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1 Introduction

One of the fundamental research problems in the theory of generalized inverses of matrices is to
establish reverse order laws for generalized inverses of matrix products. It was Erik Ivar Fredholm
who seemed to have first mentioned the concept of generalized inverse in 1903. He formulated a
pseudoinverse for a linear integral operator, which is not invertible in the ordinary sense. Hilbert,
Schmidt, Bounitzky, Hurwitz and other mathematicians had studied the generalized inverses of inte-
gral operators and differential operators before Moore introduced the generalized inverse of matrices
by algebraic methods in 1920 [17]. Bjerhammar rediscovered Moore’s inverse and also noted the
relationship of generalized inverses to solutions of linear systems in 1951 [5]. In 1955, Penrose [21]
extended Bjerhammar’s results and showed that Moore’s inverse for a given matrix A is the unique
matrix X satisfying the four equations:

AXA = A; XAX = X; (AX)" = AX; (XA)* = X A.

In honour of Moore and Penrose, this unique inverse is now commonly called the Moore-Penrose
inverse and is denoted by Af. Meanwhile, generalized inverses were defined for operators by Tseng
[24], Murray and von Neumann [19], Nashed [20] and others. Beutler discussed generalized inverses
for both bounded and unbounded operators with closed and arbitrary ranges [3, 4]. Throughout the
years, the Moore-Penrose inverse was extensively studied. One of the primary reasons for considering
the Moore-Penrose inverse is solving systems of linear equations, which constitutes an important
application in various fields.

It is well known that the reverse order law (AB)™' = B~'A~! is not true in general for various
generalized inverses such as the Moore-Penrose inverse, Drazin inverse etc. Cline attempted to find
a reasonable representation for the Moore-Penrose inverse of the product of matrices [9] and Greville
found some necessary and sufficient conditions for the reverse order law to hold in matrix setting
[13]. The reverse order law problem for bounded linear operators on Hilbert spaces was analyzed by
Bouldin [6, 7] and Izumino [16]. The theory of generalized inverses on infinite-dimensional Hilbert
spaces can be found in |2, 15, 25].
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In this paper, we present algebraic proofs of some characterizations of reverse order law for the
Moore-Penrose inverses of closed range Hilbert space operators. In the second section, we collect
some definitions and lemmas which will be used in the sequel. We start the main section with some
examples to show that the reverse order law does not hold for Hilbert space operators in general. In
total, we present 61 results, including some range inclusion results to characterize the reverse order
law in this setting. We extend the results of Arghiriade [1] and Tian [22, 23] to infinite-dimensional
Hilbert spaces.

2 Preliminaries

Let H; and Hs be Hilbert spaces and B(H1, Hs) denote the set of all linear bounded operators from
Hy to Hy. We abbreviate B(H1) = B(Hi,H1). For A € B(H1,Hz), we denote by A*, N(A) and
R(A), respectively, the adjoint, the null-space and the range of A. An operator A € B(H;) is said to
be self-adjoint (Hermitian) if A = A*. An operator A € B(H;) is said to be a projection if A% = A.
A projection is said to be orthogonal if A*> = A = A*. The Moore-Penrose inverse of A € B(H1,H>)
is the operator X € B(Hs, H1) which satisfies the Penrose equations

AXA = A (2.1)
XAX = X (2.2)
(AX) = AX (2.3)
(XA = XA. (2.4)

A matrix X is called a {i,...,j}-generalized inverse of A, denoted by A7) if it satisfies the
ith ..., 7" conditions of the Penrose equations. The collection of all {i, ..., j}-generalized inverses
of A is denoted by A{i,...,j}. If the Moore-Penrose inverse of A exists, then it is unique and it is
denoted by AT. It should be noted that A is bounded if and only if R(A) is closed in Ha.

For the sake of clarity as well as for easier reference, we mention the following properties of the
Moore-Penrose inverse without proof [25].

Lemma 2.1. Let A € B(H1,H2) be a closed range operator. The following statements hold:
(i) (AHF = A.

(vii) R(A) = R(AA*) = R(AA).
(vii) R(AT) = R(A*) = R(ATA) = R(A*A).

Here, Pr(ay and Prea~y denote the projections onto R(A) and R(A*), respectively. We use At*
instead of (AT)* throughout the paper.
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Lemma 2.2 ([8], Theorem 1). Let A € B(H1,H2) be a closed range operator such that R(A) =
R(A*). Then AAT = ATA and A"AT = A"~ n > 2.

Lemma 2.3. Let ‘H be a Hilbert space and P € B(H) be a projection. Then P is Hermitian if and
only if P = PP*P.

Proof. Suppose P = PP*P and P is a projection. Let B = P — P*. Then it is easy to verify that
B3 = 0 and R(B) = R(B*). By Lemma 2.2, B3(B")? = 0 gives B = 0. Thus, P is Hermitian.
Converse follows directly. m

Remark 1. If P is an orthogonal projection, then P satisfies all the Penrose equations and hence
P =P.

Lemma 2.4 (|26], Lemma 1.3). Let A € B(H1,Hsa) have a closed range and B € B(Ha, H1). Then
(i) Be A{1,3} & A*AB = A*,
(i) B € A{1,4} & BAA* = A*.

Theorem 2.1 ([12]|, Theorem 1). Let A and B be bounded operators on a Hilbert space H. The
following statements are equivalent:

(i) R(A) € R(B);
(ii) there ezists a bounded operator C on H so that A = BC.

Theorem 2.2 ([14], Theorem 7.20). Let A € B(H) be self-adjoint. Then there exist a measure space
(X, 3, 1), a bounded measurable real-valued function f on X and a unitary operator U : H — L*(X, u)
such that

A=U"TU,

where T is the multiplication operator given by Ty = fi, Yo € L*(X, ).

Definition 1. Let (H,(.,.)) be a Hilbert space and A € B(#). The operator A is called a positive
semi-definite operator if (Az,z) > 0 for all z € H.

Lemma 2.5. Let H be a Hilbert space and A € B(H) be a positive semi-definite operator such that
A™ = A" for some natural numbers m # n. Then A? = A.

Proof. We know that a positive semi-definite operator is self adjoint. By Theorem 2.2, we can write
A=U"TU,

where T is the multiplication operator given by T4 = fi, Vb € L?(X, u1). Using the positive semi-
definiteness of the operator, we get f(z) > 0 Vz € X.
It is given that A™ = A™ which implies

o= [, Y € L(X, p). (2.5)

Let 2o € X and E be a subset of X such that o € F and u(E) # 0. Since equation (2.5) holds
for the characteristic function on E, we get f™(xo)(1 — f* ™ (z0)) = 0, from which we can conclude
f(zo) =0o0r f(zg) =1as f(z) >0 Ve € X. As xq is arbitrary f(z) =0 or f(z) =1 for all z € X.
Now, T2)(z) = T(f(@)b(x)) = f(2)0(z) = F@)(z) = T(x) for all (z) € L2(X, ). Also,
U*T?U = U*TU = A% = A. O
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Lemma 2.6. Let A and B be orthogonal projections on a Hilbert space H and m > n > 1. If
(ABA)™ = (ABA)", then AB = BA.

Proof. ABA = ABBA = ABB*A* = AB(AB)*. Thus ABA is Hermitian and positive semi-definite
as AB(AB)* is so. Then by Lemma 2.5, (ABA)™ = (ABA)" implies (ABA)* = ABA. Consider
(ABA—AB)(ABA—AB)* = (ABA—AB)(ABA—BA) = (ABA)?*-~ABABA—ABABA+ABA = 0.
Thus ABA = AB. Similarly, we can verify (ABA— BA)(ABA— BA)* = 0, which gives ABA = BA.
Thus, we get AB = BA. O

Lemma 2.7. Let A and B be orthogonal projections on a Hilbert space H and m > n > 1. If
(AB)™ = (AB)", then AB = BA.

Proof. Since (AB)*A = ABABA = ABAABA = (ABA)?, thus (AB)™A = (ABA)™ for all m > 1.
Now it is clear that(AB)™ = (AB)" gives (ABA)™ = (ABA)". Then by Lemma 2.6, we get AB =
BA. [l

3 Main results

We start the section with some examples to show that the reverse order law does not hold good for
closed range Hilbert space operators in general.

Example 1. Let H = /5 be the space of all square summable sequences. For x = (x1, 29, z3,...) € H,
define Ax = (x1 + 9, T2, 23,24, ...) and Bx = (x1,0,23,0,25,...). Then

AB(x) = A(x1,0,23,0,x5,...) = (1,0,23,0,25,...) = Bz.
It can be verified easily that A, B and AB are bounded and have closed ranges. We see that
A*(z) = (21,1 + x2,23,24,...) and B*(z) = (21,0,23,0,25,...) = Bx.

Using the Euler-Knopp method for finding the Moore-Penrose inverses of operators (|25, p.327) we
get
Al(2) = (21 — 29, 29, 23,24, ... ).

By Remark 1, we get Bt = B and (AB)" = B'. Hence, BTAT(z) = B (21 — 9, %2, 73,74,...) =
(1 — 29,0,23,0,25,...) # (AB)1(x), thus (AB)" # BTAT.

Example 2. Let H = {y. For x = (21,29, 23,...) € H, define Az = (0,25,0,24,0,...) and Bx =
(x1 + xo, 221 + 229, T3, 24, ... ). Then AB(z) = (0,221 + 2x2,0, x4, ...). It is easy to verify that A, B
and AB are bounded and have closed ranges. Since A*(z) = (0, 22,0, 24,0, x¢,...) = Az, by Remark
1 we get Atz = Az. Also, B*(x) = (21 + 222, £1 4 2x2, 3,24, ... ) and Bl (z) = ({5(21 4 212), 15(x1 +
215), T3, X4, ... ) by the Euler-Knopp method. Thus, we get

BYA'(x) = BY(0,25,0,24,0,2¢,...) = (3, 3,0,@,0, o)
and o
T — (22 22
(AB)'z (4,4,0,3:4,0,...).

Hence (AB)" # BTAT. One can also check that BT AT satisfies the third and fourth but not the first
and second Penrose equations.

Lemma 3.1 (|16], Proposition 2.1). Let H1, Ha, Hs be Hilbert spaces, and let A € B(Hq, Hs) and
B € B(H1,Hz) be such that A, B have closed ranges. Then AB has a closed range if and only if
ATABBT has a closed range.
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The results mentioned below in Theorems 3.1 to 3.4 are proved in C*-algebra setting [18] and for
the sake of completeness, we give the proof of those in Hilbert space setting. However, our proofs are
much simpler than those available for the reverse order law for closed range Hilbert space operators.

In the following result, the existence of (ATABBT)' is guaranteed by Lemma 3.1.

Theorem 3.1. Let Hi, Ha, Hz be Hilbert spaces, and let A € B(Ha, H3) and B € B(H1, Hz) be such
that A, B, AB have closed ranges. Then the following statements are equivalent:

(i) ABBTATAB = AB ;
(ii) BTATABBTAT = BTAT ;
(iii) BBTAYA is a projection ;
(iv) ATABB' = BBTATA ;
(v) ATABBT is a projection ;
(vi) (ATABBT)! = BBTATA;
(vii) BY(ATABBT)TAT = BTAT.
Proof. (i)= (ii): If ABBTATAB = AB, then
B'A" = (B*B)'B*A*(AA")"  (by Lemma 2.1 (iv))
— (B"B)(ABy (AA")
= (B*B)'(ABBTATAB)*(AA*)" (by the assumption)

= (B*B)'B*ATABBTA*(AA*)T

= B'ATABB'A" (by Lemma 2.1 (iv)).
(ii)=-(iii): Using (ii) we see that (BBTATA)? = BBTATABBTATA = BBTATA. Hence, it shows that
BBTATA is a projection.
(iii)=-(iv): We have

BBTATA(BBTATA)*BBTA'A = BBTATA(ATA)*(BB")*BBTATA
— BBTATA(ATA)(BB"BBTATA
= BB'ATABB'ATA = BBTATA.
Then by Lemma 2.3, we get (BBTATA)* = BBTATA, since BBTAT A is a projection. Thus BBTATA =
ATABBT.
(iv)=(v): It is given that ATABBT = BBTATA. We have
(ATABB")? = A'TABB'ATABB' = BBTATAATABB!
= BB'A"ABB' = ATABB'BB' = ATABB'.

(v)=(vi): Using the fact that A is a projection if and only if A* is a projection, it is easy to verify
all Penrose equations.
(vi)=>(vii): Pre- and post-multiplying by BT and A" respectively in (vi), we get the desired result.
(vii)=-(i): It is given that BTAT = BY(ATABB")TAT. We have

ABBYATAB = ABB'(ATABB") ATAB

= AATABBY(A'ABB") ATABB'B
= AATABB'B = AB,

where all the equalities follow using the first Penrose equation. O
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Next, we give ten equivalent conditions for BTAT to be a {1,2,3}-generalized inverse of AB in
Hilbert space setting. The existence of (ABBT)' follows as the ranges of ABB' and AB are equal.

Theorem 3.2. Let the conditions of Theorem 3.1 hold. Then the following statements are equivalent:
(i) AB(AB)' = ABBTAT;
(ii) BTA' € AB{1,2,3};
(iii) BBTA*AB = A*AB;
(iv) (AB)(AB)'A = ABB:
(v) A*ABB' = BBTA* A;
(vi) (ABB'")T = BBTAT;
(vii) BI(ABB")" = BTAT;
(viii) B{1,3}A{1,3} C AB{1,3};
(ix) BTA" € AB{1,3};
(x) (BB*)TA" € ABB*{1,2,3}.
Proof. We prove the equivalence of all the statements in the following order of implications:
(i) = (ii) = (iil) = (iv) = (v) = (vi) = (vii) = (ix) & (viil), (ix) = (i).
(i)=(ii): Since ABBTAT = AB(AB)', post-multiplying by AB we get,

ABBYA'AB = AB(AB)'AB = AB.

Hence, BTAT € AB{l}. By Theorem 3.1, BTA" € AB{2}. Now using the assumption we get,
(ABB'AY* = (AB(AB)")* = AB(AB)' = ABB'At. Thus B'Af € AB{1,2,3}.
(ii)=(iii): Suppose BTA" € AB{1,2,3}. Then by Theorem 3.1, ATABB' = BBTATA. Thus, we get
A*AB = A*AATABB'B = A*ABBTATAB

= A*(ABBTA"*AB (since B'A" € AB{3}

= A*AV"BBYA*AB = (ATA)*BB'A* AB

— ATABB'A*AB = BB'ATAA*AB

= BB'A*AB (by Lemma 2.1 (vi)).

(iii)=(iv): We have

(AB)(AB)'A = ((AB)(AB)")*A* = (A*AB(AB)")*

= (BB'A*AB(AB)")* (by the assumption)

— ((AB)(AB)")*(BB'A*)* = AB(AB)'ABB'

= ABB'.
(iv)=(v): Pre-multiplying the given condition by A*, we get A*ABB' = A*AB(AB)TA. As the RHS
of the previous equality is Hermitian, A*ABBT is also Hermitian and

A*ABB'" = (A*ABB")* = BBTA*A.
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(v)=(vi): We show this by verifying all Penrose equations. Given that A*ABB' = BBTA*A. Pre-
multiplying by A", we get ABBY = AATABB' = (AAY)*ABB' = AV A*ABB' = AT"BBTA*A.
Hence
(ABB"(BBYAY)(ABB') = ABB'ATABB' = AT"BB'A*AA" ABB!
= A" A*ABB'BB' = (AA")*ABB' = ABB'.

This shows that BBTAT € ABB'{1}. Now,

BBYA" = BBTA*(AA*)!  (by Lemma 2.1 (iv))
= (ABB"*(AA*)' = (ABB'BBTATABB")*(AA*)!
= (ABBTATABB")*(AA*)' = BBTATABBTA*(AA*)!
= BB'ATABB'BB'A" (by Lemma 2.1 (iv)).

Thus, BBYAT € ABB'{1,2}. Also,
(ABB")(BBTA") = (A" A*ABBY)(BB'A') = AT"BB' A* ABB' AT,

As the RHS of the last equality is Hermitian, (ABBY)(BBTAT) is so. Similarly, we can prove
(BBTA")(ABBY) is Hermitian. It ensures that (ABBT)" = BBTAT.

(vi)=(vii): Pre-multiplying the given condition by BT, we get (vii).

(vii)=>(ix): It is clear that ABBY(ABBY)'ABBT = ABB'. Then by (vii), we have ABBTATABB' =
ABB'. Post-multiplying by B we get ABBTATAB = AB. Thus B'A" € AB{1}. Also, ABBTAT is
Hermitian since ABBTA" = ABBY(ABB')!. Thus BTAT € AB{1, 3}.

(ix)=-(viii): Let CD € B{1,3}A{1,3} where C € B{1,3} and D € A{1,3}. By Lemma 2.4, C' and D
satisfy B*BC = B* and A*AD = A*. Also, we note that B'BC = (B*B)'B*BC = (B*B)'B* = BT
and, similarly we can prove ATAD = AT. By using BTAT € AB{1, 3}, we get

(AB)*(AB)CD = (ABB'ATAB)*ABCD = (AB)*ABB'ATABCD
AB)*AATABB'BCD (by Theorem 3.1)
AB)*AATABB'D = (AB)*ABBTATAD

= (AB)*ABB'A" = (ABBTATAB)* = (AB)".

o~ o~ o~ o~

(viii)=(ix): Obvious.
(ix)=>(i): By the assumption, we have ABBTATAB = AB and (ABB'A")* = ABBTA'. Post-
multiplying by (AB)! in the first equation and taking adjoint on both sides, we get AB(AB)" =
ABBTAT,
(ix)=(x): The first and third Penrose conditions follow easily from (ix). The second Penrose condi-
tion can be verified with the help of Theorem 3.1 (iv).
(x)=(ix): Since (BB*)IA" € ABB*{1}, we get ABB*(BB*)IAIABB* = ABB* ie,
ABBTATABB* = ABB* by Lemma 2.1 (iv) and Theorem 3.1. Post-multiplying by B™ and us-
ing Lemma 2.1 (iii), we get

ABBYATAB = AB.

Also, ABB*(BB*) A" = ABBTA' is Hermitian. It shows that BTAT € AB{1, 3}. O

The following result is similar to Theorem 3.2. It gives ten equivalent conditions for BfA" to
be a {1,2,4}-generalized inverse of AB in Hilbert space setting. Here, the existence of (ATAB)' is
guaranteed as the ranges of (ATAB)* and (AB)* are the same.



Reverse order law for closed range operators 15

Theorem 3.3. Let the conditions of Theorem 3.1 hold. Then the following statements are equivalent:
(i) (AB)'TAB = BTATAB;
(ii) BTAT € AB{1,2,4};
(iii) ABB* = ABB*ATA;
B(AB)'AB = ATAB;

(vi

(v) ATABB* = BB* AT A;

)
)
)
)
)
(vi) (ATAB)T = BTATA;

(vii) (ATAB)TAT = BTAT;
(viil) B{1,4}A{1,4} C AB{1,4};
(ix) BTA" € AB{1,4};

(x) BY(A*A)t € A*AB{1,2,4}.
Proof. The proof is similar to that of Theorem 3.2. m
Theorem 3.4. Let the conditions of Theorem 3.1 hold. Then the following statements are equivalent:
() (AB)! = BiAT
(ii) (AB)(AB)' = ABBTA" and (AB)'AB = BTATAB:;
(iii) A*AB = BBTA*AB and ABB* = ABB*ATA;
(iv) AB(AB)'A = ABB" and B(AB)TAB = ATAB;
(v) A*ABB" = BBYA*A and BB*ATA = ATABB*;
(vi) (ABB")" = BBTAtand (ATAB)T = BTATA;
(vii) BY(ABB") = BT Atand (ATAB)TAT = BTAT;
(viii) B{1,3}A{1,3} C AB{1,3} and B{1,4}A{1,4} C AB{1,4};
(ix) BTA' € AB{1,3,4};
(x) (BB*)TA" € ABB*{1,2,3} and BT(A*A)' € A*AB{1,2,4}.
Proof. Follows from Theorems 3.2 and 3.3. O

Remark 2. Consider the operators A and B on H defined in Example 1. Then for all z € H,
A*ABx = (21, 71,73,0,25,...) and BBTA*ABz = (21,0, 23,0, 5,...). Hence

A*AB # BB'A*AB and ABB*x = (21,0,23,0,25,...) = ABB*AT Ax.

Note that the conditions in (iii) of Theorem 3.4 are not satisfied and (AB)" # BT A" which was shown
in Example 1.

Theorem 3.5. Let the conditions of Theorem 3.1 hold. Then the following statements hold:
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(i) Bt = (AB)TA < R(B) = R(A*AB).
(ii) AT = B(AB)' < R(A*) = R(BB*A*).

Proof. (i) Suppose that B = (AB)'A. Pre-multiplying by AB, we get ABB' = (AB)(AB)'A, which
is equivalent to BBTA*AB = A*AB by Theorem 3.2. This implies R(A*AB) C R(B) as BB is the
projection onto R(B). Now by Lemma 2.1 (iv),

BY = (AB)'A = [(AB)*(AB)]'(AB)*A
implies that BY" = A*AB[(AB)*(AB)]', as AB)*(AB) is Hermitian. Thus
R(B) = R(B") = R(A*AB[(AB)*(AB)]") C R(A*AB).

Conversely, R(B) = R(A*AB) = BB'A*AB = A*AB. By Theorem 3.2, BTA" € AB{1,2,3},
R(B™) = R(B) = R(A*AB) C R(A*) and A'A is the projection onto R(A*) gives ATAB = B
and ATAB"™ = B"" = BTATA = B'. It shows that (ATAB)! = BT = BTATA. By Theorem 3.3,
BTAT € AB{1,2,4} and hence (AB)" = BTAT. Therefore Bf = BTATA = (AB)TA.

(ii) Proof is similar to (i). O

Theorem 3.6. Let the conditions of Theorem 3.1 hold. Then the following statements hold:
(i) (AB)! = (ATAB)TA" & R(AA*AB) = R(AB).
(ii) (AB)' = BY(ABB")' & R(B*B(AB)*) = R((AB)*).

Proof. (i) If we replace A by A" and B by AB in Theorem 3.5 (i), we get (AB)! = (ATAB)TAT &
R(AB) = R(A"ATAB) = R(A"" B). Now by Theorem 2.1, there exists a bounded operator C' such
that AB = A" BC. Pre-multiplying by AA* we get AA*AB = AA*AT"BC = A(ATA)*BC = ABC.
Thus we get R(AA*AB) C R(AB). Similarly, we can prove R(AB) C R(AA*AB).

(ii) Replace A by AB and B by B in Theorem 3.5 (ii) and use a similar argument as above. O

Theorem 3.7. Let the conditions of Theorem 3.1 hold. Then the following statements are equivalent:
(i) (AB)t = BTAT;
(ii

)

) R(A*AB) C R(B) and R(BB*A*) C R(A*);
(i)

)

)

A*AB) C R(B) and R[(ABB*B)*] = R[(AB)*];

(iv

R(
R(AA*AB) = R(AB) and R(BB*A*) C R(A*);
R(
R

(v

Proof. First we note that the condition R(A*AB) C R(B) is equivalent to Theorem 3.2 (iii) and the
condition R(BB*A*) C R(A*) is equivalent to Theorem 3.3 (iii).

(i)<(ii): Follows from Theorem 3.4 (iii).

(i)=(iii): By Theorem 3.4 (vii), (AB)" = BTA" = (ATAB)TAT. Then (iii) follows from Theorem 3.6
().

(iii)=-(v): By Theorem 2.1, there exists an operator 7" such that AA*AB = ABT. Pre-multiplying by
A we get A*AB = ATABT = ATABB*B™"T = BB*A'AB™ T by Theorem 3.3 (v). Also, A*ABB* =
BB*AYAB™TB*. Thus R(A*ABB*) C R(BB*A*A). Similarly, AB = AA*ABS, for some operator
S. Pre- and post-multiplying by AT and B* A* A respectively, we get ATABB*A*A = A*ABSB*A*A.

(A*ABB*) = R(BB*A*A).
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Then by Theorem 3.3 (v), BB*ATAA*A = A*ABSB*A*A. Thus, BB*A*A = A*ABSB*A*A. Tt
shows that
R(A*ABB*) = R(BB*A* A).

(v)=(ii): By Theorem 2.1, there exists an operator 7" such that A*ABB* = BB*A*AT. Pre-
multiplying by BB and post-multiplying by BT we get,

BB'A*ABB*B™ = BB*A*ATB'™.

