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Abstract. The boundary value problem for a system of hyperbolic integro-differential equations of
mixed type with degenerate kernels is considered on a rectangular domain. This problem is reduced
to a family of boundary value problems for a system of integro-differential equations of mixed type
and integral relations. The system of integro-differential equations of mixed type is transferred to a
system of Fredholm integro-differential equations. For solving the family of boundary value problems
for integro-differential equations Dzhumabaev’s parametrization method is applied. A new concept
of a general solution to a system of integro-differential equations with parameter is developed. The
domain is divided into N subdomains by a temporary variable, the values of a solution at the in-
terior lines of the subdomains are considered as additional functional parameters, and a system of
integro-differential equations is reduced to a family of special Cauchy problems on the subdomains for
Fredholm integro-differential equation with functional parameters. Using the solutions to these prob-
lems, a new general solutions to a system of Fredholm integro-differential equations with parameter
is introduced and its properties are established. Based on a general solution, boundary conditions,
and the continuity conditions of a solution at the interior lines of the partition, a system of linear
functional equations with respect to parameters is composed. Its coefficients and right-hand sides
are found by solving the family of special Cauchy problems for Fredholm integro-differential equa-
tions on the subdomains. It is shown that the solvability of the family of boundary value problems
for Fredholm integro-differential equations is equivalent to the solvability of the composed system.
Methods for solving boundary value problems are proposed, which are based on the construction and
solving of these systems. Conditions for the existence and uniqueness of a solution to the boundary
value problem for a system of hyperbolic integro-differential equations of mixed type with degenerate
kernels are obtained.

DOI: https://doi.org/10.32523/2077-9879-2025-16-2-08-22

1 Introduction and statement of problem

Boundary value problems for systems of hyperbolic integro-differential equations of mixed type arise
in various scientific and engineering fields when a phenomena exhibits both hyperbolic and integral
characteristics.

Hyperbolic equations often model wave propagation, and the presence of integro-differential terms
can account for the effects of heterogeneous media. Applications include seismology, acoustics, and
electromagnetic wave propagation in complex environments [13, BT, 32].
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Fluid flow problems involving memory effects, such as viscoelastic or non-Newtonian fluids, can
be described using hyperbolic integro-differential equations. This is relevant in modeling flows with
memory-dependent constitutive relationships [I2]. Modeling the dynamic behavior of structures with
distributed parameters, viscoelastic materials, or memory effects in the constitutive relations can lead
to hyperbolic integro-differential equations. This is important in understanding the vibrations and
responses of complex structures [14], 211, 24].

Hyperbolic integro-differential equations with mixed types can appear in the modeling of systems
with time delays, which is common in control theory. These equations can be used to study the
stability and control of systems with delays [22] 23].

The spread of infectious diseases, predator-prey interactions, or other ecological systems may be
modeled using hyperbolic integro-differential equations. The integral terms can represent memory
effects or non-local interactions within populations [25], B3] [34].

Modeling heat conduction in materials with complex structures, like composites or materials with
memory effects, can lead to hyperbolic integro-differential equations. This is crucial in designing
materials with specific thermal properties [5, 26].

In financial mathematics, models with memory effects, stochastic processes, or non-local interac-
tions can be described using hyperbolic integro-differential equations. This is particularly relevant
in option pricing and risk management [29] 30)].

Non-local interactions in image processing, such as image denoising or inpainting, can be modeled
using hyperbolic integro-differential equations. These equations allow for the consideration of infor-
mation from distant pixels. Modeling biological systems involving neural dynamics, drug delivery,
or reaction-diffusion processes can lead to hyperbolic integro-differential equations. These equations
can help simulate and understand complex interactions in biological systems [10), 27].

Hyperbolic integro-differential equations are used to model various geophysical phenomena, in-
cluding heat conduction in the Earth’s crust, seismic wave propagation, and groundwater flow in
heterogeneous media [I1].

The solutions to these problems provide insights into the behavior of complex systems and aid in
the design and optimization of processes in a wide range of scientific and engineering applications.
Solving these equations often requires a combination of analytical and numerical techniques tailored
to the specific characteristics of the problem at hand.

Therefore, the study of new methods for solving boundary value problems for hyperbolic integro-
differential equations is driven by the need to address the complexities of real-world problems, improve
computational efficiency, enhance accuracy, and adapt to diverse applications across various disci-
plines. It reflects the dynamic nature of scientific inquiry and the ongoing quest to develop more
robust tools for understanding and manipulating complex systems.

This issue can be resolved by developing constructive methods. In present paper we propose an
effective method for solving the boundary value problem for the second order system of hyperbolic
integro-differential equations of mixed type. This method is based on the method of introducing new
unknown functions [3} [7], the parametrization method [I5] and a new concept of a general solution
[17].

On the rectangular domain Q = [0, 7] x [0,w], we consider the boundary value problem for the
following second order system of hyperbolic integro-differential equations of mixed type:

9%u ou ou

5 = Alt, @) -+ B(t,x) o + Ot a)u + f(t,2)+

T

/\111 )d5+ultx/@1sxw¢9+

T
0
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T
+<I>2tx/\112 S.Tds—f—._gtx/@g ,x)ds, (t,x) € Q, (1.1)
0 0

ou(0, x)
Ox

+ Py(a)u(0, ) + &(@W

u(t,0) = (),  telo,T).

Here u = col(uy, us, ..., uy,) is the unknown vector-function, the n x n matrices A(t, z), B(t,z), C(t, z)
and n-vector f(t,z) are continuous on €2; the n x n matrices ®;(t,x), Vi(t,x), Z;(t,x), ©;(t,x),
i = 1,2, are continuous on ; the n x n matrices Pj(x), Sj(x), 7 = 1,2, and n-vector ¢(z) are
continuous on [0, w]; the n-vector v (t) is continuously differentiable on [0, 7.

A vector-function u(t,z) € C(2,R™), which has partial derivatives % e C(Q,R"), 8“’”3) €

C(Q,R™), 8; étx € C(Q,R"), is called a solution to problem 1f it satisfies system 1) for
all (t,z) € €, the nonlocal condition (1.2)) for all € [0,w] and the condltlon on the characteristics

(L.3) for all ¢ € [0, T].

Py (x) + So(x)u(T, z) = p(z), =z € [0,w], (1.2)
(1.3)

2 Reduction to a family of problems for first order integro-differential

equations

Previously, the relationship between nonlocal problems for hyperbolic equations and families of prob-
lems for ordinary differential equations was shown in [3, 4, 28]. With the help of new unknown
functions, the problem under consideration was reduced to a family of problems for differential equa-
tions and integral relations. To solve a family of problems for differential equations, Dzhumabaev
parametrization method was used [I5] and criteria for the unique solvability of the problem under
investigation were obtained in terms of coefficients and boundary data. This has made it possible
to establish necessary and sufficient conditions for the well-posed solvability of nonlocal problems
for hyperbolic equations in terms of the original data [3| 4]. These results were extended to non-
local problems for loaded hyperbolic equations [I9]. An application of this approach to problems
for hyperbolic integro-differential equations leads to a new class of problems for integro-differential
equations of mixed type. This, in turn, requires the development of new approaches and methods
for solving them.

In this Section by method of introduction of new functions we transfer problem 1) to a
family of problems for integro-differential equations of mixed type.

We introduce new functions v(t,z) = % and w(t,z) = 24z m ) for all (t,z) € Q []. Problem
f transfers to a family of boundary value problems for the following integro-differential
equations of mixed type and integral relations

ov
5 = At z)u(t,z) + F(t, z,u, w)+
+ CI>1(t,x)/\Ifl(s,x)v(s,:p)ds + El(t,x)/@l(s,x)v(s,x)ds, (t,x) € Q, (2.1)
P (z)v(0,z) + Si(z)v(T, x) = ¢(z,u), z € [0,w], (2.2)
u(t,z) :w(t)+/v(t,§)d§, w(t, z) = (t) +/%d§, (2.3)

0 0
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where
F(t,z,u,w) = f(t,x) + B(t,z)w(t,z) + C(t, z)u+

+(I>2(t,x)/\112(3,x)u(s,:v)ds—i—Eg(t,x)/@2(S,x)u(s,x)ds,

A triple of functions {v(t,z),u(t,z),w(t,x)}, where v(t,z) € C(Q,R"), u(t,z) € C(Q2,R"),
w(t,z) € C(Q,R") is called a solution to problem (22.1)—(2.3)) if it satisfies integro-differential equa-
tions of mixed type with parameters (2.1)), condition (2.2]) and integral relations (2.3)).

Let u*(t,z) be a classical solution to problem (|I.1})—(1.3]).

We construct a triple of functions {v*(¢, x), u*(t,x), w*(¢, )}, where v*(t,x) = %8—“”, w(t,z) =
ou*(t,x)

e T
Then .

't ) = (1,0) + /ﬁﬂgaﬁ v+ [v(n.gae

0 0
and taking into account that u*(¢, ) is a solution to problem ({1.1)—(1.3]), we have

OPur(t,x)  O*ur(t,x)

oxot — Otdr
Wt x) = au*(;, z) _ au*(g?o) N ] 8215’;(526)% _
)
O[PS 240
! i
a(;;* ggg* Alt, x)%“* + B(t,z) 6t* +C(t 2yt + f(t,2)+
Fouon) [ 6022 00) 0,6, 2
g g

T
—i—q)ztx/\lfgsx sx)ds—l—ugt:c/@st) *(s,x)ds =
0
— At )" + F(t 2w (1 ), uf (1 )+
T

/\Ifl (s,x)ds + Z4(t, x)/@l(s,a:)v*(s,x)ds,
P (2)v*(0,2) + Si(z)v* (T, x) = Pl(x)w + Sﬂx)% =
= ¢(z) — Pao(x)u™(0,7) — Sa(2)u™ (T, z) = ¢(,u"),

i.e. the triple of functions {v*(¢,x), u*(t,x), w*(t,z)} obtained in this way is a solution to problem

2.0-@3).
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Conversely, if a triple of functions {v**(¢,z), u**(¢,z), w™ (¢, x)} is a solution to problem ({2.1)—
(2.3)), then from functional relations ([2.3]) we obtain that the function u**(¢, x) satisfies the condition
u**(t,0) = 1 (t) and has continuous partial derivatives of first order

8**, ok 3**, 5 xa**’ *%
ua(xt x) — ot 7). #—1?@)4'/%%_1” (t,x),

0

and continuous partial derivatives of second order

Pur(t,x)  Ov(t,x) OPut(t,x) O (t, x)
otdx ot gzt ot

Substituting them into (2.1)), (2.2)), we obtain that the function u**(¢, x) satisfies system of hyper-
bolic integro-differential equations of mixed type , boundary condition , respectively for all
(t,z) € Q, x € [0,w]. Since it also satisfies initial condition (L.3), then u**(¢,z) is a classical solution
to problem f.

Thus, the original problem for the second order system of hyperbolic integro-differential equations
of mixed type f is reduced to an equivalent family of boundary value problems for integro-
differential equations of mixed type and integral relations —.

Here, the vector-function v(t, x) is a solution to the family of boundary value problems for integro-
differential equations of mixed type with parameters (| ., ., Where the functional parameters
u(t,z) and w(t, z) are related to v(t, ) and 242 tx ) by integral relations

Now, let us introduce the notations

t

zy(t,x) = v(t, x), Z9)(t, @) = /@1(s,x)v(s,m)d5, (t,x) € Q.

0

Then we move on to a family of two-point boundary value problems for Fredholm integro-differential
equations with unknown parameters:

%:g(t,x) (t,x) + O (£, 2) /\111 2(s,x)ds + F(t,z,u,®), ()€, (2.4)
P (2)2(0,2) + Sy (2)2(T, ) = ¢(z,7), x€[0,w), (2.5)
ut, +/ (t,€)de, @t ) :@Z(t)+/azgf)dg, (2.6)

=

=

@

=

@

IS
—~

~

8
N—
N

[

=
/N /N
S— N

) is the unknown vector-function,
A _ A(ta .CE) El(tax) Y _ (bl(tax) On
Alt,2) = ( outr) 0, ) BEA={"9o" 0o )

\”ﬁl(s,w)—(% Sf g) ( )t = (60
)
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S = (57 o) = (Y5 ) o= (5.
O,, and I, are the zero and identity matrices of dimension n x n.

A triple of functions {z(¢,x),u(t,x),w(t,z)}, where z(t,z) € C(Q,R*), u(t,z) € C(Q,R*"),
w(t,z) € C(Q,R?*) is called a solution to problem f if it satisfies the family of Fredholm
integro-differential equations with parameters , two-point condition and integral relations
£5).

For fixed u(t, z) and w(t, z) problem (2.4)), is the family of two-point boundary value prob-
lems for first order Fredholm integro-differential equations [§]. The unknown functions @ (¢, x) and
w(t,z) are determined from integral relations (2.6)).

It is well known that linear ordinary differential equations and Volterra integro-differential equa-
tions are solvable for any right-hand side and have classical general solutions. Note that there are
linear Fredholm integro-differential equations that do not have classical general solutions [I6]. An
important problem arises: is it possible to construct general solutions that would exist for all dif-
ferential and integro-differential equations and use them to solve boundary value problems? A new
approach to defining a general solution was proposed in [I7]. Based on Dzhumabaev’s parametriza-
tion method [15], a new general solution is proposed, which, unlike the classical general solution,
exists for all linear Fredholm integro-differential equations. Using a new general solution, criteria
for the solvability of linear boundary value problems for Fredholm integro-differential equations were
established and numerical and approximate methods for finding their solutions were constructed [18].
Further, these results were extended to problems with parameter for Fredholm integro-differential
equations [2] [0, 9], problems for a system of differential equations with piecewise-constant argument
of generalized type [1I], problems for nonlinear Fredholm integro-differential equations [20].

3 Scheme of the parametrization method and Ay general solution

Consider the following family of problems for Fredholm integro-differential equations:

T
% = A(t, x)z(t, z) + D1 (£, ) / Uy (s, 2)z(s, x)ds + F(t,z), (3.1)
0
Py(2)2(0,2) + S (2)2(T, z) = g(z),  x€[0,w], (3.2)
where z(t,z) = col(z(t,x), ..., zo,(t,z)) is the unknown vector-function, the 2n vector-function

F(t,z) is continuous on €, the 2n vector-function g(z) is continuous on [0, w].

A vector-function z(t,z) = col(z1(t,x), ..., 20,(t,x)) € C(2,R™), which has a continuous partial
derivative with respect to t is called a solution to the family of problems , , if it satisfies
Fredholm integro-differential equations for all (¢,z) € Q and two-point conditions for all
z € [0,w].

The domain {2 is divided into subdomains and this partition is denoted by Ay:

Q=J% Q=[t_it)x0w, r=LN, 0=th<ti<. <ty=T.

Let C(Q,An,R™¥)  be the space of all vector-functions  z([t], ) =
col(z(t,x), z2(t,x),...,zy(t,x)), where the notation [t] means partition by ¢, the functions
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2+ Q, — R?" are continuous and have finite left-sided limits . litm Ozr(t, x) uniformly with respect
—tp—

to x € [0,w] for all » =1, N, with the norm

([, )Ilz— max sup |[v.(t, 2)]|.
=1,N t—t,.—0

We denote by z.(t,x) the restriction of the solution z(¢,x) to the subdomain €2,, i.e. z.(t,z) =
z(t,x) for (t,x) € Q, 7 =1,N.

Then the vector-functions z([t],z) = col(z1(t,z), ..., 2n(t, 7)) € C(Q, Ax, R*™) with elements
2.(t,z), r = 1, N, satisfy the following Fredholm integro-differential equations

tj

= A(t,2)2(t, x) Z Uy (s, x )zi(s,x)ds + F(t, ), (3.3)

J:1

0z,
ot

(t,x) € Q, r=1,N.
Let us introduce functional parameters \,.(z) = z,(t,_1,2), 7 = 1, N, € [0,w]. By replacing
Z(t,z) = z.(t, ) — A\.(z) on each r-th domain €Q,., we obtain the following system Fredholm integro-
differential equations with parameters

tj
0z, . .o =
5 A(t, z)z.(t, x) ; / Uy (s, x)zi(s,x)ds + F(t, z)+
N Y
+ A(t, )\ (T 1(t,x) Z/\Iflsxds)\( ), (t,x) €., r=1N. (3.4)
J=1 B
and initial conditions
Z(tr—1,7) =0, x € [0,w], r=1,N. (3.5)

For fixed \.(z) € C(]0,w], R*"), a special Cauchy problem for the system of Fredholm integro-
differential equations , is obtained. The family of problems , has a unique
solution is a system functions z([t], z, A) = col(z1(t, x, A1), Za(t, , A2), ..., Zn (t, 2, Ay )) with elements
Z(t,z, \,) belongs to C(92, Ay, R*V).

A vector-function Z([t], z, \) is called a solution special Cauchy problem with parameters (3.4),

(3-9)-

Let us now introduce a new general solution to the family of integro-differential equations ({3.1).

Definition 1. Let Z([t], z, \) = col(Z1(t, z, A1), Z2(t, 2, Xa), . . ., Zn (t, ¢, Ay)) be a solution to a special
Cauchy problem (3.4)), for the parameter \(z) = (A (x), A\a(2), ..., An(2)) € C([0,w], R*Y).
Then the function z(An,t,z, A), given by the equalities
2(An,tz, N) = N\ (2) + Z.(t, 2, \), for (t,2) €Q,, r=1,N,
and
2(AN, T,z A\) = An(z) + lim zZy(t,x, An),
t—T-0

is called a Ay general solution to family of Fredholm integro-differential equations (3.1)).
From Definition 3.1 it is clear that a Ay general solution depends on N arbitrary functions

M(7) € O([0,w],R?), x € [0,w], 7 =1, N, and satisfies family of integro-differential equations (3.1])
for all (t,z) € (0,T)\{tp,p=1,N —1} x [0,w].
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Using a fundamental matrix U, (¢, z) of the family of differential equations

%ztr _ At 0)z(ta), (L) eQ, r=TN,

we write the solution to the family of special Cauchy problems with parameters (3.4)), (3.5) in the
following form

t

Z(t,x) = U.(t, x) / U=\ (1, 2)®y (7, x Z / Uy (s, x)zi(s, x)dsdT+

tr_1 J=1
¢ t

+U,(t,x) / U N 2)F(r,z)dr + U,(t, z) / U=\ (7, ) A(r, z)dr )\ (2)+
tr—1 tr—1

t N t;
+ U, (t, ) / U (r2) @ (1,2) / Uy (s, x)dsh;(z), (t,z)eQ, r=1N. (3.6)
tr_1 =17
Consider the following family of Cauchy problems on subdomains

0z,
ot

= A(t,x)z(t,2) + P(t,z), z(t,_1,2)=0, (t,z)eQ, r=1N, (3.7)

where P(t,x) is a square matrix or a vector of dimension 2n, continuous on ).
Let us denote by a,(P,t,x) the unique solution to family of Cauchy problems (3.7]) on each r-th
domain. It has the following form

a,(Pt,x) = U,(t,x) /U r,x)P(r,z)dr, (t,z) € Q., r=1N.

N ot
We introduce the notation p(z) = Y. [ Wi(s,2)z;(s,x)ds. Then we can rewrite 1} in the form

J=1t; 1

Z(t ) = ap(By, b, 1) () + ap(Fot, ) + ap(A £, 2) M (2)+

+ a, (I>1,tx Z/ (s,x)dsAj(x), (t,x)€Q,, r=1N. (3.8)
tj 1

First multiplying both sides by \Ill(t, x), integrating over ¢ from ¢,._; to t,, summing over r = 1, N,
we obtain from (3.8]) the following system of equations:

[I —G(N,z)|u Z/ t:varthdthZ/ (t, 2)ar (A, L, z)diN (2)+
trl trl

N b N Y

Y / By (1, @)y (B, 1, )t S / Ui(s,2)dsh;(2), (L)€, r=T,N,  (3.9)

r=1 J=1

tr—1 ti—1
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b
where [ is a unit matrix on dimension 2n, G(N, x) Z [ oyt (t, x)a, (Py,t, z)dt.

Tlt'rl

Assuming the invertibility of the 2n x 2n matrix I — G(N, ), from (3.9) for all z € [0,w] we
uniquely define p(x) in terms of \,.(x), r = 1, N, and F (¢, x). Then, substituting the found expression
instead of p(z) in (3.8)), we obtain a representation of Z,(t, x) via \.(z), (t,z) € Q,, r =1, N.

Corollary 3.1. Let z*(t,z) be a solution to system of equations (3.1)) and z(An,t,x,\) be a Ay
general solution to family integro-differential equations (3.1)).

Then there exists a unique \*(x) = col(\i(z), \5(),..., Ny (z)) € C([0,w], R*™) such that the
equality z(An,t,x,\*) = 2*(t,x) holds for all (t,z) € Q.

If z(t, z) is a solution to system (3.1)), and z([t], z) = col(z(t, x), z2(t, x), ..., 25 (t, x)) is the vector-
function composed of its restrictions to the subdomains €2,., » = 1, N, then the following equalities

. 11tmozp(t z) = 2pi1(ty, ), z € [0,w], p=1,N—1, (3.10)
—tp

hold. These equalities are the continuity conditions for the solution to system (3.1)) at the interior
lines of the partition Ay.

Theorem 3.1. Let a wvector-function z([t],z) = col(z1(t,x),29(t, ), ..., 2n(t,z)) belong to
C(Q, Ay, R?™N). Assume that the functions z,(t,x), r = 1, N, satisfy system and continuity
conditions (3.10). Then the function z*(t,x), given by the equalities
2*(t,x) = 2,(t,z) for t€ (t,x) €Q,, r=1,N,
and
2X(T,x) = lim zy(t,z), =€ [0,w],
t—=1T-0

is continuously differentiable on 2 and satisfies system (3.1).

