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KHARIN STANISLAV NIKOLAYEVICH
(to the 85th birthday)

On December 4, 2023 Doctor of Physical and Mathe-
matical Sciences, Academician of the National Academy
of Sciences of the Republic of Kazakhstan, member of
the editorial board of the Furasian Mathematical Jour-
nal Stanislav Nikolaevich Kharin turned 85 years old.

Stanislav Nikolayevich Kharin was born in the vil-
lage of Kaskelen, Alma-Ata region. In 1956 he graduated
from high school in Voronezh with a gold medal. In the
same year he entered the Faculty of Physics and Mathe-
matics of the Kazakh State University and graduated in
1961, receiving a diploma with honors. After postgradu-
ate studies he entered the Sector (since 1965 Institute) of
Mathematics and Mechanics of the National Kazakhstan
Academy of Sciences, where he worked until 1998 and
progressed from a junior researcher to a deputy director of the Institute (1980). In 1968 he has de-
fended the candidate thesis “Heat phenomena in electrical contacts and associated singular integral
equations”, and in 1990 his doctoral thesis “Mathematical models of thermo-physical processes in
electrical contacts” in Novosibirsk. In 1994 S.N. Kharin was elected a corresponding member of the
National Kazakhstan Academy of Sciences, the Head of the Department of Physics and Mathematics,
and a member of the Presidium of the Kazakhstan Academy of Sciences.

In 1996 the Government of Kazakhstan appointed S.N. Kharin to be a co-chairman of the Com-
mittee for scientific and technological cooperation between the Republic of Kazakhstan and the
Islamic Republic of Pakistan. He was invited as a visiting professor in Ghulam Ishaq Khan Institute
of Engineering Sciences and Technology, where he worked until 2001. For the results obtained in
the field of mathematical modeling of thermal and electrical phenomena, he was elected a foreign
member of the National Academy of Sciences of Pakistan. In 2001 S.N. Kharin was invited to the
position of a professor at the University of the West of England (Bristol, England), where he worked
until 2003. In 2005, he returned to Kazakhstan, to the Kazakh-British Technical University, as a
professor of mathematics, where he is currently working.

Stanislav Nikolayevich paid much attention to the training of young researchers. Under his
scientific supervision 10 candidate theses and 4 PhD theses were successfully defended.

Professor S.N. Kharin has over 300 publications including 4 monographs and 10 patents. He
is recognized and appreciated by researchers as a prominent specialist in the field of mathemati-
cal modeling of phenomena in electrical contacts. For these outstanding achievements he got the
International Holm Award, which was presented to him in 2015 in San Diego (USA).

Now he very successfully continues his research as evidenced by his scientific publications in
high-ranking journals with his students in recent years.

The Editorial Board of the Eurasian Mathematical Journal, his friends and colleagues cordially
congratulate Stanislav Nikolayevich on the occasion of his 85th birthday and wish him good health,
happiness and new achievements in mathematics and mathematical education.
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CORRECT AND COERCIVE SOLVABILITY CONDITIONS
FOR A DEGENERATE HIGH ORDER DIFFERENTIAL EQUATION

R.D. Akhmetkaliyeva, T.D. Mukasheva, K.N. Ospanov

Communicated by Ya.T. Sultanaev

Key words: degenerate fifth-order differential equation, unbounded coefficient, generalized solution,
correct solvability, coercive estimate.

AMS Mathematics Subject Classification: 35J70.

Abstract. In the work, we consider a fifth-order singular differential equation with variable coef-
ficients. The singularity means, firstly, that the equation is given on the real axis R = (—o0, 00),
and secondly, its coefficients are unbounded functions. We study a new degenerate case, when the
intermediate coefficients of the equation grow faster than the lowest coefficient (potential), and also
the potential is not sign-definite. We obtain sufficient conditions for the existence and uniqueness
of the generalized solution of the equation. We also prove a coercive estimate for the solution. The
coefficients of the equation are assumed to be smooth, but we do not impose any restrictions on
their derivatives to prove the results. Note that the well-known stationary Kawahara equation can
be reduced to the considered equation after linearization.

DOI: https://doi.org/10.32523 /2077-9879-2023-14-4-09-14

1 Introduction

The Kawahara equation or the generalized Korteweg-de Vries equation describes the propagation of
one-dimensional nonlinear waves in a dispersive medium. It was presented for the first time in the
paper [7] and is written as follows

3 ! !
By (x, t) + ayP(z, t) + U, Dy, £) + g, 1) =0, (1.1)

where «, ( are real numbers. Boundary value problems for equation (1.1) were studied in many
works (see [4,5,16]).

In [11], a Kawahara-type equation with variable coefficients defined in a non-compact domain
was studied. Conditions for the solvability of the Cauchy problem were obtained. The authors
of [11] assumed that the coefficients of the equation are bounded. Related references can also be
found in [11]. A natural continuation of these studies is the study of Kawahara-type equations with
unbounded coefficients. The present work is devoted to this case.

Let us consider the following stationary Kawahara-type equation

—y®) + 1y (z) y® +qo (z) yy = fo(x), (1.2)

where z € R. As a result of the linearization of (1.2), we will get one of the following two differential
equations

—y® oy (2)y® + ¢ (2)y = fi (z) (1.3)
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and
—y(5) + 7y () y(g) +q2 (x) yl = fa(x). (1.4)

Equation (1.3) with a positive potential ¢; () was considered in [9] (see also references therein). It
should be noted that the problem of the correctness of (1.3) with sign-variable ¢;(x), as well as of
equation (1.4), remained open.

In the present work, we will study the following linear equation

Lyy=—y® +r@)y® +q@)y +p)y=f(2), (1.5)

where x € R, f(z) € Ly(R), r is a three times continuously differentiable function, ¢ is a continuously
differentiable function, and p(z) is a continuous but not a sign-constant function. Equation (1.5)
generalizes both (1.3) and (1.4). Using some modifications of methods of [9, 10, 13|, we prove
sufficient conditions for the correct solvability of equation (1.5) and the fulfillment of the following
the so-called maximal regularity estimate

lo®, + ™, + |lav'||, + oyl < el 1, (1.6)

for the solution y, where ¢ > 0 depends only on 7, ¢, p. Here || - ||, is the norm in Ly(R).

Note that in [1, 815, 17|, the stationary singular differential equations of the second and high
orders with intermediate coefficients were studied.

Let

Loy =~y +7(@)y® +qx)y +p(2)y

be a differential operator defined on the set C'((]5) (R) of all five times continuously differentiable
functions with compact support. Due to the conditions imposed on the functions r(z), ¢(z) and
p(z), the operator Ly can be closed by the norm of Ly(R). We denote its closure by L.

Definition 1. A function y € D (L) satisfying the equality Ly = f is called a solution to the
differential equation (1.5).

Let g and h # 0 be real-valued continuous functions. We introduce the following notations:

ag () = (/Omg2 (t) dt)é </;00t2ﬂ'h—2 (t) dt)é (x> 0),
By (1) = (/Tog2 () dt)é (/_;tth_Q () alt)é (1 <0),

Yg,h,j = Max (Sup%,h,j (), Sulgﬁg,h,j (7)> (j=1,2).
T

>0

Lemma 1.1. [3]. If the functions g, h satisfy the condition v, ; < oo (j = 1, 2), then for each
y € C’éJH) (R) the following inequality

| @u@Pde< 2 [ @ @) (17)

o0 —00

holds.
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2 Auxiliary statements

We consider the differential operator lyy = —y® + r (2) 3 defined on the set C’(()5) (R). By [ we
denote the closure of [y in Ly (R). Consider the following equation

ly =~y +r(2)y® =), (2.1)
where h € Ly(R).

Definition 2. A function y € D () satisfying the equality ly = f is called a solution to differential
equation (2.1).

Lemma 2.1. If the function r (z) is three times continuously differentiable and
r Z 1a71,\/1:,2 < 00,

then for each f € Lo (R), there exists a unique solution y of equation (2.1). Moreover, for the solution
y the following estimate holds

1Vry @, + lylly < O, yrma + 1) 1yl - (2.2)
Proof. Let y € C’és) (R). Integrating by parts we get
() = = [O50a+ [eO de = [+ RO [V

By condition » > 1 and Hélder’s inequality, we have

1 2 2 2 2
z,<3></’—z d (/ <3>d>.
| (loy, v )L(Rﬁy x) RI\/?y " dx

It follows from the last two inequalities that

1
vy, < H—loy (2.3)
N |
By inequality (1.7) in Lemma 1.1, (2.3) implies that
1lly < yumel VY@, < urallioylls. (2.4)
From inequalities (2.3) and (2.4) we obtain that
lolly + 1yl < (n.yra + Doyl v € C7 (R). (2.5

Now we show that estimate (2.5) holds for any y € D (). For y € D (I) there exists a sequence
{n} 320 € C07 (R) such that [lgn = ylly = 0, [llgn = Iyll 0 (n = 00). By (25),

lyally + [[Vros2]], < (1, gm0 + 1) Hlogall, (n=1, 2, ...). (2.6)

Therefore, the inequality

19 = ymllo + [V (@ = 9) o < [1.vm2 + 1] oy = loymll, = 0
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holds for any natural numbers n and m. Let W23r (R) be the closure of C’éS) (R) with respect to the
norm |ly|ly = ||[vry®||, + lyll,- The sequence {y,} 52, converges to y € W;r (R). Passing to the
limit in (2.6), we obtain that estimate (2.2) holds for y € D (I).

Inequality (2.2) shows that there exists the inverse operator [~! to the operator [. By (2.2) and
Definition 2, the solution of equation (2.1) is unique (if exists).

Now we will show the solvability of equation (2.1). If we denote y® = z and Jz = —2" +r (2) z,
then equation (2.1) takes the following form

Jz=—=2"+7r(z)z = h(z).

It follows from estimate (2.2) that D (J) C Lo (R). By Definition 2, it suffices to show that R(SJ) =
Ly(R). Assume the contrary: R (S) # Lo (R). Due to inequality (2.2), the set R () is closed, so
there exists a nonzero element v € Ly (R) and v L R () [18]. It is easy to check that

S*v = —v" +r(x)v =0,
where $* is the adjoint operator to &. By condition » > 1 and known properties of the Sturm-
Liouville equation, v ¢ Lo (R). We obtain a contradiction that shows R (J) = Ls (R). O

Remark 1. The condition » > 1 in Lemma 2.1 can be replaced by the inequality » > ¢ > 0. To check
of this fact, it is enough to make the substitution = = \/igt in (2.1), where the condition r > ¢ > 0 is
fulfilled.

Lemma 2.2. Let a function r satisfy the conditions of Lemma 2.1 and

1<) oy eR p—n <1, (2.7)

r(n)

where C' > 1. Then the following estimate
1y, + lry® |, < Crlityll, (2.8)

holds for the solution y of equation (2.1). Here Cy depends only on r.

Proof. Let y be the solution of equation (2.1). By estimate (2.2), we have y® € L, (R). If we denote
y®3) = 2, then equation (2.1) takes the following form:

Jz=—=2"+r(z)z=h(x).
It is known that the solution z of last equation satisfies the following inequality
, Tlirzlly < Coliflly,

if condition 7 > 1 in Lemma 2.1 and (2.7) are fulfilled [8]. Since y® = z, we obtain estimate (2.8)
for the solution y of equation (2.1). O

1]

3 Main result

Theorem 3.1. Let a function v (z) satisfy the conditions of Lemma 2.2, and functions q (z) and
p(x) be such that
Va1 < 00, Yp.r 2 < 00. (3.1)

Then for any f € Ly (R) there exists a solution y of equation (1.5) and it is unique. Furthermore,
the following estimate holds for the solution y:

1y, + [y, + llay' I, + Ipylly < Coll fll2, (3.2)
where Cy > 0 depends only on r, q, p.
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Proof. Let us make the substitution ¢ = £ in equation (1.5), where a is a positive number. If we

5)
denote y (at) = 4 (t), 7 (at) = 7 (t), p(at) = p(t), ¢(at) = G (t), a®f (at) = f (at), then (1.5) takes

the following form

Loj=—3® +a*7g® + a3y + a’pj = f. (3.3)
Let [, be the closure in Ly(R) of the differential operator
loa§ = =3 +a*7g, (3:4)

defined in 055) (R) . Since a7 (t) > dy for some Jy > 0 , by Lemmas 2.1 and 2.2 and Remark 1, the
operator [, is continuously invertible and for any § € D (I,) the following estimate holds

17, + |l a®Fg™|, < Ci, 1Ll (3.5)

where C), depends only on 7 and a. It is easy to check that 7571 = a 27,1 and Y572 = a" 37, ;2.
By (3.5), condition (3.1) and Lemma 1.1, we have

HCL4(E/H2 < 2a47q,r,lcla a3l (3.6)
and

1057, < a*vp,r2C0, Ll - (3.7)
If we choose a number a such that a < L , then by (3.6) and (3.7), we obtain

Y22vq,r1+79p.02)Cl

. . 1. .
|a*qy'||, + ||’ pg]|, < 3 lLadll,- (3.8)

Then, according to the well-known theorem on small perturbation of a linear operator (see, for
example, [6]), there exists the inverse (L,)~" to the operator L, = I, + a*GE + a°pE (E is the unit
operator) and (L,)~" is defined on all L, (R). By Definition 1, for each f € Ly(R) there exists a
solution ¢ of equation (3.3) and it is unique.

From (3.5) and (3.8) we have

151,

1
az@@)HQ + ||a*qy||, + ||a®53]], < (c,a + 5) 120772 (3.9)

z~L

By (3.8),

ILadle < 2||Lag

Then (3.9) implies that

~(3)

15l + |ja*rg |, + lla*agll, + le*Bg]l, < (2Cu + DI fl
Taking into account that x = at in the last inequality and passing to the variable x, we obtain that
estimate (3.2) holds for the solution y of equation (1.5). O
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1 Introduction

We start with recalling the definitions of Niko’skii-Besov spaces B! y(a, b) and semi-normed Nikol’skii-
Besov spaces b, 4(a, b).

Definition 1. Let [ > 0, ke N, k> [, 1 <p, 0 < o0, a1 >0, as >k, and —o0 < a < b < +o0.
Then f € bl 4(a,b) if f is measurable on (a,b) and the following semi-norm is finite:

1
A Can)’
P(C’ﬂb*kh)
||f||b;,g<a,b):(/o (PPl L

IAY FIl L, (a0—kn)
hl ’

if 1< < ooand
(1.2)

||f||blp9(a,b) = sup
’ he(0,%72)

it 6 = oo.
Moreover, B!, 4(a,b) = b, y(a,b) N Ly(a,b) with the norm

||f||B§)79(a,b) = || fllL,(ap) + ||f||b;,9(a,b)'
Here Ai f is the difference of order k of f with step h:

() = 31 () -t .

m=0
Let for ay > 0, ag > k,

b—a

1
P 1
||f||(1) . ajtag HAff |Lp(a+a1h,b—a2h) dh ’ (1 3)
b;,e(a,b) o 0 Bl h .
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if1 <6< ooand

1
1wy = s IAY Lz atarno-az (1.4)
P he(0,-2

7a1+a2)

if f = cc.
Respectively,
(1) _ 1)
Hf”Béyg(a,b) = ||fHLp(a,b) + ||f||b;79(a7b).

We shall prove the equivalence of (1.1) and (1.3), (1.2) and (1.4) respectively, for an arbitrary interval
(a,b). We note the following results related to this statement.
The following theorem was proved in [5].

Theorem 1.1. Let I >0, keN, k>1,1<p, 0<00,0<d<00,5>2,aeR,0<a< .
Then there exists ¢c; > 0, depending only on «, s, k and [, such that

0 1
/6 ||A§f||LP(a,a+ah) @ ’
0 h! h

1
[ 0 )
s Ak a+(a+m)h,a+(sa+m dh
<ol swp (/ (|| WS 1|zt +hl>h, +(sat +1)h>> o (1.5)
'mGNO7 0

m<k(s—1)—1

for all read-valued functions If f measurable on (a,a + (k + «)d) for which the left-hand side of this
inequality is finite, in partcular, for all f € C*([a,a + (k + «)d]).

Corollary 1.1. If s = 2 inequality (1.5) takes the form

1
/(5 HAifHLp(a,a—&-ah) ’ @ ’
0 ht h
: HAffHL,,(a+ah,a+(2a+k)h) ’ dh v
< G / h! 7 ) (16)
0

where co > 0 depends only on o, k and (.

For differences of order one the following statement was proved in [10].

Theorem 1.2. Let 1 < p,# <00, 1l >0,a € R, 0<d<o00,t>0,0<b<ec T >0, and
0<B<C.
Then there exists cg > 0, depending only on t,b,c, T, B,C, and l, such that

1
/6 | A, fl 2, a+bhatch) 9% ’
i ! h
ctt s A Gdh %
e </B+T (H Thf“Lpf(Lclz—t-Bh@—i—Ch)) T) (1.7)
0

for all measurable functions f : [a,00) — R.
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Corollary 1.2. Ifb=0,c=a,B=«,C = 3,0 < a < §,t =T =1, inequality (1.7) takes the form

/6 ||Ahf||Lp(a,a+o¢h) o @ ’
0 h! h
0 HAkf”L (a+ah,a+Bh ’ dh %
h P s e
=G (/0 ( Bl ) h . (1.8)

where ¢y > 0 depends only on «, 5 and [.

The proof of the equivalences of (1.1) and (1.3), (1.2) and (1.4) will be based on Corollary 1.1,
a general statement (Lemma 2.1) for semi-normed space, connected with application of the Banach
theorem on the boundedness of an inverse operator, and the inclusion béje(a, b) C Ly(a,b), proved in

[6].

2 Equivalent semi-norms

Theorem 2.1. Let | >0, ke N, k>1,1<p, 0 <00, a1 >0, ay > k.
Then for an arbitrary interval (a,b) the semi-norms || f|ly ap and Hle()ll)( y re equivalent.
D, ’ p,0 a,

Moreover, there exists c5 > 0 is depending only on l, k, p, 8, oy and s such that
1
17150 oy < 1F ) < s o (2.1)

for all f € bl 4(a,b).

Lemma 2.1. Let Fy, Es be semi-normed spaces with the corresponding semi-norms ||.||g,, ||-|£,,
El C E2 and
=19 € Er:|lglle =0} =0:={g € Bz : [|gllm, = 0}.

Furthermore, let the space E; be complete with respect to the semi-norms ||.||g, and ||.|g, + |||,
Then there exists cg > 0 such that

1f 1l < coll fll e (2.2)
for all f € Ey.
Proof. We consider the factor spaces

E1 = E1/91,E2 = E2/91 and Em = E12/9~1>

where Ey; is the space Iy N Ey = Ei, equipped with the semi-norms .||z, = |||z, + |-l z,-
By the definitions of a factors-space and correspondlng semi-norm, F; is the set of all non-
intersecting classes f generated by elements f € Ey: f={f+g:g €6}, and ||f||E = 1nf Al &, -

Since 6, is the null-set of Fj, it follows that ||f||E1 =|flle ¥ f € f.
Since 6, = 0, Ey = E5/0, and similarly ||JFHE2 = ||fllg, ¥ f € f. Finally, for each f € Ei,

1f g, = I fllz, + 115, (2.3)
We note that E1 and E12 are Banach spaces. Next we consider the identity operator

[3E12—>E1.
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This operator is linear, continuous, and such that || f lz < f | ,,- Moreover it bijectively maps E,

onto Ejy. By the theorem on boundedness of an inverse operator (corollary of the Banach theorem
on an open map), the operator I=! : E; — Fj, is also continuous. Hence it is bounded, therefore
there exists M > 0, such that

1/l 2, < M S 2,
which implies inequality (2.2). ]

Remark 1. For the case of normed spaces £ and Ej this statement is proved in book |7] (Theorem
2, pp. 268-269).

Proof of Theorem 2.1. Step 1. The inequality
A1 iy < 17, o

being trivial, it is required to prove the right-hand side inequality of (2.1).

Assume that —oco < a < b < 0.

