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applications, we obtain extensions of some known approximation inequalities.
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1 Preliminaries

Let N+ denote the set of the positive integers and N := N+ ∪ {0}. Let m =: (m0,m1, · · · ) be a
sequence of positive integers not less than 2. Denote by

Zmk := {0, 1, · · · ,mk − 1}

the additive group of integers modulo mk. De�ne the group Gm as the complete direct product of
the group Zmk with the product of the discrete topologies of Zmk 's.

The direct product µ of the measures

µk ({j}) := 1/mk (j ∈ Zmk)

is the Haar measure on Gm with µ (Gm) = 1.
If supk∈Nmk < +∞, then we call Gm a bounded Vilenkin group. If the sequence {mk}k≥0 is

unbounded, then Gm is said to be an unbounded Vilenkin group. In this paper we consider only
bounded Vilenkin groups.

The elements of Gm are represented by the sequences

x := (x0, x1, . . . , xk, . . . ) ( xk ∈ Zmk) .

It is easy to give a base for the neighborhood of Gm, namely

I0 (x) := Gm, In(x) := {y ∈ Gm | y0 = x0, . . . , yn−1 = xn−1} (x ∈ Gm, n ∈ N).

For brevity, we also de�ne In := In(0).
Next, we de�ne a generalized number system based on m in the following way:

M0 =: 1, Mk+1 =: mkMk (k ∈ N)
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Then every n ∈ N can be uniquely expressed as

n =
∞∑
j=0

njMj, where nj ∈ Zmj (j ∈ N)

and only a �nite number of nj's di�er from zero. Let

|n| =: max{j ∈ N, nj 6= 0}.

Moreover, Vilenkin (see [33, 34, 35]) investigated the group Gm and introduced the Vilenkin system
{ψj}∞j=0 as

ψn (x) :=
∞∏
k=0

rnkk (x) (n ∈ N) .

where rk(x) are the generalized Rademacher functions de�ned by

rk(x) := exp(2πixk/mk), (k ∈ N) .

If mk = 2 for any k ∈ N, then the Vilenkin group coincides with the dyadic group, which will be
denoted by G2 and Vilenkin systems include as a special case the Walsh system.

The norms (or quasi-norms) ‖f‖p , 0 < p <∞, of the Lebesgue spaces Lp(Gm) are de�ned by

‖f‖pp :=

∫
Gm

|f |p dµ.

The Vilenkin system is orthonormal and complete in L2 (Gm) (see e.g. [2] and [27]).
If f ∈ L1 (Gm), we can de�ne the Fourier coe�cients, the partial sums of the Fourier series,

the Fej�er means, the Dirichlet and Fej�er kernels with respect to the Vilenkin system in the usual
manner:

f̂ (k) : =

∫
Gm

fψkdµ, (k ∈ N) ,

Snf : =
n−1∑
k=0

f̂ (k)ψk, (n ∈ N+, S0f := 0) ,

σnf : =
1

n

n∑
k=1

Skf, (n ∈ N+) .

Dn : =
n−1∑
k=0

ψk, (n ∈ N+) .

Kn : =
1

n

n∑
k=1

Dk, (n ∈ N+) .

Recall that (see e.g. [2] and [25]),

DMn (x) =

{
Mn, if x ∈ In,
0, if x /∈ In,

(1.1)

DMn−j (x) = DMn (x)− ψMn−1(−x)Dj(−x) (1.2)

= DMn (x)− ψMn−1(x)Dj(x), 0 ≤ j < Mn.
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n |Kn| ≤ 2R2

|n|∑
l=0

Ml |KMl
| , (1.3)

and

∫
Gm

Kn(x)dµ(x) = 1, sup
n∈N

∫
Gm

|Kn(x)| dµ(x) ≤ R5. (1.4)

where R := supk∈Nmk. Moreover, if n > t, t, n ∈ N, then

KMn (x) =


Mt

1−rt(x)
, x ∈ It\It+1, x− xtet ∈ In,

Mn+1
2

, x ∈ In,
0, otherwise.

(1.5)

The n-th N�orlund mean tn and T mean Tn of f ∈ L1(Gm) are de�ned by

tnf :=
1

Qn

n∑
k=1

qn−kSkf

and

Tnf :=
1

Qn

n−1∑
k=0

qkSkf,

where

Qn :=
n−1∑
k=0

qk.

Here {qk, k ≥ 0} is a sequence of nonnegative numbers, where q0 > 0 and

lim
n→∞

Qn =∞. (1.6)

Then, a T mean generated by {qk, k ≥ 0} is regular if and only if condition (1.6) is satis�ed (see
[25]).

It is evident that

Tnf (x) =

∫
Gm

f (t)Fn (x− y) dµ (y) ,

where

Fn :=
1

Qn

n−1∑
k=0

qkDk, (1.7)

which are called the kernels of the T means.
By applying the Abel transformation, we get the following two useful identities:

Qn :=
n−1∑
k=0

qk · 1 =
n−2∑
k=0

(qk − qk+1)k + qn−1(n− 1) (1.8)

and

Tnf =
1

Qn

(
n−2∑
k=0

(qk − qk+1)kσkf + qn−1(n− 1)σn−1f

)
. (1.9)
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2 Historical overview

It is well-known (see e.g. [15], [25] and [39]) that, for any 1 ≤ p ≤ ∞ and f ∈ Lp(Gm), there
exists Cp > 0, depending only on p, such that

‖σnf‖p ≤ Cp ‖f‖p .

Moreover, Skvortsov [30] (see also [1]) proved that if 1 ≤ p ≤ ∞, MN ≤ n < MN+1, f ∈ Lp(Gm)
and n ∈ N, then

‖σnf − f‖p ≤ 2R5

N∑
s=0

Ms

MN

ωp (1/Ms, f) , (2.1)

where R := supk∈Nmk and ωp(1/Mk, f) is the modulus of continuity of Lp(Gm) functions, 1 ≤ p <∞
functions de�ned by

ωp(1/Mk, f) = sup
|u|<1/Mk

‖f(· − u)− f(·)‖p, k ∈ N,

where − is the inverse operation of the sum + de�ned on Gm and the modulus |u| of u ∈ Gm is
de�ned by

|u| =
∞∑
i=0

ui
Mi+1

.

It follows that if f ∈ Lip (α, p) , i.e.,

Lip(α, p) := {f ∈ Lp(Gm) : ωp(1/Mk, f) = O(1/Mα
k ) as k → 0},

then

|σnf − f‖p =


O(1/MN) , if α > 1,

O(N/MN) , if α = 1,

O(1/Mα
n ) , if α < 1.

Moreover, (see e.g. [25]) if 1 ≤ p <∞, f ∈ Lp(Gm) and

‖σMnf − f‖p = o (1/Mn) , as n→∞,

then f is a constant function.
For the maximal operators of Vilenkin-Fej�er means σ∗, de�ned by

σ∗f = sup
n∈N
|σnf |

the weak-(1, 1) type inequality

‖σ∗f‖weak−L1
≤ C ‖f‖1 ,

(
f ∈ L1(Gm)

)
can be found in Schipp [26] for Walsh series and in P�al, Simon [24] and Weisz [36] for bounded
Vilenkin series. The boundedness of the maximal operators of Vilenkin-F�ejer means of the one- and
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two-dimensional cases can be found in Fridli [10], G�at [12], Goginava [14], Nagy and Tephnadze
[22, 23], Simon [28, 29] and Weisz [37].

Convergence and summability of N�orlund means with respect to Vilenkin systems were studied
by Areshidze and Tephnadze [3], Blahota and Nagy [4], Blahota, Persson and Tephnadze [7] (see
also [5, 6]), Blyumin [8], E�mov [9], Fridli, Manchanda and Siddiqi [11], Goginava [13], Jastrebova
[16], Nagy [20, 21], Memic [17], Tsutserova [31] and Zhantlesov [38].

M�oricz and Siddiqi [19] investigated the approximation properties of some special N�orlund means
of Walsh-Fourier series of Lp(G2) functions. In particular, they proved that if f ∈ Lp(G2), 1 ≤ p ≤
∞, n = 2j + k, 1 ≤ k ≤ 2j (n ∈ N+) and (qk, k ∈ N) is a sequence of non-negative numbers, such
that

nγ−1

Qγ
n

n−1∑
k=0

qγk = O(1), for some 1 < γ ≤ 2,

then there exists Cp > 0, depending only on p, such that

‖tnf − f‖p ≤
Cp
Qn

j−1∑
i=0

2iqn−2iωp

(
1

2i
, f

)
+ Cpωp

(
1

2j
, f

)
,

if the sequence (qk, k ∈ N) is non-decreasing, while

‖tnf − f‖p ≤
Cp
Qn

j−1∑
i=0

(Qn−2i+1 −Qn−2i+1+1)ωp

(
1

2i
, f

)
+ Cpωp

(
1

2j
, f

)
,

if the sequence (qk, k ∈ N) is non-increasing.
Tutberidze [32] (see also [25]) proved that if Tn are T means generated by either a non-increasing

sequence {qk, k ∈ N} or a non-decreasing sequence {qk, k ∈ N} satisfying the condition

q0

Qk

= O

(
1

k

)
, as k →∞,

then there exists an absolute constant C, such that

‖T ∗f‖weak−L1
≤ C ‖f‖1 ,

(
f ∈ L1(Gm)

)
holds. From these results it follows that if f ∈ Lp(Gm), where 1 ≤ p < ∞ and either the sequence
{qk, k ∈ N} is non-increasing, or {qk, k ∈ N} is a sequence of non-decreasing numbers, such that the
condition

qn−1

Qn

= O

(
1

n

)
, as n→∞, (2.2)

is satis�ed, then
lim
n→∞
‖Tnf − f‖p = 0.

For the Walsh system in [18] M�oricz and Rhoades proved that if f ∈ Lp(G2), where 1 ≤ p <∞,
and Tn are regular T means generated by a non-increasing sequence {qk, k ∈ N}, then, for any
2N ≤ n < 2N+1, we have the following approximation inequality:

‖Tnf − f‖p ≤
Cp
Qn

N−1∑
s=0

2sq2sωp (1/2s, f) + Cpωp
(
1/2N , f

)
. (2.3)

In the case in which the sequence {qk, k ∈ N} is non-decreasing and satisfying the condition

qk−1

Qk

= O

(
1

k

)
, as k →∞, (2.4)
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the following inequality holds:

‖Tnf − f‖p ≤ Cp

N−1∑
j=0

2j−Nωp
(
1/2j, f

)
+ Cpωp

(
1/2N , f

)
. (2.5)

In this paper we use a new approach and generalize inequalities in (2.3) and (2.5) for T means
with respect to the Vilenkin system (see Theorems 1 and 2). We also prove a new inequality for the
subsequences {TMn} means if the sequence {qk, k ∈ N} is non-decreasing (see Theorem 3).

3 The main results

Our �rst main result reads:

Theorem 3.1. Let f ∈ Lp(Gm), where 1 ≤ p < ∞ and Tn are T means generated by a non-
increasing sequence {qk, k ∈ N}. Then, for any n,N ∈ N, MN ≤ n < MN+1, we have the following
inequality:

‖Tnf − f‖p ≤
6R6

Qn

N−1∑
j=0

MjqMjωp (1/Mj, f) + 4R6ωp (1/MN , f) . (3.1)

Next we state and prove a similar inequality for non-decreasing sequences but under some re-
strictions.

Theorem 3.2. Let f ∈ Lp(Gm), where 1 ≤ p < ∞ and Tn are regular T means generated by a
non-decreasing sequence {qk, k ∈ N}. Then, for any n,N ∈ N, MN ≤ n < MN+1, we have the
following inequality:

‖Tnf − f‖p ≤
6R6qn−1

Qn

N−1∑
j=0

Mjωp (1/Mj, f) +
4R6qn−1MN

Qn

ωp (1/MN , f) . (3.2)

If, in addition, the sequence {qk, k ∈ N} satis�es condition (2.2), then the inequality

‖Tnf − f‖p ≤ Cp

N∑
j=0

Mj

MN

ωp (1/Mj, f) (3.3)

holds for Cp > 0, depending only on p.

Finally, we state and prove the third main result for non-decreasing sequences, in which we prove
a more precise result than that in (3.3) and without restriction (2.2), but only for subsequences.

Theorem 3.3. Let f ∈ Lp(Gm), where 1 ≤ p < ∞ and Tk are regular T means generated by a
non-decreasing sequence {qk, k ∈ N}. Then, for any n ∈ N, the following inequality holds:

‖TMnf − f‖p ≤ R2

n−1∑
j=0

Mj

Mn

ωp (1/Mj, f)

+
2R4

q0

n−1∑
j=0

(n− j)q
Mn−Mj

Mj

Mn

ωp (1/Mj, f) + ωp (1/Mn, f) . (3.4)
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We also point out the following generalizations of some results in [18] (in that paper, only the
Walsh system was considered):

Corollary 3.1. Let {qk, k ≥ 0} be a sequence of non-negative and non-increasing numbers, while
in case when the sequence is non-decreasing it is assumed that also condition (2.2) is satis�ed. If
f ∈ Lip(α, p) for some α > 0 and 1 ≤ p <∞, then

‖Tnf − f‖p =


O(n−α), if 0 < α < 1,

O(n−1 log n), if α = 1,

O(n−1), if α > 1,

Corollary 3.2. Let {qk, k ≥ 0} be a sequence of non-negative and non-increasing numbers such
that

qk ∼ k−β for some 0 < β ≤ 1

is satis�ed.
If f ∈ Lip(α, p) for some α > 0 and 1 ≤ p <∞, then

‖Tnf − f‖p =


O(n−α), if α + β < 1,

O(n−(1−β) log n+ n−α), if α + β = 1,

O(n−(1−β)), if α + β > 1, β > 1,

O((log n)−1), if β = 1.

Corollary 3.3. Let {qk, k ≥ 0} be a sequence of non-negative and non-increasing numbers such
that the equivalence

qk ∼ (log k)−β for some β > 0

is satis�ed.
If f ∈ Lip(α, p) for some α > 0 and 1 ≤ p <∞, then

‖Tnf − f‖p =


O(n−α), if 0 < α < 1, β > 0,

O(n−1 log n), if α = 1, 0 < β < 1,

O(n−1 log n log log n), if α = β = 1,

O(n−1(log n)β), if α > 1, β > 0.

Corollary 3.4. Let f ∈ Lp(Gm), where 1 ≤ p < ∞ and {qk, k ≥ 0} is a sequence of non-negative
and non-increasing numbers, while in case when the sequence is non-decreasing it is also assumed
that condition (2.2) is satis�ed. Then,

lim
n→∞
‖Tnf − f‖p = 0.
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4 Proofs

Proof of Theorem 1. Let MN ≤ n < MN+1. Since Tn are regular T means generated by a sequence
of non-increasing numbers {qk : k ∈ N}, we can combine (1.8) and (1.9) and conclude that

‖Tnf − f‖p ≤
1

Qn

(
n−2∑
j=0

(qj − qj+1)j‖σjf − f‖p + qn−1(n− 1)‖σn−1f − f‖p

)
:= I + II. (4.1)

Moreover,

I =
1

Qn

MN−1∑
j=1

(qj − qj+1) j‖σjf − f‖p +
1

Qn

n−1∑
j=MN

(qj − qj+1) j‖σjf − f‖p

:= I1 + I2. (4.2)

Now we estimate both terms separately. By applying estimate (2.1) for I1 we obtain that

I1 ≤
2R5

Qn

N−1∑
k=0

Mk+1−1∑
j=Mk

(qj − qj+1) j
k∑
s=0

Ms

Mk

ωp (1/Ms, f)

≤ 2R6

Qn

N−1∑
k=0

Mk

Mk+1−1∑
j=Mk

(qj − qj+1)
k∑
s=0

Ms

Mk

ωp (1/Ms, f)

≤ 2R6

Qn

N−1∑
k=0

(
q
Mk
− q

Mk+1

) k∑
s=0

Msωp (1/Ms, f)

≤ 2R6

Qn

N−1∑
s=0

Msωp (1/Ms, f)
N−1∑
k=s

(
q
Mk
− q

Mk+1

)
≤ 2R6

Qn

N−1∑
s=0

MsqMsωp (1/Ms, f) . (4.3)

Moreover,

I2 ≤
2R5

Qn

n−1∑
j=MN

(qj − qj+1) j
N∑
s=0

Ms

MN

ωp (1/Ms, f)

≤ 2R6MN

Qn

n−1∑
j=MN

(qj − qj+1)
N∑
s=0

Ms

MN

ωp (1/Ms, f)

≤
2R6q

MN

Qn

N∑
s=0

Msωp (1/Ms, f)

≤ 2R6

Qn

N∑
s=0

MsqMsωp (1/Ms, f)

≤ 2R6

Qn

N−1∑
s=0

MsqMsωp (1/Ms, f) + 2R6ωp (1/Ms, f) . (4.4)
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For II we have that

II ≤ 2R5MN+1qn−1

Qn

N∑
s=0

Ms

MN

ωp (1/Ms, f)

≤ 2R6

Qn

N−1∑
s=0

MsqMsωp (1/Ms, f) + 2R6ωp (1/MN , f) . (4.5)

The proof of (3.1) is complete by just combining (4.1)-(4.5).

Proof of Theorem 2. Let MN ≤ n < MN+1. Since Tn are regular T means, generated by a sequence
of non-decreasing numbers {qk : k ∈ N}, by combining (1.8) and (1.9), we �nd that

‖Tnf − f‖p ≤
1

Qn

(
n−1∑
j=1

(qj+1 − qj) j‖σjf − f‖p + qn−1(n− 1)‖σnf − f‖p

)
:= I + II. (4.6)

Furthermore,

I =
1

Qn

MN−1∑
j=1

(qj+1 − qj) j‖σjf − f‖p +
1

Qn

n−1∑
j=MN

(qj+1 − qj) j‖σjf − f‖p

:= I1 + I2. (4.7)

Analogously to (4.3) we get that

I1 ≤
2R6

Qn

N−1∑
k=0

(
q
Mk+1

− q
Mk

) k∑
s=0

Msωp (1/Ms, f)

≤ 2R6

Qn

N−1∑
s=0

Msωp (1/Ms, f)
N−1∑
k=s

(
q
Mk+1

− q
Mk

)
=

2R6

Qn

N−1∑
s=0

Msωp (1/Ms, f) (q
MN
− q

Ms
)

≤ 2R6qMN

Qn

N−1∑
s=0

Msωp (1/Ms, f)

≤ 2R6qn−1

Qn

N−1∑
s=0

Msωp (1/Ms, f) . (4.8)

In a similar way as in (4.4) we �nd that

I2 ≤
2R5

Qn

n−1∑
j=1

(qj+1 − qj) j
N∑
s=0

Ms

MN

ωp (1/Ms, f)

=
2R5

Qn

((n− 1)qn−1 −Qn)
N∑
s=0

Ms

MN

ωp (1/Ms, f)

≤ 2R5MN+1qn−1

QnMN

N∑
s=0

Msωp (1/Ms, f)
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≤ 2R6qn−1

Qn

N∑
s=0

Msωp (1/Ms, f)

≤ 2R6qn−1

Qn

N−1∑
s=0

Msωp (1/Ms, f) +
2R6qn−1MN

Qn

(1/MN , f) . (4.9)

For II we have that

II ≤ 2R5qn−1MN+1

Qn

N∑
s=0

Ms

MN

ωp (1/Ms, f)

≤ 2R6qn−1

Qn

N∑
s=0

Msωp (1/Ms, f)

=
2R6qn−1

Qn

N−1∑
s=0

Msωp (1/Ms, f) +
2R6qn−1MN

Qn

(1/MN , f) . (4.10)

By combining (4.6)-(4.10) we �nd that (3.2) holds. Moreover, by using condition (2.2) we obtain
estimate (3.3), so the proof is complete.

Proof of Theorem 3. According to (1.2) we �nd that

TMnf = DMn ∗ f −
1

QMn

Mn−1∑
k=0

qk
((
ψMn−1Dk

)
∗ f
)
.

Hence, by using the Abel transformation we get that

TMnf = DMn ∗ f

− 1

QMn

Mn−2∑
j=0

(
q
Mn−j

− q
Mn−j−1

)
j((ψ

Mn−1
Kj) ∗ f)

− 1

QMn

q
Mn−1

(Mn − 1)(ψ
Mn−1

KMn−1 ∗ f)

= DMn ∗ f

− 1

QMn

Mn−2∑
j=0

(
q
Mn−j

− q
Mn−j−1

)
j((ψ

Mn−1
Kj) ∗ f)

− 1

QMn

q
Mn−1

Mn(ψ
Mn−1

KMn ∗ f)

+
q
Mn−1

QMn

(ψ
Mn−1

DMn ∗ f),

so that

TMnf(x)− f(x) =

∫
Gm

(f(x− t)− f(x))DMn(t)dt

− 1

QMn

Mn−2∑
j=0

(
q
Mn−j

− q
Mn−j−1

)
j

∫
Gm

(f(x− t)− f(x))ψ
Mn−1

(t)Kj(t)dt

− 1

QMn

q
Mn−1

Mn

∫
Gm

(f(x− t)− f(x))ψ
Mn−1

(t)KMn(t)dt
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+
q
Mn−1

QMn

∫
Gm

(f(x− t)− f(x))ψ
Mn−1

(t)DMn(t)dt

=: I + II + III + IV. (4.11)

By combining generalized Minkowski's inequality and (1.1) we �nd that

‖I‖p ≤
∫
In

‖f(x− t)− f(x))‖pDMn(t)dt ≤ ωp (1/Mn, f) (4.12)

and

‖IV ‖p ≤
∫
In

‖f(x− t)− f(x))‖pDMn(t)dt ≤ ωp (1/Mn, f) . (4.13)

Moreover, since
MnqMn−1 ≤ QMn , for any n ∈ N,

we can use (1.5) and generalized Minkowski's inequality to �nd that

‖III‖p ≤
∫
Gm

‖f (x− t)− f (x)‖p
∣∣KMn (t)

∣∣ dµ(t)

=

∫
In

‖f (x− t)− f (x)‖p
∣∣KMn (t)

∣∣ dµ(t)

+
n−1∑
s=0

ms−1∑
ns=1

∫
In(nses)

‖f (x− t)− f (x)‖p
∣∣KMn (t)

∣∣ dµ(t)

≤
∫
In

‖f (x− t)− f (x)‖p
Mn + 1

2
dµ(t)

+
n−1∑
s=0

Ms+1

ms−1∑
ns=1

∫
In(nses)

‖f (x− t)− f (x)‖p dµ(t)

≤ ωp (1/Mn, f)

∫
In

Mn + 1

2
dµ(t)

+
n−1∑
s=0

Ms+1

ms−1∑
ns=1

∫
In(nses)

ωp (1/Ms, f) dµ(t)

≤ ωp (1/Mn, f) +R2

n−1∑
s=0

Ms

Mn

ωp (1/Ms, f) . (4.14)

From this inequality and the estimates in (4.14) it follows also that

Mn

∫
Gm

‖f (x− t)− f (x)‖p |KMn(t)| dµ(t) ≤ R2

n∑
s=0

Msωp (1/Ms, f) .

Let Mk ≤ j < Mk+1. By applying (1.3) and the last estimate we �nd that

j

∫
Gm

‖f (x− t)− f (x)‖p |Kj(t)|dµ(t) ≤ 2R4

k∑
l=0

l∑
s=0

Msωp (1/Ms, f) .
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Hence, by also using (1.3) we obtain that

‖II‖p

≤ 1

QMn

Mn−1∑
j=0

(
q
Mn−j

− q
Mn−j−1

)
j

∫
Gm

‖f(x− t)− f(x)‖p|Kj(t)|dµ(t)

≤ 1

QMn

n−1∑
k=0

Mk+1−1∑
j=Mk

(
q
Mn−j

− q
Mn−j−1

)
j

∫
Gm

‖f(x− t)− f(x)‖p|Kj(t)|dµ(t)

≤ 2R4

QMn

n−1∑
k=0

Mk+1−1∑
j=Mk

(
q
Mn−j

− q
Mn−j−1

) k∑
l=0

l∑
s=0

Msωp (1/Ms, f)

≤ 2R4

QMn

n−1∑
k=0

(
q
Mn−Mk

− q
Mn−Mk+1

) k∑
l=0

l∑
s=0

Msωp (1/Ms, f)

≤ 2R4

QMn

n−1∑
l=0

n−1∑
k=l

(
q
Mn−Mk

− q
Mn−Mk+1

) l∑
s=0

Msωp (1/Ms, f)

≤ 2R4

QMn

n−1∑
l=0

q
Mn−Ml

l∑
s=0

Msωp (1/Ms, f)

≤ 2R4

QMn

n−1∑
s=0

Msωp (1/Ms, f)
n−1∑
l=s

qMn−Ml

≤ 2R4

QMn

n−1∑
s=0

Msωp (1/Ms, f) q
Mn−Ms

(n− s)

≤ 2R4

n−1∑
s=0

(n− s)Ms

Mn

q
Mn−Ms

q0

ωp (1/Ms, f) . (4.15)

Finally, by combining (4.11)-(4.15) and using Minkowski's inequality we obtain (3.4), so the
proof is complete.
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1 Introduction

First, we recall the de�nition of local Morrey-type spaces.

De�nition 1. Let Ω ⊂ Rn be a Lebesgue-measurable set, x0 ∈ Ω, 0 < p, θ ≤ ∞, λ ≥ 0. Then
f ∈ LMλ

pθ,x0
(Ω) if f is Lebesgue-measurable on Ω and

‖f‖
LM

λ
pθ,x0

(Ω)
= ‖r−λ−

1
θ ‖f‖Lp(Ω

⋂
B(x0,r))‖Lθ(0,∞) <∞,

where B(x0, r) is the ball centered at x0 of radius r.

If λ = 0, then, clearly, LM0
p∞,x0(Ω) = Lp(Ω). If λ = 0 and θ <∞, then LM0

pθ,x0
(Ω) consists only

of functions f equivalent to 0 on Ω, because for any ρ > 0

‖f‖LM0
pθ,x0

(Ω) ≥ ‖‖f‖Lp(Ω
⋂
B(x0,r))‖Lθ(ρ,∞) ≥ ‖1‖Lθ(ρ,∞)‖f‖Lp(Ω

⋂
B(x0,ρ)).

For Ω = Rn, x0 = 0 this de�nition was �rst introduced in [1], [2].
The boundedness of various operators acting from one local Morrey-type spaces LMλ

pθ,x0
(Ω) to

LMµ
pσ,x0

(Ω) was investigated in a number of papers. See, for example, [1], [2].
In this paper, we consider the following two variants of the local Morrey-type spaces with mixed

quasi-norms.
We shall use the following notation for vectors x ∈ Rn : x ≡ −→x = (x1, ..., xn) and←−x = (xn, ..., x1).