Now, we consider family of problems for systems of 2n Fredholm integro-differential equations
(3-1)), (3.2). Using notations above, we obtain the following family of problems

(ZT = A(t,)Z(t,2) + B (L, 2) 2 / Wi (s, @)% (s, 2)ds + F(t, 2)+

+ A(t, 2)\ (z 1(t, ) Z / U,y (s,z)ds)\j(z), (t,r)€Q,, r=1,N. (3.11)
Zr(tr—1,x) =0, x € [0,w], r=1,N. (3.12)

Py(2)M () + Sy (x) t_lgn_o Zn(t,x) + Sy (2)An(z) = g(x), z € [0,w], (3.13)
lim Z,(t,z) + A\p(z) = A\ppa(2), x € [0,w], p=1N—1. (3.14)

t—tp—0

A solution to problem (3.11)—(3.14) is the pair {Z([t], ), \(z)}, where the vector-functions
Z([t], ®) = col(z1(t, x), Za(t, @), ..., 2n(t, 7)) € C(Q, An,R*™N) N(z) = col(M\(x), Ao(T), ..., An(T)) €
([0,w], R?*N) with the elements z.(¢,x), A\.(z), r = 1, N, satisfy system (3.11)), initial conditions
3.12)), boundary conditions , continuity conditions .

Using the results of this section, we obtain a representation of z,.(t, z) in terms of A\.(x), (¢,z) €
Q., r = 1, N. From the resulting representation, determining the values of the left-hand limits

)

‘Q
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th%nozN(t x), litmozp(t,:zz) =1, N — 1, and substituting into conditions (3.13)), (3.14)), we obtain
—T— p—

a system of functional equations of the form

Q(An,2)\(x) = —E(AN, 7,9, F), Az) € C(]0,w], R*™Y), (3.15)

where Q(Ay, ) is a 2nN x 2nN matrix, composed of the functions \,.(x) € C([0,w], R*"), r = 1, N,
and F(Ay,z, g, F') contains the right-hand sides F' and g.

Theorem 3.2. Let the 2n x 2n matric I —G(N, ) and the 2nN x 2nN matriz Q(Ay, ) be invertible
for all x € [0,w]. Then family of problems (3.11) — (3.14)) has a unique solution {Z*([t],x), \*(x)}.

From the equivalence of problems ({3.1)), (3.2) and (3.11)—(3.14) follows

Theorem 3.3. Let the 2n x 2n matriz I —G(N, x) and the 2nN x 2nN matriz Q(An, x) be invertible
for all x € [0,w]. Then family of boundary value problems for system of Fredholm integro-differential

equations (3.1), (3.2)) has a unique solution z*(t,x).

The proofs of these theorems are similar to the proofs of the corresponding theorems in [§].

4 Algorithm and main results

Based on the results of Section 3, we offer the following algorithm for finding a solution to the family
of two-point boundary value problems for system of Fredholm integro-differential equations with

functional parameters (2.4)—(2.6]).

Algorithm.

Step 1. i) Assume that 7 (t,2) = ¢(t), @ (t,z) = ¥(t) in the left-hand side of 1 , .
Solving the family of two-point boundary value problems for system of Fredholm integro-differential
equations, we find of a function 2 (¢,z) for all (¢,2) € Q. ii) From integral relations (2.6) we

determine 7V (¢, ) and @ (¢, z) for 2(t,x) = zV(t, z) and 2L = 6z(8) 1) for all (¢, ) € Q.

And so on.

Step k. i) Assume that u(t, z) = a*~V(t,z), w(t,x) = @*Y(t,2) in the left-hand side of ([2.4),
(2.5). Solving the family of two-point boundary value problems for system of Fredholm integro—
differential equations, we find the function z*) (¢, z) for all (¢,x) € €. ii) From integral relations
we determine the functions @® (¢, z) and @® (¢, ) for 2(t,z) = ¥ (¢, ) and 2 tw) = o ;tt . for all
(t,x) € Q.

k=12 ..,

The algorithm for finding a solution to the family of two-point boundary value problems for
system of Fredholm integro-differential equations with functional parameters — consists of
two stages: 1) the family of two-point boundary value problems for system of Fredholm integro-
differential equations (2.4)), is solved and the unknown function z(¢, x) is found for fixed u(¢, x)

and w(t,z); 2) u(t,z) and w(t,x) are determined from integral relations (2.6)) by using z(¢, ) and
0z(t,z)
ot -
We show that the conditions for unique solvability of the family of two-point boundary value prob-

lems for system of Fredholm integro-differential equations , are the convergence conditions
of the proposed algorithm.

For fixed u(t,z) and w(t,x) the family of two-point boundary value problems for system
of Fredholm integro-differential equations with functional parameters f is the family of
boundary value problems for system of Fredholm integro-differential equations , with
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F(t,z) = ﬁ(t,a:,ﬂ, w), g(x) = g(x,ﬂ) From Theorem 3.1 it follows that the family of bound-
ary value problems for system of Fredholm integro-differential equations (3.1)), (3.2]) has a unique
solution z*(t,z). Moreover, similarly to Theorem 2.1 in [I6], the conditions of Theorem 3.1 ensure
that the estimate

max ||2*(t,2)|| < N(@) max(llg()]], max |F(t,2)]]). (4.1)

t€[0,T)] te[0,T)

holds, where
N(z) =

DG (@) (I = GOV, )] [T (@) (597 = 1+ 208} ()i () ) + Ty ()| + 1}
<NQAN, )] 11+ 1151 ()]]) max{ 1, 6e72° 1 4 e*F (@)[|[1 = GV, 2)] 1 ¥ ()|}
e (@)1 - GIN, 2)) [T (@)e 1]

o(r) = max At )|, 0= max(t, ~ 1),

T
= max / 1By, 2)||dt, () :/||Ef1<t,x)||dt.
0

Suppose u*~V(t,r) and w*~V(t,2) are known. According to the Step k of the algorithm, we

have

ma {12 (,2)[| < V(o) ma (|16, 7 V), mas [Pt @D, D)), (42)
te

maXHMH < {max( (z) + max ||® (¢, 2)| |V (z ))N(m) —1—1}

te[0,77] ot te[0,7]
x ma (|16, 50 |, ma |[F (e, a0, @) ), (4.3)
k=12, ...
Once 2 (t, ) is found the successive approximations for (¢, z) and u(t, z) are found from rela-
tions (12.6)):
~(k) - / (k) ~ (k) " [ 92 (t,€)
0 0

We construct the differences Az (t, ) = 20 (¢, 2) — 25V (¢, 2), Au®) (¢, 2) = a®) (¢, 2) —ak=V (¢, 2),
Aw® (t,z) = @™ (t,2) — w* (¢, x), and by using the unique solvability of family problems (3.1)),

(3-2), and estimates (4.2), (4.3]), we establish estimates
‘ ‘ OAZ K+ (¢, 1) ‘ ‘ }

max{ max ||[Az*H (¢ 2)||, max
te[0,7 te[0,7

< max{/\/’(:c), max(a(:z:) + trgg%(] || P4 (¢, :c)||\ff’{(:c)>./\f(:c) + 1}N1(£C>

Xmax{maxHAw (t.)] max || Au (t,x)H}, (4.5)

te[0,T

max{max 18w ® (. 2)||. max. [|Au® x)||}

t€]0,T
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OAZR)(t,€)
: 0,y 2| -
< / maX{%%HM (€, Ol > max }df (4.6)
where
Ni(e) = max{IPs()l| + 182601 v 1306, 0)] -+ s 1o,
+ max [1®2(t, 2)|IT max [[a(t, )] + e 1=2(t 2)[IT max 1©:(2, x)H}
This implies the main inequality
OAZHFH (¢, 1)
(k+1) )
max{ e 1820 e, ), | ===}
< *
_max{/\f(x),max( (@ ”5513‘%”‘1’ IHE: )>N(:c)+1}/\/1(x)
X /max{ max [|Az®(t,€)], maXHWH}CM (4.7)
t€[0,7] ’ t€[0,T] 0 '

From it follows that the sequences {z*)(¢,z)} and {M} are convergent in the space
C(Q,R™) as k — oo. Then the uniform convergence on  of the sequences {u™(t,x)} and
{@w®(t,2)} follows from estimate (4.6)).

In this case, the limit functions z*(¢, ), az*a(f’x), u*(t,x) and w*(t,z) are continuous on €2, and
the triple {z*(t,z), u*(t,z), w*(¢,z)} is a solution to problem (2.4)-(2.6).

The uniqueness of a solution to problem — is proved assuming the contrary.

Now, using the constructed solution to the family of problems 7, the triple of functions
{z*(t, x), u*(t, x), w*(t, )}, we verify the validity of the following equalities:

Z*(t7 ‘T) = COl(’ZEkl)(ta SU), 2?2) (ta LE)),

xT xT

w@@:&@+/f@8% mmw=&m+/

0 0

9z"(t,¢)

T

T

0t 7) = (t) + / d(LOdE forall  (x) € Q.
0
The function u*(¢, x) is the desired solution to problem ({1.1)—(L.3).

Theorem 4.1. Let the 2n x 2n matric I —G(N, z) and the 2nN x 2nN matriz Q(Ay, ) be invertible
for all x € [0,w]. Then boundary value problem for system of hyperbolic integro-differential equations

of mized type (3.1) — (B.3) has the unique solution u*(t,z).

The proof of this theorem follows from the above algorithm and is similar to the proof of Theorem
3.2 in [].

Conclusion. In the paper, we propose an effective method of solving the boundary value problem
for a second order system of hyperbolic integro-differential equations of mixed type with degen-
erate kernels. This method is based on the method of introducing new functions, Dzhumabaev’s
parametrization method and a new concept of a general solution to a family Fredholm integro-
differential equations. New general solution enables us to establish qualitative properties of the
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boundary value problems for second order systems of hyperbolic integro-differential equations and to
develop algorithms for solving them. The algorithms are based on constructing and solving systems of
linear functional equations with respect to the new general solution and integral equations. Further,
we will study the boundary value problem for second order systems of hyperbolic integro-differential
equations of mixed type in general case. The obtained results can be used to solve the boundary
value problems for impulsive hyperbolic integro-differential equations of mixed type.
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Abstract. The hypothetical possibility of building a quantum computer in the near future has forced
a revision of the foundations of modern cryptography. The fact is that many difficult algorithmic
problems, such as the discrete logarithm, factoring a (large) natural number into prime factors, etc.,
on the complexity of which many cryptographic protocols are based these days, have turned out to
be relatively easy to solve using quantum algorithms.

Intensive research is currently underway to find problems that are difficult even for a quantum
computer and have potential applications for cryptographic protocols. Our article contains notes
related to the so-called generalized Gauss algorithm, which calculates the reduced basis of a two-
dimensional lattice [8], [2]. Note that researchers are increasingly putting forward difficult algorithmic
problems from lattice theory as candidates for the foundation of post-quantum cryptography. The
majority of algorithmic problems related to lattice reduction become NP-hard as the lattice dimension
increases [3], [I]. Fundamental problems such as the Shortest Vector Problem (SVP), the Closest
Vector Problem (CVP), and Bounded Distance Decoding (BDD) are conjectured to remain hard
even for quantum algorithms [4], [6]. Although the generalized Gauss reduction algorithm applies to
two-dimensional lattices, where exact analysis is feasible (dimensions 3 and 4 are studied in [7], [5]),
understanding such low-dimensional reductions provides important insights into the structure and
complexity of lattice-based cryptographic constructions.
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1 Preliminaries

All necessary information on the basics of lattice theory can be found in [8]. For those who are
familiar with the group theory, a lattice is a finitely generated subgroup of the additive group of
the Euclidean space R™. In this note we will limit ourselves to considering the 2-generated lattice
L € R". Any pair of vectors generating L is called a basis of the lattice.

The Euclidean space metric R”, obtained by the standard dot product, induces a metric on
L. Let us clarify the notation associated with this metric: for vectors a,b € L, let us denote by
(a,b) their dot pr20duct, by |la|| the length of vector a, and by [a] the square of this length, that is,
la] = (a,a) = [|al

Definition 1. Vectors a,b € L will be called an ordered basis and denoted by (a, b) if the following
conditions are satisfied:

(1) [lall < o[l

(2) [la = bl < lla +b]-
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Note that for any lattice basis it is easy to obtain an ordered basis: if the vectors a,b € L form
a basis, then first we arrange them in increasing length, and if we already have |la|| < [|b]|, and
la —b|| < |la+ b|| is not satisfied, then we change b to —b. Therefore, in what follows only ordered
bases of the lattice L are considered.

Definition 2. (1) If ||a|| < |la — b]| < ||b]], then the ordered basis (a, b) is called well-ordered.
(2) An ordered basis (a, b) is called reduced if ||b|| < ||a — b]|.

In Sections 2 and 3 we present results that are valid for any normed lattices, that is, for lattices
with a norm which their norm is obtained by restricting a certain norm on the space R".

Definition 3. A function || - || : R* — R4, where Ry is the set of all non-negative real numbers, is
called a norm if it satisfies the following conditions for any vectors x,y € R™ and for any real number
acR:

(1) ||z|| = 0 if and only if = is the zero vector;

() =+ yll < llzll + llyll (the triangle inequality);

(3) o] = fe - [|]].

We will call a norm strict if the equality in condition (2) is satisfied only when at least one of the
vectors x,y is the zero vector or the vectors x,y are collinear and co-directional.
The following corollary of the triangle inequality is often useful.

Corollary 1.1. For any x,y € R" we have |||z| — [lyll| < [z — y]|.

Definition 4. (1) A\; = min{||a|| : 0 #a € L}
(2) Ay = min{||b]| : (a, b) is an ordered basis for some a € L}.

The numbers A1, Ay are always defined, since the lattice L is a discrete group: any ball of finite
radius centered at the zero vector contains only a finite number of lattice elements [§].

The following theorem, the proof of which can be found in [8, Theorem 16| (see also |2, Theorem
4]), explains why a reduced basis is sometimes called a minimal basis.

Theorem 1.1. An ordered basis {a,b) is reduced if and only if ||a]| = A1 and ||b|| = Xe.
The following useful lemma was also proven in [8, Lemma 17].

Lemma 1.1. Consider three vectors on a line: x, x+y and x+ ay, where o € (1,00). For any norm
| - || from the inequality ||z|| < ||z + yl|| it follows that |z + y|| < ||x + ayl|, and from the inequality
|z|| < ||z + y|| it follows that ||z + y|| < ||z + ay]|.

Note that using Lemma[l.1one can prove that if a basis (a, b) is well-ordered, then ||a|| < [Ja—b| <
18] < fla + b} (see [2]).

2 About the function [(7) = ||b — Ta|

In this section, we study the properties of the function I(7) = ||b — 7al|, 7 € R, where a,b are
vectors of some real space with the norm || - ||. If a is the zero vector, then () = ||b]| is a constant
function, and if b is the zero vector, then (1) = ||a|| - |7| is the absolute value function multiplied by
the constant ||al|. A similar function will be obtained if the vectors a,b are linearly dependent: for
example, if b = ~va, then [(7) = ||a|| - |7 — |. Therefore, the case is interesting when the vectors a, b
are linearly independent.
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Theorem 2.1. Let a,b be linearly independent vectors of some real space with the norm || - ||. Then
the function (1) = ||b — Tal|, T € R, has the following properties:

(1) 1 is continuous on the entire real line;

(2) 1 is not bounded from above: lim [(7) =400 and lim [(1) = 4o0;

T—>—00 T—r400

(3) there exists g et min{l(7) : 7 € R} > 0 and there exists a closed interval of minimality

def
[10,71] = {7 €R:U(7) = wo};
(4) on the interval (—oo,Ty) the function | strictly decreases, and on the interval (11, +00) it strictly
mereases.

Proof. (1) Let us prove the continuity of the function [ at an arbitrary point 75 € R. By Corollary
L1 we have

U7+ 70) = U(70)| = [[Ib = (7 + To)al] — [|b = 7oall| < [[rall = [[a]| - |7].

Therefore, |I(T + 19) — I(70)| < € holds for |7| < § = =

llall”

(2) Using Corollary again and property (3) of the norm, we obtain
(7)) = b —7all = llal[ - |7] — [|b]l,

which obviously implies lim [(7) = 400 and hlf I(1) = +o0.
T——00 T—400

(3) Let us choose numbers ap < 0 < 5y € R so that (1) > [(0) = ||b]| for any real number 7 lying
outside the interval [«v, 5o]: this is possible according to (2). According to Weierstrass’s theorem, the
function [ reaches its minimum at a point 7y of the interval [y, By], which we denote by 1o = I(70).
Obviously, this po will be the minimum of the function over the entire R.

Let us call 7 € R a point of monotonicity (of the function 1), if I(7) > po. Let v < 75 be a
point of monotonicity. Then note that each 6 < v is a point of monotonicity, since 1(§) > I(y) > uo
holds (apply Lemma for the vectors © = b — 19a and y = (179 — 7y)a). So, the interval (—oo, ]
consists entirely of monotonicity points. In addition, due to the continuity of the function [, some
neighborhood of the point v will consist entirely of monotonicity points. This means that each
monotonicity point v < 7 is contained in a certain interval of the form (—oo, @), consisting entirely
of monotonicity points. Since the union of intervals of this type again gives an open interval of the
same type, we conclude that the monotonicity points located to the left of 7y form an interval of
this type, which we will denote without loss of generality by (—oo, 79). Similar reasoning shows that
monotonicity points located to the right of 7y form an interval (77, 400) for some 7 > 7.

(4) In the last paragraph of the proof of point (3), in fact, it was proven that [(d) > () holds
for § < v < 79, that is, that the function [ strictly decreases on the interval (—oo, 7). Similarly,
using Lemma [1.1| we prove the second statement of this point, namely, that the function [ is strictly
increasing on the interval (71, 4+00). O

Example. The norm defined for R? as follows is not strict: for (a, 3) € R?* we set

(e, )] < max{|al,|5]}.

With a = (0,1),b = (1,0) for the function I(7) = ||b — Tal| we have pq «f min{l(7) : 7 € R} =1, and
the interval of minimality is [—1, 1]. O

Note that it may well be 75 = 71, that is, the interval |1, 71] can consist of only one point. This
situation occurs if the norm || - || on the subspace generated by the vectors a, b is strict. Indeed, if
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7o # 71 and the norm || - || is strict, then the vectors b — mya, b — 7ya are not collinear, therefore the
sum of their lengths is strictly greater than the length of their sum:

To+ T
2u0 = [|b — Toal| + [|b — T1all > |20 — (70 + 71)al| = 2 Hb — o
We obtain I(T237) = || 25 a + b|| < 19, which contradicts the minimality of the value .
In particular, we have 7y = 71, when the norm || - || is generated by the dot product in R™. In

addition, in this case the value of 7 is explicitly calculated. Indeed, we have
I(7)? = [b—7a] = (b—7a,b—7a) = [a]7® — 2(a, b)T + [0],

(ab) _ (ah)

(a,a) [a]

In the next section we use an oracle that solves the following problem.

Problem. For a given ordered basis (a,b), find an integer p = p(a,b) such that ||b — pal| =
min{||b — na|| : n € Z}, where Z is the set of integers.

By Theorem [2.1] for the function I(7) = ||b — 7a|| it follows that the problem is correct, that is, it
always has a solution. In general, if the interval [ry, 71] contains an integer, then any integer from it
will be a solution, if not, then p = [79] or u = [71], where |x] ([x]) is the largest (smallest) integer
from the interval (—oo, z| ([z, +00). Thus, this problem can be solved effectively if we can efficiently
calculate an approximate value of some number from |79, 71]. This is the case when, for example, the
norm || - || is defined by the scalar product in R", in this case 1 = 1 = % = %

As noted in [§], if we know a not very large interval of real numbers containing [y, 71], then the
above problem can be effectively solved using the binary search algorithm. It is also proved there

that pu(a,b) € [1,2[b]|/[|al]) provided |[bl| > [[b — al|

and this quadratic function reaches a minimum at point 75 =

3 On the generalized Gauss reduction algorithm

In this section we will give some notes about the generalized Gaussian reduction algorithm, which
allows to find a minimal lattice basis from an initial ordered basis. This algorithm is described in
sufficient detail in [§] and [2].

First, we will describe the introductory part of the algorithm, during which we obtain from a
given ordered basis, in the worst case, some well-ordered basis, and in the best case, a solution to
our problem, i.e. we find some reduced basis.

Let us assume that an ordered basis (a, b) is given. Recall that by the definition of an ordered
basis we have ||a|| < ||b]| and |ja — b|| < ||a + b||. Let us consider possible cases:

(W)oll < fla — .

In this case, the basis (a,b) is reduced and our problem is solved.

(2) lla =0l <|lall.

If ||a|| = ||b]|, then (a — b, a) is a reduced basis and our problem is solved again:

la = ol < la]l = || = bl = [|(a = b) — al

= 2[la]l — o[l < [[2a = bl = [[(a = b) + al.
If ||a]| < ||b]|, then (b — a,b) is a well-ordered basis:

16— all = lla = bll < lla]l = [| = all = [[(b - a) — ]

< [loll < 2fjbll = flall < []2b = all = [|(b = a) + b]].
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(3) llall < fla— bl <[[b]-
In this case, the basis (a,b) is well-ordered. O

We would like to evaluate the complexity of the generalized Gaussian algorithm, so we must
consider worst-case scenarios in all stages of the algorithm. We assume that having received an
ordered basis at the input, after the introductory part of the algorithm described above, we obtain
a well-ordered basis at the output. The time spent on the introductory part will be short, since the
main operations in it are to compare the lengths of some specific vectors.

We move on to describe the next, main stage of the algorithm, which consists of cyclically re-
peating the same procedure. Let us assume that before the start of this stage we have a well-ordered
basis (a,b). A cyclically repeated procedure updates this basis as follows. First, using the oracle
described in section 2, we find p = u(a,b) and consider the basis consisting of the vectors a and
b — pa. We correct the second vector of this basis, multiplying it by ¢ € {—1,+1} so that the sum
of vectors a and £(b — pa) has a norm no less than the norm of their difference. Further,

(1) if J|a|]| < ||b — pall, then (a,e(b — pa)) is a reduced basis and the algorithm terminates,

(2) if ||b — pal| < ||la||, then according to the analysis from the introductory part of the algo-
rithm, the ordered basis (¢(b — ua), a) will be either reduced or well-ordered, since case (2) from the
introductory part of the algorithm for the basis (¢(b — pa), a) is impossible.

So, the procedure, having obtained a well-ordered basis (a, b) at the input, produces a new well-
ordered basis (¢(b — ua), a) at the output (in an unsuccessful scenario). Since each time the procedure
is executed, the length of one of the vectors of the well-ordered basis decreases, after a certain finite
number of steps the procedure, due to the discreteness of the lattice, will produce the reduced basis
and the algorithm completes its work.

