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MIKHAIL L’VOVICH GOLDMAN

Doctor of physical and mathematical sciences, Professor
Mikhail L’vovich Goldman passed away on July 5, 2025, at the
age of 80 years.

Mikhail L’vovich was an internationally known expert in sci-
enceand education. His fundamental scientific articles and text
books in variousfields of the theory of functions of several variable-
sand functional analysis, the theory of approximation of functions,
embedding theorems and harmonic analysis are a significant con-
tribution to the development of mathematics.

Mikhail I’vovich was born on Aprill 13, 1945 in Moscow. In
1963, he graduated from School No. 128 in Moscow with a gold
medal and entered the Physics Faculty of the Lomonosov Moscow
State University. He graduated in 1969 and became a postgradu-
ate student in the Mathematics Department. In 1972, he defended
his PhD thesis "On integral representations and Fourier series of
differentiable functions of several variables" under the supervision of Professor Ilyin Vladimir Alek-
sandrovich, and in 1988, his doctoral thesis "Study of spaces of differentiable functions of several
variables with generalized smoothness" at the S.L. Sobolev Institute of Mathematics in Novosibirsk.
Scientific degree "Professor of Mathematics" was awarded to him in 1991.

From 1974 to 2000 M.L. Goldman was successively an Assistant Professor, Full Professor, Head
of the Mathematical Department at the Moscow Institute of Radio Engineering, Electronics and
Automation (technical university). Since 2000 he was a Professor of the Department of Theory
of Functions and Differential Equations, then of the S.M. Nikol’skii Mathematical Institute at the
Patrice Lumumba Peoples’ Friendship University of Russia (RUDN University).

Research interests of M.L. Goldman were: the theory of function spaces, optimal embeddings,
integral inequalities, spectral theory of differential operators.Among the most important scientific
achievements of M.L.. Goldman, we note his research related to the optimal embedding of spaces
with generalized smoothness, exact conditions for the convergence of spectral decompositions, de-
scriptions of the integral and differential properties of generalized potentials of the Bessel and Riesz
types, exact estimates for operators on cones, descriptions of optimal spaces for cones of functions
with monotonicity properties.

M.L. Goldman has published more than 150 scientific articles in central mathematical journals.
He is a laureate of the Moscow government competition, a laureate of the RUDN University Prize in
Science and Innovation, and a laureate of the RUDN University Prize for supervision of postgraduate
students. Under the supervision of Mikhail L’vovich 11 PhD theses were defended. His pupilss
are actively involved in professional work at leading universities and research institutes in Russia,
Kazakhstan, Ethiopia, Rwanda, Colombia, and Mongolia.

Mikhail L’vovich has repeatedly been a guest lecturer and guest professor at universities in
Russia, Germany, Sweden, Great Britain, etc., and an invited speaker at many international con-
ferences. Mikhail L’vovich was not only an excellent mathematician and teacher (he always spoke
about mathematics and its teaching with great passion), but also a man of the highest culture and
erudition, with a deep knowledge of history, literature and art, a very bright, kind and responsive
person. This is how he will remain in the hearts of his family, friends, colleagues and students.

The Editorial Board of the Eurasian Mathematical Journal expresses deep condolences to the
family, relatives and friends of Mikhail L’vovich Goldman.




EURASIAN MATHEMATICAL JOURNAL
ISSN 2077-9879
Volume 16, Number 3 (2025), 09 — 19
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Abstract. The main objective of the work is to identify the relationship between evolution equa-
tions with potential operators and geometries of related configuration spaces of the given systems.
Using the Hamilton principle, a wide class of such equations is derived. Their structural analysis is
carried out, containing operator analogues of the Christoffel symbols of both the 1st and 2nd kind.
It is shown that the study of the obtained evolution equations can be associated, in general, with an
extended configuration space, the metric of which is determined by the kinetic energy of the given
system.

DOI: https://doi.org/10.32523/2077-9879-2025-16-3-09-19

1 Introduction

One of the main properties of the metric tensor is that it completely defines the geometry of the
space to which it belongs. The relationship of expressions for the metric tensor and the kinetic
energy allows determining the components of the metric tensor of the configuration space of the
system by the type of kinetic energy for the system and constructing its geometric model. The
subject of the present paper lies between analytical mechanics, geometry and variational calculus.
Tensor methods have long been applied in the dynamics of finite-dimensional systems [IT]. They
were initially aimed at using the ideas of Riemannian geometry in dynamics. In turn, the problems
of mechanics contributed to the development of geometry. Significant results have been obtained
over more than a hundred years (see, for example, I, 4 B, [7, [T, 12] and references therein). In
particular, it was shown that the curvature of a manifold — an invariant distinguishing Riemannian
metrics a;; (u', ..., u"), i,j = 1,n, — significantly affects the form of geodesics on it, i.e. the motion
in the corresponding dynamical system [2].
Geodesics are lines u’ = u' (t), t € [to,t1], i = 1,n, which are solutions to the equations

R j du® du’

— =0. 1=1.n
gz kg g =R

where Fi;i are the Christoffel symbols of the second kind.
Here and below, summation is implied by repeating indices of factors located at different levels.

If the metric a;; (u',...,u™) is non-degenerate (i.e. det (a;;) # 0), then
1 aal» 80/[ 8@"
I - 1.1
i = 9 (81& T P 8ul) ’ (1)

where (a*') is the inverse matrix of the matrix (ay).
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The Christoffel symbols of the first kind are found through the components of the metric tensor

by the formulas
1 <8akj 1 8azk _ aaﬁ') . (12)

kil =5\ ou ouwl  Ouk

As noted in work [6], in problems of mechanics it is natural to choose as a Riemannian metric
the metric that is determined by the kinetic energy of the system.

2 Statement of the problem. Geodesic equations

Let U = C?([to,t1],U1), V = C ([to, t1],, V1), where Uy, Vi are normed linear spaces over the field of
real numbers R, U; C V.

Let the state of an infinite-dimensional dynamical system be determined by a function u € U ,
satisfying the conditions u|;—y, = uo, uli=¢, = u1, where ug, u; are given elements from U;. A curve
win Uy is a mapping u : [tg, t;] — U;.

We will follow the notation and terminology of [4, [5].

Let be given a symmetric non-degenerate bilinear form (-,-) : V3 x V; — R and the kinetic energy
of the system

Tt ] = % (e, Atis) + (g, B (£, 0)) + (u, C (£ )

where A, is a linear Gateaux differential operator, in general, depending nonlinearly on t and wu;

du — im w € U,. Operators B, C' are differentiable with respect to ¢, and u in the

U= At—0 t
sense of Gateaux. .
1
A (hig) = (L£Aueh) |, 5 Flul = [Tluw]d, w € D(F) =
to
{u €U :uli—ty = ug,uli—, = u1}; the Gateaux differential 6F[u,h] = LFu + gh]’szo' The

construction of adjoint operators in the work is based on the Lagrange identity []].

Definition 1. A function v € D (F) is called stationary for a functional F' if §F[u,h| = 0 Vh €
D (F)).

Theorem 2.1. The stationary function of the functional Flu] is a solution to the operator equation

1 1 / /
N(u) = 5 (Au A7) u + 3 {AL (ue; ue) + Ay (g ue) — Ay (s ue) | —

W 1 (DA, 0A: OB N
—(BH—BU)Ut—Fﬁ(W'F at)m%—ﬁ—(]—(]uu_o,

(2.1)

where (...)* is the operator adjoint to the operator (...) with respect to the given bilinear form,

U = %; A (g ug) = (A (ug; )"y

Proof. For further use, we note that if the Gateaux derivative N/ of N exists, then [9]
N(u+eh) = N(u) +eN_h+r(u,eh), u € D(N), (2.2)
where

lim r(u,eh)
e—0 £

=0.
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Let us denote

t1
1
Filu] = 5 / (1tg, Ay d,
to
t1

Fylu] = / [(ug, B (t,w)) + (u, C (t,u)] dt, w € D (F) = D (F)) = D (F).

to

Using equality (2.2), we obtain
t1

1
Fluteh] = / (g + hy, A on (s + he)) dt

to
t1

1
- 5 / <ut + ehyy Augenty + Au+5h€ht> dt

to
t1

1
=3 / (ug + ehy, Ayug + Al (ug; eh) + Auehy + Al (ehy; eh) + r(u, eh)) dt.

to

From here we find

t1
1
SRl ] = 5 / [y Aut) + (e, AL, (s B) + Ayhy)] dt
to
t1

1 (2.3)
= 5 [Dt <h, Auut> — <h, Dt (Au'U/t>> +
to
+ <A;j (s ) s, h> 4 (Afug, hy)| dt Yu € D (F),Yh € D(F'),
where Dy is a total derivative with respect to ¢.
Since
<A2ut, ht> = Dt (AZut, h> — <Dt (AZ'U/t) s h>
A ,
= Dt (AZut, h> — < atuUt + AZ (Ut, Ut) + AZutt, h> ,
then from ([2.3) we get
1 =yt ,
SFifu,h] = 5 {(Au+ A B |+ 5/ A7 () e — A ()~
t=to to (24)
0A, 0A
_A; (ws; ue) — (Au + Ay) g — (W + W) Uy, h>} dt.

Taking into account that

h‘t:to :h{ =0,

t=t1
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from ([2.4)) we find

t1
1 ’ %! / x
OFi[u,h] = —3 / K(Au A g+ AL (g ) + A (g ) — A () +

to

(8Au DA

T )ut,hﬂ dt Yu € D(F),¥h € D (F.).

Using equality (2.2), in a similar way we get
t1

Fy [u+¢h] :/[(ut—keht,B(t,u—Feh»+<u+5h,(](t7u+6h)>}dt,

to
t1

SFy [u, h] = / (e, B (1) + G, B) + (. C (1) + {u, Oy )] .
From here we obtain to
5F [u, h] = ] D1 (. B (t,w)) = (b DB (£ ) + (b, Bluy) +
to + (h,C (t,w) + (h, O )| dt = (25)

+ / <h, (B;* — B;) w — %—f + C (t,u) + C;*u> dt.

to

t1

= (h, B (t,u))

to

Since h‘t:to = h|t:t1 =0, from (2.5) we find

t1

/ B !
OFy [u, h] = / <h, (Bu* - B;) up — aa—t +C (t,u) + C’u*u> dt.

to

From the condition
OF[u,h] = 0Fy[u, h] + 0F3[u,h] = 0,u € D (F),Yh € D (F))
we obtain operator equation ({2.1)). ]
Corollary 2.1. If A> = A, then equation takes the form

1 ! !
Ayuy + = [A; (ug;ug) + Ay (ugyue) — A (uesue)| —

2
. 9A, OB .

(2.6)

Corollary 2.2. If A* = A,, B = B/, A, and B are independent of t, C = 0 and there is an
inverse operator A;', then equation (2.1) takes the form

]. / */ [
Ugt + 514;1 [Au (ue; ue) + Ay (ue;ue) — Ay (wue)| = 0. (2.7)
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Consider a finite-dimensional system with coordinates (ul, ..o u™), ul (to) = ul , u' () = ul,

t € [to, 1], i = 1,n, and the kinetic energy T = 1u’a;;(u)i?, where (aij); ;—, 1s a symmetric matrix,

det (aw)” L F#0, W ;

Theorem 2.2. If T = §io2aij (u)@?, then equation ([2.7) coincides with the geodesic equation

d?u’ S
d; + Tt =0, j=1,n, (2.8)
where . 5 3 3
[ — 24 az@ i OQig
ik = 9 (8u’ "o T od

are the Christoffel symbols.

Proof. In the case under consideration
t1
. . 1 . .
(ug, Ayuy) = Wag;(u)d?, Flu] = 5 /uzaij(u)iﬂdt.
to

We have

t1
_ 4 % i = - J
Flu+eh| = 2/<u —I—sh) (a;j(u+¢ch)) (u +ch ) dt.
to
From here we find
t1

dF[u, h] = d%F[u + sh]|6:0 = 5/ {hmﬂaij(u) +u'ha;j(u) + ' ———
to

Integrating by parts, we obtain

t=t1

_|_

t=to

t1
1 8@2] k i aaw k —q ’Laa'l] -k
+ 5/ {u Duk —h"—h <ujaw + 0/ 0u’“ — W4 a;; + Dk i dt.

to

1. . . o
(5F[U, h] = 5 [hziﬂaij + h]llblaij}

Since h' (tg) = h' (t;) =0, ¢ = 1, n, then changing the summation indices in the terms under the
integral sign, we find

t1

§F[u,h] = % / [_hkf‘j (ax; + azn) + hha'e! (ZZZ - E)aczfij a %CZJk )1 o

to

Taking into account the symmetry of the matrix (aij)?jzl, we arrive at the equality

t1
Oa da; da;
OF[u, h] = —/hk {akjuj + = (a;j +a - Wj) ]dt

0

From the condition §F[u,h| = 0, u € D (F), Vh € D (F!) we conclude that u is a solution to
the system of equations

ag;ii! + Dy gyi't? = 0, (2.9)
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where Iy ;; are the Christoffel symbols of the first kind (1.2]).

Since det (a;);’,_, # 0, system of equations (2.9) can be solved with respect to W(j=1,n). As
a result, we arrive at system of equations ({2.8]).

Thus, equations of geodesics (2.8) are obtained. ]

In the absence of forces, the motion of a system with kinetic energy % (ug, Ayuy) can be interpreted
as motion in U by inertia with the metric

ds® = (uy, Ayuy) dt*.

Borrowing terminology from mechanics, for such a motion the trajectories are called geodesic
lines with respect to indicated metric. Thus, the problem of inertial motion is reduced to finding
geodesic lines. Operator equation (2.6 expresses a far-reaching generalization of this fact.

Corollary 2.3. [10] Equation (2.7) is an operator analogue of geodesic equations ({2.8)), while the

operator

Kuul] = 5 [AL () + A7 () = 4% () (2.10)

defines an analogue of the Christoffel symbols of the first kind Iy ;;, and
Kou[] = A, K[ (2.11)

s an analogue of the Christoffel symbols of the second kind Ffj

The operator %, defined by the formula
Du _
Wt =y + A, K [u]

is an analogue of the covariant derivative of u; with respect to t.
The above analogues are of particular interest in terms of their relationship with Riemannian
geometry, as well as the geometry defined by the pseudo-Riemannian metric.

Using now operators (2.10)), (2.11), we get the following.

Corollary 2.4. If A¥ = A, and there exists the inverse operator A;', then evolution equation ([2.1)
can be represented in the form

0A,
ot

! aB /
—(B*— B — —C=C*u| =
e ( ") wt Gy — ¢ Gl =0, (2.12)

we D(N)=D(F).

Nl(U) = Uyt + K2u [ut] + A;l |:

It is an interesting problem to interpret this operator evolution equation in terms of rheonomic
geometry with the metric

1
ds® = 5 (ug, Ay dt® + (ug, B(t,u)) dt® + (u, C(t,u)) dt?,

associated with the given kinetic energy T'[t, u, uy].
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3 Evolution equation and relative integral invariant

Let us establish the connection between evolution equation and an relative integral invariant
of the first order.
Let
u=u(Nt), Ae A=][0,1] (3.1)

be an arbitrary one-parameter set of elements from U continuously differentiable with respect to A.
It can be considered as a curve v in U. We assume that u (0;t) = u (1;1), i.e. v is a closed curve.

Let us introduce the notation
~ Ou(\t)

ou 3

dA.

Let us consider the functional

T1

Flu(ht) = / Tt () (A1) .

70

where [1p, 1] is an arbitrary segment from [to, t1].

We have

T1

COFuNt)] . [OT . -
oF = Sy = [ Sdndt - / STdt —

70 70
L7 (3.2)

=5 / [(Oue, Aqug) + (ue, Ay, (ug; 0u) + Ayoug) + (duy, B(t,u)) +

70

+ (uy, Blou) + (du, C (t,u)) + (u, C.du)] dt.

Since du; = %&L, from (3.2)) we get

T1
’

OF = / {% [Dt (0w, Aty) — (6w, Dy (Agur)) + <A; () s, (5u> +

o (3.3)
+ (A uy, dug)] + Dy (du, B(t,u)) — (du, Dy B(t,u)) +

+ <B;*ut, (5u> + (6u, C(t,u)) + <C;*u, 5u>} dt.

Bearing in mind that

0A, ,
D, (Ayuy) = Wut + A (g wg) + Ay,

(Afug, duy) = Dy (Aluy, du) — (Dy (Afuy) , 0u)

*

A ,
= D, (Al uy, ou) — <8_tu + A (g ug) + Al ugg, 5u> ,

0B
DtB(t, U) = E + B,;Ut,
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from (3.3)) we obtain

t=71

1
OF = <§ (A + AL) ug + B(t,u),5u>

t=T0
T1

1 1 ' /
— —(Au+ A uy + = [AL (ug;ug) + A% (ug; ug) — A (ugs ) ug | +
2 2
0 (3.4)

, » 04, 0A; 0B
—|—<Bu—B )ut—l— (8t + 815) E_C C; u5u>

- - ]1 (N (u),du) dt.

t=70

= <% (A, + A ug + B(t,u),5u>

70

Along the real trajectories, the solutions to evolution equation (2.1)), we have

t=7

1
OF = <§ (Au+ A) uy + B(t,u),5u>

t=T10

Integrating this equality termwise with respect to A from A =0 to A = 1, we obtain

1 t=71

0= Flu(1;t)] — F [u(0;1)] :/1<§(AU+A:;) ut+B(t,u>,5u> -
=/1<%(Au+Az>ut+B,5u> _ —/1<%(AU+AZ)%+B,5U>

_d A A Bosu) — (LA, + A u+ Bou)
P u P u

At Y0

7{<%(AU+A;;)W+B,5U> :]{<%(AM+A;)W+B,M>,

7 Y0

t=10
ie.

where v, 1 are arbitrary closed curves, embracing the tube of trajectories.
Thus we proved the following.

Theorem 3.1. Fquation (2.1)) has the relative integral invariant

]:7{<%(AU+AZ)ut+B,5u>.

4 Example

Let us denote U = C?([to, t1],U1), V = C ([to, t1], V7). Let Q be a bounded domaln in R* with

piecewise smooth boundary 992, U; = C* (ﬁ), iw==C (Q), A= @ 82)2 + @ 82)2 + ( 72 the Laplace

operator, v = (2!, 22, 2%). Let A, = A%+ au + Bu?, A? = AA, where o, 8 € C* [to,tl] We will




On some geometric aspects of evolution variational problems 17

assume that the domain of definition D (A,) of the operator A, consists of all those functions u € U
that satisfy the conditions

U|t:t0 = Uo, U|t:t1 = Ui,

U‘F = ’l/)(t,l'),
ou
on T o(t,x),

where T' = [to, t1] x 0Q, u; € C* (Q) (1 =0,1), ¢,¢ € C(T).
Let us define the bilinear form

(v,g) = /v(t,a:)g(t,x)dx.

Let us define 1
T = 5 <Ut; Auut> ,

which we will interpret as the kinetic energy of some system.
We will find the form of equation (2.1)) for this case.
For this purpose we obtain
Av = A% + aww + fuy,

Aurenv = A% + av (u + €h) + Bv (u + €h)?,
d

Al (v;h) = %Au%hvtzo = avh + 2Bvuh = (av + 2Bvu) h.

Let us find A}.
We have

t1 t1
//h - Aygdxdt = //h (A2g + aug + ﬁuzg) dzdt =
tg Q to Q

t1 t1
= //g (A’h + auh + Bu’h) dzdt = //g - Ayhdzdt Vu € D(A,),Vg,h € D(A)).
to Q to Q

Thus,
Al =A,Yue D(A,).

Next, we get

’

0A,
AJ(v;)h = (av + 2Buv)h, 5 = + Buu®.
According to formula (2.10)), we find

1 1 1
Ky [w) = 3 [auy + 2w up + 5 [auy + 2w up — 5 lauy + 2Buu] uy =
1
=3 [ + 2Bu] u?.
Thus, in the case under consideration, equation (2.1)) takes the form

1
(A2 + au + BuQ) Uy + 5 (a4 2Bu) u? + ayu + Bu® = 0.

It has the following relative integral invariant

7{/ (A + au + pu?) u dx Su.
0
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5 Conclusion

In the work there is identified the relationship between evolution equations with potential operators
and geometries of related configuration spaces of the given systems. Using the Hamilton principle, a
wide class of such equations is derived. Their structural analysis is carried out, containing operator
analogues of the Christoffel symbols of both the 1st and 2nd kind. It is shown that the study of
the obtained evolution system can be associated, in general, with an extended configuration space,
the metric of which is determined by the kinetic energy of the given system. It is shown that the
obtained evolution operator equation has a relative integral invariant.
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1 Introduction

Let I = (0,00), 1 < p,q < o0, %—l—i =1, A >0, and n > 1 be an integer. Let u be a positive
function continuous on the interval I. Suppose that v is a positive function infinitely differentiable
on /.

Let W}, = Wl (I) represent the space of functions f : I — R possessing weak derivatives up

1
(e.¢]

to the nth order on the interval I, satisfying || f™],., < oo, where ||f|,» = (f v(t)\f(t)|pdt> ’
0

denotes the norm of the weighted space L, ,(I). Under certain conditions on the function v, we
observe that Cg°(1) C W}, (I), where C3°(I) denotes the set of all functions infinitely differentiable
and compactly supported on I. Let Vi/;fv = W;U(I) denote the closure of the set C§°(I) with respect
to the norm || f(™ ||,
In the paper there are discussed oscillatory properties of the following 2nth order differential
equation
(=1)"(e(®)y™ ()" = Mult)y(t) =0, tel, (1.1)
and spectral properties of the self-adjoint differential operator L generated by the differential ex-
pression

ly(t) = <—1>”$<v<t>y<”><t>><">, (1.2)

in the space Lg,(I) equipped with the inner product (f,g)2. = [ f(t)g(t)u(t)dt.
0
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In the qualitative analysis of differential equations, there exist effective techniques for determin-
ing the oscillatory behavior of second-order equations of the form:

(0t (£)) — ult)y(t) =0, t € 1.