By applying Minkowski’s inequality, we obtain for any 1 < p, § < oo( if § = oo,then integrals
should be replaced by appropriate supremums)

0 5
IA} Fll Loa—rny \ dh
11l < ( / o (el &
aptog
0 3
/&Wz AR f |2yt dh
; ! h
1
A et dh '\
b—a hl h
a]tag
(7 (1A e\ dh )
ht h

1
b—a 0 1
HAszLp(a—i-a1h,b—o<2h)) @) 0

+

A

S—

+

ajtag
0 ht
1
_ /a1+az IAF fIl L, (0—ash,b—kn) 0@ ’
0 h h

E[1+12+13+[4.

h

Since
1AL Fll Ly @b—rn) < 281 fI| L, an)

we have that for some ¢; > 0 independent of f

L < C7HfHLp(a7b)'

Let in Corollary 1.1, § = . Then, since

b—a
(14a2)

(a + arh,a+ (204 + k)h) C (a+ arh,b— ash)
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for0< h < —2__ we obtain

+ 2)’
b—a 0 %
2(ay+ag) HA f“L (ataih,b—ash) dh
I, < -
2 = a (/0 ( Bl h

1
< asllflly

where cg > 0 depends only on oy, amn, k,l..
Next, I3 = IIfII,,l
To estimate I, We ﬁrst note that

Zk: ( )f(x+mh)

m=

||Ahf||Lp(b ah,b—kh)
Ly (b—azh,b—kh)

Lp(a,a+(a2—k)h)

(k) (b—kh+a—y+mh)
m

:‘ (;) fla+b—(y+ (k—m)h))
m=0 Lp(a,a+(ag—k)h)
k
— ( )fa+b— (y + sh))
s=0 Ly(a,a+(o2—k)h)
i k
— [ (D) st o s - om
5=0 Lp(asa+(az—k)h)

- HA gHLp (a,a+(a—k)h)’
where g(z) = f(a+b— z). (We changed the variable = b — kh + a — y and the summation index
m =k — s). Consequently

_b—a 0 g
I /a1+a2 ||Aﬁg||Lp(a,a+(a2*k)h) % 9
4 ; Al h

By Corollary 1.1, with § = jra , we obtain

b—a 0 1

erten (| ARl L, @t (aa—iphatas—tm ) dh )’

I, < ¢ X R
0

where cg > 0 depends only on aq, as, k, ..
By changing the variable y = 0 — kh + a — x similarly to the above we get

ARG Ly (0t (02— kot (2as—R))

= [|A fla+b =)L, @tk hat(@as—t)h)

= HAthLp(b—2a2h,b—a2h)-
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Therefore,
b—a k 0 %
L o< . /2<a1+02) AR |z, 0-205n0-a5m) \~ dh
R W A Kl h
Since
(b — 20&2h, b— Oégh,) C (CL + Oélh, b— Oégh)
for 0 < h < m, we have

I

IN

P 1
c /‘11+042 HA f”Lp a+aih,b—agh) @ ’
9 0 hl h

1
=l f 1Y

Finally, we get
1716t yar < 100l Flzatars + 1F 1y ) (2.4)
where ¢19 = max(cz, 1, s, ).
Inequality (2.4) immediately implies that || f|] Bl ,(ab) 19 equivalent to || f ngg ()"
Step 2. Let Ey = bl y(a,b) and E; be the set of all function f measurable on (a,b) for which

||f||bz ) < 00

If f € E; then by the result in [3] it follows that f € L,(a,b). Hence, by inequality (2.4) f € Es, so
E, C Es.
By Lemma 2.1 it follows that

1
110y < entll 1l o (2.5)

where ¢11 = ¢11(a,b,p, 0,1, k, a1, as) > 0 is independent of the function f.
Step 3. In fact, it follows that one can assume that in the inequality ¢y is also independent of a
and b. Namely,
cr1(a, b, p, 0,1k, ar, a9) = c11(0,1,p, 0,1, k, oy, az). (2.6)

To prove this we note that, if —oo < a < b < +00, then
1 1-1
I oy = (0—a)? |Ig|| (2.7)
p.6(a:D)

where g(y) = f(a+y(b—a)), y € (0,1). In particular, if a3 = 0 and ay = F,

||f||bé’6(a,b) (b— a) ||9||bl »(0,1)" (2.8)
Indeed by substituting y = = we get
b—ash m I P %
I8 ltyosanaoan = | [ [0 (2 60 )| o
k=0

+a1h
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. 1
1-322 » P
m . k
— / Z(—l)k <m>f(a+y(b—a)+mh) (b—a)dy
an U
1
1_(;32 P g
m
k mh 1
= —1)k=m — )| d b—a)r
[ () (v )| o] e-o
alh -
b—a
1
HAkh g 1h 2h (b_ a)p'
bma lLp(325.1-3%7)
Hence, by substituting t = %, we get
1
Y k 0 0
(1) gRE HAﬁgHLM%J—%) dh 1
“f”b;g(%w = 0 Bl 7 (b - a)p

1
it ([ Akl Lyt e ) dt ) L Sty 1D
(A ( wo-ay ) ¢ ) O =0mar el e

By (2.8), (2.5) with a = 0,b =1 and (2.7), we obtain

1
Hf|’b;79(a,b) = (b—a)r H9||b;,9(o,1)
1_
< en(0,1,p.0, 1k, ar,a0)(b—a) gl

011(07 17p7 67 l7 k? o, QQ)Hle()ll)g(a b)’
p’ b

which is inequality (2.5) with ¢ defined by (2.6) for the case of a finite interval.
Inequality (2.5) also holds with the same ¢y for infinite interval which follows by passing in (2.5)
to the limit.
O

Remark 2. It may be of interest to consider a similar problem for the Nikol’skii-Besov-Morrey
spaces in the definition of which L,-norms are replaced by the norms in Morrey spaces M;‘. The

required information on Morrey spaces and Nikol’skii-Besov-Morrey spaces can be found in [2], [3],
[4], [8] and [9].
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1 Introduction

Let E" and R™ be n-dimensional Euclidean spaces of points (vectors) z = (xq1,---,x,) and £ =
(&1, -+, &) respectively, R .= {{ e R, & >0, j=1,--- ,n}, R*?:={ e R" & - # 0}
Let N be the set of all natural numbers, Ny := N U {0}, Nj = Ny x --- x Ny be the set of all
n—dimensional multi-indices, i.e. the set of all points with non-negative integer coordinates {o =
(1, .cyan) s €Ny (i =1,...,n)}.

For £ e R", Ae R": \; >0(j =1,...n) and v € R™" we denote [§]| := /& + -+ + &2,
€A = VIl o G2 v i= by, €= (€= G [l

For a € Nj, we denote D* = D' --- D2, where D; =10/0x; or D; =09/0¢; (j=1,...,n).

Let A= {17 = (],---,)}}L, be a finite set of points 17 € R™*. By the Newton polyhedron
(further, when it does not cause misunderstanding, we will briefly write N.P.) of the set A we mean
the least convex hull (which is a polyhedron) = R(A) in R™, containing all points of A (see |23]
or [33]).

A polyhedron $ with vertices in R™" is said to be complete if R has a vertex at the origin of
coordinates and further vertices on each coordinate axis of R™™.

The k—dimensional faces of a polyhedron R are denoted by ®F (i =1,..., M,k =0,1,....,n—1).
The faces of the N.P. (by definition) are closed sets.

The unit outward normal to a supporting hyper-plane of a polyhedron R, containing some face
R¥ and not containing any other face of dimension greater than k, will be simply called the outward
normal (or f8—normal) of the face R¥. Thus, a given unit vector A\ can serve as an outward normal
to one (and only one) face of . We denote by A¥ the set of all outward normals of the face R¥
(i=1,...,M,,k=0,1,...n—1). Note that either the set A¥ consists of one vector (when k& =n—1),
or it is an open set (when 0 < k <n —1).

Forany A € A¥ (1<i< M,;, k=0 <k <n—1) there exists a number d = d; , = d; ;(\) >0
such that (A\,a) =d for all @ € R¥, and (\,a) < d for any o € R\ R¥. Moreover, the R—normal
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of the (n — 1)—dimensional (and only (n — 1)—dimensional ) face R’ of the polyhedron ® and
the number d;,,—1(A) (1 <i < M,_;) are determined uniquely.

Definition 1. A face RF of a polyhedron Ris said to be principal, if one of the following (obviously
equivalent) conditions is satisfied: 1) RF does not go through the origin, 2) among the R—normals
of this face there is one with at least one positive component. We say that a point a € R is principal
if «v lies on some (recall, closed) principal face.

Obviously, all sub-faces of a principal face are principal. The number of k—dimensional principal
faces of the polyhedron # is denoted by M}, obviously My < M;.

Let P(D) = P(Dy, ..., D,) = 3593 D” be alinear differential operator with constant coefficients
and P(§) = > 575 €% be its complete symbol (the characteristic polynomial). Here the sum goes
over a finite set of multi-indices (P) := {5 € N{;v5 # 0}.

The Newton polyhedron of the set (P) U {0} is called the Newton polyhedron of the operator
P(D) (polynomial P(£)) and is denoted by R(P). Thus, the Newton polyhedron of any operator
P(D) (polynomial P(&)) is actually constructed as the Newton polyhedron of the operator I+ P (D)
(polynomial 1+ P(€)), where [ is the identity operator. Note that a polyhedron R(P) may have
dimensionality less than n. However, in our considerations, we will assume that for both general and
generalized-homogeneous polynomials P the polyhedrons R(P) are n—dimensional (for complete
polyhedrons this is obvious).

Let ®(P) be the N.P. of a polynomial P(¢) and RF (i = 1,..., M,;k =0,1,...,n—1) be its faces.

The polynomial P**(¢) := Zaem Yo €* (1 <i < M;;0 <k <mn)) will be called the sub-polynomial
of polynomial P(£), corresponding to the face RF.
Definition 2. Let p € R™ be a vector with rational components. A polynomial R(§) = R(&1, ..., &)
is called p—homogeneous (generalized-homogeneous) of p—order d = d(p) (which is also a rational
number), if R(t*&) := Rt &y, ..., thn &) = t2R(E) for all ¢ > 0, £ € R™. When \; = My = ... =
An(= 1), it is an ordinary homogeneous polynomial, wherein |£, \| = [£].

We will often use the following proposition, proved by V.P. Mikhailov
Lemma 1.1. ([33]) Let ® = R(P) be the N.P. of a polynomial P(§) and X\ be any R—normal to the
face RE (A€ AF 1 <i < M,;0<k<n-—1) of the polyhedron R. Then the sub-polynomial P"* is
A—homogeneous.

Remark 1. It is obvious that if A is a unit vector and P(§) = 3 ,c(p) 7" is a polynomial,
then there exist (uniquely defined) numbers d;(\) and A—homogeneous polynomials P; := Py
(7 = 0,1,..,M(\) : do(A) > di(X) > ... > dpy(A), such that the polynomial P(£) can be
represented in the form

M(X) M(X)

M())
PO =D FO) =Y Pyw©=3> > & (L1)

J=0 (X\,a)=d;(X)

where the set of numbers {d; = d;(\)} coincides with the finite set of values {(\,a)} for all a €
R(P).

Note that

D if RF (i=1,...,Mu;k=0,1,....,n — 1) is some principal face of R(P) and A\ € A(RF), then
(A, @) = do(A) is the equation of the (n — 1)—dimensional supporting hyperplane to $(P) with the
outward (with respect to ®(P)) normal A, containing the face RF, where Py, () (&) = P (€).

2) it follows from Lemma 1.1 that a sub-polynomial P** (1 < M,,0 < k < n—1) of the polynomial
P is A—homogeneous for any A € A¥(R(P)), i.e. there exists a number d;; = d;x(\) > 0 such that
P can be represented in the form P (¢) = D 8)=di V8 ES

A face RF (1 <i < M,, 0 <k <n—1) of the polyhedron R(R) of a polynomial R(¢) is said
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to be non-degenerate (|33]) if R%*(&) # 0 for £ € R™O. If there exists a point n € R™° such that
Pik(n) = 0, then the face RF is said to be degenerate. A polynomial P(£) with P° N.P. R(P) is
said to be non-degenerate, if all its principal faces are non-degenerate.
Definition 3. An operator P(D) (a polynomial P(£)) is called hypoelliptic ([12], Definition 11.1.2
and Theorem 11.1.1 ) if the following equivalent conditions are satisfied:

1) all the solutions v € D" = D'(E™) of the equation P(D)u = f are continuously differentiable
(belong to C*°) for any f € C'™,

2) P(&)/P(&) :== D*P(&)/P(€) — 0 if | €| — 0o, and 0 # o € NP

Definition 4. 1) (|36] or [16]) We say that a polynomial P is more powerful than a polynomial Q)
(a polynomial @ is less powerful than a polynomial P) and write P > @ ( Q < P), if there exists a
constant ¢ > 0 such that

Q)| < | P(§)] + 1] VE € R, (1.2)

2) (|12], Definition 10.3.4) We say that a polynomial P is stronger (by L.Hérmander) than a poly-
nomial @ (@ is weaker than P) and write P > @ (Q < P), if there exists a constant ¢ > 0 such
that

Q) <cP(§) VEeR, (1.3)
where for a polynomial R the function R is defined by the formula

R =[>_ ID*REP)V?, ¢ eR™,

|| >0

Denote by I, the set of all polynomials in n variables, such that |P(§)| — oo for |£| — 0.

Many properties of the solutions of a general linear differential equation P(D)u = 0 are de-
termined by the behavior at infinity of the symbol P(£) of corresponding operator P(D) as the
modulus of the argument tends to infinity. For example, the symbol of a hypoelliptic operator tends
to infinity (i.e. P € 1,).

In this case, it is important (and sometimes determining) not only that the symbol of a given
operator tends to infinity, but also that this happens at a certain rate. For example, the symbol of
an elliptic (and only elliptic) operator tend to infinity at an "optimal" rate, i.e. if P(D) is an elliptic
operator of order m, then there exits a number ¢ > 0 such that

LA [EM < T+ |P(E)] < e[l + €™ VE e R™

In accordance with this, all continuous solutions of the elliptic equation R(D)u = 0 are real-analytic
functions.

Solutions to a hypoelliptic equation (the symbols P(§) of which belongs to I,,) are infinitely
differentiable functions. But they can also have better smoothness properties, for example, they can
belong to certain Gevrey classes ([9], [37] or [38]). As is known, the Gevrey class G?) (0 < o < 1) is
intermediate between the class of all infinitely continuously differentiable functions and the class of
all real-analytic functions. Moreover, if for a differential operator P(D) there are positive constants
c¢ and k such that

1+ |P(&)] = c[1 + [¢]*]v¢ € RY,

then the value of o directly depends on the value of &k (|9], [37], [3], [29], [30]). Therefore, the need
naturally arises to describe the set of multi-indices B = B(P) := {8} for which the estimate
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L+[PE)| > ) |€°| Ve e R (1.4)

BeB

is valid with some constant ¢ > 0.

V.P. Mikhailov in [33]| described the class of all non-degenerate polynomials P with a complete
Newton polyhedron, for which the set B coincides with the set R(P), which is (in a certain sense)
an "optimal" result. Similar result for an incomplete polyhedron was obtained by S. G. Gindikin in
[10]. The classes of polynomials considered by these authors are certainly different from the class
of elliptic ones, but they are close in character to an elliptic operator in the sense that they are
non-degenerate.

The case in which the polynomial P is degenerate was first considered in the work [17]. The

following proposition was proved there.
Theorem 1.1. ([17]) Let R = R(P) be the complete N.P. of a polynomial P. Suppose that all
principal faces RF (i = 1,2,.., My < M,k = 0,1,....,n — 1) of the polyhedron R except one (n —
1)—dimensional principal face I’ := 3?%’1 are non-degenerate, and the face I' with the outward normal
p (which in this case is determined uniquely) is degenerate. Let the polynomial P be represented as
the sum of pu— homogeneous polynomials (see representation (1.1))

PO =2 FO=2 Pow@ =2 2. 7" (1.5)

§=0 (p.0)=d; (1)

where Py(§) = P Y(&), M = M(P) = M(P,p).

Suppose that Py(n) # 0 for alln € X(Ry) :== {n € R |n,\| = 1, Py(n) = 0} and denote by R*
the N.P. of the set {5 € R, (u, f) < di}.

Then

1) in order to have the estimate

€ < c[|P(E)+1] V€ eR" (1.6)

for all points v € R* with some constant ¢ = c(v, P) > 0, it is necessary and sufficient, that for each
point n € 3X(Py) there ezists a neighbourhood U(n) such that Py(n) # 0 and Py(§) Pi(§) >0 for all
geUn).

2) if v ¢ R*, then inequality (1.4) cannot hold for any constant c.

As for the fact that only one face is degenerate, moreover it is a (n — 1)—dimensional face, it is

obvious that in case of the presence of several (n — 1)—dimensional degenerate faces, the set v € R*
narrows and is obtained as the intersection of the sets. In [19], the case, in which k—dimensional
faces for k < n — 1 were present was also studied. Namely, the following proposition was proved
in [19] (see also [17], Lemma 1.1), which in terms of the set I, can be rephrased as follows (below
Re={reR (\v) <d(N) Ve A(l)})
Theorem 1.2. Let R be the complete Newton polyhedron of a polynomial P € 1,. Let all the
principal faces RF (i = 1,.., My, k=0,1,....,n — 1) of the polyhedron R, except for (possibly) one
ko— dimensional face T' := §Rf§ (1 <i< Mg:1<ky<n-—1) are non-degenerate, and the face
[ is degenerate. Let the polynomial P be represented with respect to any vector A € A(T") in form
(1.1)(for the definition of the set A(T") see [17]).

Then inequality (2.1) holds for v € R* if and only if Py (n) # 0 for all n € X(I') and for all
Ae AD).

The main limitation in these theorems is that at the points of the set ¥(F,), on which the
polynomial P, vanishes, the next (or, which is the same, the first after P,) polynomial P; must be
nonzero. The author (and not only him) has not yet been able to overcome this limitation.
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Our goal in this work is to overcome this limitation. Namely, we consider the casein which
Pi(n)=Py(n)=..=PFP_1(n) =0, P(n)#0,1>2 for some point n € X(F).

First, let us make the following remarks important for the sequel.

Remark 2. 1) When we compare a monomial £” and P° polynomial P, (or two polynomials
() and P), we can assume that the coefficients of these polynomials are real. Otherwise, we can
compare the polynomials |Q(£)|? and |P(€)|?. This is possible thanks to a simple lemma proved in
[21], which says that if &8 = R(R) is the N.P. of a polynomial R and 9 = 9(|R|?) is the N.P.
of the polynomial |R|?, then R is similar to 99 with a similarity coefficient is equal to 2 and the
similarity center at the origin. Moreover, if the similar faces are denoted by the same indices (i, k),
then [|P]2]"*(€) = |P**(€)|>. In particular, this means that if the face R of the polyhedron $
is principal (degenerate, non-degenerate), then the face MY of the polyhedron M is also principal
(degenerate, non - degenerate) and vice versa.

2) If a polynomial P satisfies the conditions of Theorem 1.1 and the polyhedron R* is complete,
then P € 1,.

3) If P €1l,, then outside of some ball the polynomial P does not change its sign. Therefore, if
necessary, multiplying by (—1) and adding a positive constant (which does not affect their power),
we can assume that the polynomials P € I,, are everywhere positive. [21]

4) For polynomials P € I,,, the following simple proposition holds.

Lemma 1.2. Let R = R(P) be the N.P. of a polynomial P € I, and R¥ (i = 1,2,..., My, k =
0,1,...,m— 1) be the principal faces of R. Then

a) the polyhedron R = R(P) is complete,

b) P¥*(&) >0 forall E€R™ (i=1,2,.... My, k=0,1,....,n— 1),

c) let a pair of indices (i,k) (1 <i < M, 0<k<n—1), avector A\ € A(RY) and a point

n € S(P%) be fived; moreover (see representation (1.5)) Pj(n) =0 (j=0,1,..,01—1), P(n)#0
(ISZSM), then Pi(n) > 0.
Proof. Property a) is obvious. In both cases b) and c), assuming the converse, that P"*(n) < 0
(respectively, P,(n) < 0) for some point 7 € B(P*), we get that on the sequence {£% := s*n}>,
P(£°) - —oo for s — oo, which contradicts our assumption P(£) > 0 for all £ € R™. O

With all this in mind, Theorem 1.1 can be rephrased as follows.

Theorem 1.1 Let ® = R(P) be the Newton polyhedron of a polynomial P € 1,. Let all the
principal faces RE (i = 1,..., My, k = 0,1,....,n — 1) of the polyhedron R, except (possibly) one
(n — 1)—dimensional face T := R}~ (1 < i < My, : 1 < kg < n—1) (with the outward normal
@), are non-degenerate. Then, if T is also non-degenerate, for any v € R estimate (1.6) holds.
If " is degenerate, then with respect to the vector p, we represent the polynomial P by formula
(1.5). Suppose Pi(n) # 0 for all n € X(Py) and let R* denote the Newton polyhedron of the set
{5 € §R7 (:uaﬂ) < dl}

Then estimate (1.6) holds if and only if v € R*.

Corollary 1.1. Obviously, under the assumptions of Theorem 1.1" Py < P and P; < P.

Remark 3. It goes without saying that in Theorems 1.1 and 1.2, in essence, only the cases in which
the polyhedron R* is complete are interesting. Moreover in this case, obviously, Theorems 1.1 and
1.1" are equivalent (see also Lemma 1.2).

We are now in a position to move on to our main task. Namely, let a degenerate
polynomial P € I,, be represented in form (1.5), with P(n) #0 (1 <l < M) for all n € 3X(F), and
each of the polynomials P; (1 < j <[—1) vanishes at least at one point n € (). Let R** denote
the Newton polyhedron of the set {8 € R, (i, 5) < d;}. Under what conditions on the polynomials
P; (1 <j<l—1) inequality (1.6) is valid for all v € F**?

Let us paraphrase the problem in terms convenient for us. Let a polynomial P be represented
in form (1.5) and satisfy the above conditions. Denote P () := Fy(§) + Pi(&) + Py1(€) + ... + Py (§),
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Pi(&) =P (&)+...+P_1(€). Then P(&) =P(&) +P1(§). Ifl =1, then P(§) = P(§), R** =R* and
from Theorem 1.1’ it follows that £ < P for all v € ®**. Let [ > 2, what should be the polynomials
P; (j=1,...,1—1) in order for the polynomial P to satisfy the conditions ¢ < P =P +P; for all
v e R

Since the polynomial P satisfies the assumptions of Theorem 1.1" (with P; replaced by F}) then
€ <P for all v e R*, it is clear that the polynomials P; (j =1,...,l — 1) must be such, that the
relation P < P =P + P; holds.

The question posed is a special case of the following more general question (which, in addition to
having numerous applications in the general theory of linear differential equations, is of independent
interest): what polynomials {7(£)} can be added to a polynomial R(§), so that

a) R(R+r)=R(R),

b) r <R,

¢) the polynomials R and R + r have the same power, i.e. R< R+r <R

We will call such polynomials r the lower-order terms of R.

Except that (as we will see below) the method of adding lower-order terms to a given differential
operator (polynomial) that preserve (do not change) the power of the original operator (polynomial)
will be directly applied to solving the problem posed by us, we present a number of other uses to
illustrate the importance of this capability.

1) ([12], Theorem 11.1.9) If the operators P(D) and @Q(D) have the same strength (by L.
Hormander) and P(D) is hypoelliptic, then Q(D) is also hypoelliptic.

2) (|31], Theorem 2) Let P and () be polynomials with real coefficients with degrees mp and
mg respectively (mp > mg). If for any real number a the polynomial P + a @ is hypoelliptic,
then the polynomial @) is also hypoelliptic.

3) (|20],Theorem 1) Let a hypoelliptic polynomial P be represented by a vector A € E™ in form
(1.5), where M = 1. Let R be a A—homogeneous polynomial of A—degree d(R) : d; < d(R) < dp and
R < Fy. Then P + R is also hypoelliptic

4) (|20], Theorem 2) If a polynomial P (with generally speaking complex coefficients) is hypoel-
liptic and @ < P, then there exists a number € > 0, such that for any complex number «a : |a| < ¢
the polynomial P + a @ is hypoelliptic.

5) ([12, Section 12.4|, [11], [3]) Let P,, be a homogeneous polynomial, hyperbolic with respect
to the vector N € R" and @ be a polynomial such that ord @ < m. Then the polynomial P,, + @
is hyperbolic (with respect to the N) if and only if @ < P,, (see Definition 4)

These and other examples show the importance of finding the widest possible classes of lower-order
terms for a given (in particular, generalized-homogeneous) polynomial.

Thus, our problem is reduced to finding conditions under which the polynomials P;,---, P_4
are the lower- order terms of the polynomial P, i.e. for which a) P; < P(j = 1,2,...,1 — 1), b)
P <P <P

We will deal with this issue in the next section.

2 Comparison of powers of polynomials

Note that everywhere below, when comparing polynomials (or monomials and polynomials), we will
consider only the case of the presence of an (n — 1)—dimensional degenerate face. The case of the
presence of a degenerate face of dimension k < n —1 is staded by comparing the method of proving
Theorem 2.2 of this paper and the method of proving Theorem 1.2 formulated in present paper and
proved in [19].

Let A = (A1,..,A\n) € E" be a vector with positive rational coordinates and R(§) =
Z(/\a): dn vl €% be a A—homogeneous polynomial. As usual, we denote by (R) the set of multi
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- indices {a} for which v2 # 0 and by R(R) we denote the Newton polyhedron of the set (R) U 0.
Further, we will assume that the polyhedron $(R) has a dimension n. Also put X(R) := {& € €
R™% 1€, A\ =1, R(§) = 0} and for the points n € X(R) denote

A(n, R) :={v;v € N, DYR(n) # 0}, A(n, R) :== rgrll(inR)()\, v). (2.1)
ve(n,
It is natural to start the comparison with the simplest case, namely with the comparison of
generalized- homogeneous polynomials.

2.1 Comparison of powers of generalized-homogeneous polynomials

First, let us make the following remark
Remark 4. It is geometrically obvious that a sub - polynomial corresponding to the face RF of the
polyhedron R(R) = R(RUO0) has the form R**(£) or R**(¢) + 1. Therefore, only the faces R¥ that
are formed without taking into account the point zero (that is the faces R¥ to which the polynomials
RUE(€) correspond without the participation of unity), can be degenerate, because the remaining
faces correspond polynomials of the form R**(£) + 1, where R**(£) > 0 for all £ € R" (see Remark
2).

The next proposition was proved in [16]
Theorem 2.1. Let R be a A—homogeneous polynomial of \—order dgr. Let all the principal faces
R(R) of the polynomial R be non - degenerate, except possibly the (n — 1)—dimensional face T’
containing the set (R). Then

I) If the face T is non - degenerate, then r < P for any A—homogeneous polynomial v of A—order
d, < dg such that R(r) C R(R);

I1) If the face T is degenerate, then r < R if and only if the following conditions are simultane-
ously satisfied

1) d, <dg,
2) X(r) D X(R),
3) R(r) C R(R),
4)(see notation (2.1))
j—; < 2&7”2} Vi € S(R), (2.2)

5) for each point n € 3(R) there exists a neighborhood U(n) and a constant ¢ = ¢(n) > 0 such
that

r(&)[V/20) < e|R([VAR) e € Un). (2.3)

In general, for generalized polynomials ) and P the relation ) < P does not guarantee, that
the polynomial @ is a lower-order term of the polynomial P, that is, P < P 4+ Q < P However,
it turns out that for generalized - homogeneous polynomials r and R from r < R it follows that
R<R+7r<R.

Let us prove the last statement. Firstly note, that since the numbers Ay, ..., \,, are positive and
rational, and any A—homogeneous polynomial R is also (k A)—homogeneous, then choosing a natural
number £ in an appropriate way (which does not affect the dg/dp ratios), we can assume, that the
numbers dg and dp are natural, hence the functions P% and Q% are also polynomials. Therefore,
we can compare their power. Moreover, the following proposition holds
Lemma 2.1. Let P and ) be A—homogeneous polynomials of A—orders dp and dg respectively,
where dp > dg. Then
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a) Q < P if and only if Q" < P (what is the same Q < P9/ j.e. there is a number
c >0 such that

QI < c[L+]P(E)|™] VE R, (2.4)

b) if P> Q and dg < dp, then

b1) [QUOI/IPE] =0 and [QE)I/IPE) +QE)] =0 for Q)] = 00 (hence [P(E)] = o0),

b2) P<P+Q<P
Proof. Let us prove item a). Since dp > dg, it is obviously followed from Q% < Pde that Q < P.
Consequently, the sufficiency of estimation (2.4) for the ratio ) < P is obvious. We need to prove
that estimation (2.4) follows from @ < P. On the other hand, to prove the estimate (2.4), it suffices
to prove it for sequences {£°} such that |Q(£%)] — oo for |£°] — oo.

So, let {¢°} be such a sequence. From the condition P > @ it also follows that |P(£®)] — oo for
s — 00.

Denote t; := |P(£°)] and 77 := e & (1=1,..,n) ie. & = £/ s, P(r*) =1 (i =
1,2,...,n; s =1,2,...-) Consider the individual parts of the inequality (2.4) on this sequence.

Due to the A—homogeneity of the polynomials ¢ and P and bearing in mind that P(7°) =
1 (s=1,2,...), we will have

Q(EN)| = 132/ |Q(*)], |P(€°)|1e/4r = tfe | P(r*)|%e/dr = t]e.

Since @ < P, from these representations and from P(7°) =1 (s=1,2,...) we have

QUEY’|/[1+ [P(€°)| 1@/ ] =t/ |Q(7°)| /[L + t(°]

< ctd/dr [1 4 P(79))/[1 + t%Q] = 2 ctde/dr=da = 3 ¢dall/dp=1)

Since dp > 1 and t; — oo for |£*| — oo we obtain item a) of the lemma.

Item b.1) directly follows from item a), if both sides of the (already proved) inequality (2.4) are
divided by |P(£)|%” and |P(£)| tends to infinity. Similarly, it turns out that b.1) implies b.2). [
Corollary 2.1. From part b.2) of Lemma 2.1 it follows that if P and Q are generalized - homoge-
neous polynomials satisfying the conditions P > () and dg < dp, then polynomial Q) is the lower -
order term of the polynomial P, that is P < P+ Q < P. As mentioned above, below we will make
sure that, generally speaking, this is not the case for general polynomials (see examples 2.3 and 3.1
below).

2.2 Comparison of powers of general polynomials

In this section, we set ourselves the task of comparing the powers of two general polynomials. Exactly:
let P be a given polynomial with the complete Newton polyhedron ®(P) and ) be some polynomial.
Find the conditions under which @ < P. If polynomial P is non - degenerate and R(Q) C R(P),
then by Theorem 2.1 @) < P. Therefore, we only need to consider the case when polynomial P is
degenerate.

Before proceeding to the comparison of general polynomials, we prove one simple proposition,
which, comparing a general polynomial with a generalized homogeneous polynomial reduces to com-
paring two generalized homogeneous polynomials and which, in our opinion, is also independent
interest.

Lemma 2.2. Let R be a A—homogeneous polynomial of A—order dr and () be a general polynomial
represented in form (1.1) of as the sum of A—homogeneous polynomials, i.e.
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N(Q) N(Q)
- Z Q;(&) = Z Z YLEX 61 > 0y > . > g > 0.
Jj=1 =1 (M\a)=

Then relation R > @ holds if and only if Qj <R (j=1,..,N=N(Q))
Proof. The proof of sufficiency is obvious. Let us prove the necessity. Let R > (). We must proof,
that Qx < R (k=1,..,N).

Since R > @, for any t >0 Q(t*&) < R(t* &) = t4r R(€). Consequently Q(t* &) < R(§) for any
t>0.

Choose (and fix) N positive numbers ti,...,ty sPs that the matrix (t?’“) is non - degenerate.
We obtain from representation of @ that Q(t} &) = S tf-’“ Q1(€). Therefore each of polynomials
Qr(§) (k= 1,.,N) is a linear combination of polynomials Q(¢}¢). This means that there exist

numbers {a! = al(t,, ... ,tn)}—, and {b] = b(ty, ... ,tn)}1 =1 such that for all j = 1,...,N

Qi) =al QY &) + ...+ al QN &) <V [L+ |R(t}€)|]
o U ()1 + IR(t?V»S)I]:bj[thR\R( O+ ..+ U] [L+ R

Since the vector t = (11, ..., tx) is fixed, denoting B; := max {b/;i =1,..,N} (j =1,...,N) and
T := maz{t'™ i=1,..., N}, we obtain for some constant ¢; = ¢j(B;, T, R, Q) >0

Q)] < [l +[R(E)]] VE€R™, j=1,..,N.

O

To describe the set of all polynomials which are estimated via a given non-homogeneous, degen-

erate polynomial P, as above, we first consider the simplest case in which P € I,, only one principal

(n—1)—dimensional face of the polyhedron #(P) of the polynomial P is degenerate, and P;(n) # 0
for all n € X(H).

So, let us compare a degenerate polynomial P, represented as the sum of p—homogeneous poly-

nomials in form (1.5) and a polynomial @) represented in the form (below 0; = §;(1) = §;(Q, i) (j =

M(Q) M(Q)
SR WEAREED 3 > 25)
Jj=0 j=0 J=0 (p,a)=

We want to find under which conditions @ < P.

First, note the following

Dif ®(Q) C R(P), and d;, < dy, for some number j,: 1 < jo < M(Q), then by Theorem 1.1’
Q; < P for all j = jo,jo +1,..., M(Q). Therefore, it remains to consider the polynomials @); for
j=0,1,...,50— 1.

2)If Q; < By forallj =0,1,..., jo—1, then by Corollary 1.1 Q; < Py < P forallj = 0,1, ..., jo—1.

As a result, we get that @ < P.

So, it suffices to consider the case @);, £ Py for some number j; : 0 < j; < jo — 1, wherein
dy < 63'1 < dp.

Let us prove two numerical inequalities which will be used in the proof of Theorem 2.2.
Lemma 2.3. In order the inequality

7% yb S 1 + € yd

hold for all x > 1,y € [0,1], it is necessary and sufficient that the positive numbers a,b,c,d satisfy
the inequalities:

l)a<c
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2) d/b < c/a.
Proof. The necessity of condition 1) is obvious. Let us prove the necessity of condition 2).

Let condition 2) be violated, i.e. d/b > c¢/a. Let us prove that the required inequality cannot
hold. Put y = 2=““. Then

xayb _ (,Eafb (¢/d) _ l,b[(a/b)f(c/d)]; .Z'Cyd _ 1,

Since, according to our assumption (a/b) —(¢/d) > 0, the obtained relations show that for sufficiently
large values of z the required inequality does not hold.
Sufficiency. If b > d, then the required inequality is obvious. Let b < d. Denoting % =: u, y* =: v,
we arrive at the equivalent inequality

d
b

uv <14+wuavd Yu>1,0el0,1].
When uwv < 1 this inequality is obvious. If uv > 1, then by the conditions of the lemma and the

assumption b < d we have
d
b

ol
Sllsh

d
Vb,

Qo

uv < (uv)b =ub ve <u

which proves the required inequality. 0
Lemma 2.4. In order the inequality

7y’ <1+ Clox® Yyl + oy xC’d]

to hold for all x > 1,y € [0,1] and a pair of positive numbers oy, 0,9, with some constant C' =
C(oy1,09) > 0, it is necessary and sufficient that the positive numbers a,b, c,d satisfy the inequalities:
1) a<c,
2)a—b<c—d.
Proof. The necessity of condition 1) is obvious. We prove the necessity of condition 2). Let condition
2) be violated, i.e. @ —b > ¢ —d. and let y = 27!, then for # — co we have

x® yb/{l + [oq2° v+ oy xc_d]} = xa_b/[l + C (01 + 09) a:c_d] — 00,

which proves the necessity of condition 2).

Sufficiency. If b > d or d/b < c/a, then the required inequality is a corollary of inequalities in
Lemma 2.3. If, however, d/b > c¢/a > 1, then the substitution y = ¢/z yields the equivalent
inequality

27 < O[1 + o2t + gpac7Y),

which can be easily proved (with any constant C' > max{1,|oy|, |o2| }) if we consider separately the
casest > 1land t < 1. O

Now, let us turn to the comparison of generalized polynomials P and () represented forms (1.5)
and (2.5), respectively. Moreover, it is obvious that to prove the relation @ < P, it is suffices to
prove the relations @); < P for each j =0,1,..., M(Q). It means, that it is suffices for us to compare
the generalized-homogeneous polynomial () with the generalized polynomial P. In a certain sense
the following theorem allows to solve the problem in this case.
Theorem 2.2. 1) Let P € I, be a degenerate polynomial with a complete Newton polyhedron R,
all principal faces of which are non - degenerate, except one (n — 1)—dimensional face T' = E)?Z;l,
(with the outward normal ), which is degenerate. Assume that the polynomial P is represented by
formula (1.5) and that Pi(n) # 0 for all n € ¥(FR). Let @ be a p— homogeneous polynomial of
p—order dg : dy < dg < do and R(Q) C R(P). Then Q < P if and only if

1) SRy € B(Q),



Comparison of powers of differential polynomials 33

2) (do — d1)/(6q — dr) = A(n, Py)/A(n, Q), Vn € 5(R),
3) if n > 2, then for every point n € X(Py) there exists a constant ¢ = ¢(n) > 0 and a neighborhood

U(n) such that
Q)| < ¢ Py(€)| e~/ tdo=d) e e U(p).

IT) Moreover, if Q < P, the points of the set (Q) are interior points of the polyhedron R(P) and
for each point n € X(Fy) there exists a neighborhood U(n) such that Q(&) > 0 for all £ € U(n),
then P< P+ Q < P.

Proof. The necessity of condition 1.1) is obvious.

The necessity of condition 1.2). Assume the converse, i.e. the condition @) < P is satisfied, but

there exists a point n € X(Fp) such that

(do = d1)/(0g — dr) < (A(n, Fo)/(An, Q). (2.6)

For t > 0,0 = (61,....,0,) € R, k>0 set & =&(t) =&(t,0,k) =tri(n; + 6;t75F), i=1,...n.
Since D*P(n) = 0 for all a € Nj and the condition (u, a) < A(n, Py), is satisfied, then according
to Taylor’s formula, for sufficiently large values of ¢ we have

QM) =12+t =% Y ¢ [D*Q(n)/(al)] 6°

= 200 ST D)/ ()07 + of e )
(1,0)=An,Q)
Choose @ in such a way that

c=c(0):= > [D"Qn)/(ah]o" #0.
(1,)=A(n,Q)

The existence of such a vector § obviously follows from the definition of the number A(n, Q). In
fact, otherwise, it turns out that all the coefficients of the polynomial ¢(6) are equal to zero, which
contradicts the definition of A(n, Q). Then (for a fixed such 6 ), we have

QEW)] > ctierA0Q), 2.7)

For the polynomials F, and P, we obviously have for a constant ¢; > 0 such that for sufficiently
large t

[Po(£(1))] < et m 800 P ((8))] = 1™ Pi(n) (14 o(1)). (2.8)
Obvious geometric arguments show that as t — 400
r((€(1) = P((E() — [Po((E(1) + Pi((€(1))] = o(t™). (2.9)

We put & = (dy — dv)/A(n, B), then dy — k A(n, By) = dy, and from (2.8) - (2.9), for a constant

¢y > 0 we have

[P(E(1))] < eat™. (2.10)

It is easy to calculate, that from assumption (2.6) it follows that d; < dg — kK A(n, Q). From
estimates (2.7), (2.10) it follows, that |Q(&(t))|/[1 + P(&(t))] — oo for ¢ — oo, which contradicts
the condition @) < P and proves the necessity of condition 1.2).
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The necessity of condition 1.3). Assume that for some point 1 € 3(F,) there ib a sequence {n°}
such that Py(n®) #0 (s =1,2,...), n® — n for s — oo and

R(n*) := |Q(n°)|/[| Po(n®*)| o=/ (=t] — oo, (2.11)

Set t, = |Py(n®)| 7Y/ do—d) g5 = ¢hps s = 1,2, .- Since n° — n € X(Fy) we have t, — oo as
s — 00. Then, as a corollary of the p—homogeneity of Py(¢), Pi(€) and Q(€), for sufficiently large
s we have

P& =t [Pu(n™)| = 13 [Pi(n)] (1 + o(1)), (2.12)
[Po(&")] =t [Po(i”)| = £, () = o(t3") (2.13)
Representations (2.12), (2.13) show that a constant c3 > 0 exists such that for sufficiently large s

|P(E5)| + 1 < et (2.14)
For (&) we obtain analogously (see also (2.11))
Q€] =12 1Q(n*)] = 132 R(p°) | Po ()| O~/ o=t) = R(op) £ (2.15)

Estimates (2.14) and (2.15), together with assumption (2.11), show that as s — oo we have
1Q(E)|/IP(&°)] + 1] > [1/cs] R(n®) — oo. This proves the necessity of condition 1.3) for Q < P.
Sufficiency. When proving sufficiency, we will use the method, proposed by Mikhailov in the study
of non - degenerate polynomials (see [33]) and the method, modified by us, which was used in the
study of degenerate polynomials (see, for example, [16] or [19]).

Assume that @ £ P under the hypotheses of Theorem 2.2, i.e. there exists a sequence {£°} such
that £€* — oo as s — oo and

QENI/[IP(E7)] + 1] — oo. (2.16)
Without loss of generality, it can assumed, that all coordinates of the vectors £° are positive. Let
= ex Zln£ NS G s=1,2,.) (2.17)
D 22, mp, = Lenn s =1200). .

Then A = (A],...,\?) is a unit vector and

s S s )\f .
& =p. (& =ps, i=1,..,n), (2.17)

It is clear, that p, — oo if |£f| — oo or [£f| — 40 for some i = 1,2, ....n

Since the vectors A\* are placed on the unit sphere, the sequence {\*} has a limit point A*°. Tt
can be assumed, that A\* — A*° |\*°| = 1. From the convexity of the polyhedron R(P) it follows,
that A* is an outward normal to one and only one face of R(P).

Denote > by eb!, and choose n— dimensional vectors (eb!,el? ... e™) so that this system
forms an orthonormal basis in R™. Then \* = Y7 , )\fz e (s =1,2,..). Since \* — \>® = el'!
for s — oo, then A}, — 1, A}, =o0(A],) for i=2,3,.

If it is possible to choose a sub-sequence in a such Way, that 2?22 )\jiel’j = 0 for all sufficiently
large s,, then the basis (e!?,...,e""™) we shall denote by e, ..., e". Otherwise, by appropriate choice
of a sub-sequence we may assume that Z?:z )\iiel’j # 0 for all s=1,2,... and for s — oo

n n
D AL/ 1D ALt = e
=2 =2
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In the subspace spanned by (e'?, el® ... e!™) we pass to a new orthonormal basis (€22, €23, ..., e*")

with the vector e?? defined above. Then, if n > 3
X=X e A, e+ A e (s=1,2,.),

hence ], — 1, Aj, =0()7,), A3, =0()\3,), i=3,..,n for s = oo.

Reasonlng analogously, as in the subspace with the basis (e*?,...,e*") etc., we finally obtain
(after modifying the notation) that A\* = > | Afe’, where (e',...,e") is an orthonormal basis, and
A= LA =0(X), i=1,...,n—1 for s = oo.

Moreover, there exist numbers sy and m : 1 < m < n such that for all s > s, we have A\ >0
for (1 =1,...,m) and Ay =0 (i =m+1,...,n). By choosing a sub-sequence, we may assume, that
so=1, Ay>0 forall (1 =1,...,m) and s € N.

Now we associate the constructed basis with the polyhedron R. We select the faces
RELRE, LR as follows: denote by R the faces of R(P) which lie in the supporting hy-

AR R
perplane of R(P) with the outward normal e!, and each face \%]fj (j = 2,...,n) either coincides
with the previous one, or is its sub-face, which lies in the supporting hyperplane with the normal e’.
If there are several sub-faces %ij with the normal e/™!, then as §R ”“ we agree to take the one for
which points « the expression (e/*! a) is maximal.

From the construction of the faces ?Rkl %f;, ,%fg it is obvious, that their dimensions are

subject to the relation: ky > ko > ..., > ky, and (see (2.17) - (2.17"))
f: )\fei
E=pst (s=1,2,..),

wherein, it can be assumed that p; — oo for s — 0o and some r (1 <r < m)

o oo (j=1,.1), Pt s b>1,(s=1,2,..).

When r = m = n, then we shall assume, that A5, =0 (s = 1,2,..), and e"*!

vector.
Let, as above, P%*i(¢) be the sub-polynomial of P(£), corresponding to the face %Z,j, ie

is an arbitrary unit

Piiki(§) = Zﬁemf v5&P, and « be an arbitrary multi-index belonging to all %ZJ (j =1,...,m),
ie a € Eka. We will study the behaviour of polynomials P(§) and Q(&) for ps — oo and £° =
)\s€1+)\862+ +)\e
Further, for brev1ty, when this does not cause misunderstanding, we omit the index s in the
notation.
Then, from e/—homogeneity of polynomials {P%*i(£)} and convexity of R(P) and its faces, for
certain positive numbers oy, ..., 0, and multi-index « € %f:(P) we get

n+1

. >
a\ el i1,k (=
P(&) = ple [Pt (p=

)
Aje

)+ o(p~7 M)

eJ
Aje

)+ o(p)] =

(a,zr:)\-ej) . S Ajel
:p j=1 ! [Pl'mkr(pj:rJrl ! )+0(p_o.r>w)]- (218)

Similarly, for the polynomial @, for a number o, and a multi-index 3 € %f:(@) we have

_ p(ou)\l el+Age?) {Pi2,k2 (pi=

(8.3 Aj ) > A ,
Q(f) =p j=1 J [er,kr(p]:r+1 J )—l—O(piUT}\T)]- (218/)
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. A ) (e, Z:}Ill)\jeﬂ) ertl .
Since ps — b > 1, it follows, that ps — b =1 for s — oo. It is clear, that

0<mn <ooforall i=1,..,n (in accordance with the definition of 7;).

Let us consider two cases: a) (e!,a) > 0 and b) (e!,a) = 0. The case (¢!, a) < 0 is impossible
because of the fact, that equation for supporting hyperplane with the outward normal A of R can be
written in the form (A, o) = d, where d > 0 is the distance from the origin to the given hyperplane
and « is a point of the hyperplane (see, for example, [1]).

Case a.1) Firstly suppose, that Pi*r(n) # 0. Since (e!,a) > 0, A\ — 1 and \; = o()\;) for
i = 2,...,n,, for sufficiently large s eventually we have, that («,> ] Aje?) > 0. Therefore, (2.18)
implies that

(O"zﬁ: M)k
PE)=p = [P (n)+o(1)]. (2.19)
Similarly, for the polynomial Q(&)
5> Ajed)
QE)=p = Q"M (n) +o(1)]. (2.20)
We show, that
(B> Ne) < (a,) Ne). (2.21)
j=1 j=1

Since [ € 3?’“( (Q )) a € RI"(R(P)), R(Q) C R(P) and e' is the normal of the face R} (R(P)),
hence (8,e') < (a,e!). If (B, 61) < (a,e'), then inequality (2.21) follows from the fact that A; — 1
and A1 = o(};) for j=1,2,..,r—1.1f (8,e') = (a,e'), then this means that the points 3 and
a belong to the same face %fll. Since 8 € Ri7(R(Q)) and R(Q) C R(P), hence (3,€?) < (a, €?).
If (8,e*) < (a,€?), then inequality (2.21) follows from the same fact, regarding the numbers \;. If
(8,€?) = (a,€?), this means that the points 8 and « belong to the same face R , (3, ¢3) < (a e?)
and so on.

Continuing this process, after a finite number of steps, we either arrive at the equality (3,¢’) =
(a,¢l) j=1,2,....q—1, (B,¢’) < (a,€’) for some g < r, or for the relation (3,e’) = (a,e’) for all
j =1,...,r. In both cases, the inequality (2.21) is obvious. Thus, inequality (2.21) is proved.

So, relations (2.19) - (2.21) together contradict our assumption (2.16) and complete the consid-
eration of sub - case a.1) of case a).

Consider the case a.2): P (n) = 0. In this case, the face R} coincides with the (n — 1)—
dimensional degenerate face I' := §R?O_1 (with the outward normal u) and r =m =1, k, = k) =
n—1, et =pu,neX().