Finally, let us move on to estimating the number of repetitions of the procedure of the main
stage of the algorithm. Let & be the number of repetitions and (a,b) = (ay, ag41) be a well-ordered
basis at the beginning of the stage. Let us represent the results of cyclic procedures as a sequence of
ordered bases

<ak, ak+1>, <ak—17 ak>,-~;<a17 a3>7
0

where (aq, aj) is a reduced basis. Then the following lemma, proven in [§], is true.

Lemma 3.1. Fori > 3, the inequality 2||a;|| < ||a;+1]| holds.

The notation a9 is introduced due to the following circumstances. There are two possibilities

for completing the algorithm by obtaining the reduced basis (a1, a9) from the well-ordered basis

(ag, az). Tt may well be a; = e(az — pay), ad = ay, if case (2) occurred during the last update of the

basis by the main stage procedure. But there could also be case (1), then a; = ag, aJ = e(az — pas).
Note that in any case we have ||a3]| = Ay < ||az||. Therefore, we get

Wl _ Nl 2 laall s
A2 A2 A2

. . . . b
which implies the estimate k£ < 2 + log, (”/\—J> U
Finally, the last remark concerns the minimality intervals of the functions I(7) = ||b — 7d|,
7 € R, for well-ordered bases (a, b). It is clear that long minimality intervals can significantly reduce
the running time of the Gaussian reduction algorithm. Without going into complex computational

analysis, we will limit ourselves to just one simple example confirming this fact.

Lemma 3.2. If the minimality interval of the function I(1) = ||b — 7a||, 7 € R, for the basis (a,b)
contains an integer ng, then ||b — noall = Ay or ||a|| = A1.
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Proof. So, assume that ||b — noa|| = po = min{l/(7) : 7 € R}. On the other hand, for some «, 5 € Z

we have ||aa + Bb]| = A;. If B = 0, then obviously |a| = 1 and |ja]| = A;. Therefore, let us assume
that § 7 0. Then, Ay = |B]- |Ga + bl = [B] - 1(=5) = 8] - po = |B] - Ib — noal|, which implies |5] =1
and ||b — noal| = ;. O

Thus, if during the execution of the procedure of the main stage of the algorithm, a well-ordered
basis (a,b) is given as input, satisfying the condition of Lemma then at the output we obtain
an ordered basis (c,d) with ||c[| = A;, and, if {¢,d) is not a reduced basis, then at the next step
the result of the procedure falling into case (1) will be a reduced basis. Therefore, the number & of
repetitions of the procedure will not exceed 2.
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1 Introduction

The theory of embeddings of spaces of differentiable functions originated in the work of S.L.. Sobolev
[26]. This theory studies important connections between differential (smoothness) properties of
functions in various metrics. Further development of this theory is assosicated with new classes of
function spaces introduced by S.M. Nikol’skii, O.V. Besov, P.I. Lizorkin, H. Triebel, and others. This
development was driven both by intrinsic questions of the theory and by applications to the theory of
boundary value problems of mathematical physics, approximation theory, and other areas of analysis
(see, for example, monographs [I3], 17, 22, 28§]).

In the 1960s, the study of spaces with a dominant mixed derivative was initiated in the works of
S.M. Nikol’skii [23], A.D. Dzhabrailov [20], and T.I. Amanov [3]. Further research of these spaces
in connection with the theory of embeddings, interpolation, and approximation theory, is associated
with the works of A.P. Uninskii, O.V. Besov, V.N. Temlyakov, E.D. Nursultanov, D.B. Bazarkhanov,
A.S. Romanyuk, G.A. Akishev, K.A. Bekmaganbetov, Ye. Toleugazy, and others (see, for example,
[29, B30, [15] 16l 27, 24, Bl 6l 25, 1, 21 12]).

In Section 2, we define Nikol’skii-Besov spaces with a dominant mixed derivative and with a
mixed metric, and study some elementary embedding properties. In Section 3, we study interpolation
properties of these spaces with respect to the anisotropic interpolation method. In Section 4, we prove
sharp embedding theorems of different metrics for the introduced spaces and anisotropic Lorentz
spaces. In Section 5, we prove trace and extension theorems for the spaces under consideration.

2 Main definitions

By generalizing the construction in [22, Chapter 8|, we define the Nikol’skii-Besov spaces with a
dominant mixed derivative and with a mixed metric S39B(R").
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Let 1 < p = (p1,...,pn) < 00. The Lebesgue space with a mixed metric L,(R"™) is the set of
measurable functions for which the following norm is finite

Pn /pnfl 1/pn

e} [e%e] P2/p1
Hf”Lp(Rn): /_ ((/_ ]f(q:l,...,xn)]pldm) ) dz,,

oo 1/p
Here, for p = oo the expression ( / If@)F dt) is understood as esssup,cp|f (%)
A generalized function f is called regular in the sense of L,(R") if for some py > 0
Iﬂof =Fe LPGRH)?

where 9
Lof =5 ((L+ ) 5(5).

and § and §~! are the direct and inverse Fourier transforms, respectively.
Let f be a regular function in the sense of L,(R™). A regular expansion of a function f in the
sense of L,(R™) over the Vallee-Poussin sums is the following representation

f: Z Qs(f)a

SELY
where
1 n
Qs(f) = Fl—p <H (‘/251 ([Ez) - ‘/[251-—1](112')> * ]pf) )
i=1
: : 1 [Mgin )t .
where p > 0 is sufficiently large so that I,f € L,(R"™), Vi (t) = i ; d) is an analogue of
M

the Vallee-Poussin kernel for the parameter M > 0 and V,(t) = 0.
Let further o = (aq,..., ) € R" and 1 < q = (q1,-..,¢,) < 0o. The Nikol’skii-Besov space
SgaB(R") with a dominant mixed derivative and with a mixed metric is the set of regular in the

sense of L,(R™) functions f for which the following norm is finite
1 sgaman = [[{2C2 1@ pzn)} sz

)
lq

where (a,s) = Z ;s; is the inner product and || - ||;, is the norm of the discrete Lebesgue space g
j=1

with a mixed metric.

Remark 1. In the case in which @ = («g,...,a,) > 0, these spaces with the parameter q =

(00,...,00) were introduced and studied in the works [29, [30]. The case of p = (p,...,p) and

q = (q,...,q) was considered in the works [23, 20], [3]. Periodic analogues of these spaces were

studied in the series of work by K.A. Bekmaganbetov, K.Ye. Kervenev and Ye. Toleugazy [7, 8, Q].

The following lemma shows some elementary embeddings of Nikol’skii-Besov spaces with a dom-
inant mixed derivative and with a mixed metric.

Lemma 2.1. a) Let 1 < qo = (¢f,...,q)) < a1 = (q1,-..,4,) < o0, then
Saa0 B(R™) — S99 B(R").

b) Let ag = (al,...,a%) < a1 = (ak,....aL) and 1 < qo = (¢, ...,q0).cx = (dl,---.4}) < o,
then
SfjlmB(]R”) s SquOB(R").
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Proof. The proof of statement a) follows from Jensen’s inequality.
Let us prove statement b). According to paragraph a), for apg < «y it suffices to prove the
embedding

100 n apl n
SorB(R™) < Sp°"B(R™). (2.1)
We have
||f||SO‘01 Rn) Z 2 @08 ||QS ||Lp Rn
SELT
< sup 29| Qs ()| pem) D 207 = Cu| fl 531 pan)-
SEZY sez?
This inequality shows that embedding ([2.1]) holds. n

3 Interpolation

Let us give the definition of the anisotropic interpolation method. Let E = {0,1}", A = {A.}.cr be
a family of Banach spaces that are subspaces of some linear Hausdorff space. This family A is called
a compatible family of Banach spaces (see |10, 21], 24]). For t € R"}, we define the functional

K(t,a;A) Zt6|aa||A5;

EEE Ge

where a is an element of the space ) __, A and t* =7 - ... - {5,
Let 0 <0 =(01,...,0,) <1land 0 <r = (ry,...,7,) < 00. Let Ay, = (Ac;e € E)g denote the
linear subspace of the space ) __, A. such that
lalla,, =

2/T1 Tn/Tn—1 1/rn

> > rodt dt,
= / / (tfal...t,_Le”K(t,a;A)) et — < 00.
0 0 ty tn

Lemma 3.1 ([4, 24]). Let 0 < 0 < 1, 0 < r < o0, and let A = {A.}ccr, B = {B:}ccr be
two compatible families of Banach spaces. If there are two wvectors Mg = (M},...,M?),M; =
(M, ..., MY with positive components such that for a linear operator T holds T : A. — B, with

the operator norm bounded by C’EHM? for any ¢ € E, where C. > 0 is independent of M,
i=1
t=1,...,n, then

T : f&gr — Iggr,

with the norm

Il gesme < max C. TT (420) '™ (21"

K3
i=1
Let multi-indices p = (p1,...,pn), * = (r1,...,7,) be such that if 1 < p; < oo, then 1 < r; < oo,

and if p; = 0o, then r; =00 (i =1,...,n).

The anisotropic Lorentz space Ly, (R") is the set of all functions f(x) = f(xy,...,x,) such that

| Il 2pe(®ny =
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1/rn

7"n/Tnfl
o0 o0 oty \ " dt,
— / <(/ (t}/”l...t;/pnf*l ~~~~~ *"(tl,...,tn)> 171) > - < o0,
0 0 1 n

where f*(t) = f** (t1,...,t,) is the repeated non-increasing rearrangement of the function f (see
[18]).

Let us denote b, = (b7*,...,b") for multi-indices by = (89,...,8),b; = (b},...,b}), and € =
(€1,...,6n) € E.

Lemma 3.2 ([24]). Let 1 < po = (p%,...,0%) # p1 = (p},...,p}) < oo. Then for 0 < 0 =
(01,...,0,) <land 1 <r=(ry,...,m,) < o0 holds

(Lp.(R");6 € E)y, = Lpe(R"),

where 1/p = (1 —6)/po + 0/p1.

Let a = (a1,...,0,) € R" and 1 < q = (q1,...,qn) < 00. We will denote by I5(A) the set of
multi-sequences {ax fxezn with values in a Banach space A for which the following norm is finite:

1/q
a q
||a||lg(A) = (Z (2( ’k)“akHA) ) .
kezZn

Remark 2. The norm of the space S9B(R") can be written as

1 | seapn) = H{Qs(f)}seli

I§(Lp(R™)
We will need this form of the norm when describing interpolation properties of the spaces S59B(R").

Lemma 3.3 ([7]). Let ap = (%,...,a8) # a; = (al,...;al), 1 < q = (¢,...,¢0),qn =

n

(q1,...,q}) < oo. Then for0 < 0= (61,...,6,)<1,1<q=(q1,.--,qn) <0

(15:(4);2 € B),,, = 15(A),

fq
where a = (1 — 0) g + Gy

Definition 1. Let A and B be Banach spaces. An operator R € L(A, B) is called a retraction if
there exists an operator S € L(B, A) such that

RS = E (the identity operator in L(B, B)).
In this case, the operator S is called a coretraction (corresponding to R).

Lemma 3.4. Let —0 < a = (aq,...,a,) < 00, 1 < p = (p1,...,pn) < 00, and 1 < q =
(q1,--+,qn) < 00. Then the space SGAB(R™) is a retraction of the space lg(Ly(R™)).

Proof. First step. For a function f € S§9B(R") we define the operator S by

Sf = {Qs(f)}sezi :

Therefore, according to the definition, we have

HSleg(Lp(Rn)) = ||{Qs<f)}|’lg(Lp(R")) = ”f”squ(Rn) ’
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which means that the S-property is satisfied.
Second step. For a sequence G = {gS}SGZf}j we define the operator R by

RG = Us*gs,
sEZi

where

)= LT (100 V)

i=1
Since Vs € Li(R), we obtain
|Us * gHLP(R”) <y ||g||Lp(Rn) 5

where (5 is an absolute constant, and then

HRG”SE,“B(RW) = H{Qs (Us * gS)}ng(Lp(Rn)) = ||{QS (gS)}ng(Lp(R")) <

<y ||{9s}||lg(Lp(Rn)) =y ||G||13(Lp(w)) :

The last inequality means that the R-property holds.
Third step. Let us show that RS = E. Indeed,

RSf=RUQs(NH =D Us*Qs(f) =D Qu(f)=f
seZ" seZi

]

Theorem 3.1. Let 1 < p = (p1,...,pn) < 00, ag = (af,...;a%) # a; = (al,...,al), 1 < qg =
(@ ...,%) a1 = (¢f,...,¢}) < o0, e = (c1,...,6n) € E. Then for 0 < 0 = (6,...,0,) <1 and
1 qu::(QM'-'a%J S;OO

(Sp=*B(R");e € E), = Sg?B(R"),
where a = (1 — 0)ag + O

Proof. The proof of the theorem follows by Lemmas 3.3 and 3.4. ]

4 Embedding theorems

In this section, the sharp embedding theorems for Nikol’skii-Besov spaces with a dominant mixed
derivative and with a mixed metric and for anisotropic Lorentz spaces are proved.

Lemma 4.1 (Inequality of different metrics, [22]). Let Qs(x) be an entire function of exponential type

of order s = (s1,...,8,) by x = (z1,...,2,). Then for 1 <pg= (p},...,p°) < p1 = (pi,...,pl) <
0o holds

||LpO(R") ,

n

1/p}—1/p;

||Qs||Lpl(Rn) < CSHSi e
i=1

where C3 is a positive constant independent of s.

Theorem 4.1. Let —co < ag = (af,...,ad) < a; = (o, ...

Y

and 1 <pg= % ...,00),p1 = (p},...,pL) < co. Then
SO B(R™) < 5297 B(R")

cal)y <oo, 1< 7= (1,...,7) < 00,

for ag — 1/Po =01 — 1/101-
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Proof. Let f € S5 B(R"). Then, according to the inequality of different metrics (Lemma , we
obtain

1f 115207 mamy = [{2€FNQe() | gy ],
< G ||{ Lot /PR | ()] 1, ey I,

=03 H{2((11’5)||Qs(f)||Lp1(R")}le - C3||f||5alTB(IR{”)'

P1

]

Theorem 4.2. Let 1 < p = (p1,...,pn) < 4= (q1,---,qn) <00 and 1 <7 = (11,...,7,) < 0.
Then
S5TB(R") < Lqgr(R™)

fora=1/p—1/q.

Proof. According to Minkowski’s inequality and the inequality of different metrics (Lemma , we

obtain
”f”Lq(R") = ZQs(f)
s=0 La(R")
<Y Qs < Cs > 2PV INQ () ey = Cll Fllsgr ey,
s=0 s=0

where a = 1/p — 1/q.
Therefore, for o = 1/p — 1/q we get

SSIB(R™) < Lg(R™).
- Let us fix p = (p1,...,pn) and let us choose oy = (af,..., ) and q; = (qi, ..., q,) such that
o =1/p; —1/q;, where i = 0,1 and j = 1,...,n. Then for every ¢ € £/ we have

Se1B(R") < L. (R™).
According to Lemma [3.2] and Theorem [3.1] we obtain
(Sgs*B(R");e € E), > (Lq.(R");e € E),,

or
SyTB(R™) — Lg-(R™),
where a = (1 — )y + 0y, 1/q=(1—0)/qo + 6/qs.
Let us check the relationship between the parameters o, p and q

a=(1-0)ag+ba=(1-0)(1/p—1/q)+0(1/p—1/a)=

=((1=0)/p+0/p) = ((1-0)/q+0/a1) =1/p-1/qa
[l

Theorem 4.3. Let 1 < q = (q1,---,¢n) <P = (P1,---,0n) <00 and 1 < 7 = (14,...,7,) < 00.
Then
Lqr(R") <= SSTB(R™),

where a = 1/p — 1/q.
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Proof. According to the inequality of different metrics (Lemma since Vi € L1(R), we obtain
1 1lsge Bny = 5up 2 [ Qs( )| 1, @y < Casup 2€F/IVPNQU(f) 1 eny
s>0 P s>0 4

= (C3sup

< C ny 9y
SZO < Gl g

%ﬁ (vw(-) - V[Qsifl](')) * f

for « = 1/p — 1/q, where Cy > 0 is independent of f.
Thus, for @« = 1/p — 1/q we have

Lq(R™)

Lq(R") = S3®B(R™).

Let us fix p = (p1,...,pn) and let us choose parameters a; = (af, ..., a;) and q; = (qi, ..., q,)
such that o = 1/p; — l/q;-, where © = 0,1 and 7 = 1,...,n. Then for every ¢ € E we obtain

Lq. (R™) — Sp=>B(R").
According to Lemma [3.2] and Theorem [3.1] we obtain
(Lq.(R");e € E),, = (Spe*B(R");e € E),,_
or
Lgr(R") = S;TB(R™),
where v = (1 — 0)ag + 0y, 1/q=(1—0)/qo + 0/q:.
Let us check the relationship between the parameters o, p and q

a=(1-0ay+0a;=(1-0)(1/p—1/qo) +0(1/p—1/aq1) =

=((1=0)/p+0/p)—((1-0)/a+0/a1) = 1/p—1/q.
[l

Remark 3. It is possible to show that the conditions of Theorems [4.1]—[4.3] are sharp. The proof of
these facts can be carried out by analogy with the corresponding proofs in the papers |8, [11].

5 The theorems about trace and extension

In this section, trace and extension theorems for functions belonging to Nikol’skii-Besov spaces with
a dominant mixed derivative and with a mixed metric are proved.

Let 1 < m < n. Fora = (a,...,an,ant1,---,0,), we denote a = (ay,...,a,) and a =
(Clm_;,_l, N ,G,n) .
Lemma 5.1 (Inequality of different dimensions, [22]). Let 1 < p = (p1, -+, PmsPmsts -« Pn) < 0O

and let Qs(x) be an entire function of exponential type of order s = (S1,...,Sm, Smils---,5Sn) bY
X = (T1, s Tin, Tit1, - - - Tn). Then for an arbitrary fived point x € R"™™ holds the inequality

n

~ 1/p;
1Qs( Rl oy < C5 [T 17

i=m+1

Qsllpm -

where C is a positive constant independent of s and X.
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Theorem 5.1. Let 1 < p = (P1,--+, PmsPmtds -3 Pn) < 00, @ = (1, ..oy Oy Qg1 -+ -, O ), and
1<7= (T, T Tint1s---,Tn) < 00 with a; = 1/p; and 7, = 1 fori =m+1,...,n. Then the

trace operator T : f — f(-,0) is well-defined and satisfies
T: SSTB(R") — S3B(R™).
Proof. Fix any f € Sg7B(R"). We will show that
f € Loo(R"™™; S3TB(R™)) (5.1)
and _
1f( - +h) = FC ) | @r-misar pgm)) — 0 (5.2)

as h — 0. By properties and it follows that f coincides almost everywhere with a
unique bounded uniformly continuous function g : R"™™ — SS7B(R™). The trace operator is then
well-defined by T'f := ¢(0).

We now show . According to the inequality of different dimensions (Lemma and
Minkowski’s inequality, for almost everywhere X € R"~"™ holds

~ n—m
sezly

FC ) s pam) 2(%9) Z Qs () X)

IA

- n—m
sezly

< ¥ H{2(@’§) Qs (NCR 1, gy

sezi™™

> 299Qesn (N D), Rm)}

—

F

> [{2e 1 >~<>r|Lf,(Rm)}l

7

SGZ" m
(1/p.8) (@,8)
o 2029 | {20910, (Dllgyien |,
§eZi‘m
= G5 [ {2 1@ (Nllzpiam }|, = G5 17 sgrman - (5:3)

We now show (/5.2]).

Since f € S§TB(R"), for any € > 0 there exists N(¢) € N such that

3

— 4
< 30 (5.4)

INe = H{%“’S) HQs(f)HLp(R”)}

{s:(s,1)>N(e)}||,

Applying inequality (5.3) and the Minkowski inequality, according to estimate ([5.4) we obtain

If(--+h) = f(, M rw@r-msa7p@my) < Cs|[f (-, +h) — f(, Nllsarp@n)

Qu(fC+B) = Qu(F(. )]

Lp(R™) }{s:(S,l)SN(E)} 1
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{2(&,5)

19 H{z@s) ||Qs(f)HLp(R")}

_|_

Qu(f (o +B) = QulF.))]

)

Lp(R™) }{s:(s,1)<N(5)}

ZT)
2

g

In order to evaluate I}V(E), we will use the following inequality (see [3])

Lp(R™) }{s:(s,1)>N(5)}

Qu(f (e + ) = Qulf(,)

Ir

{s:(s,1)>N(e)}

|@ur -+ B) = Qulr()

Lp(R™) - 062 Zzﬁaﬁ(m ‘hl‘ HQS(f)HLp(Rn) ;
where Cg > 0 is independent of f.
Hence, we get

Iy (N(g)) < Ce2V® _max hal {Q(Q’S) HQS(f)HLp(R”)}

{s:(s,1)<N(e)}

Ly

< Ce2VO ||| | sgr -

~ €
We now choose |h| < , then
|h| 3C5Co2O | [l saw mn)
€
Ing < 5= 5.6
Plugging estimate (5.6)) into ([5.5)), we obtain
1FC - +h) = fC ) e @r-misarprm)) < e

Since € > 0 is arbitrary, (5.2)) is proved. O

Remark 4. Trace theorems for Nikol’skii-Besov spaces with a dominant mixed derivative were
previously obtained in [23] 20} B, 30] under the condition a; > 1/p; for i = m + 1,...,n. Compared
to the above mentioned works, in Theorem we allow a weaker condition o; = 1/p; with 7, = 1
(this effect was previously seen, for instance, in [14], [15] and [I1]).