However, extending these methods to higher-order equations poses challenges. Recent studies have
explored approaches suited for higher-order equations, often by selecting one of the coefficients to be
a power function (see, e.g., [2], [3], [20], and [21]). In this paper, we employ the variational method.
This method relies on establishing a connection between the oscillatory properties of equation (|1.1)
and characterizations of the following inequality:

o] q 00

/ w(t)fldt | < C / oI P | L f e W (D). (13)

0 0

This approach allows us to relax the requirement that the weights in the equation must be power
functions exclusively. Furthermore, we derive explicit conditions for oscillation and spectral prop-
erties in terms of the coefficients u and v of equation and the operator L. Inequality is a
generalization of the famous Hardy inequality, which has a long-standing history (see, e.g., [9]). Its
different extensions and applications have evolved into an independent area known as the “theory of
Hardy-type inequalities” with numerous papers being published annually (see, e.g., the most recent
works [12], [17], and [22]).

The investigation of inequality hinges on the behavior of the function v at the endpoints
of the interval I. According to [10] and [I6], if v'~#" & Li(1,00), then there exists f € W, such

that the limits tlim f@(t) do not exist for all i = 0,1,...,n — 1; if v'=7" € L;(0,1), then for any
—00
f € Wy, the limits lim fO(t) = fO(0) exist for all i = 0,1,...,n — 1. The oscillation of equation
’ t—0

under the conditions v'™*" ¢ L;(1,00) and v'~?" € L;(0,1) was investigated in [I4] using the
variational method, as will be done here. This case can be termed the “standard case”, since for
the nth order inequality , there exist precisely n boundary conditions at the endpoints of the
interval I, namely no conditions at infinity and n finite limits at zero. The spectral properties of
the operator L in this “standard case” were examined in paper [18§].

From [I0] and [T6] it also follows that if v'™" € Li(1,00) and t*v'"" ¢ L,(1,00), then for any
f € W}, there exists exactly one limit Jim f=U(t) = f=Y(c0). Therefore, together with the

above condition for v at zero v'=* € Ly(0, 1), they entail n 4+ 1 conditions at the endpoints:

f90)=0,i=0,1,...,n—1, and f®Y(c0)=0.

This “overdetermined” case was studied in work [7].
In our study, we explore equation (|1.1)) and the operator L under the conditions:

D € Ly(1o0), D0 ¢ Ly(0,1), and #0V0 P € Li(0,1),  (1.4)

which, according to [I0] and [16], guaranty the existence of another n + 1 values lim f(¢) = f(0)

t—0t

and flim fO@) = fD(c0), i =0,1,...,n — 1, at the endpoints of the interval I, so that
[— 00

Wr (1) ={f eWr,(I): f(0)=0 and fP(c0)=0, i=0,1,...,n— 1}. (1.5)

Note that the same problems as here, but specifically for n = 2, where the differential equation
and operator are of fourth-order, were considered in the paper [I5]. Consequently, this paper
expands its scope to include the problems for any n > 2.
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The paper is organized as follows. In Section 2, we present all the main results regarding the
oscillatory properties of equation and the spectral properties of the operator L. Additionally,
Section 2 encompasses the characterizations of inequality . Section 3 offers a proof concerning
inequality . In Section 4, we compile the proofs of the main results concerning equation (/1.1
and the operator L. In Section 5, we improve some results obtained earlier.

Let us present notations used in the paper. Assume that o(t) = tzj’,ﬁ—?l), t € 1. Since

tp'(”—l)yl—P/ — tp/(n—l)gl—p'tp(n—l)(1—13/) — gl—P't(n—l)(Pl'i‘p—pp/) — @1—17/

Y

from (1.4) we have that 7'~ € L,(I). Therefore, for any 7 € I there exists k. such that

/Tglp' (t)dt = &, 7@1”/ (t)dt, (1.6)

in addition, k. increases in 7, lim k. = 0, and lim k, = oco.
T—0F T—00

The symbol A < B means A < C'B with some constant C'. Additionally, we define xj; as the
characteristic function of a set M.

2 Oscillatory properties of equation ((1.1)) and spectral properties of the

operator L

Equation (|1.1]) is termed oscillatory at zero if, for any T" > 0, there exists a (non-trivial) solution
of this equation possessing more than one zero with multiplicity n to the left of T (J4, p. 69]).
Otherwise, equation is termed non-oscillatory at zero.

Equation is termed strongly oscillatory or non-oscillatory at zero if it is oscillatory or
non-oscillatory at zero for all values A\ > 0, respectively.

The oscillatory properties of differential equation (1.1) can be established using the variational
method, relying on the following well-known statement.

Lemma A. Equation (1.1) is non-oscillatory at zero if and only if there exists T > 0 such that

T

/ (o)L F™ ()2 — M) F () dt >0, f € Wy, (0,T).

0

It is obvious that Lemma A can be reformulated as follows.

Lemma 2.1. (i) Equation (L.1)) is non-oscillatory at zero if and only if there exists T > 0 and
Cr > 0, depending only on T, such that the inequality

T

T
[ uttiswra <ace [ ool oPa, e, (2.1)
0 0
holds with the least constant A\Cp such that 0 < \C'r < 1;

(i1) Equation (L.1)) is oscillatory at zero if and only if for any T > 0 the least constant in (2.1)) is
such that A\Cr > 1.

Inequality (2.1)) is a particular case of inequality (|1.3), the characterizations of which are provided
in the following theorem.
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Theorem 2.1. Let 1 < p < q < oo and (L.4)) hold. For 7 € I suppose that

1 1
z q 9] p’
By (1) = sup /u(t)dt /(3 — 2P D (g)ds |
zZ>T
1 1
z q 00 I’

zZ2>T

Ba(7) = sup / (2 — )7V (1) / o (s)ds |

Q2
~
8
—~
V2
|
\]
N—
NS\
<
T
NG\
—~
V2)
S~—
QL
V2
S

By(1) = % /tq(T - t)Q(”Q)u(t)dt)

O<z<r T

1 i E r / / / p,
Fi(1) = sup - /tq(T — t)q("Q)u(t)dt) (/(T — SV 2 (g)ds |
0

T

1 (7 ,
Fy(1) = sup - /(7‘ — 1)1V (t)dt /3” =Dy (s)ds |

O<z<r T

B(1) = max{B(7), B2(7), B3(7), B4(7)}, F(7) = max{Fi(1), F5(7)},
BF = inf max{B(7), F(7)},

Tel

(n4—p1)!’ &(n) = =1 ((n — 12"+ (n+ 8)pé(p/)§) |

Then for the least constant C in (1.3)) the estimates

81(71) =

e(n)BF < C < e.(n)BF, (2.2)
T sup(1 + Y3 F(r) < C < e,(n)F (7)) (2.3)

hold, where
10 =inf{7 > 0: B(1) < F(7)}. (2.4)

By following the same steps as in the proof of Lemma 4.3 in [7], using Lemma we can deduce
the following statement.

Lemma 2.2. Let Cr be the least constant in (2.1]).
(i) Equation 1} 1s strongly non-oscillatory at zero if and only if lim+ Cr=0.
T—0
(i1) Equation (1.1)) is strongly oscillatory at zero if and only if Cp = oo for any T > 0.
Based on Lemma [2.2] and Theorem [2.T| we establish the criteria for strong oscillation and non-
oscillation of equation (|1.1)) as follows:
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Theorem 2.2. Let t?"Vy=! € Li(I) and t*™ v~ ¢ L,(0,1).
(i) Equation (1.1)) is strongly non-oscillatory at zero if and only if

4 T

lim sup /t2u(t)dt/32(”_2)v_l(s)ds =0, (2.5)
T=0F o<zt
0 z

T z

lim sup /u(t)dt/sz(”_l)v_l(s)ds = 0. (2.6)
T—=0F <2<t
z 0

(i1) Equation (1.1)) is strongly oscillatory at zero if and only if

lim sup /t2u(t)dt/52(”2)vl(s)ds =0 (2.7)
=0T 0<z<r

or

T z

lim sup /u(t)dt/sQ(”_l)v_l(s)ds = 0. (2.8)
T=0F 0<z<r
z 0

Let the minimal differential operator L., be generated by differential expression , ie.,
Liiny = ly is an operator with the domain D(Lyi,) = C§°(I). It is known that all self-adjoint
extensions of the minimal differential operator L, have the same spectrum ([4]).

Now, we present conditions under which any self-adjoint extension L of the operator L, has a
spectrum which is discrete and bounded below. The significance of studying these spectral properties
is fully elucidated in [5].

The relationship between the non-oscillation of equation and the above spectral properties
of the operator L is expounded in the following statement ([4]).

Lemma B. The operator L is bounded below and has a discrete spectrum if and only if equation
(1.1)) is strongly non-oscillatory.

On the basis of Lemma B and Theorem [2.2] we obtain the following statement.

Theorem 2.3. Let the assumptions of Theorem hold. Then the operator L has a spectrum
discrete and bounded below if and only if both (2.5) and (2.6]) hold.

If the operator L,;, is nonnegative, it possesses the Friedrichs extension Lp. According to
Theorem the operator Ly exhibits a discrete spectrum if and only if both conditions and
(2.6]) are satisfied.

For p = ¢ = 2 inequality can be rewritten as (f, f)2C ™2 < (Lgf, f)2.u. Then from Theorem
2.3 we have the following theorem, where the introduced above values BF, £,(n), and ,(n) are taken
forp=q=2.

Theorem 2.4. Let the assumptions of Theorem hold. Then the operator Lp is positive definite

if and only if BF < co. Moreover, e/(n)BF < A\, ? < &,.(n)BF holds for the smallest eigenvalue A\
of the operator L.

By Rellih’s lemma ([I1, p. 183]), the operator L' possesses a spectrum that is discrete and

1
bounded below in Ly, if and only if the space equipped with the norm (Lrf, f)3, is compactly
embedded into the space Ly,. Consequently, we derive another statement from Theorem
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Theorem 2.5. Under the assumptions of Theorem the embedding WQ”U(I) — Lo, s compact,

and the operator L;l is uniformly continuous on Lo, if and only if both conditions (2.5) and ([2.6))
are satisfied.

Let the operator L}l be completely continuous on Lo ,,. Suppose that {\;}2; are the eigenvalues
and {@g}72, is the corresponding complete orthonormal system of eigenfunctions of the operator
L;'. Assume that

o) t 2 t s 2

D(t) = / / (s — 2)"2dz | v(s)ds + / / (s — 2)"2dz | v'(s)ds.

t 0 0 0

Theorem 2.6. Let the assumptions of Theorem 2.2 hold. Let (2.5) and (2.6]) hold.
(1)

1 = |on(t 2
((n__ ;I@A(k < (n_z)!)zD(t). (2.9)

o

(ii) The operator Ly is nuclear if and only if [u(t)D(t)dt < oo, and for the nuclear norm ||L;' ||,
0

of the operator L;l the relation

o) [ee]

1 1 .,
m/u(t)D(t)dt <Ly llon = kz:: " —n—2)) / (t)D(t)dt (2.10)

0 0

holds.

3 Proof of Theorem [2.1

Let —o0 < a < b < o0. To prove Theorem we use characterizations of the standard weighted
Hardy inequality provided in the following statement (see, e.g., [9]).

Theorem A. Let 1 <p < g < o0.

(i) The inequality
/ / F(s)ds| dt

holds if and only if
1

3=

/b ()" dt (3.1)

Q|
I3
S |

AT = sup

a<z<b
moreover,
1
AT <O <pu(p)7 AT,

where C' s the least constant in (3.1)).
(i1) The inequality

3=

1
b b q

/u(t)/f(s)ds it| <c /bv B IF()P dt (3.2)

a t
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holds if and only if

Y
Qe

b
A” = sup /u(t)dt /vlp/(s)ds < 00,
a<z<b

moreover,

where C' is the least constant in (3.2)).

We also need the statement, which follows from the results of the works [19] and [6]. Let

1
z q b »’

By, = sup /(,z — 1)1V (t)dt /Ulp/(s)ds :
a<z<b

b

By = sup /u(t)dt /(3 — 2)P D1 (5)ds

a<z<b

z

Q=
]

a z

Theorem B. Let 1 < p < g < o0o. The inequality

S =

b b q

‘ b
/ u(t) / (s—t)"Lf(s)ds| dt| <cC / o) [P dt (3.3)

a t

holds if and only if max{By, By} < co. Moreover,

max{B;, By} < C < Sp%(p)i max{Bj, By},

where C' is the least constant in (3.3)).
To establish Theorem we adopt the approach outlined in the proof of Theorem 2.2 in [13].

Proof of Theorem 2.1} Sufficiency. By the conditions, we have . Let 7 € I. We assume that

ff Ydx for 0 <t <7, f(t :—ff’ d:vfort>7andf’() ((12—;),170(3 x)" 2 f(")(s5)ds

T

for x € ]. Then for f € W;U(I) we have

) = s [l = sy (3.4

for t > 7. Moreover, we have

(s — )" 2f™) (s)dsdx = E_ //(s — )" 2 f ) (s)dsdx

// )2 (s dsdx+// )" f0 (s)dsda

T
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s [ Jomaraies fro fomaran
+/f( )(S)/t($$)”2dxds} (3.5)

T tyn—1
£ )(s)srillds+/f(n)(s)sn1 (1 B (;:15) )ds
o0 (\n—1
+ /f(")(s)s”_l <1_ S:f> )ds] '

Assuming g(s) = f™(s)s"7!, the last equality gives that

=iy fra(-(-5)7)

Since ff Ydz = 0, we get

ft) =¢c 7]0(3 — 2)" 2 (5)dsdx = ¢y / )" lds =
0 2

0

which gives that [ g(s)ds = 0. Therefore, for f € W;v(l) from 1) we get
0

0= 25 o (-4)" )
oo Yo o ) e

_ (72—_1):)! [Zg(s) ((1 - é)nl - (1 = ;)M) ds
—/Tg(S) ((1 — ;)n_l - (1 - é)n_l> ds — (1 — é)n_l /tg(S)dSI (3.7)

0
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for 0 < t < . Then, for f € W7 (I) from and we obtain
=15t vt | [ ot ((1 (- 3)) s
- ]g(s) ((1 - ;)n_l - (1 - é)n_1> ds — (1 — ;) " /g(S)dS

xrelt) [ =0 s (39)

Since
[rirepas = [ 20 tpas = [0
0 0

0
the condition f € W;U(I) is equivalent to the condition g € L,5(I), where L,(I) = {ge€L,s(I):

[ g(s)ds = 0}. Taking into account that for s > 7
0

(1 - é)nl - (1 . ;)nl <(n— 1)@;1—’5):_2 (; _ é)

(s =m)" 2+ ([T =" *|t(s = 7)

<(n-—1)2"73

sn—lr
_ ~\n—1 _ _ 4\n—2
(0 1) [(s nj t+ (s 7')517;1 t) t]
snlir snlr
and for 7 > s . )
n— n— =2 _
<1_£) — <1_E) S(n—l)(T t) 1(7 3)t7
T S T S
by (3.8) inequality (1.3)) can be written in the form
1 A n—3 t [ n—1 g(S)
0 T
T (n—1)2 3L (e = g2 /(s EIC )
T s

RS
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In the left-hand side of (3.9)) applying the Minkowski inequality for sums, then the Holder inequality,
Theorem A, and Theorem B, we get

[unsapa
< e (P RO + =0 ) R) | [ ol pas
+ n _1 ol ((n—1)2"°Bs(1) + (n — 1)2"°By(7)
+ 8t ()7 max{By(r), Bo(7)}) / v(s)|f)(s)[Pds
1 1,01 9 1 r n %
< Gy (O @)+ (0= 1027 4 80067 ) B(r) e
< e.(n)max{B(r), F(7)} /v(s)|f(”)(s)|pds . (3.10)

0

Since the left-hand side of (3.10)) is independent of 7 € I, (3.10)) implies the right estimate in (2.2)).
Now, let us prove the right estimate in (2.3]). Since

z

t q(n—2)
lim Fi(7) = lim sup /tq (1 — —> u(t)dt

T—00 T*)OOO<Z<7— T
1 1
T ) ¢ 2 L v
s /
X /(1 - —> sP (=2 (5)ds = sup /tqu(t)dt /sp =201 (5)ds |
T z>0
z 0 z

we have that

/ ta (1 AT / — Y (5)ds

< /tqu /sp/(”_Q)vl_p,(s)ds < lim Fi(7). (3.11)
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For 0 < N < 7 we obtain

IA
VR
al!
N———
£
<
=
QU
~
\8
093\ c%\
8
| |
<
i
&
oy
=

N
Since
1 1
N q [e%) o
t\’ P'(n=1),1-0"(5\d
lim / <;) w(t)dt / s (s)ds| =o,
0 T
then
T q o0 L’
Bs(1) < /u(t)dt /sp/("l)vlp/(s)ds
N T

for a sufficiently large 7 > N. If lim Fy(7) = oo, where

T—00

t q(n—1) , ,
lim Fy(7) = lim sup / (1 - —> u(t)dt /sp (=Dpl=P(5)ds
T—00

T=00<z<T
i /=
= sup /u(t)dt /sp/(”_l)vl_p/(s)ds :
z>0
0

then [wu(t)dt = oo for any z > 0. Therefore, Bs(r) < lim Fy(7) = oo for a sufficiently large
2 T—00

o0

7 > N. If lim Fy(7) < oo, then [wu(t)dt < oo, which implies that lim B;(7) = 0, and we find
T—00 T—00

that Bs(1) < F(7) for a sufficiently large 7. It is also obvious that B;(7) < F(71), i = 1,2.
Combining these estimates with the obtained estimates B3(7) < F(7) and (3.11), we have that
B(7) < F(7) in some neighborhood of infinity. Therefore, in relation there exists 75 > 0 such
that B(ry) < F(79). Consequently,

BF = inf max{B(7), F(1)} < F(7)

Tel

and the right estimate in . holds.

Necessity. Since 777 € Ly(I), then . holds. For 7 € I we consider two sets £; = {g €
L,7(0,7):g <0} and £y = {g € L,5(7,00) : g > 0}. Repeating the proof of the necessary part
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of Theorem 1 in [§], for each g; € £; we construct a function go € Ly and for each go € Lo we
construct a function g; € £; such that g(t) = g1(¢) for 0 <t < 7 and ¢(t) = go(t) for ¢ > 7 belongs
to the set L,5(I). For the constructed function g we have (see [8, (26)])

(e 9] T [e.9]

/ T(8)|g(t)Pdt = (1 + k>~ / 3(8)|g1 (B)|Pdt = (1 + k1) / ()| go (1) |Pdt < oo. (3.12)

0 0 T

Taking into account 1} for the function g € Zp@(] ), we have

- [0 ((1 (- ;)“) s

T

q

+/gmo<ﬁﬁ)nlQé)ﬂ)m+<lgflfgmﬂw i

+ / u(t) / (s—t)“—liﬁfj)ds it| | <c / 5(s)|g(s)lPds | . (3.13)

In the left-hand side of (3.13)), all terms are nonnegative. Using the estimate for s > 7

()T
_(s— t)":l(s — Tt > max {(s —7)" i (s—7)(1 — t)”Qt] |

sl 7 sn1r

assuming that the function g € Zpﬁ(]) is constructed by the function g, € Lo, from 1) and
(3-13)), we have

Q=

T oo q

ﬁ /U(t) ;/(S—T)"‘lii—(sl)ds dt
-t (raa)’ (2 st
<ca+ i | [owimora |
(n _1 1)! /u(t) ;(T —t)"? /(S -7) ii(_sl) ds | dt
" (n _1 1)! /tq(T 1)1 2u(t)dt %/(s —T)(g;(_sl) ds)

=
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i | S| [ 2as) ar) <carumi | [oomoras

Due to the arbitrariness of g, € Lo, applying the reverse Holder inequality to the first two inequalities
and Theorem B to the last inequality, we obtain

. 1
(n—1)! max{By(7), Ba(T), B3(7)Ba(T)} = (n—1)!

Similarly, using the estimate for 7 > s

(0 e

for the function ¢ € Zp7§([) constructed by the function ¢; € £, from 1} and 1) we have

S =

B(t) < C(1+ k- ?)». (3.14)

Q=

1 1
q T »

/umﬁ®mﬁ ,

0

T

ﬁ /“@) (T;—T/ml(s)!ds a| < i+ kY

0

B =

T T q

- ; [ utt t(T—t)“/(T—s)'gl(S)'ds it

B =

3=

<Otk /mmmwmﬁ

The latter, due to the arbitrariness of g; € L1, by Theorem A, gives that

1 1
F(t) <C(1+ k2 )r. 3.15
) < C R (3.15)
From (3.14) and (3.15]) we find that
1 . 1 1— 1 1
mBFSCirg [max{(1 + k2~ ") (1 4+ &k P)}]» < 4¢C,
which yields the left estimate in (2.2). From (3.15) we get the left estimate in (2.3)). ]

4 Proofs of Theorems |2.2| and @I

Theorems and directly follow as corollaries from the combination of results presented
in Section 2 and Theorem [2.1] proved above. Here we present the proofs of Theorems [2.2] and
For clarity, let us write the squared values Fy(7) and Fy(7) for p = ¢ = 2 in the form:

Y £\ 200-2) 7 o\ 2
F{(r) = sup /t2 (1 - —) U(t)dt/ (1 - —) s2 2y~ (s)ds,
0<z<T 4 T T

z
T z

¢ 2(n—1)
F2(1) = sup /(1— —) U(t)dt/sﬂ”_l)v_l(s)ds,
0

0<z<Tt T
z

F*(r) = max{FY(r), F5(r)}.
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Proof of Theorem[2.2]. (i) Suppose that equation (1.1)) is strongly non-oscillatory at zero. Then by
Lemma , we have that Tlg& Cr = 0. From the left estimate in 1} we have

1
1) OsupT(l + k) F (1) < Oy,
-  0<T<

which gives that
lim sup (1+ &) 'F?(7) = 0.