Hence, BB'A*AB = BB*A*ATB" = A*ABB*B!" = A*AB, thus R(A*AB) C R(B). Similarly, we
can prove ATABB*A* = BB*A* and hence R(BB*A*) C R(A*).
We can give the proof of (i)=-(iv) and (iv)=(v) in a similar fashion. O

Remark 3. Let A and B be as defined in Example 1. Then we get A*ABzx = (21,21, v3,0, x5, .. .).
Thus R(A*AB) € R(B), A*(x) = (x1,x1 + x2, T3, 24, ...) and BB*A*x = (1,0, x3,0, x5, ...) implies
R(BB*A*) C R(A*). This shows that R(A*AB) C R(B) is indispensable for the reverse order law
to hold.

Lemma 3.2. Let the conditions of Theorem 3.1 hold. If P = (AA*)™A and Q = B(B*B)", then
P, Q and PQ have closed ranges.

Proof. By Lemma 3.1, AB has a closed range if and only if ATABBT has a closed range.
Take A as (AA*)™ and B as A to apply Lemma 3.1. Then, we have (AA*)™T(AA*)mAAT =
((AA)T(AA*))mAAT = (AANMAAT = AATAAT = AAT. Now, R(AAT) = R(A) is closed implies
R(P) is closed. Similar argument works for ) also.

Now again by Lemma 3.1, PQ has a closed range if and only if PTPQQT has a closed range. For,

PPQQT = [(AA" )" A (AA)" AB(B"B)"[B(B* B)"]f
= AT[(AA*)"1(AA*)" AB(B*B)"[(B*B)"]' Bf
= ATAA"ABB'BB' = ATABBT.

Here, the reverse order law is applied for [(AA*)™A]! and [B(B*B)"]" as they satisfy condition (ii)
in Theorem 3.7. ]

The next result is an extension of Theorem 11.1 of [23] to infinite e-dimensional setting. Djordjevi¢
and Dinéi¢ [10, 11| have extended the results of Tian [22, 23] using the operator matrix method to
different settings. By Lemma 3.1, R(AB) is closed if and only if R(ATABB'") = R(A*A™*BBT) =
R(ATAB™B*) is closed. This happens if and only if R(A™B) and R(AB'™) are closed. Thus
(AT B)T and (AB™)T exist. Also, R(A) is closed if and only if R(A*) is closed implies R(BBTATA)
is closed and hence R(BTAT) is closed. For natural numbers m and n, the existence of the Moore-
Penrose inverse of (AA*)™ and (B*B)" is guaranteed as they are powers of Hermitian operators
with closed ranges, according to the spectral mapping theorem. The existence of the Moore-Penrose

inverse of all other operators discussed below can be guaranteed with the closedness of the ranges of
AB, A" B, AB™ and BTAT.

Theorem 3.8. Let the conditions of Theorem 3.1 hold. Then the following statements are equivalent:
(1) (AB)! = BA;
(2) B(AB)'A = BBTATA;
(3) AA*(B*A*)'B*B = AB;
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4) (AB)' = BTATABB! A

(

5
(6) (AB)!
(
(
(

(AB)" =

(AB) = (ATAB) AT and (ATAB) = BiATA;
(AB)" = BY(ABB")' and (ABB")! = BBTAT;
(

7) (AB)' = BI(ATABB")T A" and (ATABB'")! = BBTATA;
8) BTAT € AB{1,3,4};

10) (A™*B)t = Bt A*;

11) AY(B*AY)IB* = ATABBT;
12) AAN(B*AN'B*B = AB;
13 f = BtATABBY A",
14
15) (A™*B)t = BY(A™* BB and (A™*BB"f = BB A*;

(A™B)
(At B)t = (ATAB)TA* and (ATAB)t = Bt At 4;
(A" B)

16) (A™B)

AB)t = BI(ATABB") A* and (ATABB")! = BBTATA;
17) BTA* € A" B{1,3,4};

19) (AB')t = B*Af;

20) B™(AB™)'A = BBTATA;
22) ( )' = B*ATABBT AT,

23) (AB™)I = (ATAB™)T Al and (ATAB™)" = B*Al 4;

24) (AB™)! = B*(ABB")' and (ABB")' = BBT A,

25) (AB™)T = B*(ATABB")TAT" and (ATABBT)" = BBTATA;

26) B*A" € AB™{1,3,4};

9) (AB)(AB)" = ABB'A" = A*BB'A* and (AB)'AB = B1ATAB = B* At A(BT)*;

27) (BtA*)IBtA* = ABBTA' = A™"BB'A* and Bt A*(BTA*)! = BIATAB = B*AtAB'™,

28) (BTAN = AB;
20) Af(BTAN Bt = AtABBH,
30) (AA")H(BFAN(B*B)T = At Al

)
)
)
)
)
)
)
)
)
)
)
)
)
)
18) (B*ANB*At = ABBYAt = A BBtA* and B*AN(B*ANt = Bt ATAB = B*AtAB',
)
)
)
)
)
)
)
)
)
)
)
)
31) (BtAN = ABBATAB;
)

(
(
(
(
(
(
(
(
(
(
(
(21) AA*(B'A*)IBIB = AB;
(
(
(
(
(
(
(
(
(
(
(

32) (BTAN = A(B'ATA)! and (BTATA)t = AAB;
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(33) (BfAN) = (BB'A")'B and (BB'A")f = ABB';

(34) (BAN) = A(BBTATA)'B and (BB'ATA)t = ATABB;

(35) AB € BtAT{1,3,4};

(36) BTAT(BTAT) = BTATAB = B*ATAB™ and (BTAT)'BIAT = ABBT AT = At*BB1A*;
(37) (AB)t = (A*AB)TA* and (A*AB)T = Bf(A*A)t;

(38) (AB)" = B*(ABB*)! and (ABB*)! = (BB*)tAT;

(39) (AB)t = B*(A*ABB*)'A* and (A*ABB*)" = (BB*)T(A*A)t;

(40) (AB)! = (B*B)"((AA*)"AB(B*B)"){(AA*)™ and

((AA)™AB(B*B)")' = (B(B"B)")'((AA")"A)";

(41) (AB)' = B*(BB*)"((A* A)y™(BB*)" ) (A*A)" A* and

(A Ay BBy = (BB (A7),

Proof. (1) = (2): Straightforward.

(2) = (3): Pre- and post-multiplying the given condition by B* and A*, respectively, we get
B*B(AB)TAA* = B*A*, equivalently AA*(B*A*)IB*B = AB.

(3) = (1): We have B*B(AB)TAA* = B*A*. Pre- and post-multiplying by (B*B)" and (AA*)T
respectively, we get BIB(AB)TAAT = BTAT. 1t is clear that R((AB)") = R((AB)*) C R(B*)
and R((AB)™) = R(AB) C R(A). Thus B'B(AB)" = (AB)" and (AB)TAA" = (AB)'. Hence,
BYB(AB)TAAT = (AB)! = BTAT.

(1) = (4): It is easy to see from the assumption that

(AB)' = (AB)'AB(AB)" = BTATABBT AT

(4) = (5): Pre-multiplying the given condition by B and post-multiplying by A, we get B(AB)TA =
BBYATABBTATA = (BBTATA)2. (BBTATA)* = (BBTATA)2(BBTATA)?2 = B(AB)'AB(AB)TA =
B(AB)TA = (BBTATA)?. Since BB and A'A are orthogonal projections by Lemma 2.7, BBTATA =
ATABBT. The statements (AB)! = (ATAB)TA" and (ATAB)" = BTATA can be proved by verifying
all Penrose equations using BBTATA = A1ABBT.

(5) = (6): Note that by substituting the second condition in the first condition of (5), we get
(AB)T = B'A'. Thus, we have AB = AB(AB)'AB = ABBTA'AB, (AB)! = (AB) AB(AB)' =
BTATABBTAT, ABBTA' is a projection and Hermitian. Now (ABBT)! = BBTA' is easily ver-
ifiable, using Theorem 3.1 (iii). Moreover, (AB)! = BTATABB'A" = BV'AT(AB)(AB)! =
B'BB'ATAB(AB)" = B (ABBY)"(AB)(AB)' = BI(ABB")!.

(6) = (7): Suppose (AB)" = BY(ABB™). Then

(AB)(AB)' = ABBY(ABB")' = ABB'BB'A" = ABB'A'.

Thus, AB = ABBTATAB. Now by Theorem 3.1 (vi), we get (ATABBT)T = BBTATA. Since BBTAT =
(ABB")', (ATABB")! = (ABB")TA. Therefore BI(ATABBT)TAT = BI(ABBT)TAAT = (AB)TAAT =
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(7) = (8): We have

AB = AB(AB)'AB = ABB'(ATABB") ATAB
— ABB'BBTATAATAB = ABBYATAB

and (AB)(AB)" = ABBT(ATABB")TA" = ABB'BBTATAA" = ABBTA'. Similarly, (AB)'AB =
BYATAB. Thus BTAT € AB{1,3,4}.
(8) = (9): Since BTA" € AB{1,3,4}, AB = ABBTATAB and ABB'A" = (ABBTA")*. Now,

(AB)(AB)' = ABBYATAB(AB)" = (ABB'A")*AB(AB)'
= (B'A")"(AB)*AB(AB)'
= (BTAN*(AB)*( by Lemma 2.1 (vi))
= (ABBYA")* = ABBTAl

= A" BBTA*.

Similarly, we can prove the other relation.

(9) = (10): Since AB(AB)' = ABBYA", AB(AB)'AB = ABBTATAB. Then by Theorem 3.1 (iv),
ATABBT = BBYATA. 1t is clear from the assumption that BfA* € A""B{3,4}. Also, it is easy to
verify that BfA* € A" B{1,2}.

(10) = (1): Applying Theorem 3.1 for A™ and B, we get A*A*BBT = BBTA* A" ie., AAABB' =
BBTATA. Using the third and fourth Penrose conditions for (10), we get

ABB'ATAB = AATABB'B = AB,
BTATABBTA" = BT BBTATAA" = BTAT,
(ABBTA"* = A" BBTA* = ABBTA',
(BTATAB)* = B*ATAB™ = BYATAB.
The equivalences of (10)-(18) can be established by replacing A by A™ in (1)-(9). Similarly, the
equivalences of (19)-(27) can be established by replacing B by B in (1)-(9) and the equivalences of
(28)-(36) can be established by replacing A by BT and B by A" in (1)-(9). The equivalence of (1)
and (19) is similar to that of (1) and (10). The equivalence of (1) and (28) follows by applying the
Moore-Penrose inverse on both sides of (1) and (28).

(1) = (37): We use Theorem 3.1 to prove (A*AB)" = BT(A*A)!. We get the first Penrose equation
verified as below. By using Lemma 2.1 (iv) and (vi), we get

A*ABBY(A*A)'A*AB = A*ABB'ATAB = A*AATABB'B = A*AB.
By Lemma 2.1, Theorem 3.1 and Theorem 3.2 (v), we get
[A*ABB'(A*A)']* = [BBTA*A(A*A)]* = (BBTATA)* = ATABB!.

The right-hand side is Hermitian, so is the left-hand side. Similarly, we can prove the second and
fourth Penrose equations. Also, we get

(A*AB)TA* = BT(A*A)TA* = BTAT = (AB).
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(1) = (38): Similar to (1) = (37).
(1) = (39): By using Lemma 2.1 and Theorem 3.1, we get
A*ABB*(BB*)'(A*A)'A*ABB* = A*ABB'A'ABB*

= A"AA"ABB'BB*
= A"ABB".

Now, using Lemma 2.1 and Theorem 3.2 (v), we have

[A*ABB*(BB*)'(A*A)']* = [A*ABB'(A*A)'|* = [BBTA*A(A*A)T]*
— (BBTATA)*,

which is Hermitian by Theorem 3.1. Hence the first and third conditions of the Penrose equations
are satisfied. The second and fourth conditions follow similarly.

(1) = (40): Let P = (AA*)™A and Q = B(B*B)". Then R(P), R(Q) and R(PQ) have closed
ranges by Lemma 3.2. We prove [(AA*)™AB(B*B)"|l = [B(B*B)"|/[([AA*)™A]' i.e., (PQ)" = QTPT
by verifying the Penrose equations. By Lemma 2.1 and Theorem 3.1, we get
PQQ'PTPQ = (AA"AB(B*B)"[(B*B)"|' BT AT[(AA")"]1(AA*)™ AB(B*B)"
— (AA"Y"ABB'BB'ATAATAB(B*B)"
= (AA"Y"ABB'ATAB(B*B)" = (AA*)"AATABB'B(B*B)"
= (AA")"AB(B*B)" = PQ.
Similarly, we can prove the second Penrose equation. For proving the third one we use the following
facts that for all m > 1, AT(AA")™ = A*(AA*)™ 1 [(AA*)"]TA = [(AA*)"1]TAT* = A™ and
(ABBTAT)* = ABBTAT. We have
(PQQ'P')" = ((AA")"ABBIAT[(AA")™]T)"
= [(AA")"]TABBTAT(AA)™
= A"BBTA* = (ABBTA")*.
The right-hand side is Hermitian so is the left-hand side. Similarly, the fourth Penrose equation can
be proved. Also, we have

(B*B)"[(AA")"AB(B*B)"|'(AA*)™ = (B*B)"[B(B*B)"]'[(AA")" A (AA")™
= (B"B)"((B*B)"]' B'AT[(AA")"]"(AA")™
— B'BBTATAAT = BTAT = (AB)".

(1) = (41): Let P = (AA*)™! and Q = (B*B)"*!. We can prove the existence of (PQ) by a similar
argument in Lemma 3.2.
PQQ'P'PQ = (AA*)" "' BT BAAT(B*B)"*!
= (AA" T AATBTB(B*B)" !
= (AA")" Y B*B)"*! = PQ.
Using the fact AA*BTB = BTBAA*, we have
(PQQTPT)" = (AA" )™ BIB[(AA")™ ]!
= BTB(AA")™H(AA")™ T
= B'BAAT,
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The right-hand side is Hermitian so is the left-hand side. Similarly, the second and fourth Penrose
equations can be proved. Now we have

B*(BB*)"((A"A)™ (BB )" (A A)" A" = B*(BB")"((BB")" ]!
(A" A)m (A Ay AT
— B*BB'(BB*)T(A*A)TATAA*
— B*(BB*)'(A*A)TA* = BTA" = (AB)".

(37) — (41) = (1): Using the given conditions we get

(AB)! = (A*"AB)'A* = BI(A*A)! A" = BT AT,

Similarly, other implications also follow by substituting the second set of equations into the first ones
and using the properties of the Moore-Penrose inverse given in Lemma 2.1. O

Proposition 3.1. Let the conditions of Theorem 3.1 hold. Then the following statements are true.
(i) A*ABBTATA is Hermitian if and only if BTAT € AB{3}.
(ii) BBTATABB* is Hermitian if and only if BTAT € AB{4}.

Proof. Since ABBTAT = A™*A*ABBYATAAT we get BTAT € AB{3} if and only if A*ABBTATA is

Hermitian. Similarly, we can prove (ii). O
The next result is a continuation of Theorem 3.8.

Theorem 3.9. Let the conditions of Theorem 3.1 hold. Then the following statements are equivalent:

(1) (AB)" = BTAT

(42) (ABB*)" = (BB*)T A" and BBTATABB* is Hermitian,

(43) (A*AB)" = BY(A*A)" and A*ABBYATA is Hermitian;

(44) (ABB")' = BBTA" and BBTATABB* is Hermitian;

(45) (ATAB)" = BYATA and A*ABBTAYA is Hermitian;

(46) (A*ABB")' = (BB*)'(A*A)'; A*ABB'ATA and BB'ATABB* are Hermitian;
(47) (ATABB*)! = (BB*)TATA; A*ABBYATA and BBYATABB* are Hermitian;
(48) (A*ABB') = BBI(A*A)"; A*ABBTATA and BBTATABB* are Hermitian;
(49) (ATABB') = BBIAIA; A*ABBATA and BBTATABB* are Hermitian.

1) = (42): Follows from Theorem 3.8 (38).
): Follows from Theorem 3.2 (x).
): Follows from Theorem 3.8 (37).

43) = (1): Follows from Theorem 3.3 (x).
): Follows from Theorem 3.8 (6).
): Follows from Theorem 3.2 (vi).
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45): Follows from Theorem 3.8 (5).

(1): Follows from Theorem 3.3 (vi).

46): Follows from Theorem 3.8 (39).

(1): Tt is easy to verify that BTAT € AB{1,2}.

(47): Replacing B by BB* in the equivalence (43) < (45).

(48): Replacing A by A*A in the equivalence (42) < (44).

(49): Replacing A by ATA in the equivalence (42) < (44). O
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1 Introduction and terminology

Modules are the natural generalizations of abelian groups. Among many generalizations of torsion
abelian groups the notion of TTAG-modules and its related properties have attracted considerable
attention since 1976 (see, for example, [1, 19]). Following [17], a module Mp, is called a T"AG-module
if it satisfies the following two conditions.

(I) Every finitely generated submodule of any homomorphic image of M is a direct sum of uniserial
modules.

(11) Given any two uniserial submodules U and V' of a homomorphic image of M, for any submodule
W of U, any non-zero homomorphism f : W — V can be extended to a homomorphism
g : U — V, provided the composition length d(U/W) < d(V/f(W)).

A module Mpg satisfying only condition () is called a QT AG-module (see [18]). This is a very
fascinating structure that has been the subject of research of many authors. They studied different
notions and structures of QT AG-modules and developed the theory of these modules by introducing
several notions, investigated some interesting properties and characterized different submodules of
QT AG-modules. Not surprisingly, many of the developments parallel the earlier development of the
structure of torsion abelian groups. The present work translates a few of the ideas of the abelian
p-groups over to the area of QT AG-modules and certainly contributes to the overall knowledge of
the structure of QT AG-modules.

Throughout our discussion all the rings R here are associative with unity (1 # 0) and modules
M are unital QT AG-modules. A module M over a ring R is called uniserial if it has a unique
decomposition series of finite length. A module M is called uniform if intersection of any two of
its non-zero submodules is non-zero. An element x in M is called uniform if xR is a non-zero
uniform (hence uniserial) module. For any module M with a unique decomposition series, d(M)
denotes its decomposition length. For any uniform element x of M, its exponent e(x) is defined
to be equal to the decomposition length d(zR). For any 0 # = € M, Hy(z) (the height of x
in M) is defined by Hy(x) = sup{d(yR/zR) : y € M, = € yR and y uniform}. For k > 0,
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Hi (M) ={x € M| Hy(z) > k} denotes the submodule of M generated by the elements of height at
least k and for some submodule N of M, H*(M) = {z € M| d(zR/(zRNN)) < k} is the submodule
of M generated by the elements of exponents at most k.

Let us denote by M?!, the submodule of M, containing uniform elements of infinite height. The
module M is h-divisible if M = M' = N°, Hy(M). The module M is h-reduced if it does not
contain any h-divisible submodule. In other words, it is free from the elements of infinite height.
The module M is said to be bounded [17], if there exists an integer k such that Hy(x) < k for every
uniform element x € M. A submodule N of M is h-pure [10] in M if NN H(M) = Hy(N), for every
integer k£ > 0.

For a QT AG-module M and an ordinal a, H,(M) is defined as H,(M) = Ng<oHzg(M). For an
ordinal «, a submodule N of M is said to be a-pure, if Hz(M) NN = Hg(N) for all 5 < « and a
submodule N of M is said to be isotype in M, if it is a-pure for every ordinal « [15]|. For an ordinal
a, a submodule N C M is an a-high submodule [14] of M if N is maximal among the submodules
of M that intersect H, (M) trivially.

A submodule N C M is nice [12] in M, if H,(M/N) = (H,(M) + N)/N for all ordinals a, i.e.
every coset of M modulo N may be represented by an element of the same height. The sum of all
simple submodules of M is called the socle of M and is denoted by Soc(M). The cardinality of the
minimal generating set of M is denoted by g(M). For all ordinals a, fus() is the o*-Ulm invariant

of M and it is equal to g(Soc(Hu(M))/Soc(Hat1(M))).

The major aim here is to extend Theorem 1 from [8] to two important classes of QT AG-modules
the first one the class of summable modules, whereas the second one the class of a-modules, where
« is a limit ordinal. The work is organized thus: in the first section, i.e. here, we have studied the
basic notation as well as the terminology necessary for applicable purposes. In the second section, we
proceed by proving the preliminary results, and in the third one we obtain a new simplified but more
convenient for us major result, when a countable number of A-pure submodules can be a countable
number of isotype submodules that seem to be interesting. In the fourth section, several applications
of Theorem 3.1 in terms of total projectivity are provided which are of some importance.

It is interesting to note that almost all the results which hold for TAG-modules are also valid for
QT AG-modules [15]. Many results, stated in the present paper, are clearly generalizations from the
papers [7, 8, 9]. For the better understanding of the mentioned topic here one must go through the
papers [2, 3]. Most of our notations and terminology will be standard being in agreement with [4]
and [5].

2 Preliminary results
We begin by defining a pu-module.

Definition 1. Let p be a cardinal. We say that a QT AG-module M is a p-module if M has
cardinality p and each submodule of M having cardinality less than p is a direct sum of uniserial
modules.

The question whether all y-modules are direct sums of uniserial modules, has a significance in the
theory of QT AG-modules. For every infinite cardinal y there exists a y-module that is a direct sum
of uniserial modules with © > N, and £ > 0. We conjecture that the problem has a negative answer
in general, but nevertheless we shall inspect in the sequel its validity for a finite cardinal p. This
follows immediately from the well-known structure of finitely generated QT AG-modules. However,
we now have the following result.
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Theorem 2.1. Suppose that M is a QT AG-module and w is a first limit ordinal. If M is an
N, -module, then M s a direct sum of uniserial modules.

Proof. Let M be a QT AG-module of cardinality X, such that each submodule of M having cardinality
less than N, is a direct sum of uniserial modules. Since any infinite submodule can be imbedded in
an h-pure submodule of the same cardinality, it easily follows that M is the union of an ascending
chain of h-pure submodules Sy of M such that ¢g(S) = Ny for 0 < k < w. For each k < w,
consider S, = Y;cr, z; R and let a denote the smallest ordinal having cardinality X,,. Then there exist
submodules Ng of M, for 8 < «, such that

(1) Ny = 0.

)
) Ng + Sy, is h-pure in M for each § < a and k < w.

) Nsi1 2 N for each 5 such that 41 < a.

) Nsi1/Nps is countably generated for each 5 such that §+ 1 < a.

) Ng N Sy = Yiep, ;2R for B < o and k < w, where I, 5 is a subset of I

) N, = Ug<yNp if 7y is a limit ordinal less than a.

) M = UgoNp.

Let A < a, and suppose that a submodule Nz of M with S < A such that conditions (1) — (7)
hold when « is replaced by A. After this, let us assume that a submodule Ny of M satisfying these
conditions also. Then we have two cases to consider:

Case (i). A is a limit ordinal. In this case, let us consider Ny = Ug<)\Ng. Since Ny is h-pure for
each § < A, so that IV, is h-pure in M. This, in tern, implies that Ny + Sk is h-pure in M. Thus, we
see that condition (6) from definition of N, is satisfied. Now, we set I; x = Ug<rI g for each k, then
it is easy to verify that Ny NSy = Yicy, ,x;:R. Henceforth, all the conditions (1) — (7) are satisfied
for § < A

Case (ii). A — 1 exists. Consider the submodule Ny of M such that N, is a countably generated
extension of N,_; and
(2%) Ny is h-pure in M.

(3T) Ny + Sk is h-pure in M for each k < w.
(6) NaN Sk = Xieq, ,x:R for each k, where Ij  is a subset of I;.

Let P be any submodule of M containing N,_;. If P/N,_; is countably generated, there exists a
submodule @ of M containing P with g(Q/Nx_1) < X such that Q/N,_; is h-pure in M/N,_; and
[(Q/Na-1) + (Sk + Na-1)/Na-1]/[(Sk + Nx-1)/Na-1] is h-pure in (M/Nx-1)/[(S; + Na-1)/Nx-1] for
each k < w. From the h-purity of Ny_; and S, + Ny_1, we get that Q + S, = Q + S, + Ny_1 is an
h-pure submodule of M. Next, let J;, be a countably generated extension of the subset Ij y_; such
that Q@ N Sy = Xy, x;R. It follows that there is an ascending chain

QCQRiC@QC--CQC...

of h-pure submodules of M such that @); is countably generated and Q); + Sk is h-pure in M for all
t,k < w. Letting Q; N Sy C Xiey, xR, where Ji; is a countably generated extension of the subset
Iy n—1 of Iy such that Qi1 2 Xiey, @i R for all k. Define Ny = U;,Q; and we set [j, x = U Ji s,
then Ny N Sy = Yier, ,z:R. Thus, all conditions (1) — (7) are satisfied for 3 < A.

In addition, if the index set Ij is chosen to be the set of ordinals less than N, then we can easily
continue along condition (8) that 8 € I s for all k < w provided that 5 € Ij.

In order to show that M is a direct sum of uniserial modules, it remains only to show that Ng
is a direct sum of Ngyq for each § < a. Since Nz is h-pure and Ngi1/Nj is countably generated,
it is enough to show that H,(Ng;1/Ng) = 0. Suppose that y + Ng € H,,(Ngy1/Ng) C H,(M/Npg).
Since Ng + Sj is h-pure in M, then y + N3 € H,((Ns + Sk)/Ns) where y € Sj for some k. In
this connection, observe that H,((Ng + Sk)/Nsg) = 0. This completes the argument showing that
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(Ng + Sk)/Ng = S /(Ng N Sk) is a direct sum of uniserial modules. Setting Ngi1 = Ng + Qp, we
obtain that M = ¥3.,Q3, and the theorem is proved. O

The same idea is applicable even to QT'AG-modules having cardinality Nz, where g is cofinal
with w. So, we state without proof the following direct corollary.

Theorem 2.2. If a QT AG-module M has cardinality g where [ is cofinal with w, then M is a
direct sum of uniserial modules provided each submodule of M having cardinality less than Ng is a
direct sum of uniserial modules.

For freely use in the sequel, we obtain the following

Theorem 2.3. Suppose that a QT AG-module M is a set-theoretic union of a countable number of
h-pure submodules Sy for each k. If Sy is a direct sum of uniserial modules, then so is M.

Proof. By appealing to the same reasoning as in Theorem 2.1, one may infer that the assertion
follows. O

Now, we proceed by proving

Corollary 2.1. Let S be a submodule of a QT AG-module M such that M is a direct sum of uniserial
modules. Then S is a direct sum of uniserial modules.

Proof. Suppose that M is a union of an ascending chain of A-pure submodules Sy such that Sy
is bounded. Choose P, = S N S, for each k. Let ), 2 P, be maximal in S with respect to
Qr N Hp(S) = 0. It is easy to see that Qy is h-pure in S. Therefore, since @) is bounded, we get
that Qi is a direct sum of uniserial modules. Since Q) O Py, it follows immediately that S is a
set-theoretic union of its submodules ). Henceforth, according to Theorem 2.3, S is a direct sum
of uniserial modules, as required. O]

3 Main results

In Section 2, we have shown that if a QT AG-module M is the set-theoretic union of a countable
number of h-pure submodules Sy, then M is a direct sum of uniserial modules if Sy, is a direct sum of
uniserial modules for each k. In the present section, we generalize this result by proving that if the
submodules S are isotype then M must be totally projective provided that S is totally projective
of countable length for each k. In particular, an ascending chain of isotype and totally projective
submodules of countable length leads to a totally projective module.

Recall from [11] that an h-reduced QT AG-module M is said to be totally projective if it possesses
a collection A consisting of nice submodules of M such that (i) 0 € N (i7) if {N;}ses is any subset of
N, then X;c;N; € N (iii) given any N € N and any countable subset X of M, there exists K € N
containing N U X, such that K/N is countably generated. Call a collection N of nice submodules
of M which satisfies conditions (i), (#4) and (éi7) a nice system for M. It is well-known that any
countably generated h-reduced QT AG-module is totally projective by induction on the length of
M. Thus the direct sum of any number of countably generated h-reduced QT AG-modules is totally
projective.

Before presenting our main attainment, we prove the following working lemma.

Lemma 3.1. Let o be an arbitrary ordinal and M a QT AG-module of countable length. Suppose
that
0=NgC N CN,C---CNgC ..., B<«
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18 a chain of nice submodules of M satisfying the following conditions:
(a) Ngt1/Ng is countably generated.
(b) N, = Ug<yNg where 7y is a limit.
(C) M = U,B<aNB-
Then M is totally projective.

Proof. Let pu be the first uncountable ordinal such that o < p. Therefore, M satisfies a nice system
of countability. In fact, for an arbitrary «, it is not evident that conditions (a) — (¢) imply a nice
system of countability.

By hypothesis, M embeds as an isotype submodule of a totally projective module, for a height-
preserving monomorphism from Ng to Ngii. Since the length of M is countable, M itself is totally
projective and hence the result follows. O]

The main result is now the following.

Theorem 3.1. Let a QT AG-module M be a set-theoretic union of a countable number of isotype
submodules Sy. If Sy is totally projective of countable length for each k, then M 1is totally projective.

Proof. First we note that M has countable length. Let us assume that length of M = n and let
the submodules S be indexed by the nonnegative integers. For k < w, let Sy = 2,1, T; where T; is
countably generated for each i. Suppose that

O:N0§N1§N2§§N5§,6<)\

is a chain of submodules of M satisfying the following conditions:

(a) Ngy1/Ng is countably generated.

(b) N, = U5<7N5 where v is a limit.

(c) NB N Sk = Yier, ;T for each k and 3, where I} g is a subset of .

(d) (Hx(M), Ng) N (Sk, Ng) = (Hx(Sk), Ng) for each k and 5 and for each A <.

We consider two possibilities. Firstly, if A is a limit ordinal, we define Ny = Ug-y\N3 and see
that conditions (a) — (d) are satisfied for the chain of submodules Ng. Secondly, if A — 1 exists.
For an arbitrary countably generated extension T" of N,_; in M, there exists a countably generated
extension P of T such that PN Sy, = ¥X,¢;, 15, for each k, where Jj, is a countable generated extension
of I kA—1-

Next, with this in hand, we ascertain the same argument that there exists a countably generated
extension ) of P O T O N,_; in M such that

(HA(M), Q) N (Sk, Q) = (H\(Sk), @),

for all A < nand all ¥ < w. Let {z;};,<, be a set of representatives for the cosets of P/N,_;. For
each triple (i,k, \) with 7,k < w and A\ < 7 such that y + z; € x; + Ny_; where y € H\(M) and
2, € Sk. If we choose a representative y = y; ;. » for the triple (¢, k, \), then clearly there are only a
countable number of such representatives. Setting Q1 = (P, y; x.»), one may see that

<H>\(M)’P> N <Sk7P> - <H)\<Sk)an>

If we replace ()1 by P, then ()4 is replaced by @; such that Q11 = (Q;,vix). Hence, the desired
properties follows if Q) = U;<,@;.

Furthermore, suppose that the conditions (a) and (d) holds. Then there exists a countable
generated extension N, of N,_; containing 7" that satisfies both conditions (¢) and (d). Hence, a
chain of submodules satisfying conditions (a)—(d) is applicable to deduce that M is totally projective.
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To complete the proof of the theorem, it remains only to show that Ng is nice in M for each §.
It suffices to show that

Hy\(M/Ng) = (H\(M), Ng)/Ng (3.1)

for all A < n. The proof is by induction on A in conjunction with
H\(M/Ng) N (Sk, Np) /N5 = (Hx(Sk), Ng) /Ng = Hr((Sk, Ng)/Np) (3.2)

Clearly, for a given A the second equality in condition (3.2) is a consequence of the first equality.
However, the second equality is valid, because of condition (¢). We claim that condition (3.2) hold
good for A = o, where o is a limit. Then it is suffices to show that condition (3.2) holds for all A < o.
By the choice of o, condition (3.1) holds for all A < o. Hence, if A < o, we observe that

H)\(M/Ng) 0 (Sk, Ng)/Ng = ((H\(M), Ng) 01 (S, N3))/Ns.
Thus, by condition (d), we write
H)\(M/Ng) (1 (S, Ng)/Ng = (Hx(Sk), N3) /Ng,
and so condition (3.2) holds for A = ¢. This gives that
Hy(M/Ng) C Up<w(Hos(Sk), Ng) /N © (Ho (M), Ng) /N,

which allows us to infer that Ng is nice in M for each 3. O

4 Applications

The purpose of the present section is to explore some structural corollaries of Theorem 3.1. Several
such applications are now presented.

4.1 Summability

Singh [17] proved that a QT'AG-module M is a direct sum of uniserial modules if and only if M is
the union of an ascending chain of bounded submodules. Apparently, M is a direct sum of uniserial
modules if and only if Soc(M) = @yewSk and Hy(x) = k for every x € Si. This led to the notion
of summable modules, see, [16]. Let us recall the definition: an h-reduced QT AG-module M is
summable if Soc(M) = ©s<oNs, where Ng is the set of all elements of Hz(M) which are not in
Hg 1(M), where « is the length of M. It is self-evident that a QT AG-module of length w is a direct
sum of uniserial modules if and only if the QT AG-module is summable. However, for the sake of
completeness, the following corollaries are immediate.

(1) Countably generated h-reduced QT AG-modules are summable.

(1) Direct sums of countably generated h-reduced QT AG-modules are summable.

(7i7) Isotype submodules of summable modules of countable length are summable.

We start here with the following easy observation.

Theorem 4.1. Let M be a summable QT AG-module of countable length o. If M/Hg(M) is totally
projective for each limit ordinal B < a, then M 1is totally projective.
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Proof. The proof is by induction on «. If there is a limit ordinal 8 such that both Hz(M) and
M/Hg(M) are totally projective, then M is itself totally projective. Let oy < ag < -+- < a < ...
be an increasing sequence of ordinals whose limit is a. We choose S; C Sy C --- C S, C ... be an
ascending chain of submodules, so that Sy, is ag-high in M. Observe that Soc(S) = Soc(M), where
S = Uk<wSk. Therefore, since S is h-pure in M, we get that S = M. Thus in view of Theorem 3.1, it
suffices to show that Sy is totally projective for each k. However, we know that S, is isomorphic to an
isotype submodule of M/H,, (M) under the natural map. Henceforth, a simple technical argument
applies to get that Sy is totally projective which gives the desired total projectivity of M. O]

The following statement generalizes Theorem 2.2.

Theorem 4.2. Let M be a QT AG-module of cardinality g where 3 is cofinal with w. If each
submodule of M having cardinality less than Ng is contained in a totally projective submodule of M
having countable length, then M is totally projective.

Proof. Assume that Sy, is a submodule of M having cardinality Ng,, where ) < o < --- < B < ...
be an increasing sequence of ordinals whose limit is . Note that if S; is contained in an isotype
submodule P, of M having the same cardinality Ng, as that of Sy, then Py is contained in a totally
projective submodule @) of M having countable length. Since Py is isotype in Qg, Py is totally
projective. It follows that M is the union of a countable ascending chain P, C P, C --- C P, C ...
of isotype and totally projective submodules P;. One seeing readily in view of Theorem 3.1 that M
is totally projective, as wanted. O

This brings us to another technical observation.

Theorem 4.3. Let My, and My be QT AG-modules of countable type A\ and suppose that My is
totally projective. If, for each ordinal B < X, there exists a height-preserving isomorphism between
Soc(M,/Hpg,(My)) and Soc(Ms/Hg,(Ms)), then My is totally projective and M; = Ms.

Proof. By hypothesis, there exists a height-preserving isomorphism between Soc(M;) and Soc(Ms).
It is easy to see that M; and Ms have the same Ulm invariants (and are therefore isomorphic) if M,
is totally projective.

We induct on A to show that M, is totally projective. Since M; is summable, M, is also summable.
If A =1, then M, is a direct sum of uniserial modules. Thus, assuming that A\ > 1 and that A — 1
exists. Observe that

My /Hyn—1)(Mi)/ Hop(Mi/ Hon—1)(My)) = My /Hyp(My),

for all § < A — 1, and similarly for M,. Hence in virtue of inductive hypothesis, M,/ H,—1)(M2)
is totally projective. Since both Soc(H,x—1)(M1)) and Soc(Hya-1)(M2)) have a height-preserving
isomorphism, we deduce that H,_1)(M;) is a direct sum of uniserial modules. This guarantees that
M, is totally projective.

In the remaining case when A is a limit ordinal, we assume that Soc(M;) = XUz and Soc(Ms) =
¥Vj be decompositions of Soc(M;) and Soc(My), respectively, such that Hy,(x) = Hy,(y) = 3, for
somex € U, ye V. Let 1 < A < Ay < --- < A\ < ... be an increasing sequence of ordinals
whose limit is A, we choose Ny C N, C --- C N, C ... and 1 C Ly C --- C L, C ... be the
ascending chain of submodules such that Soc(Ny) = Xp<, Up and Soc(Ly) = X<, V. Note that
My = Upeow N, and My = Ugo, Ly, since U, N, and Uy, L are h-pure submodules of M; and Mo,
respectively, containing Soc(M;) and Soc(Ms).

What remains to show is that L is totally projective. Our future aim, which we pursue, is to check
the existence of a height-preserving isomorphism between Soc(Ny/H,s(Ng)) and Soc(Ly/H,z(Lx))
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for each § < Ai. To that goal, we have two cases to consider. First, if 5 = A;, then there is a height-
preserving isomorphism between Soc(Ny/H,z(Ni)) = Soc(Ny) and Soc(Ly/H,ps(Li)) = Soc(Ly)
by the choice of N, and L;. For the second case where S < M\, it is easily observed that
M, = (Ny, H,3(M,)) since Ni is wAg-high in M;. Similarly, My = (Li, H,3(M3)). Therefore,
M,/H,3(My) = Ny/H,p(Ny) and My/H,3(M>) = Ly/H,3(Ly). Then there exists a height-
preserving isomorphism between Soc(Ny/H,s(Ny)) and Soc(Ly/H,z(Ly)) for each 8 < Ai. It follows
by induction hypothesis that Lj is totally projective.

In addition, since L; is isotype in My and My = Uy, Ly, so referring to Theorem 3.1, we can
conclude that M; is totally projective, as promised. O

4.2 o-modules

For the definition of an a-module, the reader can see [13] or [6] where it is given in all details.
However, for a convenience of the reader, we shall include it in the text. A QT AG-module M is an
a-module, where « is a limit ordinal, if M/Hg(M) is totally projective for every ordinal § < a.

It is well-known that every totally projective module is an a-module. Besides, it is simple to
checked that an a-module of length « is a direct sum of countably generated modules if and only if
it is summable.

Now, we are ready to formulate the following

Theorem 4.4. Let M be a QT AG-module of length o such that M is an a-module. If M is a
set-theoretic union of countable number of submodules Sy where the heights of the nonzero uniform
elements of Sy in M are bounded by some ordinal oy, < o, then M s totally projective.

Proof. Suppose that M = Ui, S, where Sj. is isotype of length a;, < « for each k. Since M has
countable length, then Sy is totally projective. Because Sy = (Sk, Ha, (M))/H,, (M) is isomorphic
to an isotype submodule of a totally projective module M/H,, (M) having countable length ay, it
easily follows that M is totally projective by the usage of Theorem 3.1 if « is countable.

Similarly, if the interval (v, a) of ordinals is countable for some v less than «, then H,(M) is
totally projective. Indeed, since H,(M) has countable length and H.,(M) = U<, H,(S)) such that
H.(Sk) is isotype in H,(M). Therefore, H,(M) is totally projective if (v, a) is countable for some
v < a. Moreover, since M is an a-module, then M/H., (M) is totally projective. This means that
M is totally projective, and the result follows for (v, ) is countable with v < .

We next assume that (v, ) is uncountable for every ordinal «y less than the length o of M. In
particular, if v < «a, then v+ w < a. Without loss of generality, we may assume that Sj is maximal
with Sy N H,, (M) = 0. Then Sy is an aj-high submodule of M.

Finally, consider the case a, = o0} + w for some ordinal o,. Suppose now the ordinal «j has
the form «ap + w for some a, < «a. Since o = 0 + w and Sy is an ag-high in M, we have
M = (S, H,, (M)) and M/H,, (M) = S/H,, (Sk) for each k. Consequently, Sy/H,, (Sk) is totally
projective, and we get H,, (S) is totally projective since it is isomorphic to an isotype submodule of
the totally projective module H,, (M)/H,, (M). Therefore, we conclude that Sy is totally projective,
and again the application of Theorem 3.1 leads to M being totally projective, as expected. O
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1 Introduction

In the present paper we study the following quasilinear and essentially nonlinear integral equations
with monotonous Hammerstein-Volterra operator on the whole axis R := (—o00, +00):

Z/ (2 O)LF5(8) + wis (b f5(0)}E, i = 1,2, m, @ € R, (1.1)

Z / (x, ){G;i(p;j(t)) +wij(t,pi(t)}dt, i=1,2,...,n, v €R, (1.2)

with respect to the unknown measurable on R vector-functions f(x) = (fi(z), ..., fo(x))" and @(z) =
(1(), ..., on(x))" respectively (T is the sign of transposition). In systems (1.1) and (1.2) the matrix
kernel K (z,t) = (K;;(z, t))".xn satisfies the following conditions:

a) Kij(z,t) >0, (z,t) e R*:=R xR, K;; € Loo(R?), 4,7 = 1,2, ...,n, where L. (R?) is the space
of all essentially bounded functions on the set R,
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nxn

b) there exists a symmetric matrix A = (a;;);;-, with positive elements a;; and with a unit

spectral radius such that

Z‘?

by) :
Yij(T) =ai; — / Kij(z,t)dt > 0, v;(x) #0, z € R,

lim ;(z) =0, i,7=1,2,....n,

T—r—00

bg) 0o
/Kij(x,t)dx <ay, teR, i,5=1,2,..n,
t
bg) 0
/(—x)%'j(f)dm < 400, i,j=1,2,..,n,

¢) there exists a number dy > 0 such that

gij = inf /Kij(x +y,z)dy >0, i,j=1,2,....,n.

z€(—00,0]
00

From the properties of the matrix A, by Perron’s theorem (see [12]), follows the existence of a vector
n=(n,....,n,)T with positive coordinates n;, i = 1,2, ...,n, such that

An =n. (1.3)

The nonlinearities {G(u)}7_, and {wi;(t, w)}; " satisfy the following conditions:

I) G, € C[0,+00), Gj(u) is a concave function on the set [0, +00), G;(0) =0, j =1,2,...,n,
II) G,(u) are increasing with respect to u on the set [0,+00), j =1,2,...,n,

II) there exists a number o > 0, such that G;(n;) = 7}, Gj(u) > u, u € [0,7;], where n; = an;,
j=1,2,..n,

A) wij(t,O) = 0, t e R, Z,] = 1727 o,

B) for every fixed t € R the functions w;;(t,u), 7, j = 1,2, ...,n monotonically increase with respect
to u on the set [0, +00),

C) there exist functions

Bij(t) == sup (wy(t,w)), 4,7 =1,2,...,n,
u€[0,400)

such that ;;(t), 7,7 = 1,2, ..., n are monotone nondecreasing with respect to ¢ on the set R and
satisfy the following inequality

Zﬁl](x) (a’ij o P)/U(m)) < 277]71](33)7 reR, i=12..n, (14)
j=1 j=1
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D) {wi;(t,u)}i 7 satisfy the Caratheodory condition with respect to the argument u on the set

R x [0, +00), i.e. for every fixed u € [0, +00) the functions {w;;(t, u)};'/Z; are measurable with
respect to ¢ on R and for almost every ¢ € R these functions are continuous with respect to u

on the set [0, 4+00).

The study of systems of nonlinear integral equations (1.1) and (1.2), besides purely mathematical
interest, has also an important interest in different applied problems of mathematical physics and
mathematical biology. In particular, for specific representations of matrix kernels {Kj;(w, )} "
and nonlinearities {G;(u)}}_; and {w;;(t,u)};'7"; such systems of nonlinear integral equations can
be found in the kinetic theory of gases, radiative transfer theory, Markovian processes and in the
mathematical theory of space-time epidemic spread (see [1]-[5], [10], [13], [14]).

In the case, when the kernels {Kj;(z,t)};;; depend on the difference of their arguments and
satisfy the supercritical condition (the spectral radius of the matrix A is greater than one) with
particular restrictions on the functions {wy;(t, u) };' ;" system (1.1) on (—oo, 0] (and the corresponding
system of nonlinear integral equations on [0, 4+00), whose right-hand-side integrals have limits from
x > 0 to +00) is studied in sufficient detail in the work [9]. In the present paper a one-parameter
family of positive summable and bounded on (—o0, 0] (on [0,400)) solutions is constructed and the
set of the corresponding parameters is described.

It should also be noted that in the case when Kj;(z,t) = Kyj(z —t), (z,t) € R?, 4,5 =1,2,...,n
the corresponding systems of convolution type nonlinear integral equations (NIE) (i.e. when the
integral in the right-hand sides of (1.1) and (1.2) has the limits from —oo to 4+00) were studied in
the works [6]-[8].

In the present paper under conditions a)—c), I) - IIT) and A) - D) we will deal with the problems of
existence of nonnegative (nontrivial) and bounded solutions of systems of nonlinear integral equations
(1.1) and (1.2) and also will study the asymptotic behaviour of the constructed solutions on —oo.
Firstly, a constructive theorem of existence of a one-parameter family of componentwise nonnegative
(nontrivial) and bounded solutions, which have finite limit values in —oo will be proved. Then, we
will prove the integrability on the set (—oo, 0] of the difference between the limit (at —oo) and the
constructed solution for every value of the corresponding parameter on the set (0, +00) (see Theorem
2.1). Owner furthermore, by using these results, we will construct componentwise nonnegative and
bounded on R solution ¢(z) = (©1(2), ..., on(z))" of system of nonlinear integral equations (1.2).
Additionally, we will prove the existence of
and that 7} —p; € Li1(—00,0), j = 1,2,...,n (see Theorem 3.1). At the end of the work we will provide
specific examples of matrix kernels { Ky;(x,t)};'7Z; and nonlinearities {G;(u)}j_;, {wi;(t, v)};' 2 that
satisfy all the conditions of the proved theorem. Note that a part of those examples have applied
character (they arise in specific problems of mathematical physics and biology).

2 One parameter family of solutions for system (1.1)

In the current section we will prove the following result for system of NIE (1.1):

Theorem 2.1. Under conditions a) - ¢) and A) - D) system of NIE (1.1) has a one-parameter
family of componentwise nonnegative (nontrivial) and bounded solutions f7(x) = (f7(x), ..., f2(x))",
v € (0,400), such that

lim f7(x) = n;y

T——00

and nyy — f; € L1(=00,0), j = 1,2,...,n, where 1 is defined by (1.3).
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Proof. Firstly, let us consider the first auxiliary system of linear nonhomogeneous Volterra type
integral equations:

j=1

—00

with respect to an unknown summable on R vector-function ¢ (x) = (¢(z), ..., ¢n(z))", where the
vector-function ¢(x) = (g1(z), ..., gn(x))" has the following structure:

gi(z) = Zﬁij(x) (aij — i (x)), i=1,2,...n, z € R. (2.2)

We introduce the following iterations for system (2.1):

W) =)+ Y [ Kyte.ou 0
j=1

—0o0

(2.3)
O@) =gi(x), 2R, i=1,2...n, m=0,1,...
By mathematical induction it is not hard to verify that

1) wl(m)(x) are measurableon R, i =1,2,...,n, m =0,1,2, ...,

2) w(m)(x) 1 with respect tom, i =1,2,...,n, x € R.

()

We will prove that

3) ™ (@) <n,m=0,1,2,...,i=1,2,...,n, z €R.

)

Indeed, estimate 3) for m = 0 directly follows from b,), (1.3) and (1.4):
er(O)(:C) = gz(»’l?) S Zﬁg%j(ilf) S Zaijnj =11, T € Ra 1= 1727 w1
j=1 j=1

Assume that 3) holds for some m € N. Then, with consideration of b;), (1.3), (1.4), a) and (2.2)
from (2.3) we get

P (@) <37 B(e) (g — @) + > m / Kij(x, )dt <
j=1 =l e

<Y oni (@) + )i (ay — (@) = Y aymy =m, i=1,2,..,n, x €R.
j=1 j=1 j=1
Now we will prove that

4) %(m) € L1<_0070>7 1=1,2,..,n,m=0,1,2,....

Indeed, in the case when m = 0 inclusion 4) follows from the definition of g;(x), ¢ = 1,2, ...,n, with
consideration of (1.4), conditions b;) and b3). Let wl(m) € Li(—00,0), i =1,2,...,n for some natural
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m. Then, considering (1.4), a), b), ¢) and (2.2), from (2.3) for every § < 0 by Fubini’s theorem (see
[11]) we have

n

UjWij(x)derZ/o/xK (a, )™ (t)dtdr =

(@]

IA
%\o
=

3
=
‘5:
S
(AN
%\o

J=1 =% Zw
n 0 n 0 ¢ n 0 =z
:an/%j(x)dx—l—Z/ / Kij(x,t)¢(m)(t)dtdx+Z//Km@,t)lb (t)dtdx <
Jj=1 =1y 5 =1 S
n y n 0 0 n 9
<> /%J(x)d:z:JrZ/wjm)( )/Kw x,t) dxdt+2/¢§m / Kij(x, t)dadt <
=1 =1 5 s
<> /%J(ﬂv)da:—l—Zaij/wj(m)(t)dt<+oo
=1 =1

By passing to the limit as 6 — —oo, we conclude that @/JZ-(WH) € Li(—00,0). Now let t < 0 be
an arbitrary number. We multiply both sides of (2.3) by 7;, i = 1,2,...,n and taking into account
conditions a), b), ¢), (1.4) and also the proven inclusions 1)-4), we integrate both sides of the obtained
equality by x € (—o0,t], then we add the equations for i = 1,2,...,n. As a result we obtain

t
> / " (z)de <
=1

n

<ZmZ%/%y daf+ZmZ// ) () dyde =

= “o

0

_ZmZ%/%y d$+ZmZ// (z, 2+ 7) ¢(m+1 (x + 7)drdr =

= “o

_anznj/,y” dx+z7712/ /Kz] x, $+T ¢(m+1 ($+T)dIdT—

J= 1—OO — 00

-0y t

—ZmZm/% dx+z7]12/ /sz (x, 47T w(mH (z 4+ 7)dxdr+

+Z7h2//fﬂjx1‘+r m+1(x+7’)dxd7_

= 1760 —00

—do t+71

—ZmZm / i dx+ZmZ / / Kij(z — 7, 200" (2)dzdr+

—00 jlfoooo
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0 t+7

+Z7712/ /KU 7, 2)p" ) (2)dzdr <
i=1 = 1760 —00
—80 t—3o
<Z771277] /%] dx—i—Z??zZ/ / Kij(z — T,z)wj(-mﬂ)(z)dsz—i-
+Zmz / / A" (2)dzdr =
= i= 1—50 —00
t—380 t—0p
- anz% /%] dIJerZ / / @/J(m—H( YdzdT+
- —60 t—0 e

+Zmz / / )™ (2)dzdr +

- ]1t§0—

—i-zniz/1/J§m+1)(z)/Kij(z—T,z)deZ—
=1 j:1_oo

—5o

t—d0 t—do
= Z i Z ) / vij () dx + Z i Z / P (2 / z)drdz+
7 t—do 0—050

n

+ Z m Z / P / 2)drdz+

t—do

+Zmz / P (e / 2)drdz —
—00 —do
t—5o —50

_anznj/’}/z] da;_i_anZ/wm—l-l) /KU deZ—|—

+an2/¢(m+l /Kw z)drdz =

760
t—do 0

—ZmZm/% dx+ZmZ/wm“) / 2)drdz+

+Z7712/¢m+1) /KU z)drdz =

- = 1t ) —do

t—do

—ZmZm/% daz+ZmZ/me / 2)dydz+
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z+do
+Z?7@Z/wm“ / Kij(y, 2)dydz <
=1 = 1t %) z

t—dg

<Zn22m/%y dx+ZmZaw/¢m+l )dz+

z+0o
+ZmZ/w(mH / Kij(y, z)dydz =
i=1 = 1t d0 z

n t=% n
= Z 7i Z Ui / Vi () dx + Z / iﬁj(-MH)(Z)dZ Z AN+
j=1 i=1

—00 T -

n n z+do
+Zmz / (2 / Ky, 2)dydz =
t do
n t—do
_Zmzm/% dx+217j/¢](m+l)(z)dz+
—00 J=1 —o0
Z+5O
+ZmZ/¢m+” /K” y, 2)dydz,
=1 J= lt )

from which it follows that

an /merl d2<z771277j/7u dx+

- t—¥do —
Z+50
m+1
+ZmZ / " / 2)dyds.
= J= 1t )
Observe that
2460 0 z+00

Qi5 — / Kl](yaz)dyZ/Km(yaz)dy_ / K

= / Kij(y, z)dy = /Kij(z +u, z)du > ¢;; for 2 <0, 4,5 =1,2,...,n
Z+50 60

41

(2.4)

(2.5)
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Considering (2.4) and (2.5), we obtain

Zm / P (e

- t—do

< 2771277] /’ng d$+z / merl )(Zlaﬂﬂl—;&“”ﬁl> dz =

ZZmZﬁj/%g d90+277]/¢(m+1 Zzgzﬂh/#}m“
=1 j=1 =1 s =1 j=1 t—o

which is the same as
33 e [ e >a2n / 25)
7j=1 =1 250

Let p < 0 be an arbitrary number. We integrate both sides of (2.6) with respect to ¢ from p to 0.
Then, according to by), bs) and Fubini’s theorem from (2.6) we obtain

0<Zzezmz//¢m“ dzdt<zmznj//% )dzdt =

Jj=1 i=1

p t—do —00 —00 (2 7)
—Zerb / z)7vi(x)dr < 400.
By passing to the limit as p — —oco, we obtain
03 e / / WG < Y / ) ()i
j=1 =1 —o0 t—04g —00
or
0<Zzszmz//¢m“)t+7d7dt<
7j=1 =1 “o0 —6o
(2.8)
<anznj/ z)vi(x)dr < 400, m=0,1,2,....

— 00

By changing the order of integration in (2.8), we have

0<Zz%m//w(m“ (t + 7)dtdr <

7=1 =1 50 —

<Z7hz77]/ z)yii(x)de, m=0,1,2, ...,

— 00
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from which it follows that

0 —do
O<ZZ£M/ /wmﬂ )dydr <
7j=1 =1 5 —o0
<o [ Comtartn, =05,
or
3o
0<2251J772/¢m+1) )dy <
7j=1 =1
(S_ZT}Z Zn]/ 7’] )dl‘, m = 071727'-' .
Due to 1)-3) we have
0
0< /%(-m“)(y)dy <o, j=1,2,...,m, m=0,1,2, ... (2.10)
—5o

We denote

(= min Zewm (2.11)

1<5<n 4

Then, from (2.9), in particular, it follows that

5
0< / w§m+1 )dy < — ZnZZT]] / x)7,i(x)dz, 519
0 =1 =1 ( : )

m=0,1,2,..., 7=1,2,...,n.

Therefore, inequalities (2.10) and (2.12) entail the following two-sided estimate

0
0< /wf»m“)(y)dy < (max m)d + — ZmZm / z)ij(@)de < +oo, (213

—0o0

j=12,..,n, m=0,1,2,...

From 1)-4) and (2.11) it follows that the sequence of measurable on R vector-functions (™ (z) =

T
(¢§m)(x), s zﬂ,(lm)(x)) ,m=0,1,2,... has a pointwise limit when m — oo:

lim "™ (2) = ¥(x),

m—r0o0

additionally, the limit vector-function ¢ (x) = (¢1(z), ..., n(z))" according to B. Levi’s theorem (see
[11]) satisfies system (2.1). Once again using 1)-4) and (2.11), we can state that

gi(z) <i(x) <my, z€R, i=1,2,...,n, (2.14)
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0
0< / (x)dr < 1r£1]a<>%173 )0 + — an Zn] / x)vii(z)dx < 400, (2.15)

—0oQ
1=1,2,....
We now consider the second auxiliary linear nonhomogeneous system of integral equations on R:

xT
n

@) =g+ / Ky, 05 (0)dt, xR, i =1,2,...m (2.16)

i=1_"

with respect to the unknown vector function 1*(z) = (% (x), ..., *(z))", where
=Y mve), i=1,2,..n, z€R, (2.17)

Repeating the same reasoning as for system (2.1), wherein taking v;(x), i = 1,2, ..., n as the zero ap-
proximation, we can prove that system of integral equations (2.16) has a componentwise nonnegative
and bounded solution ¢*(z) = (¥ (z), ...,¢* ()", and, besides that

gi(x) <i(x) <Pf(x)<my, R, i=1,2, ... (2.18)
0

0< /wj(a:)das < (1r£1a<x nj)00 + — 3 ZmZm / x)vi;(z)dr < 400, (2.19)

—00

i=1,2,....

On the other hand, note that system of integral equations (2.16) also has a trivial solution n =
(1, -, 7). Indeed, considering by), (2.17) and (1.3), we obtain

gi(@) +> / Kij(a, t)dt = " njlas; —vi;(x)) + Y njvig(®) = D aggny = i,
=1 j=1 j=1 j=1
1=1,2,...,n.
From (2.18) and (2.19) it follows that ¢} (x) Z n;, x € R, i = 1,2, ...,n. Therefore,
O;(x):=m — i (x) >0, D;(x) #£0, xR, i=1,2,...,n

and also satisfies the homogeneous system of integral equations

Z/Kuxt tydt, teR, i=1,2,...,n (2.20)

J=1_"
We now prove that there exists

lim ®;(x)=mn;, i=1,2,...,n

T—r—00
Indeed, for negative values of x from (2.16) due to a) and b;) we conclude that

n

0<v¢i(zx) < Z%%J Z sup (K (x,t))- / Yi(t)dt — 0, when x — —oo0,

=1 (z,t)ER?
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from which we obtain that there exists lim ¢(z) = 0, i = 1,2,...,n. Therefore, there exists
T——00

lim ®;(z) =n;, i = 1,2,...,n. Since ¥} € L1(—00,0), i = 1,2,...,n, hence n; — ®; € Li(—00,0),

Tr—r—00

1=1,2,...,n

Finally, we consider the following family of successive approximations for the system (1.1):

(m+1 Z / KZ] x,t) {fjw (t )+ww(t f] ( )t

(2.21)
(0) _ _ C
firy (x) =7®i(z), m=0,1,2,.., i=1,2,...,n, € R,
where v € (0,+00) is an arbitrary parameter.
By using mathematical induction it is not hard to verify that for every v € (0, +00)
) fZ(T)(a:) are measurable on R, 1 =1,2,...n, m=0,1,2, ..., (2.22)
[) fl(7 (x) 1 with respect tom, i =1,2,....n, z € R. (2.23)
We will now prove that
I'3) F(@) < 4®i(x) + i), i =1,2,...,n, z € R. (2.24)

For m = 0 the given inequality directly follows from the definition of the zero approximation with
consideration of nonnegativity of the functions {¢;(x)}", on R. Assume that (2.24) holds for some
m € N. Then, taking into account (2.1), (2.20) and A)-C), from (2.21) we get

1760 < 3 [ Kule D00+ 050+t (0 + w0 <

<72/ dt+Z/ (@, )t dt+2/ (1) B (t)dt <

< y®i(w +Z/ (2, t);(t) dt+Zﬁu Naiz —7ij(x)) = 7@i(x) + i),
- i=1.2 .0 zcR.
Let us prove that
['y) If 71,72 € (0, +00) are arbitrary parameters and ; > 72, then

F (@) — f7(@) > (1 —72)@il2), v €R, i=1,2,..,n, m=0,1,2, . (2.25)

3,72

Indeed, in the case of m = 0 inequalities (2.25) are transformed to equalities by the definition of the
zero approximation in iterations (2.21). Let (2.25) hold for some natural m. Then, from (2.21) due
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to conditions B) and (2.20) we will obtain

Fr (@) — f ) (z) =
=> / Kij(, )L £ () — £ (1) + wi(t, £7) (1) — wig(t, £12) (1) bt >

n

(M — Z/ (2, )){ D5 (1) + wig(t, 170 (1) + (1 — 72)@5(t)) — wis(t, £ (t))}dt >

J=1_"5

(n = Z/Kw 2, 0)®;(t)dt = (11 — ) ®i(x), i = 1,2, ..., z €R.

So, from F) - I'y) it follows that the sequence of measurable vector functions f7 ( ) =
(fl(fz)(g;), ,fn J(g:))T, m = 0,1,2,..., for every 7 € (0,400) has a pointwise limit when m — oo:

lim £ (z) = f(z) = (f)(2), ..., f1(z))T, moreover,

m—r0o0
v®;(x) < fj(x) < 7®i(x) + ¢i(x), 1 =1,2,...n, z €R, (2.26)
[t (@) = f2(x) > (n —72)®5(2), =1,2,...,n, z €R, (2.27)
where 71,7 € (0,+00), 71 > 72 are arbitrary parameters. Considering conditions D), b) according
to B. Levi’s theorem for every v € (0, 400) the vector function f¥(z) = (f{(z),..., f7(z)) satisfies

system of NIE (1.1).
Since lim ¢f(x) =0,i=1,2,...,n, from (2.18) it follows that

T——00
lim () =0, i =12, ..,n (2.28)
Tr——00
From (2.15), (2.26) and (2.28) directly follows that
lim {f](x) —y®;(z)} =0, i =1,2,...,n,7 € (0,400), (2.29)
Tr——00
0< f1 —4®; € Li(—00,0), i =1,2,...n, 7 € (0, +00). (2.30)

Since hm (m; — ®i(x)) = 0,9, —P; € L1(—00,0),i =1,2,...,n, hence there exists lim f;(x) = yn,,
r—r—

r—r—00
and from the estimate

0 < |ymi — fi (@) < v(mi — Qi) + fi'(x) — v®i(x) € Li(—00,0), i =1,2,...,n
it follows that yn; — f; € L1(—00,0), i =1,2,....,n, v € (0, +00). H

3 Solvability of system of NIE (1.2). Examples

In the current section with the use of the results of Theorem 2.1 and some geometrical inequalities
for concave functions, we will deal with the problem of solvability for system of NIE (1.2).

Theorem 3.1. Under conditions a) - ¢), 1) - III) and A) - D) system of NIE (1.2) has componentwise
nonnegative (nontrivial) and bounded on R solution p(z) = (p1(x), ..., 0n(2))T, such that

lim @;(r) = n;

T—r—00

and 7 — ¢; € L1(=00,0), j = 1,2,...,n where nx is defined in III).
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*

Proof. Due to Theorem 2.1 for the number 7* = a corresponds a solution f7 (z) =
(f{ (2), ..., £ (z))T of system (1.1) with the properties

ad;(x) < fj(x) <a®j(x)+v¢(x), j=1,2,...n, v €R,, (3.1)
xgmoo fﬂ’ () =a-n;=n;, nj — ff € Li(—00,0), j=1,2,...,n. (3.2)

Consider the following iterations for system (1.2):

) =3 [ eI 0 5 0

gpl- (m) = 7 (x), m=0,1,2,..., i=1,2,...,n, z € R.
Using I), II), B), D) and a) with induction on m it is easy to check that

Ey) gogm) (x) are measurable with respect to z on R, m =0,1,2,...;i=1,2,...,n,

E») gogm)(x) 1 with respect tom, v € R, i =1,2,...,n
Below we will prove that

E3) goqm)(x) <nf+i(z),reR m=0,1,2,...,i=1,2,....,n.

2

In the case when m = 0 inequalities E3) directly folow from (3.1) and III), by taking into account
the estimates ®;(x) < n;, i = 1,2,...,n, * € R. Assume that Fj3) holds for some natural m. Then,
using the following inequalities

(which follow from the concaveness of the functions {G;(u)}”

"1 (see Fig. 1.)), and also C), III), II),
(1.3), (2.1) and (2.14), from (3.3) we have

o™ () < Z/ (2, ){G(n; +0;(t)) + wi(t,m; + (1)) pdt <

J=1_"5

<Z/K”xt () + By (0) dt<2m as; = (@)

J=1_"

+Z/ @t dt+ gi(x) <t +bi(x), i =1,2,..n, v €R.

J=1_"
So, from E))-E3) we conclude that the sequence of measurable vector functions o™ (z) =
™ (@), ..., 8™ (@)T, m = 0,1,2, ... has a pointwise limit when m — co: lim o™ (z) = ¢(z) =

m—00
(o1(2), ..., on(x))T, moreover,
(ac) < i(z) <nl +¢i(x), i=1,2,..,n, x €R. (3.4)

Using conditions I) and D) due to B. Levi’s theorem we obtain that ¢(z) = (p1(x), ..., o,(2))T is a
solution to system of NIE (1.2). From (3.4), (3.2), (2.15) and (2.28) it follows that hm wi(x) =n}

and 7 — ¢; € L1(—00,0),i=1,2,...,n. 0
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Y

6 < 45°, hence

(z, u+mn7s)
u+1

4 =1,2,.... 1.

tgf = ——1= < 1 = tg45°,
G+ 1))

*

1;

Figure 1:

At the end we will present specific examples of monotonous kernels {Kj;(z,?)}; ", and non-
linearities {G(u)}j_;, {wi;(t,u)};;, that satisfy the conditions of the proven Theorems 2.1 and

4,7=1
3.1.
Firstly, we will give examples of matrix kernels {Ki;(z,?)};;". Let functions {\;(z)};72; be

defined and continuous on the set R and satisfy the following conditions

Fl) 0< Pij = IIIIE)\U(?L’) < )\Z](I) <1, /\U(ZL‘) §é 1, z € R, Z,] =1,2,...n

Te
Fy) lim Aj(z) =1, (1 — M\j(2)) € Ly(=00,0), 4,5 = 1,2, ..., n.
Tr——00

Also, let functions {Km (z)}i72) be continuous on R and satisfy the following conditions:

Hy) Kij(z) >0, z € R, Ki;(—t) = Ki;(t), t >0, i,j=1,2,....n,

Hy) Kij € Loo(R), aij = fK” )z, i,j=1,2,.
Then we can choose the following classes of matrix functions as matrix kernels { Kj;(z, )},

W) Kij(x,t) = N\ij(2) - Kij(z —t), (z,t) € R%, 0,5 =1,2,...,n,
Wy) Kyj(x,t) = 280826@ e ) (1) € R?, 0,5 = 1,2,...,n,

Wa) Kij(x,t) = \ij(x+1) - Kij(z — 1), (z,t) €R% 4,5 =1,2,...,n

?

Let us take a look at example W3). Condition a) directly follows from Fy) and H,), Hy). We will
now verify condition b). We have

T

%j(af)Zaij—/Au(:cH) i(z —t)dt > a;; — /KW t)dt =0,i,7 =1,2,...,n,7 € R.

—0o0
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On the other hand, considering equations Hs), F3), Fy) and H;), we obtain

/0 (—z)yi;(x)dx = /0 (—z) / (1= Nij(z + ) Ky (z — t)dtde =
= /0(—90) 7(1 — \ij(22 — ) K (y)dyda = 7f<z'j(y) /O(—x)(l — Xij (22 — y))drdy =
-1 7 Kis(0) / (F572) (= astonaray < 7 ki) / (—t ) (1= Ay (0)dbdy <

—00

Now, let us verify that lim ~;;(z) =0, 4,5 = 1,2,...,n. Due to conditions a), Fy), and Fy), H»)
Tr—r—00

we have

0 < () = / KZ](CL’ —t)(1 = Nj(x+1t)dt <M /(1 — Nj(z+1t))dt =

2x
=M /(1 — Xij(y))dy — 0, when z — —oo, where M := max (sup Kz](T))
156550 rely

Finally, let us verify condition ¢). Due to F}) and Hs) we obtain

)

do
i,j=1,2,...,n, x € R.

do
Therefore €;; > pij - ai; > 0,4,5 = 1,2,...,n. Let us now give examples of nonlinearities {G;(u)}}_,

nxn

and {wi; (u) 17725
Examples of {G(u)}}_;:

;1
Q1) Gj(u) = ('r];)p” Yu, j=1,2,...,n, where p > 2 is a natural number, u € [0, +00),

*

Q2) Gj(u) = Jﬁ (1 — e’“) ,7=1,2,...n, u€|0,+00),
p—1 7’]*
J =1,2,...,n, u € [0,+00).

Qu) Gyt = 5 (V)™ + - (1= ) =1

Examples of {wi;(t, )} 2

Vvl) wij(t,u) = ﬁ”@)(l — e*"),u S [0, —I—OO), t e R,i,j = ]_,2, ., n,

‘/2) wij(t,u) = B@](t>uL+17 U € [0,+OO), t e R, Z,j = 1,2, S n,
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VES) Wij(tau) = Bz](t) ) th(u)a u € [0,+OO), te R, Z?] = 1727 ey T

where
e —e ¥

et +e v’
Note that in all examples V;) — V3) it is assumed that §;; € C(R), 4,5 = 1,2,...,n. Let us
verify conditions I)-III) on the example Q). Firstly, it is obvious that G; € C[0, +00), G;(0) = 0,

th(u) =

j=1,2,...,n. Since G(u) = - 77]'_,7%5 e " <0, u€l0,400), j =1,2,...,n, therefore, the functions
—e 17
{G;(u)}y_, are concave. G'(u) = 177—3_,7 e >0,u€0,400), j =1,2,..,n, G;j(u) T with respect
—e

to u on [0,4+00), j = 1,2,...,n. Obviously, G;(n;) = n;, j = 1,2,...,n. It remains to show that
Gj(u) > u, u € [0,77], j =1,2,...,n. Let us consider the following functions on the segment [0, 17]:

X;(u) = 77—37(1 —e Y)Y —u, uel0,ni], j=1,2,...n.
1—e™ /
Note that x;(0) =0, x;(n;) =0, x(u) = - n;'_,ﬁ e~ <0,j=1,2,..,n. Therefore y;(u) >0, u e
—e 1J

0,75], 7=1,2,...,n.
Let us now verify the conditions A) - D) for the example V3). Firstly, it is obvious that w;;(t,0) =
0, teR, 7,7 =1,2,...,n. Since

8wij (t, U)

ou :ﬂl](t) >0, u € [O,+OO), teR, i,5=1,2,...,n,

CES)E
w;j(t,u) T with respect to u on the set [0, +00), 4,5 = 1,2,...,n. From the representation of V3) it
follows that
sSup (w1]<t7u)) = Blj(t)7 te Rv 7‘7.] = 1727 ooy T
u€[0,400)

For the rest of examples (1), @3), V1) and V5) the verification of the corresponding conditions is
made similarly. )

For the sake of completeness, let us also give specific examples of { Ki;(x)}i' %, {Ai;(2)}i 72 and

» i,5=1>
{/Bw(f) ?,j:nl'
Examples of {Km(x) AT
T)) Ki(z) = %e*xz‘, z€R, i,j=1,2..,n,
. b
Ty) Kij(z) = [e 15doy;(s), 2 €R, i,7,=1,2,...,n,

where 0;;(s), 4,7 = 1,2,...,n are nondecreasing and continuous functions on the set [a,b), 0 < a <
b < 400, moreover,

b
1
/—dO'ij<S) = Qy4j5, ’L,j = 1,2, .
S

nxn
i,j=1"

Examples of {\;;(z)

e’, <0

S1) Nij(x) =1—(1—pi;)D(z), x € R, 1,7 =1,2,....,n, where D(x) := :
1, x>0

(1= pij)

S2) Aylw) =1 - =

(th(z)+1), z€R, i,j=1,2,....,n.
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Examples of {3;;(z)};72;:

J1) Bij(x) = E%j(x), reR, i,j=1,2,...,n, given that v;;(z) T with respect to
CLZ'j
rxonR, 4,7 =1,2,....n,

N

3 reR, i,j=1,2,..,n, given that v;;(z) T with respect
toronR, 7,7 =1,2,..

Let us take a look at example Jp). First of all let us give examples of functions {;;(z)}}';-; that
satisfy the condition in J5). For example in the case of W;) the functions v;;(z) allow the following
representation:

vij(x / (2 —1)(1—Nj(x)dt = a;;(1 — N\jj(x)), x€R, 4,5=1,2,....n

Note that in examples S;) and S3) the functions (1 — A;;(z)), 4,5 = 1,2,...,n are increasing on
R. Therefore, if as a A\;;(z), 4,5 = 1,2,...,n we choose examples S;) and S;) we will obtain the
monotonicity of the functions {7;;(x)}7,-; on the set R. But in that case the functions {3;;(z)}; ", in
examples .J5) also will be nondecreasing on the set R. For example .J,) inequality (1.4) is automatically
satisfied. The corresponding conditions on the functions {f;;(x)}; 7} for example .J;) are verified
similarly.

It is interesting to note, that the problem of uniqueness of the solution for system (1.2) in conical
segments {[0, 77]}7_, still remains open. For system (1.1) the uniqueness of the solution (in the class
of bounded on R vector-functions) fails, since, according to the results of Theorem 2.1, system (1.1)

has a one-parameter family of nonnegative (nontrivial) and bounded (on R) solutions.
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1 Introduction

Volume and layer potentials are integrals on a subset Y of the Euclidean space R™ that depend
on a variable in a subset X of R™. Typically, X and Y are either measurable subsets of R" with
the n-dimensional Lebesgue measure, or manifolds that are embedded in R", or boundaries of open
subsets of R™ with the surface measure and X may well be different from Y.

For many relevant results in Holder spaces, one can introduce a unified approach by assuming
that X and Y are subsets of a metric space (M, d) and that Y is equipped with a measure v that
satisfies an upper Ahlfors growth condition that includes non-doubling measures (cf. (4.2)). With
this respect we mention the works of Garcia-Cuerva and Gatto [6], [7], Gatto [8] who have considered
the case X =Y = M and proved T'1 Theorems for integral operators. Then one can also consider
a stronger growth condition. Namely, the strong upper Ahlfors growth condition (4.9) that has
been introduced in [15] to treat the dependence of singular and weakly singular integral operators
both upon the variation of the density and of the kernel, when the kernel belongs to certain classes
of kernels that generalize those of Giraud [10], Gegelia [9], Kupradze, Gegelia, Basheleishvili and
Burchuladze [13, Chapter IV] and the so-called standard kernels.

In this paper, we first introduce some basic multiplication and embedding theorems for such
classes of kernels (see Section 3).

In Section 4, we summarize and complement some results of [15].

In Section 5, we prove the tangential differentiation Theorem 5.1 with respect to a semi-tangent
vector for integral operators defined on an upper-Ahlfors regular subset of the Euclidean space.

In Section 6, we consider the case in which Y is a compact manifold of codimension 1 in R, and
we show application of the results of [15], of the above mentioned properties of the kernel classes
and of Theorem 5.1 by proving Theorem 6.3 on the continuity of the tangential gradient of a weakly
singular integral operator that is defined in Y upon variation both of the kernel and of the density
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in Holder spaces. Here we mention that Theorem 6.3 applies to relevant integral operators such as
the layer potentials. In a forthcoming paper, we plan to apply the multiplication and embedding
theorems of the classes of kernels of Section 3 and of Theorem 6.3 to analyze the continuity properties
of the double layer potential that is associated with the fundamental solution of a second order elliptic
operator with constant coefficients.

2 Notation
Let X be a set. Then we set

B(X)={feC*: fisbounded} , |fll5x) Esg{p]f] Vfe B(X),

where CX denotes the set of all functions from X to C. If (M, d) is a metric space, we set
B(&r)={neM: d¢&n) <r} (2.1)
for all (§,7) € M x]0,+o0] and
diam (X)) = sup{d(z1,x2) : 21,22 € X}

for all subsets X of M. Then C°(M) denotes the set of all continuous functions from M to C and
we introduce the subspace CP(M) = C°(M) N B(M) of B(M). Let w be a function from [0, +-o00| to
itself such that

w(0) =0, w(r) >0  Vre€|o,+oo[,
w is increasing, lim w(r) =0, (2.2)

r—0t
t
and sup (at)

(a,)€[1+00[x]0,+oo[ AW (t)

S

< +00.

If f is a function from a subset D of a metric space (M,d) to C, then we denote by |f : D|,.) the
w(-)-Holder constant of f, which is delivered by the formula

|f(z) = fy)] .
—w(d(:c,y)) .x,yED,x;«éy}.

If [ f : D]y < oo, we say that f is w(-)-Holder continuous. Sometimes, we simply write | f|,,.) instead
of | f : D|u(). The subset of C°(D) whose functions are w(-)-Hélder continuous is denoted by C%«) (D)

and |f : D], is a semi-norm on C%“0)(D). Then we consider the space (D) = €0 (D)N B(D)
with the norm

|f . Dlw() = Sup{

0,w(-
I lge0m) =sup IS @)+ fluy  Vf € (D).
In the case in which w(-) is the function r® for some fixed a €]0, 1], a so-called Holder exponent, we
simply write |- : D|, instead of |- : D], C%*(D) instead of C*" (D), CY*(D) instead of C" (D),
and we say that f is a-Holder continuous provided that |f : D|, < 4o0.

3 Special classes of potential type kernels in metric spaces

If X and Y are sets, then we denote by Dx«y the diagonal of X x Y, i.e., we set

Dxxy ={(z,y) e X xY : 2=y} (3.1)
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and if X =Y, then we denote by Dx the diagonal of X x X, i.e., we set
DX = ]DXXX .

An off-diagonal function in X x Y is a function from (X X Y)\ Dxyy to C. We now wish to consider
a specific class of off-diagonal kernels in a metric space (M, d).

Definition 1. Let X and Y be subsets of a metric space (M, d). Let s € R. We denote by Ky xxy,
the set of all continuous functions K from (X x Y) \ Dxxy to C such that

1K

sup 1K (2,y)| d(z,y)* < +o0.
(2.5) (X XY \Dx v

Ks,xxy —

The elements of K x«y are said to be kernels of potential type s in X x Y.

We plan to consider ‘potential type’ kernels as in the following definition. See also Dondi and the
author [5], where such classes have been introduced in a form that generalizes those of Giraud [10],
Gegelia [9], Kupradze, Gegelia, Basheleishvili and Burchuladze |13, Chapter IV].

Definition 2. Let X and Y be subsets of a metric space (M, d). Let s1, so, s3 € R. We denote by
Ks,.50.55(X X Y') the set of all continuous functions K from (X x YY)\ Dxy to C such that

1K

o epy OO) = sup{d(a:,y>81|f<<x,y>| (@) € X x V2 # y}

d(z’,y)”
e e

e X,d £ yeY\ B(x',Qd(x',x”))} < 400.

K(xla y) - K(ajﬂa y)’ .

One can easily verify that (K, 5,5, (X XY, [|-]
if s1, 9, s3 € R, we have

Kay 09,05 (X xY)) 18 @ nOrmed space. By our definition,

Kzsl,é‘z,Ss (X X Y) g ICsl,XXY

and
||K||K51,X><Y < ||KH/C51,32,33(X><Y) VK € IC81782,83(X X Y) .

We note that if we choose s9 = 51 + s3 we have the so-called class of standard kernels. We now turn
to prove a series of statements in a metric space setting that extend the validity of corresponding
statements for the classes that had been introduced in Giraud [10], Gegelia [9], Kupradze, Gegelia,
Basheleishvili and Burchuladze [13, Chapter IV]. We start with the following elementary known
embedding lemma.

Lemma 3.1. Let X and Y be subsets of a metric space (M,d). Let s1, s3, s3 € R. If a €]0, +00],
then Ks, s,.55(X X Y) is continuously embedded into K, sy—a,55—a(X X Y).

Proof. Tt suffices to note that if 2/, 2" € X, ' # 2", then

d(@',y)=" _ d@',y)* d@'2")" _ d@',y)* (%d(x’,y))a

d(x’, x//)s;g—a - d(m/’ LE”)53 d(l", y)a — d(‘r/,x//)s;ﬂ d(ZE',y)
27 VYyeY\B( 2 2")).

_d(a,y)*

o d(ZE’, l.l/)sg
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Next we introduce the following known elementary lemma, which we exploit later and which can
be proved by the triangular inequality.

Lemma 3.2. Let (M,d) be a metric space. Then
1
S’y y) < d(@",y) < 2d('.y),

forall 2’2" € M, o' # 2", y e M\ B(a',2d(z', 2")).
Next we prove the following product rule for kernels.
Theorem 3.1. Let X and Y be subsets of a metric space (M,d). Let sq, Sa, s3, t1, ta, t3 € R.

(1) If Ki € Ky, 59,55(X X Y) and Ky € Ky 1,4,(X X Y), then the following inequality holds

|Kq (2, y) Ko (2, y) — Kq (2", y) Ko (2", y)|

< [[K4]

d(SC/, .13”)53 2\51|d(x/’ x//)tg
Ky s,55(XXY) HK2 H’thz,fs (XxY) (d(l", y)52+t1 d(a;’, y)t2+51 )

forallx' 2" € X, 2’ # 2", ye Y\ B(«,2d(2', 2")).
(ii) The pointwise product is bilinear and continuous from

ICS1,S1+83,53 (X X Y) X Kt1,t1+83783 (X X Y) to K81+t1751+83+t1753(X X Y)

Proof. (i) By the triangular inequality and by the definition of the norm for kernels, we have

Ky (2,y) Ko (2, y) — Ko (2", y) Ka(2", )|
< |[Ka(asy) = K", y) [ [ y)| + B (2", y)| [ (2 ) — Ka(2”, y)
d(x’,a:”)53 d(]}/,l‘”)t3
Ksis9,55(XXY) HKZH’Ctl,tzvts (XxY) (d(SU/, y)sz+t1 d(l’/, y)t2d(x”, y)31 >

< [} |

If s; > 0, Lemma 3.2 implies that

1 < 1 251
d(x/l7 y>51 — d(l'/, y>812—81 d(xl7 y>51 '

If instead s; < 0, Lemma 3.2 implies that

1 1 27

< = .
d(z”,y)sr — d(z’,y)a25  d(a!,y)*

Hence, the validity of the inequality of statement (i) follows.
(ii) Since

1K ., xor 12l xr
K K < 51,Xx b1, XX
| Ky (2, y) Ko (z,y)| < d(z,y)srd(z,y)h

statement (ii) is an immediate consequence of the inequality of statement (i) with s3 = t3, so = s1+s3,
t2 = tl + S3. ]

Vo,ye X xY,z #y,

Then we have the following product rule of a kernel and of a function of either v € X or y € Y.
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Proposition 3.1. Let X and Y be subsets of a metric space (M,d). Let si, s2, s3 € R, a €]0,1].
Then the following statements hold.

(i) If K € Ky, 00.65(X X Y) and f € C)*(X), then
K (2, ) f ()] d(z, )" < K]k, xonv Sup [fl V(z,y) € (X xY)\ Dxy

and

|K (2, y) f(2") — K(2",y) f(2")]
< || K|

d(x/, x//)s;; s d(x/7 l,//)a
Ko ez (O I F ey { g 2 g

forallz', 2" € X, o' #2", y € Y\ B(a/,2d(«,2")).
(ii) If so > s1 and X and Y are both bounded, then the map from
Krsass(X X Y) X C)"3(X) 10 Ky s.05(X X Y)

that takes (K, f) to the kernel K(x,y)f(x) of the variable (x,y) € (X X Y)\ Dxxy is bilinear
and continuous.

(iii) The map from
K s0,(X X Y) X CP(Y) 10 Ky 06,(X X Y)

that takes (K, f) to the kernel K(x,y)f(y) in the variable (xz,y) € (X X Y) \ Dxxy is bilinear
and continuous.

Proof. (i) The first inequality is an obvious consequence of the definition of the norm in ICs, xxy. To
prove the second one, we note that

K0T - K 6)
< K () — K0 1G]+ K )6 — 1)
d / 11\ 83 d /’ M\ o
< D e { e + e |

If s; > 0, Lemma 3.2 implies that

d(m/’ xl/)oc < d(‘r/7m//>a s d(:tl, x//)o&

d(z",y)s ~ d(a,y)m2m T d(a )
If instead s; < 0, Lemma 3.2 implies that

d(ml’ x//)a < d(x/’ x//)a B 2_51 d(l_/’ x//)cx

d(z",y)s — d(a,y)2e T d(a )

Hence, the second inequality in statement (i) holds true. To prove (ii), it suffices to note that

d(fE,, x//)sg B d(SU/, .13”)53d(l’/, y)52—81

d<$/,$//)83
d(z',y)» — d(a,y)d(a!,y)2

d(z',y)2

< (diam (X UY))= =

to apply the second inequality of statement (i) and to invoke the first inequality of statement (i).
Statement (iii) is obvious. O
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We also point out the validity of the following elementary remark that holds if both X and Y are
bounded.

Remark 1. Let (M,d) be a metric space. Let X, Y be bounded subsets of M. Let s, s9, s3 €
[0, +00]. If a €]0, +00[, then Lemma 3.2 implies the validity of the following inequality

d(a',y)*
SUP{W|K(£L’/, y) — K(ﬂf//, y)’ :

2" e X,a<d(,2"),yeY\ B, Qd(x',x”))}

_ (diam (X UY))*

e K iy v ((20)7% 4 (2772a)7)

for all K € Ky, xxy and accordingly the norm on Ky, 5, 5, (X x Y) defined by setting

d(',y)*
}Csl,XXY + SUP{W’

2" e X,0<d(2',2") <a,yeY \ Bz, 2d(a:’,x”))}

K(.f/’ y) - K(ZL‘”, y)l :

HKHCL;Ksl,SQ,SS(XXY) = HK’

is equivalent to the norm |[| - [[ic, .. ., (xxy) on Ky, o o (X X Y).
Next we prove the following embedding statement that holds for bounded sets.

Proposition 3.2. Let (M,d) be a metric space. Let X, Y be bounded subsets of M. Let sy, s, s3,
t1, to, t3 € R. Then the following statements hold.

(1) Ifty > s1 then Ky, xxy is continuously embedded into K¢, xxy -

(ii) Ifty > s1, t3 < s3 and (ta —t3) > (s2 — S3), then K, s, .5,(X X Y) is continuously embedded
mto ]Ctl,tQ,tg (X X Y)

(ili) Ift1 > s1, t3 < s3, then Ky, s, 4s5.55(X X Y) is continuously embedded into ICp, 4, 414.45(X X Y).
Proof. Statement (i) is an immediate corollary of the following elementary inequality

d(z,y)" K (z,y)| < d(z,y)" " d(z,y)" | K (2,y)]
< (diam (X UY))" || K| V(z,y) € X XY \ Dxxy,

Ksy,xxvy

which holds for all K € Ky, xxy. To prove (ii), it suffices to invoke (i) and to note that

d(z', y)™

d(z’, z'")ts &

(@', y) — K(2",y)|
A, y)= = d(a,y)”
d(m, x)ts=ss d(x!, xl")s3
d(a’,y)?72d(x", 2" )5 TR K |k, Ly e (XxY)
(e, y)= =2 (27 (2, y) 2 2 K ||k
d( )tz t3)—(s2— 83)2155 55||K|

K (2, y) — K(2", y)]

IA A

51 s9, 53(XXY)

IN

Ksy,s9,55(XXY)
~ (dlam (X U Y)) (t2—ta)—(s2= 83)2t3 S3||I(HICSLSQ,%(XXY)

for all 2/,2" € X, 2’ # 2", y € Y \ B(2/,2d(2',2")) and K € K, 5,5, (X x Y). Finally, statement
(iii) is an immediate corollary of statement (ii). O
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We now show that we can associate a potential type kernel to all Hélder continuous functions.

Lemma 3.3. Let X and Y be subsets of a metric space (M,d). Let o €]0,1]. Let CO*(X UY) be
endowed with the Holder seminorm |- : X UY|,. Then the following statements hold.

(i) If u € COY(X UY), then the map Z[u| defined by
Elpl(z,y) = ple) —ply)  V(wy) € (X X Y)\Dxxy (3:2)
belongs to K_u00(X X Y).
(ii) The operator = from C¥*(XUY) to K_n 0.4 (X XY) that takes pu to =[] is linear and continuous.
Proof. 1t suffices to observe that
(@) — p()| < |p: XUYad(z,y)*  V(z,y) € (X xY)\Dxyy

and that

d x/’a,/.// «

(0la') = ) = (uta”) = )| = ') = )| < s X UYL G

for all 2/, 2" € X, o/ # 2", y € Y \ B(a,2d(2', 2")). O

Sometimes the kernel has a special form which we need later on. Thus we introduce the following
preliminary lemma for standard kernels.

Lemma 3.4. Let X and Y be subsets of a metric space (M,d). Let s; € R, s3 €] —o00,1], 6 €]0,1].
Let C%(X UY) be endowed with the Hélder seminorm |- : X UY|g. Then the following statements
hold.

(i) The map H from K, xxy x C¥(X UY) to Ky, _g.xxy, which takes (Z,g) to the function from
(X xY)\ Dxyy to C defined by

H[Z, g)(z,y) = (9(x) —gW)Z(z,y)  V(z,y) € (X x V) \Dxxy (3.3)
15 bilinear and continuous.
(ii) The map H from
Ko o148 (X X Y) X C¥UXUY) to Ky pstests-0-0(X xXY),
which takes (Z, g) to the function defined by (3.3) is bilinear and continuous.
Proof. (i) It suffices to note that the Holder continuity of ¢ implies that

lg: XUY|y
H\Z < = —
| [ ,g](a:,y)\ = d(x’y)sl—e

(ii) By Lemma 3.3, the linear operator from

Koy o155 X X Y)Y X OO (X UY) t0 Koy tomss(X XY) X K_gop(X xY)

1Z]

Ksi,xxvy \V/(ZE, y) S (X X Y) \]D)XXY‘ (34)

that takes (Z, g) to (Z,=[g]) is linear and continuous. By the elementary embedding Lemma 3.1, the
inclusion map from
Ksios14s53,55(X X Y) X K_goo(X xY)

t0 Ky, s14s5—(1-0),55—(1-0) (X X Y) X K_g _(1-55),0—(1—s5)(X x Y') is linear and continuous. Then the
product Theorem 3.1 (ii) for standard kernels implies that the product is continuous from

Koy s1455—(1-0),55—(1-0) (X X Y) X K_g _(1-5),0—(1—55) (X X Y))
t0 s, —0,61+55—1,55—(1-0)(X x Y) and thus the proof is complete. O
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4 Preliminaries on upper vy-Ahlfors regular sets

We plan to consider integral operators in subsets X and Y of a metric space (M,d) when Y is
endowed of a measure as follows.

Let N' be a o-algebra of parts of Y, By C N .
Let v be measure on N . (4.1)
Let v(B(z,r)NY) < +o0  VY(x,7) € X x]0,+00].

Here By denotes the o-algebra of all Borel subsets of Y.

Definition 3. Let X and Y be subsets of a metric space (M,d). Let vy €]0,+o00[. Let v be as
n (4.1). We say that Y is upper vy-Ahlfors regular with respect to X provided that the following
condition holds

there exist 7xy.,, €]0,400], ¢x v, €]0,+00][ such that
v(B(xz,r)NY) < cxyp, Y
for all z € X and r €]0,7x vy, |- (4.2)

In the case X =Y, we say that Y is upper vy-Ahlfors regular.

One could show that if n € N, n > 2 and if YV is a compact embedded differential manifold in
R™ of codimension 1, then Y is upper (n — 1)-Ahlfors regular with respect to R”. Then one can
prove the following basic inequalities for the integral on an upper Ahlfors regular set Y and on the
intersection of Y with balls with center at a point z of X of the powers of d(z,y)™! with exponent
s €] — oo, vy|[, that are variants of those proved by Gatto |8, page 104] in the case X =Y (for a
proof see [15, Lemmas 3.2, 3.4]).

Lemma 4.1. Let X and Y be subsets of a metric space (M,d). Let vy €]0,400[. Let v be as in
(4.1). LetY be upper vy -Ahlfors reqular with respect to X. Then the following statements hold.

(i) v{z}) =0Vz e X NY.

(i) Let v(Y) < 4o00. If s €]0,vy]|, then

dv(y) - Vy _
/ = < Y s . vy —8
Cs, XY ig}g/}; d(SE,y)S — V( )a + Xy, YUY _ Sa

for all a €]0,rx vy, [ If s =0, then

dv(y)
! = =v(Y).
GOxy i?ﬁ/ydu,mo V()

(iii) Let v(Y) < +oo whenever rxy,, < +oo. If s €] —oo,vy|, then

d
Coxy = sup (A / v(y) < 400.
” (z,t)€X X]0,+00] B(z,t)NY d(x,y)*

By the Holder inequality one can prove the following statement of Hille-Tamarkin (see [15, Propo-
sition 4.1]).
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Proposition 4.1. Let X and Y be subsets of a metric space (M,d). Let vy €]0,4+00], s € [0, vy].
Let v be as in (4.1). Let v(Y) < 4+o00. Let Y be upper vy-Ahlfors regular with respect to X. Then
the following statements hold.

(1) If (K, ) € Ksxxy X L°(Y), then the function K(z,-)p(-) is integrable in'Y" for all x € X and
the function A[K, ] defined by

AIK, ¢l(z) = /Y K(z,y)ol)dy) VreX (4.3)

1s bounded.

(i) The bilinear map from KCs xxy X L°(Y') to B(X), which takes (K, ) to A[K, ¢] is continuous
and the following inequality holds

sup [A[K, ¢]] < ¢ xy [ e, o 1]l ) (4.4)

for all (K, @) € Ko xxy X LP(Y) (see Lemma 4.1 (ii) for ¢, xy ).

Under the assumptions of the previous proposition, one can actually prove that the function
A[K, ¢] is continuous. To do so, we first introduce the following result for potential type operators.

Proposition 4.2. Let X and Y be subsets of a metric space (M,d). Let v be as in (4.1). Let
v(Y) < +oo. Let s € R. Let K € Ky xxy. Let d(x,-)~* belong to LL(Y \ {z}) for all x € X. Let

sup/ d(x,y) *dv(y) < +0. (4.5)
z€X JY\{x}

If v({z}) =0 for all x € X NY and if for each € €]0,4o00[ there exists 6 €]0,+o0o[ such that

sup/ d(z,y)?dv(y) <e if FeN, v(F) <9, (4.6)
F\{z}

reX
and if ¢ € LX(Y), then the function A[K, p] from X to C defined by (4.3) is continuous.

Proof. Let # € X. It suffices to show that if {z,};en is a sequence in X which converges to Z, then

lim [ K(z;,y)e(y) dv(y) = /Y K(Z,y)p(y) dv(y) .

Jj—00 %

We now turn to prove such a limiting relation by exploiting the Vitali Convergence Theorem. To do
so, we prove the validity of the following two statements.

(j) There exists Nz € N such that v(N;z) = 0 and

lim K(zj,y)0(y) = K(T,y)e(y)  Yye Y\ N;.

J]—00

(jj) For each € €]0,4o0], there exists ¢ €]0, 4+o0[ such that

sup /F K(ap,p)e(y)ldvly) <e i F e N,u(F)<3.

jEN
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Since v({Z} NY) = 0, we can take Nz = {Z} NY and statement (j) follows by our continuity
assumption on K that follows by the membership of K in K xxy. We now turn to prove (jj). By
our assumptions on K, we have

1Kol drw) < 1K,y [ deasn)™ drlieleze

for all j € N. Thus it suffices to choose § €]0, +oo[ such that

sup /F Az, y)~* dv(y) < e(1 + | K|

zeX

le,Xxy||90||Lgo(Y))_1 if FeN, v(F) <9,

and statement (jj) holds true and the proof is complete. O]

In order to apply Proposition 4.2 in the case Y is upper Ahlfors regular, we need to prove the
following lemma.

Lemma 4.2. Let X and Y be subsets of a metric space (M,d). Let vy €]0,+o00[, s € [0,vy[. Let v
be as in (4.1). Let v(Y) < +oo. Let Y be upper vy-Ahlfors reqular with respect to X. Then for each
€ €]0, +00| there exists § €]0, +oo[ such that

sup/ d(z,y)*dv(y) <e it FeN, v(F) <96, (4.7)

zeX JF

Proof. We first note that if ' € A/, then F is a subset of Y. Accordingly F is also upper vy-Ahlfors
regular with respect to X and we can choose rx vy, = "x vy, CX,Foy = Cxyuy- 1f 8 > 0, then
Lemma 4.1 (ii) implies that

v
sup/ d(z,y) " dv(y) < v(F)a * + cxyuy Y gvv—s Va €]0,7x vy | -
zeX JF Vy — S

Thus if € €]0, +o00[, then we choose a. €]0,rx .y, [ such that

Vy Vv —s €
CX Yoy Q" <5
Vy — 8 2

and we can set § = 5. Then we have

sup/ d(z,y)*dv(y) < da_® + e
F

zeX 2
whenever F' € N and v(F) < 6. If instead s = 0, then condition (4.7) holds trivially with 6 =e. [

Proposition 4.3. Let X and Y be subsets of a metric space (M,d). Let v be as in (4.1). Let
v be finite. Let s € [0,vy[. Let'Y be upper vy-Ahlfors reqular with respect to X. If (K,p) €
Ksxxy X L(Y), then the function A[K, ¢| from X to C defined by (4.3) is continuous.

Proof. We plan to deduce the continuity of A[K, ¢] by the continuity Proposition 4.2. To do so, it
suffices to note that Lemma 4.1 (i), (ii) imply that v({z}) =0 for all x € X NY and that condition
(4.5) is satisfied. Moreover, Lemma 4.2 implies that condition (4.6) is satisfied. O

Next we plan to introduce a result on the integral operator

QlZ, 9, 1](:v)E/YZ(M/)(Q(&S)—Q(?J)MV(@/) Ve e X. (4.8)

when Z belongs to the class I, s, 5, (X X Y') as in Definition 2 and g is a C-valued function in X UY".
We exploit the operator in (4.8) in the next section and we note that operators as in (4.8) appear
in the applications (cf. e.g., Colton and Kress [3, page 56|, and Dondi and the author [5, § §]). In
order to estimate the Holder quotient of Q[Z, g, 1], we need to introduce a further norm for kernels.
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Definition 4. Let X and Y be subsets of a metric space (M,d). Let v be as in (4.1). Let s, s9,
s3 € R. We set

51,52,83

Kt (X xY)= {K € Koy opss(X X Y)
K(x,-) is v — integrable in Y \ B(z,r) for all (x,r) € X x]0, 4+o00[,

[ Ky <+oo}
Y\B(z,r)

sup sup
z€X rel0,+o00[

and

1K

= [IK]

ICSl,S?vSS(XxY)

/ K(x,y) dy(y)' VK € ICgth,Ss(X xY).
Y\B(z,r)

K2 sprs5 (XXY)

+sup sup
z€X r€]0,+o00[

Clearly, (K (XXY), [|]

51,582,583

( X><Y)) is a normed space. By definition, the space Kt (X x

’CQI,SQ,SS $1,52,53
Y') is continuously embedded into the space K, s, 5, (X x Y'). Then we consider a stronger version of
the upper Ahlfors regularity. Namely, we assume that Y is strongly upper vy-Ahlfors regular with

respect to X, ¢.e., that

there exist 7y v, €]0,+00], cx vy €]0,+00[ such that

v((B(x,r2) \ B(x,m1)) NY) < exyy (3" —17)

for all x € X and 1,72 € [0, rx v, [ With 71 < rg, (4.9)
where we mean that B(x,0) = () (in the case X =Y, we just say that Y is strongly upper vy-Ahlfors
regular). So, for example, if Y is a compact manifold of class C! that is embedded in M = R", then
Y can be proved to be strongly upper (n — 1)-Ahlfors regular with respect to Y. Next we introduce

a function that we need for a generalized Holder norm. For each 6 €]0, 1], we define the function
wy(+) from [0, +o00] to itself by setting

0 r=20,
we(r) =< r|Inr| 7 €)0,7y],
rf|lnre| 1 €]rg, +o0,

where rg = e/ for all # €]0,1]. Obviously, wy(-) is concave and satisfies condition (2.2). We also
note that if D C M, then the continuous embedding

Gy'(D) € V(D) € 6" (D)

holds for all & €]0,0[ (cf. Section 2). We are now ready to state the following statement of [15,
Proposition 6.3] on the Holder continuity of Q[Z, g, 1] that extends some work of Gatto [8, Proof
of Theorem 3, Theorem 4|. Here where we mean that C%?(X UY) is endowed with the semi-norm
|' XU Y| 8-

Proposition 4.4. Let X and Y be subsets of a metric space (M,d). Let
Vy E]O7+OO[7 B 6]07 1] ; 81 € [ﬁaUY + ﬁ[v Sy € [67 +OO[, 53 6]07 1] :
Let v be as in (4.1), v(Y) < 400.

(i) If s1 < vy, then the following statements hold.
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(a) If s9 — B > vy, s9 < vy + B+ s3 and Y is upper vy-Ahlfors reqular with respect to X,
then the bilinear map from

Kopsnss(X X V) x COP(X UY) to Cpmniortsstied xy

which takes (Z,g) to QZ, g,1] is continuous.

(aa) If s — B = vy and Y is strongly upper vy -Ahlfors reqular with respect to X, then the
bilinear map from

Ko onss(X X Y) x COP(X UY) to 0pm=eslx),
which takes (Z,g) to Q|Z, g,1] is continuous.
(i) If s; = vy, then the following statements hold.

(b) If s5— B > vy, S92 < vy + B+ s3 and Y is upper vy-Ahlfors reqular with respect to X,
then the bilinear map from

it (X y Y) y CO”B(X U Y) to Cg,min{ﬁ,vy+ss+ﬁfs2}(X) ’

51,582,583

which takes (Z,g) to Q|Z, g, 1] is continuous.

(bb) If s5 — 8 = vy and Y is strongly upper vy-Ahlfors reqular with respect to X, then the
bilinear map from

Kﬁ (X « Y) « CO,E<X U Y) to Og,max{rﬁ,wss (T)}(X) 7

51,52,53
which takes (Z, g) to QZ, g, 1] is continuous.

(iii) If s1 > vy, then the following statements hold.

(c) If s — B > vy, s < vy + B+ s3 and Y is upper vy -Ahlfors reqular with respect to X,
then the bilinear map from

’C51,52753 (X % Y) % C«O,,B(X U Y) to Cgvmin{vy-i-ﬁ—&,vy+83+5—82}(X> ’

which takes (Z,g) to Q|Z, g,1] is continuous.

(cc) If ss — B = vy and Y is strongly upper vy-Ahlfors reqular with respect to X, then the
bilinear map from

O,max{r“YJrﬁ’Sl Wsg (r)}

Kapsns:(X xY) x C*P(XUY) to C, (X),
which takes (Z,g) to QZ, g,1] is continuous.

5 A differentiation theorem for integral operators on upper Ahlfors reg-
ular subsets of R"

We first introduce some preliminaries.
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Definition 5. Let n € N\ {0}. Let X be a subset of R”, p € X. We say that a vector w € R" is
semi-tangent to X at the point p provided that either w = 0 or there exists a sequence {z;} ey in
X \ {p} which converges to p and such that

We say that a vector w € R" is tangent to X at the point p provided that both w and —w are
semi-tangent to X at the point p.

Here | - | denotes the Euclidean modulus in R™. We denote by 7,X the set of all semi-tangent
vectors to X at p. One can easily check that 7, X is a cone of R", i.e., that

Aw e T,X  whenever (A w) €]0,+oo[xT,X .

We say that 7,X is the cone of semi-tangent vectors to X at p. If T,X is also a subspace of R",
then we say that X has a tangent space at p, that 7,X is the tangent space to X at p and that
p + T, X is the affine tangent space to X at p. Next we state the definition of directional derivative
for a function defined on an arbitrary subset of R".

Definition 6. Let Z be a real or complex normed space. Let X be a subset of R”. Let ¢ be a
function from X to Z. Let p € X, v € T, X, |v| = 1.

We say that ¢ has a derivative at p with respect to the direction v provided that there exists an
element Dx ,¢(p) € Z such that

Dx.o(p) = lim 9lw;) = o) in Z

j=oo|my — p|

for all sequences {z;},en in X \ {p} which converge to p and such that

. XTj—p
v = lim ——.
j=oo |25 — pl

Then we say that Dy ,¢(p) is the derivative of ¢ at p with respect to the direction v.

We note that if there exist an open neighborhood W of p in R" and if ¢ is a continuously (real)
differentiable function from W to Z and satisfies the equality ¢ xnw = ¢ x~w, then ¢ has a derivative
at p with respect to the direction v and

Dx(p) = Dud(p) = do(p)[v] -

Indeed, do(p)[v] = lim;_,o dé(p) [mj*p} in Z and

|z —pl

16(z;) — 6(p) — do(p)[x; — 1l

0= lim
pve: |z; — pl
— fim || 25200 _ 45 {% p}
j—00 ‘.’Ij —p\ ‘xj _p‘ 7
i [ 222901 g [ 222 ]
LY =),
and accordingly
lim o(z;) = ¢p) = lim do(p) { Lo ] = d&(p)[ ] in Z
% Ja; =) jro0 |wj — pl
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for all sequences {x;};en as in Definition 5 of a semi-tangent vector. Then we can prove the following
differentiation theorem for integral operators that are defined on upper Ahlfors regular subsets of
R™. To do so, we set

Bu(z,p) ={y €R": |z —y| < p}
for all p > 0, z € R™.

Theorem 5.1. Let X, Y C R™. Let vy €]0,+o00[. Let (Y,N,v) be a measured space such that
By CN. Let v be finite. Let Y be upper vy-Ahlfors reqular with respect to X. Let s; € [0,vy[. Let
reX,veTl, X, |v|=1. Let a kernel K € Ky, 5,41.1(X X Y) satisfy the following assumptions

Dx ,K(x,y) exists in C Yy e Y\ {z},
DXW/ K(x,y)dv(y) exists in C.
Y

Let 1 € C}(R™). Then the function [, K(-,y)u(y) dv(y) admits a derivative with respect to v at the
point x, the function Dx K (z,y)(u(y) — p(z)) is v-integrable in the variable y € Y and the following
formula holds

Dx., /Y K (2, y)u(y) dv(y) (5.1)
- /Y D (2, 9)) (u(y) — ) d(y) + j(x) D /Y K (2, ) dv(y)

(see Definition 6 for Dx.,).
Proof. By the existence of Dx,, [, K(x,y)dv(y) and by the elementary equality

/Y K (2, y)uly) dv(y)

= [ K@) @lo) — ne) dol) + o) [ Koy avta)

(cf. Proposition 4.1), the existence of Dx,, [, K(x,y)u(y)dv(y) is equivalent to the existence of
Dx. [y K(z,y)(u(y) — p(z)) dv(y) and in the case of existence, we have

/ K (2,y)u(y) dv(y) = Dx,, /Y K (2,y) (u(y) — () dv(y) (5.2)

+Dxole) [ Klo)dv(y) + ula)Dx, [ Koy doly).
Y Y
We now turn to show the existence of

D /Y K (2, y)(u(y) — p(x)) dv(y) (5.3)

and to compute it. Let {z;};en be a sequence in X \ {z} such that

Tj—T
lim z; = @, v = lim
j—00 jooo |xj — x|

By the existence of Dy ,K(z,y), Dx.u(z) and by the continuity of K(-,y) and p at x, we have

! — (25, y) (uly) = nlzy)) = K2, y)(p(y) — p(2))] (5.4)
= Dx oK (2, y)(u(y) — (@) — K(z,y)Dxopu(z)  VyeY \{z}.
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We now turn to show the existence of the limit associated to the directional derivative of the integral
in (5.3) by applying the Vitali Convergence Theorem. If E € N, the Lipschitz continuity of pu,
Lemma 3.4 with # = 1 and Lemma 4.1 imply that

/E ﬁ 1K (2, 9) (uly) — ;) — Kz, y) (uly) — p(@)] dv(y)

J
1
< / I (25, ) (u(y) — ()]
ENBy (z,2|x;—z|) ‘ij - .Z"

N /E LK (@) () — ()]

NBy (z,2|z;—z|) |xj - .§L’|

1
.
E\By, (,2]x;—x|) |z —

K (2, y)(uly) — u(a:))] dv(y)

{ / 1 dv(y)
Kei—1.s 11—(1— s1—
Lobertim b= ENBn(z;,3|z;—x|) |$j - QZ’| |$j - y| -t
N / 1 dv(y)

ENBy, (z,2|x;—x|) |‘rj - JI| |ZE - y|81_1

1 x; —axlt
+/ 7, l dV(y)}
E\By (z,2|z;—x|) ’mj - .ZE‘ ‘iL’ - y‘ !

< |HIK. . . {sw—<81—”c;q_1,x,y|xj afrn

’Uy—(sl—l) " L vy —S1
+2 Co—1.x.v|T5 — |

K, y)(uy) — ple))

< [[H[K, p]

_ Vy _
+V(E)a™" + cx vy a™
Vy — 81

for all a €]0,rx y., [ and 7 € N, where the last summand in the braces is absent if s; = 0. Now let
€ €]0,4+00[. Then we choose a €]0,7x v, [ such that

Vy

IHIE, p|

Vy —S1
Ka; 101 CX, Yoy a <e¢/3

y — 51

and j. € N such that
VHIE il . {3W<Sll>cgql,x,ywxj g
B A |} < /3

for all j € N such that j > j.. Thus if £ € N satisfies the inequality

1HE, pll|x v(E)a™ < €/3

s1—1,s1,1

we have

/E 1_ 7 1K (2, y) (n(y) — p(a;)) — K (2, 9) (nly) — p(@))| dv(y) < e

|,
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for all j € N such that j > j.. Then the pointwise convergence of (5.4) and the Vitali Convergence
Theorem imply that the pointwise limit of (5.4) is integrable in y € Y\ {z} and that

i | 5o ) = ) = K Go) ) = )] o)

j=oo Jy |x;
- /Y Do K (2,9)(u(y) — plx)) = K (2, y)Dxopilx) dv(y) (5.5)

By our assumptions, K(z,y) is integrable in y € Y \ {z} and Dx,u is bounded. Hence,
Dx K (x,y)(u(y) — pu(x)) is integrable in y € Y\ {z} and the right hand side of (5.5) equals

| DraK ) pts) = po) dvta) = [ KGeg)Dsoplo) dvt).

Hence,
Dy [ KGag)(uly) = uta) vl
= [ PraK ) ts) = p) dvty) = [ Ko.) dvlo) Do)
and formula (5.2) implies the validity of the formula of the statement. O

6 Tangential derivatives of weakly singular integral operators on embed-
ded manifolds of R” whose kernels have singular derivatives

Since a compact manifold Y of class C! that is embedded in R™ can be proved to be (n — 1)-upper
Ahlfors regular and each C! function on Y can be extended to a C! function in R"™ with compact
support (cf. e.g., proof of Theorem 2.85 of Dalla Riva, the author and Musolino [4]), the differentiation
Theorem 5.1 implies the validity of the following theorem, which is a variant of a known result. For
the definition of tangential gradient grad,-, we refer e.g., to Kirsch and Hettlich [11, A.5], Chavel [2,
Chapter 1].

Theorem 6.1. Let n € N, n > 2. Let Y be a compact manifold of class C* that is embedded in R™.
Let sy € [0, (n — 1)[. Let the kernel K € Ky, s,411(Y X Y) satisfy the following assumptions

Ky e '\ {y}) WyeY, /Y K(y)do, € C}(Y).

Let grady K (-,-) denote the tangential gradient of K(-,-) with respect to the first variable. Let ji €
C'(Y'). Then the function [, K(-,y)u(y)doy is of class C*(Y), the function [grady, K (z,y)](u(y) —
p(x)) is integrable in the variable y € Y for all x € Y and the following formula holds for the
tangential gradient of [, K (-, y)u(y) dv(y)

grady /Y K (2, y)uly) do, (6.1)
- /Y lgrady K (2, )] (u(y) — () do, + u(x)grady /Y K(z,y)do,.

forallz €Y.
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Next we prove formula (6.1) for the tangential gradient under weaker assumptions for p. To do
so, however we must strenghten our assumptions on the kernel.

Theorem 6.2. Letn € N, n > 2. Let Y be a compact manifold of class C* that is embedded in R™.
Let sy € [0,(n—1)[. Let B €]0,1], t; €]0,(n — 1) 4+ B[. Let the kernel K € Ky, 5,411 (Y X Y) satisfy
the following assumptions

K(y) e Y\ {y}) WyeY, /YK<-,y> doy € CL(Y),
gradY,xK('v ) S (lctl,YXY)n )

where grady K (-, -) denotes the tangential gradient of K (-,-) with respect to the first variable. Let y €

CYP(Y). Then the function Iy K, y)py) doy is of class C'(Y'), the function [grady. K (z,y)](u(y) —
p(x)) is integrable in y € Y for all x € Y and formula (6.1) for the tangential gradient of
[y K (-, y)uly) doy, holds true.

Proof. We plan to prove the statement by approximating p by functions of class C*(Y') for which
we know that the statement is true by Theorem 6.1. By the Mc Shane extension Theorem, there
exists ji € Cp°(R™) that extends u (cf. e.g., Mc Shane [16], Bjork [1, Prop. 1] Kufner, John and
Fucik [12, Thm. 1.8.3|). Possibly multiplying /i by a function of class C°(R™), we can assume that
fi has a compact support. Next we wish to approximate fi by functions of class C2°(R™) by means
of a standard family of mollifiers {7 }ccjo,+00] With

SUpPp 7)e g Bn(oa E) y Ne Z 07 / Me dr =1 Ve 6]0, —f-OO[

(cf. e.g., Dalla Riva, the author and Musolino [4, A. 11]). Thus we set
m(x) = pxnpi(z) Vo eR",

for all | € N. By known properties of the convolution, we have p; € C2°(R") for each [ € N. Moreover,
lli>r(1>10 W = fi uniformly in R".

We also observe that the Young inequality for the convolution implies that
sup || < sup il [ [me-i(y)ldy =sup|al  VIEN.
1:3 R™ Rn R™

Then we note that |y : R™|s < | : R"|g for all | € N. Indeed, if 2/, 2” € R", then

(") — ()] < . (2" —y) — (2" — y)|ne-1(y) dy

n

<l Rl =o' [ mpesy)dy =1 Rl ")

Then the sequence {iyy hien is bounded in C%#(Y) and converges uniformly to g in Y. Now let
B €]0,6], 0 < t; — 3 < n—1. By the compactness of the embedding of C*?(Y) into C%# (Y),
possibly selecting a subsequence, we can assume that

lim )y = p in %7 (Y).
l—o00
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By Lemma 3.4 (i), we have

lim grady , K (z,y)(u(y) — p(r)) = grady K (z,y)(u(y) — p(z))

l—00

in Kt _pyxy. Since 0 < t; — ' < n — 1, the Hille-Tamarkin Proposition 4.1 and Proposition 4.3
imply that

lim [ grady,K(z,y)(u(y) — wu(z)) do,

l—00 Y

= / grady , K (z,y)(u(y) — u(z)) doy, uniformly in z € Y
Y

and that [, grady K (-,y)(u(y) — u(-)) doy is continuous in Y for each [ € N. Then the validity of
formula (6.1) for g, implies that

lim gradYI/ K(z,y)m(y) doy, (6.2)

= /Y [grady , K (2, y)](1u(y) — () dv(y) + p(x)grady /Y K(z,y)do,

uniformly in x € Y. Since K € Ky, yxy and s; < n — 1, again Proposition 4.1 and Proposition 4.3
imply that

l—00

lim K(Jc y)(y) doy, = / K(z,y)u(y) doy, (6.3)

uniformly in € Y and that fY (,y)u(y) do, is continuous in Y for each [ € N. By (6.2) and
(6.3), we deduce that [, K(-,y)u(y)do, belongs to C'(Y') and that formula (6.1) for its tangential
gradient holds true. O

By combining Proposition 4.4 and the previous theorem, we can now prove a continuity theorem
for the integral operator with kernel K and with values into a Schauder space on a compact manifold
Y of class C'. For the definition of the Schauder spaces C'#(Y) and C*0)(Y) of all functions
p of class C! on Y such that the tangential gradient of p is S-Holder continuous and w(-)-Hélder
continuous, respectively or for an equivalent definition based on a finite family of parametrizations
of Y, we refer for example to Dondi and the author [5, § 2|, Dalla Riva, the author and Musolino [4,
§ 2.20].

Theorem 6.3. Let n € N, n > 2. LetY be a compact manifold of class C* that is embedded in
R”™. Let sy € [0,(n—1)[. Let B €]0,1], t, € [B,(n — 1)+ B], ta € [B, +0o0], t3 €]0,1]. Let the kernel
K € Ky, s,+1.1(Y xY) satisfy the following assumption

K(y) e C'(Y\{y}) WyeY.
Let grady K (-,-) denote the tangential gradient of K(-,-) with respect to the first variable.
(1) Ift1 < (n—1) and grady K (-,-) € (K, 1,4, (Y x Y))", then the following statements hold.

(@) Ifta—B>(n—1),ta<(n—1)+ L +t3 and

/K dO' c Cl min{s,(n—1)+t3+L— tg}(Y>’

then the map from COP(Y) to CVmindB(n=Dtta+8-t} (V) that takes p to the function
[y K(-,y)u(y) doy is linear and continuous.
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(aa) Ifto— B =(n—1) and

/ K(,y) dO'y c Cl,max{rﬂ,th(.)}(Y)’
Y

then the map from COP(Y) to Cvmax’wisONY) that takes p to the function
[y K(-,y)py) doy is linear and continuous.

(ii) Ift1 = (n —1) and grady K (-,-) € (/Ctﬁht%t3 (Y x Y))n, then the following statements hold.
(b) Ifto—f>(n—1),ta<(n—1)+ B +t3 and
/ K(.7 y) dO'y c Olfmin{ﬁv(n_l)"’tB"‘B_t?}(Y) 7
Y

then the map from COP(Y) to CVmindB(n=Uttat+B-t}(Y) that takes p to the function
Iy K (-, y)u(y) doy is linear and continuous.

(bb) Ifto —B=(n—1) and

/ _[((7 y) do-y e C’Lmax{rﬁywtg,(')}(y) ,
Y

then the map from COP(Y) to CHmaxlr’wsONY) that takes p to the function
[y K(-,y)u(y) doy is linear and continuous.

(iil) If t1 > (n — 1) and grady K (-,-) € (K, 1,4, (Y x Y))", then the following statements hold.
(c) Ifto—fF>(n—1),ta<(n—1)+F+t3 and

/K )do, € C" min{B,(n—1)+B—t1,(n—1)+ta+B—ta} (y)

then the map from COP(Y) to C1mi{B(n=1)+5=t,(n=DHts+8-t2} (V') that takes u to the func-
tion [, K(-,y)u(y) doy is linear and continuous.

(cc) Ifto— B =(n—1) and

/ K(y)do, € Chmestrs =Vt w, O} (yy

then the map from COP(Y) to Crmatr®r =DV 0w O (YY) that takes p to the function
[y K(-,y)uy) doy is linear and continuous.

Proof. Since Y is a compact manifold of class C!' that is embedded in R", Y can be proved
to be strongly upper (n — 1)-Ahlfors regular with respect to Y. By Theorem 6.2, the function
[y K y) do,, is of class C1(Y) for all u € C®?(Y') and formula (6.1) for the tangential gradient
of fy ( ) do, holds true under any of the assumptions of (i)—(iii). Next, we consider statement
(1). Under the assumptions of (a), Proposition 4.4 (i) implies that map

from C’O’ﬁ(Y) to Covmin{ﬁ,(n*1)+t3+ﬂ7t2}(Y) :
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which takes y to the function [ [grady K (z,y)](u(y) — p(z)) doy is linear and continuous. By our
assumption on [, K(-,y) do,, the map
from CO8(Y) to COmin{B.5,(n=D+ta+~ta} ()

Y

which takes p to u(-)grady [, K(-,y)doy is linear and continuous. Then formula (6.1) implies that
the map
from Co’ﬁ(Y) to C’O,min{ﬁﬂ,(n*1)+t3+57t2}(Y)

that takes y to grady., [, K (-, y)u(y) doy, is linear and continuous. By Propositions 4.1 and 4.3, the
map from C*?(Y) to C°(Y) that takes p to [, K(-,y)u(y)do, is linear and continuous. Hence,
we deduce the validity of (a) of statement (i). The proof of (aa) follows the lines of the proof of
statement (a) by invoking statement (aa) instead of statement (a) of (i) of Proposition 4.4.

The proofs of statements (ii) and (iii) follow the lines of that of statement (i) by invoking state-
ments (ii) and (iii) instead of statement (i) of Proposition 4.4. In case of statement (iii) (c) we also
observe that the pointwise product is bilinear and continuous

from OO’B(Y) % CO,min{ﬂ,(n—l)—i—B—h,(n—1)+t3+6—t2}(Y)
to CO,min{ﬁ,(n71)+57t1,(n71)+t3+5*t2}(Y) )

In the case of statement (iii) (cc) we also observe that the pointwise product is bilinear and continuous
from COP(Y) x 0max{r? r(r=Hi=t wis (O} (y) to CO,maX{Tﬁyr("*l”B*tl,wt3(~)}(y)

(cf. e.g., Dondi and the author |5, § 2|). O
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1 Introduction

It is well known that function spaces have increasing applications in many areas of modern analysis,
in particular, harmonic analysis and partial differential equations. The most general function spaces,
probably, are the Besov spaces and the Triebel-Lizorkin spaces which cover many classical concrete
function spaces such as Lebesgue spaces, Lipschitz spaces, Sobolev spaces, Hardy spaces and BMO
spaces (|37], [38]).

D. Yang and W. Yuan in [41], [42] and W. Sickel, D. Yang and W. Yuan in [36], introduced
a class of Besov type and Triebel-Lizorkin type spaces which generalized many classical function
spaces such as Besov spaces, Triebel-Lizorkin spaces, Morrey spaces and (-type spaces. Recently
the Besov type and Triebel-Lizorkin type space with variable exponents was investigated by many
authors (e.g. [43], [44]).

The 2-microloal space is due to Bony [3] in order to study the propagation of singularities of
the solutions of nonlinear evolution equations. It is an appropriate instrument to describe the local
regularity and the oscillatory behavior of functions near singularity (Meyer [32]). The theory has
been elaborated and widely used in fractal analysis and signal processing. For systematic discussions
of the concept and further references of 2-microlocal spaces, we refer to Meyer|31], [32], Levy-Vehel
and Seuret [30], Jaffard ([17], [18], [19], [20]), Jaffard and Mélot [21], and Jaffard and Meyer [22].

The 2-microlocal spaces have been generalized by Jaffard as a general pointwise regularity associ-
ated with Banach or quasi-Banach spaces [19], [20]. In this paper we introduce new inhomogeneous
2-microlocal spaces based on Jaffard’s idea (See [33] for the homogeneous 2-microlocal spaces) and
we will investigate the properties and the characterizations of these new 2-microlocal Besov and
Triebel-Lizorkin spaces which unify many classical function spaces such as the Besov type and
Triebel-Lizorkin type spaces, the 2-microlocal spaces in the sense of Meyer [32|, the Morrey space
and the local Morrey spaces. These new function space are very similar to the classical 2-microlocal
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Besov and Triebel-Lizorkin spaces studied recently by many authors ([1], [6], [8], [13], [14], [15], [16],
[25], [26], [39], [40]).

The plan of the remaining sections in the paper is as follows:

In Section 2 we give the definitions of our new 2-microlocal spaces via the Littlewood-Paley
decomposition and the notations which are used later and we give examples for these spaces.

In Section 3 we define corresponding sequence spaces for our function spaces. Furthermore, we
give some auxiliary lemmas which are needed in later sections.

In Section 4 we will characterize our function spaces via the corresponding sequence spaces by
the p—transform in the sense of Fraizer—Jarwerth [10], the atomic and molecular decomposition and
the wavelet decomposition. Moreover, we investigate the properties for these function spaces and we
also study relations between our 2-microlocal spaces and the classical 2-microlocal spaces.

In Section 5, as applications, we give the conditions under which the Calderén—Zygmund operators
and the pseudo-differential operators are bounded on the function spaces.

In Section 6 we give the characterizations via differences and oscillations.

Throughout the paper, we use C' to denote a positive constant. But the same notation C' are not
necessarily the same on any two occurrences. We use the notations iVj = max{i, j}, iAj = min{i, j},
and a; = a V0. The symbol X ~ Y means that there exist positive constants C; and C such that
X S Cly and Y S OQX

2 Definitions

We consider the dyadic cubes in R™ of the form Q = [0, 27))" + 27k for k € Z" and | € Z, and
use the notation [(Q) = 27! for the side length and zg = 27k for the corner point. Throughout the
paper, we use the notations P, @), R for the dyadic cubes of the form [0, 271" 4+ 27k in R", and
when the dyadic cubes () appear as indices, it is understood that () runs over all dyadic cubes of
this form in R™. We denote by D the set of all dyadic cubes of this form. For a dyadic cube @) and
a constant ¢ > 1, () denotes the cube of same center as () and ¢ times larger. We denote by xg the
characteristic function of a set £ in R™.

We set N ={1,2,---} and Ny = NU{0}. Let S = S(R") be the space of all Schwartz functions
on R™ and &’ its dual.

We use (f, g¢) for the standard inner product [ fg of two functions and the same notation is
employed for the action of a distribution f € &’ on g € S.
Let ¢ be a Schwartz function and q§0 its Fourier transform satisfying

(1.1) supp ¢ C {{ € R™: [¢] <2},

(1.2) do(¢) = 1if & < 1.

We set

P(x) = do(x) — 2 (27 x), @) = 27"¢o(2x), S;f = f* ¢} for j € Ny, and ¢;(z) = 27"¢(272) for
jeN.

Then we have

(1.3) supp ¢ C {€¢ € R": L <|¢| <2}, and

(1.4) there exist positive numbers ¢ and a sufficiently small € such that gB(&) >cinl—e<|¢ <
1+e.

It holds that ) ieNo qgj = 1. Let f € &', then we have the Littlewood-Paley decomposition
f=2en, f* & (convergence in &') [36, Triebel 2.3.1(6)].

Let s € R. For f € &', we define some sequences indexed by dyadic cubes P:

C(B;q)(p) = (Ziz(flogQI(P))VO |2 f = ¢iH%P(P))1/q7 0 <p,q < o0,
C(F]fq)(P> = H{Ziz(flogg l(P))V0(2w|f * (bi‘)q}l/qHLp(P)’
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0<p<oo, 0<qg<oo,
(F2g) (P) = 1P) I i oy a0 21 87 g,
0<qg< oo,

with the usual modification for ¢ = oo.

We shall use the notation Ej with either B, or Fj. We say the B-type case when E;’; = B;;,
and the F-type case when E;'q = Fp‘”’;.

Definition 1. Let s, s', 0 € R, 0 <p,q < oo and zy € R".
The space A*(E5.) is defined to be the space of all f € &’ such that

o

1/l as (s, = sup UQ)™7 sup [(P)~*c(EL)(P) < .

D3Q>3x¢ D>PC3Q

The following abbreviation AY(E5)7 = (Es)5, A*(Es)S = A*(Es) and A°(Es)0 = Ei =
E’;;(]R”) will be used in the sequel. We note that the space AS(E;;) is the inhomogeneous Besov type
space or the inhomogeneous Triebel-Lizorkin type space in the sense of Yang—Sickel-Yuan [26| and
the space E;; = E;;(]R") is the classical inhomogeneous Besov or inhomogeneous Triebel-Lizorkin
space.

Let f € &', then we define some sequences indexed by dyadic cubes P:

co(By)s,(P) = |
(ZiZ(flogQI(P))VO 12 f * @i ()| (27" + |20 — x|>_UH%P(P))1/q7
0 <p, g <00,
c(F)e(P) = |
{5 togy 10Pyvo (27 1 @a(@) (277 4 o — @)= )1} 4 | Loy,
0<p<oo,0<g< oo,
c(Fig)3,(P) =

l(P)_EH{ZiZ(—IOgQl(P))VO(2i8/|f * () [(27" + w0 — x|>_0)q}1/q||Lq(P)a
0 <g< oo,
with the usual modification for ¢ = cc.

We shall use the notation E;; with either B;; or F;(;. We say the B-type case when E;; = B¢
and the F-type case when E’;; = Fps(;.

Definition 2. Let s, s’, 0 €R, 0 <p,q < oo and zy € R".
The space A*(E5.)7 is defined to be the space of all f € &’ such that

1 Fllaecegys, = SR IP) el B )5, (P) < oe.

The space AS(E;;)gO is the classical 2-microlocal Besov or Triebel-Lizorkin space.

We use the abbreviation AO(EZ;)ZO = (E’;;)go
Examples.

(i) The spaces AO(E;;)g .= AO(E;;)g .= E;;(]R”) are the inhomogeneous Besov spaces or inhomo-
geneous Triebel-Lizorkin spaces [37], [38].
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(ii) The Besov type spaces B, (R") and the Triebel-Lizorkin type spaces F};;"(R") introduced by
D. Yang , W. Sickel and W. Yuan [36] , are contained in our definition as

Es ,S(Rn) — Ans(Es )20 — Ans(Esq)(a):O

(ili) The Besov-Morrey spaces N sp» and the Triebel-Lizorkin-Morrey spaces &, studied by Y.
Sawano and H. Tanaka [34], or Y. Sawano, D. Yang and W. Yuan [35] are realized in our

definition as

J\/;fquAnE_ﬂ)(Bs) if0<p<u<ooand0<q< oo,

SS

B n(y—w) (FS) if0<p<u<ooand0<q < oo.

The Morrey space M, is realized as
M = A" (FO

e, if 1< p<u<oo.

(iv) The B,-Morrey spaces B,(L,.) studied by Y. Komori-Furuya et al. [28], are contained in our
definition as

BU(LW\) = AAJF%(FI?Q)S, 1 <p< .

(v) The 2-microlocal Besov spaces B;;JS/(U ) studied in H. Kempka [23, 24|, are realized in our
definition as

B;’qSI(U) (BSJ“S) " when U = {z0}.

Zo

(vi) The local Morrey spaces LM, y introduced by V.I. Burenkov and H.V. Guliyes [6] and studied
in Ts. Batbold and Y. Sawano [2| and a number of papers, are realized in our definition as

LM, = (F%)y”, 1<p < oc.

(vii) The spaces C5* studied in Y. Meyer [31], [32], are realized in our definition as
O = (B = (B -

3 Sequence spaces

For a sequence ¢ = (¢(R)) with [(R) < 1 we define some sequences indexed by dyadic cubes P:

by )(P) = (ZiZ(—logzl(P))vO | Zl(R):2*i 2is|C(R)|XR||%p(p))l/q7
0<p, q¢< o0,

s s 1/
(fpg)(P) = |’{ZiZ(—logQl(P))\/O(Zl(R):2—i 2 |C(R)|XR>q} Meree)

0<p<oo, 0<qg<oo,and

s -z S 1/
c(foeg) (P) = UP) {5 rogy spyvo (Cigmy=a—s 2°le(B) [ xr)" } I 1ap)

0 < g < oo, with the usual modification for ¢ = oo

The notation e, is used to denote either by, or f7 . We say the B-type case when e = b;q, and

the F-type case when e;; =

S/
pq-
Definition 3. Let s, s, 0 € R, 0 <p,q < oo and x9 € R".

We define the sequence space a (ep;) to be the space of all sequences ¢ = (c¢(R))yr)<1 such that

ey = sup UQ)T sup  U(P)e(e)(P) < oo.
Pa’ro D3Q>zo D3PC3Q
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We use the abbreviation a°(e3, )7, = (e5,)7,, a*(e5,)%, = a*(es,) and

ao(e;;)go = e;; = e;; (R™). We note that the space as(e;;) is the sequence space of the inhomogeneous
Besov type space or the inhomogeneous Triebel-Lizorkin type space in the sense of Yang-Sickel-
Yuan [36] and the space e;; = ef,'q (R™) is the sequence space of the classical inhomogeneous Besov or

inhomogeneous Triebel-Lizorkin space.

Remark 1. It is easy that when o < 0, we have A*(E5)7 = {0} and a*(e5,)7, = {0} for
0 < p,q < oo (See Proposition 4.1 below).

We define that for a sequence (c(R))i(r)<1,

c(bp)5, (P) = | |
(ZiZ(—log2l(P))\/O I ZZ(R):W 2 ]e(R)|(27" + [mo — I|)_UXR||%p(p)>1/q7
0<p, qg<o0,

e(f3)z,(P) = ) |
I 5 togy 100 (Xumy—a—s 2% 1(R) (277 + [0 — =)= xR) " H|| o (p),
0<p<oo,0<qg<oo,

(foq)2,(P) = 1(P) "« x

0oq/xo

I s togy 100 (i my=as 2% [e(R) (27 + |0 — =) =7 xR) "} | Loy,
0<q<o0,

with the usual modification for ¢ = cc.

The notation éf,; is used to denote either E;/q or ~ps;. We say the B-type case when é;; = l;;/q, and
the F-type case when é;; = pS;.

Definition 4. Let s, s, 0 € R, 0 <p,q < oo and o € R™.

We define the sequence space as(éf)/q)go to be the space of all sequences ¢ = (c¢(R))yr)<1 such that

~s' \o

A %ggl(P)’sc(epq)xo(P) < 0.

lle

We use the abbreviation a°(&5,)7 = (€5,)7,-
Definition 5. Let ry, ro > 0 and L > 0. We say that a matrix operator A = {agp}qp, indexed by

dyadic cubes @) and P, is (71, r2, L)-almost diagonal if the matrix {agp} satisfies

lage| < C(FR)" (1+1(P) g — zp)~F it 1(Q) < U(P),
lage| < C(EEN™(1 4+ 1(Q) " Jeg — xp) " i UQ) > I(P).

The results about the boundedness of almost diagonal operators in [9: Theorem 3.3|, also hold
In our cases.

Lemma 3.1. Suppose that s, s', o0 €R, zg € R" and 0<p, q < oc. Then,
(i) an (r1, 72, L)—almost diagonal matriz operator A is bounded on a*(eS, )7, for ry > max(s', o+

s+s —2), 12> J—5 and L > J where J = n/min(l, p, q) in the case ezs)'q = Zf(; , and
J =n/min(1, p) in the case efo; = b;;, respectively,

(ii) an (ry,ra, L)-almost diagonal matriz operator A is bounded on as(é;/q)go for ry > max(s’ +
(cVv0), (eVO)+s+s —2), r2>J—5+(0A0) and L > J where J =n/min(1, p, q) in the

ss' __ g _ : : ss' s
case &, = fo, and J =n/min(1, p) in the case &, =b

g respectively.
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Proof : (i) We may assume
almost diagonal. Let ¢ = (¢(R
Ac = Agc + Aic + Aye with

>0 by Remark 1. We assume that A = (aggr) is (11,79, L)
) € a*(es,)?,. For dyadic cubes P and R with R C P, we write

)

(A)(R) = > arwc(R),

WR)<I(R)<U(P)

(Aie)(Ry= " > arre(R),

WR)<U(R)<U(P)

(Aye)(R) = > arrc(R).

I(R)<I(P)<I(R)<1

We claim that
||A7;CH(13(€‘;/ o < CHCHCLS es g07 1= 07 172

We will consider the case of F-type for 0 < p < 00, 0 < ¢ < oo. Since A is almost diagonal, we see
that for dyadic cubes P with [(P) =277,

(Agc)( _||{Z Z (2] (Aoc)(R )qXR}l/qHLP(P)

123V I(R)=2""¢

< CI{), Z 25 Y Z !aRR/H RO} N

1>2jVOI(R i2k>jVO0 [(R)=
is'q
< C||{§ § 2054 %
2>]V0[

Z Z 2707Rm (1 + 28 |zp — ap])” L|C(R/)|)qXR}1/q||LP(P)-

i>k>5V0 [(R')=
Using the maximal function M, f(z), 0 <t < 1, defined by

|t 1/t

M f(x) = i

(cf. [28: Lemma 7.1] or [9: Remark A.3|), we have for L > n/t,

(AOC) < CH{ Z Z 215 99—ir1q o

1>23VO (R
( T ghng +n/tM( Z (B xw) ) xn} aoce)
1>k>35V0 I(R)=2"F
<o{ 3 (S (S (e®)))
i>5V0 i>k>5V0 I(R)=2—F
< CI{YS 25 (D e ®)xr) " )
i>5V0 I(R)=2"1

< OIL Y 2990 ST Je(R)xw) "} ey = Celf2)(P),

i>5V0 I(R)=2-

where these inequalities follow from Hardy’s inequality if ; > s’ and the Fefferman-Stein inequality
if 0 <t < min(p, q).
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For the B-type case we have the same estimate for r; > s’ and 0 < ¢t < min(1, p).
Therefore, we get the estimate

Age(es)(P) < Celes)(P)

ifry >, 0<p<oo,0<qg<o0, L>J.
In the sane way we will get the estimate for (A;c)(f5,)(P). We have that for dyadic cubes P with
I(P) =27,

(Alc = H{ Z Z 2” A C ) XR} ’Lp(p

12jVO(R)=2""

< A Z 2 X el e} e

i>jVO (R 1<k |(R)=
< (> Z 2 x
i>jVO (R
Z Z 9= (k=i)rz( (1+22r — 2r/|) *|c(R) )qXR}l/qHLP(P)'

i<k I(R)=

Using the maximal function M, f(x) as above, we have

(Are)(fo)(P) < CII{ D Z 91s'49ir2d 3

12jVOI(R
(Zz st oag( 5 o)) )
< W(R)—2*
< O Y 2/
i>5V0
(32t 0, Z (R xw)) '} oo
i<k R)=27k
< C’||{ZQ’S‘1M Z (R xw) "} || or
1>35V0 )=2"
< O Y 2 R i = CHLENP
i>5V0 I(R)=2"1

where these inequalities follow from Hardy’s inequality if 79 + ' — n/t > 0 and the Fefferman-Stein
inequality if 0 < ¢ < min(p, q).
In the same way we get the same estimate for the B-type case that

(A1) (by,)(P) < Ce(by,)(P)
if ro+s —n/t>0,0<t<min(1,p). Therefore, we get the estimate

Are(ep,)(P) < Celep,)(P)

ifro>J—5,0<p<oo,0<qg<oo, L>J.
When p = oo, we get the same estimate. Thus, we get

||A;c

as( esq)" < CHC

as(e;f);)g()? L= 07 1
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ifri>s,ro>J—8¢, L>J,0<p<ooand0<q<oo.
Next, we will give the estimates for the A, case.
We note that if L > n ,

> 4+ 2)er—ap)F <oo
I(P)=2—7

(cf. |4, Lemma 3.4]), and if ¢ € a®(e then

Pq)Io’

[e(R)] < C(lzo — zr| + UR))TUR) 77|l 4o ey

pq)go

for a dyadic cube R C 3Q and zy € Q. Hence, we obtain, for dyadic cubes P with [(P) = 277,
0<p<oocand(0<qg< oo,

(Azc)( =1{>_ Z 2| (Ase) (R)) X} "I o )

127 (R
<ClI{d_ > 2¥x
i>j l(R)*Q*i
_I INEY 1/q
(5 X i el ) M
]>k>OZ(R’
<aify’ S
>7
(Y gkmokletats=n/o) (g 4 9k |gy — wp))7|c]], fgq)ao)q}l/qHLp(P)
§>k>0
< C27n=gmande N " gktrme e (1 4 9wy — 2p] )l o g
j:>k:>0 prg’xg

< 7=t /p)gini—o—s=s"4n/p) (1 4 97|z — 2p])7||c
< C2775(277 + |zg — wp|)7||c

as fs )a

a* (£30)2,

where these inequalities follow if 4 > o + s+ s — 5T > s', L >nand o > 0.
In the same way for the B-type case we have the same estimate.

Hence, we have,

|| Asc

as(esyz, < Cllellasegtye,
ifriy>c+s+s —n/p,r1 >, 0<p<ooand 0<q< 0.

We get the same estimate for the case p = co. Therefore, we obtain the desired conclusion.

(ii) We put w; = (277 + |xg — z|) 7. We see that w; < 207+, if 0 < o, and w; < 20=D+7q, if
0 > 0. Then, using these inequalities we can prove the desired result by using the same way in the
above proof of (i). O

Lemma 3.2. Letri,r7o € Ng, L >n and Ly >n+ry, Ly > n+ry. Assume that for dyadic cubes P
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and R, ¢p and ¢gr are functions on R™ satisfying following properties:
(2.1) op(z)x’de =0 for |y| <,
R”

(2.2) |¢p(z)| < CA+UP )_1|3? — ap|) TR,
(2.3) | ¢p(x)| < CUP) N1+ 1(P) o —xp|) "
for 0<|y| <y,

(2.4) / er(x)x’dz =0 for |y]| <re,

(25) |er(z)| <CA+IUR )71|$ — ag|) b)),
(2.6) 0" ¢r(x)| < CUR)™ (AL +1(R) o — zg]) "
for 0<|y| <y,

where (2.1) and (2.6) are void when ry = 0, and (2.3) and (2.4) are void when ro = 0. Then, we have
that

(P) (6 wr)] < C(itg)" (L+ UR) " ap — agl) "
if I(P) <Il(R),

UR)™(dr , wr)| < C(itm) (L +UP)Hap — xp|)
if I(R) <I(P).

Proof. We refer to [10: Corollary B.3| , [5: Lemma 6.3| or [29: Lemma 3.1]. O

Lemma 3.3. Suppose that s, s, 0 € R, 2 € R™ and 0<p, ¢ < oo. Letri,r9 € Ny and L > n.
Assume that functions ¢p and pp satisfy (2.1), (2.2), (2.3), (2.4), (2.5), (2.6) in Lemma 3.2. Let J
as in Lemma 3.1. Then we have

(i) for a dyadic cube R and a sequence c € a*(e5, )7,

> psp, 1(py<1 C(P)@p , ¢r) is convergent if r1 > J —n—s and L > J,

(ii) for a dyadic cube R and a sequence ¢ € a®(€é p:])go,

> psp, 1(py<1 (L) (dp , ¢r) is convergent if ri > J —n—s — (0 A0) and L > J +o.

Proof: (i) We may assume that o > 0 by Remark 1.
We write Y o pc(P)(¢p , ¢r) =1 = Iy + I, with

L= Y cP)¢r . en)

UR)<UP)<1
I = Z c(P){¢p , ¢r)
I(P)<I(R)
for ¢ € a*(e,)3,. We claim that I; <oo, i=0,1.

For a dyadlc cube R with [(R) = 27" we have, by Lemma 3.2 that

| <C Y Z P)[[{¢r ; ¢r)l

Z>]>OZ(P
< O3S WP P
Z>j>0l(

< 0> 2’”2”)2”2%( Y ldP)xp)(@).

i>5>0 I(P)=2-1
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for L >n/t,0 <t <1and z € R. Taking L'(R) norm and using the Fefferman-Stein inequality, we
have,

[Io]27™ = || To|| 11 (r)

< cm Y My( Z P)[xp)|lri(r)

i>§>0 P)=2—i
< c2M) Y Z P)Ixpllim
7,>]>0l(P
< C ) jp )|2_2m<oo.
1>I(P), RCP

In the same way we obtain the estimate of I;:

L] <C Z Z P)|[{¢p , ©r)|

Jj=>ivV0(P)=

<0y Z )220 (1 4+ 2| — wpl)
J>ivo (P

< C Z 27 r1+n)2zr1 Z |C<P)|(1+2i|l‘R _IPD—L
§>iV0 I(P)=27

< €Y gy (3T 2 e(P) ) ()
J>iv0 U(P)=27J

if0<t<1, L>n/tand z € R with [(R) = 27"
By using the monotonicity of [?-norm and Hélder’s inequality, we get the following result,

L] < C27 0Ly (MY 2 [e(P)|xp) ()1}

§>iVO0 I(P)=2—7

ifri+n—n/t+s >0, 0<qg<ooandzx € R.
Taking LP(R) norm and using the Fefferman-Stein inequality, we have, for a dyadic cube R with
I(R) =2""and c € a*( If;)"

xo?

|Il|2_m/p — ||Il||LP(R < C2~ i(n+s’) ( pq)(R)
< 02 1n+s +0'+s H

a(fi)2, <

if 0 <t < min(p,q), 0 < p < 00, 0 < ¢ < co. In the same way we get the same estimate for
the case p = oo. Furthermore, we obtain the same estimate for the B-type case if 0 < t < p,
0<p<oo, 0<q<oo. Therefore, we obtain that I; is convergent if ry > J —n — s and L > J.
(ii) Let Iy and I; be as in the proof of (i). Then by arguing as in the proof of (i), we have Iy < oo
for L > n. We put w;(P) = (277 4 |zp — x0]) 7 for a dyadic cube P with I(P) = 277.
Note that
[c(P)| < CUP)* " w,(P)~

as e;ﬁz)"o

for c € a*(&; ) We have, by Lemma 3.2 for a dyadic cube R with [(R) = 27" and ¢ > 0,



New 2-microlocal Besov and Triebel-Lizorkin spaces via the Littlewood - Paley decomposition

L] <C Z Z P)[[{¢p ; ¢r)l

J=iV0 [(P)=2

< CS Y AP Han - arl)

J>iV0 [(P)=2-1

< O T P2 (P (P) x
J>iV0 [(P)=2—i

(1+ 2'wg —ap|) 7"

C Y 27nEmgngTie N e P)jw;(P) x
§>iV0 I(P)=2-J

(1 + 2Z|IR - [Ep|)_(L_

C Z 2—j(r1+n—n/t+s’)2i(r1+a—n/t) %
§>iV0

Mi( Z Q”wj (P)lxrp)(z).

IN

IA

By using the same way as in the proof of (i), we get
|11|2—ip/n < C2—i(n+s'+a)c(é;’q)go (R)
< o ilntstots) HCHaS(ésl )y < 00
prq’/xq
ifry >J—n—sand L > o+ J. We also obtain the same estimate for the case o < 0.

For a sequence c¢(P) with [(P) = 277, we define the sequence c*(P) by

F(Py= > [e(R)|(1+2]zp — zg|)
I(R)=21

for L > J where J is as in Lemma 3.1.

85

We define for f € §’, v € Ny and a dyadic cube P with [(P) = 277, the sequence inf, (f)(P) and

tv(P) by
inf, (f)(P) = max{infgs, |¢; * f(y)| : R C P,I(R) = 2~ 0},

4(P) = inf |6, * (u)].
Bl

Lemma 3.4. Fors', c €R, 70 € R", 0 <p,q<oo, f €S and a dyadic cube P with I(P)

we have
(i) , /
c(epg) (P) ~ " (epg)(P), c(39)7,(P) ~ c*(€5,)7,(P),
(i)
inf’y(f) (P)xp < c27* ZRCP,I(R)=2—(v+j) t:(R>XR-
for v sufficient large.

Proof. (i) It suffices to prove

=277,
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since |¢(P)| < ¢*(P).
Using the Fefferman-Stein inequality, we have

Py=I{>_ @ > 1 R)xr) o)
>0 y(R)=2~

< I @ Z Z

i>5V0 =2"1[(R)=
(1+2'zp — $R/D “xr)! }1/qHLP(P)

< O @ 30 M 30 R hew)xn)H )
(R)=2

i>5V0 ! I(R)=2

< CILY_ (Y 27e(R)Ixe) Y ) = Celf,)(P)

i>4V0 I(R))=2-"

if 0 <t <min(p,q), L >n/t and 0 < p < 00,0 < ¢ < oco. Moreover, for the p = 0o case, we have
the same result. For the B-type case , we obtain the same result by the same argument as above.
We also obtain the same result for the other case.

(ii) Let Ry and R in P be cubes with I(Ry) = I(R) = 2-0%9). It suffices to show

t(Ro) < C27"¢%(R).

Since '
1 <2825 (1 + 2 |2g — ap,|) 75,

we have

t,(Ro) < Ot (Ro)2"™ (1 4+ 27 |2g — 2p,|) "

< et > LR+ 2P ag — ap )Tt = C2ME(R).
I(R))=2~(r+3)

4 Characterizations

Remark 2. (See [11: (3.20)] ). Let ¢y be a Schwartz function satisfying (1.1) and (1.2) and let ¢
be a Schwartz function satisfying (1.3) and (1.4). Then there exist a Schwartz function g satisfying

the same conditions (1.1) and (1.2) and a Schwartz function ¢ satisfying the same conditions (1.3)
and (1.4) such that

> jeny 93(€)05(€) = 1 for any € where p;(z) = 2"p(27z), j € N.

Hence we have the ¢-transform [8; Lemma 2.1| for f € S’ such that

F=>UQ) ™ vo)da,

where ¢g(z) = ¢(1(Q) H(x—xq)) and vg(z) = p(I(Q) (2 —1z¢)) for a dyadic cube @ with [(Q) < 1
and ¢g(z) = ¢o(I(Q) H(x—xq)) and pg(z) = @o(l(Q)(z —xg)) for a dyadic cube Q with I(Q) =

Theorem 4.1. Fors, s, c € R, 0<p, ¢ <00, xg € R" and ¢y, ¢ €S as in Remark 2, we have
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AN ={f = c(Q)pq: (c(Q)) € a*(es)2 )

(c(Q)) € a*(&54)5, }-

:%J
<3
‘i_/

)
||

—~
—

I
=
>
-
Q

()<t

Remark 3. (1) We see that > o)., c(Q)¢q is convergent in S’ for each sequence ¢ € a*( p:])" or
c € a’(é, )2, by Lemma 3.3.

(2) We notice that D = {f = 33,51 c(@)¢g : ¢ € a*(e5,)3,} is independent of the choice
of ¢g, ¢ € S as in Remark 2. Indeed, suppose {¢}, ¢'} and {¢3, #*} are Schwartz functions as in

Remark 2, and the spaces D' and D? are defined by using {¢, @'} and {¢?2 ¢?} in the place of
{0, ¢} respectively. We consider the ¢-transform

op= Y UR)™0p, ©h)h

I(R)<1

Then for D' 3 f = 37, pjy ¢(P)¢p, ¢ € a’(ep,)7,, we have
f: Z ¢P— Z AC
I(P)<1 I(R)<1

g

where A = {I(R)™"™(¢} , ©%)}rp. From Lemma 3.1 and Lemma 3.2, we see that for ¢ € a®(e pq)xo,

Ac € a*(es,)7,. This shows that D' C D?. By the same argument, we see that D* C D'. That is,
D' = D2 These imply that the space D is independent of the choice of {¢g, ¢}. In the same way

D={f= o<1 C@)9q  (c(Q)) € a*(&5,)3,} is independent of the choice of {¢, ¢}

Proof of Theorem 4.1. (i) We may assume o > 0 by Remark 1. We put D = {f = Zl(Q)gl c(@Q)og :
cEa (epq)" }. In order to prove D C AS(E;;)ZO we claim for a dyadic cube P, and for f =

2.qQ)dq € D,
c(Bpy)(P) < Oc(ep,)(P) (a)

if 0 < p,q < oo. Let (c(P)) € a(e5,)7,. Since S is closed under the convolution, we have, for i > 0,

|5 |—\Z P)¢i x ¢p(z)|

i+1

- 13X P

j=@E—-1)Voi(P
i+1

< C Z > 1eP)|(1+ 2|z — zp|) "

=(i—1)V0 I(P)=2"7

for a sufficiently large number L. Hence we have, using the maximal function M, f(z), 0 <t <1, as
in the proof of Lemma 3.1
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{2 @ lors )= {3 @ >0 o flxw)}

i>5V0 i>3jV0 I(R)=2""
i+1
SO D i SR IR
i>5V0 I(R)=2—% k=(i—1)VOI(R')=
i+1
< (Y M Z Z 2 |e(R') | xr) xr) "}
i>jV0 |(R)=2—" (i—1)VO I(R")=

if 0 <t <1and L >n/t. Taking LP(P)-norm and using the Fefferman-Stein inequality, we have for
a dyadic cube P with [(P) =277

(g (P) =1L D (2% 10w+ S oy

i>5V0
i+1
< CI{D (M Z > 2R Ixa ) o)
i>5V0 k=(i—1)VOI(R/)=2"F
i+1
< CIEY_C > >0 2e®)xn) Y lsp
12JV0 k=(i—1)VO[(R/)=2—F
< CI{D_( 2| (RN xa) 3 o(py = Celf3,)(P)
i>5V0 I(R)=2

if 0 < t < min(p,q) and 0 < p < co. For the p = oo case , we obtain the same result. In the same
way for the B-type case we have the same estimate

c(B;;)(P) < C’c(b;/q)(P) if 0<p<oo.

This implies D C A*(E3,)7,

In order to complete the proof of Theorem 4.1 (i), we will show the inverse. We consider the
p-transform f = 32, p o c(f)(P)pp, c(f)(P) =1U(P)™"(f , ¢p) where ¢p and ¢p as in Remark 2.
It suffices to show that c¢(f)(P) € a®(es, )7, for f € A*(E5)7 . More precisely, we claim that for a
dyadic cube P with [(P) =277,

c(f)(ep)(P) < Ce(E,,)(P) (b)

where ¢( f )(e]“’;;)(P) is a sequence defined by replacing the sequence ¢(P) by the sequence ¢(f)(P) in

the definition of ¢(e,)(P). For f € 8’ and a dyadic cube P with [(P) = 277, we define the sequence
sup(f)(P) by setting
Sup(f)(P) = sup |6 = f(y)].
Sy

For v € Ny the sequences inf. (f)(P), t,(P) are defined previously and for a sequence c¢(P), we also
define a sequence ¢*(P) previously (See Lemma 3.4). We have, from the fact in [9, Lemma A.4| that
sup(f)*(P) ~ inf, (f)*(P) for v sufficiently large.

Thus, we have

(NP =1L 5 dp)| =95+ [(zp)] <sup(f)(P) < sup(f)*(P) ~ inf, (f)"(P)

for  sufficiently large. Therefore, from Lemma 3.4 (i) and (ii) we have
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(A (fp)(P)] < Cink, (F)"(f3)(P) < Cink, (£)(f,) (P)
CILY (Y 2 mb (NRXR) ) wnr)
(R)=2-

IA

i>§V0 |

Cl{> @2 > e(R)xe) Y ey

1>7V0 I(R)=2—(r+0)

2”LH{ > @27 Y ([ )xw) e

>(V0)+y I(R))=2—1

cm“’m{ Do @ D0 1o FW)r)

i>(jV0)+y I(R)=21

< CPUTIIY @22 Y e FW)h) )

i2jV0 I(R)=2—(i+")

< COHIED @7 i FW)N Loy = Ce(F)(P)

i>4V0

IN

IN

IN

if 0 < p < oo. For p =00, we obtain the same result. For the B-type case we can prove the same
result by the same argument as above,

c(f)(b)(P) < Cc(Byy)(P)
if 0 < p < oo. Thus, we obtain
c(f)(epg) (P) < Cc(Ep)(P).

By Remark 3 (2) this implies that, A*(E} E? ) C D, 0 <p<oo. Hence, we obtain A°(E, E? o = D.
(ii) We can prove (ii) in the same Way as (i). O
We have the following properties from Theorem 4.1.

Proposition 4.1. Suppose that s, s, o € R and xy € R".

(i) When o <0, we have A*(E5)7 ={0}, for 0<p,q< oo,
(i) When o + s < 0, we have A*(B5,)3, = {0}, for 0 <p,q<oo, and A*(Fs)3, ={0}, for

0<p<oo, 0<q< oo,

(i) When s < 0, we have A>(B; B o = 10}, for 0 <p,q < oo, and AS(F;’;)ZO = {0}, for
0<p<oo, 0<qg<oo.

Proof. These properties are shown easily. O]

Proposition 4.2. Suppose that s, s, o € R and xy € R".

(i) When s <0, we have
AS(B)7, = (B5)ike for 0 < p,q < oo, and A*(F5)5, = (Fa)it for 0 <p < oo, 0<q< oo,
In particular, when 0 > 0 and o0 + s = 0, we have
A%(By,)5, = By (R™) for 0 <p,q < oo, and A*(F,,)5, = F, (R") for 0 <p < oo, 0<q< oo

(i) When o > 0, we have
As(Es o) C AS(E5,)7, C A%(ES)7

and when o < 0, we have
AS(E35)7 C A*(ES7).
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(iii) Ifo >0, then we have
(Boo)y = (Boo)?

xo”*

Proof. The property (i) can be proved from the fact that
CUQ)™ sup 1(P)7"cley,)(P) > 1(Q) ™" e(e)(Q)

D3PC3Q

and

/ /

(Q)™ sup I(P)~clep)(P) < CUQ)™"™ sup e(ep,)(P),
D3PC3Q D3PC3Q

if s <O0.
We obtain the property (ii) from the fact that
c(&,)7,(P) < Celeg ) (P),

pq

and
(Q)7U(P) *cleg,)(P) < CU(P)*c(&;,)7, (P)

Pq
since 1(Q)"7 < C(I(P) + |zo — xp|)~7 for P C 3Q if o > 0. The last half of property (ii) can be
proved since

c(E3q)5,(P) = clep, ) (P)
if o < 0. To prove the property (iii), it suffices to see from property (ii),

(€307 € (Elon0)y-
We consider any dyadic cube R with [(R) = 27 and dyadic cubes @Q; with zy € @Q; and [(Q;) =
271 i >1lsuch that Q; C--- CQ; C Q_; C -+ and U5 Q; = R". We set QY = 3Q; \ 3Q;11, i > 1
and QY = 3Q,;. We divide the proof into two cases:
Case (a): R C @Y, i > [ case. Then we have 27 + |zg — zg| > C27,
Case (b): R C QY. Then we have 27" + |z — zg| > 27"

In the case (a) we have
2% |e(R)|(27 + |z — 2r[) ™7 < C2%2°|c(R))|

< C sup 2 sup 2%|¢(R)| < oo.
ToEQ RC3Q

In the case (b) we have
2e(R)|(27" + |zo — 2rl) ™7 < C2%27|c(R))

< C sup 2 sup 2% |¢(R)| < c.
ToEQ RC3Q

O
Proposition 4.3. Suppose that s, s, o € R, and oy € R™.
When 0 < ¢1 < ¢ <00, 0 < p < oo, we have
AS(B;(Jl)gO C AS(B;@)go’ AS(B;(h)go C AS(B;qQ)CIrW
and when 0 < q; < ¢ < 00, 0 < p < 00, we have
AS(FI;SW)ZO - AS(F;qz)go’ AS(FIfm)ZO C AS(F;qz)ZO‘
Proof. These inclusions are corollaries of the monotonicity of the [P-norm. O

Proposition 4.4. Suppose that s, s,/ o0 € R, 0 <€ and xg € R". We have
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(1) A3(Bste)o—< c A%(Bs )g, for 0 <p<oo, 0<q, g <00, and

pa1 /o Ppa2

As(FaFe)a-c C A%(F5 )2, for 0<p<oo, 0<q, g < oo, and

(i1) AS“(ES )oc C AS(ES )2, for 0<p, ¢ < o0, and

(i)  A(Bst9)g C A%(BS )., and AS~(Bs)7 C A%(B5, )5 for 0<p, qi, ¢ < oo, and

Pq1 Pq2/x0’ Pq1 Pa2

AT G(FS“)ZOCAS(FS )7, and A%~ E(FSJ“)‘7 CAS(FS )2, for 0 <p<oo, 0<q, ¢ < o0.

Pq1 pq2/x0” pq1 pq2

Proof. (ii) is obvious. (i) and (iii) are corollaries of Holder’s inequality and the monotonicity of the
[P-norm. O

Proposition 4.5. Suppose that s, s, o € R and xy € R".

(i) If0<pys<p; <0 and0 < q< o0, then
ATR(BS yg AT (B )9 AT (BE ) < A (B )g

p1q p2g/x0’ p1q p29/x0’
and, if 0 < py < p; < o0 and 0 < g < oo, then

AT (RS )2, C AT (S ) AT (FS )2, C At h (mq)ﬂ

p1q p2q/x0’ p1q
(i) If0<qg<oo, 0<p< oo, »<s, then
’ s+s/ -1 ~ ~ 545/ -2
AS(E;L]);—() = (EOOOO p)go a’nd AS(E;q)g() = (EOOOO p)go'
In particular, if 0 <o, 0 < g<oo, 0<p< oo, % < s, then
A(By)7, = A (B35,
(i) If 0<p1, p2, q < o0, then
AR (B3 )3, = A (B35, )3) = (B3

p1oo/x p200 /X0 o’
AR (B3 )3, = A (B3 0)3) = (B.0)%,
Apl (Flflq)g Apz (szw)go’ A?(Fpslq)g Ap2 (F;M)a

Proof. The properties (i) are corollaries of Holder’s inequality. We will prove the properties (ii). We
see that

/

a* i (€))7 C (e,

Pq 0000
since
I(P)" "% )e(es)(P) = 1(P)~¢H)|c(P)).
Hence in order to prove (ii), it suffices to prove

/ n
(€;§>go C a’8+p (6187(]);0‘

Since
c(en)(P) < C(est2)(P) x I(P)**r

if s >0and 0 < g < 0o, we get the desired result. Similarly, for the other case, we can prove.
The first part of properties (iii) is obtained in the same way in the proof of (ii) and the last part
is just | 10: Corollary 5.7 |. O

Proposition 4.6. (Embedding) Let s, s, 0 € R, 0 <p, ¢ < oo and xo € R". We have
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(i) AS<Ep§>a:0 C AS(Epn)zo; AS(Epg)xo C AY(E; ) , for s > 85 and 0 < &, < oo,

(ii) As(qu) C AS(BPQQ)gO? AS(Bp1q> C AS(Bpgq)a for 3/1 - 5/2 = n(pll - p%) and 0 < p; <
P2 < 00,

AS(Bpl)7, C A% (Fy)S

0<§,n< oo,

AS(F

pls)xo C AS(FPW)  forsi—sy =n(;-—-) and 0 < py < py < 00,

o’

(i)  A%(Bg)3, C A*(F5)a . AS(B;;) cAS(FS)

prq
A*(F5)g, C A*(B)Z,, A*(E)7, C A(Bg,)5,,

o’

for0 < q<p<oo,

xo’

for0<p<q< .

Proof. The embedding properties (i) and the first embedding of (ii) are corollaries of Hélder’s
inequality and the monotonicity property of the [P-norm. For the second embedding of (ii), see [37;
Proposition 2.5| (cf. [38; Theorem 2.7.1]). (iii) is a corollary of Minkowski’s inequality (cf. Triebel|
38: 2.3.2 Proposition 2 | ).

O

Remark 4. Let 0 < p,q < o0, s,0 € R, g € R" and s’ > n(% -1, If f € AS(E;;)gO,
then f is locally integrable (and locally L integrable). Indeed, we consider the Littlewood-Paley

decomposition
= Z [ ¢

1>0

It suffices to show that Zizo f * ¢; is locally integrable and locally LP integrable. We may consider
any dyadic cube P with [(P) > 1. Then we have if 1 < p < o0,

13" o dilleaey < OIS f* 6l

>0 1>0

< CID_ @71 * &)}l oy < Ce(Fpp)(P) < 00

i>0

by using Holder inequality if 1 < ¢ < oo and the monotonicity property of the (P-norm if 0 < ¢ < 1.
In the same way we have

1D dillapy < CUDY D Frdillopy < C D IF * il o)

i>0 i>0 i>0

< U @YIf * Gill o)}V < Ce(BL)(P) < oo

>0

If 0 < p <1, in the same way we have

1D F* billiny < CIUY  *illue)

>0 i>0
< o @CTEINS bl )
120
= coB, "N (P) < Ce(BL)(P) < o,
where we use Proposition 4.6 in the last inequality. Similarly, by using the fact that c(B; wvg) (P) <

c¢(F5)(P) we have the same estimate for the F-type case if 0 < p < 1. Therefore, we obtain the
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desired result for f € AS(E;;)QO. But we note that it holds for 0 < p < oo in the F-type case and for

0 < p < o0 in the B-type case. We note that it holds an analogous result for f € AS(E;;)ZO with the
weight w; = (27 + |zo — x|) 7.

We recall the definitions of smooth atoms and molecules.

Definition 6. Let 71, 7 € No, L > n. A family of functions m = (mg) indexed by dyadic cubes
Q) with [(Q) < 1 is called a family of (71,75, L)— smooth molecules if
(3.1)  |mo(x)] < C(1+ Q) Y — zg|)~™(EL2) for some Ly > n + ry when 1(Q) < 1,
(3.2) [0"mg(z)| < CUQ)™M(1 +1(Q)Ha — zg|)~E for 0 < |y| < 71, when I(Q) < 1 and
(3.3) Jgn2"mg(z)dx = 0 for |y| < ry when [(Q) < 1,
where (3.2) is void when 7 = 0, and (3.3) is void when ry = 0,
(34) |0"mg(x)] < CUQ) (A +UQ) v —xq)™", 7] <1 when I(Q) =1,
(3.5) we do not assume the vanishing moment condition (3.3) when [(Q) = 1.
A family of functions a = (ag) indexed by dyadic cubes @ with [(Q)) < 1is called a family of (rq,73)-
smooth atoms if
(3.6) supp ag C 3Q for each dyadic cube () when [(Q) <1,
(3.7) |07ag(x)] < CUQ)™M for || < ry when [(Q) < 1, and
(3.8)  Jn 2Vag(x)dx = 0 for |y| < ry when I(Q) < 1,
where (3.8) is void when 7, = 0,
(3.9) we do not assume the vanishing moment condition (3.8) when [(Q) = 1.

Theorem 4.2. Lets, s, c € R, 0<p, g <o0 andxqg € R". Let ri,r9 € Ny, J as in Lemma 3.1
and L > n.
(i) We assume that 1, ro and L satisfy the following condition:
(41) r1>max(s', o+s+ —2),
(42) ro>J—n—¢,
(4.3) L>J.
Then we have
A(B)e, ={f = ) cQmg:
(Q)<1
(11,72, L)— smooth molecules (mg), (c(Q)) € as(e;/q)go}
= {f=) dQuaq:
(Q)<1
(r1,72)— smooth atoms (ag), (c(Q)) € as(ef,/q)go}.
(ii) We assume that 1, ro and L satisfy
(4.1)" i >max(s'+ (0 V0), (cV0)+s+s —2),
(4.2) ro>J—n—5—(cN0),
(43) L>J+o

Then we have

A (B2, ={f = D c@Qmq:
(Q)<1
(11,72, L)— smooth molecules (mg), (c(Q)) € as(é;;)go}
= {f=) dQaq:
(@)1
(r1,72)— smooth atoms (ag), (c(Q)) € as(é;/q)go}.
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Remark 5. From Lemma 3.3, we remark that [ = 7,0, c(@)mq and f = 37, o)<, c(Q)agq are

convergent in S’ for each ¢ € a®(e pq) or a (ep/q)"

Proof of Theorem 4.2. (i) We may assume o > 0 by Remark 1. We put

A={f= Zz 1c(@)ag : (r1,m2)—smooth atoms (ag), (¢(Q)) € as(ef,'q)go},
M={f= Zl < L c(Q)mg = (71,72, L)—smooth molecules (mg),

(c(@Q)) € as(ei;)io}-
Since an (rq,79)— atom is an (71,79, L)— molecule, it is easy to see that A C M. Let M > f =
>_1g)<1 ¢(@)mgq and we consider the ¢-transform

mg= Y U(P) ™ (mgq , ¢r)ép,

where ¢p and ¢p as in Remark 2. Then we have

f=) dQmo= Y (Ac)(P)¢p,

HQ)<1 WP)<1

where A = {{(P)""(m¢q , ¢pr)}po. Lemma 3.1 and Lemma 3.2 yield that A is (1, ra+n, L)- almost
diagonal and Ac € a’(e /)" for ¢ € a®(e pq)" Hence, if we put D = {f = Zl @<1¢(Q)oq = c€
a*(e5,)3,}, then we see that M C D. From Theorem 4.1 we see D = A*(Es.)7 . Hence, we obtain
AcC M C AS(E},fq)IO

Using the argument similar to the proof of [10: Theorem 4.1] (cf. [4: Theorem 5.9] or [5: Theorem
5.8), for D > f = 37 0)<1¢(Q)dg. ¢ € a “(es,)2,, we see that there exist a family of (ry,rs)-
atoms {ag} and a sequence of coefficients {¢(Q)} € a*(eS,)7, such that f = P c(Q)og =
>10)<1 ¢ (@)aq. Hence, we see that D C A. Therefore, we have AS(E;;)gO = M = A. We can prove
(11) by the same way in (i). O

We recall the definition of smooth wavelets.

Definition 7. Let r € Ny and L > n. A family of {1, ¥} is called (r, L)~ smooth wavelets if
oz — k) (k€ Z™), 279/2p0(2x — k) (i =1,---,2" —1,j € Ny, k € Z")} forms an orthonormal
basis of L2(R™), and ¥ satisfies (5.1), (5.2) and (5.3), and a scaling function 1), satisfies (5.4)

(5.1) |p@(2)| < C(1 + |z|)~max(ELo) for some Lo > n + 7,

(5.2) 10700(2)] < O+ [el) ™ for 0 < | <7,

(5.3) fgn ¥ (x)27dx =0 for |y| <r
where (5.2) and (5.3) are void when r = 0.

(5.4) [vo()] < C(1+[al) % for ] <.
but 1y does not satisfy the vanishing moment condition (5.3). We will forget to write the index i of
the wavelet, which is of no consequence.

We put o r(z) = Yolx — k), k € Z", g(z) = »((Q) (z — zg)) for a dyadic cube @ with
Q) <1.

Theorem 4.3. Lets, s', c €R, g € R" and 0 < p, ¢ < 0.
(i) For a family of (r,L)- smooth wavelets {1g, ¥} satisfying
(6.1) r>max(s’, o+s+s -2, J—n—45) and
(6.2) L>J, whereJ asin Lemma 3.1,
we have
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A(E})7, = {f = Lezn cktbor + ygyz1 €(Q)vg : (cr) € a*(ep)7,
(c(@)) € a*(epy)7,

where (cp)rezn € a®(e5,)%, means that (°(Q))ugy<1 € a*(e5,)3, such as O(Q) = cx if Q = Qo =
0,1)"+k, k€ Z" and (Q) =0 if 1(Q) < 1.

(ii) For a family of (r, L)— smooth wavelets {1po, 1} satisfying

(6.1)" r>max(s'+ (0 VO0), (GVO)+s+s =2, J—n—s—(0A0)) and

(6.2 L>J+o

we have

AS(ES )20 = L = 2hezn utbor + Dy q)<1 (@)¥q : (ck) € (é;/q>go7
(c(Q)) € a*(&5)7,}-

Remark 6. We see that by Lemma 3.3, >, ;. cxtbox and
>_1g)<1 ¢(@)q are convergent in S for (cx), (c(Q)) € a’(e; )2, or a*(e5.)7 .

Proof of Theorem 4.3. (i) We may assume ¢ > 0 by Remark 1. We put W = {f = >, ;. cxtor +
Y@y A(Q)q : (cr), (c(Q)) € a*(ep)7, }-

Let W S f =2 ke ok + D)< €(Q)Yq and we consider the ¢-transform

Yok = Z UP) ™Yok » pp)OP

sz (g, p)bp

where ¢p and ¢p as in Remark 2. Then we have

= (Bin)(P)gp+ Y (Aie)(P
i(P<1

I(P)<1

where By = {l(P) "™ (Yox , ¢pr)}rr and A; = {{(P) "™ (¢g , ¢p)}prg. Lemma 3.1 and Lemma 3.2

yield that B; and A; are almost diagonal and Bjci, Aic € as(ez;)" for ¢y, ¢ € a*(e;, ) Hence, by

Theorem 4.1, we see that W C D = AS(E;;)gO where D is as in the proof of Theorern 4 1.
Conversely, let D > f = ZZ(Q) <1 ¢(Q)9q and we consider the wavelet expansion

b= (bq ., tor)bor+ Y UP)™oq, vr)tp.

kezn I(P)<1

Then we have

F= " (Beo)(R)thos+ Y (A0)(Q)g

where By = {(¢¢q , Vo) ko and Ay = {{(P) (¢ , ