives
a greater value of the functional. If the minimum is reached on the interval [a}, @], then the subset
of quasi-threshold strategies for which on the interval [a}, @;] you can use any admissible control that
does not go beyond this interval, and on the interval [0, af) you need to make a one-time purchase
in order to jump to any point in the interval [a}, a;].

It remains to prove that a; # a; implies that af =0, ¢ € Ng’_, and investigate the properties of
the solution to equation (3.5). This is done in exactly the same way as done in [I4] and we will not
dwell on it. O

5 Conclusion

In the paper there is considered the inventory problem, in which a manufacturer who needs to
consume an intermediate product (goods) with a constant intensity for production buys this product
at a price that depends on the value of a Markov process with continuous time, a finite number of
states and known transition intensities. The case of discounted integral costs, consisting of purchase
and storage costs, was considered in [14]. In this paper, we study the case with the long-run average
cost functional. A passage to the limit is carried out with the discounting parameter tending to zero.
As a result, an analogue of the canonical triple, known in the theory of controlled Markov chains
with discrete time and a finite number of states, arises. It is shown that, as in the case of discounting,
there is an optimal threshold strategy and an algorithm for constructing optimal thresholds is given.

Appendix

Al. Proof of Lemma The matrix A, is the intensity matrix for a Markov chain with the
killing (getting into a fictitious absorbing state) at the time of the first exit of the chain {m(t) }o<t<oo
from the set NJ(:), and the exit moment is associated both with the entry of the original chain into
a fictitious state (for p > 0) and with the entry of the original chain into states from NY,

Let us show that the matrix (—A,)~" exists and all its elements are non-negative. To do this,
we represent the matrix —A, as —A, = D (E+ — A+), where D is a diagonal matrix with entries
di; =p+ XN =—a;;, 1 € NELZ), and the matrix A, has zeros on the diagonal, and for the remaining
elements 0 M "

W (p+ ) N P"‘z:keN)\i,k7 b €N IF S
The matrix A, is the transition matrix for an embedded Markov chain (with discrete time) with
respect to the chain with continuous time corresponding to A..
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If p > 0, then for each row of the matrix A, the sum of the elements is less than one, so there

exists (B, — A,)~L. If p = 0, then for some i € Nfrl) it may turn out that the sum of the elements
is equal to one. However, if the chain m(t) is regular, then for each row the sum of the elements of

the matrix (A, )" is less than one, because for a regular chain the probability of exiting the set Ng)

after the nth jump is positive for any initial state ¢ € Nﬁ). Therefore, in both cases, we have the
representation

(—A) ' = (B, —A) "D = (Z (/L)’“) D, (A.1)

where the series converges. This representation implies the existence of the matrix (—A,)~! and
the non-negativity of all its elements, i.e., statement a) of Lemma

If the intensity matrix of a killable Markov chain is such that the corresponding transition matrix
of the imbedded chain has the property that for some power of this transition matrix the sum of
the elements for all rows is less than one, then the real part of any eigenvalue of the initial intensity
matrix is negative. U

A2. Proof of Lemma [4.2] Al =0 implies AI = —pI. This ratio can be written as:
Al + ALl = —pl, (A.2)
Al +A L =—pl (A.3)
From and it follows that
Bl =A T +A:(A) ALl = —pI. — Azl + Az (Ay) N ALT

= —pl_ 4+ Ap (AT AL+ A (Ay) T AL (A.4)
= —pl_ + Az (—A) T (AT, + ALT).

" Markov chain, which is obtained from
the original chain (with killing for p > 0) by discarding time intervals when the original Markov

The matrix B is the transition matrix of the state-set NY

chain is in states from NJ(:). The intensities of transitions in this chain increased compared to the
intensities of the original chain, due to the exclusion of time intervals when the original circuit was
in states from N, The first term in corresponds to direct transitions inside NEZ), and the
second term corresponds to transitions after entering, staying, and leaving the set NJ(FZ) , while the
first factor of the second term corresponds to the transition from NY to Nfrl), the second factor
corresponds to staying in NJ(FZ), and the third factor corresponds to returning from NJ(FZ) to N,
Both terms have off-diagonal elements that are non-negative. If for some 7 € N all elements
of the string were equal to zero, then this would mean that from this state to go to other states
from N is impossible either directly or after visiting NE), and this contradicts the regularity of
the chain. U

A3. Limit properties of a? and eAP)(an=a2) Tt follows from Lemma 4.1 and (4.18) that

1 _
FEa +.2) = P (1= Mg A9) Lo = ()™ (1 ) 007 4 0005001, (A

where —p is an eigenvalue of the matrix A, with the maximal real part (it is known that u > 0); mg
is the maximal size among the Jordan blocks corresponding to —u; Q(y) is a polynomial of degree
mg, where Q(0) = 1, g, > 0 for p > 0; p+ o < pq, where —py is the real part of the second
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eigenvalue in absolute value; g(x) is a bounded function. Recall that the right-hand side in (A.5))
is a function that increases from some negative value to a positive value, since all elements of the
matrix A(p) are non-positive, and vanishes at the point x = (a? — a?).

Let a(p) > my be the solution to the equation

[a(p)]™ =) = q—poPn (1= Ay A(0)) T4 (A.6)

From (A.5)), (4.20) and the fact that f?(a?) = 0, statement a) of Lemma 4.3 follows. Statement

b) follows from the Jordan representation of the matrix ~e ) in which in the limit all elements
P

vanish, with the exception of the elements corresponding to [a(p)]™ e~
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