T—0% 0<7<T

Hence,
lim (14 k&, )" 'F? = lim F? =
710+( ) (1) T10+ (1) =0,
i.e.. lim F? = lim F? =0. Th
1e,T11%1+ (1) TH& 5(T) us,

z

¢ 2(n—2) % S\ 2
0= lim F2(7) > lim sup /t2 (1 — —) u(t)dt/ <1 — —) s2 =2y~ (s)ds
T

T—07F 70t O<Z<§ T

T
z

>4~ lim  sup /t2u(t)dt/s2(”2)vl(s)ds,
=0t 0<z< 3 J

i.e., (2.5) holds. Similarly, we prove that (2.6)) also holds.
Inversely, let (2.5) and (2.6) hold. Since 1 — £ <1 for 0 <t < 7, we obtain

z T

0= lim sup /tQU(t)dt/32("_2)2;_1(3)d3
T=0% 0<z<r
0 z

z 2(n—2) ” 9
> lim sup /t2 <1 - E) u(t)dt/ (1 - f) 82(”_2)U_l(s)ds = lim F(7).

720t g<z<r T T T—01
0 z

Similarly, we find that lim F3(7) = 0, i.e., lim F?(7) = 0. From the right estimate in 1} we

T—0*t T—0+
have

Cr<e(n)F*rn), 0<1<T. (4.1)

Therefore, we get
0=-¢e.(n) lim F?(1) = e.(n) lim F?(7) > Tlim Cr.

T—0+ 70t —0t

Thus, lim Cr =0 and, by Lemma equation 1} is strongly non-oscillatory at zero.

T—0+

(ii) Let equation (|1.1)) be strongly oscillatory at zero, then by Lemma we have Cr = oo for
any T > 0. Consequently, from 1} we deduce Tlim+ F(r) = lim+ F(7) = oo. This indicates that
—0 70

at least one of conditions (2.7 or (2.8)) holds.
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Inversely, let (2.7) hold. Then

(SR

z

oo = lim sup /t2u(t)dt/82("_2)U_1(s)ds
50" 0<z<3 9

z

= lim sup /t2u(t)4_("_2)dt/4_132(”_2)1)_1(3)ds

7—0%F 0<2<3

z

t 2(n—2) 5\ 2
< lim sup /t2 (1 - —) u(t)dt (1 - —) s2 =2y (s)ds
5—0F 0<z<3 ] T

T

Y
(SR

— lim F? (%) = lim F2(r).

z—0F T—0t

Thus, lim F?(7) = oo. Since ﬁ sup (1+k,)"1F%(7) < Cr and

70+ 0<7<T

oD A o, (L ) ) 2 gy i (1 k)R () = T B,

from lim+ F?(1) = oo we get that Cr = oo for any T > 0. Therefore, by Lemma [2.2] we conclude
T—0

that equation (|1.1)) is strongly oscillatory at zero. Arguing similarly, we prove that if (2.8)) holds,
then equation ([1.1)) is strongly oscillatory at zero. ]

To prove Theorem [2.6) we need the following lemma.

Lemma 4.1. Let the assumptions of Theorem 2.2 hold. Then fort € I

NP

oD DTS S T, = o P +2)
where
o [t 2
D(t,7) = { X0, (t)(n — 1)2/ /(s — )" 2dr | v (s)ds

AN

o0 T t 2

+ X(r00) (1) /(s )2y~ (s)ds + X0, (t)(n — 1)2/ /(s — )" 2dx | v'(s)ds
t t 0
t s 2 2
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Proof of Lemma 4.1 From 1} and 1} for the function f € W;v we have

t s

f(t) = % {(” — )x(0.7) [/ 0 (s) /(s — )" ?dxds

0 0
T t

[0 [[(5 = o 2duds + ]o 7 (s) / (5 - x)”zdxds]

T

Applying the Hélder inequality, we obtain
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+ X (0,7 (t)(n — 1)? / /(s — )" 2z | v'(s)ds
+ / /(s — )"z | v(s)ds ||f(”)||2ﬂ}
< n _1 ol X0, (t)(n — 1)2/ /(s — )" dx | v'(s)ds
—i—x(mo)(t)/(s £)* Dy (s)ds + 2x(0. (1) (n — 1) / /(s )" 2dx | vl(s)ds
20O~ 1 [ | [(s=ay e | o s)ds b1

0 0

V2
~ (n—1)!
Therefore, |f(t)] < o 1nfD(t 7')||f(” ||l2,, and the rlght estimate in 1) holds.

Let us prove the left estimate in . We fixt € I in and select a function f™ depending
on t as follows:

D(t, 7)[1f™l2.0-

(

Xon(s)(n—1) [(s—z)"2dzvl(s) if 0<t<T,

X (s)(n—1) [(s —z)"2dzvl(s) if 0<t<T,

OH“O%M

¢
X(roo)($)(n—1) [(s —a)"2dzv'(s) if 0<t<T,
0

—X(to0) (8) (s — )" T (s) if t> 1.

\

Placing this function in (4.3)), we get

2

fi(t) = E;l—)nl_)' X0, (t)(n—1) / / s—x)"2dx | v(s)ds

T 0
t 2 ¢ s 2

+(n—1)2 / / (s — 2)"2dz | v-'(s)ds + (n — 1) / / (s — 2)"2dz | v-'(s)ds

t 0 0 0

+X(r.00) (1) / (s = t)*" Dol (s)ds p = E;l_)nl)llD2(t,T). (4.4)
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Let us calculate || £™ |2.0:

/ o($)| () Pds | = / o(8)| £ () Pds + / o(3)| £ (s) Pds

[e%e) t 2

= @ =17 [ | [s= oo | o (s)as

T t
+ X001 (t)(n — 1)2/ /(s — )" 2z | v'(s)ds
t \0
t s 2
+ Xom () — 1) / / (s —2)"2d | v(s)ds
0o \0
oo 3
2n—1), -1
SSVINNG / (s — 20Dy U ()ds b — Dt 7). (45)
t
From (4.4) and (4.5) we get
t t 1
sp > 0L i)
sevig, 1l = [ £, (0= 1)
for any 7 € I. This relation proves the validity of the left estimate in (4.2)). O

Together with Lemma [4.1 we need the following statement from work [I].

Lemma C. Let H = H(I) be a Hilbert function space, and C[0,00) (| H be dense in it. For any
point t € I, we define the operator E,f = f(t) on C[0,00) () H, which acts to the space of complex
numbers. We assume that E; is a closed operator. Then, the norm of this operator is equal to the

00 1

value (Z \gpk(t)|2) * (finite or infinite), where {pp(-)}32, is any complete orthonormal system of
k=1

continuous functions in H.

Proof of Theorem [2.6] By the condition, the operator L;l is completely continuous on Ly,. We
assume that the space W', (I) with the norm | f™||, is the space H(I) of Lemma C. Since the

1 .
system of functions {\; *@x}72, is a complete orthonormal system in the space W3 (I), then by

Lemma C we have
f ’901@
E|?* = sup l
1 ( | Hf<”>H2 Z

FewWs (

where E;f = f(t). The latter and (4.2)) give

1 - 2

———sup D*(t,7) < inf D?(t, 7). 4.6

(CESIE A Z S o 2T (46)
Since

1nf D?(t,7) < lim D?(t,7) = (n — 1)>D(t) < sup D*(t, 1),
T Tel

from (4.6) we have . Multiplying both sides of (2.9) by u and integrating them from zero to
infinity, we get l|2.10 . [
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5 Remarks

As pointed out in Introduction, from [10] and [I6] it follows that if
v '€ L(0,1), v '€ Li(1,00), and t*v ¢ L;(1,00), (5.1)
then for any f € Wy, there exist the limits lim fO@1) = f9(0) for all i = 0,1,...,n — 1, and
’ t—0
tlim f=D(t) = f(c0). In paper [7] there are investigated oscillatory properties of equation
—00
(1.1)) and spectral properties of the operator L under conditions (5.1)), which give that
Wy (1) = {f € Wa,(I) : f9(0) =0,i =0,1,....n — 1, f"V(c0) = 0}.
Item (i) of Theorem 4.2 in [7] can be equivalently rewritten in the form.

Theorem 5.1. Let assumption (5.1)) hold. Then the operator L has a spectrum discrete and bounded
below if and only if

o0 z

lim tQ("Q)u(t)dt/s%l(s)ds =0, (5.2)
zZ—00
z 0
lim [ 20 Du(p)dt / o (s)ds = 0. (5.3)
zZ—00
0 z

Theorem 4.6 in [7] can be also rewritten in the following simpler form.

Theorem 5.2. Let assumption (5.1)) hold. Let (5.2) and (5.3)) hold.
(i)

1 — | (t)[? 2
(PR D vl (e s >4
where )
D(t) = / /(t — )" 2dx | v '(s)ds + rll)ztz(”l) /vl(s)ds.

(ii) The operator L' is nuclear if and only if [u(t)D(t)dt < oo and for the nuclear norm || L' ||,
0

of the operator L' the relation

T e &1 2 7
mo/u(t)p(t)dt S HLF ”01 - ; )\_k S m O/U(t)D(t)dt (5.5)

holds.

This statement follows from the relation

()] V2 o
supD(t,7) < su < inf D(t, 1), 5.6
o P S S e, S o ) (5.6
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where

t

D(t,7) = { o (®) / (t — 520Dy (s)ds

T

+X (r,00) (1) (0 — 1)2/T /(t — )" dr | v'(s)ds
/

S

+X(r00) (B (0 = 1)

/(t — )" 2dx | v'(s)ds

T

S

o0

ey ()t = 720D / o (s)ds b

t

found in |7, Lemma 4.5]. Arguing similarly as in the proof of Lemma and taking into account
that

inf D(t,7) < lim D*(t,7) = (n — 1)*D(t) < sup D*(t, 1),

Tel T—0F rel

from (5.6) we get (5.4). Multiplying both sides of (5.4) by u and integrating them from zero to
infinity, we obtain ({5.5]).
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1 Preliminaries

Algebras of binary formulas are a tool for describing relationships between elements of the sets of
realizations of a one-type at the binary level with respect to the superposition of binary definable
sets. A binary isolating formula is a formula of the form ¢(z,y) such that for some parameter a
the formula ¢(a,y) isolates a complete type in S({a}). The concepts and notations related to these
algebras can be found in papers |27, 28]. In recent years, algebras of binary formulas have been
studied intensively and have been continued in works [I], [3], [7]-[T4], [26], [29)].

Let L be a countable first-order language. Throughout we consider L-structures and assume
that L contains a ternary relational symbol K, interpreted as a circular order in these structures
(unless otherwise stated).

Let M = (M, <) be a linearly ordered set. If we connect two endpoints of M (possibly, —oo and
+00), then we obtain a circular order. More formally, the circular order is described by a ternary
relation K satisfying the following conditions:

(col) VaVyVz(K(x,y,z) = K(y, z,x));

(c02) VaVyVz(K(x,y,2) NK(y,z,2) @z =yVy=2zVz=urx);

(co3) VaVyVz(K(x,y, z) — Vt[K(z,y,t) V K(t,y, 2)]);

(cod) VaVyVz(K (z,y,2) V K(y,x, z)).

The following observation relates linear and circular orders.

Fact 1.1. [4] (i) If (M, <) is a linear ordering and K is the ternary relation derived from < by the
rule

K(z,y,z) e @<y<z)V(@E<z<y)V(y<z<a),

then K is a circular order relation on M.
(i) If (N, K) is a circular ordering and a € N, then the relation <, defined on M = N \ {a}
by the rule y <, z = K(a,y, z) is a linear order.

Thus, any linearly ordered structure is circularly ordered, since the relation of circular order is (-
definable in an arbitrary linearly ordered structure. However, the opposite is not true. The following
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example shows that there are circularly ordered structures not being linearly ordered (in the sense
that a linear ordering relation is not (-definable in an arbitrary circularly ordered structure).

Example 1. [5, 6] Let Q} := (Qy, K, L) be a circularly ordered structure, where L = {oZ, o1}, for
which the following conditions hold:
(i) its domain Q9 is a countable dense subset of the unit circle, no two points making the central
angle 7;
(ii) for distinct a,b € Qo
(a,b) € 0g < 0 < arg(a/b) <,

(a,b) € 01 & 7w < arg(a/b) < 2,

where arg(a/b) means the value of the central angle between a and b clockwise.
Indeed, one can check that the linear order relation is not (-definable in this structure.

The notion of weak circular minimality was studied initially in [I5]. Let A C M, where M is a
circularly ordered structure. The set A is called conver if for any a,b € A the following property is
satisfied: for any ¢ € M with K(a,c,b), ¢ € A holds, or for any ¢ € M with K(b,c,a), ¢ € A holds.
A weakly circularly minimal structure is a circularly ordered structure M = (M, K, ...) such that
any definable (with parameters) subset of M is a union of finitely many convex sets in M. The
study of weakly circularly minimal structures was continued in papers [16]-[22].

Let M be an Nj-categorical weakly circularly minimal structure, G := Aut(M). Following the
standard group theory terminology, the group G is called k-transitive if for any pairwise distinct
ai,as,...,ar € M and pairwise distinct by, bo, ..., b, € M there exists g € G such that g(a;) =
bi,g(az) = bs,...,g(ax) = bg. A congruence on M is an arbitrary G-invariant equivalence relation
on M. The group G is called primitive if G is 1-transitive and there are no non-trivial proper
congruences on M.

Notation 1. (1) Ko(z,y,2) = K(z,y,2) N\y£x ANy # 2z Nz # 2.

(2) K(uq,...,u,) denotes a formula saying that all subtuples of the tuple (uy,...,u,) having
the length 3 (in ascending order) satisfy K; similar notations are used for K.

(3) Let A, B,C be disjoint convex subsets of a circularly ordered structure M. We write
K(A,B,C) if for any a,b,c € M with a € A, b € B, ¢ € C we have K(a,b,c). We extend
naturally that notation, using, for instance, the notation Ky(A,d,B,C) if d ¢ AU B U C and
Ko(A,d, B) N Ko(d, B,C) holds.

Further, we need the notion of the definable completion of a circularly ordered structure, in-
troduced in [I5]. Its linear analogue was introduced in [25]. A cut C(x) in a circularly ordered
structure M is the maximal consistent set of formulas of the form K(a,z,b), where a,b € M. A
cut is said to be algebraic if there exists ¢ € M that realizes it. Otherwise, such a cut is said to
be non-algebraic. Let C(x) be a non-algebraic cut. If there is some a € M such that either for all
b € M the formula K(a,z,b) € C(z), or for all b € M the formula K(b,z,a) € C(x), then C(x)
is said to be rational. Otherwise, such a cut is said to be irrational. A definable cut in M is a cut
C(x) with the following property: there exist a,b € M such that K(a,z,b) € C(x) and the set
{ce M | K(a,c,b) and K (a,z,c) € C(z)} is definable. The definable completion M of a structure
M consists of M together with all definable cuts in M that are irrational (essentially M consists of

endpoints of definable subsets of the structure M).

Notation 2. [I5] Let F(z,y) be an L-formula such that F'(M,b) is convex infinite co-infinite for
each b € M. Let F*(y) be the formula saying y is a left endpoint of F(M,y):

J21329[Ko(21, ¥, 22) AVEL(K (21,81, y) ANty #y — = F(t1,y))A

Vt2<K<y7t2722) Ao # Yy — F(t27y>)]
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We say that F'(x,y) is convex-to-right if
M = VyVa[F(z,y) — F'(y) ANV2(K(y, 2,2) = F(2,9))].

If Fi(z,y), Fo(x,y) are arbitrary convex-to-right formulas we say Fy is bigger than Fy if there is
a € M with Fy(M,a) C Fy(M,a). If M is 1-transitive and this holds for some a, it holds for all a.
This gives a total ordering on the (finite) set of all convex-to-right formulas F(x,y) (viewed up to
equivalence modulo T'h(M)).

Consider F'(M,a) for arbitrary a € M. In general, F'(M, a) has no the right endpoint in M. For
example, if dcl(a) = {a} holds for some a € M, then for any convex-to-right formula F'(z,y) and
any a € M the formula F(M,a) has no the right endpoint in M. We write f(y) := rend F(M,y),
assuming that f(y) is the right endpoint of the set F'(M,y) that lies, in general, in the definable
completion M of M. Then, f is a function mapping M in M.

Let F(z,y) be a convex-to-right formula. We say that F(z,y) is equivalence-generating if for
any a,b € M such that M |= F(b,a) the following holds:

M EVe(K(b,z,a) Nx # a — [F(z,a) <> F(x,b)]).

Lemma 1.1. [22] Let M be an Ng-categorical 1-transitive weakly circularly minimal structure,
F(x,y) be a convez-to-right formula that is equivalence-generating. Then E(x,y) := F(z,y)VF(y, )
1s an equivalence relation partitioning M into infinite convex classes.

Let M, N be circularly ordered structures. The 2-reduct of M is a circularly ordered structure
with the same universe of M and consisting of predicates for each ()-definable relation on M of arity
< 2 as well as of the ternary predicate K for the circular order, but does not have other predicates
of arities more than two. We say that the structure M is isomorphic to N up to binarity or binarily
1somorphic to N if the 2-reduct of M is isomorphic to the 2-reduct of N.

The following definition can be used in a circular ordered structure as well.

Definition 1. [23], [24] Let T be a weakly o-minimal theory, M be a sufficiently saturated model
of T, A C M. The rank of convezity of the set A (RC(A)) is defined as follows:

1) RC(A) = —1if A = 0.

2) RC(A) = 0if A is finite and non-empty.

3) RC(A) > 1if A is infinite.

4) RC(A) > a + 1 if there exist a parametrically definable equivalence relation E(x,y) and an
infinite sequence of elements b; € A, i € w, such that:

NN N N

o for every i,j € w whenever i # j we have M = —E(b;, b));
e for every i € w, RC(E(x,b;)) > o and E(M,b;) is a convex subset of A.

5) RC(A) > 4§ if RC(A) > « for all @ < §, where 0 is a limit ordinal.

If RC(A) = « for some «, we say that RC(A) is defined. Otherwise (i.e. if RC(A) > « for all
a), we put RC(A) = 0.

The rank of convezxity of a formula ¢(z,a), where a € M, is defined as the rank of convexity of
the set ¢(M,a), i.e. RC(p(x,a)) = RC(H(M,a)).

The rank of convezity of an 1-type p is defined as the rank of convexity of the set p(M), i.e.
RC(p) := RC(p(M)).

The following theorem characterizes up to binarity Ny—categorical 1-transitive non-primitive
weakly circularly minimal structures of convexity rank greater than 1 having both a trivial definable
closure and the condition that any convex-to-right formula is equivalence-generating:
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Theorem 1.1. [16] Let M be an Ry-categorical 1-transitive non-primitive weakly circularly minimal
structure of convexity rank greater than 1 with dcl(a) = {a} for some a € M such that any convez-
to-right formula is equivalence-generating.

Then, M is isomorphic up to binarity to M., = (M,K?* E} E3, ..., E2 E? ), where M is
a circularly ordered structure, M is densely ordered, s,m > 1; Es.1 is an equivalence relation,
partitioning M into m infinite convexr classes without endpoints; E; for every 1 < i < s is an
equivalence relation, partitioning each FE;q-class into infinitely many infinite conver E;-subclasses
without endpoints so that the induced ordering on Ej;-subclasses is dense without endpoints.

In [9] algebras of binary isolating formulas are described for Ny-categorical weakly circular-
ly minimal theories with a primitive automorphism group. In |[I1I] algebras of binary isolating
formulas are described for Ny-categorical weakly circularly minimal theories of convexity rank 1
with a 1-transitive non-primitive automorphism group and a non-trivial definable closure. In [12]-
[13] algebras of binary isolating formulas are described for Ry-categorical weakly circularly minimal
theories of convexity rank greater than 1 with a 1-transitive non-primitive automorphism group and
a non-trivial definable closure. In [I4] algebras of binary isolating formulas are described for R-
categorical weakly circularly minimal theories of convexity rank 1 with a 1-transitive non-primitive
automorphism group and a trivial definable closure.

Here, we describe algebras of binary isolating formulas for Xg-categorical weakly circularly mini-
mal theories of convexity rank greater than 1 with a 1-transitive non-primitive automorphism group
and a trivial definable closure.

2 Results

Definition 2. [28] Let p € S;() be non-algebraic. The algebra Py, is said to be deterministic if
uy - ug is a singleton for any labels uy, us € py(p).

Generalizing the last definition, we say that the algebra P, is m-deterministic if the product
u1-us consists of at most m elements for any labels ui, us € p, ). We also say that an m-deterministic
algebra P, is strictly m-deterministic if it is not (m — 1)-deterministic.

We say that the algebra P,(,) is 3-mazimally absorbing if there exist wu;,us € py(p) such that
uy - ug consists of all the labels of P, ).

Example 2. Consider the structure M;; := (M, K? E?) from Theorem We assert that
Th(M ;) has four binary isolating formulas:

Oo(z,y) == =y,
O1(z,y) := E1(x,y) Nz £y AVt[K(x,t,y) = Fi(x,t)],

02(z,y) = ~Ea(z,y),
O5(z,y) = E1(z,y) Nz # y A\VE[K(y,t,x) — Ey(z,t)].

Clearly,
KO(Q()(aa M>7 91<a7 M)? 92((1, M)v 83(&, M))

holds for every a € M.
Define the labels for these formulas as follows:

label k for 6y (z,y), where 0 < k < 3.

It easy to check that for the algebra By, , the Cayley table has the following form:
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By the Cayley table the algebra ‘B, , is commutative and strictly 4-deterministic.

10 1 2 3
0]{0y| {1} {2} {3}
L {y ] {1} {2} {0,1,3}
2 {2} {2} |{0,1,23}] {2}
31 {3} ]{0,1,3} {2} {3}
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Example 3. Consider now the structure M;, := (M, K? E? FE2) from Theorem We assert

that T'h(M; ») has six binary isolating formulas:

Clearly,

01(z,y) := Er(z,y) Ao # y AVHK (z,t,y) = Ei(z,t)],

Oo(x,y) ==z =y,

Os(z,y) = Ea(x,y) N ~E1(x,y) ANVEK(z,t,y) = Eo(z,t)],

03(1‘, y) = _'EQ(Ia y)7
04(z,y) = Ea(x,y) N ~Ei(x,y) ANVEK(y,t,x) — Ey(z,t)],

Os(x,y) == E1(z,y) Nx #y AVK(y,t,x) — Ei(z,t))].

Ko(0o(a, M),0,(a, M), 0s(a, M), 05(a, M), 04(a, M), 05(a, M))

holds for every a € M.
Define the labels for these formulas as follows:

label k for 6i(z,y), where 0 < k <5.

It easy to check that for the algebra B, , the Cayley table has the following form:

10 1 2 3 4 5
0 {0} | {1} {2} {3} {4} {5}
L{y ] {1} {2} {3} {4} {0,1,5}
2 {2y {2} {2} {3} {0,1,2,4,5} | {2}
31 {3t] {3} {3} {0,1,2,4,5} {3} {3}
41{4} | {4 1{0,1,2,4,5} {3} {4} {4}
51 {5} ] {0,1,5} {2} {3} {4} {5}

By the Cayley table the algebra By, , is commutative and strictly 5-deterministic.

Proposition 2.1. The algebra Py, ,,, of binary isolating formulas has m + 4 labels, is commutative
and strictly 5-deterministic for every natural number m > 2.

Proof. The universe M of the structure M, ,, is partitioned by the equivalence relation E, into m
infinite convex classes. Take an arbitrary element a € M. It belongs to one of these convex classes.
In this convex class five binary isolating formulas appear:
00<I7y) =T =Y,
O1(x,y) == Er(z,y) Nx # y ANVK (z,t,y) — Ei(z,1)],
92(3:7 y) = EQ(ajv y) A _'El(xv y) N vt[K(ﬂj, L, y) - Eg(i& t)]7
0m+2(‘r7 y) = E2(‘r7 y) A _|E1<SL’, y) A Vt[K(yv t? .CL’) - E2<x7 t)}v
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Omis(z,y) = Ey(x,y) Nx # y AVEK(y,t,z) = Ei(z,1)].

There remain m — 1 convex classes, where there are no elements lying in the algebraic closure
of the element a, defining additionally m — 1 binary isolating formulas. These formulas are defined
as follows:

0i(,y) = ~Ea(w,y) NVHK (2,8, y) A Ei(w,t) A =Es(t,y) = Viyfs(z,1)],3 < i <m+ 1.

Thus, there are 54 (m — 1) = m+4 binary isolating formulas, and we have defined the formulas
so that for any a € M the following holds:

Ko(eo(a, M),Hl(a, M),GQ(CL, M), R ,Qm(a, M), 9m+1(a, M),9m+2(a, M),9m+3(a, M))

Prove now the commutativity. First, it is obvious, 0-k = k-0 = {k} for every 0 < k < m + 3.
Suppose further that both k; # 0 and ky # 0.

Case 1. k1 + ke = m+ 4.

If k; =1, then ko = m + 3. In this case each of the formulas 0y, (z,y) and 0y, (z,y) contains, as
a conjunctive member, the formula Fi(x,y), i.e. the formula F;(x,y) is compatible with

[0k, (x,t) A Ok, (t,y)].

We have: for any ¢, satisfying the formula 0y, (z,t), it follows that t € FEj(z, M) and t is in
this class to the right of the element z. Considering an arbitrary element y, satisfying the formula
Ok, (t,y), we obtain that y € Fy(t, M) and y is in this class to the left of the element ¢, i.e. the
formula

Ht[gku (1:7 t) N 0k2 (ta y)]

is compatible with every formula from the list of formulas with labels {0, 1, m + 3}. Consequently,
ki - ko ={0,1,m + 3}. We can show similarly that ko - ky = {0, 1, m + 3}.

If ky = 2, then ky = m + 2. In this case each of the formulas 0, (x,y) and 6, (z,y) contains
as a conjunctive member the formula Fsy(x,y) A —Eq(z,y), i.e. the formula Ey(z,y) A ~Ei(x,y) is
compatible with

Elt[ekl (SL’, t) A 9k2 <t7 y)]

We have: for any ¢, satisfying the formula 0, (x,t), it follows that t € Ey(x, M), t & E1(x, M),
and t is in this class to the right of the element x. Considering an arbitrary element y, satisfying
the formula 0y, (t,y), we obtain that y € Ey(t, M), y & E1(t, M), and y is in this class to the left of
the element ¢, i.e. the formula

Elt[elﬂ ($7 t) A 91:2 (ta y)]

is compatible with every formula from the list of formulas with labels {0, 1,2,m + 2, m + 3}. Con-
sequently, k; - ko = {0,1,2,m + 2, m + 3}. We can show similarly that

kg'kl = {0,1,2,m—|—2,m—|—3}

Let now 2 < k; < m + 2. Then, we also have that 2 < ky < m + 2. Consequently, each of the
formulas 0y, (z,y) and 0, (x,y) contains as a conjunctive member the formula —Fs(z,y). We have:
t lies in the (k; — 1)-th Es-class from Fy(x, M) (i.e. the Es-class, containing z is the first FEy-class;
the next clockwise Fy-class is the second, etc.); y lies in the (ky — 1)-th Es-class from Ey(t, M).
Then, we obtain that y lies in the (k; 4+ ks — 2)-th FEs-class from Fy(x, M). But ki + ks —2 =m+2,
i.e. y falls into Ey(x, M). Therefore, we get that

kl-k‘szQ-kl:{0,1,2,m+2,m+3}.

Case 2. k1 + ko <m + 4.
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Let us first assume that k; = 1. If ky = 1, then
Ht[ekl (1:7 t) A ekg (t, y)]

is compatible with the formula F;(x,y). We have: ¢ lies in the same Fj-class with x and in this

class to the right of it; y lies in the same FEj-class with ¢ and also to the right of it in this class.

Consequently, y lies in the same Fj-class with  and in this class to the right of it, i.e. 1-1={1}.
Suppose now that k; = 2. If k; = 2 then

Ft[Or, (2, 1) A Ox, (£, )]

is compatible with the formula Es(z,y). We have: ¢ lies in the same Es-class with x and in this
class to the right of it; y lies in the same Fs-class with ¢ and also in this class to the right of it.
Consequently, y lies in the same Es-class with = and in this class to the right of it, i.e. 2-2 = {2}.

Let now kg > 2. Clearly, ks < m + 2 (since ky + ko < m + 4). We have: ¢ lies in the same
Es-class with z and in this class to the right of it; y lies in the (ko — 1)-th Es-class from Fy(t, M).
Consequently, y lies in the (ko — 1)-th Es-class from Ey(x, M), ie. 2-ky = {ko}. We can show
similarly that ks - 2 = {k2}.

Suppose now that k; > 2 and ks > 2. Clearly, k1 < m + 2 and ks < m + 2. Then each of the
formulas 0y, (z,y) and 0, (x,y) contains as a conjunctive member the formula —Fy(z,y). We have:
t lies in the (k; — 1)-th Ey-class from Es(z, M); y lies in the (ko — 1)-th Es-class from Es(t, M).
Then, we obtain that y lies in the (k1 4+ ko —2)-th Fy-class from Eq(x, M), i.e. ky-ky = {k1+ko—2}.
We can show similarly that ks - ky = {k1 + ko — 2}.

Case 3. k1 + ky > m + 4.

In this case k; > 1 and ko > 1 (since otherwise we would obtain that ky + ko < m + 4).

Suppose first that k; = 2. Then, we unambiguously obtain that ks = m + 3. We have: t lies
in Ey(z, M) and t is in this class to the right of the element x; y lies in E;(¢t, M) and ¢ is in this
class to the left of the element ¢, whence we obtain that k; - ko = {k1}. We can show similarly that
]{?2 . kl = {k)l}

Let now k; > 2. We have: t lies in the (k; — 1)-th FEs-class from FEs(z, M). In this case
ko > m + 2, i.e. ko can take only the following values: m + 2 and m + 3. Then, we obtain: y lies
in Fy(t, M)\ Ei(t, M) or Ey(t, M) and ¢ is in the corresponding class to the left of the element ¢,
whence we obtain that k; - ko = {k1}. We can show similarly that ks - ky = {k1}.

Suppose now that k; = m + 2. We have: ¢ lies in Ey(z, M) and ¢ is in this class to left of the
element x. In this case ko > 2. If ky > m + 2, then again we get that ky - ko = {k;}. We can show
similarly that ko - ky = {k1}.

Further, suppose that 2 < k; < m+ 2 and 2 < ky < m + 2. We have: ¢ lies in the (k; — 1)-th
Ey-class from Es(z, M); y lies in the (ko — 1)-th Es-class from Fy(t, M), but at the same time y
jumps over Fy(x, M) that is consistent with five binary isolating formulas. Therefore, y lies in the
(k1 + k2 + 2)[mod m + 4]-th Es-class from FEy(x, M). Consequently, the formula

Elt[ekl <x> t) N 9162 (tu y)]

uniquely determines the formula H(k We can show similarly that

1+k2+2)[mod m+4]<$7 Y).
ko - k1 = (ki + ko + 2)[mod m + 4].
O

Example 4. Consider now the structure My, := (M, K? E? FE2) from Theorem We assert
that T'h(Ms,,) has six binary isolating formulas:

90<$,y) =T =Y,



Algebras of binary formulas for weakly circularly minimal theories with equivalence relations 49

01(z,y) = E1(z,y) Nx # y AVE[K(x,t,y) — Ey(x,t)],
Os(z,y) = Ea(x,y) N ~E1(x,y) ANVt K(z,t,y) = Ey(z,t)],
Os(x,y) == —Es(z,y),
O4(x,y) := Es(z,y) N =Ey(x,y) ANVUK (y,t,x) — Eo(z,t)],
Os(z,y) = Er(z,y) N #y AVE[K(y,t,x) = Ey(z,1)].
Clearly, Ko(0o(a, M),01(a, M),05(a, M), 85(a, M), 04(a, M),05(a, M)) holds for every a € M.
Define the labels for these formulas as follows:

label & for 6x(z,y), where 0 < k < 5.

It easy to check that for the algebra B, , the Cayley table has the following form:

10 1 2 3 4 5
0] {0} | {1} {2} {3} {4} {5}
L] {1} {2} {3} {4} {0,1,5}
2 {2y {2} {2} {3} {0,1,2,4,5} | {2}
31 {3y {3} {3} {0,1,2,3,4,5} {3} {3}
41{4] {4 {01,245} {3} {4} {4}
5 | {5} | {0,1,5} {2} {3} {4} {5}

By the Cayley table the algebra ‘B, , is commutative and strictly 6-deterministic.

Proposition 2.2. The algebra By, , of binary isolating formulas has 2s + 2 labels, is commulative
and strictly (2s + 2)-deterministic for every natural number s > 1.

Proof. The universe M of the structure M, is partitioned by the equivalence relation E; into
infinitely many infinite convex classes, so that the induced ordering on F,-classes is dense without
endpoints; in addition, for any 2 < ¢ < s, each Ej-class is partitioned into infinitely many convex
E;_1-subclasses, so that the induced order on E;_i-subclasses is dense without endpoints.

We have the following binary isolating formulas:

Oo(z,y) =z =y,
01(z,y) = E1(z,y) Nx £y AVt[K(x,t,y) — Ei(x,t)],
Oi(z,y) = Ei(z,y) N ~Ei_1(z,y) AVI[K(y,t,2) = Ei(z,t)],2< i <,
Os1(z,y) == 2Es(z,y),
0j(x,y) = Easio—j(,y) A 2 Easy1-j(@,y) AVHK (y,t,2) = Easiaj(x,1)],s +2 < j < 25,
Oosr1(x,y) = Er(z,y) Ao # y AVUK (y,t,2) = Eqi(z,t)].

Thus, there exist 2s + 2 binary isolating formulas, and we have defined the formulas so that
KO(QO(GW M): 01(@7 M)v 92(@7 M)u ceey 928(0’7 M)7 028+1(a7 M))

holds for any a € M.

Prove now the commutativity. First, it is obvious that 0-k = k-0 = {k} for any 0 < k < 2s+1.
Suppose further that k; # 0 and ky # 0.

Case 1. ky + ky = 25+ 2.
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If ky = [ for some 1 < [ < s, then ky = 25+ 2 — [. Then, each of the formulas 6y, (z,y)
and Oy, (z,y) contains, as a conjunctive member, the formula Ej(x,y), i.e. the formula E;(z,y) is

compatible with
Elt[elﬂ (:L'7 t) A ka (ta y)] :

We have: for any ¢, satisfying the formula 6y, (z,t), it follows that t € Ej(z, M) \ E;_1(z, M)
(if Il =1, then t € Ey(x, M)) and t is in this class to the right of the element x. Considering an
arbitrary element y, satisfying the formula 0, (¢,y), we obtain that y € Ej(t, M) \ E;_1(t, M) (if
[ =1, then y € Ey(t,M)) and y is in this class to the left of the element ¢, i.e. the formula

Elt[elﬂ (1‘7 t) A ekz (ta y)]

is compatible with every formula from the list of formulas with labels {0, 1,...,1,2s+2—1,...,2s+1}.
Consequently, ky - ko = {0,1,...,1,2s+2—1,...,2s + 1}. We can show similarly that

k’g'k’l:{0,1,...,l,25+2—l,...,28—|—1}.

Let now k; = s + 1. Then, we also have that ky = s + 1 and each of the formulas 6y, (x,y) and
Ok, (x,y) contains as a conjunctive member the formula —E;(x,y).

We have: for any t satisfying the formula 6, (x,t), =FE(x,t) holds. Considering an arbitrary
element y, satisfying the formula 6y,(t,y), we obtain that —FE,(t,y). Thus, both =E(z,y) and
E4(x,y) are possible. Consequently, ki - ks = {0,1,2,...,2s,2s + 1}. We can show similarly that

kg'kl:{0,1,2,...,28,28—|—1}.

If by =1 for some s+2 <[ < 2s+1, then ky =2s+2—1,i.e. 1 < ky <[. We can show similarly
that
k’l'kg:{0,1,...,l,28—|—2—l,...728—|—1}

and
k’z'kl:{0,1,...,l,25+2—l,...,28—|—1}.

Thus, in the case k; = ky = s+ 1 we obtain that the product of labels £y and ks contains all the
labels of the algebra, whence we conclude that the algebra 9y, , is strictly (2s + 2)-deterministic.

Case 2. k1 + ko < 25+ 2.

Suppose first that 1 < ky,ky < s. If k; = ko, then since each of the formulas 6, (z,y) and
Ok, (x,y) contains as a conjunctive member the formula E;(z,y) for some 1 < [ < s, we obtain
that ky - ke = ko - ky = {l}. If k1 < ko, then since 0, (z,y) contains as a conjunctive member the
formula Ey, (z,y), and 6,(x,y) contains as a conjunctive member the formula Ej,(x,y) for some
1 <y <ly <s, we obtain that ky - ky = ko - ky = {lo}. Similar reasoning is for the case k; > k.

Suppose now that 1 < k; < s and ky > s. If ky = s+ 1, then for any ¢ satisfying the formula
Or, (x,t), it follows that ¢ € Ej(x, M) for some 1 < [ < s; while for any y, satisfying the formula
Ok, (t,y), 7Es(t,y) holds. Whence we conclude that ky - ko = ko - ky = {s + 1}. If ko # s+ 1, then
s+ 2 < ky <2s+ 1 and for any y satisfying the formula 0, (¢,y), it follows that y € E, (¢, M) for
some 1 <y < s (here Iy =25+ 2 — ko).

If I > 1y, then ky - ko = ko - ky = {I}. If 1 < Iy, then ky - ko = ko - ky = {lo}. The case | = [y is
impossible, since otherwise we obtain [ + [y = 2s + 2.

The case in which k; > s is considered similarly (in this case 1 < ky < s).

Case 3. ki + ko > 25+ 2.

In this case k; > 1 and ky > 1 (indeed, if we suppose that k; = 1, then ko must be greater than
25 + 1 that is impossible). If 2 < k; <'s, then ky > s+ 2, ie. s+3 < ky <25+ 1.

We have: t € Ey (z, M) for some 2 <} < s,y € E,(t, M) for some 1 <y <s— 1.

If Iy > Iy, then ky - ko = ko - ky = {l1}. I 11 <o, then ky - ky = ko - k1 = {l2}.
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The case [, = [, is also impossible, since otherwise we obtain [; + Iy = 2s + 2.

Let now k; > s. In this case s +2 < ky < 25+ 1. If k; = s+ 1, then we obtain =FE(x,t).
Consequently, ki - ko = ko - k1 = {s + 1}.

If k1 > s+2, then s+ 1< ko <25+ 1. If ks = s+ 1, then we obtain ky - ky = ko - k1 = {s+ 1}.
If ky > s+ 2, then we have: t € Ej, (x, M) for some 1 <[} <s, y € E,(t, M) for some 1 <[y <s.
If Iy > 1y, then ky - ko = ko - ky = {l1}. If [} <o, then ky - ko = ko - ky = {l2}. O

Corollary 2.1. The algebra By, , of binary isolating formulas is 3-mazximally absorbing for every
natural number s > 1.

Example 5. Consider now the structure M, := (M, K* E} E3 FEZ%) from Theorem . Here
E5(z,y) is an equivalence relation partitioning the universe of the structure into two infinite convex
classes. We assert that Th(Ms2) has eight binary isolating formulas:

90(1',3/) =T =Y,

01(z,y) = E1(z,y) Nx # y AVt[K(x,t,y) — Ey(x,t)],
Os(z,y) = Ea(x,y) N ~Ei(x,y) ANVEK(z,t,y) = Eo(z,t)],
O5(x,y) := Es(z,y) N =Es(x,y) ANVK (z,t,y) — Es(z,t)],

Ou(z,y) = —Es(x,y),
O5(x,y) := E3(x,y) N =Ex(x,y) ANVUK (y,t,x) — Es(z,t)],
Os(z,y) = Ea(x,y) N ~Er(x,y) ANVt K(y,t,x) = Esy(z,t)],
O:(z,y) = E1(z,y) Nx # y AVE[K(y,t,x) — Ey(z,1)].

Clearly,
KO(G()(aa M)a 91(0’7 M>7 92<a’7 M)? 93(&, M)7 94(&, M)7 95((1, M)7 96<a7 M)v 97(&, M))

holds for every a € M.
Define the labels for these formulas as follows:

label & for 6y (z,y), where 0 < k < 7.

It easy to check that for the algebra B, , the following equalities hold:
ck=k-0={k} for every 0 < k <7,

k=k-1={k} forevery 1 <k <6,and 1-7=1{0,1,7},
k=k-2={k} forevery2 <k <5 2-6={0,1,2,6,7}, and 2-7 = {2},
k=Fk-3={k} forevery 3<k<4,3-5={0,1,2,3,5,6,7}, and
6=6-3={3},3-7=7-3={3},

k=k-4={4} forevery 1 <k <3, 4-4=1{0,1,2,3,5,6,7}, and
h=5-4={4},4-6=6-4={4},4-7="7-4= {4},
k=Fk-5={b}forevery 5< k<7 and 5-3={0,1,2,3,5,6,7},
-6={6},6-7=7-6={6},and 6-2={0,1,2,6,7},

7-7={7},and 7-1={0,1,7}.

According to these equalities, the algebra Py, , is commutative and strictly 7-deterministic.

S U W Wi~ O

Theorem 2.1. The algebra By, ,, of binary isolating formulas has 2s+m+2 labels, is commutative
and strictly (2s + 3)-deterministic for any natural numbers s,m > 1.
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Proof. The universe M of the structure Mj ,, is partitioned by the equivalence relation E,; into m
infinite convex classes. Take an arbitrary element a € M. It falls into one of these convex classes.
In this convex class, 2s + 3 binary isolating formulas arise:

00<I,y) =T =Y,
O1(x,y) == Er(z,y) Nx # y AVK (z,t,y) — Ei(z,t)],
91<$,y) = Ez(xay) A i—l(l‘;y) /\Vt[K(ZE,t,y) - Ez(xat)]a 2 S i S s+ ]-a
0i(7,y) = Easymia—i(,y) A " EBosimir—j(2,y) ANVHK (2, t,y) = Eogymyaj(z,t)],
where s +m+1 <5 <25+ m,
Oosims1(x,y) == Er(z,y) Nz # y AVHK(y,t,x) — Ei(x,t)].

There remain m — 1 convex classes, where there are no elements lying in the algebraic closure
of the element a, defining additionally m — 1 binary isolating formulas. These formulas are defined
as follows:

9[(1’, y) = s+1(xa y) /\Vt[K(l’,t, y) A _‘ES('I’ t) A _'ES+1<t7y) — vgg_:13+19k(x7t)]7

where s +2 <[ < s+ m.

Thus, we get 2s + 3 + (m — 1) = 25 + m + 2 binary isolating formulas, and we have defined the
formulas, so that

KO(Q()(aa M>7 01(@, M)7 92((17 M)7 st 792s+m(a7 M)7 92S+m+1(a7 M))

holds for any a € M.

Prove now the commutativity. First, it is obvious that 0-k = k-0 = {k} forany 0 < k < 2s+m+1.
Suppose further that k; # 0 and ks # 0.

Case 1. k1 +ky =25 +m + 2.

If ky = 1, then clearly ko = 2s+m + 1 and each of the formulas 6, (z,y) and 6, (z,y) contains,
as a conjunctive member, the formula E;(z,y), i.e. the formula E;(x,y) is compatible with

Ht[gkl (I, t) A QkQ (t, y)] .

We have: for any ¢, satisfying the formula 0y, (z,t), it follows that ¢ € Ey(z, M) and ¢ is to the
right of the element z. Considering an arbitrary element y satisfying the formula 60y, (¢, y), we obtain
that y € Ey(t, M) and y is to the left of the element ¢, i.e. we obtain that the formula

Ft[Or, (x, 1) A Ox, (£, )]

is compatible with every formula of the list of formulas with labels {0, 1,2s+m+ 1}. Consequently,
ki - ke ={0,1,2s +m + 1}. We can show similarly that ks - k; = {0,1,2s +m + 1}.