With respect to the vector e! = pi, we represent the polynomial P(€) in form (1.5)

Q=2 PO:=> > & (2.22)

J=0 (el,a)=d;
and denote q(§) := P(§) — [Po(§) + P1(€)]. Then,
P(§) = R(§) + Pi(§) +q(&)- (2.23).
Substituting
nil)\ y nil Ased

§=8)=p= =ps
n (2.23) and using e'—homogeneity of the polynomials Py(£), Pi(£) and Q(£) we get (below
s n+l ys_j
h = Zj:2 )‘jej)
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P(&) = pli) Py (pl) + pliD P (o) + q(€), (2.24)
ord

Q&) = pIIQ(p") (2.25)

Let s — oo, i.e. ps — 00, then p" — 1, Xj(u, ) — do, Nj(u, B) — di, A\j(i,7) — do and by
Lemma 1.2 Py(n) >0, Pi(n) > 0.

On the other hand, since ord q < dy < dy, so with some constant ¢, > 0 we have |q(£°)] < ¢4 p®2,
for all s =1,2,..., i.e. [g(&%)| = o(p®) for s — oo.

Thus, from (2.24) - (2.25) (for sufficiently large value of s) we have

P(€°) = pdite) Py(ph™) + pliwh) Py (ph") + o(p2i D), (2.24))

and representation (2.25) for polynomial Q(£), where p? — n, Xj(u, ) — do, Aj(p, ) — dy,
S (1, y) = g, as s — oo.

Since p" — n € X(P), then for sufficiently large s (i.e. for sufficiently large p,) condition 1.3)
of our theorem is satisfied. Then, from (2.25) and condition 1.3) for sufficiently large s and for a
constant c¢5 > 0 we obtain

QEM] = P 1Q(p)] < 5 p i) [Py (pl)|Cam o=, (2.26)

According to the conditions of our theorem P € I,, therefore, for indicated s Py(p"") > 0 and

Py(n) = 0, Pi(n) > 0. So, we can assume, that 0 < Py(p?") < 1, Pi(p?") > LPi(n) > 0 for
sufficiently large s and |q(£%)|/|P(£°)| — 0 for s — oo. This and (2.24) in turn show that

[P(E)] = 015 Polpl") + o2pft. (2.27)

for sufficiently large s and for positive constants o, and o,.
From estimates (2.26) - (2.27) it follows that, in order to obtain a contradiction with (2.16), it
suffices to prove the existence of a constant C' = C'(01,03) > 0 such that for sufficiently large s

ngP()(IOgS)(5Q*d1)/(d0*d1) < C[1+ 0y pglo Po(pgs) + @pgl]' (2.28)
To prove the estimates (2.28), let us apply Lemma 2.4 with the following notations

a = 5@, b:= 5@ - dl, CcC = d07 d:= dO - dl, T = Ps,Y = [Po(pgs)][l/(do_dl)}.

After introducing these notations, the inequality (2.28) takes the following form

%y’ <1+ Cloy a2y + oy 27, (2.28)

Since x > 1, y € [0,1], a < ¢, a—b=c—d = d, then all conditions of Lemma 2.4 are satis-
fied. According to this lemma, inequality (2.28") holds, therefore, inequality (2.28) holds. Resulting
inequality (2.28) contradicts our assumption (2.16) and completes the consideration of sub-case a.2)
and, therefore, completes the consideration of case a).

Let us move to case b) (e!, a) = 0.

Firstly, note, that if the Newton polyhedron $ of the polynomial P(¢) = P(&, ..., &,) is complete,
then the Newton polyhedron of polynomial P(§)[¢,—o for j € [1,n] is also complete in the appropriate
(n—1)—dimensional subspace. Secondly, in the case b) under consideration, the face, whose outward
normal is e!, clearly passes through the origin and hence is not a principal face of ®; consequently,
e; <0 (i=1,...,n). In this connection, if non principal face with outward normal e' has dimension
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[ < n—1, then [ if the numbers e; (1 < i < n) are equal to zero with the remaining numbers

being negative. Without loss of generality it can clearly be assumed, that e] = ... = ¢f = 0,
ey <0,...,el <0.
Since

) = Jim fingy/ Um0 <0G =141, )

beginning with some number sy (we assume that s = 1) we have, that £§ <1 (j =1+1,...,n) (s =
1,2,...). On the other hand, since || — oo for s — oo, we have & — oo for certain i € [1,1].
But since e; = 0 for such 7, hence (at least for some subsequence of the sequence &£°) & — 0 for
s — oo and at least one j € (I,n].

Suppose, that (after a possible renumbering) & — oo,...,& — oo (lp > ) for s — oo and
glso-i-l — 0, ""glso-&-h —0 (lo +1 < n)

Let (&) := max1<;<,&;, then it is obvious, that as s — oo

n

I (£°)/1> _(Ingg)?)* = 0. (2.29)

k=1

On the other hand, there clearly exist positive constants cg, c; such that

e < Z mEN)? (Inp(€9))* < er (s =1,2,...). (2.30)

From (2.29)-(2.30) it follows that

n

Z (In&)? (In(€%))* = 00 as s — oo. (2.31)

k=lp+1

From this result, going over a sub-sequence, if necessary, we can get, that for some j € [l + 1, n]

[In&;|/In(§°) — 00 as s — o0, (2.32)

ie. [Ing;| — oo "faster" than iny(£*) — oo. Hence & = o([¢(£°)]77) for some o > 0 or, equivalently,

(&)™ [0(€)]*™ =0 as [¢] = o0 (2.33)

fora1>0anda2>0 } y
Let € = (&, ..., &), where ¢, =0 if j satisfies the condition (2.32) and £ = £, otherwise.
In view of (2.33) from (2.16) it follows that

QE)I/[L+|P(E)]] 00 as s o0 (2.34)

(under our limit process, i.e. with the possibility of repeatedly going over the sub-sequences of the
sequence {£°} of (2.16)).

As a result, the polynomial P(£) = P(£y,...,&,) can be transformed into the polynomial P(€) :=
P(€) on less than n variables. Consequently, dimension of the polyhedron R(P) := R(P) is less
than the dimension of the polyhedron R(P), while the non - degenerate faces of R correspond to
the non - degenerate faces of R and vice versa.

Thus, in the process of proving Theorem, relation (2.16) leads either to a contradiction or to
relation (2.34), which is analogous to (2.16) but corresponds to a space of dimension less than or
equal to n — 1.
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Repeating the arguments, presented above within the proof of this theorem, now with respect to
the polynomial f’, and so on, we clearly arrive after a finite number of steps at either a contradiction
or relation (2.34) for polynomials of one variable.

But for polynomials of one variable, the polyhedrons $(P) and R(Q) have the shape of segment,
and a contradiction with (2.16) is due to the fact, that R(Q) C R(P).

Thus, the first part of Theorem 2.2 is proved.

Let us prove the second part of Theorem. Repeating reasoning, carried out in the sufficiency
proof of the first part of Theorem, i.e. assuming the converse, that there exists a sequence {£°} such
that & — oo and

PE)|/[1+ P(E) + Q(€")] = 00 as s — o0, (2.35)

In the case a.1) we obtain representation (2.19) for polynomial P and following representation for
polynomial P + @)

(@, 3 Ased) . (B, 3 As ed) i
PE)+QE)=p =7 PP +p =7 QM () +o(1). (2.36)

Since, based on the condition II) of Theorem, the points of the set (@) are interior points of the
set R(P), that is (8,e') < (a,€e') and A; — 1, A3 = o(A]) for s — o0 (j = 2,...,7), then

(5,; Asel) < (oz,]; A3 el) for sufficiently large s. Then

p(/&jz::l /\j eJ)/p
and representations (2.19), (2.36) together contradict (2.35).

In the case a.2): Pk (n) = Q¥ (n) = 0, the face R coincides with (n — 1)—dimensional
degenerate face I' = R?~' (with the outward normal p) and r =m =1, k, =k; =n —1,e' = p,
n e X(I).

In this case, we obtain the representations (2.24’) and (2.25) for the polynomials P and @,
respectively, and following representation for the polynomial P + Q)

P(&°) + Q&) = p 1D By (pl") + pM 1) Q (o)

_i_p)‘i(ura))Pl(pgs) + 0(1) (237)

Since, according to the conditions (first and second parts) of Theorem Py(p"") > 0, Q(pt") > 0,
Pi(p?") > 0 for sufficiently large s, it follows from (2.247), (2.37) that |P(£%) + Q(&°)| > |P(&°%)| for
sufficiently large s. This contradicts our assumption (2.35). O

Let us give examples, illustrating this theorem.

Example 1. Let us compare the polynomial Q(£) = (& — &)?(€8 + £5) with the following two
polynomials PL(¢) = RL() + PH(E) — (€ — &)1(E0 +€0) +(€5 + &) and P(€) := F2(E) + PA(¢)
= (& = &)+ &) +(E +&)

Here d} = d2 =: dy, d} =6,d? =4, A(n,P}) = A(n, P}) =4, n = £(1/v/2,1/1/2), Simple
calculations show, that the pair (P',Q) satisfies all conditions of Theorem 2.2, while the pair
(P?,Q) does not satisfy condition 2) of this theorem. Indeed, (dy — d3)/(dg — d3) = 3/2 < 2 =
A(n, P?)/A(n, Q). Therefore, Q < P!, but Q ¢ P2
Remark 5. Note, that conditions of Theorem 2.2 do not guarantee the ) < Fy, which can be seen
from the following example.

Example 2. Let n =2, P(¢) = P&+ Pi(€) = (6 — &)+ (€@ +8)% QO) = (G —&) (E+8).
Here dy = 8,d; =4, 69 =06, n=+(1/v2,1/V2), A(n, Py) =8, A(n,Q) = 4.

It is easy to verify, that all conditions of Theorem 2.2 are satisfied, hence Q < P. Moreover,

applying the arithmetic inequality ab < (1/2)(a? + b)), we obtain, that P < P + Q. However, in

(Y A3 )
j=1 — 0 as s = o0
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this case the (necessary) condition I1.4) of Theorem 2.1 is violated, and, therefore, @ £ P,. This
can also be verified directly (without resorting to the help of Theorem 2.1) by taking, for example,
E=s+1 &E=5 s=1,2,...

Remark 6. Note, that as we saw above (see the Corollary 2.1), for a pair of generalized - homoge-
neous polynomials P and @ the relations Q < P and P < P+ ) < P are equivalent, however, in
general, this does not apply to generalized polynomials. Here are some examples conforming this.
Example 3. Let n = 2. Compare the polynomials P(£) = (& — &)® + (&2 + £2)?,  and
Q&) = (=2,5)(& — &)%(& + &). Here Py(§) = (& — &)° Pi§) = (G +&)% E(R) = {£n =
+(1/v2,1/V2)}, do = 8,dy = 4, A(n, ) = 8, dg = T, A(n,Q) = 6, (9g — d1)/(do — d) =
A(n,Q)/An, Po) = 3/4, n=%£(1/v2,1/V?2).

Conditions 1) - 2) of Theorem 2.2 are obvious, because X(Fy) C X(Q) and (dy—dy)/(0g —d1) =
A(n, Po)/A(n, Q), Vn € X(F).

To prove condition 3) of Theorem 2.2 for the couple (P,Q), as a neighborhood of U(n) for
both 7 and —n one can take, for example, a circle, centered at the point 1 (or —n) with unit
radius. Then, the condition 3) reduces to the existence of a constant ¢ > 0 such that the inequality
|(&1—&)° (&1 4+ &) < cl& — &]° holds for all £ € U(n). In this case, this inequality is obvious, since
|€ —n|| <1 for the points & € U(n). Thus, by Theorem 2.2 @ < P

Let us show, that P £ P+Q), i.e., that @ is not of lower order term for the polynomial P. Indeed,
simple calculations show, that on the sequence {£* = (s ++/s,5)} for s = 0o |P(£%)] = O(s*) and
|P(&%) + Q)| = O(s*?), 1e. |P(&9)]/|P(E°) + Q)| — oo for s — co. It is also easy to see, that
Q<L£P+Q.

Thus, in general case, Theorem 2.2 does not answer the question: when (under what conditions
on the polynomials P; (j = 1,2,...,1 —1)) P < P =P+ P17 We will do this in the next section.
But, before moving to the next section, we note the following

Remark 7. 1)from Theorem 1.1’ it follows, that if the polynomial P, with the complete Newton
polyhedron R(P), is non - degenerate, then P < P=P +P; <P

2) when I' := 5}%%’1 is a (unique) degenerate principal face of the polyhedron R(P), the conditions
(necessary and sufficient) for the fulfillment of the right - hand side of this estimation (P = P+P; <
P) are given by Theorem 2.2 (first part): it means, that each pair of polynomials (P;,P)(j =
1,...,0 — 1) must satisfy the conditions of Theorem 2.2,

3) in a particular case (sufficient), the validity conditions for relation P < P = P 4 P; are given
in the second part of Theorem 2.2.

Remark 8. From the course of the proof of Theorem 2.2, it became obvious that under the conditions
of this theorem a) Py < Py + P, < P (however, this is clear from the proof of Theorem 1.1" also),
b) the polynomials P, ..., Py; do not affect the behavior at infinity of the polynomial P (although
they can participate in the construction of the Newton polyhedron R(P)).

3 Adding lower-order terms and main result

Recall, that in Theorem 1.1’ we considered only the case, when in the studied degenerate polynomial
P =P+ P+ P, + ... at all points n € (P) := {n € R™ : Py(n) = 0} it was the first of
polynomials {P;} that did not vanish: P;(n) # 0 Vn € (). Now we want to free ourselves from
this restriction.

Namely, let, like to Theorem 1.1', T' := %Z;I be the only degenerate principal face (with the
outward normal ) of the complete Newton polyhedron R(P) of polynomial P € I, and with
respect to the vector p the polynomial P is represented as a sum of u—homogeneous polynomials
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PEO=Y_ PO =3 > 7t (3.1)

where dyg > dy > ...>d; > ... > dy > 0.

Suppose, that P(n) # 0(1 <1 < M) for all n € X(F) and each polynomial P; (j =
2.1 — 1) vanishes at least at one point 7 € X(F) and put ®* = {f € R, (u,8) < d;},
(&) i= Pol€) + PE) + Pra(€) + o + Pul€), Pi(€) i= Pi(€) + o + Poa(€). I 1 = 1, then
(&) = P(&) and it follows from Theorem 1.1') that ¥ < P for all v € R*.

A question naturally arises: suppose [ > 2, and polynomial P satisfies the conditions of
Theorem 1.1’. Therefore, £ < P for all v € R*. Which conditions must the polynomials
P; (j = 1,...,1 — 1) satisfy, so that for newly introduced set R* the relation ¥ < P =P + P
also holds for all v € R*?

To do this, we need to answer the following question (which, besides of numerous applications in
differential equations, of course, is also of independent interest): which lower - order terms ) can be
added to the polynomial P = Py + P, + ..., so that a) R(P + Q) = R(P), b) the polynomials P
and R := P + ) have the same power, i. e. P < R < P7? In this case, we will call the polynomial
@ of lower - order term with respect to the polynomial P.

It is clear, that in this case our question sounds like this: what should be polynomials
P, P, ... P_1 so that the polynomials P and P had the same power, i.e., that the relation
P<P=P+P, <P held?

The next proposition in a sense solves the question posed in the class of polynomials that we

considered above.
Theorem 3.1. Suppose that a degenerate polynomial P and a p—homogeneous polynomial Q) of
p—order 6o € (dy,d,) satisfy the conditions of the first part of Theorem 2.2 (consequently @ < P ).
Let for each point n € 3X(Fy) and for any sequence {n°} : n° —n for s — oo the following relation
18 true

1,
P&
P&

V() = Q)| /| Po(ay”)| et/ =) g, (3:2)

Then

DAQWI/IPE)]+1] = 0 as [¢] — oo,

2) Q< P+Q, P<P+Q<P.
Proof of statement 1). Suppose, to the contrary, that conditions of Theorem are satisfied, but there
exist a sequence {£{°} and a number ¢; > 0 such that £ — oo for s — oo and

QEEN/IPE) +1] = e, (s=1,2,...). (3.3)

Reasoning as in the proof of Theorem 2.2 we obtain (for sufficiently large s) the following esti-
mations for the polynomial P (see the representation (2.24))

P(£°) = i) By(pl") + p2i®? Py (") + o(p2i#?).
Since A\ = 1 as s — oo, from this, for a number ¢, > 0 and sufficiently large s we have
[P(E)+1 > ca[L+ |pf Pop") + p Pr(pl)]]. (3.4)
Taking into account condition (3.2), for polynomial @) and the same s we have

QE = P2 1QAL) = ple [Po(p")|Com /=) (p7), (3:5)

Then, from (3.4) - (3.5), with some constant c3 > 0 we have

1QUEN/IPE) +1] < es M(ps") w(py), (3.6)
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where

M(p2") = ple | Py(pl")| /o= 1) oo Py (pl") + pdt Py(m) | + 1]

Let us prove the existence of some constant ¢4 > 0 for which the following inequality holds
M) <eq (s=1,2,..). (3.7)

We introduce the notation r = z, = ng, y =y, = |Po(pl" )|V =) q =65, b=F5g—di, c=d,
d = dy — d;. Then inequality (3.7) takes the form

'@y o < eyl + [y 4 P (e, (3.8)

where Pi(n) >0, x>1, y € [0,1] for sufficiently large s.

To prove the inequality ((3.8) we apply the Lemma 2.4. The conditions of this lemma are satisfied,
because a =0 <dy=c¢, c—a=d—b=dy—0g, c—d=dy, 01 =1, o9 =Pi(n) > 0.

Thus, inequality (3.7) is proved. Since ¥ (pt") — 0 for s — oo, the inequalities (3.6), (3.7)
together contradict the assumption (3.3) and prove the first part of Theorem.

The second part of Theorem is an immediate consequence of the first part. It is only necessary
to reverse the fact, that now the behavior of polynomial ) does not affect the behavior of P + @)
when [¢| — oo, (i.e. P(§) — o0). O

Let us give an example of a pair of polynomials (P, Q) satisfying the conditions of Theorem 3.1.
Example 4. Let n =2, P(§) = (& —&)°+ (7 +&)% Q(E) = (& — &)° (6 + &)

Here Fy(§) = (& _52)87 Pi(§) = (5% +£§)27 E(Py) ={£n= i(l/\/iv 1/\/5)7 b do=8,d; =4,
A(n, Py) =8, 09 =6, A(n, Q) =5, (0g —d1)/(do — di) = 1/2.

Conditions I.1) - 1.3) of Theorem 2.2 can be easily verified, and condition (3.2) of Theorem 3.1 is
satisfied, since for any sequence {n°}: n°* —n for s — oo we have

w(*) = 1QU)|/[IPo(n)]Y? = ((13)" — (n3)?) = i — 3 = 0.

At the same time, it is obvious, that @ £ F,.

As for the pair of polynomials from the Example 2.2 for any sequence {n°} : 7° — (1/v/2,1/1/2)
as s — o0, (n®) = |Qn*)/|Po(n®)|"?* = (n3)?+ (n3)?> — 1, i.e. condition (3.2) is violated. Despite
this, as we saw above, P < P+ ) and @) < P + ) because the pair (P, Q) satisfies the condition
of the second part of Theorem 2.2.

Now we are already in a position to turn into the question, posed at the beginning of this section.
Namely, let with respect to a vector u € R" a (generalized) polynomial P be represented as a sum
of pr—homogeneous polynomials in the form (3.1). We need to describe those multi - indites v € Ny
for which ¢ < P, i.e. a constant ¢ = ¢(v, P) > 0 exists, such that

€7 < c[[P(E)] +1] V€ € R™. (3.9)

Theorem 3.2 (main result). Let R = R(P) be the complete Newton polyhedron of a polynomial
P € I,. Let all of the principal faces of R with exception of a (n—1)—dimensional face T := §R?O_1
(with the outward normal p) be non-degenerate and the face I' be degenerate.

Let the polynomial P be represented as a sum of p—homogeneous polynomials in form (3.1) and

where Py(§) =: P! (§), P; is a u— homogeneous polynomial of p—orderd; j=0,1,...,1,...; M,
do>dy > ...>d;>...>dy > 0.

Suppose, that Py(n) # 0 for all n € X(P) = {£& € R |, u| = 1} and each polynomial
P, e M :={P, P, ..., P_1} vanishes at least at one point n € L(F).
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{BeR,(u,B) <d;} and suppose, that R(P) = R(P).

Then

a) if v & R*, inequality (3.9) cannot hold,

b) inequality (3.9) holds for any multi-index v € R* if each of polynomials P; € M satisfies one
of the following conditions

b.1) for the pair of (u—homogeneous) polynomials (Pj, Py) (1 < j <1 —1) the assumptions of
Theorem 2.1 are satisfied,

b.2) for the pair of polynomials (P;,P)(1 < j <1—1) the assumptions I) —II) of Theorem 2.2
are satisfied,

b.3) for the pair of polynomials (P;,P) (1 < j <1 —1) the assumptions of Theorem 3.1 are
satisfied.

Remark 9 Before proceeding to the proof of the theorem, we note that

1) conditions b.2) and b.3) should be set not for a pair of polynomials (P;,P) but for a pair
(Pj, P+ p). On one hand, the notation (F;,P) simplifies writing and reasoning, on the other hand,
it is legitimate, since by Remark 8, the polynomial p(§) does not affect the behaviour of polynomials
P and P at infinity,

2) from condition /7.2) of Theorem 2.1, condition /.3) of Theorem 2.2 and (3.2) of Theorem 3.1
it follows that in all b.1) - b.3) cases of this theorem the polynomials P; € M (j =1,...,l—1) must
vanish at all points n € X(P).

Proof of Theorem 3.2. Bearing in mind that for the polynomial P estimate (3.9) is valid for all
v € R*, it is sufficient for us to prove that P < P =P + P;.

Firstly, let us add to the polynomial P those polynomials from 9 that (together with the
polynomial P,) satisfy condition b.1) of Theorem (i.e.conditions of Theorem 2.1). Let these be
polynomials My = {F;, Py, ..., P } CM (1 <d; <I—-1,j=1,..,k), ks <l—1 ie P, < K
j = 1, ey kl)

Since d;; < dy (j = 1,...,k1), by Lemma 2.1 P, (§) = o| Po(§)]) for |Fy(§)| — oo ie.
Py ()] + 1Po()] + o [PL(E)] = 0l] Bf©)]) for | Po(€)] = .

Remark 8. implies that Py <P = Py + B, hence |P;, (§)| + |P(&)| + ... [Py, (§)] = o(| P(E)])
for | Py(&)| — oo. Thus, there exists a constant ¢ > 0 such that, for sufficiently large | Py(&)|, the
inequality

PO] < e[l +[P(&) + Py (§) + Pin(§) + o Py (§)] (3.10)

holds. If | Fy(§)| is bounded for |{| — oo, then the polynomials {F;} are also bounded on this
sequence (recall that P;, < Py (j = 1,...,k1)). On the other hand, since P € I, hence P(§) — oo,
and inequality (3.10) (perhaps with a different constant) is obvious. As a result, we get that P <
P+ P, +P,+..+F, <P.It means, that further, when comparing the polynomials P and P, it
suffices to compare the polynomials P! := P + B, + B, + ... + P, and P.

Ifky =1—1,1e PYE) :==P(&) +Pi(€) = P(§) V& € R", then this proves Theorem.

Consider the case when ky <1 — 1, i.e. 90y # M.

Let us first consider those polynomials P; € 9\ M, that satisfy condition b.3). Let these be
polynomials M3 1= { Py iy Peytigs oo Phyike (1 < iy <1 —1,7=1,..ky), k1 + ko <1 —1} e
PO/ PEI+1] =0 as [{| »ocand P< P+ P, <P forall j =k +1,...k + ks

Arguing as in the previous case, we find that P < P? := P+ Py, i, + Pry iy + o+ By ks <P,
i.e. further, when comparing the polynomials P and P, it suffices to compare the polynomials P?
and P.

Finally, to the polynomial P? we add the remaining polynomials from 90 that satisfy con-
dition b.2) of Theorem (i.e. conditions of Theorem 2.2). Let these be polynomials My =
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{Pk1+k2+i1> Pk1+k2+i2> e Pk1+k2+k3}7 kl + kQ + k?) = [—1. Then ’P2(§)+ Pk1+k2+i1 (6) + Pk1+k2+i2 (5) +
..+ Pk1+k2+k3(€> = P(f) for all 5 e R".

As a result of the previous two cases we have that P < P? < P. From Theorem 2.2 it follows that
P <P+ Pk1+k2+i1 +Pk1+k2+i2+“'+Pk1+/€2+k‘3' Hence P? < P+ Pk‘1+k2+i1 +Pk1+k2+i2+"'+Pk1+k2+k3 =
P. So we obtain that P < P < P. O
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1 Introduction

Let 9 be the set of all Lebesgue measurable functions on R? := (0,00)?, and let 9+ C 90 be the
subset of all non-negative functions.

For fixed parameters 1 < pi,ps,q¢ < oo and weight functions u,vi,v, € 9T, we consider the
problem of characterizing of the bilinear Hardy inequality

1

(77([2f)q (I59)! u) % <C (707fplvl) " (77 gp2u2> N (1.1)

for all f,g € M™, where

T T2

]Qf(ZEl,IQ) = f(tl,tg) dtl dtQ
/l

is the two—dimensional Hardy operator. Here, C' > 0 is supposed to be the best (least possible)
constant that does not depend on f and g.

Integral transforms, which map a product of function spaces into another function space (multi—
linear integral operators), have applications, in particular, to smoothness properties and approx-
imation of function classes (see e.g. [13] and references therein). In the one-dimensional case a
multi-linear analogue of (1.1) was considered in [3, 4] as an illustration of results about multi-linear
inequalities. Other types of one—dimensional linear and bilinear integral operators in Lebesgue spaces
and subclasses were studied in [1, 2, 5, 6, 7, 8, 9, 10, 11, 14, 15, 17, 21|. For product type weight
functions (or factorizable weights) inequality (1.1) was completely studied in [16].

The goal of our work is to solve the same problem without such restrictions on weight functions.

The paper is organized as follows. In Section 2, we review auxiliary results which pertain to
estimates of the best constant C' in weighted two-dimensional linear Hardy inequality (2.1). In
Section 3, the results are given on characterization of the best constant C' in bilinear Hardy inequality
(1.1). We consider thirteen cases depending on relations between the norm parameters p;, p, and gq.
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The subsections correspond those relations between the numerical parameters for which the proofs
of estimates are similar.
The dual operator to I, is defined as

L f(xl,l'g) = //f(tl,tg)dtldtg.

T1T2

The results of this paper for the operator I, can be proved in a similar way for the operator 5.

Throughout the paper, products of the form 0-co are taken to be equal to 0. By A < B we mean
that there exists k£ > 0, which depends only on some insignificant numerical parameters, such that
A<kB.If A< B and B < A then we write A~ B. If p > 1 thenp' =p/(p—1).

2 Auxiliary results

Let us first recall Sawyer’s Theorem (see [12, Theorem A] or [18, Theorem 1]).

Theorem 2.1. Let 1 < p < ¢ < 0o and w,v € M be weights. Then the inequality

(/O7O(sz)qw)é <C<770fpv>; (2.1)

holds for some C > 0 and for all f € M* if and only if

Q|
\\H

D, := sup (Igw(tl,tQ))

(IQO’(tl,tQ)> < 00,
(t1,t2)€RY

t1 t2 L
D, := sup ( (Iga)qw> ([ga(tl,tg))7 < 00,

(tl tQ)ERQ

D3 := sup // Lw)” Qw(tl,tg)y? < 00,
t1 t2 ERQ

where o = v'"P". Moreover, if C is the best constant in (2.1), then

-

Now, if p < ¢ there is an alternative estimate (|18], Theorem 2).

Theorem 2.2. Let 1 < p < g < oo and w,v € M* be weights. Then inequality (2.1) holds for some
C > 0 and for all f € M if and only if D1 < 0o. Moreover, if C' is the best constant in (2.1), then

For the case ¢ < p the following results are known (20|, Theorem 3).

Theorem 2.3. Let 1 < g <p<oo, 1/r:=1/q—1/p and let w,v € M be weights. Then inequality
(2.1) holds for some C > 0 and for all f € M* if

. (7]°< ) (ff&a)mw):‘du ) <
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Reversely, if inequality (2.1) true then B < oo, where

B = 77%([20(:6,31))? d, <— (Igw(x,y))2>> '

- 77(zza<x,y))z?dxdy(fsw(w,y)) )

)

Theorem 2.4. Let 1 < ¢ < p < oo and w,v € M be weights. Assume that the following is satisfied:
0? < [Loo(z, y)}7>
0xdy
0? ([[zw(x, y)r*)

(2) there exists v* € [Iqi:, 1) such that 920y >0 for almost all (x,y) € R2.

Then inequality (2.1) holds for some C' > 0 and for all f € M* if and only if B < oo. Moreover, if
C' is the best constant in (2.1), then

=

3=

3

3=

S |5

= 77(I§w(x, y)) id, dy (Lo (z,y))?

Moreover, if C is the best constant in (2.1), then
B < C S B,.

(1) there emists v € [1,1) such that >0 for almost all (z,y) € R%;

C ~ B. (2.4)

3 Main results

We denote o; := vilfpg and V; := Iyo;, where i = 1, 2.
There are thirteen ways to arrange three numbers p1, ps, ¢ considering that some of them may be
equal. We will break the thirteen cases into subcases based upon similarity of the proof.

3.1 Case max(p,p2) < ¢

The following cases arise when max(p1,p2) < ¢:

1) p1 <p2=gq,

)
2) p2 <p1=gq,
3) max{p1,p2} < ¢,

4) p=p2=gq.
Theorem 3.1. Let p; # ps and max(py, p2) = q or max{py, pa} < q. Assume w,v € M are weights.
Then the best constant C' in inequality (1.1) can be estimated as:

1) C= A, if p1 < py = q, where

1

Avi= sup (Vila.)" (Die,y) + Dale,y) + Dalay)

2
(Izy) €R+

and 51-(3:,3/), i =1,2,3 are defined by equations (3.3), (3.4), (3.5), respectively;
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2) C= Ay, if p2 < p1 = q, where

Ayi= swp (Valw9))% (Dala,9) + Dae,) + Daa,p))

(m,y)E]RQ
and ﬁi(x,y), i =1,2,3 are defined by equations (3.6), (3.7), (3.8), respectively;

3) C'= min{Bl,Bg}, if pr < pe < q orpy<p <qorp =ps<q, where

By ;= sup (Vl(:r,y))i (51(x,y)> ,

2

By ;= sup (Vg(a:,y))i (ﬁl(x,y)) :

2
(zy)eRL

Proof. For a given weight v € 9™ and a fixed parameter p > 1 denote by

llp = ( / / |h|pv>

the weighted Lebesgue norm of h. Then we have the following equality for the best constant C' in

(1.1): . )
(// (f2f)q(f2g)qu> q
C' = supsup —2

g#0 f#0 ||f||p17v1”g||p2,v2
1) Consider the case p; < ps = ¢. By virtue of (2.3) and (2.2),

(2.3) e
C = Sup“g”pg vy SUP (// [29 X(z,00) X(yoo)u> (]2U1 (LE y))”l (32)

(z,y) €R2

1
q
1
Y

= sup (Vl(xy 1 sup // L59) X (2,00) x (3,00) U ||g||mv2

(:p,y)ERa_ g#0
(2.2) 1
~ sup (‘/l(x7y))p1 (Dl(l’,y)—f—Dg(x,y)+D3(l’,y)> )
(z,y)€RT

where

Q=

w\"“
—~

&

w
~—

51 (.T, y) = sup (I; (X(x,oo)x(y,oo)u) (tla t2)>

(tl ,tQ)ERi

(VQ(tb t2))

t1 to 1
‘52(1‘7y) ‘= sup (//(‘/Z)qX(z,oo)X(y,oo)u> (‘/Q(tlat2>)_5 (34)

(151,152)61@2+
. %
( / / (12 (x<x,oo)x<y,oo)u)> 02>

t1 to

Bulo.g) im sup P (3.5)
(t1,12)€Rs (15‘ (X000 (w00 )(tl’t"’))

S
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2) The proof for the case p; < p; = ¢ is analogous to case 1). In this case

1

C=~ sup (VQ(x y)) (Dl(l‘ y) + ﬁg(x,y) + ﬁ3<l’,y)> )

(z,y)eRL

where

Q=

ﬁl(xyy) = sup <];(X(x,oo)><(y,oo)u)(t1at2)> (Vvl(tlth))Ea

2
(tl ,tg)ER+

t1 to 1
. ! 1
Dy(z,y) == sup (/(‘G)qu,oo)x(y,oo)U) (Vi(ti,t2)) 7,
00

2
(tl,tQ)ER+

1

P Py
<//<I;(X(x,oo)x(y,oo)u)) 101)

t1 t2

~

Dg(l',y) = sup 2
(t1,t2)€RY (]; (X(x,oo)x(yVOO) )(tl’ t2>>

3) Let p; < pa < qor py < p; < qorp; =py <q.Analogously to (3.2),

U

00 00 1
(2.3) . !
C =" sup (Vi(z,y))" sup / (129)" X (2,00) x (3,50 ) gl
(x,y)E]Ri_ g7#0 00
(2.3)
& s () (D) =B

(z,y)€RZ

Similarly, we can obtain an alternative estimate:

C'~ sup (‘/2(3379))% (51(5573/)> = Bs.

(z.y)€R2
Therefore, C' ~ min{Bl, 82}.
It remains to consider the case 4) p; = ps = ¢. By (2.2), we have
C=C+Cy+ Ch,

where

Q|-

i 1
C) = sup (‘/1 X y P1 sup // -729 X (,00) x (y,00) U ||g||p2 v
(,y)€RZ. 970 00

Cy = sup (V1 x y ”1 sup // 129 X(0,2)x(0,y) U Hngg v2)
(z,y)ERZ 970 \J

1

00 00
ar:y

03 _SupHngg v2 sup L

970 (z,y)eR: 2 7
// 129 Yx (y,00) U
0

0
(// ]29 X (p,00)x (T,00) U ) (va)dpdT>
0

ol

(3.8)

(3.9)
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From (2.

where

and

where
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2) it follows that

Com sup (V) (Si60,) + Sa(o) + Ss(e.0)) =5 @,

2

m\"“

1
q
S (Zlf y sup (/ UX (max(t1,z) oo)x(max(tg,y),oo)> (‘/2(t17t2))

(t1,t2)€RZ
0

Sa(x,y) == sup (ij(%)%);(%(tl»b))é?

(1517152)€]R2+
(//(//UX(maxxp ),00) X (max(y,7), oo)) 0'2(p,7') dpd7->

t1 t2

S

S,y == sup .

(t1 ,tz)ERi q
// UX (max(t1,x),00) x (max(t2,y),00)
00

Crx s (Vilay) 7 (Talay) + Tale,y) + To(ay) = Qu

2
(a:,y)e]R+

M\"‘

T Y 1
Ti(e.y) = sup / / V)| (Valta, 1)) 7,
(tl,tQ)ERa_ i

00 00 1
1 _1
TQ(xay) ‘= Sup (//(‘/l%)quX(O min(¢; a:)X(O,min(tmy))) (‘/é(tlvt?» bz,

(tl 7t2)€Ri
mw:prMﬁm> apar)” ([ fuir)
(t1,t2)€R? e

t1 t2

U
\\>—'

Since X (p,00)x(r,00) < X(z,00)x (y,00) 11 (3.9) and p’ = ¢’ then

/
1

e

o1(p,7)dp dT)

sup <//<// 129 X (p,00) X(Too)u>
ry)€R2
C3 Ssup

g#0 Hng2,U2

1 .

0000 , 0000 pi—1 =
_SupHg”p2v2 (//(// -[29 X (p,00)x (1,00) U > 0'1(/),7') dpdT)

(3.10)
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Let pj; —1 > 1. Applying Minkowskii’s integral inequality with pj — 1, we obtain

Cs <sup||g||mv2 <// Lg(t, 2)) u(t, z <//01 P, T dpdT) dtdz)

oy (2.2)
= sup ol / LoV < R+ Ryt Rs.
0

Here,

1
R, == sup // et \/Q(tth)) P
(t1 tz)GRQ
tl to
Ry == sup //({/é)qu(vl)pl—l (Vg(hﬂb))iﬁ,
(tl,tg)E]Ri 00

Rs:= sup // //u(‘/l)pl_1 oo(t, z) dt dz // (V)1
(t1.t2)ERY t1ta Nt oz

Qi

1
Py

t1 to

If p{ —1 < 1 then from (3.10) it follows that

0000 , 0000 py—1 L]
Py
Cs S sup||g||p2 vy (// (// (fzg)qx<p,oo>x<r,oo>U> ai(p,T) dpdT)
00 00
pl pl P
/ / (supngn ( / / 19)" Xpooyx m)u) ) o(p ) dpdr

2) I
(/ (Jl(p, )+ Jo(p, 7) + Js(p, 7')) o1(p,T) dpdT) =: (s,

e

H\\H

where

w\\H

00 00 1
q
Jl (P, T):i= Sup </ UX (max(t1,p), )X(max(tg,‘r),oo)) (‘/2(t17 t2)>

tl tz)ERQ
0

Q=

Ja(p,7) = sup <7?(Vg)%> (Va(tr, ) 772,

(t1,t2)€R3
(// <//UX (max(p,z1),00) X (max(r,z2), )> 0'2(21’,22) dz; dZQ)

11 t2

WS-

Js(pm) = sup .

(tl ,tz)GRi q
// UX (max(t1,p),00) x (max(ta,T),00)
00

23

(3.11)

(3.12)
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Note that estimates (3.11)—(3.12) hold for the case p’ — 1 > 1 as well.
For a lower bound for C's we obtain from (3.9) by setting g = 02X (0,11)x(0,2):

(77(77(%(mm(t1,t),min(tQ,z))"u(t,z) dtdz)pllal(p, 7) dpdT)

7

(z,y)eR: FF a s
(t1,t2)€RY // (Va(min(ty, t), min(ts, 2)) u(t, z) dtdz | (Va(t, t2)) P2
zy

S

C3 >  sup

Summarizing the above, we can state the following theorem.

Theorem 3.2. Let p; = py = q and w,v € M be weights. Then the best constant C' in inequality
(1.1) can be estimated from above as follows.

1. If pi —1 <1 then
C SO+ Q2+ Qs.

2. If py —1>1 then
C S Q1+ Q2+ min{R + Ry + R3, Qs }.

A lower bound for C, independently of relations between p| — 1 and 1, is

C 2z Q1+ Qs+

-

(7?(?]0(%@111(751,@,min(tg,z))qu(t,z) dtdz)pllgl(p’ 7 dpdT)

/

+ sup P
(x,y)ERi a 1
(t1,t2)€RY //(Vg(min(tl,t),min(tg,z))qu(t,z) dtdz | (Va(ti,ta))?
zy

3.2 Case q < max{p,pa2}

There following cases arise when g < max{p;, ps}:
1) p1 <g<pzorp <q<ps,
2) q < min{py, pa},
3) g=p1 <p2orq=ps<pr.

Theorem 3.3. Let min{p;, p2} < ¢ < max{py,p2} and w,v € M* be weights. Then the best constant
C' in inequality (1.1) can be estimated as

|~
|~

sup  (Vi(z,y)) " By(z,y) SC S sup (Vi(z,y))”

(zy)ER? (z,y)ERZ

B(z,y)

_~|
NN

in the case p; < q < py with By(z,y) and B(x,y) given by equalities (3.14) and (3.15). Ifpy < ¢ < py
then we have (3.16).
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Proof. Let py < g < py. Then

00 00 1
(2:3) a o1y 5
C =~ Sup||g||p2 vy SUD (19)* X ooy x (o)t | (Lavy " (x,9)) "
(z,y)ER?
00
00 00 1
B q
== Sup (‘/].(x y)) ! Sup </ (I2g>q X(LOO)X(yOO ) Hngg v (313)
(x,y)€R2 g#0
00
Therefore, from Theorem 2.3 it follows that
1 1
sup (Vi(z,9))" B(z,y) SC < sup (Vi(z,y))* By(x,y)
(z,y)eR?. (z,y)€R?

where with 1/ry :=1/q — 1/ps

r2

( //W ( // o 5 )) -

1

T2

( /dz (Valt, 2)) 7t i d, (— (fz(X@,oo)x(y,oow)(t,2))22)) : (3.15)

The proof of the case py < ¢ < p; is analogous. Here,

S

sup (Va(z,9))% B(z.y) SC < sup (Val,y))% Bu(z,y) (3.16)

2 2
(z,y)eRY (zy)eRY

and with 1/r; :=1/q—1/p;

1

S (L —
(]70@ Vi(t, 2)) pl d, (_ ([;(X(m)x(ym)u)(tZ))i;))7‘11.

]

Remark 1. If the weights u and o4 in (3.13) satisfy properties (1) and (2), respectively, from Theorem
2.4, then by virtue of (2.4) we obtain

1

T9 ”‘7,2 T2
¢~ o, o) (f/F“mmnwm%»q%¢%@ﬂVﬁ‘

(z,y)eRT

Analogically, in the case py < q < p1, if the weights u and oy satisfy properties (1) and (2) from
Theorem 2.4, then we obtain

1

X

r

eIt

C~ sup (Va(z,y)) (// 5 (WX (oo x(00) (7)) * dpdy (Vi(p, 7))

(z,y)eRL
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Theorem 3.4. Let ¢ < py =py or q < p; < ps or q < py < p1 and w,v € M+ be weights. Then the
best constant C' in inequality (1.1) can be estimated from above as

C S min (// Ul(ta Z) (E(t,z))ndtdz> 7F )
00

where E is defined by equation (3.17) and F' is defined by equation (3.19).

If, in addition, the weights wy = w(V1)7' and wy := u(V1)" satisfy condition (1) of Theorem
2.4 and the weight oy is of type (2), then

C< min{j,j},

where J and J are defined by equations (3.18) and (3.20), respectively.
A lower bound for the best constant C' in (1.1) is given in (3.22).

Proof. From (3.1) and Theorem 2.3 we have

< sup gl <770—1(t, 2) <77 (I29)? (V1)qlu> T"ldt dz) o

1

00 00 00 00 r
q 1
=sup gl ( / / ot 2) ( / / <f2g>qu}1> dtdz>
1\ 71 1
(//01 (¢, 2) Sup||g]|p2 v (// (I29) letoo)X(zoo)) dtdz)
00
( / (t,2)(E(t, 2) dtdz)

0

Here,

q o
z) = (// o2(p,7) (/ (V1V2)q1ux(max(t,p),oo)x(max(z,f),oo)) dpdT) . (3.17)
00 00

If the weights w; and oy satisfy properties (1), (2) of Theorem 2.4, then

00 00 1 1
q T1
C<<//01 (t, 2) SupHngQv2 (// Lg)" wiX(t,00) (Zoo)> dtdz>
00

1

5(//01 (t,2)(J(t, 2) dtalz)r1 (3.18)

where

J(t,2) (// f SWIX (t,00)x (2,00) ) (T y)>r2d dy (Va(x, ’y))z>2
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Alternatively, we can write

1

C<sup||g||2v2(//crltz<// LIg)* (V1)? u) dtdz)
= sup ). ( / / ot 2) ( / / <12g>q<v1>“u> dtdz) .
00 t z

Application of Minkowski’s integral inequality with the exponent r;/q yields

¢ Il (//((129)@71/))(1(‘/1(%1/))"q'luo:,y) dz dy) q

S(]o]offz(ﬂ%) (]7(‘/1);’1(1/2)*%)
C < min (]ofal(t, 2)(E(t, )" dt dz) Tll, F

If the weights wy and oy are of types (1) and (2) from Theorem 2.4, then

¢ Ssup ol ( / [ (107 @ gyt d dy) q
(// I ws) (@ y T2d dy(Va(z,y)) " )TQ = J. (3.20)

For the lower bound for C' we use Theorem 2.3, first, to obtain

Q‘S

)
dfd%) = F. (3.19)

Therefore,

1

¢ >sup ||g||p2 v2 <// ]29 qw ZL’ y)) ! dz dy(IQO'l(l‘ay))p/l>
—sup //(Hngz V2 (//X(x,oo)x(y,m)(lzg)qw> ) dxd (Vi($ y)) . (3.21)
00

After this, substituting the test function

5
S
i

o0

go(s, T, 2,y) = oa(s,7) (/(Vg(p, T))% ((I;wo(x, y))(p, 7)> o (/ wo(p, 2) dz) dp) P1

S T

with Wy := X(z,00)x (y,00)® int0 (3.21) (see [18, pages 627-631] for details) implies

Cz <//<// I*wo (z,y))(s t)) T2d dy (Va(s, t))'i> :édxdy(%(iﬁ,y))z):l. (3.22)

57
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Theorem 3.5. Let w,v € M be weights.

1. If ¢ = pa < p1 < o0 then the best constant C' in inequality (1.1) can be estimated as

C <min{G, K}.

where functionals G, K are defined in (3.23) and (3.24) respectively. A lower bound for C' is

as given in (3.27).
2. If ¢ = p1 < p2 < oo then the best constant C' in inequality (1.1) can be estimated as

C< min{é,f(},

where functionals G and K are defined in (3.25) and (3.26) respectively. A lower estimate for

C' is as given in (3.28).

Proof. 1. Let ¢ = py < p; < 0o. By Theorem 2.3 and (2.2), we have

1

C,S(//O’l t Z (supHngz v (// (]29)‘1 (‘/i)q—luX(t,oo)x(z7oo)> > dtdz)
00

1

~ (// o1(t, 2) <G1(t, 2) + Gao(t, z) + Gs(t, z))rldt dz) h =G,

where

Gi(t,2) == sup (I (X<too)x(zoo>(‘/1)q*1“)(t17t2)> (‘/Q(tl’mﬁ

tl t2 GRZ

t1 t2 %
_ 1
Gso(t, 2) sup (/ - X(t,oo)x(z,oo)u> (Vz(tl,b)) P2,

(// im0 o)

t1 t2

Gs(t,z) == sup 1
(t1,t2)€RZ (X(too) zoo)(Vl)q 1 )(tl,t2)>

w\""

Alternatively, analogously to the proof of Theorem 3.5 we obtain

a4

C< sup ||g||p2 o (7701 (t,2) (707(129)q(v1)Q1u> r“ldt dz) =

[by Minkowski’s integral inequality with the exponent r;/q

<Sup||9||p2v2 (// (L9)(z,y)) Vﬁi'l( y)u (x,y)drcdy)

§K1+K2+K3:K

I

Q=

(3.23)

(3.24)



Two—dimensional bilinear Hardy inequality

Here,
a i a1
Kii= swp (B((A)7Hu)(t,1)" (Valts, 1)) %,
tl t2 €R2
t1 to %
= sup ( / ’1u) (1/2(251,252))_5,
(t1,t2) G]R
0
oo 1
g\ | 2 v
3= sup I* V1)~ )) P <[§k((vl> L )(t17t2)> :
(t1,t2) GR
Therefore,
C <min{G, K}.
2. If ¢ = p1 < po < 0o then, analogously to Case 1,
< ( [ [ 2 (Gute.2) 4 Guttz) + Gt ) dz) el
00
where
1 1
Ci(t:2) = sup (I3 (X(moptooe (Va)' ) (t1,12) ) (Vi(tr, 1)) 7,
(t1,t2)€RT
t1 t2 %
~ 1
Galtz) = sw ([ [0 Npnteoon | (it 1) 7,
(t1,2)€RE \ 1
00 00 L/
/ Py
(i)
Gs(t,z) == sup b b —.
(t1,t2)ERY <I§(X(too)x(zoo (‘/’2)(1 1u)(t1 t2)>
Alternatively,
Cskl—l—XQ—f-Kg :K
Here,
- a i a1
Ky:= sup ([;((‘/2)’2 )(t1>t2)>q(vl(tlat2)) "
(tl t2)€R+
t1 to %
Ky:= sup //(Vl)q(Vz)p’Zu (Vi(t1,t2)) 71,
(t1,t2)€RY 00
. T N 5 -7
K3 := sup / (I;((VQ)M u)) o <];((V2) 5 )(tl,t2)> :
(t1 tQ)E]Ri

29

(3.25)

(3.26)
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Therefore,
C < min{é K }

To derive the lower estimate for C' in Case 1, we start from (3.21)

o0 0 o0 0 (R
€ 2 sup ol ( // ( // X(m)x(w)@g)qw) o dy(Vi(,9))?
g
00 00

and obtain, by setting g = 02X(0,5)x(0,1), that

5
S

1
)Tl
(// (//(IQUQX(O,S)X(O,t))qw> d:c dy(‘/l(xvy»p/l)
C 2z sup 00 v :

(s)€k3 (Va(s, 1))

3|~

2

Analogously, in Case 2:
r2 1
q

(// (//([201X(0,3)X(0,t))qw> d:c dy(‘/Q(xvy)>p/2>
00 Ty

C 2 sup +
(s,t)ER2 (1/1(37 t)) P1
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1 Introduction

Definition 1. Let 2 C R"™ be an open set, 0 < p < 00,0 < A < " We denote by LMI;\(Q), local
p
Morrey-type spaces, the spaces of all functions f € LéOCQ with finite quasi-norms

IFllzay (@) = sup P fllzaen sos < o

For properties of Morrey-type spaces, introduced in |7], see, for example, [1]-[5].

Definition 2. The left multidimensional fractional Riemann-Liouville integral operator ]i f of order
a=(a1,..,0n),0<y <1, i=1,....n,a=(ay,..,a,) € R is defined as follows

o _ 1 o o - Ti— ,Oéi—l
(17 f) (@_—H?:lf(ai) / / (11( — >f(t1,...,tn)dt1...dtn (1.1)

for all x = (21, ...,2,) € R" such that x; > a;, i = 1,..,n, where I is the Euler Gamma-function.
Let T, = tl — Qj, then

(Z2.f) (@)

1 /xn—an /:c1—a1 n .
= (x; —a; — 7)™ flr+ay, ..., 7y + ap)dm...dr,
[T T(ew) Jo 0 <E Y '

n

1 Tn—0n z1—ay .
— m/o /O (H(xz —a; — ;) ) g(T1s ooy 7o)y dT

= (Iag)(xl_ala'"axn_an); (12)

where g(71,...,7,) = f(11 + a1, ..., T + ay).
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The right multidimensional fractional Riemann-Liouville integral operator of order
a=(a1,...,00), 0<a; <1, b= (by,....,b,) € R" is defined similarly:

B 1 bn b1 n
PR
(b7 ) Hi:l F(al) Tn T1 g
for all z € R™ such that x; <b;, 1 =1,....,n

Definition 3. Let f € L,(£2), where 0 < p < o0, k = (ky, ..., k,), ki > 0,47 = 1,...,n. The generalized
a= (o )0<ozi<1,i:1,...,n

(t; — xi)o‘i—l) f(ty..ty)dt...dt,

Riemann-Liouville fractional integral operator I k f of order
n € N, is defined by
ak
(155) (@)

- H (ki ;—(2)—% /xn /x (H k 1 1+1)a1—1t }) ftr, .y tn)dty...dt, (1.3)
k

=1 1

Remark 1. If k; =0,Vi=1,...,n
operator defined by (1.1).

= 0 in Definition 3; we get the usual Riemann-Liouville integral

For the operator g, , the following theorem was proved in [8].
Leta,beR", 0 <a; <b; <oo,t=1,...,n, and

Qa,b) ={r eR" a; <x; <b;,i=1,...n}.

Theorem 1.1. Let1<p§oo,O<q§oo,0§)\§§,0§,u§§,%<ai<1,i:1,...,n. Then
there exists C1 > 0 such that

| 15 f e @eawn < Cr b= a 7l £ sy @any): (1.4)
where n n
V:A+Oél+...+01n—g+5—/,t, (15)

for all finite parallelepipeds Q(a,b) and for all f € M;(Q(a, b)).
The exponent v cannot be replaced by any other one.

2 Main results

Lemma 2.1. ([8]) Let 0 < p < o0, 0 <A <

>

I f lzp@own < WM I F lasy o) (2.1)
for any parallelepipeds Q(0,0) and for any y € Q(0,b).
Theorem 2.1. Let 1 <p<oo, 0 <qg<oo, 0 <AL

k‘ = (/{31, ...,k’n), kl > O, 1= 1, N
Then there exists Cy > 0 such that

5 0<p< %,az(al,...,an), é <o <1,

| Igff a2 @abn< Co [ 0171l f lLasy@any)s (2.2)
where .
n on
V:)\—i—E—E—FZ(kH—l)ai—u, (2.3)
=1

for all finite parallelepipeds Q(a,b) and for all f € LMI;\(Q(a,b)).
The exponent v cannot be replaced by any other one.
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Proof. Part 1. By (1.1) with a = 0 and Hélder’s inequality it follows that

| (55) @)

< (4 H(xfﬂ _ tfi‘i’l)(ai—l)tfi ||f||Lp (t = 2;7;)
i=1 Lp/(Q(O,x))
" n 1 P’
Oci(ki-l—l)—l ) a—1)p' !
<[] 11 /(1 — TP TEY g ) fll @00
i=1 i=1

0

where

7 (k1)
Cs =] )

J=1

By changing variable Tikiﬂ = z; and taking into account that

p—1
(0 = 1) = =F— 1
p—1
and & Z_ﬂ = p]g:il — 1, we obtain
1
/ (1 B Tfi""l)(al*l)p/%kipldn _ 1 B O{Zp - 1’ p,ka + 1 ’
0 ]{31 + 1 p— 1 kl + 1
where B(a,b) = FF(EQ-F%S;) is the Beta-function.
So
ak (ki+1)a
(155r) @] = e (H 7 ) £ 12,00
where

n Y 1. =3
=0 [[——— (B(O‘Zp 1,%“))
i (ki +1)7% p—1 " ki+l

By Lemma 2.1, since (k; + 1)a; — % > 0, we get

‘ (Ioa;kf) (x)‘ <Oy | o otz g |22 @(0.0))

H| ’Lq (Q(0,b) N B(0,r))

A1 " (ki)
< Cy [ b= E A el F @) -

We consider two cases:
1) If v <|[b|, since 0 < p < 2, then

and

—M‘]Oék‘

Q(0,6) N B(0,r))

< C | b ’A_ﬁ"!‘*_/l“rzl 1( 7,+1 g

Fllzany @)
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where n
05 = C4V7;1 .

2) If r > |b|, then

i),

< C | b ’)‘ ﬁ“"*_ﬂ‘i‘zz 1( i+

Q(0,6) N B(0,r))

fllzany o) -

Hence (2.2) follows. -
Part 2. Suppose that Igff is bounded from LM (Q(0,b)) to LM!(Q(0,b)), that is: for some
C5(b) > 0 depending on b, p, ¢, \, 1 and k.

a,k
1551 oo < o1 F aspiaom - (2.4)
Assume that by = ... = b, = [, then § = -~
Let (b )
1 =z c Q §7b
€Tr) =
10=10 7 codmacy
11z, omn 5o =1 I@oment nsom
1 1 n
» b v b\ »
=1z, 0 nB0m= ‘Q( )ﬂB 0,7) < ‘ (575)‘ = (7) (2.5)
and )
b \|* .y
HfHLM/\(Q( BN BO) = SUBT afe; §ab = Cr|b|» ™7,
where
07 - 2>\_;.
Let estimate ||I%: kf”
LMY (Q(L
fHLM“(Q 2b)
xy T
> Cs / / H Rl gkt hyeilkigy dt, (t; = z;7;)
LME(Q(5.))
> CgrH Hl_?i(ki+1) = Cy|b| ™" H:C?i(ki+1) 7
=1 Lq(Q(5,0) N B(0,r)) lr=1b| i=1 Lq(Q(5,0))

where

Cs = Csﬁéufz‘ + 1, o).

H l,%‘(ki-‘rl)

i=1

Lq(Q(5:0)

27
> Colb

1
(9 b) ‘q _ 2—(%+Z?:1(ki+l)ai)|b|§+2?:1(ki+l)ai

) i
-(5)

%_‘_Z?:l (kit1)a; ’
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where
Cy = o= (G2t (kit1)as)

Consequently

I

where 010 = 0809.
Finally, by (2.4), (2.5) and (2.6), we get

C10’b|§—u+2?:1(ki+1)a, Ia ka < 0607’b|%—/\7
LMMQ
where ClO = CgCg.
Hence oo
Cg(b) > G0
) = Z b

where v is defined by (2.3).
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1 Introduction

It is known that the Riemann-Liouville fractional integro-differentiation is formally a fractional power
of (4)% and is invariant relative to translation [19, 20]. J. Hadamard [10] suggested a construction
of fractional integro-differentiation, which is a fractional power of the type (:c%)a. This construction
is well suited to the case of the half-axis and is invariant relative to dilation.

We consider the Hadamard and Hadamard-type fractional integro-differentiation of functions of
several variables in mixed Lebesgue spaces. Lebesgue spaces with a mixed norm were introduced and
studied in [2]. The boundedness of operators on mixed norm spaces was studied in [1, 3, 17, 23]. A
number of properties of mixed Lebesgue spaces can be found in [5]. Since the function spaces with
mixed norm have finer structures than the corresponding classical function spaces, they naturally
arise in studies of solutions of partial differential equations used to model physical processes involving
spatial and time variables, such as thermal or wave equations [9, 11, 16].

The one-dimensional Hadamard and Hadamard-type fractional integro-differentiation has been
studied by many researchers [6-8|, [12-15], [21-22], [25]. A number of properties of the Hadamard
fractional integration can be found in [20, 19]. In this paper, we extended the operation of the
Hadamard and Hadamard-type fractional integro-differentiation to the case of multivariable func-
tions, when these operators, applied to each variable or to some of them, give the so-called partial
and mixed fractional integrals and derivatives in the framework of spaces 22 with a mixed norm.

Partial and mixed Marchaud fractional derivatives in the case of two variables were considered in
[20]. In [13], [14], the conditions were obtained for the existence of unique solutions to problems of
Cauchy type for nonlinear differential equations with fractional Hadamard and Marchaud-Hadamard-
type derivatives in spaces of summable functions and for the solutions in a closed form of Cauchy
type problems for linear differential equations of fractional order.

In [4], the properties of some integro-differential operators that generalize the fractional differen-
tiation operators in the Hadamard and Hadamard-Marchaud sense in the class of harmonic functions
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were considered. As an application of the obtained properties, the solvability of nonlocal problems
for the Laplace equation in a ball was studied.

In this paper, we obtain integral representations for the Marchaud-Hadamard and Marchaud-
Hadamard-type of truncated fractional derivatives. In addition, the inversion theorems and charac-
terization of ordinary Hadamard-type fractional integrals of functions from Sg are proven.

The consideration is conducted in the framework of spaces with a mixed norm

5 (n dT
2% (R+, ?) -

p d P2 Pn dn
_ f:||f;sguz/ /|f P el

Gy (RY) =

—

Follfs Cll = swp o777 @)] < oo, lim 27T (@) = Jim 27 (o >},

|| — || =00

where 7; > 0, i = I,n. Norm in €2 is determined by the formula

£l = I €Il = e F: ) 1<P< oo (1)

¥ _ N —n
where z77 =2, " .. o2,

i
7;:{ pi7 1<p@ jun (1.2)
Vi, Pi =00, 1=1,n

The paper has the following structure. In Sections 2, 3, 4, we give definitions and various aux-
iliary features of multiple integro-differentiation of Hadamard and Hadamard-type for multivariable
functions (in terms of tensor products), and the auxiliary lemmas for spaces 22 are given in Sec-
tion 5. Sections 6, 7, 8, 9 contain the proofs of basic results: the boundedness of the fractional
integration of Hadamard and Hadamard type in spaces with mixed norms is proven in Section 6;
in Section 7 we describe the integral representations of truncated mixed fractional derivatives of
Marchaud-Hadamard and Marchaud-Hadamard-type in weighted mixed Lebesgue spaces. Sections 8
and 9 contain the inversion theorem and characterization the Hadamard and Hadamard-type mixed
fractional integrals on functions from 2’;.

Notations. N,R = R! C are the sets of all positive integers, real numbers and com-
plex numbers respectively; RL = (0;+00) is the semi-axis; R" is the n-dimensional Euclidean
space of points © = (z1,%2,...,%,); R"— compactification of R™ by one infinitely remote point.
RY = {z€eR": 2y >0,22>0,...,2,>0}. Everywhere below: FE is the identity operator;
(IIsf) () = f(xod), z,6 € R is the dilation operator. Introduce mixed finite difference of
function f of vector order [ = (l1,ls,...,1,), [y € N with a "multiplicative" vector step of t € R}:

(Af) (@) = AgAE .. Ap @)= D (1" () f (xoth) (1.3)
t &Gl=6 "6 k ) .
0<|k|<L
here z o tF = (:E, . t'fl, R tﬁ”) and (2) H ( ) (l:) are the binomial coefficients, k is a
multi-index. Let us agree that the record 1 < ;T) < and p = o0, where p = (p1,,...,pPn),

(00, ...,00) means that, 1 < p; < oco,p; = o0, i = 1,n. Sg(R’jr ;"’) 1 <p < o C(R”)
{f: [ € C(Rﬁr),f(()) = f(00)},p = 0. Let w = (wq,...,wy), then p* = (pi*, ...,
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rop? = (x1-p7", o T plm), (2 p?) = (z-p7¥) = (piTl“"",fﬁ_%)' If u = (up,ug,...,u,),
a = (a1,qg,...,0p), then u} = [T ()5, (us)f = { gl ’u%<>007 We use R (a, 1) = [] R (as, 1),
i=1 9 7 . =0

R (a, ;) = [t77% (1 — e*)" dt as the normalization constant, known in the theory of fractional dif-
0

ferentiation; C§° (Rfﬁ) is the class of all infinitely continuously differentiable functions with compact
support in R’

2 Partial and mixed Hadamard and Hadamard-type fractional integrals
and derivatives

We start with defining the partial and mixed Hadamard and Hadamard-type fractional integrals and
derivatives.

Definition 1. Let z € R’}. The left and the right partial Hadamard-type fractional integrals of
order ay, € R (ay > 0) of a function ¢ with respect to the variable z;, are defined by

T

N 1 t\"* T\ k! dt
) @)= s [ () (%)™ ot §
0

1 I du
= He | n — _
F(Oék) /(; u (HU) go(atouek) w’

and .
N 1 T\ U S dt
(‘]—fﬂ#kgp) (ZE) = F(C{k> / (7) (lnx_k) Sp(xla"'7$k—17t7xk’+17"'7$n)?
Tk
17 ) d
= T(ar) /u“’“ (Inu)™ " ¢ (z o uey) ?u,
1
respectively, where e, = (0,...,0,1,0,...,0), zouer = (X1, ..., Tk 1, Tk * U, Thi1,---,Ln)-
k-1

Definition 2. Let x € R’. The left and the right partial Hadamard-type fractional derivatives of
order oy, (0 < i < 1) of a function ¢ with respect to the variable z;, are defined by

T

1—pg Mk _
a w9 [t () dt
(D5,,.0) (z) = T =) O /(xk) n ; O (X1, 1, by Ty 1y oy Tp) ;
0

1
1—py —op
xk a Mk 1 du 1—pp a 11—
0
1+p x —ag
(D%, 0) = T — o) 0n / ( ; ) (ln xk) O (T, o1, b Ty 1y -5 Tp) ;
Tk
T+pg %
= — P 9 —HEk —Qg d_u o Atp 9 1—ay
e /u ()™ woue) T = ol @) (22)
1

respectively.
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Definition 3. For a function ¢ (x), defined on R, the following integrals

Tn n a;—1
€Z; ! dtl dtl
O‘ In 2% Lt 2.
(2..0) / / My (7)) %5 23)

(T o) (z) = 7...7¢(t)ﬁr(;> (m :?) CZI Ci—tll (2.4)

are called the integrals of fractional order o (c; > 0, i = 1,n) in the sense of Hadamard (left and
right, respectively).

Definition 4. For a function ¢ (z), defined on R, the integrals

=1 tn
? i n 1 x; \ " t; ol dtq dt,,
Je = . t 7 In — R 26
= [ feollgy (5) (m2) F% es
1 Ty, nooy N A dt, dt
Qe = — — e
(‘S+ + NSD) (ZE) - / /g& (t) 1_! F(O&J (xz> (ln tz) Ty Ty ’
0 0 =
T T I z \" O\ dty dt,
oo = | ... — In — —_— . —
(S2._ ) (z) / /(p ®) le ['(a) (tl > ( ! xz) T I
xr1 Tn B

are called the mixed integrals of fractional order o (o; > 0, ¢ = 1,n) of the Hadamard type (left
and right, respectively).

Operators (2.3)-(2.6) commute with the dilation operator II,J¢ , = Jg _II,, I,J¢ . =
Jg..+ 1, and are related to the Riemann-Liouville operator I¢. . by the following equalities
JE so=Q S Qo (J 1) (1) = (Mz,Q 'S LQMyyp) (),

where  (Qp)(z) = p(e”) = o,..em), Q9 (r) = ez =
o(nzy,... Inz,), (Me,)(x) =27 .. ating (z,. .., 2,) (see [20], p. 251 and [8], p. 11).
The operators J¢ | and J¢. . , have semi-group properties:

Je T o= T8 (a>0, 820),

I st = JE 0 (20, 520).
The expressions

(D% 1) (2)

] . k o dtq dt,
lgrl_ak 6’371 / /Htu (hl_) f@t)—...—

t tn’

(D% . f) (x)
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- )" O dt, dt
= / /Htk“k pid . de
F 1 — Oék 8x1 xk t [

k=1

are called the mixed fractional derivatives of the Hadamard-type of order a = (v, ..., ay) (0 < oy <
1, k=T,n).

For ay, > 1, k = 1, n, the mixed fractional derivatives of the Hadamard-type are introduced in
the following way

n [ak]+1 K
D X
(D%t gr (Jar] +1 — ag)
Pleal+-+lan]+n [oe] —cu, dt, dt.,
X - / /Ht“k (m-) f)—.. . =, (2.7)
Al galont 131 tn
n [a1]+ +Han]+n ][Cak]+1+uk
@O&
R e T
k=1
a[al]"" +an]+n [ak]—ag dtl dt
Mk N s _n
X T el / / Htk (m xk) fO) 5= (2.8)

where ap > 0, k = 1,n and [a], k = 1,n are the integral parts of oy, k = 1,n. Substituting
ti =2 - y;, ti = x; - y; *,i = 1,7, integrals (2.5), (2.6) can be written in the following way:

(‘]—?f —+ ILLQO / /SO o y H . 9
) ] 1 " Un
7 I dyl dyn
(J2._ ) ( / /gp (zoy™) k:{lal(yz)——,
0 9 i=1 hn Yn

— -1 _ (= T
where zoy = (1 - y1,...,Tp " Yn), TOY ' = (y—l,...,y—:>,

a;—1

1o (11 . o

kit o (i) = { (o) Ji <1n yi> , O0<y <1, =T
0, v > 1,

Next we introduce a modification of mixed fractional integrals with a kernel “improved” at infinity:

o dy dyn,
([+l+“7<p / / Al 1k:+ (y) ¢ (woy) -2 .. =, (2.9)
hn Yn
o oo 3 d d
a,l _ I .+ -1\ %Y1 Yn
(I—m—,,u;TSO) (x) - ! : O/ (ATflku,a) (y) 2 ({E °y ) i s Un ) (210)

where 7 € R}, [; > a; > 0,1 = 1,n,

. L . ol 1\
(Blaki) ) = A 8% (B ) ). k) =Tt (D)



74 M.U. Yakhshiboev

It is obvious that [i o = Al 1.1 . on sufficiently good functions ¢ (x), i.e. operators (2.9)-
(2.10) are obtained by applying the definition in (1.3) of the difference operators Agll’ l:n)) with a
“multiplicative” step to the operators J£ . . They have the advantage over J¢. | ¢, at [; > oy >
0, i = 1,n, as they are limited in the space L;5 (R}, %) for all 1 < p; < 00,7 > 0, i = I,n (ie,
including the case of 4, =0, i = 1,n).

At g = 0 the partial and mixed Hadamard fractional integrals and derivatives are obtained.

3 Mixed fractional integro-differentiation in terms of tensor products

It is convenient to use the concept of the tensor product of operators, introduced by the following
definition.

Definition 5. Let Ajuq, Asus,...,Ayu, be the linear operators defined on functions
uy (), ug () ,...,u, () of one variable. The tensor product of operators Aj, As, ..., A, is an
operatorAd; ® As ® ... ® A, which is defined on functions of the form

o (x1,29,..., 2y Zul x1) ul, (z,,) (3.1)

by the relation

(A ® Ag®...®An)g0(:v1,x2,...,:vn):ZAlui(xl)-...-Anu;(xn).

From Definition 5, it follows that the operators of mixed fractional integro-differentiation
JE.Lp, Ji,,,i#(p, 09 .1 @i,,,i’#f, a = (aq,...,qp) are the tensor products of the corresponding
one-dimensional operators

JE o =U @@ I, (3.2)
TSy =J @ I, ¢ (3.3)
4ol =07 ® - @D f, (3.4)
foxuf =08, © @Dy, f (3:5)

The following operators are also considered

JE oz =J8'® - ®JFQ---® I,
JE s =J3 ®... ®JF, 0 - @5,
;":ijmif:@al ® ...®©ai®...®@anf,
j:...:':..‘j: uf D¢ Qe ® @%M - @O an

with the appropriate choice of signs. The case a; = 0 for some ¢ means the absence of integro-
differentiation in (3.2) - (3.5) in the i-th variable

Jerleeny — ju g @M RERQJIM R ® S,
Jﬂ(:alét ''''' i’ll Ji ul Jizul 1 ®FE® ‘]illtlﬂ Jﬂ: sinP

gfli.’o:i—;“7an f _ @al Q- ® @Ch 1 ® E ® Diz’+1 ® - ® @inf’

,Dgtah - f Qﬂ: Hl " ® D(f,/_ﬁ 1 ®E® Qiﬁﬂ " ® gﬂ: an
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4 Mixed Marchaud-Hadamard and Marchaud-Hadamard-type fractional
differentiation

Derivatives (2.7), (2.8) can be easily reduced on sufficiently good functions f (z) to a form similar to
the fractional Marchaud derivative.

Definition 6. For a function f () defined on R, the expression

(D%..1) <9c>=lil oy / / M(ng) (@)mi g

is called the mixed fractional Marchaud-Hadamard derivative of order av = (o, ..., ), ; >0, i =
1,n.

The mixed fractional Marchaud-Hadamard derivatives D¢ | f are related to the fractional Mar-
chaud derivatives D9, f by the equalities

DY .f=Q DL LQf,

where (Qf) () = f(e™,...,e™), (Q7'f)(z) = f(Inzy,...,Inx,).
The partial fractional derivatives of the Hadamard-type (2.1)-(2.2) can be written (on sufficiently

good functions) in the Marchaud form

D2 = s [ (n7) U@ f et s @)

e}

+te
Ak —Mktf( ) -f( roe k)d
== t 4.1
e [ Ie U (i) (1.1
0
where e, = (0,...,0,1,0,...,0), rotTle, = (z1,...,Tp_1, 2k - tT1, Tpy1, ..., 2,). Hence it is easy to
——

k-1
see that for the mixed fractional derivatives of the Marchaud-Hadamard-type, instead of (4.1) we
obtain

Diaf = (D2, + 47 B) & (D2 +45°E) &0 (D +40E)

_Dilm(g) Diﬂu f+Z<Dilu1 ®Dinun>uv-Ef

+Z Z (Dilm ®Dinun>#?‘ijf+"'+21: Z (H'E® ... u"E)p iliu f
i=1 :1 “ 1= j:1
i <J <]

D WP E® @y E)py [ pE® - @y Bf,
=1

Q-1

(Dif‘“ ®®Diﬂ >u‘.’z'E - Dilm ®"'®Di,;_u71 ®/~‘?iE®Dii;;+1 ® - ®Diu )
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Dy ®--~®Dan) ’
( :l:,,LLl :tuu"n /J‘ijZ]E

= Difﬂl ®'”®Dii,/_u171 ®M?iE®ng/tj+1 ®"'®Di{;jlfl ®M?jE®Di{;;+l ® ”'®Di7un7

(DL, + 1w E) g(2) =
In particular, at n = 2
D} yf = (D3 + 15 E) ® (D%, + 157E) f

— (D3, @ D2, ) f+ (D @ 157E) £+ (1 E@ D) £+ (09 E @ u§7E) f

B o0ty //u’“um [Aigl (Aiitl f)] (IL‘) duy dus
TT(l-a)T(1- Lo o H oy Ty
ErREme g ) ()T

M?ly’g@ (Ih xQ) )

where 0 < oy, < 1, k=1,2.

Definition 7. The expression

L1 Pn

(D1, f) (z) = ;//ﬁ (m tl)lak (Agﬂf) () ‘i—’il...%,

IT N (o, k) o
k=1

0 < pi <1,i=1n,is called the “truncated” mixed fractional Marchaud-Hadamard derivative of
order a = (ay,...,0qp),0; >0, i =1,n.

In the sequel, we assume by definition that

Di---:tf = lim Di---:l:,pf<ai > 07 L= L_n)a
p—1

DY . f= lim DL , f(0<a; <1, i= 1,n),
p—1

where the limit is taken in the space 2%



On the Hadamard and Marchaud-Hadamard-types mixed fractional integro-differentiation 77

5 Auxiliary lemmas for spaces Sg

Lemma 5.1. The space C3° (Ri) 1s dense in 2’; (R:ﬁ, df) , 1 <p<oo, and in

Cra () = {7 0) =79 @), 9@ € € (12) . Jim o) = Jim g(o) =0},
for any —oo < y; < 00, i = 1,n.

This lemma is proven by standard means.

Lemma 5.2. Let ¢ € 22, 1<p<oo, v €R, i=1,n, then the following inequality is true:
Mo s €3] = € (07) - [l s 5] (5.1)

where

c(p”*)zf[c(pﬁ),c(pﬁ)z{/)E?’ L<pi<oo, (5.2)
=1

Vi . _1
pi? p_oo7,l_ 7n'

In addition, the dilation operator approrimates the unit operator in the space 22:

lim ||ILe — ¢ ; €L = 0. (5.3)

p—1-0

Proof. Equality (5.1) is proved by obvious changes of variables. Let us prove the statement (5.3).
We have

HHpSD —® SSgH < H[l — (C (pV*))_l]Hpgp+ (C (pv*))—ll—[pgo — ;Qg

where C <p7*) is the function given in (5.2). Hence, on the basis of the generalized Minkowski
inequality (see [5], p. 22), we obtain

Y

e = 2] < L= (0 (077) My <5

(GG R

By (5.1) and (1.1), we have

[T — ¢ s €2 < 1= C (p7)

o S5 + 19 — g 5 €7

, (5.4)

where g (z) := 277 (z), g(z) € £ (R7, L) at 1 <p < oo, g(z) ==z (z), g(z)€C (Rﬁ) at
p = o0. Statement (5.3) follows from inequality (5.4). O
The following lemmas relate to convolution-type operators that are invariant with respect to

dilation and to their approximation of the unities in the spaces £; 5. Consider the operators of the
form:

(&@@Z/W/K@wwmwmﬁ%w%wﬂmuwn

and . -
(Buop) (@)= [ ... | B(&,.- &) o(x - &y - &) dEy ... dE,,
[+]

where p; >0, w; >0,7=1,n.
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Lemma 5.3. Let 1<pz§oo ~vi € R,p; >0, wl>0 i=1,n.
1) If K (p7) = f f K ( yl,...,yn)|szzyldy .dy, < oo, where v}, i = 1,n- are the

—00

constants from (1.2), then the operator A, is bounded in the space 2;’, and

1450 s L5 < K (7)) [l : 5] (5.5)

2) If d(v*,w) = f f|B (&1, .., &) Hfﬁ‘widfl...dfn < oo, where v}, i = 1,n- are the
i=1
constants from (1.2), then the operator B,, is bounded in the space 2:’;1 and
[Bu s 5| < d(v,w) [|e s £

Proof. Representing A,p as

o0

:]O"'/K(y17-'-7yn)(npy90)(x)dyl---dyn

and using the generalized Minkowski inequality, we have
[Aves 2 < [ 1K )l (W) 2) 5 2 .. du

Taking into account equality (5.1) we obtain (5.5). The operator B, is considered similarly. O
Lemma 5.4. Let K (y) = k1 (v1) - kn (yn),ki (y;) € L1 (RY), k; (y;) =0 at y; <0, i = 1,n. Then
. gP : 1 . 1 . aP
1A s S50 < [lRas Lo (RY)[]- [R5 Lo (RY] - [0 5 5]
at0<p; <1, i=1n.
The proof of Lemma 5.4 follows from Lemma 5.3.

Lemma 5.5. Let K (y) = ki (y1) -+ kn (Yn), ki (i) € L1 (RY), ki (y;) = 0 at y; < 0, i = I,n and

[ oo [ K(y,...,yn)dyy...dy, = 1. Then
pE{nO}|AP¢ p; Lo =0 (5.6)

foralll1 <p;<oo, v >0,0<p; <1,i=1n.
Proof. First, note that A,p € Sg for ¢ € Sg at 0 < p; < 1, i = 1, n, according to Lemma 5.4. To
prove equality (5.6) note that since [ ... [ K (y1,...,Yn)dyi...dy, =1, then

—0o0 —0o0

o0

(Ap) (2 L/ /Kth%«mwﬂ) o (@))dy, ... dyn.

Using the generalized Minkowski inequality, we obtain

[App — 5 22|



On the Hadamard and Marchaud-Hadamard-types mixed fractional integro-differentiation 79

SO/ O/’kl o)l -V ()| - || (Wavep) (@) — 0 () 5 LE| dys ... dyn. (5.7)

Since 0 < p; < 1,4 = 1,n, then in (5.7) the passage to the limit under the sign of the integral is
possible on the basis of the majorant Lebesgue theorem. The application of the latter is substantiated
by statements (5.1), (5.3) of Lemma 5.2. O

6 On the boundedness of mixed fractional Hadamard and Hadamard type
integration in space £©

Theorem61 Let v e RY, 1 <p; < o0, a; >0 and p; € C, i = 1,n. If Rep; > —v}, , i = 1,n,

where v;, i = 1,n are the constants from (1.2), then the operator JE 4+, 18 bounded in the 22, and

175 s S < T T G +90) 2l (6.1)
=1

Proof. First consider the case 1 < p < 0. By the generalized Minkowski inequality, we have

. 7 dy  dys
(R sgu</ / o(woy): L ||H|sz |
0 0

After substitution 7; = x; - y;, ¢ = 1,n, we obtain

[e.9] o0

— n dn B
192 s < [ [T ] 22 22 e
0

0 =1

So,
1 1
d itk 1\ 'd d o _
1S ues S5 / /H T () S S 2| 22 |
=1 F 1) Yi
0 0 'z
< [ Mg @ e o)
0 =1
<1 (M ) ez 62)
At p =0 in (6.2) substitute p;, i = 1,n for 1. Then we get (6.1). O

Theorem 6.2. 1) Let ; € R' 1 <p <00, ay >0,i=1,n Ify; >0, i=1,n, then operator
J¢. 4 is bounded in the ££, and

-

[PARNTE Sp S1—[

2) Let 1 < p; <00, 1< ¢ <00, 0<a; <1, i =1,n Operators of fractional integration
JS. o and J* _¢ are bounded from £P (R’jr, df) into £7 ( ¥, d;) if and only if 1 < p; < i, ¢ =

pi — 1
T—a;p;’ ) , n.
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Proof. The first statement follows from Lemma 5.3. Then, the operators J¢. ¢ and J% _¢p are
related to the Riemann-Liouville operators I$. ¢ by the equalities
Je=Q ' Qp, ] _o=Q ' _Qp, (6.3)

where (Qp) (z) = ¢ (") = p (e™,...,e"™). By virtue of (6.3), the second statement of the theorem
follows from the well-known Hardy-Littlewood theorem for ordinary fractional integration over R”
(see [20], p. 494). O

Theorem 6.3. Operators Ji‘f{, J_ff%,jL?T 15 bounded in the space le Jor all 1 < p; < o0,y >

0,7=1,n,

where 0 < ¢; (i, 1) < Lat Rep; +v; >0, 0< 7, <1, [;>0; >0, i=1,n,

wher60<ci(7'i)<1at0<7'i§1, li>OéZ'>0, z:l,n

+oT

n

Ji?fi,Tso;SgH H (s 13) || 5 L2

a7l . ﬁ
Y el 37

gﬁ () [l 22

The proof of this theorem follows from Lemma 5.3.

7 Integral representation of the truncated mixed Marchaud-Hadamard
and Marchaud-Hadamard-type fractional derivatives

Lemma 7.1. Let f(z) = (Jg. +Mgp)( ), @ Eﬂﬁ,wherel < p <oo, v >0,pu >0, pu >
,0<a; <1,i=1,n,and 0 < p; < 1,7 = 1,n, the truncated mized fractional derivative
Dﬁ‘_ oz p) Das the followmg integral representation

DS o f= / ¢ (zop')dt, (7.1)
where
Kotu (t’ p) = K(;’_lyﬂl (tl’ pl) K(—)l‘rn Hn (tn’ pn) ’K(;: Hi ( & pz) =
: i b o
SIn QT p; 1 1 o i
r <—0zi, i In l) i = 1,n, the upper incomplete gamma function. In this case, the kernel
K3 . (i, pi)€ L (RY) is an averaging one:
/' (o pdt = LK (t pi) > 0 (7.2)

at 0 <t; <1.
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Proof. The proof is easily reduced to known facts for the one-dimensional case (|25]). Namely, we
have

T = 2 ® @ I
DY ipipf = Do ® - ® DY f -
Since f (x) = (J$., ) (z), then
Di 1 pf Dillil P1 (]il/ll DiQN2 P2 J‘?QNZ ® Din/»l«n Pn Ji;nﬂngo :

It is known, that (see [15], [25])

o o C dZL'
D+ZH PzJ-FZNg_K (T pl)ga :Ln’g:g(t) €£p (R+ t K I)

for the function of one variable and

D g = / S p) gt o) dr

Then
DY f = K5 @ K @@ K

115 p1 12 p2 tins pn P

for ¢ € Sg, 1 <p <o0,v >0, i=1,n, taking into account the density of functions of form
(3.1). This implies representation (7.1). Operator (7.1) on the right-hand side is also bounded by
Lemma 5.4. Therefore, by virtue of Lemma 5.1, identity (7.1) applies with C§° (R7) to all functions

622,1§pi<oo,%>0,i:1,_n. O

Lemma 7.2. Let f(z) = (J..¢) (x),gp;e Sg . where a; > 0, 1 < p; <00, 7 >0, i= 1,n,
or0<a; <1, 1 <p < l, v =0,1=1nand 0< p; <1, ¢ =1,n. Then the truncated mized
fractional de'rwatwe D21 ,f has the following integral representation

o0

(D% ) @ = [ [TL K)ot o )y (73

i=1

where the kernel

€ L (R}) (7.4)

V(L) T+ )y
atl > a >0,

/Klj,al(yl)dyz - 1, lz > oy > 0. (75)

The proof of Lemma 7.2 is similar to the proof of Lemma 7.1

Lemma 7.3. Let f € £, 1 <r; <o00,\ >0, i =1,n be such that its difference (A}f) (z) of
order 1 is represented by a modified mized Hadamard fractional integral (2.7) of a function from Q’;l:

ALf) (@) = (S5, 0) @ / /Al k) Wpleoy) (7.6)
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where l; > a; > 0,0 < 71, <1, 906213 1<pi<oo, 7 >0,i=1,nand0 < h; <1, i=1,n.
Then the truncated mized fractional derwatzve D%, fallows integral representation (7.3) for all
1 <p;<oo, >0, i=1n and integral representation

(DScypf) (@) = Ko (T =) @ - @ K, (112, — 03 0 (2) (7.7)
for all p; = 0o, v; =0, i = 1,n, where the operator I} is

(Hégp) () =@ (T1,. ., ie1,0,Zig1, ..., Tp)

In particular, for n = 2

(Di+ pf) (z) = K (H;tl - Hé) ® Ky (Hi? - H%) ¢ ()

1

= // b () K o (82) @ (1 - pY o - pf) diydt
/ l,01 l’l . p’i , dtl / la, OQ 0 o - p2 ) dtg + Y2 (0, O) s
0 0
for all p; = 00, v; =0, i = 1,2, where K, (t;) is kernel (7.4).

Proof. Lemma 7.3 is proven in the same way as Lemma 6.3 from [25]. Since at ~; > 0, i = 1,n the
procedure is substantiated in the proof of Lemma 7.1, it suffices to consider the case at v, =0, ¢ =
1,n for any 1 < p; < 00, oy > 0, i = 1,n. Similarly, as in the one-dimensional case, it is necessary
to substantiate the following equality

0 0 d& 00 o9 - )
— | ... [ (Ak o d
/ /Hgf J@lknGetoear
ln—1 1n% 0 0
= /.. cendr | [ a1 %
[ fetzociar | /<1a><€>i1_11€3,
0 0 ln—1 lnpin
where (ALED)(y) = AL[AR . (AYED(y), (ED)(y) = H (yl . Here the change of order of inte-

gration is substantiated by Fubini’s theorem at 1 < p; < 00, 7; = 0, i = 1,n. Next, we prove that
at 1 < p; < 0o, i = 1,n, the iterated integral converges (for almost all z, z € R™)

[e.9]

/ /}gp zoe )| dm ... / 7 ‘(Alllﬁ)(s)

0

dgl dgn
e

for all ¢ € €7 (R7,%). Changing of the variables & =s and 7 = t;In .1 = 1,n, leads to the
necessity to prove the convergence of the integral

A::0/...0/‘(p(:coht)|K*(t)dt1...dtn, (7.8)
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where K* (t) = L ["* ... [*" |(AYEL)(s)| ds. Since (ALkS)(s) € Ly (R™) (see Theorem 6.3), then

t1...tn

K*(t) < 7% at t — oo. Then it is evident that K* (t) < ct*! at t — 0 and, K* () is continuous

at t € R}. We have

K= (t) = Z kj(t), k;(t)= $2i(8) — a“(tl) ) ‘t?Ljn(tn)’

1<|j|<n
where a;, (t;) = { ai_; L0 <t'ti><11’ Then from (7.8) we obtain
Ag/.../\<p(xopt)}K*(t)dt1...dtn
0 0

and it remains to refer to Young’s theorem for spaces with mixed norm (|5, p. 25).
Substantiate the case p; = oo, i = 1,n, for p € C (R’fr) Consider the “two-sided” mixed truncated
Marchaud-Hadamard fractional derivative, i.e.

(D2 s () = 100 / / (n1) (A e, (7.9

at I; > a; > 0, where 0 < §; < p; < 1, i =1,n, then refer to the limit § — 0. From (7.6) we have

o0 o0

(Agf) (z) = (m %)a/.../(Allk;:)(y)go(xoty) dy; ... dy,, (7.10)

0 0

where 0 < t; < 1, i = 1,n. Substituting (7.10) into (7.9), we obtain

(Di~-~+,p,5f) (:E)

_1 o0 o
dt
- z/ /H(ln ) t—/ /A%* ¢ (zot!)dy, ... dy,.
Oé i 7
0 0

The changes of variables In ol & and & =15, 1= 1,n, give:

(D?r---Jr,pﬁf) (:l:)

d£1 . dén / / (AL kD) (zoe ™) drm...dm,

and the change of the order of integration leads to the equality

(Di--—i-,pﬁf) (z) =

ln—

00 0o lni lnE
= ! oe T L1+ T - —2 ¢
In = In L
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Here the change of order of integration is easily substantiated by introducing d=(01,...,0n), 0<

ln% 1 %
6 <1, i=1,n (considering that |¢| <cand [ ... d& : dé” (ALkT) )(2)| dmi...dr, <
In L n -+
P1 Pn
00). Equality (7.11) means that
(DY psf) @ (woc)
T 1 T 1
X H[—lnlfgjai <_1ni> — 1 K, (1 _)]dﬁ - dy,
i=1 pi pi 6

where K" (t;), 1 = 1,n, is kernel (7.4). Here, the integral representation can be written in terms
of tensor products, i.e.

(D31 psf) (@) = K, (H;tll - H§§1> ®- @Ky (H o Z;n) o(2), (7.12)

where
o

i _ St .
K (T M0 ) g (o) = [ KL, (0 [o (k) — g (w:57)] dts
0
(Hlt go) (x) = ¢ (xl, e ,xi_l,xipfi,xiﬂ, e ,xn) is the dilation operator. Since ¢ € C (Rﬁ) and

K, (ti) € Li(R'), i = T,n, a passage to the limit is possible at § — 0 under the sign of the
1ntegral By (7.5) from (7.12) we obtain (7.7). O

8 Inversion of mixed fractional integrals of functions belonging to 21;3

Theorem 8.1. . Let f = J5., 0. ¢ € &, where % >0, 0< a; <1, 1 <p; <00, iy >0, p; >
_P)/;<72.:17'~-,n- Then

(DY.ppf) (@)= lim (D%, f) (@) =¢(2).
p—1
(€£)

~

Proof. Convergence in norm follows from Lemmas 7.1 and 5.5. O

Theorem 8.2. Let f = J¢. +g0, (pES where either v; > 0, a; > 0,1 <p; <o0, 1 =1,...,n, or

7% =0, 0<a; <1,1<p; < Z*l ,n. Then
(D‘j‘_...+f) (z) = lim (DY f)(x)=¢(2),
p—1
(£5)

where the limit is taken both in Sg, and almost everywhere.

Proof. Convergence in norm follows from Lemmas 7.2 and 5.5. The proof of convergence almost
everywhere is obtained by using Theorem 2 ([24], p. 77-78), applying it for each variable. In this
case, equality (7.4) and the property of the kernel ‘K;;al (yl)‘ < (H)J—Haz at [; >y, y; > 1, 1=
1,...,n (see [20], p. 379) are taken into account, so, the kernel K" (y;) has a monotone summable
majorant. O
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Theorem 8.3. Let (Aif> () = J3y 00 € & where 7, 20, 1> a; >0, 1 < p; < 00, 0 <
<1, 1=1,...,n. Then

(DY f) (x)= lim (DS.. f)(x)=¢ (),
p—1

()
where the limit is taken both in Sg, and almost everywhere.

The proof of the convergence in norm follows from Lemmas 7.3 and 5.5. The convergence almost
everywhere is proven as in Theorem 8.2.

Remark 1. One can admit the case in which a; = 0 for some ¢. In particular, if f = J{ ¢, ¢ €
L5 (R, %), where a; > O0ati=1,....,k—Lk+1,...,n, =0, 1<p<Lati=1,... k-
Lk+1,...,nand 1 < p, <oo. Then

(Df.f) (&) = lim (DL 00 ) () = g ()

where the limit is taken both in £, and almost everywhere.

9 Characterization of mixed fractional integrals of functions from 21;3

Denote by J¢ . , (£?) the operator image of mixed fractional integration

_ - dx
J:?:é...:thu (Sp) = { f : f = Ji‘..idﬁpv Y e £P (Riv ?) }

defined for 0 < a; < 1, 1 < p; < %,i = 1,...,n. Actually, at1l < p; < %,i = 1,...,n, they
coincide, that is, do not depend on the sign choice, so, denote them by

JU =8 (gﬁ) =Y (Sﬁ) =-=J0 (217)

Denote similar modified operator of mixed fractional integration by Jif%.jw (£P):

J:?:(Z{:t,u (Sﬁ) = {g g = ‘]:if%~:|:,u;7'g07 NS Sﬁ }

This space is defined for [; > o; >0, 1 <p; <oo, u; >0,0< 7, <1, i=1,n.
Introduce into consideration the space

p,r,a n\ __ . T a,l - D
2{7)5 (R}) = {f fefy m D sl =0, P ELL Y,
where v; >0, \; > 0,1 <p;,r; <oo, a; >0, 1=1,...n

Lemma 9.1. The operator
h h 1 d d
t t
Bth / / Aa1]€+ (ll’l;)g&([l}ot)t—l—n (91)
0 0

where (AgkS) (y) = AZAL (AT ED() kS (y) = 1:[ (w)*
every 1 <p; < oo, a;> 07 >0, 0<h; <1, i=1,...,n, and

_ 1\ _
|Bies <4 SCH( E) e <5

=1

, 15 bounded in the space 2;’ for

where C' does not depend on h;, i =1,...,n.
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Proof. From (9.1) by the generalized Minkowski inequality, we have

”BW”“/ /A”‘l’“( D foteons et

By (5.1) we obtain

1\ o o dty dt,
e < [ ] 500 () HLote 200
i=1 n

where ~f, i =1,...,n, are constants from (1.2). The substitution ln% =& 1n

hii,izl,...,ngives

n

B n 1\ o0 _
| B £ || SH(IHE) //H|Pal (zi)] dz1 ... dzn |03 22”7 (9-2)
i=1 ! 0 o =1

where P,, (z;) =

S (=17 (%) (2 — 5% € Ly (RL) (see 20, p. 282). So, inequality (9.1)

7i=1 Ji
follows from (9.2). O

al)

Theorem 9.1. Let f € Sg’;’a (]R’}r), % >0, Ay >0,1<pj,r;<o0, aj >0, i=1,...,n. Then for
the mixzed fractional difference <Aﬁf> (), at fived h = (hy,...,hy), 0 < h; <1, i=1,...,n, the

following integral representation is true

o0

(A;';f / / %) (D2, f) (1) Ci—tll o Ci—i:“‘, (9.3)

where (A?ki) (y) = A?ll [A?; . (A?jk;r)](y)’ kF (y) = H Wy

Proof. Consider the operator

(B}C:S0>($>://(Aﬁlik;_> (111%)30(25)%%

Since (Agk[) (y) € L1 (R™), the operator By is bounded in the space Sg in virtue of Lemma 9.1.
Denote s = Dj)‘_,,,Jr,M;&f and

(Bigs) ( //Ak ) (s 0P 2

Note, that Bj' is a convolution with the summable kernel (A?kof) (y) € Ly (R™) and so the com-
position By DS | sf is (at fixed d = (01,...,0,), 0; > 0,7 = 1,n) a bounded operator in £7 at all
Ai>0,1<r;<oo, i=1,...,n. Prove presentation (9.3) first for f € C§° (Ri) We have

o0 oo

1k:+ )%...dt“
t t1 tn

(Brws) (v

[e=]
[en]
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n

/ -/ H(ln ) (&) <t>%...% (9.4)

i=1

Since (A?k:g) (y) € Ly (R™), then in (9.4) the change of the order of integration is justified by the
Fubini’s theorem. So

— 1—6n

n —Oéi—l
//H<1n) B o,
U1 Yn
0

(Byes) (x) =

i=1

[e.e]

oy <_1>k(,g)/...7(A;;ikg>( ST

0<[k|<l )

The substitution t; = x; - & - yi_k" . hfi,i =1,...,n gives

1-6,  1-6,
o o 1 - 1 —oi—l dyl dyn Ikl [
Bio0) @) = oy [ [ Il (mi) 25 ()
0 0 = 0<|k|<i
Xy/...ynn(lny—k)a_l (—1)|j|(O.é>f(xohjot)@...&.
0 0 ¢ 0<|j[<t J &1 n

Hence,

« « dgl dgn
(Bios) (o) = / / SHNICLEE
1-0n

1-6; N N
X / / H(lnl) (Ain;k;> <ln1> %%
) S\ 7 £y Un

Here, the change of the order of integration is possible on the basis of Fubini’s theorem, since

(A?k‘;r) (y) € Ly (R", %) Substituting lni s— ln—, lné =u; - In =5 6 ,1=1,...,n, we obtain

/(A%f)f(xo(l—é)“)%...%x

U Un,

X 7 ..7(&1/@;) (5)dsy - - - dsp. (9.5)

0
The equality (AYkT) (s) = (AYKL) (s1) -+ (ATESL) (s,), from (9.5), we have

o

(Brys) (x

(Bigs) (x) = / / (Ki) () (K 0,) () (B30 (o (1 =) duy - du, (96)

where K o ' is kernel (7.4). In (7.4) the right-hand side in (9.6) is an operator bounded in £% by
Lemma 5.4. Since ByDS. . sf is also an operator bounded in £, then (9.6) follows for functions
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f belonging to C§° (R’}r) Therefore, from (9.6), by passing to the limit at § — 0, identity (9.3) is
obtained. B )
Since @ = (lsirr(l] s in £, the left-hand side of (9.6) converges in norm £% due to the boundedness
%

of operator B} in the 2%. On the other hand, the right-hand side in (9.6) converges at § — 0 to
<A}C{f> (z) in norm £7 by virtue of Lemma 5.5.

Due to the identical coincidence of the left-hand and right-hand sides in (9.6), their limits at
6 — 0, although in different norms £2, £, must coincide almost everywhere. This leads to (9.3). [

Theorem 9.2. In order f (x) to be representable by a mized fractional Hadamard integral f (z) =
(JE.p9) (@), ¢ € £, where either
1)7>0,0,>0,1<p;<00,i=1,...,n,

or
2) 7 =0,0<aq; <1, 1<pi<aii,z':1,...,n,

it is necessary and sufficient that f € 2}, where N\; > 0,1 < r; <oo,i=1,...,n, in case 1) or

A=0,r = 1—1&1% in case 2) and the limit exists ¢ = (lsi_r)% Dﬁ“r,,,ﬂ;f m 22’.

Proof. The necessity of this theorem follows from Theorem 6.2 and Theorem 8.2.The sufficiency is
obtained by the scheme of the proof of Theorem 9.1. m

Theorem 9.3. In order (Aif) (x) to be representable by a mized fractional Hadamard integral
(Aif) () :Jf_i{,ﬁﬁm € Sg, where v; >0, [ >a; >0,1<p; <00, 0<7<1,i=1,...,nitis

necessary and sufficient that, (Aif) (x) € Sg, where \; > 0,1 <r;,<oo, 0<m<1,1=1,...,n

and the limit exists
o =lim DS . 9-7)

where the limit is in Sg.

Proof. The necessity of this theorem follows from Theorem 6.3 and Theorem 8.3.
Sufficiency. Let (AIT f) (z) € £ and condition (9.7) be satisfied. It is required to prove that

(A1) (@) = 2 e (98)

From (9.8) we have
Ap (ALF) (@) = Azt e (9.9)

At h = (hy,...,hy), 0<h; <1, i=1,...,n. Introduce the notation

(Bi'e) ()= (m %) ) 70 5 ]OPa () (Bl (wo by dzr . d,

where Py (2) = g5 > (=¥ ( “ ) (z— )" e L (R).

0<|j|<o0 J
Consider the expression B}C;’lgpg, w5 = D¢ sf. For functions f (x), belonging to C§° (]R?r), we
have
BIC:JSOJ = Biozé’lDi-~-+,6f = AgAiJi-~-+,6Di-~+,éf' (9.10)
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With well-known integral representation of finite differences (see [17], p. 101-102), we obtain

(ALJS D2 of) (1) =

= 7 : .7([(;1”&1) (y1) - .. (Klj;an) (Yn) <Ale> (xo(1—=0)")dy;...dyn,

where (K" ) (y:) is kernel (7.4). Then from (9.10) we have

B = 7 . 7 (K () - (K ) () (AgA’T f) (o (1—0)")dy...dyn. (9.11)

With (7.4) in mind, the right-hand side in (9.11) is an operator bounded in £5. According to
Lemma 5.4, since the composition B,?’lDﬁ‘_,,,Jrﬁf is (at fixed 6 = (1,...,0,), 0<&; <1, i=1,...,n)
an operator bounded in 2; for \; >0,1<r;<o0, i=1,...,n, then (9.11) follows for functions f
belonging to Cg° (R%). By (7.5) the right-hand side in (9.11) converges in the norm of the space &

to (AgAg f) ().
So, there exists a limit of the left-hand side
lim D2 of = (AFALT) (2).

6—0

Since ¢ = lim @5 in £2, the left-hand side of (9.11) converges in £2 due to the boundedness of the
6—0 7 v

operator B,‘i"l in Sg. Then there exists a limit
. ol Ha _ a,l 7. a o a,l
(131_1)1(1) B'DY. . sf =B, (131_121(1)(D+_,,+75f) = B, (9.12)

where ¢ = D¢, f. Since Bf:’lDS‘r,drﬁf converges both in the norm Q; and norm Eg, the limiting
functions must coincide almost everywhere. Then from (9.12), we obtain

e — (83AL7) o)

which coincides with (9.9). It should be noted that functions AL fand Jf:f%.jL,TD‘}r,_ +J have identically
coinciding mixed finite differences. Therefore, they can differ only by a polynomial (see [19], p. 103)

Alf=Jgl DY . f+P(x),
where P () is a polynomial. Then from (9.9) follows (9.8) taking into account that AL f, Jf_f,Jm(p €
£ O
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Abstract. We prove that if T': X — Y is a 2-isometry between real linear 2-normed spaces, then
T is affine whenever Y is strictly convex. Also under some conditions we show that every surjective
mapping T : A —> B between real Fréchet algebras, which strongly preserves distance one, is affine.
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1 Introduction and preliminaries

An algebra A over the complex field C, is called a Fréchet algebra if it is a complete metrizable
topological linear space. The topology of a Fréchet algebra A can be generated by a sequence (py)
of separating submultiplicative seminorms, i.e.,

pr(zy) < pe(z)pr(y),

for all £ € N and z,y € A, such that py(z) < pry1(x), whenever k € N and z € A, 6, 7]. A Fréchet
algebra A with the above generating seminorms (py) is denoted by (A, py).

A map f: X — Y between real normed spaces is an isometry if || f(z) — f(y)|| = ||z — y]| for
all x,y € X, and f is affine if

flta+ (1 =1)b) = tf(a) + (1 —1)f(b),

forall a,be X and 0 <t < 1.
An isometry need not be affine [12]. There are two important results describing cases in which
every isometry is affine. The first basic result is due to Baker.

Theorem 1.1. [1] Let X and Y be two real normed linear spaces and suppose that Y is strictly
convex. If T : X — 'Y 1s an isometry, then T is affine.

The second result is the Mazur-Ulam theorem.
Theorem 1.2. (8| Every bijective isometry T : X — Y between normed spaces is affine.

This result was proved by S. Mazur and S. Ulam [8] in 1932, and their proof is also given in
the book [2, p. 166]. See also 9] and [11]| for different proofs. Theorem 1.2 was improved by
relaxing the subjectivity condition in [5], and is generalized for Fréchet algebras by the author in [12].
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Recently, Chu in [3] proved that Theorem 1.2 holds when X and Y are linear 2-normed spaces,
i.e., he proved that every 2-isometry between two linear 2-normed spaces is affine.

A mapping T : X — Y between real normed spaces X and Y is said to strongly preserve
distance n if for all z,y € X with || — y|| = n it follows that || T(z) — T'(y)|| = n and conversely. In
particular, T strongly preserves distance one if n = 1.

A different kind of generalization of the Mazur-Ulam theorem was given by Rassias and Semrl in
[10]. They proved under a special hypotheses that every surjective mapping 7' : X — Y between
real normed linear spaces X and Y which strongly preserves distance one, is affine [10, Theorem 5].

Also it is shown that the Rassias’s theorem holds when X is a linear 2-normed space under some
conditions [4].

In this paper, we prove that Theorem 1.1 holds when X and Y are linear 2-normed spaces. We
also give an extension of the Rassias’s theorem for Fréchet algebras.

2 The Baker result for linear 2-normed spaces

Definition 1. Let X be a real linear space with dimX > 2 and let p(-,-) : X? — R be function.
Then (X, p(-,-)) is called a linear 2-seminormed space if

(a) p(z,y) =0 < x,y are linearly dependent,
(b) p(z,y) = p(y, ),
(¢) p(Az,y) = |Alp(z, y),
(d) p(z,y +2) < ple,y) + p(z, 2),
(e) plz,2) < plz,y) +ply, 2),
for all x,y,z € X, A € R.

In particular, if we define p(z,y) = ||x,y||, then we obtain a real linear 2-normed space in the
sense of |3, Definition 2.1]. For example, define p : R? x R? — R by p((a,b), (z,y)) = |ay — bz|.
Then (R?,p) is a linear 2-normed space.

Let (X,p(-,-)) be a linear 2-seminormed space. Then we say that X is strictly convex if the
equality

pla,z) +pla,y) =pla,x+vy), a,z,y€ X,

implies that x = Ay for some A > 0.
Let (X,p(-,-)) and (Y,q(-,-)) be linear 2-seminormed spaces. A map 7' : X — Y is called
2-isometry if

for all z,y,z € X. Moreover, T is called affine if
TAz+ (1=XNy) =XT(z)+ (1 - NT(y),
for all A € [0,1] and every z,y € X.

Lemma 2.1. Let (X,p(-,-)) be linear 2-seminormed space. Then for all x,y € X and A € R, we
have p(z,y) = p(z,y + Az).
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Proof. Since p(z, Ax) = 0, we have p(z,y + A\z) < p(z,y) + p(x, \x) = p(z,y). On the other hand,
let a =y + Ax. Then y = a — Az and so

p(z,y) =plx,a — Ax) < p(x,a) + p(z, \z) = p(z,y + Az),
for all z,y € X. O]

Lemma 2.2. Suppose that X is a strictly convez 2-seminormed space and a,b € X. Thenu = %(a+b)
18 the unique element of X satisfying

2p(a —c,a—u) =2p(b—u,b—c) =pla—c,b—c), (2.1)
for some ¢ € X with p(a —¢,b—c¢) # 0.

Proof. The result is clear if a = b. By Lemma 2.1, we have that for all c € X,

1
2p(a—c,a—u):2p(a—c,a—§(a—|—b))

=pla—c,a—Db)
=pla—c,a—b+ (—=1)(a—c))
=pla—c,b—c).

Similarly, 2p(b—u,b—c) = p(a—¢,b—c). Therefore it suffices to prove the uniqueness of u. Suppose
that w € X is such that

2p(a —c,a—w) =2p(b—w,b—c¢) =pla—c,b—c), (2.2)

for some ¢ € X with p(a —¢,b—¢) # 0. By (2.1) and (2.2), we get

1 1 1 1
p(a—c,a—§(u+w)) < §p(a—c,a—u)+§p(a—c,a—w) = §p(a—c,b—c). (2.3)
Similarly,
1 1 1 1
p(b—é(u—l—w),b—c) < 5p(b—u,b—c)+§p(b—w,b—c) = Ep(a—c,b—c). (2.4)

If either of these inequalities were strict, then by using Lemma 2.1, we obtain
1 1
pla—c,b—c)<pla—c,c— §(u+w)) + p(c — §(u+w),b—c)
1 1
=pla—c,a— §(u+w)) + p(b — §(u+w),b—c)
<pla—ecb—rc),

which is a contradiction. Thus, the equality holds in (2.3) and (2.4). Therefore

1 1 1
p(a—c,a—ﬁ(u—i-w)) :§p(a—c,a—u)+§p(a—c,a—w).

Since X is strictly convex, we conclude that a —u = A(a — w) for some A > 0. On the other hand,
by (2.1) and (2.2), p(a — ¢,a —u) = p(a — ¢,a — w). Hence A =1 and u = w. O

Now we prove our main theorem. The idea of the proof can be found in [1].
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Theorem 2.1. Let (X,p(-,-)) and (Y,q(-,-)) be two real 2-seminormed spaces, where Y is strictly
convex. If T : X — Y is a 2-isometry, then T is affine.

Proof. We may assume without loss of generality that 7°(0) = 0. Indeed, if 7'(0) # 0, then ¢(x) =
T(x) —T(0) is an isometry and ¢(0) = 0. Since T is 2-isometry, from Lemma 2.1 we have

2(T(a) ~ T(e), Tla) ~ T(“52)) = 2pla — .0~ “30)
=pla—c,b—c)
= 4(T(a) ~ T(e). T(6) ~ T(c))
Similarly,
2(T(B) ~ T(“52), T() ~ T(e)) = 2p(0 — 20— )
=pla—c,b—c)
= 4(T(a) ~ T(e). T(6) ~ T(c)),

for every a,b,c € X. As Y is strictly convex, replacing in (2.1), a by T'(a), b by T'(b), ¢ by T'(¢) and
u by T(“T’Lb) and using the uniqueness of u, we get that
a+b 1

) = 5(T(@) + T(b))

7(

Thus, T" preserves the midpoints of line segments, and hence 7' is affine by Lemma 2.2 of [12]. O

Corollary 2.1. Let X and Y be two real linear 2-normed spaces, and suppose that Y is strictly
convexr. If T : X — Y is a 2-isometry, then T is affine.

3 Maps that preserve distance one

Let A and B be two linear spaces equipped the seminorms p and ¢, respectively. A mapT : A — B
is called isometry if

p(z —y) = q(T(z) = T(y)),
for all z,y € A.

Theorem 3.1. Let A and B be two linear spaces equipped the seminorms p and q, respectively.
Suppose that dimB > 2 and T : A — B is a surjective mapping that strongly preserves distance
one. Then T strongly preserves distance n.

Proof. We first prove that dimA > 2 and T is one to one. Since dimB > 2, there exist elements
x,1y,z € B such that

g —y)=qlx —z) =qly—2) = 1.
The mapping T is given to be surjective and strongly preserving distance one, so there exist elements
a,b,c € A such that T'(a) =z, T(b) =y, T'(c) = z and

pla—0b) =pla—c)=pb—c) =1

Therefore dimA > 2. Now let a,b € A such that a # b and T(a) = T'(b). We can fined ¢ € A such
that p(a —¢) = 1 and p(b — ¢) # 1. Hence
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This implies that p(b— ¢) = 1, which is not possible. Thus, T is one to one. Hence T is bijective and
both T and T~ preserve distance one.

Next we prove by induction that T strongly preserves distance n for all n € N. Suppose that T’
strongly preserves distance n and a,b € A with p(a —b) = n+1. Similar to the proof of [10, Theorem
1], we have that

(a(T(a) = T(b)) = pla—b)| < 1,
for all a,b € A. Therefore ¢(T'(a) —T'(b)) < n+ 1. Define

u="T(a)+ (T () = T(a)),

where k = q(T(b) — T'(a)). There exists v € A such that u = T'(v). From ¢(u —T(a)) = 1 we deduce
p(v —a) = 1. If g(u — T'(b)) < n, then we have p(v — b) < n. So

pla—b) < pla—v)+plv—b) <n+1,
which is a contradiction. Therefore, g(u — T'(b)) > n. This implies that

n < glu—T(0)) = g(T(a) - TE)A - ) = |1~ 21k =k~ 1]

Thus, ¢(T(a) — T(b)) = k =n + 1. Similarly, T-! strongly preserves distance n + 1.
Conversely, let a,b € A such that ¢(T(a) —T'(b)) = n + 1. Assume that z = T'(a) and y = T'(b).
Then g(x —y) = n + 1. Since T~! strongly preserves distance n + 1, hence

n+1=q(T ' (z) =T '(y)) =pla—b).
[l

Let A and B be two linear spaces equipped with seminorms p and ¢, respectively. We call
T : A— B a Lipschitz mapping if there is a L > 0 such that

q(T(a) — T(b)) < L p(a—b),
for all a,b € A. In this case, the constant L is called the Lipschitz constant.

Theorem 3.2. Let (A,p) and (B,q) be two real linear spaces with dimB > 2. Suppose that T :
A — B is a Lipschitz mapping with L = 1 and let T be a surjective strongly preserves distance one.
Then T is an isometry.

Proof. By Theorem 3.1, T is one to one and strongly preserves distance n for all n € N. Let a,b € A
and N be a positive integer satisfying p(a —b) < N. Let

q(T(a) = T(b)) < pla—1b). (3.1)
Take N
c=a+ m(b —a).

Then p(c — a) = N and since p(a — b) < N, we get

N N

plc—b) =p((a—b)(1— m)) = (m —Dp(b—a) =N —p(b—a).
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Therefore, we obtain

N = q(T(c) = T(a)) <q(T(c) = T(b)) + q(T(b) — T(a))
<q(T(c) =T(b)) + pla —b)
<N —p(b—a)+pla—10)
=N

which is not possible. Hence the equality holds in (3.1), and 7" is an isometry. O
Combining Theorem 3.2 and Theorem 2.3 of [12], we get the following result.

Corollary 3.1. Let (A,p) and (B,q) be two real linear spaces with dimB > 2. Suppose that T :
A — B is a Lipschitz mapping with L = 1 and let T be a surjective strongly preserves distance one.
Then T is affine.

Corollary 3.2. Let (A, p) and (B, q) be two real linear spaces, where B is strictly convex and dimB >
2. Suppose that T : A — B is a surjective mapping strongly preserving distance one. Then T is

affine.

Proof. By Theorem 3.1, T' is one to one and strongly preserves distance n for all n € N. Let a,b € A
and p(a —b) = £. We can find ¢ € A such that p(a —¢) = p(b—c¢) = 1. Let u = ¢+ n(b—c¢). Then

plu—c)=mn, and pb—u)=n-—1.

Therefore,

n—1

" T(c).

Using p(u —v) = 1, we get

Thus, T preserves distance % for all n € N.
Now let p(a — b) < =, where m € N with m > 2. As dimA > 2, we can find a finite sequence
x; € Afori=0,1,...,m with g = a and z,, = b such that p(z; — x;11) = % Hence

3

m

¢(T(a) =T®) < D o(T(x:) = T(zin)) =

-.
Il
=)

Thus, for all a,b € A,
q¢(T(a) = T(b)) < pla —b).

Consequently, T' is a Lipschitz mapping with L = 1 and by Theorem 3.2, it is affine. O
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Next we give an example of an isometry between Fréchet algebras which is not affine. This
example shows that the strict convexity of Fréchet algebra B in Theorem 3.2 of [12] is essential.

Example 1. Let I, = [—k, k] for k£ € N, and consider the Fréchet algebra B = C'(R), the algebra of
continuous functions on R with a compact open topology, and the sequence

pr(f) = sup{|f(z)| - @ € L},

of submultiplicative seminorms. It is easy to check that B is not strictly convex. Choose f,g € B
such that pr(f) = pr(9) = 1, pe(f + 9) = pr(f) + pr(g) and f, g is linearly independent. For all
A € R, define T : R — B by

A A<1

f+(A=1)g A>1

Then by the same method as in [1] we conclude that 7" is an isometry, but is not affine.
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