De�nition 2. Let p = (p1, ..., pn), θ = (θ1, ..., θn), λ = (λ1, ..., λn), a = (a1, ..., an), b = (b1, ..., bn)−
∞ < ai < bi ≤ ∞, 0 < pi. θi ≤ ∞, 0 ≤ λi < ∞, i = 1, ..., n, Q(a, b) = {x ∈ Rn, ai < xi < bi, i =
1, ..., n}.

Let LM
λ

pθ,a(Q(a, b)),
←−−
LM

λ

pθ,a(Q(a, b)) ≡ LM
←−
λ

←−p
←−
θ ,←−a

(Q(a, b)) be the spaces of all Lebesgue-

measurable functions on Q(a, b) for which the following quasi-norms are �nite
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‖f‖
LM

λ
pθ,a

(
Q(a,b)

) =

∥∥∥∥...‖f(x1, ..., xn)‖
LM

λ1
p1θ1,a1,x1

((a1,b1))
...

∥∥∥∥
LMλn

pnθn,an,xn
((an,bn))

=

∥∥∥∥∥r−λn− 1
θn

n

∥∥∥...∥∥∥r−λ1− 1
θ1

1

∥∥∥f(x1, ..., xn)
∥∥∥
Lp1,x1 ((a1,b1)

⋂
(a1−r1,a1+r1))

∥∥∥
Lθ1 (0,∞)

...
∥∥∥
Lpn,xn ((an,bn)

⋂
(an−rn,an+rn))

∥∥∥
Lθn (0,∞)

(1.1)

and

‖f‖←−−
LMpθ,a

(
Q(a,b)

) =
∥∥∥... ‖f(x1, ..., xn)‖LMλn

pnθn,an,xn
((an,bn)) ...

∥∥∥
LM

λ1
p1θ1,a1,x1

((a1,b1))

=
∥∥∥r−λ1− 1

θ1
1

∥∥∥...∥∥∥r−λn− 1
θn

n ‖f(x1, ..., xn)‖Lpn,xn ((an,bn)
⋂

(an−rn,an+rn))

∥∥∥
Lθn (0,∞)

...
∥∥∥
Lp1,x1 ((a1,b1)

⋂
(a1−r1,a1+r1))

∥∥∥
Lθ1 (0,∞)

, (1.2)

respectively.

If a = 0, then, for brevity, we denote the corresponding spaces by ‖f‖
LM

λ
pθ(Q(0,b)

and

‖f‖←−−
LM

λ
pθ(Q(0,b))

.

De�nition 3. [5] Let f ∈ Lloc1 (Rn), α = (α1, ..., αn), 0 < αi < 1, k = (k1, ..., kn), ki ≥ 0, a =
(a1, ..., an), x = (x1, ..., xn), 0 ≤ ai < xi < ∞, i = 1, ..., n. The generalized Riemann-Liouville
fractional integral operator Iα,ka+ of order α is de�ned by the following equality:(

Iα,ka+
f
)

(x)

=
n∏
i=1

(ki + 1)1−αi

Γ(αi)

∫ xn

an

...

∫ x1

a1

n∏
i=1

[
(xki+1

i − tki+1
i )αi−1tkii

]
f(t1, ..., tn)dt1...dtn, (1.3)

where Γ is the Euler Gamma-function.

2 One-dimensional case

Lemma 2.1. Let 0 < y <∞, 0 < p, θ ≤ ∞, 0 < λ <∞ for θ <∞, 0 ≤ λ <∞ for θ =∞.
Then 1

‖f‖Lp(0,y) ≤ (λθ)
1
θ yλ‖f‖LMλ

pθ(0,y) (2.1)

Proof. It su�ces to note that for λ > 0

‖f‖LMλ
pθ

(0,y) =

 ∞∫
0

r−λθ−1‖f‖θLp((0,y)
⋂

(−r,r))dr

 1
θ

≥

 ∞∫
y

r−λθ−1‖f‖θLp((0,y)
⋂

(0,r))dr

 1
θ

= ‖f‖Lp(0,y)

 ∞∫
y

r−λθ−1dr

 1
θ

= (λθ)−
1
θ y−λ‖f‖Lp(0,y)

1 If θ =∞, then here and in the sequel it is assumed that (λθ)
1
θ = 1 for all 0 ≤ λ <∞.
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if θ <∞ and
‖f‖LMλ

p∞(0,y) = sup
0<r<∞

r−λ‖f‖Lp((0,y)
⋂

(−r,r)) ≤ y−λ‖f‖Lp((0,y))

if θ =∞.
The case λ = 0, θ =∞ is trivial, since LMλ

p∞(0, y) = Lp(0, y).

Lemma 2.2. Let 0 ≤ a < b < ∞, 1 < p ≤ ∞, 0 < q ≤ ∞, 1
p
< α < 1, k ≥ 0, 0 < θ, σ ≤ ∞,

0 < λ <∞ if θ <∞, 0 ≤ λ <∞ if θ =∞, 0 < µ <∞ if σ <∞, 0 ≤ µ <∞ if σ =∞.
Then there exists C1 > 0 such that

‖Iα,ka+ f‖LMµ
qσ,a(a,b) ≤ C1(b− a)ν‖f‖LMλ

pθ,a(a,b) (2.2)

for all �nite intervals (a, b) and for all f ∈ LMλ
pθ,a(a, b), where

ν = λ+
1

q
− 1

p
+ (k + 1)α− µ (2.3)

under the assumption ν > 0 if σ <∞ and ν ≥ 0 if σ =∞.
Moreover, ν cannot be replaced by any other number.

Proof. It su�ces to consider the case in which a = 0, 0 < b <∞.
Step 1. In [5] (see inequality (2.2)) it is proved that there exists K1 > 0 such that∣∣∣(Iα,k0+ f

)
(x)
∣∣∣ ≤ K1x

(k+1)α− 1
p‖f‖Lp(0,x)

for any 0 < x < b and for any f ∈ Lp(0, x). By using (2.1), we obtain∣∣∣(Iα,k0+ f
)

(x)
∣∣∣ ≤ K1x

(k+1)α− 1
p

+λ(λθ)
1
θ ‖f‖LMλ

pθ(0,x)

and ∥∥∥Iα,k0+ f
∥∥∥
Lq((−r,r)∩(0,b))

≤ K1(λθ)
1
θ

∥∥∥x(k+1)α− 1
p

+λ
∥∥∥
Lq((−r,r)∩(0,b))

‖f‖LMλ
pθ(0,b).

Note that

‖Iα,k0+ f‖LMµ
qσ(0,∞) =

∥∥∥∥r−µ− 1
σ

∥∥∥Iα,k0+ f
∥∥∥
Lq((−r,r)∩(0,b))

∥∥∥∥
Lσ(0,∞)

=

(∥∥∥∥r−µ− 1
σ

∥∥∥Iα,k0+ f
∥∥∥
Lq((−r,r)∩(0,b))

∥∥∥∥σ
Lσ(0,b)

+

∥∥∥∥r−µ− 1
σ

∥∥∥Iα,k0+ f
∥∥∥
Lq((−r,r)∩(0,b))

∥∥∥∥σ
Lσ(b,∞)

) 1
σ

(2.4)

Moreover, since (k + 1)α− 1
p

+ λ > 0, it follows that

r−µ
∥∥∥x(k+1)α− 1

p
+λ
∥∥∥
Lq((−r,r)∩(0,b))

=


(

((k + 1)α− 1
p

+ λ)q + 1
)− 1

q
rν , r ≤ b,(

((k + 1)α− 1
p

+ λ)q + 1
)− 1

q
bν+µr−µ, r > b.

≤
{

rν , r ≤ b,
bν+µr−µ, r > b.

Therefore, if r ≤ b, then, since ν > 0 for θ <∞ and ν ≥ 0 for θ =∞,
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∥∥∥Iα,k0+ f
∥∥∥
Lq((−r,r)∩(0,b))

=

∥∥∥∥r−µ− 1
θ

∥∥∥Iα,k0+ f
∥∥∥
Lq((−r,r)∩(0,b))

∥∥∥∥
Lσ(0,b)

≤ K1(λθ)
1
θ

∥∥∥rν− 1
σ

∥∥∥
Lσ(0,b)

‖f‖LMλ
pθ(0,b)

= K1(λθ)
1
θ (νσ)−

1
σ bν‖f‖LMλ

pθ(0,b). (2.5)

If r > b, then, since µ > 0 for σ <∞ and µ ≥ 0 for σ =∞,∥∥∥∥r−µ− 1
σ

∥∥∥Iα,k0+ f
∥∥∥
Lq((−r,r)∩(0,b))

∥∥∥∥
Lσ(b,∞)

≤ K1(λσ)
1
σ b(k+1)α− 1

p
+λ+ 1

q

∥∥∥r−µ− 1
σ

∥∥∥
Lσ(b,∞)

‖f‖LMλ
pθ(0,b)

= K1(λσ)
1
σ (µσ)−

1
σ bν‖f‖LMλ

pθ(0,b). (2.6)

So, by (2.4), (2.5), (2.6) it follows that

‖Iα,k0+ f‖LMµ
qσ(0,∞) ≤ C1‖f‖LMλ

pθ(0,b),

where

C1 = K1(λθ)
1
θσ−

1
σ

(
1

ν
+

1

µ

) 1
σ

.

Step 2. Suppose that for some K2(b) > 0∥∥∥Iα,k0+
f
∥∥∥
LM

µ

qσ(0,b)
≤ K2(b) ‖f‖

LM
λ

pθ(0,b)
. (2.7)

for all f ∈ LMλ
pθ(0, b).

Let f = χ( b
2
,b), then

‖χ( b
2
,b)‖Lp(( b

2
,b)

⋂
(−r,r)) = 0, if r ≤ b

2
,

and

‖χ( b
2
,b)‖Lp(( b

2
,b)

⋂
(−r,r)) ≤ ‖1‖Lp( b

2
,b) =

(
b

2

) 1
p

, if r >
b

2
.

Moreover,

‖f‖
LM

λ

pθ(0,b)
=
∥∥∥χ( b

2
,b)

∥∥∥
LM

λ

pθ(0,b)
=
∥∥∥r−λ− 1

θ ‖χ( b
2
,b)‖Lp(( b

2
,b)

⋂
(−r,r))

∥∥∥
Lθ( b

2
,∞)

≤
(
b

2

) 1
p

‖r−λ−
1
θ ‖Lθ( b

2
,∞) = K3 b

1
p
−λ,

where K3 = 2λ−
1
p (λθ)−

1
θ .

Next, ∥∥∥Iα,k0+
f
∥∥∥
LM

µ

qσ( b
2
,b)

=
(k + 1)1−α

Γ(α)

∥∥∥∥∫ x

0

(xk+1 − tk+1)α−1tkχ( b
2
,b)(t)dt

∥∥∥∥
LM

µ

qσ( b
2
,b)(

xk+1− tk+1 = z
)

=
(k + 1)1−α

Γ(α)

∥∥∥∥∥
∫ xk+1

0

zα−1 dz

k + 1

∥∥∥∥∥
LM

µ

pθ( b
2
,b)

= K4

∥∥xα(k+1)
∥∥
LM

µ

qσ( b
2
,b)
,
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where
K4 = ((k + 1)αΓ(α + 1))−1 .

Note that ∥∥xα(k+1)
∥∥
LM

µ

qσ( b
2
,b)
≥
∥∥∥r− 1

σ
−µ‖xα(k+1)‖Lq((−r,r)⋂( b

2
,b))

∥∥∥
Lσ(b,∞)

=
∥∥∥r− 1

σ
−µ‖xα(k+1)‖Lq( b2 ,b)

∥∥∥
Lσ(b,∞)

= ‖xα(k+1)‖Lq( b2 ,b)‖r
− 1
σ
−µ‖Lσ(b,∞) = K5 b

α(k+1)+ 1
q
−µ,

where

K5 =

(
1− 2−α(k+1)q−1

α(k + 1)q + 1

) 1
q

(µσ)−
1
σ .

Hence, we have ∥∥∥Iα,k0+
f
∥∥∥
LM

µ

qσ( b
2
,b)
≥ K6 b

α(k+1)+ 1
q
−µ, (2.8)

where K6 = K5K4.
By (2.7) and (2.8), we get

K6 b
α(k+1)+ 1

q
−µ ≤ K2(b)K3 b

1
p
−λ,

so,

K2(b) ≥ K6

K3

bα(k+1)+ 1
q

+λ− 1
p
−µ =

K6

K3

bν

for all b > 0.
If (2.2) holds with τ 6= ν replacing ν, then K6

K3
bν ≤ K2(b) ≤ C1b

τ for all b > 0, which is impossible.

Corollary 2.1. If in Lemma 2.2 ν = 0, then inequality (2.2) takes the form∥∥∥Iα,ka+ f
∥∥∥
LMµ

qσ,a(a,b)
≤ C1‖f‖LMλ

pθ,a(a,b)

for all 0 ≤ a < b ≤ ∞ and for all f ∈ LMλ
pθ,a(a, b), where

µ = λ+ (k + 1)α +
1

q
− 1

p
.

Remark 1. For σ = θ =∞ the statements of this section were proved in [6].

3 Multidimensional case

We start with proving a statement, in which we apply the generalized Minkowski's inequality for
the Lebesgue spaces: let E ⊂ Rn and F ⊂ Rm be Lebesgue-measurable sets 0 < p ≤ q ≤ ∞, and
f : E × F → C be a Lebesgue-measurable function. Then∥∥∥‖f(x, y)‖Lp,x(E)

∥∥∥
Lq,y(F )

≤
∥∥∥‖f(x, y)‖Lq,y(F )

∥∥∥
Lp,x(E)

. (3.1)
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Lemma 3.1. (Generalized Minkowski's inequality for local Morrey-type spaces.) Let −∞ ≤ a < b ≤
∞, −∞ ≤ c ≤ d ≤ ∞,

0 < max{p, θ} ≤ min{q, σ} ≤ ∞,

0 < λ, µ <∞, and f : (a, b)× (c, d)→ C be a Lebesgue-measurable function.
Then ∥∥∥‖f(x, y)‖LMλ

pθ,a,x
(a,b)

∥∥∥
LMµ

qσ,c,y(c,d)
≤
∥∥∥‖f(x, y)‖LMµ

qσ,c,y(c,d)

∥∥∥
LMλ

pθ,a,x
(a,b)

. (3.2)

Proof. By applying inequality (3.1) several times, we get∥∥∥‖f(x, y)‖LMλ
pθ,a,x

(a,b)

∥∥∥
LMµ

qσ,c,y(c,d)
≤ (θ ≤ q)

≤

∥∥∥∥∥ρ−µ− 1
σ

∥∥∥∥∥∥∥r−λ− 1
θ ‖f(x, y)‖Lp,x(a,b)

⋂
(a−r,a+r)

∥∥∥
Lq,y((c,d)

⋂
(c−ρ,c+ρ))

∥∥∥∥
Lθ(0,∞)

∥∥∥∥∥
Lσ(0,∞)

≤(p≤q)≤

∥∥∥∥∥ρ−µ− 1
σ

∥∥∥∥∥∥∥r−λ− 1
θ ‖f(x, y)‖Lq,y((c,d)

⋂
(c−ρ,c+ρ))

∥∥∥
Lp,x(a,b)

⋂
(a−r,a+r)

∥∥∥∥
Lθ(0,∞)

∥∥∥∥∥
Lσ(0,∞)

≤(θ≤σ)≤

∥∥∥∥∥ρ−µ− 1
σ

∥∥∥∥∥∥∥r−λ− 1
θ ‖f(x, y)‖Lq,y((c,d)

⋂
(c−ρ,c+ρ))

∥∥∥
Lp,x(a,b)

⋂
(a−r,a+r)

∥∥∥∥
Lσ(0,∞)

∥∥∥∥∥
Lθ(0,∞)

≤(p≤σ)≤

∥∥∥∥∥r−λ− 1
θ

∥∥∥∥∥∥∥ρ−µ− 1
σ ‖f(x, y)‖Lq,y((c,d)

⋂
(c−ρ,c+ρ))

∥∥∥
Lσ(0,∞)

∥∥∥∥
Lp,x(a,b)

⋂
(a−r,a+r)

∥∥∥∥∥
Lθ(0,∞)

=
∥∥∥‖f(x, y)‖LMµ

qσ,c,y(c,d)

∥∥∥
LMλ

pθ,a,x
(a,b) .

Theorem 3.1. Let n ∈ N, a, b, α, k, p, q, λ, µ, θ, σ ∈ Rn,

0 ≤ ai < bi <∞, 1 < pi ≤ ∞, 0 < θi, qi, σi ≤ ∞, ki ≥ 0,
1

pi
< αi < 1, i = 1, ..., n;

0 < λi <∞ if θi <∞, 0 ≤ λi <∞ if θi =∞, i = 1, ..., n.;

0 < µi <∞ if σi <∞, 0 ≤ µi <∞ if σi =∞, i = 1, ..., n.

Furthermore, let

max{pi, θi} ≤ min{qj, σj}, i = 2, ..., n, j = 1, ..., i− 1. (3.3)

Then there exists C2 > 0 such that

∥∥Iα,ka f
∥∥←−−
LM

µ

qσ,a(Q(a,b)
≤ C2

n∏
i=1

(bi − ai)νi‖f‖
LM

λ
pθ,a

(Q(a,b))
(3.4)

for all f ∈ LMλ
pθ,a(Q(a, b), where

νi = λi +
1

qi
+ αi(ki + 1)− 1

pi
− µi > 0, i = 1, ..., n, (3.5)

under the assumptions νi > 0 if σi <∞ and νi ≥ 0 if σi =∞, i = 1, ...n.
Moreover, each νi, i = 1, ...;n, cannot be replaced by any other number.
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Proof. Without loss of generality, we assure that a = 0.
Step 1. A typical case is n = 3, which we assume. In this case by De�nition 2, (1.3) and (1.2)

we have
A ≡

∥∥∥Iα,k0+
f
∥∥∥←−−
LM

µ

qσ(Q(0,b))
=
∥∥∥Iα,k0+

f
∥∥∥
LM

←−µ
←−q←−σ (Q(0,b))

=
∥∥∥I(α1,α2,α3),(k1,k2,k3)

0+
f
∥∥∥
LM

(µ3,µ2,µ1)

(q3,q2q1)(σ3,σ2,σ1)
(0,b3)×(0,b2)×(0,b1)

=

∥∥∥∥∥
∥∥∥∥∥∥∥Iα3,k3

0+

(
Iα2,k2

0+

(
Iα1,k1

0+ f
))∥∥∥

LM
µ3
q3σ3

(0,b3)

∥∥∥∥
LM

µ2
q2σ2

(0,b2)

∥∥∥∥∥
LM

µ1
q1σ1

(0,b1)

.

By Lemma 2.2 with

α = α3, k = k3; µ = µ3, q = q3, σ = σ3; λ = λ3, p = p3, θ = θ3; a = 0, b = b3

there exists K3 > 0 such that

A ≤ K3b
ν3
3

∥∥∥∥∥
∥∥∥∥∥∥∥Iα2,k2

0+

(
Iα1,k1

0+ f
)∥∥∥

LM
λ3
p3θ3

(0,b3)

∥∥∥∥
LM

µ2
q2σ2

(0,b2)

∥∥∥∥∥
LM

µ1
q1σ1

(0,b1)

.

By applying assumption (3.3) and inequality (2.2) �rst with

max{p3, θ3} ≤ min{q2, σ2} and λ = λ3, p = p3, θ = θ3; µ = µ2, q = q2, σ = σ2;

then with

max{p3, θ3} ≤ min{q1, σ1} and λ = λ3, p = p3, θ = θ3; µ = µ1, q = q1, σ = σ1;

we get

A ≤ K3b
ν3
3

∥∥∥∥∥
∥∥∥∥∥∥∥Iα2,k2

0+

(
Iα1,k1

0+ f
)∥∥∥

LM
µ2
q2σ2

(0,b2)

∥∥∥∥
LM

λ3
p3θ3

(0,b3)

∥∥∥∥∥
LM

µ1
q1σ1

(0,b1)

≤ K3b
ν3
3

∥∥∥∥∥
∥∥∥∥∥∥∥Iα2,k2

0+

(
Iα1,k1

0+ f
)∥∥∥

LM
µ2
q2σ2

(0,b2)

∥∥∥∥
LM

µ1
q1σ1

(0,b1)

∥∥∥∥∥
LM

λ3
p3θ3

(0,b3)

.

By Lemma 2.2 with

α = α2, k = k2; µ = µ2, q = q2, σ = σ2; λ = λ2, p = p2, θ = θ2; a = 0, b = b2,

there exists K2 > 0 such that

A ≤ K2K3b
ν2
2 b

ν3
3

∥∥∥∥∥
∥∥∥∥∥∥∥Iα1,k1

0+ f
∥∥∥
LM

λ2
p2θ2

(0,b2)

∥∥∥∥
LM

µ1
q1σ1

(0,b1)

∥∥∥∥∥
LM

λ3
p3θ3

(0,b3)

.

By applying assumption (3.3) and inequality (3.1) with

max{p2, θ2} ≤ min{q1, σ1} and λ = λ2, p = p2, θ = θ2; µ = µ1, q = q1, σ = σ1;

we get

A ≤ K2K3b
ν2
2 b

ν3
3 =

∥∥∥∥∥
∥∥∥∥∥∥∥Iα1,k1

0+ f
∥∥∥
LM

µ1
q1σ1

(0,b1)

∥∥∥∥
LM

λ2
p2θ2

(0,b2)

∥∥∥∥∥
LM

λ3
p3θ3

(0,b3)

.
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Finally, by Lemma 2.2 with

α = α1, k = k1; µ = µ1, q = q1, σ = σ1; λ = λ1, p = p1, θ = θ1; a = 0, b = b1

there exists K1 > 0 such that

A ≤ K1K2K3b
ν1
1 b

ν2
2 b

ν3
3 =

∥∥∥∥∥
∥∥∥∥‖f‖LMλ1

p1θ1
(0,b1)

∥∥∥∥
LM

λ1
p2θ2

(0,b2)

∥∥∥∥∥
LM

λ3
p3θ3

(0,b3)

.

Also, ∥∥∥∥∥
∥∥∥∥‖f‖LMλ1

p1θ1
(0,b1)

∥∥∥∥
LM

λ2
p2θ2

(0,b2)

∥∥∥∥∥
LM

λ3
p3θ3

(0,b3)

= ‖f‖LMλ
pθ(Q(0,b)).

Therefore, ∥∥∥Iα,k0+
f
∥∥∥←−−
LM

µ

qσ(Q(0,b))
≤ K1K2K3b

ν1
1 b

ν2
2 b

ν3
3 ‖f‖LMλ

pθ(Q(0,b)).

Step 2. Suppose that the operator Iα,k0+
is bounded from LMλ

p,θ(Q(0, b)) to
←−−
LMµ

q θ(Q(0, b)), so,
there exists K4(b) > 0 such that∥∥∥Iα,k0+

f
∥∥∥←−−
LM

µ

q,θ
(Q(0,b))

≤ K4(b) ‖f‖
LM

λ
pθ

(Q(0,b)
. (3.6)

Let f(x1, x2) = χ1(x1)χ2(x2)χ3(x3), where χi(xi) = χ
(
bi
2
,bi)

(xi), i = 1, 2, 3. Then

‖f‖
LM

λ
p θ

(Q(0,b))
= ‖χ1‖LMλ1

p1θ1,x1
(0,b1)
‖χ2‖LMλ2

p2θ2,x2
(0,b2)
‖χ3‖LMλ3

p3θ3,x3
(0,b)

,

where, as in Lemma 2.2,∥∥∥χ(
bi
2
,bi)

∥∥∥
LM

λi
piθi,xi

(
bi
2
,bi)
≤ 2

λ1− 1
p1 (λ1θ1)

− 1
θ1 b

1
p1
−λ1

1 , i = 1, 2, 3.

Therefore, we obtain the following upper estimate:

‖f‖LMλ
pθ(Q(0,b)) ≤ K5

3∏
i=1

b
1
pi
−λi

i , (3.7)

where

K5 =
3∏
i=1

2
λi− 1

pi (λiθi)
− i
θi .

By applying inequality (2.8) to the equality

∥∥∥Iα,k0+
f
∥∥∥←−−
LM

µ

qσ(Q(0,b))
=

3∏
i=1

∥∥∥Iαi,ki0+
χi

∥∥∥
LM

µi
qiσi(

bi
2
,bi)

,

we also get the lower estimate:

∥∥∥Iα,k0+
f
∥∥∥←−−
LM

µ

qσ(Q(0,b))
≥ K6

3∏
i=1

b
αi(ki+1)+ 1

qi
−µi

i , (3.8)
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where

K6 =
3∏
i=1

(ki + 1)−αi(Γ(αi + 1)−1(1− 2−(αi(ki+1)qi+1))
1
qi (αi(ki + 1)qi + 1)

− 1
qi (µiσi)

− 1
σi .

By using inequalities (3.6), (3.7) and (3.8), we get

K6

3∏
i=1

b
αi(ki+1)+ 1

qi
−µi

1 ≤ K4(b)K5

3∏
i=1

b
1
pi
−λi

i .

So,

K4(b) ≥ K6

K5

bν11 b
ν2
2 b

ν3
3 .

If for some i ∈ {1, 2, 3}, say for i = 1, inequality (3.4) holds with τ 6= ν1 replacing ν1, then

K6

K5

bν11 ≤ K4(b,1, 1) ≤ C1b
τ1
1

for all b1 > 0, which is impossible.
Thus, we obtain the required statements for n = 3. The case n > 3 is considered similarly.

Remark 2. For σ = θ =∞ Theorem 2.1 is an anisotropic version of Theorem 2.1 of [6].
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1 Introduction

A di�erential equation with a piecewise constant argument which is alternately advanced and re-
tarded (DEPCA) is expressed as:

x′(t) = f

(
t, x(t), x

(
p

[
t+ l

p

]))
, (1.1)

where [·] denotes the greatest integer function, f is a continuous function de�ned on R×R×R, and
p
[
t+l
p

]
is a piecewise constant function de�ned by

p
[
t+l
p

]
= kp for t ∈ [kp− l, (k + 1)p− l), k ∈ Z,

with p and l being positive constants satisfying p > l.
The deviation argument of DEPCA (1.1), de�ned as

℘(t) := t− p
[
t+l
p

]
is negative within the interval [kp − l, kp) and positive in [kp, (k + 1)p − l). This alternating sign
behavior classi�es DEPCA (1.1) as a di�erential equation of alternately advanced and retarded type.

DEPCAs represent a hybrid class of equations that combine characteristics of both discrete
dynamics and continuous systems. These equations are particularly relevant in modeling applications
in biomedical sciences and physical processes, as discussed in [6, 24] and further elaborated in
[16, 18, 19, 20, 27]. Moreover, extensive research has been conducted to investigate various properties
of DEPCAs. See, for example, [2, 3, 4, 5].
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Recent studies [1, 12, 14, 15, 17, 22, 26, 28, 29, 30, 31] have analyzed speci�c formulations of
DEPCAs.