If k1 =1 for some 2 <[ < s+ 1, we have ky = 2s + m + 2 — [. Then, each of the formulas
Or, (z,y) and O, (x,y) contains as a conjunctive member the formula

El(‘ra y) A _'El—l(x7 y)

We have the following: ¢t € Ej(z, M)\ E;_1(xz, M) and ¢ is in this class to the right of the element
x;y € E(t, M)\ Ei_1(t,M) and y is in this class to the left of the element t. Whence we obtain
that

ky-ke=ko ki ={0,1,...;0,2s+m+2—1,...,2s + m+ 1}.
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We can show similarly that
ky-k1=40,1,....01,2s+m+2—1,...,2s+m+ 1}.

Suppose now that s +2 < ky < s+ m. Then, ky = 2s + m + 2 — ki, i.e. we also have
s+ 2 < ky < s+ m and each of the formulas 0, (x,y) and 0,(x,y) contains as a conjunctive
member the formula —Fg 4 (z,y).

We have the following: t lies in the (k1 —s)-th Eg,i-class from Fq 4 (z, M); y lies in the (ky—s)-th
Egq-class from Eg1(t, M). Then, we obtain that y lies in the (k; + ko — 2s — 1)-th E,;-class from
Espq(x, M). But ky + ks — 2s — 1 =m+ 1, i.e. y falls into Es.q(x, M), whence

ki-ky={0,1,....s+1,s+m+1,...,2s+m+ 1}.
We can show similarly that
ky-ki={0,1,....,s+1,s+m+1,...,2s+m+ 1}.

Let now s+ m+1 < k; < 2s+ m + 1. Then, obviously 1 < ky < s+ 1. If k; = [ for some
s+m+1<1<2s+m+ 1, we can show similarly that

kl-k:Q:k2~k1:{0,1,...,28+m+2—l,s+m+1,...,l}.

Case 2. k1 + ko <25+ m + 2.

First, suppose that 1 < ky < s+ 1. If 1 < ky < s+ 1, then we have: ¢t € Ej (z, M) for
some 1 < [; < s+ 1 and ¢ is in this class to the right of the element z; y € E,(t, M) for some
1 <ly < s+ 1 and y is in this class to the right of the element ¢. Then, we obtain that if [; > I,
y € E,(z,M) and consequently ky - ko = ko - k1 = {lhi}. If [ < Iy, then y € E,(z, M), and
consequently ky - ko = ko - k1 = {l2}.

If s4+2 < ky < s+ m, then we have: t € Ej(x, M) for some 1 <[ < s+1,and y € =~Fq(t, M),
whence we obtain ~Fg,1(x,y), i.e. ky - ky = ko - ky = {k2}.

Suppose now that ky > s + m. We have the following: t € Ej, (x, M) for some 1 <[} < s+ 1
and ¢ is in this class to the right of the element x; y € Ej,(t, M) for some 1 <ly < s+ 1 and y is in
this class to the left of the element ¢. And the case [; = [, is impossible, since ky + ko < 25 +m + 2.
If Iy > 1y, then ky - ko = ko - ky = {l1}. I 1} <o, then ky - ko = ko - ky = {l2}.

Other cases are considered similarly.

Case 3. k1 + kg > 25 +m + 2.

In this case k; > 1 and ks > 1 (since otherwise we would obtain that ki + ks < 2s +m + 2).

If 2 < ky < s+1 then ky > s+m+1. We have the following: ¢t € Ej, (x, M) for some 2 < [; < s+1
and ¢ is in this class to the right of the element z; y € E, (¢, M) for some 2 < Iy < s and y is in this
class to the left of the element t. And the case [; =[5 is impossible, since k1 + ky > 2s +m + 2. If
ll > lg then ]{Jl : ]{?2 = ]{?2 : ]{31 = {ll} If ll < lg then ]{31 : ]{Jg = ]{?2 : ]{31 = {lg}

Suppose now that s+2 < k; < s+m. Then, ks > s+m. We have the following: ¢t € ~F¢1(x, M)
and y € Ej(t, M) for some 2 <[ < s+ 1, whence we obtain ky - ko = ko - ky = {k1 }.

Let now s+ m+1 <k <2s+m+1. If2 < ky <s+1, we have that t € Ej, (x, M) for
some 2 < l; < s+ 1 and ¢ is in the this class to the left of the element z; y € Ey,(t, M) for some
2 < ly < s and y is in this class to the right of the element ¢. And the case [; = [5 is impossible, since
l{il—f-k’g > 2s+m + 2. Ifll > lg, then k?l 'kQ = ]{32 'k’l = {ll} Ifll < lg, then k?l 'k?g = k?g'k?l = {lg}

If s+2 < ky<s+m,then we have: t € Ej(x, M) for some 1 <[ <s+1,and y € =E,1(t, M),
whence we obtain ~Fg(x,y), i.e. ki - ko = ko - ky = {k2}.

Suppose now that ks > s + m. We have the following: ¢ € Ej, (x, M) for some 1 <[} < s+ 1
and ¢ is in this class to the left of the element z; y € Ej, (¢, M) for some 1 <l < s+ 1 and y is
in this class to the left of the element ¢t. If I; > Iy, then ky - ko = ko - k1 = {l1}. If [; < I3, then
ki-ky =ko k1 ={lo}. O

Corollary 2.2. The algebra By, ,, is I-mazimally absorbing if and only if m = 1.
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1 Introduction

In this work, we study inverse problems for the boundary value problems generated by the differential
equation
ly:=—y"+q@)y=X y, 2€(0,a)U(a,T) (1.1)

with the Robin boundary conditions
U(y) ==y (0) = hy(0) =0, V(y) =y (T)+Hy(T)=0, (1.2)
and the transmission conditions at the point x = a

_f ya+0)=yla—0)=y(a)
=1 el Yyt 22, (1-3)

where ¢ (x) is a real function belonging to the space Ly [0, 7], A is a spectral parameter and h, H,
and « are real numbers with a > 0. Denote the boundary value problems, defined above, by
L(g(x), b H)

It is important to note that, we can interpret problem (1.1)) and (1.3 as analyzing the equation

—y' +q@)y=r(x)y, z€(0,T), (1.4)

when p () = 1+ ad () where 0 () is the Dirac Delta-function (see [1J).

One type of problems, the direct problem, consists of examining the spectral properties of an
operator. But some problems in mathematical physics require the investigation of inverse prob-
lems of spectral analysis for various differential operators, which require the recovery of operators
from some of their given spectral data. Such problems are often considered in mathematics and
various branches of natural science and technical science. Direct and inverse problems for the clas-
sical Sturm-Liouville operators have been comprehensively investigated in [6l, [0, 5] and references
therein. Some classes of direct and inverse problems for discontinuous boundary value problems in
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various statements have been considered in |2} [7, 8 2], 13| [16] 17, I8]. Notice that, spectral char-
acteristics for weighted Sturm-Liouville operator with point d—interactions have been investigated
in [9, 14]. Here, we provide procedures for finding the potential of a problem and its boundary
conditions basing either on the Weyl function, on spectral data, or on two spectra in terms of the
method of spectral mappings.

2 Constructing the Hilbert space relevant to the problem and some of
its spectral properties

We will start this section by defining the Hilbert space H := Ly [0,7] & C of the two component
vectors, equipped with the inner product

(o= [ A @+ S 1,

=)= (),

where fi(x), g1(z) € L2(0,T) and fo, g2 € C. In the space H, we define the operator L

for

L:H—H

with the domain

D(L) ={f € H|fi, fi € AC((0,a) U (a,T)),Lf1 € Lo[(0, T) \ {a}], fo = afi(a), U(f1) = V(f1) = 0}

and the operator rule

LU7:(ﬂm—nﬁ?fw+09'

Here, AC(-) stands for the set of all functions that are absolutely continuous on a related interval.
Theorem 2.1. The operator L is symmetric.

Proof. We obtain the equality (Lf, g)y =(f, Lg)y for f,g € D(L) immediately from the conditions
at the point x = a and the fact that f and g satisfy the same boundary conditions . So, L is
symmetric.

O

Corollary 2.1. The function W defined by W{f,g;x} = f(x)g' (xz) — f'(z)g(x) is continuous on
(0, 7).

Lemma 2.1. Ify(x, \) and z(z, 1) are solutions to the equations ly = \y and lz = pz, respectively,

then
d

@W{y, zixt = (A= pyz.

Let C(z, \), S(z, ), ¢(x, ) and ¢ (z, A) be solutions to equation (|1.1]) under the following initial
conditions:

C(0,A) =1, C'(0,A) =0, S(0,A) =0, S(0,\) =1,
©(0,A) =1, ¢'(0,A) =h, ¥(T,A) =1, ¢(T,)\) = -H
and under transmission conditions (L.3)). Then,
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Let us denote
A(N) = W{p, ¢z} (2.1)

Due to Corollary 1 and the Ostrogradskii-Liouville theorem (see [4, p. 83]) W{p,¢;z} does not
depend on x. Here, the function A()) is called the characteristic function of L. It is easly seen that

AN = =V(p) =U(y), (2.2)
and A()) is an entire function of A, so it has at most countable set of zeros {\, },>o.

Lemma 2.2. The zeros {\,}n>0 of the characteristic function are the eigenvalues of the boundary
value problem L. Also the functions o(x, \,) and ¥(xz, \,) are the eigenfunctions, and there exists
a sequence {B,} such that

1/1(957 An) = Bn-SO(L /\n)a Bn 7é 0.

Denote .
a, = / ©* (2, \y)dx + ag®(a, \y,). (2.3)
0
The set Q = {\,, a, }n>0 is called the spectral data associated with problem (|1.1)—(1.3]).

Lemma 2.3. The following relation holds

A()\n) - anﬁm

where A(XN) = dA(N)/d.

We omit the proofs of Lemma[2.2]and Lemma[2.3|since they are similiar to those for the classical
Sturm-Liouville operators (see [11]).

Corollary 2.2. The eigenvalues {\,} and the eigenfunctions o(x, \,), ¥(x, \,) are real. Also all
zeros of A(N) are simple, i.e. A(\,) # 0.

Now, consider the solution ¢(z, A). Let Cy(z, A) and Sy(z, A) be smooth solutions to equation
(1.1) on the interval [0, 7] under the initial condition

Co(z,\) = S"(0,\) =1, Sp(z, \) = C,(0,\) = 0. (2.4)
Then,
C(x,\) = Cy(z,N), S(z,\) =Sp(z,N\), 0<z<a (2.5)
C([L‘, )\) :Alco(fl?, )\>+Blso($,)\), (2 6)
S(x, ) = AsCy(z, A) + BaSp(x, N), a <z < T, '
where
Ay =1+ aXCy(a, \)So(a,)), By =—aXCi(a,)), @)

Ay = arS3(a,)), By=1—a)Cy(a,\)So(a,\).

Let A = p?, p = o +ir. Tt is easy to show that, the function Cy(z, \) satisfies the following

integral equation:

Co(x, \) = cos px + % /Ox sin p(x — t)q(t)Co(t, A)dt. (2.8)



Reconstruction of the weighted differential operator

Using the method of successive approximations to solve problem (2.8)), we obtain

sin px

Co(z, \) = cos px +

/Ox q(t)dt + 2_1p /Ox q(t) sin p(x — 2t)dt
10 (p—12 exp(]ﬂ)x) |

Analogously,

sinpr  cospr [* 1 [*
So(x, \) = — /qtdt—i—— q(t) cos p(x — 2t)dt
o(;A) p 2 ), (t) 27 J, (t) )
1
+0 (E exp(]7|):1:).
By virtue of (2.7)) and (2.9)-(2.10]),
@ 1
A = gpsinQpa —1- gCOSQpa/ qt)dt +0 | — |,
2 2 0 P
a a ¢
B, = —5P (14 cos2pa) — 5 psin pa qt)dt+ 0O (1),
0

1
Ay = % (1 — cos2pa) + O (—) , By = —%psmpa +0(1)
p

Since p(z, A) = C(x,\) + hS(x, \), by using (2.5))-(2.10)), we find

1 [ i 1
o(x, \) = cos px + <h + 5/ q(t)dt) smppx +0 (; exp (|7‘|x)) ,0<x <a,
0

1 x
o' (x,\) = —psin px + <h + 5/ q(t)dt) cos pr + O (exp (|7|x)),0 < = < a,
0

oz, \) = g,0 (sinp (2a — ) —sin px) + fi(x) cos px + fo(x) cos p (2a — x)

2
+0(exp(|rla), a<a <T,

¢'(z,A) = —%pz (cos px + cos p (2a — x)) — pfi(x) sin pz + pfa(x) sinp (2a — x)

+ O (pexp(|7|x)), a <z <T,

where

fil) =1+ %th %/0 g()dt, foz) =

It follows from (2.2)),(2.13), and (2.14]) that

A(N) = %pz (cos pT 4 cosp(2a —T')) + wypsin pT + wepsinp (2a — T))

+ O (pexp (|7|T)),

=] 0

where

() 8] (e} T
= (14+Zh+=—H+= t)dt
w1 <+2 +5 +4/Oq())

Wy = % (h—H—%/aTq(t)dt+%/0aq(t)dt).

(—2h + / o(t)dt — /an(t)dt) |

60

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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Let A = (p0)” and A, = (p,)? be the zeros of the functions Ag(\) = 2p?(cos pT + cos p (2a — T))
and A(N), respectively.

The following properties of the characteristic function A()) and the eigenvalues A\, = p? of the
boundary value problem of L can be discovered using and the well-known methods (see, for
example [3]).

(i) Denote G5 ={p : |p — p2|> d,n > 0}. There is a constant Cs > 0 such that

[Ao(A)] = Cs|Alexp (|7[TT) , p € G

(77) For sufficiently large value of n, the following inequality is valid
A = AoV < 5Csexp (17IT), p & T = (o1 = |ob] + 5 inf 165 — i}
Thus, for sufficiently large natural number n and p € T',,,
[Ao(A)] = Cs[Alexp (|7|T) > %C(sIAI exp (|71T) > [A(A) = Ao(M)]-

Then by Rouche’s theorem, the number of zeros of Ag()), counting multiplicities, inside circuit
G, coincides with the number of zeros of A()). Analogously, applying Rouche’s theorem, we say
that for sufficiently large values of n, the function A(X) has exactly one zero p,, inside each circle
Gs={p:|p—p°|< d}. Since ¢ is arbitrary sufficiently small number, we have

pn =P+ €, en=0(1), n = 0 (2.16)

Since the function Ag(\) is type of sinus (see [5l p. 119]), there exist the number ds > 0 such that,
for all n, \%AO(AH)\:A” > ds > 0. Since p, are zeros of A(X), from (2.15]) we get

d
€n = “op [wi sin p) T + wo sin pl) (2a — T)] [aAO(A)])\:Ag} . (2.17)
Substituting (2.17)) into (2.16)) we get
dn 7
0 n n
po= 2 (2.18)
Po Pn
where ) p
dp = —= [wy sin P2T 4wy sin p° (2a — )] |5 20(A)]rzxo
o dA "
and 7y, = o (1).
Finally, using (2.11)),(2.12) and (2.18) into (2.3) we obtain
ap=0a2+o(l), n— oo, (2.19)
where

T
ap = / Oz, \))dx + ap®(a, A)).
0
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3 Algorithm of solving the inverse problem

In this section, we first give the spectral characteristics of the boundary value problem L and then
demonstrate relationships between their spectral characteristics. Moreover, we provide the formula
to solve the inverse problem of the reconstruction of the problem L basing on the Weyl function,
on the spectral data, and on two spectra.
We define the Weyl function by
oy = YO
A(X)

Here the function (0, A) is the characteristic function of the boundary value problem which consists
of equation along with the boundary conditions y(0) = V(y) = 0 and transmission conditions
. Let {11n},>0 be the zeros of the entire function ¢/(0, ). It is clear that, ¥(0, A) and A(A) have
no common zeros. Thus, the Weyl function M () is meromorphic which has poles at the points
{An},50 and zeros at the points {ji,},,,-

The following lemma gives the relationships between the spectral characteristic of L : the spectral
data €2, the Weyl function M (\) and the two spectra {\,, i, }

(3.1)

n>0"

Lemma 3.1. Let M()), Q and A(N) be defined as above. Then the following representation holds:

Aﬂmzi:aa%xy (3.2)

Moreover, A(\) is uniquely determined up to a multiplicative constant by its zeros:

An — A
- (3.3)

AN =T -N]] )

Since the arguments for proving this lemma are similar to those in 2], we skip the proof. Now,
we will consider the following inverse problems of recovering L :

e Inverse problem 1: constructing ¢(z), h, and H when the spectral data {\,, @}, is given.

e [nverse problem 2: constructing ¢(z), h and H when the Weyl function M ()\) is given.

e Inverse problem 3: constructing ¢(z), h and H when the two spectra Q = {\,, ptn},, are
given.

Let us note that, according to , and , the inverse problems of recovering L basing
on the spectral data and on the two spectra are specifications of the inverse problem of recovering
L from the Weyl function. Consequently, the inverse problems 1-3 are equivalent.

The inverse problems studied here can be seen as generalizations of the inverse problems for
the classical Sturm-Liouville operators, see [0, Chapter 1|. In the next section, using results stated
above, we provide a constructive procedure for solving these inverse problems.

4 Finding solutions to inverse problems

In this section, with the help of Cauchy’s integral formula and the Residue theorem, we will solve
the inverse problems of recovering the Sturm-Liouville problem L(q(x),h, H) using the spectrum
mappings approach. We first reduce an inverse problem to the so-called main equation which is a
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linear equation in a corresponding Banach space of sequences. Finally, we provide the algorithms
for solving the inverse problems by using the solution of the main equation.

For this purpose we introduce a new problem with new notations: together with L we consider a
boundary value problem L of the same form but with different coefficients G(x), h, H. Throughout
next sections, if a certain symbol e denotes an object related to L, then the symbol é with tilde
denotes the analogous object related to L. Now we introduce the following notations for convenience
of further discussions.

/\nO = )\’m /\nl = /\n7 Anp = Oy, Qp1 = Oy,

@m(x) = 90(337 Ani)» Sbm(x) = @(l’, )‘m')a

<z, N), prj(r) > 1 r
(x, ) = = — t, N (t)dt,
Qrj(z, A) ;N — Aij) s Jo P(t, A)er;(t)

Qni k(1) = Qij (T, Ani),

fori,j =0,1and n,k > 0. Here ¢(x, \) is the solution of (|1 - with the potential ¢ under the initial
conditions $(0,\) = 1, ¢'(0,\) = h. Similarly, we can define Q;(z,\) by replacing ¢ by ¢ in the
above definition.

Using the Schwartz lemma, see [5, p. 130] and (2.11)-(2.14), (2.17) we obtain the following
asymptotic estimates:

[pni(@)| < CUAL+ 1), lomo(@) — g (@)] < C(IAY + 12, (4.1)

C(lp] +1)
(105 = P2l + 1) (P2l + 1)

| @ni g ()] <

Cllpal +1)

. -0, <
’Qm,kﬂ(m) Qm,kl(x” — (‘p% — /)2‘ + 1)(|p2| + 1)%

, (4.2)

Clpnl +1)2
(165 = PRl + Dok + 1)
where n,k > 0,1 and C' > 0 is independent of n, k, 4, j. Similar estimates are also valid for ¢,;(z),

Lemma 4.1. Let @,;(x) and Qn;j(x) be defined as above. Then the following representations hold
fori,7=0,1and n, k> 0:

|Qnoki (1) = Quiji(z)] <

@m( Sonz + Z an lO SDkO ) Qm’,ll (l’)SOkl ('T))a (43)
=1
Qnigj(T) — Qm‘,k] )+ Z Qm 10(2) Qo5 () — Qm,n(@@zmj(%)) =0, (4.4)

Both series converge absolutely and uniformly with respect to x € [0,T] \ {a}.
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The proof of this lemma is similar to that of the lemma given in [I3] and, hence, is omitted.

From all arguments mentioned above, it is seen that, for each fixed z € (0,7) \ {a}, relation
can be thought as a system of linear equations with respect to ¢,;(x) for n > 0 and i = 0, 1.
But the series in converges only with brackets. So, it is not convenient to use as a main
equation of the inverse problem. Below, we will transfer to a linear equation in a corresponding
Banach space of sequences.

Let V' be a set of all indices u = (n,7), n >0, i =0, 1. For each fixed z € (0,7) \ {a}, we define
the vector

o) = o)) = |00 -

by the formulas

Pnl (m)
¥nl (ZE) on

Pno(x)| _ p%_:—l _pOn_:—l
|:¢n1(x):| B [ [b %

—_—

% 1 n ni(x
[¢n0(x)] B [(p +1)(p (;)(n) en1( ))] (45)

Further, we define the block matrix

H(z) = [Huw()]upev = [ZZ?ZEEQ ZZ?inﬂ k0

where u = (n,i), v = (k,j) and

Hno,ko(x) Hno,kl(ﬂc)] _ [% —M] |:Qn0,k0(x) Qno,m(I)} [pgpL Pk }

Hyyko(z) Hpppa(x) 0 o Qniro(?) Quip(z) 0  —pk

o5

Analogously, we define H(z), H(x) by replacing in the previous definitions gpm m kji(x) by
Gri(), Quixj(x), respectively. Tt follows from (2.11) - (2.14), (2.17), (2.18), (4.1), 1 2) and the

Schwarz lemma that

[6nj ()], |6ns ()] < C, (4.6)

C
(105 = P21+ 1) (P2 + 1)

and

| i ()], | Hoip ()] < (4.7)

where C' > 0 is independent of n, k, 1, j.

Let us consider the Banach space B of bounded sequences o = [, ]uey with the norm ||al|p =
supuey || and consider the operator E+ H(z) acting from B to B. Here E is the identity operator.
It follows from , that for each fixed x, this operator is a linear bounded operator, and

IH @, 1 '<CS“"Z 10 = pk|+1><|pk|+1> < oo

Now we are ready to give the main result of this section.

Theorem 4.1. For each fized x € (0,T) \ {a}, the vector p(z) € B satisfies the equation

p(a) = (B + H(z))p(x), (4.8)

i the Banach space B. Moreover, the operator B + ﬁ(w) has a bounded inverse operator, hence,
equation (4.8) is uniquely solvable.
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Proof. Using the notation ¢(x), rewrite (4.3) as

Oni(2) = Gni + > Hi ()1 (x), (n,0) € V, (K, j) €V,

which is equivalent to 1) Interchanging places for L and L, we obtain analogously the equalities
o(x) = (E — H(x))¢(x), (E — H(x))(E + H(x)) = E.
Hence, the operator (E 4+ H(z))™" exist, and it is a linear bounded operator. O

Equation (4.8)) is named a basic equation of the inverse problem. Solving (4.8]) we find the vector
¢(z), and hence, the functions ¢,;(z). Thus, we get the following algorithms to find the solution of
an inverse problem.

Algorithm 1. When the spectral data {\,, ay}n>0 is given, to construct q(x), h and H, we follow
the steps:

(i) first contruct L and then calculate ¢(x) and H(z),
(i1) by solving equation (4.8) find ¢(x) and calculate ,o(x) by using (4.5),

(1ii) choose some n (for example, n = 0) and construct q(x), h and H by using the following
formulas:

i SOnO(T
SDnO(T '

~—

g(z) = ©rno(T)

- +An7h:¢;7,07H:
(pno(x) 0()

~—

Algorithm 2. When the function M(\) is given, to construct q(z), h and H, we follow the steps:

(i) construct the spectral data Q0 by using (3.2),
(it) construct q(x), h and H by using Algorithm [1]

Algorithm 3. When two spectra {\,, jin},> are given, to construct q(z), h and H, we follow the
steps:

(i) calculate M(X) by using (3.1),

(ii) construct q(x), h and H by using Algorithm 2.
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Abstract. We study a one-dimensional Stefan type problem which models the behavior of elec-
tromagnetic fields and heat transfer in closed electrical contacts that arises, when an instantaneous
explosion of the micro-asperity occurs. This model involves vaporization, liquid and solid zones, in
which the temperature satisfies a generalized heat equation with the Thomson effect. Accounting
for the nonlinear thermal coefficient, the model also incorporates temperature-dependent electrical
conductivity. By employing a similarity transformation, the Stefan-type problem is reduced to a
system of coupled nonlinear integral equations. The existence of a solution is established using the
fixed point theory in Banach spaces.
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1 Introduction

Stefan problems are fundamental in understanding the phase transition phenomena, particularly
in situations involving heat transfer and solidification processes. They were first introduced by
J. Stefan in his seminal work in [24]. These problems concern the determination of the moving
boundary between phases during the process of solidification or melting.

The classical Stefan problem arises in scenarios, in which a material undergoes a phase change,
such as freezing or melting, subject to certain boundary conditions and physical constraints. One
of the key aspects of Stefan problems is the existence of a sharp interface, known as the Stefan
interface, which separates the regions of different phases.

Significant theoretical contributions to Stefan problems have been done in [21], [I]. Further, the
study of free and moving boundary problems, including Stefan problems, has garnered considerable
attention. In [6] J. Crank provides a comprehensive treatment of such problems, offering valuable
insights into their mathematical formulation and solution techniques.

Stefan problems, which traditionally deal with phase-change phenomena under classical heat con-
duction assumptions, have seen extensions to encompass more complex physical scenarios. These
extensions, often referred to as non-classical Stefan problems, involve variations in thermal coeffi-
cients, boundary conditions, or latent heat dependencies, among other factors. The investigation
of non-classical Stefan problems has significant implications in various fields, including materials
science, engineering, and mathematical physics.

One avenue of research in non-classical Stefan problems involves the consideration of thermal
coeficients that vary with temperature or position. In [4], [2] were explored Stefan problems for
diffusion-convection equations with temperature-dependent thermal coefficients, providing insights



Exact solution to a Stefan-type problem for a generalized heat equation with the Thomson effect 69

into the behavior of phase-change processes under such conditions. Similarly, in [I8], [I7] A. Kumar
et al. investigated Stefan problems with variable thermal coefficients, highlighting the impact of
these variations on the phase-change dynamics. Furthermore, exact and approximate solutions to
the Stefan problem in ellipsoidal coordinates were obtained in [§]

Another aspect of non-classical Stefan problems involves incorporating convective boundary
conditions or heat flux conditions on fixed faces. In paper [4] there is examined the existence of exact
solutions for one-phase Stefan problems with nonlinear thermal coefficients, incorporating Tirskii’s
method to handle such complexities. Additionally, paper [5] is devoted to the one-phase Stefan
problem for a non-classical heat equation with a heat flux condition on the fixed face, contributing
to the understanding of phase-change phenomena under non-standard boundary conditions.

Non-linear Stefan problems offer a valuable mathematical framework to model and analyze
complex phenomena, providing insights, for example, into heat transfer processes during phase
transitions within electrical contacts [3], [12]-[20].

Thermal phenomena in electrical apparatus, such as welding, arcing, and bridging, contribute
to their failure and are highly complex. These phenomena depend on various factors including
current, voltage, contact force, contact material properties, and arc duration 23|, [7]. Experimental
investigations usually focus on cumulative probability representations of resulting values as direct
experimental observation of these processes is often challenging or even impossible due to their
extremely short duration.

Hence, mathematical modelling plays a crucial role in understanding the dynamics of such
processes, improving the endurance and reliability of contact systems, and predicting and preventing
failures in electrical apparatus.

Efforts have been made in [22], [9]-[11] to address these aspects and the study of electrical
contacts involves intricate thermal dynamics influenced by non-linearities in material properties
and heat generation mechanisms.

This paper aims to further develop the existing models to models, also incorporating the Thom-
son effect.

The Thomson effect refers to the phenomenon, in which a temperature difference is created
across an electrical conductor when an electric current flows through it. This effect occurs due to
the interaction between the current-carrying electrons and the lattice structure of the conductor.

In the context of a closure of electrical contact after the instantaneous explosion of a micro-
asperity, it is important to take into account that micro-asperities are tiny protrusions or irreg-
ularities on the surface of a material. An explosion or sudden release of energy can cause these
micro-asperities to rupture or deform.

After such an explosion, the closure of electrical contact can manifest itself in several ways. The
intense energy release can lead to the melting or vaporization of micro-asperities, altering the surface
characteristics of the contact. This can potentially disrupt the normal flow of electric current and
create temperature variations due to the Thomson effect.

The Thomson effect in this scenario could result in localized heating or cooling at the contact
points, depending on the direction of the current flow. This temperature difference might affect the
electrical conductivity and overall performance of the closure of electrical contact.

In the initial phase of a closed electrical contact, when a micro-asperity undergoes sudden igni-
tion, the contact region comprises both a metallic vaporization zone and a liquid domain, see Figure
. Modelling the metallic vapour zone, denoted as Z; with a height range of 0 < z < s(t), is a
complex undertaking. We propose that the temperature within this region decreases linearly from
the ionization temperature of the metallic vapour, denoted as Tj,,,, which occurs after the explosion
at the fixed face z = 0, to the boiling temperature T; at the free boundary that separates the vapour
and liquid phases. The temperature field within the vapour zone Z; exhibits a gradual and linear
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Figure 1: Contact zones: Zj : (0 < z < s(t))-vaporization zone, Z; : (s(t) < z < r(t))-liquid zone,

Zy 1 (r(t) < z)-solid zone.

decrease
— 1 1 on 1 0n 0 <_ _< t )
S(t) ( b ) : S( )

where the following boundary conditions hold

Tv(Z, t) =

TV(()) t) = Eona

Ty (s(t),t) = T,

(1.1)

(1.2)

(1.3)

Temperature distribution and electrical potential field of the zones Z; and Z; are defined by the

following relations:

o) G = S PG e on G o ()
Z—IV% L(%)z”%} =0, s(t)<z<r(), t>0, 0<v<l,
Z—1V% {p(;)z”%} =0, r(t)<z >0, O0<v<l,
Ti(s(t),t) =T, t>0,

— A (T1(s(t),1)) % Y = %, t>0,

e1(s(t),t) =0, t>0,
To(r(t),t) = To(r(t), ) = Ty > 0, £ 0,
QDI(T(t)>t) = 302(7"(75), t)> t>0,

or,
0z

dr
=l Ym—, t>0,
T

z=r(t)

+ A (Ta(r(2), 1))
z=r(t)

1 dpy
p(Ti(r(t), 1)) Oz

z=r(t)
T2<+OO, t) = 0, t> 0,

(1.4)
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C

pa(+00,t) = % t>0, (1.16)
T5(2,0) = po(2,0) =0, 2z >0, s(0) =r(0) =0, (1.17)

where 17, Ty and @1, @9 are temperatures and electrical potential fields for liquid and solid zones,
c(T;),v(T;) and A(T;) are specific heat, density and thermal conductivity which depend on the
temperature, o7, is the Thomson coefficient, p(T;) is the electrical resistivity, Qo > 0 is the power of
the heat flux, T, is the melting temperature, U, is the contact voltage, s(t) and r(t) are locations
of the boiling and melting interfaces.

This paper is structured as follows. In Section 2, we use the similarity transformation to obtain
an equivalent system of coupled integral equations for problem —. In Section 3, we define
proper spaces in order to apply the fixed point Banach theorem to prove the existence of a solution
to the system of coupled integral equations.

The contribution of the problem addressed in our paper has significant implications for electrical
engineering. By developing a mathematical model that captures the behavior of electromagnetic
fields and heat transfer in closed electrical contacts, particularly during instantaneous micro-asperity
explosions, we offer valuable insights into the complex dynamics of these systems.

Our model accounts for the non-linear nature of thermal coefficients and temperature-dependent
electrical conductivity, factors that are crucial in accurately representing real-world scenarios. By
considering vaporization, liquid, and solid zones within the contact, we provide a comprehensive
framework for analyzing the thermal and electromagnetic effects associated with such phenomena.

Furthermore, our approach, which utilizes similarity transformations to reduce the Stefan-type
problem to a system of nonlinear integral equations, offers practical methodologies for analysing and
predicting the closure of electrical contacts under extreme conditions. The rigorous establishment
of the validity of this approach through discussions and proofs supported by the fixed point theory
in Banach spaces enhances the reliability and applicability of our proposed solutions.

2 Integral formulation

In this section, taking into account that problem (1.4)-(1.17) can be thought as a Stefan-type
problem, we look for similarity type solutions that depend on the similarity variable

oz
n S/t
with a = p—;\‘CLO where Ao, pp and ¢y are reference thermal coefficients.
We propose the following transformation
fz(77> = T—a ¢z(77) = Qpi(zat)v , 1=12 (2'1)

According to this transformation, the location of the boiling and melting fronts are given by
s(t) = 2asoV/1, r(t) = 2argV/t, (2.2)

where so and 7y must be determined as a part of the solution.
Therefore, problem (|1.4)-(1.17)) can be rewritten in the following form:

v

[L<fi>n”fn’+2an“+w<fi>f;+%nww L (¢)? =0, (2.3)

CoYo@ coYoLmaK (f;)

[K(lfa”%ﬂ/ =0 z4)



Exact solution to a Stefan-type problem for a generalized heat equation with the Thomson effect

where

and for ¢ =1, 2:

1=1: s9<n<r, 1=2: n>r,
fi(s0) = B,
L(fi(s0)) fi(s0) = ~Qe ™,
$1(s0) =0

fi(ro) = fa(ro) =0,
¢1(7“0) = ¢2(7“0),
— L(f1(r0)) fi(ro) = —L(fa(ro)) fo(ro) + Mo,
PN S
KRG ) = KRG 2
fo(+o0) = —1,
balo) = =,

T, — T, 2 Yma?
) Q= Qo 0, M= Tma@

=— >
AT/ AT

C iTm Tm sz Tm
V(g = YT Tl T)
AN f T, + T,
L(fi):%’

Of; =0Ty,

>0
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(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)
(2.18)

From (2.4), (2.7), (2.9), (2.11) and (2.13)), we obtain the solution for electrical potential field for

liquid and solid zones explicitly depending on fi, fo, sg and rg as

where

and

¢2(7],50,T0,f1,f2) =

UCF1<777 50, fl)
2H(T0a 50, fl? f?)7

Ue (Fi(ro, 50, f1) + Fa(n, 70, f2))
QH(T07So,f1;f2) ’

¢1(777 50,70, f17 f2) =

n
Fl(n,So,fﬁ:/de, So < 1 < 7o,
7
F2(7777”0,f2):/wd% n = To,

H{(ro, s0, f1, f2) = Fi(r0, 50, f1) + Fa(+00, 70, f2).

In addition, from (2.3)), (2.6) and (2.8), we get

fi(n) = s4Q exp(—s5) [@1(ro, S0, f1, f2) — P1(n, 50, f1, f2)]

so < n <y,

7727’07

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)
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D3
- H2(ro, 50, f1: f2) [G1(10, 80, f15 f2) — G1(n, 80, f1, f2)], S0 < <o,
and from (23), @8) and [£12) we get
D; Dy(n, 70, f1, f2)
G (400,19, fi1, -1
H?(ro, 80, f1, f2) 2 0. f1, f2) Dy (400,70, f1, f2)

Ds
— a -
H?(ro, so, f1, f2) 2(n, 70, f1, f2), 1 >0

Moreover, from conditions (2.5)) and (2.10)) we obtain the following equalities:

f2(n) =

Dy
Hz(r07507f17f2)

56@ eXP(—Sg)qH(To, S0, f17f2) + G1(7“0, S0, f17f2) = B,

and
D*
E <2\ 1 H
1(r0; 80, f1, f2) {QGXP( S0)S0 + H2(ro, 50, 1. f2) 1(7”0,80,f1,f2)}
1 D
— 1-— 2 Go(+00, 10, f1, }:Mr”“,

‘1)2(+00,7”0af17f2) { HZ(T0750,f17f2> 2( 1 fz) ‘

where

B 77E1(71750;f1,f2)
(I)l(na 307f1af2) _/ L(fl(?)))’l}l’

S0

dv, so<n<rg,

n
21,70, f1, f2) = / EQL(?}:E;{;;f 2

]

Ey(v, 50, f1, f2)
L(fi(v))v

dv, n>rp,

Hi(v, 70, f1, fa)dv, so <1 <o,

G1(n, 50, f1, f2) = /

s0

(U S0, J1, fz)
L(fa(v))v”

n
Ga(n, 10, f1, f2) :/ Hy(v, 70, f1, fo)dv n >

T0

H1(777 807f17f2

dv, so<n<rg,

7
/ v’ Ey (v 507f1,f2)

Hz(ﬂﬂ“o, 1, f2)

[ K(f(v)
/U”E2(U,7“0>f1,f2)dv n=To

7o
n
N v K v
v, 0, f1, f2) = exp _/ [QCW L((Jfll((v)))) T H(7'07§)17f17f2) L(f(lf(lv()))gl’} dv ], so<mn<ro,

S0

n
N v K v
E2(777T07 f1, f2) = exp _/ [2(“) L((J]:j((v)))) + H(To,g?fth) L(Js2f(2v()))v)yj| dv |, m=ro,

T0
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(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)
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and the coefficients D; and DJ for : = 1,2 are given by

p, = 26U :
2¢cooa 2

(2.36)

In conclusion, to find a similarity solution to problem — is equivalent to obtain fi, f,
sp and ry such that (2.24), (2.25)), (2.26) and hold. Notice that the electric potential fields
¢1 and ¢, are explicitly given by and as functions of fi, fs, sg and 7.

In the next section, to address the existence and uniqueness of solutions, we employ a rigorous
analytical approach. We leverage similarity transformations to reduce the problem to a set of
ordinary differential equations, facilitating a more tractable analysis. Additionally, we draw upon
the fixed point theory in Banach spaces to establish the validity of our proposed solutions.

3 Existence of solution

In order to prove the existence and uniqueness of solution fi, fo to equations (2.24)) and (2.25)), we
fix positive constants 0 < sg < ry and consider the Banach space

C= O[SQ,T()] X Cb[’f’o, +OO) (31)
endowed with the norm

||f|| = H(fhf?)H = maX{HleC'[So,To}? ||f2||cb[7‘07+00)} )

where C[sg, 70| denotes the space of all continuous functions defined on the interval [sq, 7] and
Cylro, +00) represents the space of all continuous and bounded functions on the interval [rg, +00).
We define the closed subset M of Cy[rg, +00) by

M - {fg c Cb[T0,+OO) : fQ(TQ) = O,f2(+oo) = —1}

We consider the operator ¥ on K = Clsg, 9] X M given by

— — —

v(f) = V(f), Va(f)), (3.2)

— —

where Vi(f), Va(f) are defined by

—

‘/1(f>(77> = SEQ eXp<_53> [@1(7“0, S0, f17 f2> - q)l(na S0, f17 fQ)]

(3.3)
D*
+HQ(T;J1J2) |:G1(T0’807f17f2) - Gl(nv sO?flaf?):|a S0 S n S 7o,
3 D3 P2 (n,ro,f1,
Va(f)m) = {m%(%@ro, fi, f2) = 1} ez
(3.4)

D*
~ ooy G2 o, 1, f2), = o

Notice that solving the system of equations and is equivalent to obtaining a fixed point
to the operator W.

Taking into account that K is a closed subset of C we will prove that W(K) C K and ¥ is a
contraction mapping in order to apply the fixed point Banach theorem.

For this purpose we will assume that there exists positive coefficients p, L, Linr, Nin and
NiM; Lz N NZ and Kz for i = 1,2 such that
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(A1) for each f; € Clso, 0] : so <v <19
Ly < L(f1)(n) < Lium*,

Nign ™ < N(f1)(n) < Nyun™,
Kymn™ < K(f1)(n) < Kyun™*,

(A2) for each fo e M, n>ry:
Lomn < L(f2)(n) < Laym",

Noyn™ < N(f2)(n) < Noym ™,
Komn™ < K(f2)(n) < Ko™,

(A3) for each f1, g1 € C[so, 70,80 <1 < rp:
IL(f1() = L{gi ()| < Lu|lfr — ull,

IN(fi(n)) = N(gi(n))| < N[l f1 — ],
[K(fi(n) — K(g:(m))| < Kan || fr — aull,
(A4) for each fo,90 € M,n > 1 :

IL(f2(m) = L(ga()] < Loal|f2 = gal,

IN(f2(m) = N(ga2(m)| < Nol|fo = gal;
K (fa(m) = K (g2(m)| < Kan ™#[|f> = o],

(A5) > 2.

From now on, hypothesis (A1)-(A5) will be assumed to hold throughout the paper.

75

We will present preliminary results that will be useful to prove the existence and uniqueness of

a fixed point of the operator W.

Lemma 3.1. For every f = (f1, f2), §=(91,92) € K, the following inequalities hold:
H(ro, 50, f1, f2) = Hing(r0, 50),

H(ro, 0, f1, f2) < Hgup(70, S0),
|H (70, S0, f1, f2) — H(r0, S0, 91, 92)| < ﬁ(r()vs())”f_ qll,

where

. -— Kl'm 1 _ 1
H’L’nf(/r(]) SO) . ,U'J’_V_l <861,+u71 T6L+V71> )

e 1 Kinm Koy
Hsup(r07 80) T N+V_1 <861,+V71 + T6L+V71 )

H =t K Ko .
(T[)? SO) ;L—‘rl/—l SS+V71 + Tg,«l»l/fl

(3.20)
(3.21)

(3.22)
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Proof. Taking into account the definition of H given by ([2.23)) and assumptions and ( -,

we have

Kim | Kom 1
H(To, S0, fl, f2) = a1 (ngru—l ,r_p+1/—1> + tv—1 rg+,,71

0
> Kim 1 _ 1
- ,U,—‘rl/—l Sg+u—l rg+u—l )

and then we get - Inequality follows analogously. In addition, taking into account

assumptions (3.13)) and ( , We get

|H(7’0,50, f17f2) - H(TO; 50791,92”

< (R [ v+ Ko [ hwdv) |17~ g

S ﬁ <K1 <86t+11/71 - T6L+1V71> u,+1/ 1> ||f g||

< = (8= + 5= ) 17 - 4l

and, as a corollary, inequality (3.19) holds.

Lemma 3.2. For every f: (f1, f2), 3= (91,92) € K, the following inequalities hold:

1)
El(nv S0, f17 f2) Z Elinf(h]; 50)7

E1<n7507f17f2> S ]-7
|E1(n, s0, f1, f2) — E1(n, 50, 91, g2)| < EI(TO»SO)Hf_ qll,

where
) — _ Ny DiKim 1
Ellnf(Tb’ SO) T eXp ( |:aL1'm(lL 1) 2“ 2 + an(TQ,So)le(Q,LL-i-V—l) 8(2)“+V71:|> ’
5 — Ny NiarLi 1
Eq(ro, so) := 2a [le(u 2) s u 2+ L3,,(3u—2) sgh—?
K1 1
+D1 (Hinf(TO:SO)le(2M+V*1) sgh vt
Kim H{(ro,50) 1 + Ly 1 .
Hing(ro,50)Lim \ Hing(ro,s0)(2putv—1) sgrtv =1 Lim (B3utv—1) sor 7T 3
2)
|(I)1(77,50;f17f2) - (I)1(777 507.91792)' < <I>1(7“0,50)||f - 9||a
where 1 1
& . Bi(ro,s0) Ly
Py (ro, s0) 1= Lim (ptv—1) sg+“—1 + L2 (2u+v—1) V+2u 1
3)

Hl(n7 807f17f2> Z Hll”f(n7 SO>7
Hi(n, 50, f1, f2) < Hisup(7o, So),
‘HI(TL 507f1>f2) - H1(77750791792)| < ffl(ro,SO)Hf— qu7

(3.23)
(3.24)
(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)
(3.31)
(3.32)
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where
12nf(77750) T (,U«+V—1) ,u+u71 ,r]‘u‘+y_1 5 ( . )
Hlsup(roa 30) — Ehgl(%,so) (MJHIJ,I) Sg+1u—1 5 (334)

7 T Ky E1(ro,s
Hl(TO,SO) = (Kl + éfnfl(ﬁo?so()))> Elznf(T'Oyst)(:U""V 1) s "+1” T (3'35)
4)

G1(n, s0, f1, f2) > G1mf(77,7’0,80) (3.36)
G1(n, so, f1, f2) < Gisup(T0, S0) (3.37)
|G1(n, 50, f1, f2) — G1(1, 50, 91, 2)| < él(TOaSO)Hf— gll (3.38)

where

2
KimFE1int(ro,s

Glinf(n7r07 30) = ZlLleu_ii_Ol)g) <86L+1l/71 - 77“+1y—1> y (339)
G1sup(7’0, SO) = HIS?I(LO’SO) (MJr,ljil) sg+1u—1 5 (340)

él (7’0, 80) = Hlsup<T0; 80)61(7"0, 50) + HII(Z(:;LSO) (lH"l/_l) Snglu—l . (341)

Proof. From the definition of E; given by ([2.34), assumptions (3.5)-(3.7) and inequality (3.17]) we
obtain that

N o N(fi(v) D, K(f1(v))
w0 20T T Horosofiofa) L) WY
77 N- 1 D1 K
< 2 LiM T T mf(;wlé‘/)lem v2u+v dv
N D1 K 1
= 2&L1m(121lf 2) 52“ 2+ znf(T0750)1L11nNE2N+V—1) sghtv=L

As a corollary it follows that Ey(n, s, f1, f2) = Eving(r0, 50) With E1ing(ro, so) given by (3.26). In
addition, as F; is a negative exponential function, it follows that F1(n, sq, f1, f2) < 1.
Let us analyse the difference of E;. From the inequality | exp(—z) — exp(—y)| < |z — y| we have

N v N v
|E1(777 S0, flu fZ) - El('f], 807g17g2)| < fsz 2av ‘ L((;ll((v)))) o L((ggf((v)))) dv
(3.42)
n K(fi(v)) . K(g1(v))
+D so | H(ro,s0,f1,f2) L(f1(v))v”  H(ro,50,91,92)L(g1(v))v” dv.
On one hand,
n N(fi(w)) _ N(g1(v))
o0 20V ‘ L) — Lo | W
n |, N(f1(v))L(g1(v)) =N (g1(v)) L(g1 (v))+N (f1(v)) L(g1 (v)) =N (g1 (v)) L(f1(v))
< 2a fso v L(f1(v))L(g1(v)) dv
(3.43)

<92 Un oMl gy 4 [ Nlel Al 9‘%}

Limvt L3 v2h

<20 [ ot + kS |1 - gl
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On the other hand,

n K(f1(v) _ K(g1(v))
Dy so | H(ro,s0,f1,f2)L(f1(v))v” H(r0,50,91,92)L(g1(v))v” dv
n K(f1(v)) _ K(g1(v))
< Dl( so | H(ro,s0,f1,f2)L(f1(v))v” H (ro,50,f1,f2)L(f1(v))v” dv

K(g1(v)) K(g1(v))

T Jso | Tromso ) L@ Hro,50,91,92) L{g1(0))07

dv)

n _|K(fi(v)—=K(g1(v))|
<D ( so H(ro,s0,f1,f2)L(f1(v))v” dv

n 1 1
Jio 1K (g1(0))] ‘H(ro,so,fl,h)L(fl(v))vv T H(r0,50.91,92) (g1 (0))0”

dv) )
From assumptions (3.5), (3.7)), (3.13) and inequalities (3.17)), (3.19) we get that

n ~
|K(f1(v))— K(gl(v K 1 7=
/s H(ro,50,f1,f2)L(f1(v) dv = Hing(ro,50) Lim (2utv—1) sortv =1 ||f g“
0

and
dv

n 1 1
Joo 1K (g1(0))] ‘H(ro,so,fl,fzw(fl(v))vv = H(ro,50.91.92) L(g1 (0))0”

< K n _ |H(ro,50,91,92)—H(ro,50,f1,f2)| dv
= MM\ Jso H(ro,s0.f1,f2)L(f1(0)H (r0,50.91,92) vAT”

N L ()= L(A ()] dv
+ o TR o0 9092 LG @) v~+v>

K f](r ,50) 1 L
< Hinf(rol7]§g)L1m (Hmf(rmso(;(?ou-w—l) s T * le(3ul+u 1) 3“*" 1) Hf gll
Then inequalities (3.42)-(3.46|) imply that
’El(na S0, fla f2) - El(na S0, 91, 92)| < El(TOa 80)||f - §||

with E, given by (3.27).
From the definition of ®; given by (2.19) we have that

E1(v,50,f1,02) _ E1(v,50,91,92) | dv
L(f1(v)) L(g1(v)) i

|@1(n, 50, f1, f2) — P1(0; S0, g1, g2)| < SZ

n |Ei(v 80,f17f2) FE1(v,50,91,92)] dv n El(v 50,91,92)|L(f1(v))—L(g1(v))| dv
< /s L(f1(0)) Zn L(f1(0))L(g1 (1)) v

Lim

< (B [ v+ - ;;de)uf il < @1(ro. so)l1f — gll.
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(3.44)

(3.45)

(3.46)
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where @, (rg, so) is given by (B.29).

Taking into account the definition of H; given by ([2.32)), we easily obtain that

n
Hi(n, s0, f1, f2) = Klm/ v > iy <sg+1”—1 B n“+1“—1) )

S0

n
|H1(77; S0, f17 f2)| S Eu»ffjl(i/([),so) /;O TR dv S Elzgl(lrvé,so) (MJrll/ 1) +1y—17
then (3.30) and (3.31) hold. In addition,

|H1(n7307f17f2) - Hl(n? 80791792)| S ! KiA) - Kig(v) &

o | E1(v,50,f1,f2) E1(v,50,91,92) | v¥

f” | K (f1(v)) =K (g1(v)]| dv + (7 K (g1(v))|E1(v,80,f1,f2)—FE1(v,50,91,92)| dv
E1(v,s0,f1,f2) v 50 E1(v,50,f1,f2) F1(v,50,91,92) v

1 ([?1 + Kl]VIEl(T‘mSO)) f?) vulﬂ,dv Hf— gl < f]l(ro, SO)HJ?— all,

— Eiing(r0,50) E1ing(r0,50) s

where H; is given by (13.35)).

From the definition of G, it follows that

G1(1, 50, fu, fo)| > Brintlrosn) i Huingluso) g

Lin

K'mEin' )
> KimBiing(ro,so) n _1 ( _ #+V1)dU>G1mf<7777’0730)

=  Liy(ptr-1) sg vtV ptr—1

where Gy;,f is given by (3.39) and

n
FE1(v,s0,f1,f2)H1(v,s0,f1, v
|G1(77a 507f17f2)| SS{ i OflL]?f)l(vl)() 0./1.f2) g_u

< Hlsup(T'O,sO) n dv
= Lim so vty —

Glsup<T07 30)
where G,y is given by (3.40). Moreover,

\G1(777 50, f1 f2) - G1(77750791;92)|

n Ei(v,s ) E1(v,50,f1,f2) | dv
< [ [Hi(v, 50, f1, f2)] g Tt~ —htht | v

L

N E1(v,50,91,92)| H1(v,80,f1,f2) = H1(v,50,91,92)| dv
50 L(g1(v)) v

_|_

S 61<T0780)||f_ §||7

with G, defined by (3.41).

Lemma 3.3. For every f = (f1, f2), §=(g1,92) € K, the following inequalities hold:

1)
Es(n,70, f1, f2) = Eaing(ro, S0),

EQ(nar07f17f2) S 1
|E2(77>7’07f17f2) - E2(77;7“0791792)| < E2(7’0750)HJ?— gHv

79

(3.47)
(3.48)
(3.49)
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where
Baing(ro; s0) i= exp (= | oty ooy 4+ Dl ool ) (3.50)
Ex(ro, 50) = 2a [Lzmj(vi—m rg}*? T rgiﬂ]
+D2 (Hinf(TO,SO)é{jm(Z#‘i‘V_l) 7’3“+1V71 (351)
+ Kom < f](ro) 1 + ZQ 1 >)
Hipng(ro,s0)Lam \ Hing(ro,s0)(2pu+v—1) portv=1 Lom (3u+v—1) portv=1 )
2)
q)2(7])T07f17f2) Z q)Qinf(n,rO;SO), (352)
Do (1, 70, f1, f2) < Pasup(T0), (3.53)
|q)2(7777”0; fi, f2) — (1)2(7777“0,91;92” < ‘52(7“07 50)||JF— §||7 (3~54)
where
Eoint(ro,s
oing (1,0, 50) = 2nf1050) 1 (Tgfy,l - Wh,l) , (3.55)
CI)qup(TO) = ﬁmré&%’ (356)
= Fao(r 5 I
(1o, 5) 1= L2{re:20) — r[g”l”*l + B m Tgwlvfﬁ (3.57)
3)
Hs(n,ro, f1, f2) < H2mf(77,7“0, S0), (3.58)
H2(777T07f17f2) S H2sup(r0750)7 (359)
|Ha (0,70, f1, f2) — Ha (1,70, 91, 92)| < Ha(ro, s0)||f = 3ll, (3.60)
where
H2¢nf<7]7T0) = (ul_ﬁin_ll) (Tg+1u—1 - nu+1u_1) 5 (361)
H25up(T07 SO) = E2i7§2(1;(1)750) (“Jrlljil) r’0‘+1”_1 , (362)
r7 N Ko B (ro,50) 1 1.
Hy(ro, 50) = <K2 - ézj\jnfiro?so()) ) Eaing (ro,50) (utv—1) ph =10 (3.63)
4)
Gy (1,70, f1, f2) < G2mf(77,7’0, S0), (3.64)
G2<7777"07f1=f2) S Gqup(T())SO)a (365)
|G2(n, 70, f1, f2) = G2(n,70, 91, 92)| < é2(7”0> SO)HJF— gll, (3.66)
where )
KomFEoint(ro,s
Ghing (1,0, 50) = rzmmetlose) (b — )’ (3.67)

HQSUP(TOVSO) 1 1 (368)

Lom  (utw—1) 71

Gqup(T07 SO) =

Ga(ro, 50) = Hasup(ro, s0)®a(ro, s0) + 2 oy s (3.69)

Proof. The proof follows analogously to the previous lemma. ]
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Lemma 3.4. For every f = (f1, f2),d = (g1,92) € K it follows that

IVA(F) = Vi@ letsanrol < &1(r0, 50)[1f = g,

where

e1(ro, So) = 2s5Q exp(—sg)fbl(ro, S0)

+ 21)1< (Glsup(7'0750)2Hsup(r0750)H(T0aSO) + G1(r0,50) ) .

H, +(r0,50) HZ, (ro,50)
Proof. Taking into account that

Gi(m,50,f1,f2) _ G1(1,50,91,92)

< G150, f1, ) || (ro,50, 1, f2) = H?(r0,50,91,92)|
H2(rg,s0,f1,f2) H2(rg,50,91,92)

= H2(ro,50,/1,f2)H?(g1,92)

|G1(1,50,f1,f2) —G1(1,50,91,92)] G1sup(10,50)2 Hsup (10,50) H (r0,50) G1(ro,50) £
+ H?2(ro,50,91,92) < H} (ro,s0) - H? (ro,s0 Hf g“’

for each n € [sg, o] it follows that

—

Vi(f)(n) = Vi@ ()| <
< 55Q exp(—s%) [@1(7’0,50; fi; f2) = ®1(ro, 50, 91, 92)|

+|®1(n, 0, f1, f2) — P1(n, 50, 91, 92)|]

DiGi(ro,s0,f1,f2) _ DiGi(r0,50,91,92)

_{_‘ DiG1(n,50,f1,f2) _ DiG1(n,50,91,92)
H2(rg,s0,f1,f2) H?2(r0,50,91,92)

H2(rg,s0,f1,f2) H?2(r0,50,91,92)

< [235@ exp(—s3)®(ro, So)

*Gsu 70, 2Hgy, 5 HT, éT,S g — i —
2] (St toselin 4 ngi(io,‘;f]))]||f—9|| = &1(ro, so)[lf = gll-

Lemma 3.5. For every f = (f1, f2),d = (g1,92) € K it follows that
[IV2(f) = Va()llcyiroto0) < €2(r0, s0)[[f = FlI,

where
€2(r0, S0) = €21(r0, So) + €22(70, S0) + €23(70, S0)

with N
o 2®5(r0,50)
Sp3 (7"0, 80) = —¢2inf(+m7r0750)7

c (7” S): Ga(r0,50) 2G25up (70,50) Houp (10,50) H (r0,50)
22170520 HZ (ro,50) H;, ¢(ro.s0) ’

_ Posup(ro,so) G2sup(r0,50)
€23(70, 80) = —¢2inf(+oo7r0750)522(7’0, so) + HZ +(r0,50) £21(70, S0).

Proof. On one hand, we have that

Pa(nyro.f1.f2)  _ _P2(n.10,91,92) |  [P2(n.70.f1.f2)=P2(n,70,91,92)
Pa(+oo,m0,f1,f2)  P2(400,70,91,92) | — o (+00,70,f1,f2)

+ P2 (n,70,91,92) | P2(+00,70,1,f2)—P2(4+00,70,91,92)]
®2(+00,70,91,92) D2 (+00,70,f1,f2)

< | D2 (1,r0,f1,f2)—P2(n,70,91,92)] + | P2 (400,70, f1,f2) —P2(+00,70,91,92)]
= D2 (+00,70,f1,f2) D3 (+00,r0,/1,/2)

< Mﬁo))ﬂf— 31l = ea1(ro, s0)|| £ — 4.

Qoin f(+00,70,50

81

(3.70)

(3.71)

(3.72)

(3.73)

(3.74)
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On the other hand, we obtain that

Ga(myro,f1,f2) — Ga2(n,70,91,92)
H?2(s0,70,f1,f2) H?2(s0,70,91,92)

< 1G2(nr0./1,f2) =G2(n,r0,91,92)] + |Ga(n,r0,91,92) ||H?(s0,70,91,92) —H? (50,70, f1,/2)|
= H2(s0,70,f1,f2) H2(s0,70,f1,f2) H?(50,70,91,92) (3 75)

é ( ) ) 2G2su ( 5 )H ( ) )f[( s ) g -
< (sples; 4 Mmalnsplolsnlite ) || 7 g)
= e22(70, 50)||f — 7.

In addition,

Ga(+0o,m0,f1,f2) _P2(n,mo,f1,f2)  Ga(4+00,70,91,92) _P2(n,70,91,92)
H2(s0,r0,f1,f2) ®2(+00,70,f1,f2) H2(s0,70,91,92) ®2(+00,70,91,92)

Qo (n,r0,f1,02) | G2(+00,r0,f1,02)  Ga(+00,7m0,91,92)

= ®a(400,r0,f1,f2) | H2(s0,70,f1,/2) H2(s50,70,91,92)
+G2(+00J’0791792) Po(nyro,f1,02)  Pa(nyr0,91,92) (3'76)
H2(s0,70,91,92) | ®2(+00,r0,f1,f2)  P2(+00,70,91,92)
DPogy , Gasu > 7 ~
< (ot (o, s0) + G2ty (o, s0) ) 1 - g1
= 623(7“07 SD)Hf - £7H
From the previous inequalities, for each 1 > ry, it follows that
[Va(f)(n) — Va(g) (n)]
< | D2Ga(tooro.fi,f2) _®Po(nro.fiofo) _ D5Ga(H00,m0,91,92) _Pa(n,ro,91,92)
= | H2(ro,s0,f1,f2) ®2(+o0,r0,f1,f2) H2(r0,50,91,92)  ®2(+00,70,91,92) (3.77)
+ Qo(niro.f1.02) _ _Pa(n.r0.91,92) D3Ga(n,ro.f1.f2) — D3G2(n,r0,91,92)
Qo (+00,70,f1,02)  P2(+00,70,91,92) H2(ro,50,f1,f2) H?2(r0,50,91,92)
< ea(r0, s0)||f — 7.
O
Theorem 3.1. For every f = (f1, f2), §=(91,92) € K it follows that
W (f) — W@ < elro, s0)l|f — 4
with
£(ro, 50) = max {e1(r0, S0), €2(70, 50) } , (3.78)

where £1(ro, So) and e3(ro, So) are given by (3.70) and (3.73), respectively.

Proof. From the previous lemmas we have that

197 = (@)l = max {I[Vi(F) = Vi@)lopuna: V() = Va@lcyirorio0 )

= max {1 (7o, 50)[|F ~ 1l e2(ro, o) 1F — 411} = (ro. s0) I F .
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Now we will look for conditions that guarantee that U is a contraction mapping.
For each sy > 0 fixed, we define the functions
€1,50(r0) = €1(r0, S0) and €9 5,(10) = €2(r¢, So), for all ry > s,

where £, £, are given by (3.70) and (3.73), respectively. The following results hold.

Lemma 3.6. a) The function 1,5 1S a decreasing function that satisfies €1 5,(s9) = 400 and
€1,50(+00) = j1(50), where

J1(50) = 285Q exp(—s3)®; (400, 5¢)

~ - (3.79)
+2DT (Glsup(+OO’SOI)_I2:LnH;Eli(Ol'7OSZ7)SO)H(+OO’SO) + Iiiiiﬁ?(?)) .
b) If
2D*K 2K 1 A4
2% (e 1) <1, (3.80)

then there exists a unique sy > 0 such that j1(so) < 1 for all sy > s1.

Moreover, for each sg > si there exists 1 = r1(S0) > So such that €14,(r1) = 1 and
€1,5(ro) <1 for all ro > ry.

Proof.  a) According to the definition of £; given by (3.70)), the proof follows straightforwardly
from Lemmas B.1] and B.2l

b) From the definition of j; given by (3.79), we have that it is a decreasing function that satisfies

71(0) = +00 and j;(+o0) = L21TKK§; (2;((1217:1 + 1). Then, assuming (3.80)), it follows that there

exists a unique s; > s¢ such that j1(s1) = 1 and j;(sg) < 1 for all sp > s;. Moreover, from
item a), for each sy > s; there exists r1 = r1(sg) > s such that €1 5, (1) = 1 and &1 4,(r9) < 1
for all ro > 7.

]

Lemma 3.7. a) The function ey, is a decreasing function that satisfies the equalities €5 4, (s) =
+00 and eg,4,(+00) = 0.

b) For each sy > 0 there exists ro = ra(sg) > So such that €9.5,(12) = 1 and €24,(19) < 1 for all
Tro > T'a.

Proof.  a) It follows from Lemmas [3.1]and [3.3] by taking into account that &, is defined by (8.73).

b) It clearly follows from item a).

O]
Theorem 3.2. If inequality holds, then for each (rg, so) € X with
¥ ={(r0,50) : So > $1, 70 > To(S0)} (3.81)
we have that (1o, s9) < 1, where € is given by and
To(so) = max{ri(so), 72(s0)} (3.82)

with s1,r1 and ro defined in Lemmas [3.6| and respectively.
Proof. The proof follows immediately by Lemmas and O
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Corollary 3.1. Under assumption (3.80)), for each (rg,so) € X, the operator ¥ defined by (3.2) is
a contraction mapping.

Theorem 3.3. Under assumption (3.80), for each (ro,so) € X, there exists a unique fized point
(ff, [3) € K of the operator W.

Proof. First, notice that IC is a closed subset of the Banach space C given by . In addition, it
is easy to see that W(f) € K given that Vi(f) € Clso, o], Va(f) € Chlro, +00), Va(f)(ro) = 0 and
Va(f)(+00) = 0. Finally, according to Corollary under assumption (3.80)), for each (ro, so) €
it follows that W is a contraction mapping. As a corollary, applying the fixed point Banach theorem,

we get that there exists a unique fixed point (f], f5) € K of the operator VU for each (rg, sg) € X. O

Corollary 3.2. If (3.80)) holds, for each (ro,s0) € X, then there exists a unique solution (fy, f5) to
the system of equations (2.24)-(2.25)).

It remains to prove the existence of solution (rg,s9) € ¥ to the system of equations given by

(2.26) and (2.27), where f; = f; and f, = f; are the unique solutions to equations (2.24])-(2.25|).

For that purpose we will need some preliminary results.
Let us notice that equation (2.26)) can be rewritten as

X(ro, 80) = Y (ro, s0), (3.83)
where

X (ro,50) = Z(ro,50) = B,  Z(ro, s0) = ThrapretdLhi), (3.84)

and
Y(TO, So) = —QSE eXP(—Sg)@1(T07 S0, ffa f2*)~ (3-85)

Lemma 3.8. The following properties hold:
a) Y(ro,s0) <0 for each (ro, so) € X,

b) Z(ro,s0) > Zins(r0, 50) for each (1o, s0) € ¥, where

tr—1_ ptv—1 2
Zinf(T[) SO) — DiBins{ro.s0)Kim ( rg;_;sg - +u—1>
’ 2Ly Klj\/['r‘g -‘y-ngwsg ’

c) for a fized so > sy, if we assume that
X(To(s0), s0) <Y (To(0), S0), (3.86)
then Ziy¢(-, s0) is an increasing function that satisfies the conditions
Zing(T0(80), S0) < B, Zing (400, S0) = ja(s0), (3.87)

where

. D5 Etjns(+00,50) K1m
Ja((s0) = PRt (3.88)
15 an increasing function that satisfies the equality
DIKlm

J2(+00) = g irE

d) if we assume that
Difin B, (3.89)

2L11VIK%IVI

then there ezists a unique so = min{sy > s1 : ja(So) > B}. Moreover, for each sy > sq, we
have that js(so) > B,
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e) if (3.86) and (3.89) hold for each sy > so, then there exists a unique rp(so) > so such that
Zing(r0,50) > B for all ro > r5(s0).
Proof.
a) It is clear from the definition of the function Y given by (3.85).
b) It follows from the inequalities obtained in Lemmas and

¢) From the definition of Z;, it it easy to see that Z;,f(+, so) is an increasing function for each fixed
sp > s1. In addition, assumption (3.86]) and item a) lead to the inequalities

Zing(To(s0), 50) — B < Z(To(s0), s0) — B < Y (To(s0), 50) < 0.

Hence, it follows that Z;,,;(To(s0), so) < B. Finally, taking a limit gives that Z;, (400, sg) = j2(s0)
for each sy > s.

d) First, notice that hypothesis (3.89)) can be rewritten as jo(4+00) > B. From the fact that j; is
an increasing function, we can conclude that there exists a unique ss = min {sy > s7 : j2(s0) > B}.
Notice that so = s1 in the case jy(s1) > B. As a corollary, for each sy > so, we get that ja(sg) > B.

e) For each fixed sg > s3, we have that Z;,;(To(s0), S0) < B from item c) and Z;,s(+00,s9) > B
from item d). Then, there exists a unique rg = r5(s¢) > To(so) such that Z;,¢(rg(so), so) = B and
Zing(T0, 50) > B for all o > rp(s¢). O

Lemma 3.9. For each sy > so, if we assume that inequalities (3.86) and (3.89) hold, then there

exists at least one solution 5 = ri(so, f1, f3) € (To(s0),TB(S0)) to equation (2.26).

Proof. For each sy > s9, taking into account assumption (3.86|) and the fact that from item e) of
Lemma [3.8] the following inequality holds

X(TB(SU),S()) Z Zinf(rB(SO); So> —B=0> Y(TB<SO),30),

we obtain that there exists at least one solution r§ € (To(so), 75(s0)) to equation (2.26). O

Now we will analyze equation (2.27). If we replace ro by ri(so) and (f1, f2) by (f, f3), the
resulting equation is equivalent to the equation

W(rg(so), s0) = M, (3.90)

where

W (15 (s0), s0) = O ep s [@ exp(—sf)st

Dy * * L
+H2(r(’§(so),150,ff,f§)Hl(rO(SO)’ S0, fl ) f2 )] (391)

_ 1 _ D3 * * L%
T2 (50)7 183 (Too,rs (o) T T3) [1 3 o) sor ) C2 (100 (s0), f1 £3) |

Lemma 3.10. If any of the following two systems of inequalities hold

VVinf(SQ) > M Wsup(SQ) <M
or (3.92)
Wi (+00) < M Wins(+00) > M,
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then there exists at least one solution Sy > sy to equation (3.90), where

Evins(ri(so),s v Dy *
Wing(s0) = %(S(O)O [Q exp(—sg)sg + mHlinf(To(SO)v 80)]

(3.93)
— ! + ! : D2 Gainf(+00,78(50), S0)
my+1(80)¢2inf(+0071”8(80),8()) 7‘%+1(30)q>2sup(7‘5(50)) ngp(TS(SU),SO) 2an Y 0/5°0/s
D *
Wiup(80) = T(SO [Q exp(— 50)50 + Wﬂlsup(ro@o), S0)
(3.94)

1 D3 *
+ Do (400,78 (50),50) anf (rg(s0),50) GQSUP (TO (50)7 30) ] :

The above analysis allows to establish the following existence theorem.

Theorem 3.4. If hypotheses (Al) — (Ab) and inequalities (3.80), (3.86), (3.89) and (3.92)) hold,
then there exists at least one solution (So,75(50), f1, fo) to the system of equations (2.24)-(2.27),
where (fy, fs) is the unique fized point of the operator ¥ corresponding to (S9,74(50)) € X.

Corollary 3.3. If hypotheses (Al) — (A5) and inequalities (3.80), (3.86), (3.89) and (3.92)) hold,
then there exists at least one solution to problem (1.4)-(1.17), where

(

Tz 1) = Tufi (527) + T s(t) <2 <r(t), £>0,

Tr(z,1) = mf2< )+Tm, z>7r(t), t >0,

(

ta807f1)

U. 2av/%
goz,t—— 2 s(t) <z<r(t), t >0,
1 2 (S)SOaflva) () ()
(e.t) = Fl(ré(%)"%’ffHF?(2&”3(‘%)’]@) > 1(t), t >0
Pa2(z, = 5 *( 2\ O * Lk y 22T ’ > U,
2 2 H(T0(30)7807f17f2)

\

with s(t) = 2a55v/t and r(t) = 2ary(50)V/1.

Conclusion

We have considered a two-phase Stefan type problem governed by the generalized heat equation with
the Thomson effect and nonlinear thermal coefficients, that models the dynamics of electromagnetic
fields and heat transfer within closed electrical contacts, particularly focusing on the instantaneous
explosion of micro-asperities.

By employing similarity transformations, we have effectively reduced the problem to a set of
coupled ordinary differential equations, thereby facilitating tractable analysis and solution.

The validity and utility of our approach have been rigorously demonstrated through discussions
and proofs grounded on the fixed point theory within the framework of Banach spaces. This theo-
retical underpinning not only enhances our confidence in the proposed solutions, but also provides
a solid foundation for future research endeavors in related domains.
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Furthermore, the insights gained from this study hold significant implications for various prac-
tical applications involving electrical contacts, such as in the design and optimization of electronic
devices, electrical connectors, and power transmission systems. By elucidating the intricate inter-
play between electromagnetic fields and heat transfer phenomena, our work contributes to advancing
the understanding and engineering of such systems in both industrial and academic contexts.
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1 Introduction

Numerous studies have focused on the asymptotic properties of solutions to singular Sturm-Liouville
equations and differential equations of arbitrary orders, as discussed in papers [I} 2 12] and papers
cited there. These studies predominantly assumed that the equation’s coefficients exhibit regular
growth to infinity. In contrast, works [3] [ B [7, &, ([0, I1] explored the asymptotic properties of
solutions to ordinary differential equations with coefficients from broader classes, particularly those
that do not meet the Titchmarsh-Levitan conditions.
In [11], a method was proposed to study the asymptotic behaviour of solutions of the Sturm-
Liouville equation
v+ (1+q(2)y=0, xo<z<00 (1.1)

for the case in which ¢(z) is a rapidly oscillating function belonging to the class o as defined in [11].
This method enables the construction of asymptotic formulas for solutions whether ¢(z) influences
the leading term of the asymptotic expansion or not. However, this method does not address the
classes in which ¢(z) oscillates but does not belong to the class described in [11]. An example of
such a function is sin(x)/z%, where a > 0.

In [9], this approach was modified to construct the asymptotics of perturbations of the form
p(z)/x, where o > 0 and p(z) is a quasi-periodic function.

Note that for o > 1 the condition [ |p(z)/z*|dx < oo is satisfied, hence, due to Theorem 1 in
[T] (p- 133), all solutions of equation are bounded. Therefore, further study of this case is not
of interest.

In this paper, we extend the methods of [8, 9] to construct asymptotic formulas for the solution
of the Sturm-Liouville equation in the two-dimensional vector-function space:

37’—1—(140—1—@/41)@':0, Ty < 1 < 00,
x

(67
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where

= (g;), A= (a{k), Aj =const, j =0,1, Ay = Ay >0,

and p(z) is a quasi-periodic function.

2 Construction of asymptotic formulas

We consider the Sturm-Liouville equation in the two-dimensional vector-function space:

J’+<A0+2%A1)g5:0, Ay =A0>0, a>0, (2.1)
p(z) = Z spe™ s € C, pp € R\ {0}. (2.2)
k=1
The substitution
¢ =Ty, (2.3)
transforms equation (2.1)) to the equation
2
37"—1—(”1 02>37+p(x)33720, ro<zr<oo, a>0, (2.4)
0 us i
where
MQ 0 1 . —F
T AT = 01 2] B=T"AT = (by), j,k=1,2.

We present the main result of this paper.

Theorem 2.1. Let a > 1/3, and let a function p(z) have form (2.2). Moreover, suppose that the
following conditions hold.

1. For any set of numbers {ci,...,cm}, where ¢; € OUN, > ¢; # 0, the following condition is

7j=1
satisfied:
k=1
2. For any pr, k =1,...,m, it is true that
pr & {E£2u1, 2210, £p1 £ po}. (2.6)

Then, for the fundamental system of solutions of equation (2.4), as x — +00, the following asymp-
totic relation holds:

. (clle“‘” Ccipe”H?
~Y

T CQQ@iuZm) (I 4+ o(1))yo, cjr = const, j,k =1,2, 4o = const.

Proof. We reduce equation (2.4) to an equivalent first-order system of equations.
Let us introduce the following vector-function:

= . o o . / . /
Z(%M) = 005(2172’2723724) 21 =1, 22 = Y2, 23 = Y1, 24 = Y-
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Then, equation (2.4)) transforms into the following form:

xOé
where
0 0 10 0 0 00
0 0 01 0 0 00
L= —pi 0 0 0’ A= —bi1r —biz 0 0
0 —[L% 0 0 —b21 —bQQ 0 0
The substitution , ,
_i i 0
0#1 /61 7 7
Ax)="Tu, 1T= Cpz p2
Z(ZL’) 1U, 1 1 1 0 0
0 0 1 1
transforms system ([2.7)) into the system
1 -~
' = iMotl + — B(2),
xa
b1 —=bi1 b1z —bio
Ha 0 0 0 m %1 2 2
0O —up 0 O ~ ip(x) weosm fe S
A(] = O O Mz O s B(:C) e —2 [ _%21 bo _1114)222
1 M1 2 M2
0 0 0 — 2 b1 —=ba1 b2 —baa

B B p2 u2
We apply the following substitution:

u=C(x)v, C(x)=Ch(x)+ Ecl(x),
which leads us to the following system:
C'(2)7 + C(x)0 = iNoC(2)T +

We seek the matrices Cy(x) and C(x) from the following system of matrix equations:

{ Co(z) = iMoCo(r),
Ci(x) = iNgCi(x) + B(x)Co(z).

From ([2.12), we obtain

etme 0 0 0
0 e T 0 0
0 0 etH2® 0
0 0 0 e

Co(x) = o —

Also, from , we have
Ci(x) = Co(x) = Co(x)D(x), D'(x) = Di(x) = =Cy () B(x)Co(w),

b1 _bu o2z biz pi(—pituz)r bz pi(—pr—p2)z
B M1 H2 - H2
; bui S2ip _ by bia Si(pi+p2)r  _biz pi(p—p2)z
ip(x) e e e
D (x) = M1, p H2 H2 )
1 92 ba1 pi(pi—pz)r _ba1 pi(—p1—p2)w bz _ b2z o —2ipsx
1 1 H2 H2
ba1 pi(patpz)r b2t pi(—patp2)w ba2 o 2ipz )

Hi H1 H2 H2

92

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)
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We define the matrix D(x) as the antiderivative of the matrix function D;(x)

Pn(% O) —Pn(x, —2M1) p12($; —p1 + ,u2) —p12($7 —H1 — ,MQ)
| pu(z,2m) —p11(z,0) pra(, iy + p2)  —pialw, gy — po)
D(JJ) - )
po1(, 1 — po)  —par (T, —p1 — pi2) p22(z,0) —paa(x, —2p2)
po1(z, p + p2)  —par(x, —pn + p2) P22 (T, 2412) —paa(,0)
where "
petosom) = [ gon T3, o1 =T,
241,
Omi € {0, £241, £205, £y % fio}.
Thus, the solution Cy(x) of system (2.12)) has the form
Ci(x) = Co(z) - (I — D(x)). (2.14)

It is easy to prove that due to conditions (2.5) and (2.6) of Theorem all elements of the
matrix D(x) are bounded. Hence, the matrices Cy(x) and Ci(z) are bounded. Taking into account
the last expressions, for the matrix C(z) we obtain

Clz) = Co(x) (I + xia(f _ D(a:))) | (2.15)

Since Cy(z) is a diagonal matrix, D(z) is bounded, and x=* — 0 as x — oo, the matrix C'(z) admits
a bounded inverse.
Considering (2.12)) and (2.15), we can rewrite system ([2.11]) in the following form:

(7Y = I% (Co(x) + Sc—lacl(x)) " By
+ zil (Co(m) + x—icl(x)) B C1(z)0. (2.16)

From the boundedness of the matrices Cy(x) and C,(x), it follows that the matrices C~'BCY,
C~1C} are also bounded.
Let us consider the case a > 1/2. We rewrite system ({2.16)) as follows:

(¥) = C(x)7, (2.17)

where

O(r) = 507 (@) BE)Cia) +

x2a

C~Hx)Cy(z).

If a > 1/2, then the boundedness of C~'BC; and C~1C, obviously implies that all elements of the
matrix C(z) are summable, i.e., ||C(z)| € L'(xo,00). Therefore, using successive approximations

for system ([2.17)), we obtain

o0

—l—/é’(ﬁ)ﬁ({)df, Uy = const,

<y
Il
St

which implies
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Taking into account substitutions (2.10), (2.8]), we obtain the solution to equation (2.7 as follows:

x) =T - (Co(m) + x—laCl(x)) (I +o0(1)) Uy, wvg= const. (2.18)

Now, let us consider the case 1/3 < a < 1/2. In this case, the elements of the matrix —T CcC,
are summable. Given that 2o < 1, the asymptotic relation z®' = o(23*) as z — oo holds.
Therefore, we can rewrite system (2.16)) by using the Neumann series for the inverse matrix

0 a) = (I+ Lo D(»)<x*@>=cg%xw+0@r%,

in the following form:

— i — 1 —

0 = 32 (D) B@C)T + — Fla ), (2.19)
where

1 1 ~a Y -1

:ETF(I [i1, fi2) = xZaO(x )+FC (2)Ch(x),
and ||z F(z,p)|| € L'(zo,00). Taking into account (2.13) and (2.14), for the matrix

CyH(z)B(z)Cy(x) we have
Cy () B(x)C (2) = Cy M (2) B(x)Co(w) D(w) = D' () D(x).
Hence, the elements of the matrix C; 'BC are oscillating functions and can be represented as
G(z, 1, p2) Zerw’“”;, o € {pr, £2u1, 29, +p1 £ s},  Gp = const.

Thus, system ([2.19) takes the form

~ | S

(0) = anG(m, 1, o) + ﬁF(x, f1, pi2)U. (2.20)
The substitution
x1—2a 1
= o= ((1-20097%, () = @), (221)
1 «
=10 7T 1
transforms system ([2.20]) to the system

(w)§ =G (af ur :uQ) w+ f_’yF (af ur MQ) w, (222)

where a = 377 is a constant, which does not affect the asymptotic behaviour of the solutions.
The condition 1/3 < a < 1/2 implies 3 < < oo, hence v = = fa > 1. Therefore, the
second term of system ([2.22) is summable.

By by integration, from ({2.22]), we obtain

o0 o

wW(&) = w(&) +/G 7, o) W(T )d7+57/7_7F (77, g1, po) 0 (7)dr. (2.23)
£ £
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Integrating by part the second term of expression (2.23)), we have

/G 2., p2) W(r)dr = G (7%, iy, pa) / 70, 1, p2) W (7)dr, (2.24)
'3 3

where

a T 1 T dTB 1
’G (gﬁnul)MQ)‘ = / 7“17#2 = E/G 7“17”2 1 =0 (7_,3_1> .
13 3

Hence, |G (¢, 1, 12) || € L' (€, 00). By using [£:22) for €2, we get

o0

N

G (767,&17#2) w(r)dr = G (TB, M1, Mz) w(T)

3

(T’B,/Ll,uz) <G( ,u1,u2) ()‘1‘6 F( 7M1,M2)U7(7'))d7'~

Taking into account the last expressions and (2.23]), we obtain the following estimate:
[0 — ol cp,00) < Kl Wllego,00), K = const.

Hence, it follows that
w(§) = (&) + o(1), (2.25)

where W(§) = wy. Returning from system (2.25)) to system ([2.7)), taking into account substitutions

@21, and (Z8), we obtain (2.15).

Let us consider the case a = 1/2. In this case, system ({2.24)) takes the form

IV _ o1 L
(7)) = 5G(:c,,ul,,ug)v - mF(SU,,ul,,LLQ)U. (2.26)

Substituting
=z, z=¢, v(z)=1uw(),

converts system ([2.26)) to the system
— — _£ —
(w>/§ = G(egy M1, MQ)w te 2F(€§7 K1, /uQ)w
Similarly to (2.22), by using successive approximations, we obtain
ui(§) = w(&) + o(1).
Taking into account (2.21)), (2.10)) and (2.8), we obtain (2.18]).

Finally, we obtain the asymptotics of the solutions to system ([2.4)) in the following form

. (cﬂe”‘”” cipe”H®
~Y

Co1€H27  coge 2T

) (4 o1

where ¢, = const, j,k = 1,2, gy = const. O
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Remark 1. From the proven theorem, it follows that the perturbation p(z)/x® does not affect the
dominant part of the asymptotics of the solution to equation (2.4) provided that conditions (2.5))

and (2.6) are satisfied.

Remark 2. The condition o > 1/3 arises from the selection of the substitution:
1
C(l’) = Co(l') + I—aCl(SL’)

For the general case, the substitution takes the form:

m

Cr) = Y 2 Culw),

k=0
as provided in [9] for the scalar case.

Remark 3. If condition (2.5) of Theorem is not satisfied, a resonance case occurs, and the
asymptotics will significantly differ from those obtained above.

3 Resonance case

In this section, we will show that the conditions of Theorem are essential. To do this, let us
consider the case in which py € {+2u1, +2u9, £pu1 + pso}, ie., condition ([2.5)) is not satisfied. For
the matrix C'(x) in (2.15]), we obtain

1

O(z) = Cy(a) (1 - —D() - xlaDQ(:c)> ,

where

D(l’) = Zbkeigka Dg(l’) = Z(DQ)keiak7 Dkv (D2)k = COTLSt,
o € {241, £249, Fpu1 £ pio, pr-}

For the case a < 1, the matrix C(x) becomes unbounded as x — oo. This generates the resonance
case and the method described in the previous section is no longer applicable. Therefore, we apply
a different approach to study the asymptotic behaviour of solutions.

Let p(x) = cos(p1 + p2)x, p1, 2 € R\ 0. Then, system takes the following form:

i, . dcos(pur + p2)T
= A B 3.1
U 9 0U+ 9o u, ( )
where . - .
0 0 0 Lo Sz 2
0 im0 o by o K
M=o 0w oo | B[R b
2 1 H1 2 H2
0 0 0 — b2 bar  —=ba1  baz  —bao

p1 M1 2 2
In the case p; = o, system becomes equivalent to two second-order scalar linear differential
equations. Therefore, we consider the case py # po.
The substitution _
i = ez (3.2)

transforms system ([3.1)) to

vcos(py + p2)r _i A
,U/ — ( ) e 2A0IB€2A0IU'
2z«
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After some modifications, we get

1 L
' =— (B E CRER | U
U o ( o+ e k)v

k=1
where A
0 0 0 —’4%
0 0 2
By = 0 by, 462 0 , Bk:COHSt, k = 17”"777/7
) 4
200 0

4

o € {£21; F2pu5 £2(p1 + p2); F(pn £ pr2); £(Bp + pa); £(p + 3p2)

Replacing independent variable x by & as in (2.21)):

T 1 R R
f=1—, a=(1-a)9)™s, i) =),
1
6:1—067 CL:(l—Oé)B7
we obtain .
W = Bow + Y € Byai.
k=1
Denote -
/ew”’”ﬁdT =1,...,m.
3

Assume that 1/2 < a < 1, which implies 8 > 2. Then

(e 9]

) s 1 eiaak’rﬁ 1
or(&) = [ e dr = — dr? € L'(&, 00).
)
3 3
Applying the substitution
i@ = eﬂzn(é)Blu—;l7
we get
W (&) = e OB Bre= 1@ 5, 4 eh1©) (Z iaokt” p > Lem OB
k=2

Using the properties of the matrix exponent, from (3.6) we obtain

e OB — [ L Fi(€), |Fi(€)] € L' (&, 00),

and
e ©OB T4 Fy(6), || Fu(6)] € LY (&, 00).
Therefore,
OB B OB _ B Fy(), | Fy(€)] € L(§,00),
where

F5(€) = BoFs(§) + F1(§) Bo + F1(§) BoF»(§).

97

(3.3)

(3.4)

(3.5)

(3.7)

(3.8)
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For the remaining terms of system ({3.8)), we have

eP1(&)B1 <€ia0kfﬁBk> e %1OB1 (I+ Fl(f))emg’“gﬁBk(] + Fy(8)) = eia0k£63k + Gi(8),

Gr(&) = € (ByFy(€) + FL(&) By + Fi(€)BiF), k=2,...,m.

The matrices ¢9+¢” B, are bounded, and the matrices F (&), F5(§) are summable. Hence, the
matrices G (§) are summable. On the base of these relations, system ({3.8)) takes the form

W (&) = Byt + Y _ € Byaiiy + G(&)wy, (3.9)
k=2
where .
G() =D Gr(©), GOl € L' (&, 00).
k=2
Using the substitutions '
Wy = 99 Brg k=2, m, (3.10)

one by one and conducting similar calculations, we finally obtain
W, () = Bty + P(&)thm,  [[PE)]] € L' (€0, 00). (3.11)
Applying Levinson’s Theorem to (3.11]) (see [6], p. 292), we obtain the solution
Wy (€) = €50 - (I 4+ M -0(1)), M = const.

Using substitutions (3.9), (3.7)), (3.4)), (3.2) and (2.8]), we obtain the solution for system (2.7 in the

following form:
5: Tl 3 6%A0£B X H €_¢k(€)Bke§B0 (I + M . 0(1))’“7m(€0)
k=1

The dominant part of asymptotics of solutions is

11—«

7~ 27 . oxp {f Bo} (I +M-0(1))zy, 2zo= const.

Let us consider the case a = 1. Then, system (3.3]) takes the form

1 - .
'174 = ; <Bo + Z ew’“ka> V.

k=1

By using the substitution
E=Inz, x=2¢% u(x)=1q0(&) (3.12)

we obtain the system

Denote
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As Yp(€) € LY (&, 00), j = 1,...,m, using the substitutions
W =e OBy @ = e OB k=2, m, (3.13)
and conducting similar calculations as in the previous case, we obtain

W (§) = B, + G ()W, [G(E)] € L' (&0, 00).

Applying Levinson’s Theorem (see [6], p. 292) and using substitutions (3.13)), (3.12), (3.2) and
(2.8), we obtain the following expression for the solution to system ([2.7)):

F=Ty e T e OB B0 (T4 M- 0(1)) - (&)
k=1

The dominant part of the asymptotics of the solution is given by
7~ e2tor ., naBo (I+M-0(1))z, Zy= const.

Remark 4. In both cases @ < 1 and a = 1, the asymptotics of solutions to system ([2.7)), as
described by equation ({2.4]), will depend on the elements of the constant matrix B.
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