Theorem 5.2. Let o« = (1, .., Quny i1y -5 W), 1< T = (71,000, Tony Tint 1y - - 5 Tn) < 00 with
a;=1/ppymi=1fori=m+1,....n, and 1 < p = (p1,...,Pm,Pms1,---Pn) < 00. Then for any
function o(X) € S3TB(R™) there exists a function f(X,X) having the following properties:

f e 5gTBR™);

1 fllsg=B@n) < Cr llllsar pmy -

where C7 > 0 is independent of ¢;
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Proof. Let ¢ € S3TB(R™). This function can be represented as a series
P(%) =) Qs(9)(X)
5=0

and

N _|[{o@® 0.
lelsgrpam = | {202 1Qs @)lpm

Fix any functions f;(z;) € C§°(R) with f;(0) =1,i=m+1,...,n. We introduce a new function

f(x) by

n

Clearly, Qu(f) = Q) T] @u(f). Thercfore,

i=m+1

||f||SS‘TB(Rn) = H{z(O[’S) ||QS (f)HLp(R")}HlT

- {23i/pi
L

=7 H@Hsg*B(Rm) :

= H{2(5"§) ||Q§ (SD)HL;,(IRT")}

Qs (fi)ll L, ) } H

Iy

Here C; < oo since the norm H {2Si/pi

Qs ()1, (R)}Hll is equivalent to the Besov norm || -

(see [22]), and f; € C°(R) C By (R).
Further, we have

AR

= lim

lim (-, B) = ()]

() ( H fi(hi) — 1)

0 SITB(R™)  h0
h—0 §TB(R™)  h—0 i S8 BEm)
= H%f?Hsg*B(Rm) - lim H filhi) =1} =0.
h—0|.~
i=m+1
These arguments show that ¢ is the trace of the function f. m

Remark 5. The extension operator constructed in the proof of Theorem is linear. It should be
noted that in the work of V.I. Burenkov and M.L. Gol’dman [19] it was shown that in the limiting
case for Nikol’skii-Besov spaces it is possible to construct only a nonlinear extension operator, but
this effect is not observed for Nikol’skii-Besov spaces with a dominant mixed derivative.
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1 Introduction

In recent years non-associative analogues of classical constructions have become of interest in con-
nection with their applications in many branches of mathematics and physics. The notions of local
and 2-local derivations have also become popular for some non-associative algebras such as Lie and
Leibniz algebras.

The notions of local derivations were introduced in 1990 by R.V. Kadison [I7] and D.R. Larson,
A R. Sourour [I8]. Later in 1997, P. Semrl introduced the notions of 2-local derivations and 2-local
automorphisms on algebras [16]. The main problems concerning these notions are to find conditions
under which all local (2-local) derivations become (global) derivations and to present examples of
algebras with local (2-local) derivations that are not derivations.

Investigation of local derivations on Lie algebras was initiated in papers [7] and [I4]. Sh.A. Ayupov
and K.K. Kudaybergenov have proved that every local derivation on a semi-simple Lie algebra is
a derivation and gave examples of nilpotent finite-dimensional Lie algebras with local derivations
which are not derivations. In [§] local derivations and automorphisms of complex finite-dimensional
simple Leibniz algebras are investigated. They proved that all local derivations on finite-dimensional
complex simple Leibniz algebras are automatically derivations and it is shown that filiform Leibniz
algebras admit local derivations which are not derivations.

Several papers have been devoted to similar notions and corresponding problems for 2-local deriva-
tions and automorphisms of finite-dimensional Lie and Leibniz algebras 5l &, @, 14]. Namely, in [9]
it is proved that every 2-local derivation on a semi-simple Lie algebra is a derivation and that each
finite-dimensional nilpotent Lie algebra, with dimension larger than two admits a 2-local derivation
which is not a derivation. Concerning 2-local automorphisms, Z. Chen and D. Wang in [14] proved
that if £ is a simple Lie algebra of type A;, D; or Ey, (k = 6,7,8) over an algebraically closed field
of characteristic zero, then every 2-local automorphism of £ is an automorphism. Finally, in [5]
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Sh.A. Ayupov and K.K. Kudaybergenov generalized this result of [14] and proved that every 2-local
automorphism of a finite-dimensional semi-simple Lie algebra over an algebraically closed field of
characteristic zero is an automorphism. Moreover, they also showed that every nilpotent Lie algebra
of finite dimension greater than two admits a 2-local automorphism which is not an automorphism.

In [3] local derivations of solvable Lie algebras are investigated and it is shown that in the class of
solvable Lie algebras there exist algebras which admit local derivations which are not derivations and
also algebras for which every local derivation is a derivation. Moreover, it is proved that every local
derivation on a finite-dimensional solvable Lie algebra with model nilradical and maximal dimension
of complementary space is a derivation. Sh.A. Ayupov, A.Kh. Khudoyberdiyev and B.B. Yusupov
proved similar results concerning local derivations on solvable Leibniz algebras in their recent paper
[4]. The results of paper [10] show that p-filiform Leibniz algebras as a rule admit local derivations
which are not derivations. Similar results concerning local derivations on direct sum null-filiform
Leibniz algebras were obtained in [2].

In [13], [2I] Sh.A. Ayupov and B.B. Yusupov investigated 2-local derivations on infinite-
dimensional Lie algebras over a field of characteristic zero. They proved that all 2-local derivations
on a Witt algebra as well as on a positive Witt algebra are (global) derivations, and gave an example
of an infinite-dimensional Lie algebra with a 2-local derivation which is not a derivation. In [II] they
have proved that every 2-local derivation on a generalized Witt algebra W, (F) over a vector space F"™
is a derivation. In [I5] Y. Chen, K. Zhao and Y. Zhao studied local derivations on generalized Witt
algebras. They proved that every local derivation a Witt algebra is a derivation and that every local
derivation on a centerless generalized Virasoro algebra of higher rank is a derivation. In [12] Sh.A.
Ayupov, K.K. Kudaybergenov and B.B. Yusupov studied local and 2-local derivations of locally finite
split simple Lie algebras. They proved that every local and 2-local derivation on a locally finite split
simple Lie algebra is a derivation.

In the present paper we study local and 2-local %—derivations of solvable Leibniz algebras. We show
that any local %—derivation on a solvable Leibniz algebra with model or abelian nilradicals, whose
dimension of the complementary space is maximal, is a %—derivation. Moreover, similar problems
concerning 2-local %—derivations of such algebras are investigated.

2 Preliminaries

In this section we give some necessary definitions and preliminary results.

Definition 1. A vector space with a bilinear bracket (L, [-,-]) is called a Leibniz algebra if for any
x,1y, 2z € L the so-called Leibniz identity

[ZB, [y,zH = [[$,y],z} - [[:B,z],y],
holds, or equivalently, [[x,y], z] = [[z, 2], y] + [z, [y, z]].

Here, we adopt the right Leibniz identity; since the bracket is not skew-symmetric, there exists
the version corresponding to the left Leibniz identity,

[z, 9], 2] = [, [y, 2] = [v, [, 2] .

Let £ be a Leibniz algebra. For a Leibniz algebra £ consider the following lower central and
derived sequences:

£1 _ L:, £k+1 — [ﬁk,ﬁl], k 2 17
cW=rp, =gkl gl s> 1.
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Definition 2. A Leibniz algebra L is called nilpotent (respectively, solvable), if there exists k € N
(s € N) such that £* = 0 (respectively, £I*) = 0).The minimal number k (respectively, s) with such
property is said to be the index of nilpotency (respectively, of solvability) of the algebra L.

Note that any Leibniz algebra £ contains a unique maximal solvable (respectively nilpotent) ideal,
called the radical (respectively nilradical) of the algebra.
A %—derivation on a Leibniz algebra £ is a linear map D : £ — £ which satisfies the Leibniz rule:

1 ([D(z),y] + [z, D(y)]) for any z,y € L. (2.1)

D)) = 5

The set of all 1 -derivations of a Leibniz algebra L is a Lie algebra with respect to the usual matrix
commutator and 1t is denoted by £ Der(L).
For a finite-dimensional nilpotent Leibniz algebra N and for the matrix of the linear operator ad,

denote by C(z) the descending sequence of its Jordan blocks” dimensions. Consider the lexicograph-
ical order on the set C(N) ={C(z) | = € N}.

Definition 3. The sequence

< max C (x))
zeN\N?2
is said to be the characteristic sequence of a nilpotent Leibniz algebra N.

Definition 4. A linear operator A is called a local %-derivation, if for any = € L, there exists a
s-derivation D, : £ — L (depending on z) such that A(z) = D,(x). The set of all local i-derivations
on £ we denote by Locs Der(L).

Definition 5. A map V : £ — £ (not necessary linear) is called a 2-local % 5-derivation, if for any
z,y € L, there exists a 3-derivation D, € 3 Der(L) such that

V(z) = Dyy(x), V(y) = Day(y).

2.1 Solvable Leibniz algebras with abelian nilradical

Let a,, be an n-dimensional abelian algebra and let R be a solvable Leibniz algebra with the nilradical
a,. Take a basis {fi, fo,..., fn, 21, %2, ... 2} of R, such that {fi, fa,..., fu} is a basis of a,. In [I]
such solvable algebras in the case of k = n are classified and it is proved that any 2n-dimensional
solvable Leibniz algebra with the nilradical a,, is isomorphic to the direct sum of two dimensional
algebras, i.e., isomorphic to the algebra

Lo fizil=fi v fil =aif;, 1<j<n,

where a; € {—1,0} and ¢ is the number of zero parameters «;.
Moreover, in the following theorem a classification of (n+1)-dimensional solvable Leibniz algebras
with n-dimensional abelian nilradical is given.

Theorem 2.1. [1/ Let R be an (n + 1)-dimensional solvable Leibniz algebra with n-dimensional
abelian nilradical. If R has a basis {f1, fa, ..., fn,x} such that the operator ad,|,, has Jordan block
form, then it is isomorphic to one of the following two non-isomorphic algebras:

[fz,l’] fi + fir1s I1<i<n-—1,
R fi,x] = fi+ fiyr, 1<i<n—1, R [fn, 2] = fa,
b [fn,37]:fn, > [l’, ]__ fz+1> 1§i§n_17
[T, fu] = —fa-
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2.2 Solvable Leibniz algebras with model nilradical

Let N be a nilpotent Leibniz algebra with the characteristic sequence (my, ..., m,), and with the
table of multiplication

N -

s

[6;,61]:€§+1, 1§t§5,1§2§mt—1

The algebra Ny, ., is usually said to be a model Leibniz algebra. For solvable Leibniz algebras
with nilradical N, ., and the complement dimension space equal to s, we will use the notation
R(Nony..ms» 8)-

Theorem 2.2. [20)] A solvable Leibniz algebra R(Ny, . m.,S) with nilradical Ny, m., such that
DimR(Np,....me» S) — DimNp,, . m. = s, is isomorphic to the algebra:

’Mwﬂ—eﬂ, 1<t<s,1<i<m—1,
e}, 1] = ie 1<i<my,
R(Npymar 8) [dwﬂ:@—n L2<t<s,2<i<my,
el xy] = e, 2<t<s,1<i<my,
[xhel] %7

where {x1,...xs} is a basis of the complementary vector space.

3 %—deriva,tion of solvable Leibniz algebras

In the following propositions, we present a general form of the %—derivation of the algebras
R(le,...,msy S), ﬁt, R1 and RQ.

Proposition 3.1. Any -derivation D of the algebra 3 Der(R(Np,....m,.S)) has the following form:

D(e}) = aye;, 1 <i<my,
D(ef) = 5= (27" = D +ay)el, 2<t<s, 1<i<my,
D(z;) = aur;, 1<i<s.
Proof. Let {e],€%,... €}, 21,...,25} be a basis elements of the algebra R(Ny,,. m.,S).
Let d be a %—derivation of the algebra R(Np, .. m.S)
We put

Zzatlel+zﬁll$i’ D ZZﬁYtzez+ZB2zxu 1§P§S

t=1 i=1 t=1 i=1

The following restrictions follow from the equality

D(le}, w1)) = 5(ID(el), 1] + el D)

1 _ ; 1 _ 1 _ 1
Qy; = 0, 3<1<my, Y1 = 0, 62,1 =07,

o, =0, 2<t<s, i=12 4<i<m,
Bll,izov 1§Z§S
Consider the equality

D([e}, z1]) = 5 ([D(e
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Then we get

of ; =0, 1<i<my,

aﬁi:O, 2<t<s, 2 <1< my,
1

B2 = 0.

Similarly, from the equality

0= D((ry]) = 5 (D), 1] + [y, D),

with 1 < p < s we have

The equality

for 2 < p < s which imply

Consequently,

S S
D(e}) = aj 61 + ajseh, Dl(w,) =Y APl +> phm, 2<p<s.
t=2 =2

From the equality
1

5 ([D(zp), 23] + [, D(25)]),

0= D[y, i) = 5

for 2 < p,j < s we obtain the following restrictions:

From the relations

D([z1, e1]) = %([D(xl%eﬂ + [0, D(ey)]), D([ef, xj]) = %([D(eﬁ’),%’] +[e1, D(x;))),

for 2 < p,j <s, we have

06%72207 'th,l =0, 2<t<s,
o, =0, 2<pt<s, p#t,
f,j:O, ﬁg,p:agl, 2<p<s, 1<j<s,

By,=0, 2<jp<s j#p

Consequently,

From the chain of equalities
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1 :
§[D<€f71),6ﬂ + 5[6?71,13(6%)], 1< p<s, 2<:1 < My,

and the restrictions obtained above, it is easy to establish that

D(e}) = D([ef 1. e1]) =

)

O
Proposition 3.2. Any %-derivation D of the algebra L; has the following form:
D(f;) = a;f;, D(x;) =oybif;, 1<j<n
Proof. The proof is similar to the proof of Proposition m
Proposition 3.3. Any %-dem’vation D of the algebras Ry and Ry have the following forms, respec-
tively:
. (fz) :alfi7 1§z§n,
Der(Rl) ' { (l') = o x.
(fz) :alfia 1§Z§na
Der(Ry) : D) =3 B,f; + awz.
j=1
Proof. The proof is similar to the proof of Proposition O

4 Local %-derivation of solvable Leibniz algebras

4.1 Local %-derivation of solvable Leibniz algebra R(N,,, . m.,$)

Now we shall give the main result concerning local %—derivations of the solvable Leibniz algebra
R(Nyy . my» S)-

Theorem 4.1. Any local %—dem’vation on the solvable Leibniz algebra R(Np,, .. m.,S) s a %—dem’vation.

Proof. Let A be a local 3-derivation on R(Ny,,, . m., ), then we have

S S
t,
Z%xﬁzz 25 Zczﬂﬁzzdz?f
p=1 j=1 p=1 j=1
Let D be a %—derivation on R(Ny, . m.,$), then by Proposition , we obtain
D(e}) :a16161 1 <i<my,

D(ef) = 7 (27 = Darer +aper)e, 2<t<s, 1<i<my,
D(z;) = gz, 1<i<s.

Considering the equalities
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we have
;cwasjjtpz:l;:ldz’]p f—alde%, 1<i<my
f% agmﬁfzyJ@‘ Dy +aga)el, 2<t<s, 1<i<my,
= p=iist

From the previous restrictions, we get that

Alel)=djlel, 1<i<my,
Ael) = dyjel, 2<t<s, 1<i<my,

A(.Z'Z) = QT 1 S ) S S.

Considering A(e] + €}) for 2 < i < my, we have
Ale; +ef) = diﬁe% + dil”ile}.
On the other hand,

A(ei + ezl) = De%-i—e% (6% + 611) = De%—f—eil (6%) + De%-‘r@} (611) =

_ 1 1
- aLe%—i—e,}el + O‘i,e%-{—e,} ei

Comparing the coefficients at the basis elements ef and e}, we get the equalities Qleliel = d}ﬁ,

= dbt

Z’L’

el pe! which imply

1,1 411 .
d’i,i _dlal’ zélgml

Now for 2 <t <s, 1 <7< my, we consider

2,171

A(eﬁ +€i + 2 +.Z't) dtt€t+d1 161 +CZ1 121 + a 4Tt

On the other hand,

t 1 _ —
Ale; +ey +z1+2) =D t+€1+$1+$t(6 ter+x+ay) =
1
92i—1
1
T Qpetrel 4o 42,61 T Qetpel 4o+, L1 T Qpet el yay+a, Tt

1—1 t
((2 - l)al,e§+e}+z1+xt + O‘i,e§+e%+x1+mt>ei+

Comparing the coefficients at the basis elements ef, el, x; and x;, we get the equalities

1

— i—1 t,t
=ayz, i1 ((2 d;’

- 1>a1,e§+e}+x1+xt + ai,@ﬁ—&-@}—i—m-ﬁ-m) iy

- dLl
al,e§+e%+x1+xt — 11
at,eﬁ—l—e%—s—xl—l-xt = Qtt,

which imply

1 )
dﬁz;:ﬂf‘ Ddyy +a), ag=dpy, 2<t<s, 1<i<m.
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Thus, we obtain that the local %—derivation A has the following form:

A(e}) = dyrer, 1<i<my,

Alel) = 55 (27" = Ddpy +ag)el, 2<t<s, 1<i<my,
A(‘(E1> = }ﬁxb

A1) = ag g, 1<t <s.

Propositionimplies that Aisa %—derivation. Hence, every local %—derivation on R(Npy...imss S)
is a %—derivation. O

4.2 Local %—derivation of solvable Leibniz algebras with abelian nilradical

Now we shall give the main result concerning local %—derivations on solvable Leibniz algebras with
abelian nilradicals.

Theorem 4.2. Any local %—dem’vation on the algebra Ly is a %—derivation.
Proof. For any local %—derivation A on the algebra L;, we put the %—derivation D, such that:
D(f;) =a;fj, D(xj) =aybif;, 1<j<n,
Then, we get
A(f;) = Dy, (f5) = a;f5, Alzg) = Do, () = a;b; f;.

Hence, A is a %—derivation. O

In the following theorem, we show that (n + 1)-dimensional solvable Leibniz algebras with n-
dimensional abelian nilradical have a local derivation which is not a derivation.

Theorem 4.3. Consider the (n + 1)-dimensional solvable Leibniz algebras Ry and Ry (see Theorem
. Any local %—dem’vation on the algebras Ry and Ry is a %—dem’vation.

Proof. We prove the theorem for the algebra R;, and for the algebra Ry the proof is similar.
Let A be a local %—derivation on Ry, then we have

A(f;) = Z CLiJ’fj + C;T, 1 S 7 S n,
j=1

Let D be a %—derivation on Ry, then by Proposition , we obtain

D(fz) = al,f—;fia 1 S ? S n,
D(z) =aj,x.

)

Considering the equalities
A(z) = Do(x), A(fi)) = Dy(fi), 1<i<n,

we have .
Yoaiifitar=oypfi, 1<i<n
=1

Yobifj+dr = a .
j=1
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From the previous restrictions, we get that

A(fl) = a/i,ifia 1 S ? S n,
A(z) = dz.

For 2 <1 < n, we have
A(fr+ fi) = arpfr + aii fi.

On the other hand,

A(fi+ fi) = Dy, (fr + fi) = Dy, (f1) + Dy g (fi) =
= 0417f1+fif1 + a17f1+fifi'

Comparing the coefficients at the basis elements f; and f;, we get the equalities oy ¢4, = a1,
A1 f1+f; = Qig, which 1mply

Similarly, the equalities

A(fi+x)=ai1f+dx
= Df1+€13(f1 + l’) = Df1+ét(f1) + Df1+x($)
= o1, f+2f1 T 00 42T,
imply
d= ai.

Thus, we obtain that the local %—derivation A has the following form:

A(fi)=a11fi, 1<i<n,
A(z) = a1z

Proposition implies that A is a %—derivation. Hence, every local %—derivation on R; is a
%—derivation.

]

5 2-local %-derivation of solvable Leibniz algebras

5.1 2-local %-derivation of solvable Leibniz algebra R(N,,,  m.,$)

Now we shall give the main result concerning of the 2-local %-derivations of the solvable Leibniz
algebra R(Ny,  m.,S)-

Consider an element ¢ = Y x; of R(Ny, . ., S)-
t=1

Theorem 5.1. Any 2-local %—dem’vation of the solvable Leibniz algebra R(Np,, . . m.,S) iS5 a %—

derivation.

Proof. Let V be a 2-local i-derivation on R(Ny,, . m,,s) such that V(g) = 0. Then for any element

s myg

P = Z ngeﬁ + Z Ctl't € R(le,m,ms? S)v
t=1

t=1 =1
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there exists a 3-derivation Dy, (p), such that

Hence,
0="V(q) = Dyplq) = Y _ v,
t=1

which implies, a; =0, 1 <t <s.

Consequently, from the description of the %—derivation R(Np,
Thus, we obtain that if V(g) = 0, then V is a zero.

Let now V be an arbitrary 2-local %—derivation of R(Np,....m.,s). Take a %—derivation D, p, such
that

,,,,, ms» $), we conclude that D, , = 0.

V(q) = Dyp(q) and V(p) = Dy,(p).

Set Vi =V — Dy, Then V; is a 2-local 3-derivation, such that Vy(g) = 0. Hence V;(p) = 0 for
all £ € R(Npy,...m,,S), which implies V = D, ,,. Therefore, V is a %—derivation.
[l

5.2 2-local %-derivation of solvable Leibniz algebras with alebian nilradical

Now we shall give the result concerning of 2-local %-derivations of solvable Leibniz algebras with
abelian nilradical.

Proposition 5.1. Any 2-local %-dem’vation of the algebra Ry is a derivation.

Proof. Let V be a 2-local %—derivation on Ry, such that V(f;) = 0. Then for any element { =

n
S &ifi + &z € Ry, there exists a 3-derivation Dy, ¢(£), such that
i=1

V(fi) = Dpe(fi), V(€)= Dy e(§)-

Hence,
0= V(fl) = thﬁ(fl) = Oélfl;
which implies, a; = 0.
Consequently, from the description of the %—derivation of Ry, we conclude that Dy, ¢ = 0. Thus,

we obtain that if V(f;) =0, then V is a zero.
Let now V be an arbitrary 2-local 3-derivation of Ry. Take a 3-derivation Dy, ¢, such that

V(f1) = Dpe(fr) and V(§) = Dy, ¢(8)-

Set Vi =V — Dy, ¢. Then V), is a 2-local 3-derivation, such that Vy(f;) = 0. Hence, V;(£) =0
for all £ € Ry, which implies that V = Dy, ¢. Therefore, V is a %—derivation. O]

1

Theorem 5.2. The solvable Leibniz algebra Ry admits a 2-local %—dem’vation which is not a 3

derivation.