Additionally, the works in [7, 8, 9, 10, 11] simpli�ed the problem of n-periodic solution solvability
into a system of n linear equations. Utilizing foundational principles of linear algebra, these studies
systematically identi�ed the conditions required for the existence of n-periodic solutions and provided
explicit methodologies for deriving these solutions.

In 2024, M.I. Muminov and T.A. Radjabov [11] investigated the conditions under which 2-periodic
solutions exist for �rst-order di�erential equations with piecewise constant delay:

T ′(t) = a(t)T (t) + b(t)T ([t]) + f(t).

They introduced a systematic method to identify 2-periodic solutions, clearly de�ned the requisite
existence criteria, and provided explicit solution formulas.

Subsequently, K.-S. Chiu and F. Cordova [23] explored the conditions for the existence of 4-
periodic solutions for �rst-order DEPCA (1.1) with the parameters p = 2 and l = 1.

To the best of our knowledge, only the two studies [11] and [23] have investigated the existence
of in�nitely many periodic solutions for DEPCA. However, neither has formulated detailed criteria
for identifying such solutions in di�erential equations with a general piecewise alternately advanced
and retarded argument.

This paper investigates a non-homogeneous di�erential equation with piecewise alternately ad-
vanced and retarded argument, given by:

y′(t) = a(t)y(t) + b(t)y

(
p

[
t+ l

p

])
+ g(t), t ∈ R, (1.2)

where the functions a(t), b(t), and g(t) are continuous and non-zero on R. The general framework
of this problem was previously analyzed in [13, 21], where the authors derived conditions ensuring
the existence of a solution and demonstrated a Gronwall-type integral inequality as a practical
application.

In this paper, we focus on establishing the conditions necessary for the existence of 2p-periodic so-
lutions to the initial value problem. An illustrative example is provided to demonstrate a case where
an in�nite number of 2p-periodic solutions exist, thereby o�ering new perspectives that complement
earlier studies on uniqueness for homogeneous cases.

2 Alternately advanced and retarded di�erential equation

A solution of DEPCA (1.2) is de�ned as follows. A function y is considered to be a solution of
DEPCA (1.2) on R if it satis�es the following criteria:

(i) y is continuous on R,

(ii) the derivative y′(t) exists at each t ∈ R, except possibly at points t = kp− l for k ∈ Z, where
one-sided derivatives are required to exist,

(iii) y satis�es DEPCA (1.2) within each interval
(
kp− l, (k+ 1)p− l

)
for k ∈ Z, and the equation

is satis�ed for the right-hand derivative at t = pk − l for k ∈ Z.
To determine a solution of DEPCA (1.2), we follow the integration methodology described in

[25]. By integrating equation (1.2), the solution can be expressed as:

y(t) = e
∫ t
p a(s)dsy(p) +

∫ t

p

b(s)y

(
p

[
s+ l

p

])
e
∫ t
s a(r)drds

+

∫ t

p

g(s)e
∫ t
s a(r)drds, t ∈ [p− l, 2p− l).
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We de�ne

λ (t, s) := e
∫ t
s a(r)dr +

∫ t

s

e
∫ t
u a(r)drb(u)du,

Ψ (t, s) =
λ
(
t, p
[
t+l
p

])
λ
(
s, p
[
s+l
p

]) [ t+lp ]∏
j=[ s+lp ]+1

λ (pj − l, p(j − 1))

λ (pj − l, pj)
, t ≥ s,

G(t, s) =

∫ t

s

e
∫ t
u a(κ)dκg(u)du,

where t, s ∈ [p− l,∞) , λ (pj − l, pj) 6= 0, j ∈ N.
The following theorem provides a representation formula for the solution to DEPCA (1.2) for

t > 0. The proof is similar to proofs of Theorem 2.1 in [13] and Theorem 2.2 in [21].

Theorem 2.1. If λ (pj − l, pj) 6= 0 for j ∈ N, then y(t) represents the unique solution to DEPCA
(1.2) for t ≥ p− l if and only if y(t) can be represented as

y(t) =Ψ (t, τ) y(τ) +

∫ p[(τ+l)/p]

τ

Ψ (t, τ)G(τ, s)ds

+

[(t+l)/p]−1∑
k=[(τ+l)/p]

∫ (k+1)p

kp

Ψ
(
t, (k + 1)p− l

)
G
(

(k + 1)p− l, s
)
ds

+G
(
t, p [(t+ l)/p]

)
.

(2.1)

Proof. First, we demonstrate that the function y(t) de�ned in (2.1) satis�es DEPCA (1.2). This can

be readily veri�ed using the relation dλ(t,s)
dt

= a(t)λ (t, s) + b(t), where s is �xed. Using the notation
introduced earlier, we proceed as follows:

dΨ (t, s)

dt
=
λ′
(
t, p
[
t+l
p

])
(
s, p
[
s+l
p

]) [ t+lp ]∏
j=[ s+lp ]+1

λ (pj − l, p(j − 1))

λ (pj − l, pj)

=
a(t)λ

(
t, p
[
t+l
p

])
+ b(t)

λ
(
s, p
[
s+l
p

]) [ t+lp ]∏
j=[ s+lp ]+1

λ (pj − l, p(j − 1))

λ (pj − l, pj)

= a(t)Ψ (t, s) + b(t)

λ
(
p
[
t+l
p

]
, p
[
t+l
p

])
λ
(
s, p
[
s+l
p

])
 [ t+lp ]∏

j=[ s+lp ]+1

λ (pj − l, p(j − 1))

λ (pj − l, pj)

= a(t)Ψ (t, s) + b(t)Ψ

(
p

[
t+ l

p

]
, s

)
, s < t.

Conversely, suppose that yi(t) is a solution to DEPCA (1.2) on the interval ip−l ≤ t < (i+1)p−l.
Then, it satis�es

y′i(t) = a(t)yi(t) + b(t)yi(ip) + g(t).

By de�ning G(t, u) =
∫ t
u
e
∫ t
s a(κ)dκg(s)ds, the solution of this equation on Ii = [ip− l, (i+ 1)p− l)

is expressed as:

yi(t) =

(
e
∫ t
ip a(s)ds +

∫ t

ip

e
∫ t
s a(κ)dκb(s)ds

)
yi(ip) +

∫ t

ip

e
∫ t
s a(κ)dκg(s)ds

= λ (t, ip) yi(ip) +G(t, ip).

(2.2)
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From (2.2), substituting t = ip− l and taking the limit as t→ (i+ 1)p− l−, we obtain

yi(ip) =

(
yi(ip− l)−G(ip− l, ip)

λ (ip− l, ip)

)
. (2.3)

Thus, based on (2.3), we deduce:

yi((i+ 1)p− l) =

(
λ((i+ 1)p− l, ip)
λ(ip− l, ip)

)(
yi(ip− l)−G(ip− l, ip)

)
+G((i+ 1)p− l, ip).

Similarly,

yi−1(ip− l) =

(
λ (ip− l, (i− 1)p)

λ (ip− l, (i− 1)p)

)(
yi−1((i− 1)p− l)−G((i− 1)p− l, (i− 1)p)

)
+G(ip− l, (i− 1)p), i ≥

[
τ + l

p

]
+ 2,

and as t→ p
([

τ+l
p

]
+ 1
)
− l−, we have

y

(
p

([
τ + l

p

]
+ 1

)
− l
)

=

λ
(
p
([

τ+l
p

]
+ 1
)
− l, p

[
τ+l
p

])
λ
(
τ, p
[
τ+l
p

])
(y(τ)−G

(
τ, p

[
τ + l

p

]))

+G

(
p

([
τ + l

p

]
+ 1

)
− l, p

[
τ + l

p

])
.

Applying the two previous relations, we obtain

yi((i+ 1)p− l) =

λ ((i+ 1)p− l, ip)

λ
(
τ, p
[
τ+l
p

])

 i∏
j=[ τ+lp ]+1

λ(jp− l, (j − 1)p)

λ(jp− l, jp)

 y(τ)

+
i∑

k=[ τ+lp ]+1

{(
λ ((i+ 1)p− l, ip)

λ ((k + 1)p− l, (k + 1)p)

)( i∏
j=k+2

λ(jp− l, (j − 1)p)

λ(jp− l, jp)

)
×

(
λ ((k + 1)p− l, kp)
λ (kp− l, kp)

(−G(kp− l, kp)) +G((k + 1)p− l, kp)
)}

+

(
λ ((i+ 1)p− l, ip)

λ ((k + 1)p− l, (k + 1)p)

) i∏
j=[ τ+lp ]+2

λ(jp− l, (j − 1)p)

λ(jp− l, jp)

×
λ

(
p
([

τ+l
p

]
+ 1
)
− l, p

[
τ+l
p

])
λ
(
τ, p
[
τ+l
p

]) (
−G

(
τ, p

[
τ + l

p

]))
+G

(
p

([
τ + l

p

]
+ 1

)
− l, p

[
τ + l

p

]) .
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Using the notation Ψ, we have for all i ≥
[
τ+l
p

]
+ 1:

yi((i+ 1)p− l) = Ψ ((i+ 1)p− l, τ) y(τ) +
i∑

k=[ τ+lp ]+1

[
Ψ ((i+ 1)p− l, kp− l) · (−G(kp− l, kp))

+ Ψ ((i+ 1)p− l, (k + 1)p− l) ·G((k + 1)p− l, kp)
]

+ Ψ ((i+ 1)p− l, τ) ·
(
−G

(
τ, p

[
τ + l

p

]))
+ Ψ

(
(i+ 1)p− l, p

([
τ + l

p

]
+ 1

)
− l
)
·G
(
p

([
τ + l

p

]
+ 1

)
− l, p

[
τ + l

p

])
.

In particular,

yi(ip− l) = Ψ (ip− l, τ) y(τ) +
i−1∑

k=[ τ+lp ]+1

[
Ψ (ip− l, kp− l) (−G(kp− l, kp))

+ Ψ (ip− l, (k + 1)p− l) ·G((k + 1)p− l, kp)
]

+ Ψ (ip− l, τ) ·
(
−Ψ

(
τ, p

[
τ + l

p

]))
+ Ψ

(
ip− l, p

([
τ + l

p

]
+ 1

)
− l
)
G

(
p

([
τ + l

p

]
+ 1

)
− l, p

[
τ + l

p

])
.

(2.4)

From equations (2.2), (2.3), and (2.4), it follows that:

yi(t) = λ (t, ip) yi(ip) +G(t, ip) =
λ (t, ip)

λ (ip− l, ip)
·Ψ (ip− l, τ) y(τ)

+
λ (t, ip)

λ (ip− l, ip)
·
[
Ψ (ip− l, τ) ·

(
−G

(
τ, p

[
τ + l

p

]))
+Ψ

(
ip− l, p

([
τ + l

p

]
+ 1

)
− l
)
·G
(
p

([
τ + l

p

]
+ 1

)
− l, p

[
τ + l

p

])]

+
λ (t, ip)

λ (ip− l, ip)
·

i−1∑
k=[ τ+lp ]+1

[
Ψ (ip− l, kp− l) · (−G(kp− l, kp))

+Ψ (ip− l, (k + 1)p− l) ·G((k + 1)p− l, kp)
]

− λ (t, ip)

λ (ip− l, ip)
G(ip− l, ip) +G(t, ip)

= Ψ (t, τ) y(τ) + Ψ (t, τ)

(
−G

(
τ, p

[
τ + l

p

]))
+Ψ(t, (i(τ) + 1)p− l)G

(
p

([
τ + l

p

]
+ 1

)
− l, p

[
τ + l

p

])

+
i−1∑

k=[ τ+lp ]+1

[
Ψ (t, kp− l) (−G(kp− l, kp)) + Ψ (t, (k + 1)p− l)G((k + 1)p− l, kp)

]
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− λ (t, ip)

λ (ip− l, ip)
G(ip− l, ip) +G(t, ip)

= Ψ (t, τ) y(τ) +G(t, ip) + Ψ (t, τ)

(
−G

(
τ, p

[
τ + l

p

]))
+Ψ

(
t, p

([
τ + l

p

]
+ 1

)
− l
)
G

(
p

([
τ + l

p

]
+ 1

)
− l, p

[
τ + l

p

])
+

i−1∑
k=[ τ+lp ]+1

[
Ψ (t, kp− l) (−G(kp− l, kp)) + Ψ (t, (k + 1)p− l)G((k + 1)p− l, kp)

]

− λ (t, ip)

λ (ip− l, ip)
G(ip− l, ip)

= Ψ (t, τ) y(τ) +

∫ i(τ)p

τ

Ψ (t, τ) e
∫ τ
s a(κ)dκg(s)ds

+

∫ p([ τ+lp ]+1)−l

p[ τ+lp ]
Ψ

(
t, p

([
τ + l

p

]
+ 1

)
− l
)
e
∫ p([ τ+lp ]+1)−l
s a(κ)dκg(s)ds

+
∑k=i

k=i(τ)+1

(∫ kp

kp−l
Ψ (t, kp− l) e

∫ kp−l
s a(κ)dκg(s)ds

)

+
∑k=i−1

k=i(τ)+1

(∫ (k+1)p−l

kp

Ψ (t, (k + 1)p− l) e
∫ (k+1)p−l
s a(κ)dκg(s)ds

)

+

∫ t

ip

e
∫ t
s a(κ)dκg(s)ds

= Ψ (t, τ) y(τ) +

∫ p[ τ+lp ]

τ

Ψ (t, τ) e
∫ τ
s a(κ)dκg(s)ds

+
∑k=[ t+lp ]−1

k=[ τ+lp ]

(∫ (k+1)·p

kp

Ψ (t, (k + 1) · p− l) e
∫ (k+1)·p−l
s a(κ)dκg(s)ds

)

+

∫ t

ip

e
∫ t
s a(κ)dκg(s)ds.

From this, equality (2.1) follows.
If g(t) = 0 in (2.1), we obtain the solution to linear DEPCA (1.2), given by y(t) = Ψ (t, τ) y(τ).

3 Existence of in�nitely many periodic solutions

In this section, we propose an approach to identify 2p-periodic solutions to DEPCA (1.2), assuming
that the functions a(·), b(·), and g(·) are continuous on the interval [p− l,∞) and exhibit 2p-periodic
characteristics.

Assuming that y(t) satis�es DEPCA (1.2) within the interval kp−l ≤ t < (k+1)p−l, integrating
DEPCA (1.2) yields the solution of the following form:

y(t) = e
∫ t
kp a(s)dsy(kp) +

∫ t

kp

b(s)y

(
p

[
s+ l

p

])
e
∫ t
s a(r)drds+

∫ t

kp

g(s)e
∫ t
s a(r)drds

=

(
e
∫ t
kp a(s)ds +

∫ t

kp

b(s)e
∫ t
s a(r)drds

)
y(kp) +

∫ t

kp

g(s)e
∫ t
s a(r)drds.
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Using the notations λ(t, s), and G(t, s), the solution y(t) is expressed as:

y(t) = λ(t, kp)y(kp) +G(t, kp), kp− l ≤ t < (k + 1)p− l.

From the above, by setting t = kp− l, we derive:

y(kp) =
y(kp− l)−G(kp− l, kp)

λ(kp− l, kp)
.

Substituting this result back, we obtain:

y(t) =
λ(t, kp)

λ(kp− l, kp)

(
y(kp− l)−G(kp− l, kp)

)
+G(t, kp).

Assuming that y(t) is 2p-periodic on the interval [p − l,∞), the function y(t) on [p − l, 3p − l)
can be represented as:

y(t) =


λ(t,p)
λ(p−l,p)

(
y(p− l)−G(p− l, p)

)
+G(t, p), t ∈ [p− l, 2p− l),

λ(t,2p)
λ(2p−l,2p)

(
y(2p− l)−G(2p− l, 2p)

)
+G(t, 2p), t ∈ [2p− l, 3p− l).

(3.1)

This formulation highlights that the expressions on the right-hand side of (3.1) rely exclusively
on the values of the unknowns yp−l = y(p − l) and y2p−l = y(2p − l). By leveraging the continuity
of y(·), these unknowns can be de�ned as follows:

(i) y2p−l = y(2p− l) = lim
t→2p−l−

y(t), where t ∈ [p− l, 2p− l),

(ii) y3p−l = y(3p− l) = lim
t→3p−l−

y(t), where t ∈ [2p− l, 3p− l).

Given the continuity and periodicity of y(·), it follows that y(p − l) = y(3p − l). To determine
yp−l = y3p−l from (3.1), we obtain the following system of equations:{

λ(2p−l,p)
λ(p−l,p) y(p− l)− y(2p− l) = λ(2p−l,p)

λ(p−l,p) G(p− l, p)−G(2p− l, p),
y(p− l)− λ(3p−l,4)

λ(2p−l,2p)y(2p− l) = −λ(3p−l,2p)
λ(2p−l,2p)G(2p− l, 2p) +G(3p− l, 2p).

(3.2)

Let ∆ denote the determinant of the matrixM, where

M =

(
λ(2p−l,p)
λ(p−l,p) −1

1 −λ(3p−l,2p)
λ(2p−l,2p)

)
.

Using this, we establish the following theorem regarding the existence of 2p-periodic solutions to
DEPCA (1.2).

Theorem 3.1. Let a(·), b(·), and g(·) be 2p-periodic continuous functions. The following results
hold.

(a) If ∆ 6= 0, DEPCA (1.2) has a unique 2p-periodic solution, as given in (3.1), where (yp−l, y2p−l)
represents the sole solution of the system (3.2).



In�nitely many periodic solutions to DEPCAs 40

(b) If ∆ = 0 and G(p − l, p) = G(2p − l, p) = G(2p − l, 2p) = G(3p − l, 2p) = 0, DEPCA (1.2)
admits an in�nite number of 2p-periodic solutions, as described below:

y(t) =

 α λ(t,p)
λ(p−l,p)

(
y(p− l)−G(p− l, p)

)
+G(t, p), t ∈ [p− l, 2p− l),

α λ(t,2p)
λ(2p−l,2p)

(
y(2p− l)−G(2p− l, 2p)

)
+G(t, 2p), t ∈ [2p− l, 3p− l).

Here, (yp−l, y2p−l) represents an eigenvector of M corresponding to the eigenvalue 0, and α
denotes a real-valued scalar.

(c) If ∆ = 0 and the rankM is less than the rank of the augmented matrix (M|b), where

b =

(
λ(2p−l,p)
λ(p−l,p) G(p− l, p)−G(2p− l, p),

−λ(3p−l,2p)
λ(2p−l,2p)G(2p− l, 2p) +G(3p− l, 2p)

)
,

then DEPCA (1.2) does not possess a 2p-periodic solution.

Proof. (a) Assume y(t) is a 2p-periodic solution to DEPCA (1.2). This solution can be charac-
terized by (3.1), where (yp−l, y2p−l) satis�es the system (3.2). The solvability of linear system
(3.2) requires that ∆ 6= 0. Consequently, ∆ 6= 0 must hold. Conversely, when ∆ 6= 0, DEPCA
(3.2) admits a unique solution (yp−l, y2p−l). Furthermore, it can be demonstrated that the
function y(·), de�ned in (3.1), represents the periodic solution to DEPCA (1.2).

(b) The function G assumes a value of zero at the points (p − l, p), (2p − l, p), (2p − l, 2p), and
(3p − l, 2p). Consequently, equation (3.2) simpli�es into a homogeneous form. A non-trivial
solution to this equation exists if and only if ∆ = 0.

The pair of non-zero solutions (yp−l, y2p−l) serves as an eigenvector ofM corresponding to the
eigenvalue 0. Thus, (αyp−l, αy2p−l) represents a non-trivial solution to equation (3.2), where α
denotes an arbitrary non-zero scalar. Accordingly, the 2p-periodic function is expressed as:

y(t) =

 α λ(t,p)
λ(p−l,p)

(
y(p− l)−G(p− l, p)

)
+G(t, p), t ∈ [p− l, 2p− l),

α λ(t,2p)
λ(2p−l,2p)

(
y(2p− l)−G(2p− l, 2p)

)
+G(t, 2p), t ∈ [2p− l, 3p− l).

This function satis�es DEPCA (1.2), where α can take any value.

(c) If ∆ = 0 and the rank of M is strictly less than the rank of the augmented matrix (M| b),
where

b =

(
λ(2p−l,p)
λ(p−l,p) G(p− l, p)−G(2p− l, p)

−λ(3p−l,2p)
λ(2p−l,2p)G(2p− l, 2p) +G(3p− l, 2p)

)
,

then equation (3.2) does not admit a solution. As a result, DEPCA (1.2) cannot have a
2p-periodic solution.

4 Illustrative example

In this section, we provide a pertinent example to demonstrate the practical application of our
theoretical framework. Speci�cally, we consider the following scalar di�erential equation involving a
piecewise alternately advanced and retarded argument
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y′(t) = sin (2πt) y

(
3

[
t+ 1

3

])
+ g(t), t ≥ 2. (4.1)

DEPCA (4.1) represents a particular case of DEPCA (1.2), speci�ed by the parameters p = 2, l = 1,
a = 0, b(t) = sin (2πt) with

g(t) =

{
sin
(
t−2.5−3k

π

)
, t ∈ [2 + 3k, 3 + 3k) ,

−
(

sin(0.5·π−1)
sin(π−1)

)
sin
(
t−4−3k

π

)
, t ∈ [3 + 3k, 5 + 3k) ,

for k ∈ N0.
It can be readily veri�ed that G(2, 3) = G(5, 3) = G(5, 6) = G(8, 6) = 0. The matrix associated

with the linear system of equations involving the variables y2 and y5 is given as follows:

M =

(
λ(5,3)
λ(2,3)

−1

1 −λ(8,6)
λ(5,6)

)
=

(
−1 −1
1 1

)
.

The determinantM is zero and vector (1, 1) serves as an eigenvector ofM corresponding to the
eigenvalue 0. According to Theorem 3.1(b), the solution to DEPCA is given by

yα(t) =


αλ(t, 3)y(2) + ĝ1(t), t ∈ [2, 3),
αλ(t, 3)y(2)− ĝ2(t), t ∈ [3, 5),
αλ(t, 6)y(5) + ĝ3(t), t ∈ [5, 6),
αλ(t, 6)y(5)− ĝ4(t), t ∈ [6, 8),

where

ĝ1(t) = π

(
− cos

(
t− 2.5

π

)
+ cos

(
−0.5

π

))
,

ĝ2(t) =

(
sin(0.5 · π−1)π

sin(π−1)

)(
− cos

(
t− 4

π

)
+ cos

(
−1

π

))
,

ĝ3(t) = π

(
− cos

(
t− 5.5

π

)
+ cos

(
−0.5

π

))
,

ĝ4(t) =

(
sin(0.5 · π−1)π

sin(π−1)

)(
− cos

(
t− 7

π

)
+ cos

(
−1

π

))
.

This solution is 6-periodic for any non-zero value of α.
The graphs of yα(t) for α = 0.7 and α = −0.5 are presented in Figure 1 and Figure 2, respectively.

Fig. 1. 6-periodic solution to DEPCA (4.1) if α = 0.7.
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Fig. 2. 6-periodic solution to DEPCA (4.1) if α = −0.5.

It is worth highlighting that the parameters of the equation in this example conform to the
conditions outlined in the main results of [12]. Moreover, Example 4.1 extends and enhances the
conclusions of Theorem 4.4 in [12], which establishes the uniqueness of the solution to the DEPCA
(1.2).

5 Conclusion

This article examines the presence of in�nitely many periodic solutions to �rst-order di�erential
equations characterized by piecewise alternately advanced and retarded argument. Several theo-
rems have been developed to establish both the existence and uniqueness of solutions to DEPCAs
of this nature. Drawing inspiration from the methodologies in [11, 23], we have identi�ed su�cient
conditions ensuring the existence of in�nitely many periodic solutions under the appropriate assump-
tions. Additionally, a range of numerical examples and simulations are provided to demonstrate the
practical relevance and applicability of the theoretical results.
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Abstract. The paper studies the spread of waves along the star graph. The continuation of the
initial data from the graph edges for the entire numerical axis allows to represent an analogue of the
d'Alembert formula for waves on the star graph. At the same time, the continuation of the initial
data is closely related to the continuation of the system of its eigenfunctions of the Sturm-Liouville
problem originally de�ned on the star graph. The continuation of the eigenfunctions de�ned on
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1 Statement of the main result

Let Γ = {V,E} be a star graph. Here V is a set of vertices and E is a set of edges. The vertices
are numerated by integer numbers from 0 to m+ 1. The interior vertex corresponds to the number
m + 1. The directed edges are denoted by e1, ..., em+1, with j corresponding to the vertex of edge
ej. The length of the edge ej is denoted by bj.

On each edge ej of the star graph Γ we study the initial boundary value problem (IBVP) for the
wave equation with the individual continuous potential qj(xj)

∂2θj(xj, t)

∂t2
=
∂2θj(xj, t)

∂x2
j

− qj(xj)θj(xj, t), t > 0, xj ∈ ej (1.1)

with the initial conditions

θj(xj, 0) = aj(xj),
∂θj(xj, 0)

∂t
= bj(xj), (1.2)

matching conditions
θ1(0, t) = θ2(0, t) = ... = θm(0, t) = θm+1(bm+1, t), (1.3)

∂θm+1(bm+1, t)

∂xm+1

=
m∑
j=1

∂θj(0, t)

∂xj
(1.4)

at the interior vertices of the star graph, and the Dirichlet boundary conditions

θ1(b1, t) = θ2(b2, t) = ... = θm(bm, t) = θm+1(0, t) (1.5)
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at the boundary vertices. So, one IBVP (1.3) - (1.5) corresponds to the each edge ej of the star
graph Γ.

The goal of this work is to establish an analogue of the d'Alembert formula for the mixed problem
(1.3) - (1.5). In the simplest case of a graph, representing a sequential connection of four intervals,
such a formula is presented in [1].

We invoke some constructions from the monograph [1] for the statement of the main result. We
extend the continuous function qj(xj) from (0, bj) with j = 1, ...,m + 1 continuously to the entire
real axis. So, we consider the following Goursat problem

∂2wj(xj, t, s)

∂t2
=
∂2wj(xj, t, s)

∂s2
− qj(s)wj(xj, t, s), t > 0, s ∈ R,

wj(xj, t, t+ xj) = −1

2

t∫
0

qj(τ + xj)dτ,

wj(xj, t, xj − t) = −1

2

t∫
0

qj(xj − τ)dτ

for j = 1, ...,m+ 1. The Goursat problem has a unique solution wj(xj, t, s).

Now we exploit an assumption that ensures the simplicity of the spectrum for eigenvalue problem
(2.1) - (2.4).

Assumption 1.1. The lengths b1, ..., bm+1 of the edges e1, ..., em+1 and the potentials qj(xj), j =
1, ...,m + 1 are chosen such that the spectra of the Sturm-Liouville operators Lj do not intersect
pairwise. The operator Lj is de�ned by the di�erential expression:
d2

dx2
− qj(xj) on the domain D(Lj) = {y(xj) ∈ W 2

2 [0, bj] : y(bj) = y(0) = 0}.

We note that such a choice is always possible.

We state the main result of the work. We establish an existence and uniqueness of the solution to
problem (1.1) - (1.5) on the star graph in the following theorem. Moreover, we present an analogue of
the d'Alembert formula for the solution to the initial boundary value problem for the wave equation
on the star graph.

Theorem 1.1. Suppose that the potentials qj(xj) for j = 1, ...,m+1 represent a set of real continuous
functions. Let Assumption 1.1 also be satis�ed. We assume that the initial functions aj(xj), bj(xj),
j = 1, ...,m+1 are twice continuously di�erentiable on the corresponding edges and satisfy conditions
(1.2).

Then, the solution to problem (1.1) - (1.5) exists and is unique. Moreover, for the solution, an
analogue of the d'Alembert formula holds and for bj(xj) ≡ 0, j = 1, ...,m + 1 the solution can be
represented as follows

θj(xj, t) =
1

2
ãj(xj + t) +

1

2
ãj(xj − t) +

1

2

xj+t∫
xj−t

wj(xj, t, s)ãj(s)ds.

Here ãj(s) is the special continuation of the function ãj(xj) from the interval (0, bj) to the entire
real axis. The details of this continuation are given in the proof of Theorem 1.1.

We note that qj(xj) ≡ 0 implies that wj(xj, t, s) ≡ 0.
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2 Proof of Theorem 1.1

It is su�cient to prove Theorem 1.1 for bj(xj) ≡ 0 with j = 0, 1, ...,m + 1. To state and prove
Theorem 1.1 for nontrivial bj(xj), we invoke the standard procedure from [3]. Now we state the
following eigenvalue problem

lj(yj) ≡ −y′′j (xj) + qj(xj)yj(xj) = λyj(xj), xj ∈ ej (2.1)

with the following Dirichlet boundary conditions

y1(b1) = y2(b2) = ... = ym(bm) = ym+1(0) = 0 (2.2)

at the boundary vertices of the star graph and the following matching conditions

y1(0) = y2(0) = ... = ym(0) = ym+1(bm+1) (2.3)

and

y′m+1(bm+1) =
m∑
j=1

y′j(0) (2.4)

at the interior vertices of the star graph. The spectral properties of eigenvalue problem (2.1) - (2.4)
are essential to prove Theorem 1.1.

We state some notations and auxiliary facts related to eigenvalue problem (2.1)-(2.4) in Appendix
1. In particular, Appendix 1 proves that if Assumption 1.1 holds, then all the eigenvalues of problem
(2.1) - (2.4) are simple, even if the potentials qj(xj) with j = 1, ...,m + 1 are complex-valued
continuous functions. If the potentials qj(xj) are real continuous functions, then all the eigenvalues
are real, and the corresponding system of eigenfunctions forms an orthogonal basis in the space
L2(Γ).

We denote by λk, where k ∈ N, the sequence of eigenvalues of problem (2.1) - (2.4). Hence,
λk 6= λs if k 6= s by Lemma 3.1 from Appendix 1. The corresponding system of eigenfunctions can
be written as follows

~Φ(~x, λk) = {(ϕ1(x1, λk), ..., ϕm+1(xm+1, λk))
T , k ≥ 1}.

Now we expand the initial function

~A(~x) = (a1(x1), ..., am+1(xm+1))T

in terms of the system of eigenfunctions of problem (2.1) - (2.4) to the following series

aj(xj) =
∞∑
k=1

cjk ϕj(xj, λk), (2.5)

where

cjk =

bj∫
0

aj(xj)ϕ
+
j (xj, λk)dxj

bj∫
0

ϕj(xj, λk)ϕ
+
j (xj, λk)dxj

.

Since the smooth function ~A(~x) satis�es all conditions (2.2), (2.3) and (2.4), series (2.5) converges
absolutely and uniformly on the graph Γ.
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We seek the solution of problem (1.1) - (1.5) in the following form

θj(xj) =
∞∑
k=1

djk(t)ϕj(xj, λk). (2.6)

In a standard way, we �nd that
djk(t) = cjk cos

√
λkt.

In the next lemma we give the representation of the solution of problem (1.1) - (1.5) in terms of the
special extension of the eigenfunctions.

Lemma 2.1. The following formula

cos
√
λkt ϕj(xj, λk) = ϕ̃j(xj + t, λk) + ϕ̃j(xj − t, λk) +

xj+t∫
xj−t

wj(xj, t, s)ϕ̃j(s, λk)ds

holds for t > 0 and xj ∈ ej, where ϕ̃j(xj, λk) is the special extension of the function ϕj(xj, λk) from
the interval ej to the entire real axis.

Proof. In fact, the potential qj(xj) is de�ned only on the edge ej. We extend the potential qj(xj)
to the entire real axis, preserving its class but otherwise arbitrarily. The function ϕj(xj, λk) (j =
1, ...,m+ 1) is the solution of the homogeneous equation

−ϕ′′j (xj) + qj(xj)ϕj(xj) = λkϕj(xj), xj ∈ ej (j = 1, ...,m+ 1)

with Cauchy conditions at xj = bj

ϕj(bj, λk) = 0, ϕ′j(bj, λk) = 1. (2.7)

Let ϑj(x, t) = 2 cos
√
λktϕj(x, λk) for x ∈ ej, t > 0. We note that ϑj(x, t) is the solution of the

mixed problem
∂2ϑj(x, t)

∂t2
=
∂2ϑj(x, t)

∂x2
− qj(xj)ϑj(x, t), (2.8)

ϑj(x, 0) = 2ϕj(x, λk),
∂ϑj(x, 0)

∂t
= 0, (2.9)

ϑj(0, t) = 2 cos
√
λktϕj(0, λk), ϑj(bj, t) = 0. (2.10)

Invoking the results of the monograph [2], we write the solution to the mixed problem (2.8), (2.9),
(2.10) as follows

ϑj(x, t) = ϕ̃j(x+ t, λk) + ϕ̃j(x− t, λk) +

xj+t∫
xj−t

wj(x, t, s)ϕ̃j(s, λk)ds. (2.11)

Here, wj(x, t, s) can be uniquely constructed from the function qj(x), x ∈ R, as the solution of the
Goursat problem

∂2wj
∂t2

=
∂2wj
∂s2

− qj(s)wj,

wj(x, t, x+ t) = −1

2

t∫
0

qj(x+ τ)dτ,
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wj(x, t, x− t) = −1

2

t∫
0

qj(x− τ)dτ.

Let us clarify how the continuation of the function ϕ̃j(x, λk) initially de�ned as ϕj(x, λk) on x ∈
ej = (0, bj) is extended to the entire real axis.

Substitution of representation (2.11) into the �rst of conditions (2.10) leads us to the following
equality

2 cos
√
λktϕj(0, λk) = ϕj(t, λk) +

t∫
0

wj(0, t, s)ϕj(s, λk)ds

+ ϕ̃j(−t, λk) +

0∫
−t

wj(0, t, s)ϕ̃j(s, λk)ds.

For 0 ≤ t ≤ bj, this equality implies that

ϕ̃j(−t, λk) +

0∫
−t

wj(0, t, s)ϕ̃j(s, λk)ds = Fj(t), (2.12)

where

Fj(t) = 2 cos
√
λktϕj(0, λk)− ϕj(t, λk)−

t∫
0

wj(0, t, s)ϕj(s, λk)ds.

In [2] it is shown that such an extension of the function ϕj(xj, λk) belongs to the space C2[−bj, bj].
Applying the second of boundary condition (2.9), we extend the function ϕj(xj, λk) to the interval

(bj, 2bj). Therefore, the substitution of (2.10) into the second of conditions (2.9) gives the following
integral equation

ϕ̃j(bj + t, λk) +

bj+t∫
0

wj(bj, t, s)ϕ̃j(s, λk)ds = Rj(t) (2.13)

for 0 ≤ t ≤ bj, where

Rj(t) = −ϕj(bj − t, λk) +

0∫
bj−t

wj(bj, t, s)ϕj(s, λk)ds (j = 1, ...,m+ 1).

The extension of ϕj(xj, λk) from the interval (0, bj) to the interval (bj, 2bj) belongs to C2(0, 2bj).
Integral equations (2.11) and (2.12) allow the function ϕj(xj, λk) to be extended to the entire real
axis.

Representation (2.6), relation (2.5) and Lemma 2.1 allow us to express the desired solution as
follows

θj(xj, t) = ãj(xj + t) + ãj(xj − t) +

xj+t∫
xj−t

wj(xj, t, s)ãj(s)ds

for j = 1, ...,m+ 1, where ãj(ξj) is the extension of aj(xj) from the interval (0, bj) to the entire real
axis, realized by the formula

ãj(ξj) =
∞∑
k=1

cjkϕ̃(ξk, λk), ξj ∈ (−∞,∞).
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3 Appendix 1. Spectral properties of problem (2.1) - (2.4)

In this appendix, we state the spectral properties of problem (2.1) - (2.4) that are necessary to prove
Theorem 1.1. In the absence of potentials q1(x1) ≡ 0, ..., qm+1(xm+1) ≡ 0, the spectral properties
can be found in the work of N.P. Bondarenko [4]. In the case of real potentials q1, ..., qm+1, problem
(2.1) - (2.4) is self-adjoint in the function space L2(Γ). Therefore, its spectrum consists of real
eigenvalues and the corresponding system of eigenfunctions forms an orthogonal basis in the space
L2(Γ). We establish conditions under which problem (2.1) - (2.4) has only simple eigenvalues. In
our considerations, the potentials q1(·) ≡ 0, ..., qm+1(·) ≡ 0 may represent complex-valued continuous
functions.

We denote by ϕj(xj, λ) the solution of the homogeneous equation lj(ϕj) = λϕj with xj ∈ ej =
(0, bj) that satisfy the Cauchy conditions

ϕj(bj, λ) = 0, ϕ′j(bj, λ) = 1

at xj = bj for j = 1, ...,m. Assumption 1.1 implies that the values ϕ1(0, λ), ..., ϕm(0, λ) do not vanish
for all complex values of the spectral parameter λ.

We also introduce the system of functions ψ1(xj, λ) = Bjϕ1(xj, λ), xj ∈ ej. The numbers
B1, ..., Bm are chosen so that condition (2.3) is satis�ed

Bj = Bm+1

m∏
i=1
i 6=j

ϕj(0, λ),

where Bm+1 is a common constant for all indices j = 1, 2, ...,m. The value of Bm+1 may depend on
the spectral parameter λ, but does not depend on xm+1 ∈ em+1.
Now we denote by ϕm+1(xm+1, λ) the solution of the homogeneous equation lm+1(ϕm+1) =
λϕm+1(xm+1, λ) for xm+1 ∈ (0, bm+1) which at the point xm+1 = bm+1 satis�es the following condi-
tions

ϕm+1(bm+1, λ) =
m∏
i=1

ϕj(0, λ),

ϕ′m+1(bm+1, λ) =
m∑
i=1

m∏
s=1
s 6=i

ϕs(0, λ)ϕ′i(0, x).

Therefore, we can write the following relation

ϕm+1(xm+1, λ) = ϕm+1(bm+1, λ)cm+1(xm+1, λ) + ϕ′m+1(bm+1, λ)sm+1(xm+1, λ)

for all xm+1 ∈ (0, bm+1). Here, cm+1(xm+1, λ) and sm+1(xm+1, λ) form a fundamental system of
solutions of the homogeneous equation lm+1(ym+1) = λym+1(xm+1, λ), xm+1 ∈ em+1 with the Cauchy
conditions

sm+1(bm+1, λ) = c′m+1(bm+1, λ) = 0

and
s′m+1(bm+1, λ) = cm+1(bm+1, λ) = 1

at xm+1 = bm+1.
We note that the function ϕm+1(xm+1, λ) is an entire function of the spectral parameter λ for all

�xed xm+1 ∈ [0, bm+1]. The characteristic determinant of the eigenvalue problem (2.1) - (2.4) has
the following form

∆(λ) ≡ ϕm+1(0, λ), λ ∈ C.
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Lemma 3.1. The characteristic determinant ∆(λ) has only simple zeros.

Proof. Let λ, µ ∈ C. We denote by l+j (y) = −y′′(xj) + qj(xj)yj(xj), xj ∈ ej the formally adjoint
di�erential expression to lj(·).

We consider the following di�erence

R =
m+1∑
j=1

( bj∫
0

lj(ϕj(xj, λ))ϕ+
j (xj, µ)dxj −

bj∫
0

ϕj(xj, λ)l+j (ϕ+
j (xj, µ))dxj

)
,

where the functions ϕ+
j (xj, µ), j = 1, ...,m + 1, are the solutions of the homogeneous equations

l+j (ϕ+
j (xj, µ)) = µϕ+

j (xj, µ), and their construction is analogous to the construction of ϕj(x, λ), j =
1, ...,m+1. The characteristic determinant of the adjoint problem is ∆+(µ) = ϕ+

m+1(0, µ). Applying
the Lagrange formula [5] and Cauchy conditions (2.7) to the di�erence R, we obtain

R =
m+1∑
j=1

( d

dxj
ϕj(xj, λ)ϕ+

j (xj, µ)− ϕj(xj, λ)
dϕ+

j (xj, µ)

dxj

)∣∣∣xj=bj−0

xj=0

=
dϕm+1(bm+1, λ)

dxm+1

ϕ+
m+1(bm+1, µ)− ϕm+1(bm+1, λ)

dϕ+
m+1(bm+1, µ)

dxm+1

−
m∑
j=1

dϕj(0, λ)

dxj
ϕ+
m+1(bm+1, µ) + ϕm+1(bm+1, λ)

m∑
j=1

dϕ+
j (0, µ)

dxj

−dϕm+1(0, λ)

dxm+1

ϕ+
m+1(0, µ) + ϕm+1(0, λ)

dϕ+
m+1(0, µ)

dxm+1

= ∆(λ)
dϕ+

m+1(0, µ)

dxm+1

− dϕm+1(0, λ)

dxm+1

∆+(µ).

On the other hand, we have the following equality

R = (λ− µ)
m+1∑
j=1

bj∫
0

ϕ(xj, λ)ϕ+
j (xj, µ)dxj.

As a result, we obtain the identity

m+1∑
j=1

∫ bj

0

ϕ(xj, λ)ϕ+
j (xj, µ)dxj =

=
1

λ− µ

(
∆(λ)

dϕ+
m+1(0, µ)

dxm+1

− dϕm+1(0, λ)

dxm+1

∆+(µ)
)
.

Let λ = λ0 be an arbitrary eigenvalue of the problem (2.1) - (2.4). Then ∆(λ0) = 0. Thus, the
following equality

m+1∑
j=1

bj∫
0

ϕ(xj, λ)ϕ+
j (xj, µ)dxj = − 1

λ0 − µ
∆+(µ)

dϕm+1(0, λ0)

dxm+1
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holds. Now, let µ→ λ0. This equality implies the limiting relation

m+1∑
j=1

bj∫
0

ϕ(xj, λ)ϕ+
j (xj, µ)dxj =

d∆+(λ0)

dµ
· dϕm+1(0, λ0)

dxm+1

.

The results of monograph [6] imply that λ0 is an eigenvalue of the adjoint problem, and ϕ+
j (xj, λ0)

is the eigenfunction corresponding to the eigenvalue λ0. Moreover,
m+1∑
j=1

bj∫
0

ϕ(xj, λ0)ϕ+
j (xj, µ)dxj 6= 0.

Hence, we get d∆+(λ0)
dµ

· dϕm+1(0,λ0)
dxm+1

6= 0. We observe that dϕm+1(0,λ0)
dxm+1

6= 0, since ϕm+1(bm+1, λ0) = 0.
Otherwise, this would contradict Assumption 1.1. Therefore, it follows that

d∆+(λ0)

dµ
6= 0.

Hence, the eigenvalue λ0 of the adjoint problem is simple. Consequently, the eigenvalue of original
problem (2.1) - (2.4) must also be simple.

Corollary 3.1. If λ0 is an eigenvalue of problem (2.1) - (2.4), then the corresponding eigenfunction
has the follwing form

~Φ(λ0) = (ϕ1(x1, λ0), ϕ2(x2, λ0), ..., ϕm+1(xm+1, λ0))

and none of the components of ~Φ(λ0) can be identically zero.
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1 Introduction

Let γ be a closed recti�able Jordan curve in the complex plane C, and let D+ and D− be the interior
and exterior domains bounded by γ, respectively.

The classical theory of the logarithmic double layer potential

1

2π

∫
γ

g(t)
∂

∂nt

(
ln

1

|t− z|

)
dst ∀ z ∈ D± (1.1)

is developed in the case in which the integration curve γ is a Lyapunov curve (see, for example,
J. Plemelj [23]). Here nt and st denote the unit vector of the outward normal to the curve γ at a
point t ∈ γ and an arc coordinate of this point, respectively, and the integral density g : γ → R
takes values in the set of real numbers R.

J. Radon [26] established the continuous extension of the logarithmic double layer potential from
the domains D+ and D− to the boundary γ in the case in which γ is a curve of bounded rotation,
i.e., a curve for which the angle between the tangent to the curve and a �xed direction is a function
of bounded variation. It is known that the class of Lyapunov curves and the class of Radon curves
of bounded rotation are di�erent, i.e., each of them contains curves that do not belong to the other
class (see, for example, I.I. Danilyuk [4, p. 26]).

J. Kr�al [19] established a necessary and su�cient condition for the curve γ, under which the
logarithmic double layer potential is continuously extended from the domains D+ and D− to the
boundary γ for all continuous functions g : γ → R.

The logarithmic double layer potential (1.1) is the real part of the Cauchy-type integral (see, for
example, F.D. Gakhov [8], N.I. Muskhelishvili [20])

g̃(z) :=
1

2πi

∫
γ

g(t)

t− z
dt ∀ z ∈ D± . (1.2)
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The theory of the boundary properties of the integral in (1.2) is presented in the monographs by
F.D. Gakhov [8] and N.I. Muskhelishvili [20] under the classical assumptions about the smoothness
of the integration curve and the H�older density of the integral. In the papers of N.A. Davydov [6],
V.V. Salaev [27], T.S. Salimov [28], E.M. Dyn'kin [7], O.F. Gerus [9, 11], the theory of the Cauchy-
type integral and the Cauchy singular integral is developed on an arbitrary recti�able Jordan curve
in classes that are more general than the H�older class of the integral density, which are de�ned, as
a rule, in terms of the modulus of continuity of the function g.

In the paper of O.F. Gerus and M. Shapiro [12], an analog of the Davydov theorem [6] is proved
for an appropriate Cauchy-type integral along an arbitrary recti�able Jordan curve in R2, which
takes values in the algebra of quaternions. This result is applied in the paper of O.F. Gerus and
M. Shapiro [13] to establish su�cient conditions for the continuous extension to the boundary of
a domain of metaharmonic potentials, a partial case of which is logarithmic double layer potential
(1.1).

At the same time, the results mentioned above about the continuous extension of the logarithmic
double layer potential to the boundary of a domain, which are contained in papers [23, 26, 19], are
valid for arbitrary continuous functions g. It is linked to the fact that the real part of the Schwartz
integral, i.e. the Poisson integral, is continuously extended to the boundary of the unit disk for an
arbitrary continuous integral density, while the continuous extension of the imaginary part of the
Schwartz integral requires additional assumptions about the integral density.

The purpose of this paper is to establish general results about the continuous extension of the
real part of the Cauchy-type integral with a real-valued integral density, which are usable for the
cases in which the classical results of papers [23, 26, 19] as well as the corresponding result of paper
[13] are not applicable, generally speaking.

2 Preliminary information

In what follows, a closed recti�able Jordan curve γ satis�es the condition (see V.V. Salaev [27])

θ(ε) := sup
ξ∈γ

θξ(ε) = O(ε), ε→ 0 , (2.1)

where θξ(ε) := meas γε(ξ), γε(ξ) := {t ∈ γ : |t − ξ| ≤ ε} and meas denotes the linear Lebesgue
measure on γ. Curves satisfying condition (2.1) are important in solving various problems (see,
for example, V.V. Salaev [27], L. Ahlfors [1], G. David [5], C. Pommerenke [24], A. B�ottcher and
Y.I. Karlovich [2]). Such curves are often called regular (see, for example, [5]) or Ahlfors-regular
(see, for example, [24]), or Carleson curves (see, for example, [2]).

It is well known that a closed recti�able Jordan curve γ has a tangent at almost all points t ∈ γ.
For such a point t ∈ γ we denote by ϑt the angle between the tangent to the curve γ at this point
and the direction of the real axis. J. Radon [26] called γ a curve of bounded rotation if the angle ϑt
is a function of bounded variation on γ.

This implies that for a curve γ of bounded rotation, the angle ϑt can have at most a countable
set of discontinuity points, and there are one-sided tangents at each point of the curve γ. Moreover,
a curve of bounded rotation can have only a �nite set of cusp points and at most a countable set of
corner points. At the same time, every curve of bounded rotation satis�es condition (2.1).

This follows, for example, from the fact that the Cauchy singular integral operator is bounded
in Lebesgue spaces on any curve γ of bounded rotation (see I.I. Danilyuk [4], I.I. Daniljuk and
V.Yu. �Selepov [3], �E. G. Gordadze [15]), and a necessary condition for this is condition (2.1) on the
curve (see V.A. Paatashvili and G.A. Khuskivadze [21]).

A curve γ is called a Lyapunov curve if the angle ϑt satis�es the H�older condition:

|ϑt1 − ϑt2| ≤ c |t1 − t2|α ∀ t1, t2 ∈ γ,
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where α ∈ (0, 1] and the constant c does not depend on t1 and t2. It is clear that the Lyapunov
curve is a smooth curve and also satis�es condition (2.1). There are Lyapunov curves that are not
the Radon curves of bounded rotation (see, for example, I.I. Danilyuk [4, p. 26]).

J. Kr�al [19] proved that logarithmic double layer potential (1.1) is extended continuously from
the domains D+ and D− to the boundary γ for all continuous functions g : γ → R if and only if the
curve γ satis�es the condition

sup
ξ∈γ

2π∫
0

µγ(ξ, φ) dφ <∞, (2.2)

where µγ(ξ, φ) is the number of intersection points of the curve γ with the ray {z = ξ+reiφ : r > 0}.
It will be shown below that each curve γ, which satis�es condition (2.2), also satis�es condition
(2.1), i.e, it is an Ahlfors-regular curve.

Note that not every smooth curve satis�es condition (2.2). In particular, an example of such a
curve will be given below.

For a function f : E → C continuous on a set E ⊂ C, we shall use its modulus of continuity

ωE(f, ε) := sup
t1,t2∈E : |t1−t2|≤ε

|f(t1)− f(t2)| .

Quite often, the conditions for a given domain are formulated in terms of a mapping of the unit
disk onto this domain (see, for example, I.I. Priwalow [25, �� 12�17 of Chapter III]).

Consider a conformal mapping σ : U → D+ of the unit disk U onto the domain D+. It is well
known that the mapping σ is continuously extended to the boundary ∂U and de�nes a homeomor-
phism between the unit circle ∂U and the curve γ.

In paper [16], when solving boundary value problems for monogenic hypercomplex functions
associated with a biharmonic equation, the following result on the continuous extension of logarith-
mic double layer potential (1.1) has actually been established, although it was not formulated as a
theorem.

Theorem 2.1. Let σ : U → D+ be a conformal mapping of the unit disk U onto the domain D+,
and let the continuous extension of σ to the circle ∂U have the nonvanishing continuous contour
derivative σ ′ on ∂U , and let its modulus of continuity satisfy the Dini condition

1∫
0

ω∂U(σ ′, η)

η
dη <∞. (2.3)

Then, for each continuous function g : γ → R, integral (1.1) has a continuous extension from the
domain D+ to the boundary γ.

Theorem 2.1 generalizes the corresponding result of the classical theory of the logarithmic double
layer potential on the Lyapunov curves (see, for example, J. Plemelj [23]), because in the case in
which γ is a Lyapunov curve, condition (2.3) is satis�ed owing to the Kellogg theorem (see, for
example, G.M. Goluzin [14]). Condition (2.3) is also satis�ed in the more general case in which the
modulus of continuity of the angle ϑt satis�es the condition

1∫
0

ωγ(ϑt, η)

η
ln

2

η
dη <∞ . (2.4)

It follows from the estimate of the modulus of continuity of the function σ ′ presented in Theorem 2
in the paper of J.L. Heronimus [17] (see also S.E. Warschawski [30]).
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If the modulus of continuity of the function g : γ → R satis�es the Dini condition

1∫
0

ωγ(g, η)

η
dη <∞, (2.5)

then the reduced singular Cauchy integral∫
γ

g(t)− g(ξ)

t− ξ
dt := lim

δ→0+

∫
γ\γδ(ξ)

g(t)− g(ξ)

t− ξ
dt ∀ ξ ∈ γ (2.6)

exists (see O.F. Gerus [9], and also V.V. Salaev [27], where the Dini condition of form (2.5) is given
in terms of the regularized modulus of continuity using the Stechkin construction).

From this and from the result of N.A. Davydov [6], it follows that Cauchy-type integral (1.2) has
the limiting values g̃ ±(ξ) at every point ξ ∈ γ from the domains D±, which are expressed by the
Sokhotski�Plemelj formulas:

g̃ +(ξ) = g(ξ) +
1

2πi

∫
γ

g(t)− g(ξ)

t− ξ
dt , (2.7)

g̃ −(ξ) =
1

2πi

∫
γ

g(t)− g(ξ)

t− ξ
dt . (2.8)

Let d := max
t1,t2∈γ

|t1 − t2| be the diameter of the curve γ.
To single out the real part of integral (2.6), we de�ne a branch arg(z − ξ) continuous on γ \ {ξ}

of the multivalued function Arg (z − ξ) in the following way. For each positive δ < d/2, we select
that connected component γξ,δ of the set γδ(ξ) which contains the point ξ, and we take such a point
ξ1 ∈ γξ,δ at which there is a tangent to γ and which does not precede the point ξ under the given
orientation of the curve γ. It is obvious that in the case in which there is a tangent to γ at the point
ξ, we can set ξ1 = ξ. Let us cut the complex plane along the curve Γξ,δ := γ[ξ, ξ1] ∪ Γ[ξ1,∞], where
γ[ξ, ξ1] is the arc of γ with the initial point ξ and the end point ξ1, and Γ[ξ1,∞] is a smooth curve
that connects the points ξ1 and ∞ and lies completely (except for its ends ξ1 and ∞) in the domain
D−. Now, let us single out a branch argδ(z − ξ) of the multivalued function Arg (z − ξ), which is
continuous outside the cut Γξ,δ with the normalization condition argδ(z0 − ξ) = φ0, where z0 ∈ D+

and φ0 is one of the values of the function Arg (z − ξ) at z = z0. We shall use the �xed values z0

and φ0 for all positive δ < d/2. As a result, we have the obvious equality

argδ1(t− ξ) = argδ(t− ξ) ∀ δ1, δ : 0 < δ1 < δ < d/2 ∀ t ∈ γ \ γδ(ξ)

that implies the existence of the following limit:

arg(t− ξ) := lim
δ→0+

argδ(t− ξ) ∀ t ∈ γ \ {ξ} .

Thus, under the assumption that the function g : γ → R satis�es the condition (2.5), from
equality (2.6) we get the equality

Re

(
1

2πi

∫
γ

g(t)− g(ξ)

t− ξ
dt

)
=

1

2π
lim
δ→0+

∫
γ\γδ(ξ)

(
g(t)− g(ξ)

)
d arg(t− ξ) ∀ ξ ∈ γ ,

where in the right-hand side of the equality the integral is the Stieltjes integral.
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Let us accept by de�nition∫
γ

(
g(t)− g(ξ)

)
d arg(t− ξ) := lim

δ→0+

∫
γ\γδ(ξ)

(
g(t)− g(ξ)

)
d arg(t− ξ) ∀ ξ ∈ γ . (2.9)

Finally, denoting (
Re g̃

)±
(ξ) := lim

z→ξ, z∈D±
Re g̃(z) ∀ ξ ∈ γ,

as a corollary of formulas (2.7) and (2.8), for all ξ ∈ γ, we obtain the equalities(
Re g̃

)+
(ξ) = g(ξ) +

1

2π

∫
γ

(
g(t)− g(ξ)

)
d arg(t− ξ) , (2.10)

(
Re g̃

)−
(ξ) =

1

2π

∫
γ

(
g(t)− g(ξ)

)
d arg(t− ξ) . (2.11)

Below, we investigate the ful�llment of equalities (2.10) and (2.11), not assuming, generally
speaking, neither the ful�llment of condition (2.5) for the function g : γ → R nor the ful�llment of
condition (2.2) for the curve γ.

3 A necessary and su�cient condition for the continuous extension of the
real part of the Cauchy-type integral to the boundary of the domain
bounded by an Ahlfors-regular curve

The following statement is true.

Theorem 3.1. Let a closed Jordan curve γ be Ahlfors-regular and let a function g : γ → R be
continuous on γ. The function Re g̃(z) has a continuous extension to the boundary γ from the
domain D+ or D− if and only if the following condition is satis�ed:

sup
ξ∈γ

sup
δ∈(0,ε)

∣∣∣∣ ∫
γε(ξ)\γδ(ξ)

(
g(t)− g(ξ)

)
d arg(t− ξ)

∣∣∣∣→ 0 , ε→ 0 . (3.1)

In the case in which condition (3.1) is satis�ed, the limiting values
(
Re g̃

)±
(ξ) are represented by

formulas (2.10) and (2.11) for all ξ ∈ γ.

Proof. Su�ciency. Obviously, if condition (3.1) is satis�ed, the limit exists in equality (2.9).
Let us prove equality (2.10). Let ξ ∈ γ, z ∈ D+ and ε := |z− ξ| < d/8. Denote ε1 := min

t∈γ
|t− z|.

Let us choose the point ξz ∈ γ closest to the point z.
We use the following representation of the di�erence:

Re g̃(z)− g(ξ)− 1

2π

∫
γ

(
g(t)− g(ξ)

)
d arg(t− ξ)

= Re

(
1

2πi

∫
γ

g(t)− g(ξz)

t− z
dt

)
− 1

2π

∫
γ

(
g(t)− g(ξz)

)
d arg(t− ξz) + g(ξz)− g(ξ)

+
1

2π

∫
γ

(
g(t)− g(ξz)

)
d arg(t− ξz)−

1

2π

∫
γ

(
g(t)− g(ξ)

)
d arg(t− ξ) .
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Consider the di�erence

Re

(
1

2πi

∫
γ

g(t)− g(ξz)

t− z
dt

)
− 1

2π

∫
γ

(
g(t)− g(ξz)

)
d arg(t− ξz)

= Re

(
1

2πi

∫
γ2ε1 (ξz)

g(t)− g(ξz)

t− z
dt

)
− 1

2π

∫
2ε1 (ξz)

(
g(t)− g(ξz)

)
d arg(t− ξz)

+ Re

(
z − ξz

2πi

∫
γ\γ2ε1 (ξz)

g(t)− g(ξz)

(t− z)(t− ξz)
dt

)
=: I1 − I2 + I3 .

Taking into account condition (2.1), we obtain the relation

|I1| ≤
1

2π

∫
γ2ε1 (ξz)

|g(t)− g(ξz)|
|t− z|

|dt| ≤ ωγ(g, 2ε1)

2πε1

θξz(2ε1) ≤ c ωγ(g, 2ε1)→ 0, ε1 → 0,

where the constant c depends only on the curve γ.
Condition (3.1) implies the relation

|I2| → 0, ε1 → 0.

To estimate the integral I3, we use Proposition 7.2 in [22] (see also the proof of Theorem 1 in
the paper of O.F. Gerus [10]) and condition (2.1) so that we have

|I3| ≤
|z − ξz|
π

∫
γ\γ2ε1 (ξz)

|g(t)− g(ξz)|
|t− ξz|2

|dt| ≤ ε1

π

∫
[2ε1,d]

ωγ(g, η)

η2
dθξz(η)

≤ 2ε1

3π

d∫
ε1

θξz(2η)ωγ(g, 2η)

η3
dη ≤ c ε1

2d∫
ε1

ωγ(g, η)

η2
dη → 0, ε1 → 0,

where the constant c depends only on the curve γ.
Now, consider the di�erence

1

2π

∫
γ

(
g(t)− g(ξz)

)
d arg(t− ξz)−

1

2π

∫
γ

(
g(t)− g(ξ)

)
d arg(t− ξ)

=
1

2π

∫
γε(ξz)

(
g(t)− g(ξz)

)
d arg(t− ξz) + Re

(
1

2πi

∫
γ4ε(ξ)\γε(ξz)

g(t)− g(ξz)

t− ξz
dt

)

− 1

2π

∫
γ4ε(ξ)

(
g(t)− g(ξ)

)
d arg(t− ξ) + Re

(
ξz − ξ

2πi

∫
γ\γ4ε(ξ)

g(t)− g(ξ)

(t− ξ)(t− ξz)
dt

)

+ Re

(
g(ξ)− g(ξz)

2πi

∫
γ\γ4ε(ξ)

dt

t− ξz

)
=: J1 + J2 − J3 + J4 + J5 .

Condition (3.1) implies the relations

|J1| → 0 and |J3| → 0, ε→ 0.
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The integrals J2 and J4 are estimated similarly to the integrals I1 and I3, respectively. As a
result, we have the relations

|J2| → 0 and |J4| → 0, ε→ 0.

In addition, the following relations are satis�ed (see the proof of Theorem 1 in the paper of
V.V. Salaev [27]):

|J5| ≤
|g(ξ)− g(ξz)|

2π

∣∣∣∣ ∫
γ\γ4ε(ξ)

dt

t− ξz

∣∣∣∣ ≤ 2ωγ(g, 2ε)→ 0, ε→ 0.

An obvious corollary of the given relations is equality (2.10). Equality (2.11) is similarly estab-
lished.

Necessity. Since the curve γ satis�es condition (2.1), the singular Cauchy integral operator is
bounded in the Lebesgue spaces Lp for p > 1 on γ (see Theorem 1 in the paper of G. David [5]).
At the same time, Cauchy-type integral (1.2) belongs to the Smirnov classes Ep (see, for example,
I.I. Priwalow [25]) for p > 1 in the domains D+ and D−. In addition, its angular boundary values
g̃ ±ang(ξ) fromD± exist for almost all points ξ ∈ γ, and the following equality holds almost everywhere
on γ:

g(ξ) = g̃ +
ang(ξ)− g̃ −ang(ξ).

We denote by g̃ ± the function that is de�ned by equality (1.2) in the domain D± and is extended
almost everywhere on γ by means of the values g̃ ±ang. We denote also the real part of this function
by Re g̃ ±.

Note that the values of the functions Re g̃ + and Re g̃ − are expressed by equalities of form (2.10)
and (2.11) for almost all points ξ ∈ γ. It obviously follows that in the case in which the function
Re g̃(z) is continuously extended to the boundary γ from one of the domains D+ or D−, this function
is also continuously extended to γ from the other domain.

For ξ ∈ γ and 0 < δ < ε < d, consider the open sets D±δ,ε(ξ) := {z ∈ D± : δ < |z − ξ| < ε}
and their boundaries ∂D±δ,ε(ξ), the orientation of which is induced by the orientation of γ. Denote

Γ±δ := {t ∈ ∂D±δ,ε(ξ) \ γ : |z − ξ| = δ}, Γ±ε := {t ∈ ∂D±δ,ε(ξ) \ γ : |z − ξ| = ε}.
We have the equalities:∫

γε(ξ)\γδ(ξ)

(
g(t)− g(ξ)

)
d arg(t− ξ) = Im

( ∫
γε(ξ)\γδ(ξ)

g(t)− g(ξ)

t− ξ
dt

)

= Im

( ∫
γε(ξ)\γδ(ξ)

g̃ +(t)− g̃ −(t)− Re g̃ +(ξ) + Re g̃ −(ξ)

t− ξ
dt

)

= Im

( ∫
∂D+

δ,ε(ξ)

g̃ +(t)− Re g̃ +(ξ)

t− ξ
dt−

∫
Γ+
δ

g̃ +(t)− Re g̃ +(ξ)

t− ξ
dt−

∫
Γ+
ε

g̃ +(t)− Re g̃ +(ξ)

t− ξ
dt

)

−Im

( ∫
∂D−δ,ε(ξ)

g̃ −(t)− Re g̃ −(ξ)

t− ξ
dt−

∫
Γ−δ

g̃ −(t)− Re g̃ −(ξ)

t− ξ
dt−

∫
Γ−ε

g̃ −(t)− Re g̃ −(ξ)

t− ξ
dt

)
.

Further, taking into account that the integrals of functions from the Smirnov classes along the
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closed curves ∂D±δ,ε(ξ) are equal to zero, we have∫
γε(ξ)\γδ(ξ)

(
g(t)− g(ξ)

)
d arg(t− ξ)

= −Im

( ∫
Γ+
δ

g̃ +(t)− Re g̃ +(ξ)

t− ξ
dt+

∫
Γ+
ε

g̃ +(t)− Re g̃ +(ξ)

t− ξ
dt

)

+ Im

( ∫
Γ−δ

g̃ −(t)− Re g̃ −(ξ)

t− ξ
dt+

∫
Γ−ε

g̃ −(t)− Re g̃ −(ξ)

t− ξ
dt

)

= −Im

( ∫
Γ+
δ

Re g̃ +(t)− Re g̃ +(ξ)

t− ξ
dt+

∫
Γ+
ε

Re g̃ +(t)− Re g̃ +(ξ)

t− ξ
dt

)

+ Im

( ∫
Γ−δ

Re g̃ −(t)− Re g̃ −(ξ)

t− ξ
dt+

∫
Γ−ε

Re g̃ −(t)− Re g̃ −(ξ)

t− ξ
dt

)
.

Since the function Re g̃(z) is continuously extended to the boundary γ from D± and vanishes at
in�nity, the function Re g̃ ± is uniformly continuous in the closure D± of the domain D±. Therefore,
we obtain the following estimates:∣∣∣∣ ∫

γε(ξ)\γδ(ξ)

(
g(t)− g(ξ)

)
d arg(t− ξ)

∣∣∣∣
≤
∫

Γ+
δ

∣∣Re g̃ +(t)− Re g̃ +(ξ)
∣∣

|t− ξ|
|dt|+

∫
Γ+
ε

∣∣Re g̃ +(t)− Re g̃ +(ξ)
∣∣

|t− ξ|
|dt|

+

∫
Γ−δ

∣∣Re g̃ −(t)− Re g̃ −(ξ)
∣∣

|t− ξ|
|dt|+

∫
Γ−ε

∣∣Re g̃ −(t)− Re g̃ −(ξ)
∣∣

|t− ξ|
|dt|

≤ 4π ω D+ (Re g̃ +, ε) + 4π ω D− (Re g̃ −, ε),

which imply condition (3.1).

Theorem 3.1 is similar in a certain sense to the corresponding theorem for the Cauchy-type
integral, which is proved by A.O. Tokov [29].

Let us note that in the case in which condition (3.1) is satis�ed for a function g : γ → R given
on an Ahlfors-regular curve γ, a similar condition with the Stieltjes integral∫

γε(ξ)\γδ(ξ)

g(t)− g(ξ)

|t− ξ|
d|t− ξ|

may not be satis�ed if the function g does not satisfy Dini condition (2.5). In this case, the function
Im g̃(z) has no continuous extension to the boundary γ from the domains D+ and D−. Indeed, the
necessary condition established by A.O. Tokov [29] for the continuous extension of the Cauchy-type
integral to the boundary γ is not satis�ed.
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4 Some properties of Ahlfors-regular curves

Note that for each ξ ∈ γ and each δ > 0, the function arg(t− ξ) has a bounded variation on the set
γ \ γδ(ξ). However, in general, the function arg(t− ξ) can be a function of unbounded variation on
γ, because, in particular, it can be unbounded in a neighborhood of the point ξ.

Consider the class of curves γ, for which the function arg(t−ξ) has a bounded variation Vγ[arg(t−
ξ)] on γ \ {ξ} for all ξ ∈ γ and, moreover, satis�es the condition

sup
ξ∈γ

Vγ[arg(t− ξ)] <∞ . (4.1)

It is obvious that a curve satisfying the condition (4.1) has one-sided tangents at each point ξ ∈ γ.
Note that condition (4.1) is equivalent to condition (2.2), which follows from the Banach indicatrix

theorem (see J. Kr�al [19, Lemma 1.2]). Thus, the class of curves satisfying condition (4.1) includes
curves from the corresponding classical results of J. Plemelj [23] and J. Radon [26] and from Theorem
2.1.

Curves satisfying the condition (4.1) will be called the Kr�al curves.

Proposition 4.1. Every Kr�al curve is an Ahlfors-regular curve.

Proof. Let γ be a Kr�al curve and ξ ∈ γ. Let us �rst show that for an arbitrary ε > 0, the variation
of the function |t− ξ| on the set γε(ξ) satis�es the inequality

Vγε(ξ)[|t− ξ|] ≤ c ε, (4.2)

where the constant c does not depend on ξ and ε.
In the case in which we consider a �xed point z ∈ C \ γ and a variable t ∈ γ, we understand

arg(t− z) as an arbitrary branch of the multivalued function Arg (t− z).
We use the representation γε(ξ) = γ1 ∪ γ2 ∪ γ3, where

γ1 := γε(ξ) ∩
{
t = ξ + r eiφ : r > 0, φ ∈ (−π/4, π/4) ∪ (3π/4, 5π/4)

}
,

γ2 := γε(ξ) ∩
{
t = ξ + r eiφ : r > 0, φ ∈ (−3π/4,−π/4) ∪ (π/4, 3π/4)

}
,

γ3 := γε(ξ) ∩
{
t = ξ + r eiφ : r ≥ 0, φ ∈ {−π/4, π/4,−3π/4, 3π/4}

}
.

For the variation of the function |t− ξ| on the set γ1, the following inequality holds (see J. Kr�al
[18, Theorem 2.10]):

Vγ1 [|t− ξ|]
ε

≤ c0

(
Vγ1 [arg(t− ξ)] + Vγ1 [arg(t− ξ − ε)]

)
,

where c0 = 6/ sin2(π/4) = 12. Moreover, since the curve γ satis�es condition (4.1), by virtue of
Theorem 1.11 from the paper J. Kr�al [19], the following condition is also satis�ed:

sup
z∈C

Vγ[arg(t− z)] <∞ .

As a result, under condition (4.1) for the curve γ, we obtain the inequality

Vγ1 [|t− ξ|] ≤ c1 ε, (4.3)

where the constant c1 does not depend on ξ and ε.
In a similar way, for the variation of the function |t− ξ| on the set γ2, we obtain the inequalities

Vγ2 [|t− ξ|] ≤ c0

(
Vγ2 [arg(t− ξ)] + Vγ2 [arg(t− ξ − iε)]

)
ε ≤ c1 ε. (4.4)
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In addition, it is obvious that
Vγ3 [|t− ξ|] ≤ 4 ε. (4.5)

Inequalities (4.3) � (4.5) imply inequality (4.2), where c = 2c1 + 4.
Now, taking into account condition (4.1) and inequality (4.2), for arbitrary ξ ∈ γ and ε > 0, we

obtain the relations

θξ(ε) =

∫
γε(ξ)

|dt| ≤
∫

γε(ξ)

∣∣d|t− ξ|∣∣+

∫
γε(ξ)

|t− ξ||d arg(t− ξ)|

≤ Vγε(ξ)[|t− ξ|] + ε Vγ[arg(t− ξ)] ≤ c ε,

where the constant c does not depend on ξ and ε. Thus, the curve γ satis�es condition (2.1), i.e.,
it is an Ahlfors-regular curve.

Among the Kr�al curves there are curves that are not the Radon curves of bounded rotation, as
the following example shows:

Example 1. Consider the curve

γ =
{
z = eiφ : φ ∈ [0, π]

}
∪ [−1, 0] ∪

∞⋃
n=1

[2−2n+1, 2−2n+2]

∪
∞⋃
n=1

{
z = 2−neiφ : φ ∈ [0, 2−n]

}
∪
∞⋃
n=1

{
z = reir : r ∈ [2−2n, 2−2n+1]

}
.

It is clear that Vγ[ϑt] =∞, but at the same time, the following relations are ful�lled:

Vγ[arg t] ≤ π +
∞∑
n=1

2−n +
1

2
= π +

3

2
,

Vγ[arg(t− ξ)] = Vγ|ξ|/2(0)[arg(t− ξ)] + Vγ|ξ|(ξ)\γ|ξ|/2(0)[arg(t− ξ)] + Vγ\γ|ξ|(ξ)\γ|ξ|/2(0)[arg(t− ξ)]

≤ Vγ|ξ|/2(0)[arg t] + 2π + 2Vγ\γ|ξ|(ξ)\γ|ξ|/2(0)[arg t] ≤ 2Vγ[arg t] + 2π ∀ ξ ∈ γ : 0 < |ξ| < 1,

Vγ[arg(t− ξ)] ≤ Vγ1/2(ξ)[arg(t− ξ)] +

∫
γ\γ1/2(ξ)

|dt|
|t− ξ|

≤ π + 2 mes γ ∀ ξ ∈ γ : |ξ| = 1.

Thus, γ is a Kr�al curve that is not the Radon curve of bounded rotation.

For points ξ1, ξ2 ∈ γ, we denote by γ[ξ1, ξ2] the arc of the curve γ with the initial point ξ1 and
the end point ξ2 at the orientation of this arc, which is induced by the orientation of the curve γ.

The following statement de�nes a class of smooth curves satisfying condition (4.1).

Proposition 4.2. If for a closed smooth Jordan curve γ the angle ϑt satis�es the condition

1∫
0

ωγ(ϑt, η)

η
dη <∞, (4.6)

then γ is a Kr�al curve.
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Proof. Let ξ ∈ γ. It is known (see, for example, N.I. Muskhelishvili [20]) that there exists r0 > 0,
which does not depend on ξ, such that each circle of radius r ≤ r0 centered at the point ξ intersects
γ in only two points.

We denote by t− and t+ the points of intersection of the circle {z ∈ C : |z − ξ| = r0} and the
curve γ, and with the given orientation γ the point t− precedes the point ξ and the point t+ follows
it. Considering one of the arcs either γ[t−, ξ] or γ[ξ, t+], we will denote it γ̃.

The arc γ̃ allows the parameterization t = ξ + r ei(φ(r)+φ0), r ∈ [0, r0], where φ0 is a real
constant and φ(r)→ 0 as r → 0. Denote x̃(r) := r cosφ(r), ỹ(r) := r sinφ(r).

For all t ∈ γ̃ \ {ξ}, the following equalities hold:

d arg(t− ξ) = dφ(r) = d arctg
ỹ(r)

x̃(r)
=

1

1 +
(
ỹ(r)
x̃(r)

)2

(
ỹ ′(r)

x̃(r)
− ỹ(r)x̃ ′(r)(

x̃(r)
)2

)
dr

= x̃ ′(r) cos2 φ(r)

ỹ ′(r)
x̃ ′(r)
− tg φ(r)

x̃(r)
dr = x̃ ′(r) cosφ(r)

tg (ϑt − ϑξ)− tg φ(r)

r
dr .

Note that for a smooth arc γ̃, for each r ∈ (0, r0] there exists r∗ ∈ [0, r] such that for t∗ =
ξ + r∗ e

i(φ(r∗)+φ0) the following relations are ful�lled:

|φ(r)| = |ϑt∗ − ϑξ| ≤ ωγ(ϑt, r). (4.7)

Without loss of generality, we assume r0 to be small enough to satisfy the inequality ωγ(ϑt, r0) <
1. Then we get the estimate ∫

γ̃

|d arg(t− ξ)| ≤ c

r0∫
0

ωγ(ϑt, r)

r
dr <∞,

where the constant c depends on r0, but does not depend on ξ.
Finally, using the obtained estimate, we estimate the variation

Vγ[arg(t− ξ)] ≤
∫

γ[t1,ξ]

|d arg(t− ξ)|+
∫

γ[ξ,t2]

|d arg(t− ξ)|+
∫

γ\γr0 (ξ)

|dt|
|t− ξ|

≤ 2c

r0∫
0

ωγ(ϑt, r)

r
dr +

mes γ

r0

,

which yields the ful�llment of condition (4.1) for the curve γ.

It is obvious that condition (4.6) is a weaker constraint on the curve γ compared to condition
(2.4).

Relation (4.7) implies the estimate

ωγ̃
(

arg(t− ξ), η
)
≤ ωγ(ϑt, η) ∀ η ∈ [0, r0],

where the arc γ̃ is de�ned in the proof of Proposition 4.2. Therefore, if the modulus of continuity of
the angle ϑt satis�es Dini condition (4.6), then the condition of the same form is also satis�ed for
the modulus of continuity ωγ̃

(
arg(t− ξ), η

)
at all points ξ ∈ γ:

1∫
0

ωγ̃
(

arg(t− ξ), η
)

η
dη <∞. (4.8)
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Let us show that the class of smooth Kr�al curves di�ers from the class of smooth curves γ that
satisfy the conditions of form (4.8) at all points ξ ∈ γ. First, we give an example of a smooth curve
γ that is a Kr�al curve, but condition (4.8) is not satis�ed at a point ξ ∈ γ.
Example 2. Consider the smooth arc

γ̃ =

{
t(r) = r exp

(
− i 1

ln r

)
: r ∈ (0, r0]

}
,

where r0 is the smallest positive root of the equation Re t′(r) = 0. It is obvious that the one-sided
tangent to the arc γ̃ at the beginning point t0 = 0 is the positive semi-axis of the real axis. At the
end point t(r0), the arc γ̃ has the one-sided tangent parallel to the imaginary axis of the complex
plane.

Let Γ be such an arc of the ellipse that includes the points z = x+ iy satisfying the equation

x2

(Re t(r0))2
+

(y − Im t(r0))2

(Im t(r0))2
= 1,

which is smoothly glued to the arc γ̃ at the points 0 and t(r0). Then γ = γ̃ ∪ Γ is a closed smooth
Jordan curve.

It is obvious that the curve γ satis�es condition (4.1) because Vγ[arg(t − ξ)] = π for all ξ ∈ γ.
At the same time, condition (4.8) is not satis�ed at the point ξ = 0 owing to the fact that

1∫
0

ωγ̃
(

arg t, η
)

η
dη ≥ −

r0∫
0

1

η ln η
dη =∞.

Now we give an example of a smooth curve γ for which the conditions of form (4.8) are satis�ed
at all points ξ ∈ γ, but it is not a Kr�al curve.
Example 3. Consider the smooth arc

Γ1 =
{
t(r) = r exp

(
− i r

ln r
cos

π

r

)
: r ∈ (0, 1/2]

}
.

Let Γ2 be such an arc of the ellipse that includes the points z = x+ iy satisfying the equation

x2

a2
+

(y − b)2

b2
= 1

with fully de�ned positive a and b, which is smoothly glued to the arc Γ1 at the points 0 and t(1/2).
Then γ = Γ1 ∪ Γ2 is a closed smooth Jordan curve.

For each point ξ ∈ γ, consider the arcs γ[t−, ξ] and γ[ξ, t+] de�ned in the proof of Proposition
4.2, and denote them by γ−ξ and γ+

ξ , respectively. Considering the function arg(t− ξ) on the arc γ±ξ ,
we rede�ne it at the point t = ξ by the limiting value

lim
t→ξ,t∈γ±ξ

arg(t− ξ).

As a result, for each ξ ∈ γ, the function arg(t− ξ) satis�es the H�older condition on each of the
arcs γ−ξ and γ+

ξ :

| arg(t1 − ξ)− arg(t2 − ξ)| ≤ c |t1 − t2|α ∀ t1, t2 ∈ γ±ξ
for all α ∈ (0, 1/2], where the constant c does not depend on t1 and t2. Therefore, the conditions
of form (4.8) are satis�ed at all points of ξ ∈ γ.

At the same time,

Vγ[arg t] ≥ VΓ1 [arg t] ≥
∞∑
n=2

1

n lnn
=∞,

i.e., condition (4.1) is not satis�ed for the curve γ.
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Example 3 also shows that condition (4.6) on the angle ϑt in Proposition 4.2 can not be replaced
by a similar condition of form (4.8) on the function arg(t− ξ).

5 Su�cient conditions for the continuous extension of the real part of
the Cauchy-type integral to the boundary of domain with unbounded
variation of the function arg(t− ξ)

We shall now consider curves for which condition (4.1) is not satis�ed, generally speaking.
In what follows, we use the following characteristic of the function f : E → C continuous on the

set E ⊂ C (see O.F. Gerus [11]):

ΩE,f (a, b) := sup
a≤η≤b

ωE(f, η)

η
for 0 < a ≤ b.

The function ΩE,f (a, b) does not increase monotonically with respect to the variable a and does not
decrease monotonically with respect to the variable b. In addition, the function aΩE,f (a, b) does not
decrease monotonically with respect to the variable a.

Denote ER,ψ1,ψ2(ξ) := {z = ξ + reiφ : R/2 < r < R,ψ1 < φ < ψ2}.
Let us describe a certain �nite set of Jordan arcs placed in the closure of domain ER,0,ψ(0). For

this purpose, we consider two sets of points {τj}nj=1 and {ηj}nj=1 located on the rectilinear parts of
the boundary of domain ER,0,ψ(0) such that

R ≥ τ1 ≥ τ2 ≥ · · · ≥ τn ≥ R/2,

ηj = |ηj| eiψ and R ≥ |η1| ≥ |η2| ≥ · · · ≥ |ηn| ≥ R/2.

Let Γ :=
⋃n
j=1 Γj, where Γj is a Jordan arc with ends at the points τj and ηj. Moreover, the

arcs Γj, j = 1, 2, . . . , n, excluding the ends, lie in the domain ER,0,ψ(0) and pairwise do not intersect
within this domain. In addition, if the arc Γj is oriented from the point τj to the point ηj, then the
next arc Γj+1 is oriented in the opposite direction from the point ηj+1 to the point τj+1, and vice
versa, if the arc Γj is oriented from the point ηj to the point τj, then the arc Γj+1 is oriented from
the point τj+1 to the point ηj+1.

Consider the auxiliary statements.

Lemma 5.1. If a function f : Γ→ R is continuous on Γ, then∣∣∣∣ ∫
Γ

f(t) d arg t

∣∣∣∣ ≤ (RΩΓ,f

(R
n
,R
)

+ max
t∈Γ
|f(t)|

)
ψ +

2ωΓ(f, λ) mes Γ

R
,

where λ := max
j

mes Γj and arg t is any branch of the multivalued function Arg z , which is contin-

uous on Γ.

Proof. As in the paper T.S. Salimov [28], we use the representation∫
Γ

f(t) d arg t =
n∑
j=1

∫
Γj

(
f(t)− f(τj)

)
d arg t+

n∑
j=1

f(τj)

∫
Γj

d arg t

and the estimates∣∣∣∣ n∑
j=1

∫
Γj

(
f(t)− f(τj)

)
d arg t

∣∣∣∣ ≤ n∑
j=1

∣∣∣∣Im ∫
Γj

f(t)− f(τj)

t
dt

∣∣∣∣ ≤
n∑
j=1

∫
Γj

∣∣f(t)− f(τj)
∣∣

|t|
|dt| ≤

n∑
j=1

2ωΓj(f,mes Γj) mes Γj

R
≤ 2ωΓ(f, λ) mes Γ

R
,
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∣∣∣∣ n∑
j=1

f(τj)

∫
Γj

d arg t

∣∣∣∣ ≤ ( n0∑
j=1

|f(τ2j−1)− f(τ2j)|+ 2q0|f(τn)|
)
ψ,

where n0 is the integer part of the number n/2 and q0 is the fractional part of the number n/2.
Next, taking into account the estimates (see Lemma 1 in the paper O.F. Gerus [11])

n0∑
j=1

|f(τ2j−1)− f(τ2j)| ≤
n0∑
j=1

ωγ(f, |τ2j−1 − τ2j|) ≤ RΩΓ,f

( R

2n0

, R
)

and the inequality 2n0 ≤ n, we have∣∣∣∣ n∑
j=1

f(τj)

∫
Γj

d arg t

∣∣∣∣ ≤ (RΩΓ,f

(R
n
,R
)

+ max
t∈Γ
|f(t)|

)
ψ.

The given estimates imply the statement of the lemma.

For a given closed recti�able Jordan curve γ, we shall consider its intersections with the domains
ER,ψ1,ψ2(ξ), where ξ ∈ γ. We shall denote these intersections by γR,ψ1,ψ2(ξ). By nγ(ξ, R, ψ1, ψ2)
we denote the number of connected components of the set γR,ψ1,ψ2(ξ), the ends of which lie on the
di�erent segments {z = ξ + reiψ1 : R/2 ≤ r ≤ R} and {z = ξ + reiψ2 : R/2 ≤ r ≤ R}. We can
say that the number nγ(ξ, R, ψ1, ψ2) expresses the number of complete oscillations of the function
arg(t− ξ) in the domain ER,ψ1,ψ2(ξ). Since the curve γ is recti�able, the number nγ(ξ, R, ψ1, ψ2) is
�nite, but with �xed ξ and R it can tend to in�nity when ψ2 → ψ1.

Consider the case in which there exist ξ ∈ γ and R ∈ (0, d] such that

kγ(ξ, R) := max
{

1, sup
0≤ψ1<ψ2<2π

nγ(ξ, R, ψ1, ψ2)
}
<∞. (5.1)

Denote by ϕγ(ξ, R) the Lebesgue measure (given on the segment [0, 2π]) of the set of those
φ ∈ [0, 2π] for which the rays {z = ξ + reiφ : r > 0} have a nonempty intersection with the set
γR(ξ) \ γR/2(ξ).

Lemma 5.2. Let a closed Jordan curve γ be Ahlfors-regular and satisfy condition (5.1) and let a
function g : γ → R be continuous on γ. Then the following estimate holds:∣∣∣∣ ∫

γR(ξ)\γR/2(ξ)

(
g(t)− g(ξ)

)
d arg(t− ξ)

∣∣∣∣ ≤ 6Rϕγ(ξ, R) Ωγ,g

( R

kγ(ξ, R)
, R
)
. (5.2)

Proof. For the proof, we apply the method developed by T.S. Salimov [28] for estimating the modulus
of continuity of the Cauchy singular integral on an arbitrary closed recti�able Jordan curve and
adapted by O.F. Gerus [11] for the purpose of using the modulus of continuity of the integral
density instead of the regularized (by means of the Stechkin construction) modulus of continuity,
which is used in the paper [28].

The set γ̆ := γR(ξ) \ γR/2(ξ) is the union of no more than a countable collection of connected
components of the set γ̆ \ {z ∈ γ : |z − ξ| = R}, which is open in the topology of the curve γ, and
the closed set {z ∈ γ : |z − ξ| = R} for which

mes {z ∈ γ : |z − ξ| = R} ≤ ϕγ(ξ, R)R.

Therefore, there exists a �nite union γ̂ of the speci�ed connected components such that

mes (γ̆ \ γ̂) ≤ 2ϕγ(ξ, R)R.
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We have the equality∫
γR(ξ)\γR/2(ξ)

(
g(t)− g(ξ)

)
d arg(t− ξ)

=

∫
γ̂

(
g(t)− g(ξ)

)
d arg(t− ξ) +

∫
γ̆\γ̂

(
g(t)− g(ξ)

)
d arg(t− ξ) (5.3)

and the estimate∣∣∣∣ ∫
γ̆\γ̂

(
g(t)− g(ξ)

)
d arg(t− ξ)

∣∣∣∣ =

∣∣∣∣Im ∫
γ̆\γ̂

g(t)− g(ξ)

t− ξ
dt

∣∣∣∣
≤
∫
γ̆\γ̂

∣∣g(t)− g(ξ)
∣∣

|t− ξ|
|dt| ≤ ωγ(g,R) mes (γ̆ \ γ̂)

R/2

≤ 4ϕγ(ξ, R)ωγ(g,R) ≤ 4Rϕγ(ξ, R) Ω γ, g

( R

kγ(ξ, R)
, R
)
. (5.4)

To estimate the �rst integral in the right-hand side of equality (5.3), we partition the ring
{z ∈ C : R/2 < |z − ξ| < R} by the rays {z = ξ + reiφm : r > 0}, m = 1, 2, . . . , k, for 0 =
φ0 < φ1 < · · · < φk = 2π, so that the ends of all connected components of all nonempty sets
γ̂R,φm−1,φm(ξ) := γ̂ ∩ ER,φm−1,φm(ξ), m = 1, 2, . . . , k, lay on the indicated rays. It is always possible
due to the �nite number of connected components of the set γ̂. In this case, there is the representation
γ̂R,φm−1,φm(ξ) = γ̂m,1 ∪ γ̂m,2, where γ̂m,1 :=

⋃
j γ̂m,1,j is the union of connected components γ̂m,1,j of

the set γ̂R,φm−1,φm(ξ) with the ends on one of the speci�ed rays, and γ̂m,2 :=
⋃
j γ̂m,2,j is the union

of a �nite number of connected components γ̂m,2,j of the set γ̂R,φm−1,φm(ξ) with the ends on di�erent
rays.

We have the following equality for these sets:

γ̂ =
k⋃

m=1

γ̂m,1 ∪
k⋃

m=1

γ̂m,2 ∪
k⋃

m=1

γ̂m,3,

where γ̂m,3 := γ̂ ∩ {z = ξ + reiφm : R/2 ≤ r ≤ R}, which implies the following equality for the
corresponding integrals:

∫
γ̂

(
g(t)− g(ξ)

)
d arg(t− ξ) =

k∑
m=1

( ∫
γ̂m,1

+

∫
γ̂m,2

+

∫
γ̂m,3

)(
g(t)− g(ξ)

)
d arg(t− ξ)

=
k∑

m=1

( ∫
γ̂m,1

+

∫
γ̂m,2

)(
g(t)− g(ξ)

)
d arg(t− ξ), (5.5)

because the integrals over the sets γ̂m,3 are equal to zero.
Denote λ := max

l=1,2
max
m,j

mes γ̂m,l,j.

Estimating the integrals over the nonempty sets γ̂m,1, we denote one of the ends of the arc γ̂m,1,j
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by τm,j , and as a result, we get∣∣∣∣ ∫
γ̂m,1

(
g(t)− g(ξ)

)
d arg(t− ξ)

∣∣∣∣ =

∣∣∣∣∑
j

∫
γ̂m,1,j

(
g(t)− g(τm,j)

)
d arg(t− ξ)

∣∣∣∣
=

∣∣∣∣∑
j

Im

∫
γ̂m,1,j

g(t)− g(τm,j)

t− ξ
dt

∣∣∣∣ ≤∑
j

∫
γ̂m,1,j

∣∣g(t)− g(τm,j)
∣∣

|t− ξ|
|dt|

≤
∑
j

ωγ(g, λ) mes γ̂m,1,j
R/2

≤ 2ωγ(g, λ) mes γ̂m,1
R

. (5.6)

The integrals over the nonempty sets γ̂m,2 are estimated by applying Lemma 5.1, for the applica-
tion of which it is necessary to establish an obvious correspondence between the parameters of the
sets Γ and γ̂m,2. As a result, we have∣∣∣∣ ∫

γ̂m,2

(
g(t)− g(ξ)

)
d arg(t− ξ)

∣∣∣∣
≤ (φm − φm−1)

(
RΩ γ, g

( R

kγ(ξ, R)
, R
)

+ ωγ(g,R)

)
+

2ωγ(g, λ) mes γ̂m,2
R

≤ 2 (φm − φm−1)RΩ γ, g

( R

kγ(ξ, R)
, R
)

+
2ωγ(g, λ) mes γ̂m,2

R
. (5.7)

Taking into account equalities (5.3), (5.5) and estimates (5.4), (5.6) and (5.7), as well as condition
(2.1) on the curve γ, we obtain the estimate∣∣∣∣ ∫

γR(ξ)\γR/2(ξ)

(
g(t)− g(ξ)

)
d arg(t− ξ)

∣∣∣∣ ≤ 4Rϕγ(ξ, R) Ω γ, g

( R

kγ(ξ, R)
, R
)

+ 2
k∑

m=1

(
(φm − φm−1)RΩ γ, g

( R

kγ(ξ, R)
, R
)

+
ωγ(g, λ)

(
mes γ̂m,1 + mes γ̂m,2

)
R

)
≤ 6Rϕγ(ξ, R) Ω γ, g

( R

kγ(ξ, R)
, R
)

+ c ωγ(g, λ),

where the constant c does not depend on ξ and R.
Now, as a result of a re�nement of the partition of the ring {z ∈ C : R/2 < |z − ξ| < R}, if

k →∞, hence λ→ 0, from the last estimate we obtain estimate (5.2).

Lemma 5.3. Let a closed Jordan curve γ be Ahlfors-regular and let a function g : γ → R be con-
tinuous on γ. Let for ξ ∈ γ condition (5.1) be satis�ed for all R ∈ [δ, 2ε], where 0 < δ < ε ≤ d/2.
Then the following estimate holds:∣∣∣∣ ∫

γε(ξ)\γδ(ξ)

(
g(t)− g(ξ)

)
d arg(t− ξ)

∣∣∣∣
≤ c

( 2ε∫
δ

ϕ̂γ(ξ, η) Ω γ, g

( η

k̂γ(ξ, η)
, η
)
dη + ωγ(g, ε)

)
, (5.8)

where ϕ̂γ(ξ, R) := sup
r∈[R/2, R]

ϕγ(ξ, r) , k̂γ(ξ, R) := sup
r∈[R/2, R]

kγ(ξ, r), and the constant c > 0 does

not depend on ξ, δ and ε.
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Proof. Let δ ∈ [ε/2n, ε/2n−1) for some natural n . Using estimate (5.2), we obtain∣∣∣∣ ∫
γε(ξ)\γδ(ξ)

(
g(t)− g(ξ)

)
d arg(t− ξ)

∣∣∣∣ ≤ n−2∑
m=0

∣∣∣∣ ∫
γε/2m (ξ)\γε/2m+1 (ξ)

(
g(t)− g(ξ)

)
d arg(t− ξ)

∣∣∣∣
+

∣∣∣∣ ∫
γε/2n−1 (ξ)\γδ(ξ)

(
g(t)− g(ξ)

)
d arg(t− ξ)

∣∣∣∣
≤ 6

n−2∑
m=0

ε

2m
ϕγ(ξ, ε/2

m) Ω γ, g

( ε

2m kγ(ξ, ε/2m)
,
ε

2m

)
+

∣∣∣∣ Im ∫
γε/2n−1 (ξ)\γδ(ξ)

g(t)− g(ξ)

t− ξ
dt

∣∣∣∣ =: I(ξ, δ, ε) .

Next, we continue the estimation, using the monotonicity properties of the function Ω γ, g and

performing the transition to the functions ϕ̂γ and k̂γ:

I(ξ, δ, ε) ≤ 6

ln 2

n−2∑
m=0

ε

2m
ϕγ(ξ, ε/2

m) Ω γ, g

( ε

2m kγ(ξ, ε/2m)
,
ε

2m

) ε/2m−1∫
ε/2m

dη

η

+

∫
γε/2n−1 (ξ)\γδ(ξ)

∣∣g(t)− g(ξ)
∣∣

|t− ξ|
|dt|

≤ 6

ln 2

n−2∑
m=0

ε/2m−1∫
ε/2m

ϕ̂γ(ξ, η) Ω γ, g

( η

k̂γ(ξ, η)
, η
)
dη +

ωγ(g, ε/2
n−1) θξ(ε/2

n−1)

ε/2n
.

As a result, taking into account condition (2.1) on the curve γ, we get estimate (5.8).

The following statement is true.

Theorem 5.1. Let a closed Jordan curve γ be Ahlfors-regular and let a function g : γ → R be
continuous on γ. Consider a partition γ = γ1 ∪ γ2, for which there exists R0 ∈ (0, d] such that:

(a) for all ξ ∈ γ1 and all R ∈ (0, R0], the curve γ satis�es condition (5.1) and, in addition, the
following condition is satis�ed:

sup
ξ∈γ1

R0∫
0

ϕ̂γ(ξ, η) Ω γ, g

( η

k̂γ(ξ, η)
, η
)
dη <∞ ; (5.9)

(b) for each ξ ∈ γ2 there exists r(ξ) ∈ (0, R0] such that the curve γ satis�es condition (5.1) for
all R ∈ (r(ξ), R0], the function arg(t − ξ) has bounded variation on the set γr(ξ)(ξ) \ {ξ} and, in
addition, the following condition is satis�ed:

sup
ξ∈γ2

(
Vγr(ξ)(ξ)[arg(t− ξ)] +

R0∫
r(ξ)

ϕ̂γ(ξ, η) Ω γ, g

( η

k̂γ(ξ, η)
, η
)
dη

)
<∞ . (5.10)

Then the function Re g̃(z) has a continuous extension to the boundary γ from the domains D+

and D−, and the limiting values
(
Re g̃

)±
(ξ) are represented by formulas (2.10) and (2.11) for all

ξ ∈ γ.
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Proof. Let us show that under the assumptions of the theorem, condition (3.1) is also satis�ed.
Let ε ∈ (0, R0/2] and δ ∈ (0, ε). Then estimate (5.8) holds for all ξ ∈ γ1, and for each ξ ∈ γ2,

taking into account Lemma 5.3, we obtain the estimate∣∣∣∣ ∫
γε(ξ)\γδ(ξ)

(
g(t)− g(ξ)

)
d arg(t− ξ)

∣∣∣∣
≤
∣∣∣∣ ∫
γr(ξ)(ξ)\γδ(ξ)

(
g(t)− g(ξ)

)
d arg(t− ξ)

∣∣∣∣ +

∣∣∣∣ ∫
γε(ξ)\γr(ξ)(ξ)

(
g(t)− g(ξ)

)
d arg(t− ξ)

∣∣∣∣
≤ ωγ(g, ε)Vγr(ξ)(ξ)[arg(t− ξ)] + c

( 2ε∫
r(ξ)

ϕ̂γ(ξ, η) Ω γ, g

( η

k̂γ(ξ, η)
, η
)
dη + ωγ(g, ε)

)
,

where the constant c > 0 does not depend on ξ, δ and ε.
Under conditions (5.9) and (5.10), the given estimates yield condition (3.1).
Now, to complete the proof, it remains to apply Theorem 3.1.

Corollary 5.1. The statement of Theorem 5.1 remains valid if conditions (5.9), (5.10) are replaced
by the conditions

sup
ξ∈γ1

R0∫
0

ϕ̂γ(ξ, η) k̂γ(ξ, η)ωγ(g, η)

η
dη <∞ , (5.11)

sup
ξ∈γ2

(
Vγr(ξ)(ξ)[arg(t− ξ)] +

R0∫
r(ξ)

ϕ̂γ(ξ, η) k̂γ(ξ, η)ωγ(g, η)

η
dη

)
<∞ , (5.12)

respectively.

It is clear that Corollary 5.1 follows from Theorem 5.1 and the inequality

Ω γ, g

( η

k̂γ(ξ, η)
, η
)
≤ k̂γ(ξ, η)ωγ(g, η)

η
∀ η ∈ (0, R0].

Note that in the papers of T.S. Salimov [28], E.M. Dyn'kin [7] and O.F. Gerus [11], the singular
Cauchy integral (2.6) on an arbitrary closed recti�able Jordan curve is considered under certain
conditions on the integral density, which are reduced to a condition of form (2.5) in the case of
a curve satisfying condition (2.1). Under such conditions on the curve and the integral density,
Cauchy-type integral (1.2) is continuously extended to the boundary γ from the domains D+ and

D−, and the limiting values
(
Re g̃

)±
(ξ) are expressed by formulas (2.10) and (2.11) for all ξ ∈ γ.

At the same time, under additional assumptions of type (5.1) about the curve γ, Theorem 5.1
and Corollary 5.1 allow to construct examples (see the next example) of the curves γ that do not
satisfy condition (4.1) and the functions g that do not satisfy condition (2.5) and a similar condition
(see N.A. Davydov [6]) used in Theorem 2 in the paper of O.F. Gerus and M. Shapiro [13], but the

limiting values
(
Re g̃

)±
(ξ) of logarithmic double layer potential (1.1) exist at all points ξ ∈ γ and

are expressed by formulas (2.10) and (2.11).

Example 4. Consider the curve

γ =
{
z = eiφ : φ ∈ [0, π]

}
∪ [−1, 0] ∪

∞⋃
n=1

[2−2n+1, 2−2n+2]

∪
∞⋃
n=1

{
z = 2−neiφ : φ ∈ [0, 1/n]

}
∪
∞⋃
n=1

{
z = re−i

ln 2
ln r : r ∈ [2−2n, 2−2n+1]

}
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and the function

g(t) =

{ −1/
(

ln |t| − 1
)

for t ∈ γ \ {0},
0 for t = 0

that does not satisfy Dini condition (2.5) as well as a similar condition used in Theorem 2 in paper
[13] because

min


1∫

0

ωγ(g, η)

η
dη,

∫
γ

|g(t)− g(0)|
|t− 0|

|dt|

 ≥
0∫

−1

|g(t)− g(0)|
|t− 0|

dt

= −
0∫

−1

dt

|t| (ln |t| − 1)
=∞ .

For 0 < ε ≤ 1/2, denoting by n0 the smallest natural number n that satis�es the inequality
2−n ≤ ε, we obtain the estimate

θ(ε) = θ0(ε) ≤ 2ε+
∞∑

n=n0

1

n 2n
+

ε∫
0

√
1 +

ln2 2

ln4 r
dr ≤ 2ε+ 2ε+

√
1 + ln2 2

ln 2
ε

≤

(
4 +

√
1 + ln2 2

ln 2

)
ε , (5.13)

which proves the validity of condition (2.1) for the curve γ. Thus, γ is an Ahlfors-regular curve.
At the same time,

Vγ[arg t] ≥
∞∑
n=1

1

n
=∞

and condition (4.1) is not satis�ed for the curve γ, i.e., γ is not a Kr�al curve.
Let us show that the curve γ and the function g satisfy the conditions of Corolary 5.1. There is

the partition γ = γ1∪γ2, where γ1 = {0} and γ2 = γ \{0}. Let R0 = 1/2 and r(ξ) = min {2|ξ|, 1/2}
for all ξ ∈ γ2. Then for all ξ ∈ γ2, we have the estimate

Vγr(ξ)(ξ)[arg(t− ξ)] ≤ Vγr(ξ)/4(ξ)[arg(t− ξ)] +

∫
γr(ξ)(ξ)\γr(ξ)/4(ξ)

|dt|
|t− ξ|

≤ π +
θ
(
r(ξ)

)
r(ξ)/4

≤ π + 4c,

where c = 4 + (ln 2)−1
√

1 + ln2 2 as it is follows from estimate (5.13).

It is obvious that k̂γ(0, η) ≤ 2 and ϕ̂γ(0, η) < −1/ ln η for all η ∈ (0, R0].

In addition, k̂γ(ξ, η) ≤ 2 for all ξ ∈ γ2 and all η ∈ (r(ξ), R0].
Finally, taking into account the relations |t| ≤ |t − ξ| + |ξ| ≤ 3η/2, which hold for all ξ ∈ γ2

and all t ∈ γ such that |t − ξ| = η ∈ (r(ξ), R0], for the speci�ed ξ and η, we obtain the inequality
ϕ̂γ(ξ, η) < −3/ ln(3η/2).

Now, the validity of conditions (5.11) and (5.12) follows from the estimates

sup
ξ∈γ

1/2∫
β(ξ)

ϕ̂γ(ξ, η) k̂γ(ξ, η)ωγ(g, η)

η
dη < 6

1/2∫
0

dη

η ln(3η/2)(ln η − 1)
<∞ ,

where β(ξ) = 0 for ξ = 0 ∈ γ1 and β(ξ) = r(ξ) for ξ ∈ γ2.
Thus, all conditions of Corollary 5.1 are satis�ed for the given curve γ and the given function g.
As a result, we can state that the limiting values

(
Re g̃

)±
(ξ) of logarithmic double layer potential

(1.1) exist at all points ξ ∈ γ and are expressed by formulas (2.10) and (2.11).
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The results of this paper have been announced at a preprint of Arxiv (arXiv:2405.01482v1
[math.CV]).
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Abstract. We present an inventory model where a manufacturer (�rm) uses for �production� a
�commodity� (resource), which is consumed with the unit intensity. The price of the commodity
follows a stochastic process, modelled by a continuous time Markov chain with a �nite number of
states and known transition rates. The �rm can buy this commodity at the current price or use
�stored� one. The storage cost is proportional to the storage level. The goal of the �rm is to minimize
the long-run average cost functional. We prove the existence of a canonical triple with an optimal
threshold strategy, present an algorithm for constructing optimal thresholds and the optimal value
of the functional, and discuss issues of uniqueness.
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1 Introduction

There are various mathematical inventory models (see, for example, Arrow et al., 1951, [1]; Bather,
1966, [2]; Rubalskiy, 1972, [15]; Browne, Zipkin 1991, [4]; Bayer et al., 2010, [3]; Bulinskaya, Sokolova,
2015, [5]. These models allow us to �nd the optimal strategy for purchasing a product that minimizes
the total cost of purchasing, registration and delivery of the order, storage of goods, as well as losses
from its shortage.

In this paper, we will consider the following inventory problem.
There is a manufacturer (�rm) who needs to consume an intermediate product (commodity)

with the unit intensity for production. If the price of a commodity is constant, then it is possible
to purchase the commodity with the same intensity, and thereby production will be ensured. If the
price changes over time, then at a low price it is reasonable to buy a one-time quantity in order not
to overpay at a high price. But if you make a one-time purchase, then the purchased product must
be stored, and you have to pay for this. An example of such a commodity is cotton, which, on one
hand, is still one of the most important world products, and on the other hand, is characterized by
signi�cant price �uctuations, see for example Darekar and Reddy, 2017, [6].

I.M. Sonin proposed to consider the situation in which the price depends on the value of a Markov
chain with continuous time, a �nite number of n states and known transition intensities. In this
case, it is reasonable to create a warehouse and make purchases and create a stock in accordance
with the price.

It is assumed that purchases at the current price can be made both in large quantities and by
continuously increasing (without decreasing) the quantity of the purchased goods.

It is assumed that the storage fee is proportional to the amount of goods in stock, the cost of
ordering does not depend on the size of the order, the order is processed instantly.
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The question is how to organize the work of the warehouse in order to minimize the expected costs
of storage and purchase of goods, while the costs can be considered both discounted and marginal
averages per unit of time.

This problem was studied �rst in the thesis of Hill, 2004, [8], and then in Hill, Sonin, 2006,[9],
Katehakis, Sonin, 2013, [10] for the case n = 2 and special cases for n = 3. In these works, the
marginal average expected costs per unit of time were considered and it was assumed that, in the
general case, the strategy for the optimal organization of the work of the warehouse is of a threshold
nature, i. e. :

for each state i of a Markov chain, there is a threshold ai such that

if the inventory level x is less than or equal to ai, then it is necessary to make a one-time purchase
up to the level of this threshold, i.e. buy goods in the quantity ai−x, and then, until the next jump
of the Markov process (the moment of price change), it is necessary to purchase goods with the unit
intensity so that the inventory level is equal to the threshold value ai,

if x > ai, then purchases should not be carried out until the next jump of the Markov process or
the moment when the value of the inventory level, decreasing with the unit intensity becomes equal
to ai.

In Presman, Sonin, 2023, [14], using the methods developed in Presman, Sonin, 1982, [11],
Presman, Sethi and Zhang, 1995, [12], Presman, Sethi, 2006, [13], a complete solution of this problem
was given for the case of discounted costs. The existence of an optimal threshold strategy was
proved, an algorithm for constructing optimal thresholds and the optimal value of the functional
was formulated, the problem of the uniqueness of the optimal control was investigated.

We �rst describe the main ideas and features of the results and proofs of [14]. First, it turned out
that in problems with Markov chains with continuous time it is convenient to write the optimality
equation (the Bellman equation) in the form of choosing the optimal control until the moment
of the �rst jump, i.e., consider an imbedded Markov chain. After that, from considerations of
the convexity of the value function, it is easy to show that there is an optimal threshold control.
Secondly, it turned out that in such problems it is convenient to pass from studying the value
function to studying its derivative. Thirdly, it turned out that instead of the smooth gluing condition
(continuity of the derivative of the value function), which arises in problems with di�usion processes,
the condition of twice smooth gluing appears (continuity of the second derivative). Fourth, as a
rule, the optimal control is unique, but, for some relations between the parameters, in which, in
addition, the corresponding transition intensities are equal to zero, for some states the optimal
control is unique, and for others, any optimal control is of quasi-threshold character, i.e., there is a
whole interval of optimal thresholds (from zero to maximum), and if in the corresponding state the
inventory level does not exceed the maximal optimal threshold, then any control that does not go
beyond the interval of optimal thresholds is optimal.

In this paper, we study the case with the long-run average cost functional under the assumption
that the chain is regular, i.e., from any state it is possible with a positive probability to get to any
other (not necessarily after the �rst jump). A passage to the limit is carried out with the discounting
parameter tending to zero. As a result, an analogue of the canonical triple, known in the theory of
controlled Markov chains with discrete time and a �nite number of states, arises. It is shown that,
as in the case of discounting, there is an optimal threshold strategy, an algorithm for constructing
optimal thresholds is given, and issues of uniqueness are considered.
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2 Problem formulation and results for discounted costs

Let a right-continuous Markov process {m(t)}0≤t<∞, m(0) = i, with a �nite number of states n (a
Markov chain in continuous time) and an intensity matrix (in�nitesimal operator)

Λ = (λi,j) , where λi,j ≥ 0, λi,i = −
∑
j 6=i

λi,j = −λi < 0. i, j ∈ N = {1, · · · , n} ,

are given, i.e., if at some point in time the process is in state i, then in a short time4 with probability
λi,j4+ o(4) it goes to state j, and with probability 1− λi4+ o(4) it remains in state i.

Let F = {Ft}0≤t<∞ be the �ltration generated by it, i.e., Ft contains all information about the
Markov process up to and including the time t. Control u is

an F -adapted left continuous nondecreasing function u(t), u(0) = 0, whose value
at time t corresponds to the total purchases of goods up to time t inclusive.

In other words, the total purchases up to time t can only depend on the behavior of the Markov
process up to time t and cannot take into account whether the Markov process jumped at time t.

The moments of jumps and the sizes of jumps at these moments correspond to the moments and
sizes of one-time purchases.

Since the consumption of a good occurs at the unit intensity, the equation

xu(t) = x− t+ u(t) (2.1)

determines the inventory level at time t with an initial level of x ≥ 0.
Controls for which xu(t) ≥ 0 for all t ≥ 0 and the values of the functionals are �nite will be

called admissible. Denote by U(x) the set of all admissible controls for the initial point x.
For u ∈ U(x), we consider the functionals

V ρ, u
i (x) = Ex, i


∞∫

0

e−ρtcxu(t)dt+

∞∫
0

e−ρtPm(t)du(t)

 for ρ > 0, (2.2)

V 0, u
i (x) = lim sup

T→∞

1

T
Ex, i


T∫

0

cxu(t)dt+

T∫
0

Pm(t)du(t)

 , (2.3)

where c is the cost of storage of a unit of goods per unit of time, Pi is the price of a product under
condition that the Markov process is in the state i ∈ N , Ex, i{·} � mathematical expectation when
the initial state of the Markov process is equal to i and the initial inventory level is x. Without loss
of generality, it is assumed that Pi > Pi+1 for 1 ≤ i ≤ n− 1.

The goal is to �nd for ρ ≥ 0 the value

V ρ
i (x) = inf

u∈U(x)
V ρ, u
i (x), i ∈ N, (2.4)

and determine the optimal control. The function V ρ
i (x) is called the value function. The name of

the value function is also used for the column vector V ρ(x) with coordinates V ρ
i (x), i ∈ N .

We will say that a control is ai-threshold in state i ∈ N if it satis�es the following conditions.

Let m(t0) = i, x(t0) = x, be satis�ed at some time t0 ≥ 0 and let t0 + τ be the moment of the
�rst jump after t0 of the process m(t). To simplify the notation, we assume that t0 = 0.
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If x ≤ ai, then a one-time purchase of ai− x is immediately made to bring the inventory level to
the value of ai, and after that, up to the moment τ , purchases are made with the unit intensity to
keep the inventory at the level ai, and hence xu(t) = ai for 0 < t ≤ τ , i, e. u(t) = u(0) + ai − x + t
for 0 < t ≤ τ ;

if x > ai, then at �rst no purchases are made (in this case, the inventory level decreases with
the unit intensity), and this happens until the minimum from the moment τ and the moment when
the inventory level becomes equal to ai, and then, if τ > ai − x, until τ purchases are made with
unit intensity to keep inventory level at ai, so u(t) = u(0) + max[0, t− (x− ai)] for 0 < t ≤ τ , which
means xu(t) = x− t > ai for 0 < t ≤ min[x− ai, τ ], and xu(t) = ai for x− ai < t ≤ τ.

Consider a vector a with coordinates a1, . . . , an. We call a threshold strategy a control that is
ai-threshold for every i ∈ N .

As already mentioned, [14] gave a complete solution of this problem for the case ρ > 0. Let us
�rst present the results obtained there.

Let P be an n-dimensional column vector with coordinates Pi, i ∈ N ; I be an n-dimensional
column vector with coordinates equal to 1; E be an n × n diagonal matrix such that all diagonal
element are equal to 1; V ρ(x) be the column vector with coordinates V ρ

i (x), i ∈ N ; 0 be the
N -dimensional column vector with zero coordinates.

We de�ne the vector bρ = (Λ− ρE)(−P ) + cI, so that

bρi = c+ (λi + ρ)Pi −
∑
j 6=i

λi,jPj = c+ ρPi +
∑
j 6=i

λi,j(Pi − Pj), i ∈ N. (2.5)

It turned out that for any state i ∈ N there exists an optimal threshold control, and the equality
of the optimal threshold to zero or its positiveness depends on the sign of bρi .

Let us put
Nρ

+ = {i : bi > 0}, Nρ
0 = {i : bi = 0}, Nρ

− = {i : bi < 0}. (2.6)

Remark 1. The set Nρ
+ is non-empty because P1 > Pi for all j 6= i, and from the second equality

in (2.5) we get that b1 > 0.

Below, if it is clear which ρ > 0 we are talking about, we will omit the superscript ρ for all
considered quantities.

The following theorem was proved in [14].

Theorem 2.1. 1) There is a vector a∗ such that the a∗-threshold strategy is optimal in the class of
all admissible controls in the problem of minimization of functional (2.2).

2) The vector function V (x) is convex and its derivative U(x) =
dV (x)

dx
is a unique continuously

di�erentiable solution of the equation

dU(x)

dx
= max[b(x),0], U(0) = −P, where

b(x) = (Λ− ρE)U(x) + cI = (Λ− ρE)

(
U(x)− c

ρ
I

)
,

(2.7)

(hereinafter for any vector d the notation max[d,0] denotes taking the coordinate-wise maximum),
moreover

b(0) = b, bi(x) < 0 for 0 ≤ x < a∗i , bi(x) ≥ 0 for x ≥ a∗i , i ∈ N, (2.8)

which means
a∗i > 0 if and only if i ∈ N−. (2.9)
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Let us put am = maxi{a∗i }. It follows from (2.7) and (2.8) that for x ≥ am

U(x)− c
ρ
I=e(Λ−ρE)(x−am)

(
U(am)− c

ρ
I

)
=e(Λ−ρE)(x−am)U(am)− c

ρ
e−ρ(x−am)I . (2.10)

The function V (x) itself is determined from the relation

V (x)=



c
ρx− 1

ρ2
I−

∞∫
x

(
U(y)− c

ρ
I

)
dy

= c
e−ρ(x−am)+ρx−1

ρ2
I+e(Λ−ρE)(x−am)(Λ−ρE)−1U(am) for x≥am,

−
am∫
x

U(y)dy +V (am)=−
am∫
x

U(y)dy+c
am

ρ
I+(Λ−ρE)−1U(am) for 0≤x <am.

(2.11)

For am > 0, in [14] an algorithm was formulated for successive construction of the vector-
function U(x) and the vector a∗ on successive intervals between thresholds, starting from the interval
[a(1), a(2)], where a(1) = 0 and a(2) is the minimal positive threshold. On this interval, the vector-
function U(x) was �rst constructed, and then the threshold a(2) and the set I(2) = {i : a∗i = a(2)}.
Then, if am > a(2), then the same is done for the interval [a(2), a(3)], where a(3) is the minimal
threshold of those thresholds that are greater than a(2), etc., up to a(r), where the number r was
determined from the condition a(r) = am.

For a more precise formulation, we need some notation. For any set of thresholds a, which is
convenient for us to consider as a column vector with coordinates ai, consider:

the number r corresponding to the number of di�erent threshold values;

increasing numbers a(1)(a), . . . , a(r)(a) corresponding to di�erent threshold values;

sets I(l)(a), 1 ≤ l ≤ r(a), where I(l)(a) = {i : ai = a(l)(a)};

sets N
(l)
+ (a) = {i : ai ≤ a(l)(a)} =

l⋃
k=1

I(k)(a), while N
(r)
+ (a) = N ;

sets N
(l)
− (a) = N \N (l)

+ (a) = {i : ai > a(l)(a)}.

(2.12)

For a = a∗ we will omit the dependence on a and simply write r; a(l), I(l), N
(l)
+ , N

(l)
− , 1 ≤ l ≤ r.

In addition, in further notation, if it is clear which l we are talking about, we will not write the
superscript "(l)".

Let us introduce the following notation:

Λ+ = (λi,j)i,j∈N(l)
+
, Λ− = (λi,j)i,j∈N(l)

−
, Λ± = (λi,j)i∈N(l)

+ , j∈N(l)
−
,

Λ∓ = (λi,j)i∈N(l)
− , j∈N(l)

+
, A = Λ− ρE , A+ = Λ+ − ρE+ , A− = Λ− − ρE− ,

for any vector d = (di)i∈N we set d+ = (di)i∈N(l)
+
, d− = (di)i∈N(l)

−
. Here the subscript "+" (respec-

tively "−") de�nes a vector with coordinates from N
(l)
+ (respectively N

(l)
− ) and transitions from N

(l)
+

to N
(l)
+ , (respectively, from N

(l)
− to N

(l)
− ). The subscript "±" (respectively "∓") de�nes transitions

from N
(l)
+ to N

(l)
− (respectively from N

(l)
− to N

(l)
+ ).

Remark 2. From the fact that A+ corresponds to a Markov chain with the state set N
(l)
+ and the

killing rate in state i equal to ρi = ρ+
∑
j∈N(l)

−

λ1,j, the existence of the inverse matrix (A+)−1 follows.
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Given l, 1 ≤ l < r, for 0 ≤ x < ∞ we de�ne the column vector-function F (x) as follows:
F (x) = U(x) for 0 ≤ x ≤ a(l), and for y ≥ 0

F−(a(l) + y) = −P−

F+(a(l) + y) = − (A+)−1 [cI+ − Λ±P−] + (A+)−1 eA+xb+(a(l)).
(2.13)

Consider also the vector-function

f(x) = cI + (Λ− ρE)F (x), 0 ≤ x <∞, (2.14)

so that f(x) = b(x) for 0 ≤ x ≤ a(l).

It follows from relation (2.8) that fi(a
(l)) ≥ 0 for i ∈ N (l)

+ , fi(a
(l)) < 0 for i ∈ N (l)

− . Consider now
the function

fmax(x) = max
i∈N(l)

−

fi(x), x ≥ a(l). (2.15)

Proposition 2.1. Algorithm for constructing the vector-function U(x) and the vector
a∗. Assume that for some l < r we have constructed a(i) and I(i) for 1 ≤ i ≤ l, and also U(x) for
0 ≤ x ≤ a(l), satisfying (2.7). If l < r, then

U(x) = F (x) for a(l) ≤ x ≤ a(l+1), (2.16)

a(l+1) = inf{x : fmax(x) > 0}, I(l+1) = {i : i ∈ N (l)
− , fi(a

(l+1)) = 0}, (2.17)

where F (x), f(x) and fmax(x) are de�ned in (2.13), (2.14), (2.15).
Let us pass to the study of the uniqueness of the optimal control. Let āi = inf{x : bi(x) > 0}.

From (2.8) it follows that āi ≥ a∗i . It turns out that if āi = a∗i , then the optimal control in state i
is unique, and if āi > a∗i , then a

∗
i = 0, and in the state i any threshold control with a threshold not

exceeding āi is optimal. Moreover, in this state, the control is optimal if and only if, in this state,
it prescribes not to make purchases at an inventory level greater than āi, and if the inventory level
does not exceed āi, then it prescribes to make such purchases so that the trajectory of the inventory
level does not go beyond the segment [0, āi].

We say that a control in state i ∈ J is ai-quasi-threshold if it satis�es the following conditions.
Let m(t0) = i, x(t0) = x, be satis�ed at some time t0 ≥ 0 and let t0 + τ be the moment of the

�rst jump after t0 of the process m(t).
If x > ai and t0 < t < t0 + min(x− ai, τ), then, as for threshold control, u(t) = u(t0). If x > ai

and x− ai < t < t0 + τ , or x ≤ ai and t0 < t < t0 + τ , then the control u is such that 0 ≤ xu(t) ≤ ai.

Let Ñ ⊂ N . The set of (a, Ñ)-quasi-threshold strategies is the set of all admissible controls that
satisfy the following properties: in states i /∈ Ñ they are ai-threshold, and in states i ∈ Ñ they are
ai-quasi-threshold.

Denote by N−0 the set of those states from N0 from which one can get to states belonging to N+

only by visiting states from N−. The following theorem was proved in [14].

Theorem 2.2. If N−0 = ∅, then āi = a∗i for all i ∈ N and in the optimization problem (2.2) the
optimal control is unique and is given by a∗-threshold strategy, and if N−0 6= ∅, then from i /∈ N−0
it follows that āi = a∗i , from i ∈ N−0 it follows that āi > a∗i = 0, bi(x) = 0 for 0 ≤ x ≤ āi and the
control is optimal if and only if it belongs to the set of (ā, N−0 )-quasi-threshold strategies. Wherein:

a) Ui(x) = −Pi for 0 ≤ x ≤ āi and bi(x) > 0 for x > āi (and hence, by virtue of the �rst equality
in (2.7), Ui(x) strictly increases for x > āi), i ∈ N .

b) if i ∈ N (1)
0 , then there exists l, 2 ≤ l ≤ r such that āi = a(l) > 0, and if āi > a(l), then λi,j = 0

for any such j, that āj ≤ a(l).



Sonin's inventory model with a long-run average cost functional 82

For 1 ≤ l ≤ r we set:

I
(l)
0 = {i : i ∈ N0, āi = a(l)}, N (l−1)

0 = {i : i ∈ N0, āi ≥ a(l)}, N
(l)
+ = {i : āi ≤ a(l)}.

It follows from here that N
(0)
0 = N0 =

r∑
l=1

I
(l)
0 , N

(l)
0 = N

(l−1)
0 \ I(l)

0 . It follows from Theorem 2.2 that

N
(1)
0 = N−0 .

In paper [14] the following algorithm for the sequential construction of sets I
(l)
0 was given. This

algorithm is related to the structure of the zero elements of the matrix Λ.
At �rst it was shown how the set I

(1)
0 is constructed. First, one includes in it all those elements

i ∈ N0 for which there exists j ∈ N+ such that λi,j > 0, then all those elements i ∈ N0 for which
there exists λi,j > 0 for j included in the previous step, and so on.

Proposition 2.2. Algorithm for constructing sets I
(l)
0 . Let the sets I

(i)
0 , 1 ≤ i ≤ l be constructed

for some l < r (this was done above for l = 1). From statement b) of Theorem 3.2, it follows that

for any i ∈ N (l)
0 it is true that: λi,j = 0 for any j ∈ N (l)

+ . To construct I
(l+1)
0 , we �rst include in

it those elements i ∈ N (l)
0 for which there exists j ∈ I(l+1), such that λi,j > 0. If this set is empty,

then the set I
(l+1)
0 is also empty. Otherwise, to those included in I

(l+1)
0 at the �rst stage, we add

those elements i from the elements remaining in N
(l)
0 for which there exists j included in the �rst

step such that λi,j > 0. If this set is empty, then the construction of the set I
(l+1)
0 is complete. If

not, then we repeat the procedure, and so on. As a result, the set I
(l+1)
0 will be constructed.

Remark 3. It is worth paying attention to the fact that, although in the formula (2.13) the vector

F+(x) is written as an exponent, nevertheless, if āi > a(l), then i ∈ N
(l)
+ and Fi(x) ≡ Pi. It is

possible to reformulate Proposition 2.2 in such a way that all coordinates of the new vector F+(x)
are represented as constants minus decreasing functions, which are linear combinations of decreasing
exponentials, perhaps multiplied by sines or cosines (in the case of complex eigenvalues of the new
matrix A+), and, perhaps, multiplied by polynomials (in the case of multiples of eigenvalues). To

do this, N
(l)
+ should be determined not according to (2.12), but according to the formula: N

(1)
+ =

N+∪ I(1)
0 , N

(l)
+ = N

(l−1)
+ ∪ I(l)

− ∪ I
(l)
0 for 1 < l < r− 1. In the sequel, we will talk about the algorithm

in this formulation.

The aim of this paper is to consider the case ρ = 0, i.e., studying functional (2.3). This is carried
out by passing to the limit as the discount coe�cient tends to zero. Therefore, in what follows we
return to the use of the superscript ρ.

3 Main results

3.1 Main theorems

If the chain m(t) is regular, then it is natural to assume that in the problem of minimization of
functional (2.3) (a long-run average cost) the optimal value of the functional V 0

i (x) does not depend
on i and x and is equal to some number, which we will denote V ∗. In this case, it is natural to
consider the problem of �nding

Gi(x) = inf
u∈U(x)

Ex, i


∞∫

0

[
(cxu(t)− V ∗)dt+ Pm(t)du(t)

] , i ∈ N. (3.1)

If such a function exists, then, by virtue of the Bellman optimality principle, for any stopping
time T (with respect to the process m(t))) with a �nite mathematical expectation, the following
relation holds:
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Gi(x)= inf
u∈U(x)

Ex, i


T∫

0

[
(cxu(t)−V ∗)dt+Pm(t)du(t)

]
+Gm(T )(x

u(T ))

 , i ∈ N. (3.2)

A vector-function G(x) that for any Markov moment with a �nite mathematical expectation
satis�es relation (3.2) is naturally called an invariant function for the problem of minimization of
functional (2.3).

Let there exist a strategy u∗ (i.e. a set of controls that assigns to each i ∈ N and x ≥ 0 a control
u∗x,i(t) ∈ U(x)) on which the minimum of functional (3.1) is achieved. Let x∗(t) be the trajectory
corresponding to the control u∗x,i(t). If Ex, iGm(T )(x

∗(T )) is bounded with respect to T for each x
and i, then

Gi(x) = Ex, i


T∫

0

(
(cx∗(t)− V ∗)dt+ Pm(t)du

∗
x,i(t)

)
+Gm(T )(x

∗(T ))

 . (3.3)

In this case (V ∗; u∗; G(x)) is called the canonical triplet for the problem of minimization of
functional (2.4) by analogy with the corresponding concept in control problems for discrete-time
Markov chains (see [7], Chapter 7).

Theorem 3.1. Let a chain be regular and c > 0. Then:

a) there exist a vector a0,∗, a number V ∗, and a vector function W (x) such that

W (x) = lim
ρ→0

W ρ(x), where W ρ(x) = V ρ(x)− V ∗

ρ
I, a0,∗ = lim

ρ→0
aρ,∗, (3.4)

and V ∗, a0,∗-threshold strategy and W (x) form a canonical triplet for minimization problem (2.3),

b) the function U0(x) =
dW (x)

dx
for 0 ≤ x ≤ a0,m = maxi{a0,∗

i } is a unique continuously

di�erentiable solution of the equation

dU0(x)

dx
= max

(
ΛU0(x) + cI,0

)
, U0(0) = −P, for 0 ≤ x ≤ a0,m, (3.5)

here V ∗ = ca0,m−Λ̄U0(a0,m), where the row vector Λ̄ denotes the invariant distribution of the Markov
chain.

c) a0,∗
i > 0 if i ∈ N0

− and a0,∗
i = 0 otherwise,

d) the solution of equation (3.5) and the numbers a0,∗
i are constructed in accordance with the

algorithm from Proposition 2.1.

Remark 4. To �nd V ∗ in case c > 0 it is not necessary to �nd W (x) for x > a0,m, but it su�ces
to solve equation (3.5). Nevertheless, below, in (4.12) we give an explicit expression for W (x) for
x > a0,m.

For c = 0, the situation di�ers from the case c > 0. We show that if c = 0 and ρ → 0, then
V ρ,∗ → Pn and the solution of problem (3.2) is obtained by passing to the limit as ρ→ 0. It is clear
that for c = 0 and V ∗ = Pn to solve problem (3.2), it is necessary for i 6= n to minimize the expected
costs until the hitting time of state n. We show that when solving the latter problem, the optimal
control is a threshold strategy for which the thresholds coincide with a0,∗

i = lim
ρ→0

aρ,∗i , i 6= n. At the

same time, it turns out that if for i = n one uses the y-threshold control and after the �rst jump
uses the obtained optimal strategy, then the larger y the smaller the value of functional is (it is due
to the fact, that aρ,∗n → ∞ as ρ → 0). Thus, when solving problem (3.2), there exists an invariant
function, but for i = n there is no optimal control, while in problem (3.1) for any control, the value
of the functional is in�nity.
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Before we formulate and prove these facts, we introduce the following notation. Denote N+n =
N \ {n}. By analogy with the previous ones, the subscript "+n" of the vector means that we are
considering a vector with coordinates from N+n.

Theorem 3.2. Let a chain be regular and c = 0. Denote âρn = max
i 6=n

aρ,∗i . Then the following

statements hold
a) There exist a0,∗

+n = lim
ρ→0

aρ,∗+n; numbers g > 0, µ > 0, and an integer number m0 ≥ 0 such that

lim
ρ→0

aρ,∗n − âρn
a(ρ)

=
1

µ
, where a(ρ) > m0 is the root of the equation [a(ρ)]m0 e−a(ρ) = gρ; for 0 ≤ x < ∞

there exists U0(x) = lim
ρ→0

Uρ(x) such that U0
n(x) = −Pn and the function U0

+n(x) for 0 ≤ x <∞ is a

unique continuously di�erentiable solution of the equation

dU0
+n(x)

dx
= max

(
Λ+nU

0
+n(x)− Λ(n)Pn,0+n

)
, U0

+n(0) = −P+n, (3.6)

where Λ(n) is the column-vector with elements λi,n, 1 ≤ i ≤ n − 1. The numbers a0,∗
i , i 6= n, and

U0
+n(x) are constructed in accordance with the algorithm from Proposition 2.1.
b) In the problem of minimization of functional (2.3) V ∗ = Pn and there exists W (x) =

lim
ρ→0

[
V ρ(x)−

(
aρn +

1

ρ

)
PnI

]
, which is an invariant function that for i 6= n is equal to the min-

imal expected costs until the hitting time T (n) of state n minus PnEi{T (n)}. Herewith

Wn(x) = −xPn, W+n(x) = −xPnI+n −
∞∫
x

[
U0

+n(v) + PnI+n

]
dv, (3.7)

where U0
+n(v) + PnI+n exponentially converges to 0+n as v →∞.

c) For any i ∈ N+n the a0,∗
i -threshold control is optimal in the problem of minimization of the

right hand side of (3.2) (where c = 0, V ∗ = Pn and G(x)) = W (x)). There is no optimal control
for i = n. For any ε > 0, there exists such y(ε) that for y > y(ε) the y-threshold control is ε-optimal
for the state i = n. In the problem of minimization of functional (3.1) for any control, the value of
the functional is in�nity.

3.2 Uniqueness

When studying functional (2.3), it makes no sense to talk about the uniqueness of the optimal
control, since an arbitrary control on any �xed time interval with subsequent use of the optimal
control gives the same value of the functional. But it makes sense to talk about the uniqueness of
the optimal control for solving problem (3.1) with G(x) = W (x), which, as mentioned, also gives a
solution to problem (2.3).

After constructing W (x) you can de�ne numbers ā0,∗
i and sets I

0,(l)
0 , N

0,(l−1)
0 , 1 ≤ l ≤ r, just as

it was done for ρ > 0.

Theorem 3.3. The statements of Theorem 2.2 and Proposition 2.2 are also true in the optimization
problem (3.2) with G(x) = W (x) for i ∈ N in the case c > 0 and for i ∈ N+n in the case c = 0.

Remark 5. In [14] it was noted that, as a rule, optimal control is unique. If we �x all parameters
except ρ, then non-uniqueness is possible only for a �nite set of values of ρ at which some of bi (see
(2.5)) vanish, and even then, provided that the corresponding λi,j equals zero. It follows directly

from (2.5) that for ρ = 0 it may turn out that N
0,{1}
0 6= ∅ and therefore optimal control is not unique,

while for su�ciently small ρ it is always true that N
ρ,{1}
0 = ∅ and optimal control is unique.
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4 Proofs

4.1 Proof of Theorem 3.1

In this section, we consider a regular Markov chain, for which with positive probability it is possible
to go from any state to any other one, possibly after some jumps.

4.1.1. Let us �rst show how (3.4) yields 3.2) and statement b) of Theorem 3.1. Let us write
down the obvious identity:

V ρ
i (x) = inf

u∈U(x)
Ex, i


T∫

0

e−ρt
(
cxu(t)dt+ Pm(t)du(t)

)
+ e−ρT V ρ

m(T )(x
u(T ))


= Ex, i


T∫

0

e−ρt
(
cxa

ρ,∗
(t)dt+Pm(t)du

ρ,∗(t)
)

+e−ρT V ρ
m(T )(x

aρ,∗(T ))

 .

(4.1)

Using the equality

T∫
0

e−ρtdt =
1− e−ρT

ρ
, relation (4.1) can be rewritten as:

W ρ
i (x) = inf

u∈U(x)
Ex, i


T∫

0

e−ρt
(
(cxu(t)− V ∗)dt+ Pm(t)du(t)

)
+ e−ρTW ρ

m(T )(x
u(T ))


= Ex, i


T∫

0

e−ρt
(
(cxa

ρ,∗
(t)−V ∗)dt+Pm(t)du

ρ,∗(t)
)

+e−ρTW ρ
m(T )(x

aρ,∗(T ))

 .

(4.2)

We know the structure of the functions W ρ
i (x), and therefore we can take a limit as ρ → 0. So we

get (3.2) and assertion b) of Theorem 3.1.

4.1.2. Let us move on to the proof of the existence of the limit vector function W (x).
First, we show that using the algorithm from Proposition 2.1, one can construct a vector a0,∗

such that a0,∗ = lim
ρ→0

aρ,∗, and a vector-function U0(x) de�ned for 0 ≤ x ≤ a0,m = max
i∈N

a0,∗
i , such

that U0(x) = lim
ρ→0

Uρ(x) for 0 ≤ x ≤ a0,m, U0(x) is the only continuously di�erentiable solution of

equation (3.5).
It is easy to see that for this it su�ces to prove the existence of a �nite limit lim

ρ→0
aρ,∗, because

then relation (3.5) and assertion d) of Theorems 3.1 follow from the continuous dependence on the
parameter of the solution of the system of linear di�erential equations. To prove the existence of a
�nite limit lim

ρ→0
aρ,∗, in turn, it su�ces to prove that for any 1 ≤ l < r0, there exists i(l) ∈ N (l)

− such

that lim
x→∞

f
ρ,(l)

i(l)
(x) > 0 for all ρ ≥ 0 because, according to the algorithm, f

ρ,(l)
i (aρ,(l)) < 0 for any

i ∈ N (l)
− , and the positiveness of the corresponding limit guarantees the existence of aρ,(l+1).

In [14] the proof of the existence of aρ,∗ was based on the study of the optimality equation and
made essential use of the property ρ > 0. Here we give an independent proof of the existence of aρ,∗,
which is valid for both ρ > 0 and ρ = 0. Therefore, later in this section we will omit index ρ.

For f−(x) formula (2.14) can be written as

f−(x) = cI− + A∓F+(x)− A−P− (4.3)
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where, according to (2.13), for x ≥ a(l)

F+(a(l) + x) = (−A+)−1 [cI+ − Λ±P−] + (−A+)−1 eA+(x−a(l))b+(a(l)). (4.4)

In Remark 2, it was said that since A+ corresponds to a Markov chain with state set N
(l)
+ and the

killing rate in state i is equal to ρi = ρ +
∑

j∈N(l)
−
λ,j, the existence of the inverse matrix (A+)−1

follows. For ρ = 0, for some i ∈ N (l)
+ the corresponding sum may turn out to be zero. However, the

following lemma will be proved in Appendix A1.

Lemma 4.1. If ρ > 0 or ρ = 0 and a chain m(t) is regular, then
a) there exists (A+)−1, and all elements of this matrix are nonpositive,
b) the eigenvalue of the matrix A+ with the maximal real part is negative, and therefore eA+x → 0

for x→∞, and the convergence is exponential.

From this lemma and from (4.4) we get

F+ =: lim
x→∞

F+(x) = (−A+)−1 [cI+ − A±P−], (4.5)

and from this and from (4.3) it follows that

f− =: lim
x→∞

f−(x) = c[I− + A∓ (−A+)−1 I+]−BP−, (4.6)

where
B = A− + A∓ (−A+)−1A±, (4.7)

In Appendix A2 an interpretation of the elements of the matrices (A+)−1 and B will be given
and the following lemma will be proved.

Lemma 4.2. If ρ > 0, or ρ = 0 and the chain m(t) is regular, then
a) all o�-diagonal elements of the matrix B are non-negative, and the sum of the o�-diagonal

elements over each row is positive,
b)

BI− + ρ
(
I− + A∓ (−A+)−1 I+

)
= 0−. (4.8)

De�ne i(l) from the condition Pi(l) = max
j∈N(l)

−

Pj. Multiplying (4.8) by Pi(l) and adding with (4.6)

we get
f− = (c+ Pi(l)ρ)[I− + A∓ (−A+)−1 I+] +B(Pi(l)I− − P−). (4.9)

All elements of the matrix (−A+)−1 are nonnegative, consequently all elements in the �rst square
brackets are positive. All elements of the matrices A∓, and A± are also non-negative. Therefore, all
coordinates of the vector in square brackets on the right side of (4.9) are non-negative. As for the
last term on the right side of (4.9), its component corresponding to i(l) is obtained by multiplying
the row corresponding to i(l) by the vector Pi(l)I− − P−, whose coordinate corresponding to i(l) is
equal to zero, and all other coordinates are strictly positive. Therefore, it follows from assertion
a) of Lemma 4.2 that fi(l) > 0. This proves the existence of a(l+1), and hence the existence of the
limit a0,∗ and the limit function U0(x) on the interval [0, a0,m], while U0(x) is the only continuously
di�erentiable solution of equation (3.5). Thus, we have proved also both statements c) and d) of
Theorem 3.1. To complete the proof of Theorem 3.1, it remains to consider the interval [aρ,m, ∞).

4.1.3. Note now that on the interval [aρ,m, ∞) the situation becomes more complicated for
ρ = 0. On this interval, for ρ > 0, the function V (x) is given by formula (2.11), which contains the
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matrix (Λ− ρE)−1 e(Λ−ρE)(x−am). Therefore, to carry out the passage to the limit as ρ→ 0, we need
to consider the structure of the matrix (Λ− ρE)−1 e(Λ−ρE)x.

Let a Markov chain m(t) be regular, and let µi, i = 1, . . . , N be the eigenvalues of the matrix
Λ. Then the eigenvalue with the maximal real part (we will assume that this is µ1) is single and
equal to zero. It corresponds to the right column eigenvector I, consisting of ones, and the left row
eigenvector Λ̄, which de�nes the unique invariant distribution of the chain. All other µi, i 6= 1, have
a negative real part. For the case N = 3 in [14] it is shown that among them there can be both
complex conjugate and coinciding.

Let us �rst consider the situation in which all roots are di�erent and real, and hence µi < 0 for
i 6= 1. In such a case the following representation is valid:

e(Λ−ρE)x(Λ− ρE)−1 = Xdiag

(
1

µi − ρ
e(µi−ρ)x

)
X−1

= −1

ρ
e−ρxX1Y1 +

N∑
i=2

1

µi − ρ
e(µi−ρ)xXiYi,

where diag (fi) is a diagonal matrix with diagonal elements fi; Xi is the i-th column vector of the
matrix X, which is the right eigenvector of the matrix Λ corresponding to the eigenvalue µi (with
X1 = I); Yi is the i-th row vector of the matrix Y = X−1, which is the left eigenvector of the matrix
Λ corresponding to the eigenvalue µi (where Y1 = Λ̄).

In the general case, instead of the diagonal matrix, there are the corresponding Jordan cells, in
which there are decreasing exponentials (with sines and cosines in the case of complex eigenvalues),
multiplied by polynomials in the case of multiple eigenvalues.

In the general case, the following representation takes place

e(Λ−ρE)x(Λ− ρE)−1 = −e
−ρx

ρ
IΛ̄ +Bρ(x), Bρ(x)I = 0. (4.10)

where the matrix Bρ(x) has a limit as ρ → 0, while the elements of the limit matrix B0(x) are
combinations of decreasing exponents, possibly multiplied by sines, cosines and polynomials, and
the last equality follows from the fact that Y = X−1.

Hence, using (2.11), (2.10), and (4.10) we obtain that for x ≥ aρ,m

V ρ(x) = c

(
e−ρ(x−aρ,m) + ρx− 1

)
ρ2

I −
[
e−ρ(x−aρ,m)

ρ
IΛ̄−Bρ (x− aρ,m)

]
Uρ (aρ,m)

= c

(
e−ρ(x−aρ,m) + ρx− 1

)
ρ2

I − e−ρ(x−aρ,m)

ρ
IΛ̄Uρ(aρ,m) +Bρ (x− aρ,m)Uρ (aρ,m)

=
V ∗

ρ
I+

c

2

(
x−a0,m

)2
I−
(
x−a0,m

)
IΛ̄U0

(
a0,m

)
+B0

(
x−a0,m

)
U0
(
a0,m

)
+o(ρ)I,

(4.11)

where V ∗ = ca0,m − Λ̄U0 (a0,m). Thus, for x ≥ aρ,m

W (x) =
c

2

(
x− a0,m

)2
I −

(
x− a0,m

)
IΛ̄U0

(
a0,m

)
+ B0

(
x− a0,m

)
U0
(
a0,m

)
. (4.12)

If 0 ≤ x ≤ a0,m, then

W (x) = −
a0,m∫
x

U0(y)dy +W
(
a0,m

)
,

where the vector-function U0(x) was constructed in Section 4.1.2. �
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4.2 Proof of Theorem 3.2

.
First we will prove statement a) of the theorem.
For c = 0, the proof that there exists a0,(l) = limρ→0 a

ρ,(l) for 1 ≤ l < r, and for 0 ≤ x ≤ a0,(r−1) =
âρn there exists a limit U

0(x) = limρ→0 U
ρ(x) is not di�erent from the corresponding proof for c > 0.

In order to prove that limρ→0 a
ρ
n =∞ we �rst prove by induction that bρn(aρ,(l)) < 0 for su�ciently

small ρ for any 1 ≤ l < r. For l = 1, aρ,(1) = 0 holds, and, according to (2.5), bρn(0) = ρPn +∑
j 6=n

λn,j(Pn − Pj). Since Pn < Pj for any j 6= n, then for su�ciently small ρ this expression is

negative. Thus, for l = 1 the induction hypothesis is satis�ed. If r = 2, then everything is proved.
Let r > 2 and we have proven that bρn(aρ,(l)) < 0 for some 1 ≤ l < r − 1 for su�ciently small ρ.

Let us rewrite (4.6) for c = 0 and (4.8) in the form

f− = −BP−, (4.13)

0− = BI− + ρ
(
I− + A∓ (−A+)−1 I+

)
. (4.14)

Multiplying (4.14) by Pn and adding with (4.13) we get:

f− = ρ[I− + A∓ (−A+)−1 I+]Pn +B(PnI− − P−). (4.15)

We will show that the last coordinate of the vector B(PnI−−P−), which corresponds to the state
of the chain with the number n, is negative. In fact, this last coordinate is equal to the product of
the last row of the matrix B by a vector whose last element is zero, and all the others are negative.
But, according to Lemma 4.2, for ρ ≥ 0 all coordinates other than the last one of the last row of
the matrix B are non-negative, and at least one is positive. This proves the negativity of the last
coordinate of the vector B(PnI− − P−). From here and from (4.14) it follows that for su�ciently
small ρ, the last coordinate of the vector f− is also negative. Thus, in the interval a0,(l) ≤ x < ∞,
the function fn(x) increases from the value bρn(aρ,(l)) < 0 to a negative value set by formula (4.14),
remaining negative. According to the algorithm, on the interval aρ,(l) ≤ x ≤ aρ,(l+1) the equality
bρn(x) = fn(x) holds, and therefore bρn(aρ,(l+1)) < 0, which completes the proof of the induction
assumption.

Thus, for x > âρn and a su�ciently small ρ, the set N
(r−1)
− consists of one element n, and due

to Lemma 4.1 for such ρ the matrix (Aρ+n)−1 exists, is continuous at ρ = 0 and all its elements are
nonpositive.

We de�ne the matrix A(ρ), column vectors G(ρ) and H(ρ), and row vector Λ(n) as follows:

A(ρ) = (Aρ+n)−1, G(ρ) = A(ρ)Λ(n), Λ(n) = (λn,1, . . . , λn,n−1) ,

H(ρ) = U+n(âρn)− PnG(ρ) = A(ρ)
[
Aρ+nU(âρn)− PnΛ(n)

]
= A(ρ)bρ+n(âρn) ≤ 0.

. (4.16)

It is evident, that Λ(n)I+n = λn, G(ρ) = −I+n− ρA(ρ)I+n (the last equality is obtained from the
elementary equality Λ(n) = − [Aρ+n + ρE+n] I+n by multiplying from the left by A(ρ)).

Using these notations and relations, we can rewrite (4.4) and (4.3) for c = 0 in the following
form: for x ≥ 0

F ρ
+n(âρn + x) = PnG(ρ) + eA

ρ
+nxH(ρ)

= −PnI+n + ρPnA(ρ)I+n + A(ρ)eA
ρ
+nxbρ+n(âρn)

(4.17)

fρn(âρn + x) = Pn(λn + ρ) + Λ(n)F
ρ
+n(âρn + x)

= ρPn
(
1− Λ(n)A(ρ)I+n

)
+ ΛnA(ρ)eA

ρ
+nxbρ+n(âρn).

(4.18)
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Note also that according to Remark 3, all coordinates of the vector F ρ
+n(âρn + x) are strictly

increasing.
The function fρn(âρn+x) is strictly increasing and according to Proposition 2.2 fρn(âρn) = bρn(âρn) < 0

and, according to (4.18) and due to Lemma 4.1 fρ− = limx→∞ f
ρ
n(x) > 0. The threshold aρ,∗n is

determined from the condition fρn(aρ,∗n ) = 0, which, according to (4.18), can be written as

ρPn (1− ΛnA(ρ)I+n) = −Λne
Aρ+n(aρ,∗n −âρn)H(ρ). (4.19)

It follows from here that aρ,∗n → ∞ as ρ → 0, therefore we got that for x ≥ aρ,(r−1) there exists
a �nite limit F 0

+n(x) = lim
ρ→0

F ρ
+n(x). According to Proposition 2.2 for aρ,(r−1) ≤ x ≤ aρn we have

F ρ
+n(x) = Uρ

+n(x), Uρ
n(x) = −Pn.

Thus, we proved that for 0 ≤ x <∞ there exists a limit U0
+n(â0

n + x) = lim
ρ→0

Uρ
+n(âρn + x), where

U0
+n(x) = PnG(0) + eΛ+n(x)(U0

+n(â0
n)− PnG(0)) = PnI+ − ρA(ρ)I+ + A(ρ)eΛ+n(x)bρ+n(âρn),

while U0
n(x) = −Pn.

To complete the proof of statement a) of Theorem 3.2 it remains to study the limiting behavior
of aρn as ρ→ 0. In Appendix A3, the following lemma will be proved, which completes the proof of
statement a) of Theorem 3.2.

Lemma 4.3. a) There exist numbers g > 0, µ > 0, and integer number m0 ≥ 0 such that

lim
ρ→0

aρ,∗n − âρn
a(ρ)

=
1

µ
, where a(ρ) is the root of the equation [a(ρ)]m0 e−a(ρ) = gρ.

b) There exists a �nite limit lim
ρ→0

1

ρ
eA

ρ
+a(ρ).

Let us proceed to the proof of statement b) of Theorem 3.2. For c = 0 and 0 ≤ x < aρ,m,
expression (2.11) can be rewritten as

V ρ(x) = −
aρ,∗n∫
x

(Uρ(y) + PnI)dy + V ρ(aρ,∗n ) + (aρ,∗n − x))PnI for 0 ≤ x < aρ,∗n .

It follows from this expression that to prove the existence of W (x), it su�ces to prove the
existence and �niteness of two limits

lim
ρ→0

aρ,∗n∫
x

(Uρ(y) + PnI)dy =

∞∫
x

(U0(y) + PnI)dy <∞, (4.20)

lim
ρ→0

[
V ρ(aρn)− 1

ρ
PnI

]
<∞ . (4.21)

For i = n, the integrands in both parts of (4.20) are zero, since Uρ
n(x) = −Pn for x < aρn, ρ ≥ 0.

For i 6= n, convergence and �niteness in (4.20) follows from the proven statement a) of Theorems
3.2, from the second equality in (4.17), and from the exponential decay of integrands which in turn
follows from Lemma 4.1.

Let us move on to the proof of relation (4.21). From the second equality in (4.11) it follows that
for c = 0

V ρ(aρn)− Pn
ρ
I = −IΛ̄

Uρ(aρn) + PnI

ρ
+Bρ(0)Uρ(aρn).
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Since V ρ
n (aρn) = Pn it follows from here that to prove (4.20), it su�ces to prove the existence and

�niteness of the limit

lim
ρ→0

Uρ
+n(aρn) + PnI+n

ρ
<∞. (4.22)

This follows from the second equality in (4.17), and from statement b) of Lemma 4.3.
To complete the proof of statement b) of Theorem 3.2, it remains to verify that W (x) is an

invariant function. The proofs of this fact and that the a0,∗
i -threshold control in state i 6= n is

optimal in the problem of minimization of the right hand side of (3.2) is similar to the proof of the
corresponding facts for the case ρ > 0, which is given in Section 4.1.1. One only needs to substitute
Vn + ρaρ,∗n instead of V ∗ in (4.2) and take into account that ρaρ,∗n → 0 as ρ→ 0.

Let us show that the y-threshold control is ε-optimal for the state i = n in the problem (3.2).
Indeed, let us �rst consider the case in which T is the moment of the �rst jump of the process m(t).
Then the application of y-threshold control in the state (x, n) with y > x is reduced to a one-time
purchase of y − x and a subsequent purchase with intensity Pn up to the moment τ . Therefore, the
di�erence between the value of the functional in (3.2), corresponding to the y-threshold control, and
the optimal value (equal to −xPn), is

∆y = Ex,n
[
yPn +Gm(τ)(y)

]
=

n−1∑
j=1

λn,j
λn

[yPn +Gj(y)] = −
n−1∑
j=1

λn,j
λn

∞∫
y

[sPn + U0
j (s)ds, (4.23)

where the last equality follows from (3.7). Now ε-optimality for su�ciently large y follows from the
exponential convergence to zero of the integrands in (4.23), proved in statement b) of Theorem 3.2.

For an arbitrary τ with a �nite mathematical expectation, it is necessary to split the interval
from zero to τ into a random number of intervals between successive hits of the chain in state n.
On each such interval, except for the last one, the increment of the functional value will be equal to
∆y, and on the last one it will be only less. �

4.3 Proof of Theorem 3.3

.
According to Remark 4, the value of V ∗ in (3.1) is uniquely determined. At the same time, if the

coordinates of the vector-function G(x) satisfy (3.1), then for any constant C the vector G(x) +CI
also satis�es relation (3.1 ). Therefore, without loss of generality, we will assume that G(0) is the
same as the value obtained from (3.4).

Let us write relation (3.1) for the moment τ of the �rst jump of the process m(t)

Gi(x) = inf
z∈Z(x)

Ex, i


τ∫

0

cxz(t)dt− V ∗τ + Piz(τ) +Gm(τ)(x
z(τ))

 , (4.24)

where Z(x) is the set of admissible controls between jumps, i.e., the set of nondecreasing left con-
tinuous deterministic functions z =: z(t) such that z(0) = 0 and xz(t) =: x − t + z(t) ≥ 0 for any
t > 0.

Substituting here the expression xz(τ) + τ − x instead of z(τ) and taking into account that the
moment τ of the �rst jump of the process m(t) with the initial value i has exponential distribution

with expectation equal to
1

λ i
, we get

Gi(x) =
Pi − V ∗

λi
− xPi + inf

y∈A(x)

 ∞∫
0

λie
−λit

 t∫
0

cy(s)ds

 dt + Pi

∞∫
0

λie
−λity(t)dt

+

∞∫
0

e−λit

(∑
j 6=i

λi,jGj(y(t))

)
dt

 ,

(4.25)
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where A(x) is the set of all admissible trajectories between jumps, i.e. the set of deterministic
functions y =: y(t) such that y(0) = x, y(t) ≥ 0 for any t > 0 and z(t) =: y(t) − x + t is a non-
decreasing left continuous function. Changing the order of all integration in the �rst term under the
inf sign, we obtain

Gi(x) =
Pi − V ∗

λi
− xPi + inf

y∈A(x)

∞∫
0

e−λit

(
y(t)(c+ λiPi) +

∑
j 6=i

λi,jGj(y(t))

)
dt . (4.26)

Let Hi(y) = y(c+λiPi)+
∑
j 6=i

λi,jWj(y). The functionsWj(y), i ∈ N, are convex as limits of convex

functions, and from (4.12) it follows that as y → ∞ they tend to +∞ (quadratically for c > 0 and
linearly for c = 0). For each i ∈ N the function Hi(y) is convex, �nite at zero, and tends to plus
in�nity at in�nity, and hence reaches a minimum. It follows that if the function reaches a minimum
at one point a∗i , then the optimal control until the moment of the �rst jump of the Markov process is
unique and is a threshold control with a threshold a∗i , because any other admissible trajectory gives
a greater value of the functional. If the minimum is reached on the interval [a∗i , āi], then the subset
of quasi-threshold strategies for which on the interval [a∗i , āi] you can use any admissible control that
does not go beyond this interval, and on the interval [0, a∗i ) you need to make a one-time purchase
in order to jump to any point in the interval [a∗i , āi].

It remains to prove that a∗i 6= āi implies that a
∗
i = 0, i ∈ N0,−

0 , and investigate the properties of
the solution to equation (3.5). This is done in exactly the same way as done in [14] and we will not
dwell on it. �

5 Conclusion

In the paper there is considered the inventory problem, in which a manufacturer who needs to
consume an intermediate product (goods) with a constant intensity for production buys this product
at a price that depends on the value of a Markov process with continuous time, a �nite number of
states and known transition intensities. The case of discounted integral costs, consisting of purchase
and storage costs, was considered in [14]. In this paper, we study the case with the long-run average
cost functional. A passage to the limit is carried out with the discounting parameter tending to zero.
As a result, an analogue of the canonical triple, known in the theory of controlled Markov chains
with discrete time and a �nite number of states, arises. It is shown that, as in the case of discounting,
there is an optimal threshold strategy and an algorithm for constructing optimal thresholds is given.

Appendix

A1. Proof of Lemma 4.1. The matrix A+ is the intensity matrix for a Markov chain with the
killing (getting into a �ctitious absorbing state) at the time of the �rst exit of the chain {m(t)}0≤t<∞

from the set N
(l)
+ , and the exit moment is associated both with the entry of the original chain into

a �ctitious state (for ρ > 0) and with the entry of the original chain into states from N
(l)
− .

Let us show that the matrix (−A+)−1 exists and all its elements are non-negative. To do this,
we represent the matrix −A+ as −A+ = D

(
E+ − Ā+

)
, where D is a diagonal matrix with entries

di,i = ρ + λi = −ai,i, i ∈ N (l)
+ , and the matrix Ā+ has zeros on the diagonal, and for the remaining

elements

āi,j =
ai,j

(ρ+ λi)
=

λi,j
ρ+

∑
k∈N λi,k

, i, j ∈ N (l)
+ , i 6= j.

The matrix Ā+ is the transition matrix for an embedded Markov chain (with discrete time) with
respect to the chain with continuous time corresponding to A+.
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If ρ > 0, then for each row of the matrix Ā+ the sum of the elements is less than one, so there

exists (E+ − Ā+)−1. If ρ = 0, then for some i ∈ N (l)
+ it may turn out that the sum of the elements

is equal to one. However, if the chain m(t) is regular, then for each row the sum of the elements of

the matrix (Ā+)n is less than one, because for a regular chain the probability of exiting the set N
(l)
+

after the nth jump is positive for any initial state i ∈ N (l)
+ . Therefore, in both cases, we have the

representation

(−A+)−1 =
(
E+ − Ā+

)−1
D−1 =

(
∞∑
k=0

(
Ā+

)k)
D−1, (A.1)

where the series converges. This representation implies the existence of the matrix (−A+)−1 and
the non-negativity of all its elements, i.e., statement a) of Lemma 4.1.

If the intensity matrix of a killable Markov chain is such that the corresponding transition matrix
of the imbedded chain has the property that for some power of this transition matrix the sum of
the elements for all rows is less than one, then the real part of any eigenvalue of the initial intensity
matrix is negative. �

A2. Proof of Lemma 4.2. ΛI = 0 implies AI = −ρI. This ratio can be written as:

A+I+ + A±I− = −ρI+ (A.2)

A−I− + A∓I+ = −ρI− (A.3)

From (A.3) and (4.7) it follows that

BI− = A−I− + A∓ (A+)−1A±I− = −ρI− − A∓I+ + A∓ (A+)−1A±I−

= −ρI− + A∓ (−A+)−1A+I+ + A∓ (A+)−1A±I−

= −ρI− + A∓ (−A+)−1 (A+I+ + A±I−).

(A.4)

The matrix B is the transition matrix of the state-set N
(l)
− Markov chain, which is obtained from

the original chain (with killing for ρ > 0) by discarding time intervals when the original Markov

chain is in states from N
(l)
+ . The intensities of transitions in this chain increased compared to the

intensities of the original chain, due to the exclusion of time intervals when the original circuit was
in states from N

(l)
− . The �rst term in (A.2) corresponds to direct transitions inside N

(l)
− , and the

second term corresponds to transitions after entering, staying, and leaving the set N
(l)
+ , while the

�rst factor of the second term corresponds to the transition from N
(l)
− to N

(l)
+ , the second factor

corresponds to staying in N
(l)
+ , and the third factor corresponds to returning from N

(l)
+ to N

(l)
− .

Both terms have o�-diagonal elements that are non-negative. If for some i ∈ N (l)
− all elements

of the string were equal to zero, then this would mean that from this state to go to other states
from N

(l)
− is impossible either directly or after visiting N

(l)
+ , and this contradicts the regularity of

the chain. �

A3. Limit properties of aρn and eA(ρ)(aρn−âρn). It follows from Lemma 4.1 and (4.18) that

fρn(âρn + x) = ρPn
(
1− Λ(n)A(ρ)

)
I+n − qρ(µx)m0Q

(
1

x

)
e−(µ+ρ)x + e−(µ+ρ+µ̄)xg(x), (A.5)

where −µ is an eigenvalue of the matrix Λ+ with the maximal real part (it is known that µ > 0); m0

is the maximal size among the Jordan blocks corresponding to −µ; Q(y) is a polynomial of degree
m0, where Q(0) = 1, qρ > 0 for ρ ≥ 0; µ + µ̄ < µ1, where −µ1 is the real part of the second
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eigenvalue in absolute value; g(x) is a bounded function. Recall that the right-hand side in (A.5)
is a function that increases from some negative value to a positive value, since all elements of the
matrix A(ρ) are non-positive, and vanishes at the point x = (aρn − âρn).

Let a(ρ) > m0 be the solution to the equation

[a(ρ)]m0 e−a(ρ) =
ρ

q0

Pn
(
1− Λ(n)A(0)

)
I+n. (A.6)

From (A.5), (4.20) and the fact that fρn(aρn) = 0, statement a) of Lemma 4.3 follows. Statement

b) follows from the Jordan representation of the matrix
1

ρ
eA

ρ
+a(ρ) in which in the limit all elements

vanish, with the exception of the elements corresponding to [a(ρ)]m0 e−a(ρ).
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