Proof. Let us define a homogeneous non-additive function f on C? as follows

2

Z_la if22#07
Z21,%90) = *2
far,22) {0, if 25 = 0,
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where (z1, 29) € C2.
Define the operator V on R,, such that

V(§) = f(&1, &) f1, (5.1)

for any element & = > & fi + > &nvity,
i=1 i=1

The operator V is not a %—derivation, since it is not linear.
Let us show that V is a 2-local %—derivation. For this purpose, define a %—derivation D on R, by

D(€) = (a&1 + b&2) fu-

For each pair of elements £ and 7, we choose a and b, such that V(§) = D(§) and V(n) = D(n).
Let us rewrite the above equalities as system of linear equations with respect to the unknowns a, b
as follows

(5.2)
ma+ b = f(n1,1m0).
Case 1. {my — &my = 0. In this case, since the right-hand side of system ([5.2]) is homogeneous,

it has infinitely many solutions.
Case 2. &1 — &m # 0. In this case, system ([5.2]) has a unique solution.

{fla + &b = f(&1,&),

Theorem 5.3. The algebra L; admits a 2-local %-derivation which is not a %-dem’vation.

Proof. The proof is similar to the proof of Theorem [5.2] O
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Abstract. We consider in a Banach space the following two abstract systems of first-order and
second-order linear ordinary differential equations with general boundary conditions, respectively,

X(1) — A(X(0) = F(t), 9(X) =3 M, (X),

and
X"(t) = S@O)X'(t) — Q)X () = F (1),
O(X) = MU;(X), ®X')=CX)+)> N;6;(X),
i=j j=1
where X (t) = col (z1(t),...,x,(t)) denotes a vector of unknown functions, F'(t) is a given vector and
Ap(t),S(t),Q(t) are given matrices, &, ¥y,..., U, O,...,0, are vectors of linear bounded func-
tionals, and M, ..., M,,C, Ny,..., N, are constant matrices. We first provide solvability conditions

and a solution formula for the first-order system. Then we construct in closed form the solution of a
special system of 2m first-order linear ordinary differential equations with constant coefficients when
the solution of the associated system of m first-order linear ordinary differential equations is known.
Finally, we construct in closed form the solution of the second-order system in the case in which it
can be factorized into first-order systems.
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1 Introduction

Boundary value problems (BVPs) for ordinary differential equations (ODEs) appear in a wide range
of sciences. Many of these are nonlocal problems with integral and multipoint boundary conditions,
such as in the modeling of power networks, telecommunication lines, electric railway systems, kinetic
reaction problems in chemistry, elasticity, and elsewhere [19] 18, T5].

Perhaps the first problem with nonlocal integral boundary conditions for a system of linear first
order ODEs was Hilb’s problem

1
LY = PY' QY = . [ KOY(©de+9Y(0) =Y (1) =0
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which was investigated in 1911 [12]. The multipoint boundary value problems for a system of Trans-
ferable Differential-Algebraic Equations was investigated in [I5]. In [4] an approach is given to
solving the overdetermined problem for a system of the first and second order ODEs. The unique
exact solution to the BVP

YI(t) = M(@)Y(t) = F(t), @)=

Sl

was obtained in [I0]. The solvability condition and exact solution to the BVP

Y'(t) — AY (¢ ZAY +ZB/ Cy(t t =0,

where A, A;, B; are constant matrices, are given in [5]. Necessary and sufficient conditions are
established in [7] for the existence of a unique holomorphic solution of the BVP

X'(t) = T()X (1) + F(t), iAiX(ti)+i / " e X (i

with holomorphic coefficients and general linear boundary conditions. The existence of positive
solutions of nonlocal BVPs for ordinary second order differential systems is given in [§]. The existence
of solutions of nonlocal BVPs for ordinary differential systems of higher order was investigated in
[9]. A numerical method for solving systems of linear nonautonomous ODEs with nonseparated
multipoint and integral conditions was considered in [I]. Numerical solutions of systems of loaded
ordinary differential equations are given in [2]. Ordinary differential equations and systems of various
types were studied by the parametrization method in [I3|, [3] (see also [16]). The factorization
(decomposition) method is a powerful tool for finding solutions to systems of ODEs. The factorization
method proposed here for systems of ODEs is essentially different from other factorization methods
in the relevant literature, where usually approximate solutions to ordinary differential systems are
found by using the Adomian decomposition method and its many modifications [I7], [6]. Note that
finding of the fundamental and particular solutions for the following system of linear second order
ODEs

I
=

By X (t) = X"(t) — SH)X'(t) — Q)X (t) = F,

with nonlocal boundary conditions, is usually a difficult problem. Our goal is to find special cases
that allow factorization like By X (t) = B?X(t), where an operator B corresponds to a system of
linear first order ODEs with a simpler nonlocal boundary condition. The technique proposed in this
article is simple to use and can be easily incorporated to any Computer Algebra System (CAS).

2 Preliminaries
Let X be a Banach space such as the space of continuous functions C[0, 1] or the space of Lebesgue

integrable functions L,(0,1). Let A&, be the space of column vectors X (t) = col(z1(t),...,zm(t)),
r(t) e X,i=1,...,m, ie. X, =Cp, =Cpl0,1] or X, = L., = L, (0, 1) with the norm

X, = lel’z IS

In addition, let X* k > 0, be the space C*[0, 1] with the norm

[(#)] | = lefv e,
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or the Sobolev space WIf(O, 1) with the norm

[|z(®)]|ar = ZIW) Ollz,,

(in the case of the Sobolev spaces 2! are weak derivatives), and X* be the space C¥ [0, 1] or W;m(o, 1)
with the norm

X ()], —ZHX t)l],.-

Let X* be the adjoint space of X', i.e. the set of all linear and bounded functionals ® on X.
We denote by ®(z) the value of ® € A* on x € X. Let ¥; € X*,j = 1,...,n, and the vector
U = col(Vy,...,V,) € [X,]*. For X € &), we write

®(21) W) Uy (X)
o(X) = : (X)) = : , U(X) = :
O(zm) V(wm) v, (X)

Remark 1. Let m = 2, k = 1, X(t) = col(x1(t), z2(t)) € A, and the functional vector © (X (t)) =
col(O(x1),O(xq)). Then © € [X,]* if there exists a constant ¢; > 0, such that

O(X)| = VIO@)? +[0(z2)]* < [6(x1)| +[0(a)]

<
< allrla + allzellx = al| X (#)]] 1

Similarly © € [X}]* if there exists a constant ¢, > 0, such that

O(X)] = V0@ +[O(z2)]* < [O(x1)] +[8(a2)]
< alllzllx + llzallx + 21|12 + |75/ 2)
= (X O)a, + X (0)l) = c2l[X ()]

Let X', Y be Banach spaces as above. Let the operator A : X — ) and let D(A) and R(A) denote
its domain and the range, respectively. The operator A is said to be injective or uniquelly solvable
if for all xy, 29 € D(A) such that Ax; = Axs, it follows that ;7 = x5. Recall that a linear operator
A is injective if and only if ker A = {0}. The operator A is called surjective or everywhere solvable
if R(A) = Y. The operator A is called bijective if it is both injective and surjective. Finally, the
operator A is said to be correct if A is bijective and its inverse A~! is bounded on ). Recall that the
problem Au = f is said to be well-posed if the operator A is correct.

We denote by 0,,, and I,,, the m x m zero and identity matrix, respectively, 0,,, the m x n zero
matrix, and 0 the zero column vector.

Definition 1. Two n x m matrices P = P(t) = (Pi(t),...,Pn(t)) and G = G(t) =
(G1(t),...,Gn(t)), where Pi(t) = col(py(t),...,pni(t)) and G;(t) = col(gyi(t),...,gni(t)),
i = 1,...,m, respectively, are said to be linearly independent if the vectors
Pi(t),..., Bu(t),Gi(l), ..., Gin(l) are linearly independent, that is, if ¢, ¢ are two m-dimensional
constant column vectors and P(t)é, + G(t)& = 0, then & = & = 0.



o8 LN. Parasidis, E. Providas

3 General systems of m first-order ODEs

Let A : X, — X, be the differential operator defined by

AX(t) = X'(t) — Ag(t) X (t), X(t) € D(A) = X}, (3.1)
where Ag(t) is an m x m matrix with entries from X. Let the m x m matrix Z = Z(t) =
(Z1(t), ..., Zn(t)) = (25(t)),4,5 = 1,...,m, be a fundamental matrix of the homogeneous system

AX(t) =0, (3.2)
such that
CI)(ZH) (I)(Zlm)
D(z1) D(zm)
where & € X",

Lemma 3.1. Let the operator A be defined as in (3.1), Z be a fundamental matriz of the homogeneous
system (3.2)), and F = F(t) = col(f1(t),. .., fum(t)) € Xpm. Then:

(i) the operator A: X, — X, corresponding to the problem
AX(t) = AX(t) = F(t), D(A) = {X(t) € D(A) = &} : &(X) = 0}, (3.3)
is correct and the unique solution X (t) of equation s given by
X(t) = A'F()
= —Z(t)® (Z(t) /Ot Z—l(s)F(s)ds) + Z(t) /Ot Z Y (s)F(s)ds, (3.4)

¢
X(t)=A"F(t) = Z(t)/ 7Y (s)F(s)ds. (3.5)
0
Proof. (i) It is well known that every solution of the system AX(t) = F(t), is given by

X(t) = Z(t)é+ Z(t)/o Z Y (s)F(s)ds, (3.6)

where ¢ is an arbitrary m-dimensional constant column vector. Acting by functional vector ® on
both sides of (3.6) and taking into account the boundary condition in (3.3) and that ®(Z) = I, we
obtain

B(X) = 4@ (Z(t) /0 t Z—l(s)F(s)ds) ~ 0
;= - <Z(t) /0 t Z—1<S)F(s)ds).
Substituting ¢ 1nt, we get (3.4)).

(ii) Equation (3.5) is derived directly from (3.4) using ®(X) = X (0) = 0. O
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Theorem 3.1. Let the operators A and g, the vector F' and the matriz Z be defined as in Lemma
. In addition, let the m x (mn) constant matric M = (M, ..., M,), where M;,j = 1,...,n,
are m X m constant matrices, the functionals ®,¥; € X*,j = 1,...,n, and the functional vector
U = col(Vy,...,¥,) are given. Then:

(i) the operator B : X, — X,,, corresponding to the problem

D(B) = {X() € D(A)= X} B(X) = 3 My, (X)) (3.7

j=1
18 injective if and only if

det W = det[I,, — W(Z)M] # 0, (3.8)

(i) if the operator B is injective, then it is also correct and the unique solution to problem 18
given by R R
X#t)=B'F{t)=A"'F({t)+ ZMW "W (A'F), (3.9)

where ﬁ_lF(t) is the solution of system 1} given in 1)
Proof. (i) Let det W # 0 and X (t) € ker B. Then from problem (3.7)) we get

=1

AX(t) =0, ®(X)=MU(X), (3.10)

which, since Z € kerA and ®(Z) = I,,,, can be written as

AX(t)— ZMU(X)) =0, ®(X(t)—2ZMI(X))=0. (3.11)
From the second equation of - by takmg into account we get X (1) — ZMU(X) € D(A\)
and then from the first equation of (3 , since ker A = {0} and A is the extension of A, it follows
that

X(t)=2ZMY(X). (3.12)

Acting by the functional vector ¥ on both sides we get

—

L — U(Z)M]U(X) = WU(X) =0,

and since det W # 0, it is implied that ¥(X) = 0. Substitution into (3.10) yiclds AX(¢) = 0. This
means that X (t) = 0 and therefore the operator B is injective.
Conversely, let det W = 0. Then there exists a nonzero vector ¢ = col(cy, ..., Cnp), such that
Wé= 0. Consider the element
Xo(t) = Z(t)Mec, (3.13)

and note that X(t) # 0, since otherwise W& = [In, — W(Z)M]é = & — W(Z)M&= &= 0. Then

—

D(Xo) — MU(Xy) = ME— MY(Z)YME= ML, — V(Z)M]é= MWE=0,

and, hence, X(t) € ker B. Therefore, B is not injective. Thus, we proved that if B is injective, then
det W # 0.
(ii) Let det W # 0, then the operator B is injective. Problem ([3.7]) can be written as

—

AX(L) — ZOMU(X)) = F(t), ®(X(t) - Z()MU(X)) =0. (3.14)
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Then, since (3.3) we get X (t) — Z(t)M¥(X) € D(A), and from (3.14) it follows that
X(t) = Z()MY(X) + A~'F. (3.15)
Acting by the functional vector ¥ on both sides of the above equation we get

L — U(Z)M]U(X) = U(A-LF),
U(X) = [Lpn — U(Z)M] " U(ALF) = WU (ATLF).

Substituting into (3.12]), we get solution (3.9)). Since the functionals ¥y, ..., ¥, and the operator A1
in are bounded, then the operator B~! is also bounded. Note that solution is obtained
for any arbitrary vector F(t) € A,,,. This means that R(B) = &, i.e. the operator B is everywhere
solvable. So, the operator B is correct. O

Lemma 3.2. Let the operators A, A and the m x m fundamental matriz Z be defined as in Lemma

Bl Then:
(i) the set ZU A~ Z, with A='Z = (AL Zy(t), ..., A" Z,.(t)), is linearly independent,
(i) the set ZUtZ,0 <t <1, is also linearly independent.

Proof. (i) The vectors Zi(t), ..., Z,(t) are linearly independent since they are the columns of the
fundamental matrix. Furthermore, the vectors EﬁlZl(t), L ATZ, (t) are also linearly independent
since ker A = {0}. Let Zc) + E*IZEQ = 6, where ¢, G are two m-dimensional constant column
vectors. Then, since ker A N D(A) = {0} [II], we have Z& = 0 and A~'Zé& = 0, and hence
¢ = & = 0 since which since Z, ..., Z,, and Atz (t),... ,A\_lZm(t) are linealy independent. Thus,
the set Z U A~1Z is linearly independent.

(i) Let ®(X) = X(0). Then from (3.5) and (i) it follows that gle(t) = tZ(t) and so the set
ZUtZ,0 <t <1, is linearly independent. ]

4 Special type systems of 2m first-order ODEs with constant coefficients

In this section, we consider the solvability and the construction of the exact solution of a special type
of systems of 2m first-order ODEs with constant coefficients.

Lemma 4.1. Let the operator A, where Ay is an m X m nonsingular constant matriz, and the
associated fundamental matriz Z = Z(t) be defined as in Lemma. Let the operator A : Xy, — Aoy,
be defined by

AU(t) =U'(t) — DoU(t) =0, D(A)=X;

2m>

(4.1)
where the vector U = U(t) = col (uy(t), ..., uan(t)) € X}, and the 2m x 2m constant matriz Dy has

the special form
[ 24 — A2
Dy — ( Ao A
Then the 2m X 2m matrix

Z(t) tZ(t)
al) = ( Jo Z(s)ds + Ayt [y sZ(s)ds — [Ag']? ) )

18 a fundamental matriz of the homogeneous system (|4.1]).
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Proof. The two 2m x m matrices

Z tz (4.3)
I3 Z(s)ds + A’ 1 sZ(s)ds — [Ag']? '
satisfy equation (4.1)). Indeed, since Z' = AqZ and Z(0) = I,,,, we have

(ot ) =G 50 ) (o)

A()Z + AO fot A()Z(S)dS + A()
Z —7Z
_( —~AoZ + Ao [y Z'(s ds+A0)_(0m)
B Om O )’

and

( IJSZ(S)Z— BNk ) - ( 2110 _0:3 > < Jo sZ(s)ctif— A >

(Z4tZ\ [ 2A0tZ — Ay [} sAcZ(s)ds + I,
- tZ tZ

7 +t7 —2A0tZ + Ay fo sZ'(s)ds —

Om

B ( Z+HZ' — AoZ) — AotZ + Ag[sZ(s)ly — [y AoZ(s)ds — I, )
- )
_ ( Z— [y Z'(s)ds — I, >
- 0

(2070 ~Z0 ) (0,

Furthermore, as shown below, the two matrices in (4.3) are linearly independent. Let

gtz i )5+ ( ptaztain - page )=

where ¢}, ¢ are m-dimensional constant column vectors. Then we have Z¢; 4+ tZc, = 0 and since
Z,tZ, are linearly independent by Lemma , it follows that ¢; = ¢ = 0. Thus, the two matrices in
(4.3]) are linearly independent and Z is a fundamental matrix for the system (4.1)). O

Theorem 4.1. Let the operator A and the 2mx2m fundamental matriz Z be defined as in Lemmald.1].
Let the vector F = F(t) = col (fi(t),..., fam(t)) € Xom, the vector of functionals ¥ = (¥q,...,V,,),
VU, e X*,5=1,...,n, and M be a 2m x 2mn constant matriz. Then:

(i) the operator B : Xy, — Xoy, defined by the problem
BU(t)=AU(t)=F, DB)={U(t) € D(A):U0)=M¥U)} (4.4)

1s ingective if and only if
detW = det[Z(0) — MY(Z)] # 0, (4.5)

where
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(i) the unique solution of problem (4.4) for every F € Xy, is given by
t t
U(t) = ZW~ 'MWV (Z(t) / zl(s)F(s)ds> L) / Z () (s)ds. (4.7)
0 0

Proof. The proof follows the same procedure as for the proof of Theorem [3.1] ]

5 Factorization of systems of second-order ODEs

In this section, we present the main results regarding the factorization method for solving nonlocal
systems of second-order linear differential equations.

Lemma 5.1. Let the operators A,g, where the elements of Ay(t) belong to X' and the functional
¢ € [X]*, the vectors X, F and the fundamental matriz Z be defined as in Lemma . Then:

(1) for the operator A% : X,, — X, defined as

APX(t) = X"(t) — 240(H) X'(t) + [A5(t) — A ()] X (1), D(A?) = A, (5.1)
(ii) the operator A* defined by
A2X = A2X = F, D(A?) ={X(t) € D(4?) : ®(X) = 0, ®(4AX) = 0} (5.2)

18 correct and the unique solution of system s given by
X(t) = AF(t) =AY ()
t t
= —Z(t)® (Z(t)/ Z_l(s)Y(s)ds) + Z(t)/ Z71(s)Y (s)ds, (5.3)
0 0
where
Y(t) = A'F(t)
t t
= —Z(t)® (Z(t)/ Z‘l(s)F(s)ds> + Z(t)/ 7Y (s)F(s)ds, (5.4)
0 0
(iii) in the case that ®(X) = X(0), Z,tZ € kerA* and (Z,tZ),0 <t < 1, is a fundamental matriz

of the homogeneous system

A2X(t) =0, (5.5)

and

A2R(t) = Z(t)/O (t —s)Z 1 (s)F(s)ds. (5.6)

Proof. (i) Let Y (t) = AX(t) = X'(t) — Ao(t) X (t). Then

A2X(t) = AY(t) =Y'(t) — A(t)Y (1)

—2A0(1) X' (t) + [AZ(t) — AL(1)] X (1). (5.7)
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It easily follows that if D(A) = X}, then D(A?%) = X2.
(ii) By using (5.7)) system (5.2)) can be factorized into the following two systems of first order
differential equations

AY (1) = AY (1) = Y'(t) — A()Y (t) = F(t), ®(Y) =0,
AX(t) = AX(t) = X'(t) — A()X () =Y (t), P(X)=0,

~

which, by Lemma , are well-posed and their solutions are given by Y (t) = A™'F(t) and X(t) =

~

A~Y (1), respectively, from where and are derived. The operator A2 is correct because it
is a superposition of two correct operators [14].

(iii) Let A2X = 0. Setting ¥ = AX we get AY = 0. Then Y = Z& or AX = Zé, which
gives X = Z¢; + AlY =7 Cy + A1z c1, where ¢1, ¢ are m-dimensional constant column vectors.
From here, taking into account and ®(X) = X(0), for F' = Z¢ we obtain A™'Z =tZ and
X(t) = Z(t)eo+1Z(t)é, € ker A>. By Lemmal[3.2] the system Z UtZ is linearly independent. Hence
Z,tZ € ker A? and the system (Z,tZ) constitutes a fundamental solution to . From , ,
because of ¢(0) = X(0) = 0, by Fubini’s theorem, equality easily follows. ]

Theorem 5.1. Let the operator A : X, — X,,, be defined by
AX(t) = X"(t) = S()X'(t) - Q)X (t), D(A) = A7, (5.8)

where Q(t) and S(t) are m x m matrices with entries from X and X*, respectively, and the operator
By : X, — X, be defined as

BX(t) = AX(t)=F(t),

D(B) = (X(1) €2 0(X) = 3 M, (X),

B(X') = B(TX) + Z N,0,(X)}, (5.9)

where F' € X,,,, T(t) is an m X m matriz with entries from X, M;,j=1,...,n, and N;,j=1,...,r,
are m X m constant matrices, ® € [X']*, U, € X*,j=1,...,n, and ©; € X*,j=1,...,r. Then:

(1) if

Qt) = %S’(t) — 352(75), (5.10)
the operator A can be factorized as follows
AX(t) = A2X(t), X(t) € D(A), (5.11)
where .
AX(t) = X'(t) — 55(1&)){(1&), D(A) =X} (5.12)

(i) if, in addition to (i), we have T(t) = 15(t), the operator By is injective if and only if

B Lw —VW(Z)M  —U(A'Z)N
det Wy = det ( “oM Ly @(A\_lZ)N ) £ 0, (5.13)

where Wy is an m(n—+1) x m(n+r) matriz, Z is a fundamental matriz of the system AX =0,
AX(t) = AX(t) = F(t), D(A)={X(t) € D(A): ®(X) =0}, (5.14)
and ¥ = col(¥y,...,¥,) and © = col(Oy,...,0,),
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(#i) under (ii), the operator By is correct and the unique solution of system (5.9)) is given by

X(t) = By 'F(t) = A2F(t) + (Z(t)M7 2—12(75)]\7) Wyt ( gg_zg > : (5.15)

where E_QF(t), A\_lF(t) are given by 1) 1) respectively.
Proof. (i) Denote Y (t) = X'(t) — 25(¢)X (¢). Then since (5.10) and (5.12), we get

AX(t) = X"(t) = S(HX'(1) = QM) X(1)

= X0 - SOX (0 - 350 - 15°0)] x0)
= X"(t) - % (St)X (1) — %S (X’ — %SX)

1 S| 1 1
= (X' —28X) — =S [ X' — 28X | =Y'— 28Y = AY = A%X.
(- gsx) a5 (w-gsx) =y gs

From D(A) = X, it easily follows that D(A?) = X?2. Thus, we proved that B, X (t) = AX(t) =
AZ2X(t).
(i) If T(t) = 1S(t), then ®(X') — ®(TX) = & (X' — 15X) = ®(AX) and problem is
reduced to
BoX(t) = A2X(t) = F(t), ®(X)=MY(X), ®(AX)= NO(X). (5.16)
Let det W5 # 0 and X(t) € ker By. Then from problem ([5.16]) we get
ByX(t) = A’X(1) =0, @(X)=MU(X), ¢(AX)=NO(X), (5.17)

which, since ®(Z) = I,,, and AZ = 0,,, can be represented as

A(AX(t) — ZNO(X)) =0, (5.18)

O(X(t) — ZMY(X)) =0, (5.19)
P(AX(t) — ZNO(X)) = 0. (5.20)

Further taking into account ( , we get X(t) — ZMVU(X), AX(t) - ZNO(X) € D(A) and from
- because of A is an extension of A and ker A = {0}, it follows that

Then acting by functional vectors ¥, © on both sides of the above equation we get

L — U(Z)M]¥(X) — U(A'Z)NO(X) =0, (5.21)
—O(Z)MY(X) + [Lns — O(A'Z)N]|O(X) = 0. (5.22)
From the last system, since det Wy # 0, it follows that ¥(X) = 0, ©(X) = 0. Substituting these

values into (5.17), we obtain that AZX(t (t) = 0, and so, because A? is correct, we have X (t (t) = 0.
Then ker B, = {0} and Bs is injective.
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Conversely, let det W5 = 0. Then there exists a nonzero constant vector ¢ = col(cy, c2), where
c1 = col(¢i1, .., Clmn), C2 = col(Ca1, - .., Camk), such that

o Ly —U(2)M  —W(AT'Z)N ¢ 0
26 ( Q)M Ly —6(AZ)N |\ e 0 (5.23)
Consider the vector R
Xo(t) = Z(t)Mcy + A Z(t)Nc,. (5.24)
Note that Xy(t) = 0, if and only if Mc, = 0, Ncy = 0, since Z(t) is the fundamental matrix and the

set  Z(t)U fAl_lZ(t), by Lemma (3.2} is linearly independent. But if Mc; = 0, Ney = 0, then from
(5.23) follows that ¢; =0, ¢y = O Thus we obtain &= 0. But by hypothesis & # 0. So X(t) # 0.

Further using and taking into account ( -, we find
By Xo(t) = A2X,(t) = 0,
d(Xy) — MY (Xo) = M1, — V(Z)M]cy — M\I/(zzl\*lZ)Ncg =0,
AXo(t) = Z(t)Ne,
D(AXy) — NO(Xo) = —NO(Z)Mcy + NIy, — O(A"LZ)N]e, = 0.
From here it follows that Xo(t) € ker By and Bs is not injective. Thus, by way of contradiction we

proved that if By is injective, then det W # 0.
(7i1) Let det W5 # 0, then the operator By is injective. From ([5.16]) we obtain

—

A(AX(t) — ZGNO(X)) = F(t), & (AX(t) — Z(H)NO(X)) = 0. (5.25)

Then since A is a restriction of A and (3.3)), we get AX(t) — Z(t)NO(X) € D(A). From (5.25) and
first boundary condition (5.16) it follows that

—

AX(t) = ZONO(X) + AT F(t), B(X(t) — ZO)MI(X)) = 0. (5.26)

By means (3.3) we get X (t) — Z(t)MU(X) € D(A). Then from (5.26)), taking into account that A is
a restriction of A, we get

AX(1) = Z()MU(X)] - Z()NO(X) = A F (1),

X(t)—Z(t)M¥(X) — A1 Z()NO(X) = A- 2F(t). (5.27)

Acting by functional vectors ¥, © on both sides of the above equation, obtain
L — U(Z)M]U(X) — U(A1Z)NO(X) = U(A2F), (5.28)
—O(Z)MY(X) + [Iy, — O(AIZ)N|O(X) = O(A2F), (5.29)

or

The last equation yelds
( W(X) ) e ( V(A2F) )
oX) ) "% \ e@Az2r) )
Substituting this value into (5.27), we get solution (5.15]). Since the functionals
Uy, ..., ¥,,0,...,0, and the operators Al A2 in are bounded, then the operator B, *
is also bounded. Note that formula was proved for any arbitrary vector F(t) € X,,. Thls

means that R(B;) = X,,, i.e. the operator B, is everywhere solvable. Before we proved that B, is
injective and B, ' is bounded. Hence, B, is correct. O
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Corollary 5.1. In Theorem let (X) = X(to), to € [0,1], r =n, V;,0, € [X']*,j=1,...,n,
Q(t) satisfies (5.10) and T be a constant matriz. Then

BoX(t) = AX(t)=F(t),

D(Bs) = {X(t)eXﬁL:X(to)—iMj\Ifj(X

X'(to) = TX(to) + Y _ N;0,(X)}. (5.30)
(1) If
T = %S(to), N, = My, ©,(X)=W,(AX),i=1,....n, (5.31)
then there exists an operator B : X, — X, defined by
BX(t) = AX(t), D(B)={X(t)e D(A): X(ty) = Zn:Mj\Ilj(X)}, (5.32)

such that By can be factorized into By = B2,
(i) in addition, problem (5.30)) is uniquely solvable if and only if

det W3 = det[[,,, — V(Z)M] # 0, (5.33)
and its unique solution for all F' € X, is given by
X(t) = By'F(t) = A'Y () + ZMW; " W(A1Y), (5.34)
where
Y(t)= A 1F( )+ ZMW; " W(AF), (5.35)
ATTR(t) = —Z(0)Z(to) [, Z7N(s)F(s)ds + Z(t) [y Z71(s)F(s)ds, (5.36)
ATWY(t) = —Z(1) Z(to) [,° Z7(s)Y (s)ds + Z(t) [o Z7(s)Y (s)ds, (5.37)

Z = Z(t) is a fundamental matriz of AX(t) = 0, satisfying Z(to) = L, and
AX(t) = AX(t), D(A) ={X(t) € D(A): X(ty) = 0}. (5.38)
Proof. (i) Consider the operator B defined by (5.32)), namely
BX(t) = AX(f) = X'(t) — %S(t)X(t), X(t) € D(B).
Then for X (t) € D(B?) N D(Bs), since (5.10), the following formula is valid
BX(6) = APX(0) = X'(0) - S(OX'(0) ~ | 350) - 15(0)] X(0) = BaX(0).

It remains to prove that D(B?) = D(Bs) for T, N and ©(X), satisfying (5.31)). Indeed, because of
the equality BX = AX, X € D(B), we obtain

D(B?) = {X(t
= {X(t
= {X(

(
) (5.39)
)
)
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where

MXszéMX%=®CV@—%ﬂﬂX®)=XW@—%ﬂmeﬁ=XW@—TX%)

Then from we get
D(B?*) = {X(t) € D(A?) : X(t)) = MY(X), X'(to) = TX(to) + MU (AX)}
= D(By).

(ii) By Theorem [5.1] the operator B is injective if and only if (5.13)) is fulfilled, where k = n, N =
M, O(Z) =V(AZ) and O(A™'Z) = V(AAZ), or if and only if

Lm — V()M —W(A'Z)M
det TV = det b 0
e = e ( CWADM Ly — V(AG 2 )T

or N
ot Fon = VDM —W(AZ)M

Orn Ly — V(Z)M

Thus, B, = B? is injective if and only if det W5 # 0. The problem B?X(t) = F(t) by substituting
BX(t) = Y(t) is reduced to two systems BY () = F(t) and BX(t) = Y'(t). By Theorem 3.1 a

unique solution to the first system is glven by 1} where A=1F(t (t) is given by (3.4]) or (5.36).
Substituting the value Y () from into the system BX (t) = Y (¢) and again using TheoremD

) = [det (I, — U(Z)M)]* = [det Ws]? # 0.

we obtain ([5.34]). O
6 Examples

Example 1 In the function space C'[0,1], the following system of four first-order differential equa-
tions with four homogeneous initial conditions

vi(t) + 2mya(t) + 7ys(t) = cost,
ya(t) — 2myi(t) — 7ya(t) = sint,
B — wi(t) = 2sint,
yu(t) — y2(t) = —cosmt,
y1(0) = 42(0) = y3(0) = 5. (0) =0, (6.1)
has the unique solution
1
yi(t) = 1 [t(m + 4) cos it + (mt*(3m — 2) — 1) sin7t]
1
ya(t) = 1 [7t*(2 — 37) cos mt + t(m + 4) sin 7t ],
1
ys(t) = 1 [£*(2 — 37) cos it + Ttsinwt]
1
ys(t) = o [(3 = mt*(37 — 2)) sinwt — Tt cos 7t ] . (6.2)
7r

Proof. Let Y =Y (t) = col (y1(t), y2(t), y3(t), y4(t)) and write (6.1)) in the matrix form

Y'(t) — DoY(t) = F, (6.3)
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where
0 =27 7w 0 cos mt
2T 0 0 =2 sin 7t
Do = 1 0 0 0 , F= 2sin 7t
0 1 0 0 —cost

Note that Dy can be written as
() an (2 ) ()
Let X = C[0,1], X' = C'0,1], m = 2, X = col (z(t), x2(t)). Consider the homogeneous system
X'(t) — A X (t) = 0.
It can be easily shown that the fundamental matrix of this system is
7 _ ( Cf)s7rt —sinmt ) '
sinmt  cosTt
Then from it follows that the fundamental matrix of the homogeneous system
Y'(t) — DY (t) =0

18

cos 7t —sin 7t tcosmt —tsint
sin 7t cos Tt tsinmt tcosmt
Z(t) = % sin 7t % cos Tt 7%2 cosmt + % sin 7t —% sin 7t + % coswt |- (6.4)

t

Since M = 0 it follows from (4.5) and (6.4) that det W = det Z(0) = 1/7x* # 0 and hence by
Theorem 4.1 problem ([6.3)) is uniquely solvable and its solution is given by (@, ie.

—% cos mt % sin 7t cos Tt + W—lg sin 7t # cos Tt + % sin 7t

where
cosmt — mtsinmt  wtcoswt 4+ sinwt —m?tcoswt —mitsinwt
_1 —mtcosmt —sinwt coswt — wtsinwt  witsinmt  —w’tcoswt
Z (t) = : 2 2 o
msin Tt —mcos Tt e cosmt mesin i
T cos Tt msin it —m2sin 7t w2 cos it
After performing the calculations, we get solution ([6.2]). O

Example 2 Let X (t) = col (z(t),y(t)), F(t) = col(fi(t), f2(t)). Find the unique solution of the
problem By X (t) = F(t) on C0,1] defined by

2 (t) — 22/ (t) — 4y'(t) + 9x(t) + 8y(t) = f1(2), (6.5)
y"(t) = 82'(t) — 6y'(t) + 16x(¢) + 17y(t) = fa(t),
2(0) = 3z(1), y(0) = —2y(1),
2'(0) = z(0) + 2y(0) 4+ 32'(1) — 3z(1) — 6y(1),
y'(0) = 4x(0) 4+ 3y(0) — 2¢/(1) + 8=(1) + 6y(1).
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Proof. First we rewrite problem in the matrix form
% () = (i) - (“)(féii)%% ) (5o )
( ) (6.6)
RCIRGIE)
(o) )= (lg)(53)+(3j3)(29:§31?%3)

If we compare problem with (5.30), it is natural to take X = C = C[0,1], & = C*[0,1] =
Cy, X? = C?0,1], X3 = C3[0,1] = C'Ql, m=2n=1,1%t =0,

S(t) = ;g),Q(t):_<196 187>7T=(411§),
w5 ) = (50)) e (5
_

z(1) 2'(1) — z(1) — 2y(1) > (x’ 1)) (1 2) (x(1)>
U(X)=X(1 . O(X) = - _ _
0 =x= (50 ) o= (i Zad T )= (o) )= (63 ) O
By Remark [1] it follows that ¥ € [C5[0,1]]* and © € [C3[0, 1]]*, since ¥;, ©;, i = 1,2 are linear and
[W(X)| < [[X(®)]|c, and
19X <5l ®)e + 1y Ol + [lz@)lle + [ly@lle) = 51X O)le, + 1 X E)le.) = 5IIX (E)]loy-
It is easy to verify that @ and S satisfy (5.10]), then by Theorem there exists the operator A

defined by (5.12), namely
AX(t) = X'(t) — %S(t)X(t) _ ( ilﬁl ) - ( Lo ) < iﬁlll ) |

Note that O(X) = W(AX) = (AX)(1), M = N, T = 15(0), i.e. conditions m are fulfilled.
Then, by Corollary|5.1}, problem (/6.6)) is uniquelly solved if and only if (5.33)) holds, namely det W3 =
det[ly — W(Z)M] # 0. It is easy to verify that the fundamental matrix Z = Z(t), Z(0) = I for the
system AX (t) = 0 has the form

g 1( et 4 9t @Bt _ ot ) g1 1( et 4 9et Bt _ ot )

3\ 2e% —2e7t 2e% et 3\ 275 —2¢et 2e75 4 ¢t
O(Z) = I, det W3 # 0,
Wl 1 (466+3e+2) 2(1 — ¢b) )
56— 18e° +3e —4 6(e® —1) —3(66—e+2) '
By Corollary - problem . has the umque solution which is given by ([5.34]), where
A- LRt fo s)ds, \I/(A p) = (A L) (1),

Y(t) = ATF(t) + ZMng(,Z—IF)(r), AW () = Z(t) [ Z7(s)Y (s)ds,

U(AY) = (A'Y)(1).
Substituting these values into ([5.34)), we obtain the unique solution to (6.5))

X(t) =AY () + ZMW;HATY)(1).
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Example 3 The following system of two second-order differential equations with nonlocal boundary
conditions

y'(t) + 2ma'(t) — mPy(t) = sinmt,
2"(t) — 2my/(t) — mx(t) = cosnt,
y(0) = —2y(1) + 2x(1),
#0) = (1)
J(0) = —mn(0) — 2/(1) — 2ma(1) + 20/(1) — 2my(1),
2'(0) = my(0) +2'(1) — my(1) (6.7)
has the unique solution
y(t) = t2_7r2 cosmt — 52 sin 7t,
z(t) = t2_7r2 sin 7rt. (6.8)

Proof. First we write problem in the matrix form

)= (o ) 0 ) - (0 =) (56 - (83
)= 00 )
-GN e

If we compare problem with (5.30), it is natural to take X = C[0,1], X* = C'[0,1], X* =
C?0,1],m=2,n=1,ty =0,

so=(5, 57 )-e0= (5 2)r=(0 7).

== (4 3) = () e = () ) v = (2G))

0= () ) o= (5 T ). ro= (55 )

By Remark [1} it follows that ¥ € [C1[0,1]]" and © € [C3]0,1]]", since ¥;,O;, i = 1,2 are linear and
(O] < [[X@O)le., O] < 7l X ()] ey

It is easy to verify that @) and S satisfy (5.10)), then, by Theorem , there exists the operator A
defined by (5.12)), namely

x-S (40)(2 ) ()

Let Z = Z(t), Z(0) = I, be a fundamental matrix to the system AX () = 0. Note that O(X) =
U(AX) = (AX)(1), M = N, T = £5(0), i.e. conditions are fulfilled. Then, by Corollary
problem is uniquelly solved if and only if holds, namely det W3 = det[I, — U (Z)M] # 0.
It is easy to verify that

[ cosmt —sinmt 1 cosmt sinmt (-1 0
Z_(sinmf cos Tt )’Z _<—sin7rt Cos7rt>’\II(Z)_( 0 —1)’
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O(Z) = Z(0) = I, detW3:det(_()1 _22)7&0, W;:—(é 1}2).

By Corollary problem 1@} has solution given by where A-LF t)y =

0 ~ ~
0 fo 27 (&) F(5)ds = ( Lngt )o VAR = (@) =
-~ -~ 0

_ A1 -1 —1

Y(t)=A"F)+ ZMW; VU(A™'F) = ( %sinmﬁ)’
t 1o
1 _ [ smcosmt— 5 zsinmi

AT fo s)ds = ( = sin )’

1

W(AY) = (A1) = ( K
Substituting these values into ([5.34]

) we obtain the unique solution to

~ R to L
X(t) =AY (t) + ZMW; ' W(A7YY) = ( o Cosgsmiﬁ sin 7t ) |

2

which gives . O]
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1 Introduction and setting up the problem

For studying objects or processes in the surrounding world, methods of mathematical modeling are
extensively used. An efficient way to study processes by mathematical methods is by modeling these
processes in the form of fractional differential equations.

Fractional differential equations have excited, in recent years, a considerable interest both in
mathematics and in applications. They were used in the modeling of many physical and chemi-
cal processes and engineering (see, e.g., [2]-[4]). Other studies [7]-[6] demonstrate several interesting
features of the fractional diffusion-wave equations, which represent a peculiar union of properties typ-
ical for second-order parabolic and wave differential equations. Fractional evolution inclusions are
an important form of differential inclusions within nonlinear mathematical analysis. They are gener-
alizations of the much more widely developed fractional evolution equations (such as time-fractional
diffusion equations) seen through the lens of multivariate analysis. Compared with fractional evolu-
tion equations, research on the theory of fractional differential inclusions is however only in its initial
stage of development. This is important because differential models with the fractional derivative
provide an excellent instrument for the description of memory and hereditary properties, and have
recently been proven valuable tools in the modeling of many physical phenomena (see, [20] and the
references therein).

According to the fractional order «, the diffusion process can be specified as sub-diffusion (o €
(0,1)) and super-diffusion (o € (1,2)), respectively. There is abundant literature on the studies
of fractional equations on various aspects, such as physical backgrounds, weak solutions, maximum
principle and numerical methods (see, [19] and the references therein).
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Practical needs often lead to problems in determining the coefficients, kernel, or the right-hand
side of a differential equation from certain known information about its solution. Such problems
have received the name inverse problems of mathematical physics. Inverse problems arise in various
domains of human activity, such as seismology, prospecting for mineral deposits, biology, medi-
cal visualization, computer-aided tomography, the remote sounding of the Earth, spectral analysis,
nondestructive control, etc., (see [3], [L0]-|L7]). In this paper, we discuss an inverse problem of de-
termining a coefficient and kernel depending on the time in a fractional-differential equation by the
measurement data of time trace at a fixed point x;.

Let QI := (0,1) x (0,T) for a given time 7' > 0. We consider the following fractional integro-
differential equation with a fractional derivative in time t:

Ou(z,t) + Lu(x,t) = q(t)ue(w, t) + kxu(z, ) + f(z,t), (2,t) € QL, (1.1)

where 1 < o < 2 and Ofu(z,t) is the left Gerasimov-Caputo fractional derivative with respect to ¢
and is defined in [9] as
ovu(t) = K",

here the kernel function K is given by
k() = {%, t>0,
0, t <0,
['(-) is the Gamma function and £ is the differential operator defined by
Lu=—(o(x)u') + c(z)u,
where the coefficients belong to the set:
A= {(0,¢) € C'[0,1] x C[0,1] : ¢(x) >0, o(z) > 0o > 0},

and x denotes the Laplace convolution

Fea = | flt = P)g(r)dr.

Note that if &« = 1 and a = 2, then equation (|1.1]) represents a parabolic and a hyperbolic integro-
differential equations, respectively. Since we are interested mainly in the fractional cases, we restrict
the order o to 1 < av < 2.

We supplement the above fractional wave equation with the following initial conditions:

u(z,0) = p(x), w(z,0)=vx), 0<z<l, (1.2)
and the zero boundary condition:
u(0,t) =u(l,t) =0, 0<t<T. (1.3)

For convenience of the reader, we present here the necessary definitions from functional analysis
and fractional calculus theory.

For integers m, we denote H™(0,1) = W™2(0,1) and W*1(0,T) the usual Sobolev spaces defined
for spatial and time variables respectively (see [I]), and HJ"*(0,1) is the closure of C§°(0,1) in the
norm of space H™(0,1). For a given Banach space V on (0, 1), we use the notation C™([0,T]; V) to
denote the following space:

™0, T V) :={u:[0,T] - V: 107u(t)||v is continuous inton [0, 7] for all0 < j < m}.
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We endow C™([0,T]; V') with the following norm, making it a Banach space:

lollemuainy = Y- g bl )

§=0
In addition, we define the Banach space X{ by
Xg = C(0,T); D(L7+%)) N C'([0, T D(L7))

with the norm
”uHXg = ||u||C([O,T];D(E'Y+é)) + ||U||Cl([O,T};’D(L’Y))-

The notation X! indicates that zero represents the initial state of the time variable, i.e., t = 0.
Furthermore, we set

Yy = X] x C'0,T] x C[0,T)

endowed with the norm
1(w, g, k) |lyr = llullxz + llalleror + &l e

We denote the domain of £ by D(L£) = H*(0,1)NH(0,1). Tt is well known that, if the coefficients
0 and c of the operator £ are in the set A, then the operator £ has only real and simple eigenvalues

An, and with suitable numbering, we have 0 < Ay < Ay < -+ klim A = 00. By e, we denote
— 00

the eigenfunction corresponding to Ay, which satisfies ||ek||%2(0’1) = (ex,ex) = 1, where (-,-) denotes
the inner product in the Hilbert space L?(0,1) and A, e satisfy Lep = Aper, ex(0) = ex(1) = 0,
{ex} € H?(0,1) N H}(0,1) is an orthonormal basis of L*(0, 1).
Now we define the fractional power operator £ for v € R (e.g. [I3]) and the Hilbert space D(L?)
by
D(LY) := {u € L*(0,1) : Z)\iw|(u,ek)|2 < oo}, Ll = Z)\z(u, ek )er
k=1 k=1

with the inner product (u,v)pcv) = (L4, L7) 20,1y and, respectively, the norm

o 1/2
lullpery = [1£7ull = (Z A, 6k)|2> :

k=1

Moreover, we shall use the Mittag-Leffler function (see [9]):

k
ya
Epu(z)=> ———— z€C
T (pk + p)

o0

with Re(p) > 0 and p € C. It is known that E,,(z) is an entire function in z € C.

Lemma 1.1. Let 0 < p < 2, p € R be arbitrary and 0 satisfy % < 6 < min{m,7p}. Then there
exists a constant ¢ = c(p, pr,0) > 0 such that
c

E <
| PvN(Z)’ — 1—|—|Z"

0 < larg(z)| <,

and the asymptotic behavior of E,,(z) at infinity is as follows: for any N € N

E,(2) = - ; ﬁ LO(=N,
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For the proof, we refer, for example, to [5].

Remark 1. In the paper, the Mittag-Leffler function is used only for real negative z, in which case
the constant ¢ depends only on p and p.

Proposition 1.1. (see [9]) For A > 0, a > 0, 5 € C and positive integer m € N, we have

dm

dt—mEml(—)\ta) = —)\ta_mEa7a_m+1(—>\ta), t >0,
d B—1 « £B—2 «

= (t" ' Eap(=Xt%)) =t" By g1 (=A%), >0

and

0% (Bt (— M) = —AEoy (=A%), >0

Also, we shall use the following simple equality

0

max =01 —-0)"%<1 for 0<0<1. (1.4)

y>0 14y

If q(t), k(t), f(x,t), p(x) and ¥(z) are known, then problem ((1.1))-(|1.3) is called a direct problem.
The inverse problem in this paper is to reconstruct ¢(¢) and k(t) according to the additional data

w(ast) = hi(t), te[0,T], (1.5)

where z; € (0,1), i = 1,2 are fixed points, h;(t), i = 1,2 are given functions.

We investigate the following inverse problem.

Inverse problem. Find u € X, ¢ € C*[0,T] and k € C[0,T] to satisfy (L.I)-(L.3) and addi-
tional measurements , where D(L") is a Hilbert space with some positive constant 7 satisfying

inequality ((1.6]).
We now give a similar definition of a weak solution to (|1.1)-(1.3)), which is introduced in [I5].

Definition 1. We call u a weak solution to (1.1)-(1.3) if (1.1]) holds in L?(0,1) and u(-,t) € H(0,1)
for almost all ¢ € (0,7), u,0u € C([0,T]; D(L77)) and

lm (1) — e = lim Jus(-,) = e = 0
with some v > 0.
Throughout this paper, we assume that % < 7 and
5
157 < %- (1.6)

We make the following assumptions:

(C1) O¢hi € CU0,T] (i = 1,2), p € D(L*a), ¢ € D(L?), f € CY([0,T]; D(LY));

(C2> h;<0)q 0) = 81?‘ 1(0 +£ ( ) ( ) Where fZ( ) f(l'“ )7 ( 72)7

(C3) @(x:) = hi(0), (x;) = hi(0), (i = 1,2);

(C4) p(t) = h}(t)h2(0) — hh(t)h1(0) # 0 and p € C10, T satisfies the following inequality:
1

where pg is a positive constant.
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Remark 2. In (C1), 9¢h € C'(0, T] implies h; € W21(0,T) — H'(0,T) (see [17]).
Remark 3. (C2)-(C3) are the consistency conditions for our problem (1.1)-(1.3), (1.5)), which guar-
antees that inverse problem (1.1)-(1.3)), (1.5] is equivalent to (2.36) and (2.38) (see Lemma 2.6).

Remark 4. In order to guarantee that 0*h € C'[0,T], we could give the usual regularity condition
h; € C?[0,T], such that h}(0) =0 (see [17]).

The main result of this paper is the following local existence and uniqueness result for an inverse
problem.

Theorem 1.1. Let the assumptions (C1)-(C4) hold. Then, the inverse problem has a unique solution
(u,q,k) € YT for sufficiently small T > 0.

The outline of the paper is as follows. Section 2 presents preliminary results, including the
existence and uniqueness of the direct problem —, along with an equivalent problem. In
Section 3, we establish the local existence and global uniqueness of the solution to the inverse problem
—, using the Fourier method and the Banach fixed-point theorem. In Section 4, we

provide examples of the inverse problem (|1.1))-(1.3]), (1.5).

2 Preliminary results

This section presents some preliminary results, including the well-posedness for a fractional differ-
ential equation, an equivalent lemma for our inverse problem, and a technical result, which will be
used to prove our main results.

Let ) -
Ztn(a) = 3 (1. 0) B (=Mt)en @),
Z(tn(z) = 32 (0, e0)tEna(=Aat)en(z), (a.1) € QF,
| Za(00(@) = = T Ml et Ba(=Mut)en (o).

for n € L(0,1).
We first consider the following initial and boundary value problem:

O%u(x,t) + Lu(x,t) = F(x,t), (z,t) € QF,

w(0,t) = u(1,t) =0, 0<t<T, (2.1)

u(z,0) = (x), u(x,0) =1(x), 0<z<l1.

We split into the following two initial and boundary value problems:
ofv(x,t) + Lu(z,t) =0, (z,t) € QF,
v(0,t) =v(1,t) =0, 0<t<T, (2.2)
v(z,0) = p(z), v(z,0) =¢(x), 0<z<l,
and

Orw(x,t) + Lw(z,t) = F(z,t), (x,t) € QF,
w(0,) = w(l,t) = 0, 0<t<T, (2.3)
w(z,0) =0, w(z,0) =0, 0<z<l.

Similarly to Theorem 2.3 in [I5], it is easy to obtain the following assertion:
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Lemma 2.1. Let ¢ € H*(0,1) N H(0,1) and ¢ € Hi(0,1). Let v > 0. Then there exists a unique
weak solution v € C([0,T); H*(0,1) N HL(0,1)) N CH([0,T]; D(L77)) to [2.2]). Moreover, there exists
a constant ¢ > 0, depending only on o,y and Ay, such that

()l 20 + e Dl < e (lellazon + 1 lmey) . € (0,T). (2.4)

Furthermore, we have

{v(xnf) = Zi(1)p(@) + Zo(t0b(a),  (x.1) € QF, (25)

Ut<x7t) = Z3(t)90(x) + Zl<t>w(:€>7 (:C,t) € Qg

Proof. The uniqueness and existence of a weak solution are verified similarly to Theorem 2.1 in
[15], but the statement about the smoothness for the function v given in the lemma differs from the
statement about the smoothness given in [I5]. Therefore, here we prove only inequality . Using
Lemma 1.1, we have

[o( )01y 2D A0 1, €n) Baa(—Ant®)* +2) A2 (1, en)tEaa(—Ant®)[?
n=1 n=1

14+ A\t

2
s )\nta é 1—2
< 2E||@llra0,0) + 262 D Al (W, €0) <u> An 7

n=1

_2 _2
where ¢ > 0, depending only on «, is given in Lemma 1.1. Since Ap © < /\1 *n=1,2,.. by (1.4)
we have

1—2
ot Dl < 26 max{1, 57} (Il + 16130, ) - (2.6)

Further, by the second formula of (2.5)), we have

- - a— ay|?
o, OlBe-) <2 A% At (2, €0) Eaa(=Aat®)|

n=1

+ 23 A2 (1, €0) Ba (—Aat®)[
n=1

2

- )\nta anl —2 1—L+ > —92 1

<27 " A|(psen)l? (%) AT 22N T () PA T (227)
n n=1

n=1

Now, using Lemma 1.1 and (|1.4)), we have

—2(y+1-1) | —2(+1)
o, e < 26 max{ A" 07D (gl + 1l ) (2.8)
[
We introduce the following auxiliary lemmas to obtain the main results.

Lemma 2.2. Let F € C([0,T);D(LY*)). Then there exists a unique weak solution w €
C([0,T]; H*(0,1) N H3(0,1)) to (2.3) with 02w € C([0,T); L*(0,1)). Moreover, for any v > 0,
we have wy € C([0,T]; D(L7Y)),

lin [[w(-, )20 = i lr -, £) ey = 0. (2.9)

t—0



80 A.A. Rahmonov

Furthermore, there exists a constant ¢ > 0, depending only on o,y and Ay, such that

lw(, )l 20y + lwi( ) lpe—y < e(t + "N F loqorypicr/a) (2.10)

and we have

w(a,t) = — [ L7 Z5(t — s)F(x,8)ds, (a,t) € QF,

t (2.11)
wy(x,t) = [; LT Z4(t — s)F(x,s)ds,  (x,t) € QF,

where

Za(t)n(z) = Z A (1, en>ta72Ea,a71(_)‘nta)en(x)

n=1

and the function w belongs to the space C([0,T]; H*(0,1) N H}(0,1)) N C*([0,T]; D(L™7)).

Proof. By Theorem 2.2 in [15], for F' € C([0, T]; D(£'*)), the unique solution w € C([0, T]; H*(0,1)N
H(0,1)) to can be expressed by (2.11). As above, the uniqueness and existence of the weak
solution are verified similarly to Theorem 2.1 in [I5]. Therefore, here we omitted it and we prove
only equality and inequality .

We first have

00 t 2
||w('7t)’|%2(0,1)zz /(F('75>76n>(t_S)a_lEa,a(_An(t_s)a)ds
n=1 0
2
— | [z At —5)%)"
< ¢ )\;fF-,,n(n A tds|
<3| [ el T A s

or, by virtue of the generalized Minkowski inequality, we have

1/2

/ot (i ATI(F(,9), en)lz) A7 lds

t
/ds
0

Furthermore, according to Lemma 2.2, for F' € C([0, T]; D(£Y*)) and by Lemma 1.1, we have

2
lw( OlZ201) <

2
< NN o ripcrant’ (2:12)

< AN? max | F(., ) IDer/e

(-, ) "%{2(0,1)

< HEW<'J)“%2(0,1) = Z)‘i
n=1

t ;o 1/2 _ gyeyest
/0 (;)\n !(F(-,s),en)\2> (f\qji—(tAn(tl)s)a s
t2. (2.13)

2

/0 (F(, ), en)(t — 5)° B~ At — $)%)ds

2

<c

2 2
< CIF oz

By ([2.3) and (2.13) we can estimate also ||0fw (-, t)||c(0,1;2(0,1)) and we have 15% lw(-, )|l z2(0,1) = 0.
Next, applying Lemma 1.1, Proposition 1, and the Cauchy-Schwarz inequality, for any v > 0, we
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have

2

[Jwe (-, HDL ) ZA 2

/ ) e”)(t_s)a 2Eaa 1( )\ (t—S)a)dS

(Z)\ (F(, 8), en)]PAn " )1/2@—5)&%5

02

-1t PR ooy

2

< 272 (2.14)

Therefore, %g% l|ewe (-, t)||%( c—) = 0. Inequality (2.10) follows from inequalities ([2.13) and 219). O

By Lemma 2.1 and 2.2, we get the following assertion:

Lemma 2.3. Let ¢ € H*(0,1)NH(0,1), v € H}(0,1) and F(x,t) € C([0,T]; D(LY®)). Then there
exists a unique weak solution w € C([0,T]; H*(0,1) N H}(0,1)) N CH([0,T]; D(L™7)) to [2.1)), such
that

Nu(-, )l z200,0) + 1w )llpc—)
¢ [lellmzon + 1Yl mo1 + &+ D EFloqomoeey) (2.15)

for allt € [0,T], where the constant ¢ > 0 depends only on «,y and Ay, in particular, does not depend
on T. Furthermore, for all (x,t) € QY we have

{u(x,t)zzl<t)so(w)+22 () = fy £7Z5(t = 5)F (x, 5)ds, (2.16)

up(w,t) = Zs(t)p(x) + Zy () (x) + [y L7 Z4(t — 8)F (2, 8)ds,

where Z;(t)[-](j = 1,2, 3,4) are defined above.
The next two lemmas are regularity results of the solution u to problem (2.1)).

Lemma 2.4. Let p € D(L7%), ¢ € D(LY) and F € C([0,T]; D(LY). Then the unique weak solution
u € XI to (2.1)) is such that

i Dlpggret, + s Dlloen) < e(Ielpggret, + 16l + 127 I Fleomoen ), (217

where ¢ > 0 depends only on a.
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Proof. Obviously, by Lemma 1.1 and the Cauchy-Schwarz inequality, we have
> 2y+2 a = 2 +% a
I iy <30T R, en) B (At 4330 AR, ) B At

n=1
+3 i A0S

+ ()\ ta)l/a 2
<3 Z)\7 (,D,en ’2+3C Z)\Q’y w, n (ﬁw)

1

+3‘/ ( > OAN|(F )en)|2)1/2x;:(t—s)a—lEa,a(—An(t—s)a)ds

F(', 8),en)(t — 8)* B a(—An(t — 8)*)ds

2

< 302““””33@:%% + 302|W\|3)(m)

)

< 3c2uso||pwl) + 3 0len) + 37N pmoens| [ (¢ =) [ (219
As a result, we get
€, Ollpere s, < @) (Illpgrss, + 1lloen + I Flogommey) . (219)

3c2

where ¢(a) = -7z Furthermore, by Lemma 2.3, we have

[e.e]

ur(@,t) = > {=Aat* (9, ) Baa(=Mnt®) + (1, €n) Ea (= Ant®) } €0 ()

n=1

+Z{/ s),en)(t — 5)* 2 Eqa 1(—A (t—s)o‘)ds}en(x). (2.20)
Therefore, by applying (1.4]), and Lemma 1.1 again, we have

e ) Der)

<3Y NN, en) Pl Baa(=Aut™) P 3 A4, €0) [P Baa (—Ant®)

n=1 n=1

a3
Ant®) e\ 2 >
< A’” nt?) = 2N )\
3¢ z poen? () DI
1/2 a—2
t_
(ZA%(F(-,s),en)P) Sk A
0 1 1+>\1<t—8>a

3c? o
+ 33Ul by + (a_—l)QtQ( YIIFIZorpiey- (2:21)

2

/ ,8),en)(t — 8)* 2 Eqac1(=An(t — 5)*)ds

2
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Thus,
e )lioieny < e (16l pggas, + ¥ loien + 2 Flleqoryoieny) (2.22)

for all ¢ € [0,T], where ¢; > 0 depends only on «. Then, we immediately obtain the desired estimate

E17). 0

It is easy to see that
t
Cu(wst) = LZ2(8)0(xs) + LZa(E)0(:) — / Zy(t — $)Flan,$)ds, i—1,2.  (2.23)
0

The following lemma is valid.
Lemma 2.5. Let o € D(L0Fa), ¢ € D(L"), ¢ = m[ér}] c(x) >0 and F € C([0,T); D(LY)). Then
x€|0,
there exists a positive constant ¢ > 0, depending only on «, po, Co, Y, Yo, A1, such that
|£u(@, Yewa < e(I€llp s, + 1o + TIFlopmpen), i=1.2, (2:24)
and
Iue Mo < (l@lpgues, + Iloen + T Fleoaioen). i=12.  (2:25)

Proof. An inequality similar to the estimate in ([2.24)) was derived in [I8]. However, the smoothness
assumptions differ from those in [I8], so we provide a detailed proof of inequalities (2.24)) and (12.25)).
Recall the following inequality for the fractional power £° of £ with B € R, 8> 0:

w28 0,1) < C2||£’8U||L2(o,1)

where constant ¢, > 0 depends only on 5 and A\; (see., [13], p. 208).
Let g = min{eg1, ggo} with 2e9; = v + % — % > 0 and 2gpp = v — }1 — é > 0. According to the
Sobolev embedding theorem H?(0,1) C C[0,1] for 8 = 1 + o, we have

lenllco < csllenllmze.n) < eseallL€n 12001y < cal, (2.26)

where cg, 3, ¢4 > 0 depend only of 3, A;.
For convenience, we split Lu(x;,t) in three parts, namely Lu(x;,t) :=I; 4+ Iy + I3, where

L = LZ () (x;), Lo:=LZ(t))(x;), I3:=— /t Zs(t — s)F(x;,8)ds, i =1,2.
0

Note that
Ay > c5n2,

where ¢; > 0 depends only on py and ¢o (see [12], p. 190). For I;, by Lemma 1.1, and , we have

N « = 1 — 1_ 351
’Il, < Z)‘n‘<90aen>|’Ea,1(_)\nt )Hen(ﬂh)‘ < CZ)\:;O—F“’(SD,@“)‘)\”(’YO"'Q B-1)

n=1 n=1

[e§) 2 1/2 oo B 14 1
< C(Z)‘?M—a ‘((707671)’2) (ZANX’Y(H-Q B 1))
n=1 n=1

00 1/2
sccsuwumwa)(Zn“‘“*i‘ﬁ‘”) . (227)
n=1

/2



84 A.A. Rahmonov

By the choice of /3, we have 4(yo + é — f —1) =14 81 — 4ep > 1, which implies

YooY < oo, y0,7).
n=1

So, we get

L| < C(O"'707%p0;CO>H§0HD(£wO+é)' (2.28)
Further, by Lemma 1.1 and (1.4]), we have the following estimate for Iy:

el < 32 Al en) 1B Aot len (o) < e 2 (01 en) 75 75
n=1 n

_ 1_35_
< e 3l

0o 00 1/2
=) 1 5.1
< cey (ZA?O|(w,en>|2> (ZAn bota=? )> < coll¢llpieoy, (2:29)
n=1 n=1

where cg > 0 depends only on «, 7, v, A1, po, co- Next, we estimate I3. The estimate for I3 is the same
as in [I§] for v — 5 — é = 2e02 — €9 > 0, and we have

o) 2

L= A"/o (F (- 5), €n)(t = 8)* Eaa(=Au(t — 5)%)ds - en(w:)

n=1
: , o 1/2 \ (t—s)a)aT_l 2 1
< 202 A|(F P} D ds| A, 2077
_004/[)(2 |(EC, Wf)’) T+ M (t—s)
n=1
< 2)\ 2(’}’ B— F t2 2 30
< AN D P2 o oyt (2:30)
So,

5| < e, v, 70, A1, po, co)tl| Fllcqo,mipic), vt € [0,T]. (2:31)

According to ([2.28))-(2.31]), we obtain (2.24)).

By differentiating (2.20)) with respect to the variable ¢ and taking into account Proposition 1, we
obtain

d - 2 a—1 «
E}Cu(xu t) = - Z /\n(QO, en)t Ea,a(_/\nt )en(xz)

n=1

o0

+ Z A (¥, €n) Ba 1 (= Ant®)en(3:)

n=1

oo

+ ; An ( /0 t(F(-, s),en)(t — 8)* 2 Ega_1(—Mn(t — s)a)ds) en(z;)

=1 + Iy + I5. (2.32)

Let g9 = min{eqg, 11} where 2619 = vy — % >0 and 261 =y — % > 0.
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By the asymptotic property of the eigenvalues )\, > csn?, for L, using Lemma 1.1 and (1.4]), we
have

L1 <D N en)lt® ™ Enal=Ant®)[en(zs)]

n=1

oo a—1
Jré ()\nta)T — (v —B—
n=1 n

0o /2 / 1/2
2
S ccy (z :)\i’)’o"l‘a |(()07 en)|2> <§ A;Q(vg—ﬁ—l))
n=1

n=1
- 1/2
< cc4c5H<p||D(m0+é) <Z n—4('yo—ﬂ—1)> '
n=1

By choice of 3, we have 4(y9 — 8 — 1) = 1 4 819 — 4e9 > 1, which implies

o0
Zn"l(%’ﬁ’l) < (v, %)-
n=1
Thus, we obtain }
L] < C(CY»70,P0,00)||s0||p(mo+é)- (2.33)

Similarly, we have the following estimate for Io:

Ll <D Aal(, )l Eaa (= Aat®)len()]

n=1

00 )\;(’Yofﬁ*l) > 1/2
< cea Y NP en)| S < (Z Aol 6n>|2)
n=1 " n=1

(3] 1/2
X <Zn_4(’70—5—1)) S C(aa’yv,yo;100700)||77Z)||D(E'YO)' (234)
n=1

Further, we estimate I;. By Lemma 1.1 and v —pB—1=2e; —egg > 0, we have

[e'S)
T <>
n=1

M /0 (F(, ), en)(t — 8)° 2 Ea o 1(= At — 8))ds - en(x1)

2 2 e= 2 2 V2 (t—s)*? ? 2(y—B-1)
< A(F(- n ——————ds| -\ 0T
—CC4A<; n‘( (73)76 )|> 1—|—)\1(t—8)o‘ S n
t RN
2 2 2 a—2 —2(y—p-1
< @ max 1P | [ s2s| 20770
So that 3
5] < e(a, 7,70, M1, pos o) | Fllcqo,rypent®™", vt €[0,T]. (2.35)
Finally, by (2.33))-(2.35)), we get (2.25)), thereby completing the proof of this lemma. ]

To study the main problem (|L.1))-(1.3)), (1.5)), we consider the following auxiliary inverse initial
and boundary value problem.
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Lemma 2.6. Let (C1)-(C4) be held. Then the problem of finding a solution to -, is
equivalent to the problem of determining functions u(z,t) € X7, q(t) € C*0,T] and k(t) € C[0,T]
satisfying

Ofu(x, t) + Lu(x, t) = q()us(z,t) + (kxu)(t) + f(z,t), (x,t) € QL

u(x,0) = @(z), wz,0)=1p(z) 0<z<l1, (2.36)
u(0,t) = u(1,t) =0, 0<t<T,
and
1
q(t) = m( SOV [u, 1] (1) — 1(())/\/Q[U,Z](t)), 0<t<T, (2.37)
1
{W (OONa[u, 1) (t) — Q(t)./\/’l[u,l](t)ﬂ, 0<t<T, (2.38)
where Dy := (d/dt),
Ni = 07 ha(t) + Lulw;, t) — (L= b)(t) = fi(t), (i =1,2) (2.39)
and .
(1) = / k(r)dr. (2.40)

Remark 5. By Lemma 2.6, we know that problem (2.36)-(2.38]) is an equivalent form of the original
inverse problem ([1.1))-(1.3)), (1.5)). Therefore, in the following sections, we will discuss problem ([2.36))-

(2.38)), rather than the original one.

Proof. The solution (u(z,t), q(t), k(t)) € Yi of our inverse problem (L.1)-(L.3), is also a solution
to problem in Y[, because problem is the same as —. Therefore, we should show
only (2.37) and (2.38). Let the three {u(z,t),q(t), k(t)} functions be a solution to problem (L.1])-
(1.3]), (1.5). Taking into account the conditions d%h;(t) € C[0,T] which imply that h; € C[0,T],
and fractional differentiating both sides of with respect to t gives

O u(wy, t) = 0Fhi(t),  w(zs,t) = hi(t), 0<t<T. (2.41)

Set x = x; in equation (|1.1)), the procedure yields
t
Ofu(z, t) + Lu(z, t) = q(t)ue(x;, t) +/ k(t — T)u(z;, 7)dT + f(x5,t), i =1,2. (2.42)
0
We note that [(t) = fg k(7)dr. Then by integration by parts, we get the following equality:

/ Ck(Mh(t — 7)dr = h(O)I() + / Ut — () (2.43)

With the help of (2.41)) and (2.43), we can rewrite (2.42)) as

RL(#)q(t) + hi(O)(t) = %hy(t) + Lulast) — (L W)(E) — fit), i=1,2.

Due to (C4), we can solve this system to get (2.37) and

1
p(t)

Furthermore, by differentiating ([2.44)) with respect to t, we get (2.38)).

1) = —— (LN [, (2) = PO [, 0(2) ). (2.44)
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Now, assume that (u q, satisﬁes To prove that {u,q, k:} is a solution to the
inverse problem (|1.1] , , it sufﬁces to show that {u, q,k} satisfies

Setting x = x; in equatlon (2.36)), we have

O u(wy, t) + Lu(x;, t) = q(t)ug(xi, t) + (kxw)(t) + f;(¢). (2.45)
On the other hand, from (C2), we easily see that
1
p(0)
We get by integrating over [0,t]. From and (2.44), we conclude that

Ri()a(t) = —hi(0)U(t) + 7 halt) + Lulzs,t) — (L ))(t) = filt)
= 0%hi(t) + Lu(x;, t) — (k= hy)(t) — fi(t)

(14 (O)N[u, 1(0) = By (0)N; [, 1(0) ) = 0.

or

fit) = —hi()a(t) + 07 ha(t) + Lulwi, t) — (k * i) (t). (2.46)
Then substituting (2.46|) into (2.45)), and using (C3), we have that P;(t) := u(z;,t) — hi(t) (i = 1,2)

satisfies
{&X() q@P%> (k* P)(t), t>0,
P;(0) = P/(0) =

Then, the fractional initial value problem (2.47) is equivalent to the integral equation (see, [9], p.
199)

P(t) = ﬁ /Ot (/:(t e — s)dT) Py(s)ds

L t aly (s)ds
—f@yéu—s> ¢ (5)Py(s)d

(2.47)

1

+ m/o (t — 5)*2q(s)Py(s)ds, i=1,2. (2.48)

This is a weakly singular homogeneous integral equation, and it has only a trivial solution for ¢(t) €
C10,T] and k(t) € C[0,T] (see [§]). Therefore, u(x;, t) — hi(t) = 0, for 0 < t < T, i.e., condition
(1.5]) is satisfied. O

At the end of this section, we present a lemma that will be used to estimate ¢ and k.
Lemma 2.7. Let (C1) hold. Then for all (u,q,k) € Yi and | € C*0,T), there exists a constant
¢ > 0 depending only on o, vy, %, A1, Po, Co, in particular, independent of T', p,v, such that

N, Dlleror < 108Rillcro + € (1 p sty + 1o ) + I fillorom

+e(T + T e lullogrieny) + (T + T Elcprlul oo gpet by

+ T+ T flemoey + THllloron], (249)

where N; (i = 1,2) are the same as those in (2.39) and I(t) as in (2.40)).
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Proof. By Lemma 2.5 and condition (C1), we see that
INilu, Ol < 1107 hallcroy + [1Lulas, t) ooy + (12 hill oo,
+ fillew,ry < 197 hillcpo,m +C(H90||D(w+g) + [[¥llpeo)
+T%\!F|\C([O,T];D(£v)>) + T2 op I 20y + | fillowm:
By the definition of F', the last inequality gives
[Nilu, Qllcor < 1107 il oy +C[H90|\Dwo+g) + [[¥llpco)

1
+ T(HC]HC[O,T} [uelleqoripn) + A Tlkllowmlull o mpet),

1 legomeny )| + THllewnl#lzzom + | fllcon,

where we have used that

ol = SN E et < A%
DLy — n U7€7’L) n =71 H/U”D(L:"H'é)'
n=1

On the other hand, direct calculations yields

DN [u, 1)(t) = (07 hs) + Lug(x,t) — (I k) (E) — fi(t).

Here we have taken into account that [(0) = 0. By Lemma 2.5, we have
I DeNilw, e, < 11005 ha) o + C[||90||D(mo+é) + [[¥ Do)

_1
+T (IIQIIC[O,T]||ut||o<[o,T1;D(m)> A Tkl oo rype+4))

i .
+ ”f||0([07T];D(m))>] + 12 [ Ull oo [1Pill 20,y + Wl fillorour-
Using ([2.50) and (2.52)), we obtain the desired estimate given in ([2.49).

3 Well-posedness of the inverse problem

(2.50)

(2.51)

(2.52)
0

We can now prove the existence of a solution to our inverse problem, i.e. Theorem 1.1, which proceeds

by a fixed point argument. First, we define the function set
B,r = {(‘,q‘, k) €Yy a(z,0) = o(x),a,(x,0) = (x), u(0,t) = u(l,t) =0,

lallxz + lallcrpom + 1kl cror < p}-

Here p is a large constant that depends on the initial and source data ¢, ¢, f, as well on the

measurement data h;. For a given (u, q, k) € B,r, we consider

Ofu(w, t) + Lu(z,t) = Fx,t),  (x,t) € Qf,
u($70) = 90(1')? ut(xa()) = 1/1(37)7 0<z <1,
u(0,t) = u(1,t) =0, 0<t<T,
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where
F(x,t) = qt)u(x, t) + (k= a)(t) + f(z, 1),
and
oD ( (0N [u, 1] () — 1(0)N2[u,l_](t)>, (3.2)
d (Wi (N[, 1) (t) — hy(H) N [u, 1](t)
5( p(t) ) (3.3)

to generate (u, g, k), where [(t) = ft (1)dr, N; (i = 1,2) are the same as those in
By Hoélder’s inequality, we have

t t s
Ik < a) Ol < [ 1= n)Pdr [ fum) e <X @R glal g (3
0 0

which implies
1k @) (®)leqoripen) < M = p*T

Furthermore

S e
Using these results, along with f € C'([0,T]; D(L")), we have
20z, 6) + (F 0)(t) + f(,1) € C(0,T]; D(LY)).
By Lemma 2.4, the unique solution u € X! to problem (3.1)), given by (2.16) satisfies
HUHX[{ <c (HSOHD(ﬁwé) + [[¥llpern + TailHFHC([o,T];D(m)O ; (3.6)

where ¢ > 0 depends only on «. Further, (3.2)-(3.3) define the functions ¢(t) and k(t) in terms of w.
Furthermore, by Lemma 2.7, we have

G2 o r7:p(cry) = Max < allZ o1l Z o mpeery < 0" (3.5)

0<t<T

lallcrio + Ikllcoy < cllL/pllexo (11 (0)] + a(O)] + 1B llcro + IHllcroa)
x (14 (T + 7°)(1 + allconlullcgompen)
2 o) || 1. % 7|
+ (@2 + 1) [Fllewnllull g gy + T llleom). (37)

Note [(t) = [} k(r)dr. Then, we get

t
ltlowon = | [ Brar] -+ 1Floon < (1+DlFlog. (3.5)
0 C10,77
Substituting (3.8)) into (3.7 yields
lallcrpom + [[Ellepr < o(T) [1 + llallcom lullegoripe)

+ WEllcwm il ozt + Ellcom |- (3.9)

This implies that ¢(t) € C*[0,T] and k(¢) € C[0,T).
Thus the mapping B
Z:Byr =Yy, (4,q,k) = (u,q,k) (3.10)

given by (3.1))-(3.3)) is well defined.

The next lemma shows that Z is a contraction map on B, for sufficiently small 7" > 0. More
precisely, we have the following result.
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Lemma 3.1. Let (C1)-(C4) be hold. For (i,q,k), (U,Q,K) € B,r, define
(u,q.k) = Z(u,q.k), (U,Q,K)=Z2(U,Q K).
Then for any sufficiently large p and suitably small T(p) > 0, we have
1(u, q, k) llyr < p

and
1 _ o
Iu=Uig=Qk = K)llyr < Sll(@ =V, = Q@ k = Kllyz (3.11)

for all T € (0,7(p)].

In the following proof, we use ¢; (j = 7, ...) to denote a constant that depends on a, v, v, A1, po, Co
and the known functions ¢, ¢, f and measurement data h;,7 = 1,2, but is independent of p.

Proof. First, we prove that Z(B,r) C B, for sufficiently large p and suitably small 7. Without
loss of generality, we assume that p € [1,00) and T € (0, 1].

By Lemma 2.4 and inequalities (3.4))-(3.6]), we have

lullxg < AT el proe s, + [l
+ ! [Hcf(t)ﬂt||C([0,T},D(m)) + || (k * @)l cqo.r.p000)

+ Iflloqompien)| < er [L+ T (3.12)

Here we have used the assumptions p € [1,00) and T' € (0,1] (and we shall use them further on).
On the other hand, by (3.2)-(3.3)), together with Lemma 2.7 and (3.8)), we have

lalleo + Ikllcpm < es (I fw, Dlloriom + 1INl Dllesom
S@h+T+TW*+MT+T“UWmewMW

1
+ p(T% 4+ T%) ull, +pTH(1+T)]

0,7]:D(L7+ &)
<L+ T+ T (T T Dl + T )

< e[l + erpT® Y1+ p?To ) + pTV/?
< e[l + P (T + T2 (3.13)

Adding inequalities (3.12)) and (3.13]) gives us

(s g, )y < er [L+ p"T7]
+mﬂ+f@”HTWﬂ§mP+f@WHTW”.@M)

For p > ¢13, we choose a sufficiently small 7 (p) such that, for p > ¢;3 and 0 < T < 7 (p)
e L+ ot (12 + T2 | <. (3.15)
Therefore, for all T < min{1, 71 (p)}, we have

1(u, q, k) [lyr < p- (3.16)
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That is, Z maps B, r into itself for each fixed p > ¢13 and T' € (0, min{1, 71(p)}].

Next, we check the second condition of contractive mapping Z. Let (u,q,k) = Z(u,q, k) and
(U,Q,K)=Z(U,Q, K). Then we obtain that (u — U, q — @, k — K) satisfies the equalities

u(z,t) — Uz, t) = /Ot ATY (t — s)F(z,s)ds, (x,t) € QF, (3.17)

and
0(6) = Q) =~ (BaON N TI) = AU ZJ1) = I (O)Nalo 1) = MU ZJE). (319
0 - k() = (OG0 A 10) _ BOWSIIO ML (3

Fi:C](Ut—Ut)JF(q—Q)Ut+k5*(U—U)+(k_K)*U-
Using Lemma 2.4, ) and . we get
lu = Ullxr < c1aT*™ [H(@ — Q)] o,y + (@ — Un)dlleom b
+[[(k = K) * @)lleqo,pen) + [k (@ = U)lleqor,ne)
< T [Ilti - Q”C[O,T]||ﬂt||0([07T];D(U))
+ 17 = Oillogomven I@lop + T4 " Ik = Kllcpnll gy mer b
+ T 8= Ol (,ﬂ%))uf%ucm,n}
< cupT* max{1, T2\, } g = Qlloor + 1t = Tllxg + Ik = Kllcpm |- (320
Similarly, by (3.18)-(3.19) and Lemma 2.7, we have
_1
lg = Qlleroz + 1k — Kllcpor) < esp(T? + T2~ max{1, T2\, *, T}
x g = Qllep + i = Ullxg + Ik = Kllcpn]. (321)

Therefore, by (3.20)) and (3.21)), we have

l(u—U,q—Q,k — K)|lyr < clﬁp[Ta_l max{1,T2A;i}
(T2 + T VY max{1, T2\ =, T I = 0,a- Q.= Ky (322)
Hence, we can choose a sufficiently small 75 such that
cmp[Ta—l max{1, T2\, 7 } + (T2 + T°°1) max{1,T2Aﬁ,T%}] <1/2 (3.23)
for all T € (0, 73] to obtain
[(u=U,q=Q, k= K)llyyr < %H(ﬂ U= Q. k= K)llyr. (3.24)

Estimates (3.16) and ([3.24)) show that Z is a contraction map on B, r for all T' € (0, 7], if we choose
7 < min{l, 7y, 7 }. O
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Let us now prove Theorem 1.1.

Proof. Lemma 3.1 shows that there exists a sufficiently large p > 0 and a corresponding sufficiently
small 7(p) > 0, such that, for any 0 < 7' < 7(p), the mapping Z is a contraction on B, . Hence,
the Banach fixed point theorem guarantees the existence of a unique solution (u,q,k) € B,r C Yy
to the system —, for sufficiently small 7. As a consequence, the problem constituted by

(1.1)-(1.3) and (1.5)) also admits a unique solution (u,q,k) € B, C Yy by Lemma 2.6. O

Now, we present a global uniqueness result in time.

Lemma 3.2. Under conditions (C1)-(C4), for given measurement data h;(t) fori = 1,2 in (L.5), if

the inverse problem (L.I)-(L.3)), (L.5]) has two solutions (uj,q;,k;) € Yy (j = 1,2) for any time, then
(u1, q1, k1) = (u2, o, k2) in [0, T7.

According to Remark 5, we know that (2.36))-(2.38) is equivalent to (1.1)-({1.3), (1.5). In Lemma
3.2, we discuss the global uniqueness of inverse problem (|2.36])-([2.38)).

Proof. Given any time 7', let (u;, g;, k;) (i = 1,2) be two solutions to inverse problem ([2.36))-(2.38)) in
[0, 7] such that (u;,q;, k;) € Yy . This implies

H(Uz, q;, ki)”YOT S C*, 1= 1, 2, (325)
where C* > 0 depends only on «, T, initial data ¢ and ), the known function f and measurement
data h;.

Let 3
U=u —u2, ¢=q —q, k=k —k
Then (@, §, k) satisfies
ofu + Lu = qiy + quag + ky £ U4 k * ug, (z,t) € QF,
(x,0) = U (z,0) = 0, 0<z<l, (3.26)
u(0,t) = u(1,t) =0, 0<t<T,
and ]
i) = o (2(0) i1, 8) = b (0) Lz, 1) — [+ p), (3.27)
) 4 () (Eﬁ(xg,t) . h;) —RY() <£a(m1,t) . h’1>
(1) =< , (3.28)
dt p(t)
where () = I, — lo and I;(t) = [, k;(s)ds. We have to show
(@, 4, k)|lyr = 0. (3.29)
Define 3
o = inf {t € (0,7 |[(@,d,k)llys > o}. (3.30)

It does not hold, then it is clear that o is well-defined and satisfies
by Theorem 1.1, we have ¢ > 0, and o < T follows from the fact that ||(
continuity of the norm with respect to time ¢.

Let 0 < e < T — 0. Further, by , we can write the solution u as

o < T. Moreover,

0 <
, G, k)|lyr > 0 and the

u(z,t) = —/0 L7175t — 8)F(z,8)ds, (x,t) € Q7T (3.31)
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where ) )
F(x,t) = iy + quas + Ky * @+ K * ug.

Then, similarly to the proofs of Lemma 2.4 and 2.5, we have
]| o+ < Cea_l||F||C([o,a+e];D(E“f))a (3.32)
and

{HE@((L’“ '>||C[U,U+e] S Cl7€||FHC([U,a-{—s];D(ﬁV))7 (3 33)

1Lt (2i, )| cloota < 18€* | Fllc(joo+edD(27))-

From the definition of o, we see that

i=G=k=0 in [0,0]. (3.34)
By the definition of F', and using (3.4)), (3.5) and (3.25), we have
]| ore < c19€*" (||qlﬂt||0([a,a+e];p(m)) + |quat|lo(joo+asp(c)
+ ||k1 * 4|0+ + | * U2”C([a,a+e};7)(m)))

< gC*e* ! <Hﬂt!|0([a,a+e];p(m)) + |l c1o,0+4

A Nl gy, A WRlopa) - (3:39)
Due to ¢(o) = 0, then implies
lctona = max | [ 7163051 < clllesomsas (3.0
Substituting (3.36|) into (3.35)), we have
_1 -
]| xote < cooC*e* T max{1, e, A\, “e}||(@, g, E)llyo+e. (3.37)

Note ||q[|c1(0,0] = Ik]lc0.0] = 0. On the other hand, by (3.27), and using (3.33)), we have the following
estimate for ¢

ldllerioora
< eale + ) (I0200)/pOlloriora + 112(0)/pOcri00a ) IFllcqrosamien
+ & pllcpesdlllcpera
< 0210(W11H01 o017 1h2llcrjory) (e + €71) (HﬁtHC([oﬁe};D(m)) +elldllcrioord

N il gty ) + Cltlcwms Illopm)e M Flopora, — (3.39)

C(|o,0+€;D

where we have used that

Vllcposq = max | / $)ds| < e[ Flcpos.

o<t<o+te

Similarly to (3-38), by ([3-28) we can easily estimate &

&l clo.org < CURallc2o,s [[h2llc20,m) [021(6 + Ea_l)(HatHC([U,chre];D(ll’v))

+elldllcrporg + A EIIUH + €| kllcinoral- (3:39)

C(lo0+€D (Wé)))
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From (3.37)-(3.39)), we obtain
1(@, G, B)llyz+e < ClBallozory, Cn(e)I(@ G k) lyz+e (3.40)
with

: a—1 | 3/2 A
€1;111017( €) = elgfo (e+2e* "+ €7 ) max{l,e, A\, “€} =0,

and implying .
1(@, G, k)l[yg+e =0
for some sufficiently small positive constant e. This means that (u; — u2, g1 — g2, k1 — k2) vanishes in

[0, 0 + €], which contradicts with the definition of o. Therefore (3.29) is proved. From here, we can
conclude that

(u1,q1, k1) = (u2,q2, k) in [OvT]
for any time 7. O]

4 Examples

In this section, as an illustration, we provide two examples of inverse problem (|1.1))-(1.3]), (1.5).
Example 1. In this example, we consider inverse problem ([L.1f)-(|1.3]), (1.5) with the following input
data:

/

o(x) =sin2mz, Y(x) = ((8 —16v2)2% + (8v2 — 2)z) sinmwz, =1, 2y =3,
flz,t) = — [(¥"(x) + (64 — T4V2 + Tr?)(z) )t + (48 — 42v/2 + 872) 1%y (z)]
—[(48 — 42\/' 2+ 812t + Am*t?] p(x),

\hl(t) =14 t, hz(t) = 1.

It is easy to see that all functions given in Example 1 satisfy conditions (C1)-(C4).
Then, the exact solution of the inverse problem is

w(z,t) = p(x) +(x)t, k() = 48 — 42v/2 + 87° + 87,

q(t) = (64 — 74V2 + Tt + (24 — 21V2 + 4t — ?t?ﬂ
Example 2. In this example, we consider inverse problem —, with the following input
data:
o(x) =sin27rz, Y(z) = ((8 — 16v/2)2* + (8v2 — 2)z )sinmz, @ =1, @y i=1,
fla,t) = =" (x) + o(2)¢" (21)
=[5 + (L) = ()9 (22) + (" (1) = 0" (1) )p()] cost,
hi(t) :=14+1t, ho(t) =t.
Then the exact solution of the inverse problem is
u(x,t) = p(x) +(x)t, k() =48 — 42v/2 + 4x?sint,
q(t) = (=64 + 74v/2 — 372t + (24 — 21v/2)t% + 4n®sin t.
Since the inverse problem considered in equations —, is nonlinear, hence, an ana-

lytical solution cannot be found, however, to obtain the exact solutions provided in Examples 1 and
2, we employed a reverse approach: first, we define the functions ¢, ¥, hq, hy that satisfy conditions

(C1)-(C4) and the function u(t,z) that satisfies conditions (1.2)), (1.3)) and (1.5]), then we determine
the remaining functions ¢, k, f from the system of equations (2.36)-([2.38)).
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(Greece), M.A. Sadybekov (Kazakhstan), A.M. Sarsenbi (Kazakhstan), A.Yu. Seipisheva (Kaza-
khstan), T.V. Tararykova (Russia), N.T. Tleukhanova (Kazakhstan), B.H. Turmetov (Kazakhstan),
J.A. Tusupov (Kazakhstan).

Executive secretary: A.M. Temirkhanova.

Secretariat: R.D. Akhmetkaliyeva, A.N. Beszhanova, P).Ph). Dzhumabayeva, D.S. Karatay,
A.N. Sharipova, D. Matin, Zh.B. Mukanov, B.S. Nurimov, Zh.B. Eskabylova, A. Kankenova, I.
Gaidarov, D. Sarsenaly, N. Zhanabergenova, A. Abek, Ye.O. Moldagali.

Conference Schedule:

08.01.2025
09.00 — 10.00 Registration
10.00 — 10.10 Opening of the conference
10.30 — 12.50 Plenary talks
12.50 — 14.00 Lunch
14.00 — 18.10 Session talks

09.01.2025
10.00 — 13.00 Plenary talks
13.00 — 14.00 Lunch
14.00 — 18.50 Session talks
19.00 — Dinner for participants of the conference
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At the opening ceremony welcome speeches were given by A.B. Beisenbai, Vice-Rector for Aca-
demic Affairs of the ENU, Co-chair of the Organizing Committee of the conference; V.I. Burenkov,
professor of the RUDN University, Editor-in-Chief of the EMJ.

Plenary talks were given by

V.I. Burenkov (Russia), E.D. Nursultanov (Kazakhstan), M.A. Sadybekov (Kazakhstan) — on
08.01.2025;

A. Muravnik (Russia), T. Nurlybekuly (Kazakhstan), M.I. Dyachenko (Russia), N. Markhabatov
(Kazakhstan) — on 09.01.2025;

D. Suragan (Kazakhstan), D.E. Apushkinskaya (Russia), A. Kashkynbayev (Kazakhstan) — on
10.01.2025.

At the closing ceremony all participants unanimously congratulated the staff of the L.N. Gumilyov
Eurasian National University and the Editorial Board of the Eurasian Mathematical Journal with
the 15th anniversary of the journal and wished further creative successes.

They expressed hope that the journal will continue to play an important role in the development
of mathematical science and education in Kazakhstan in the future.

V.I. Burenkov, K.N. Ospanov, A.M. Temirkhanova
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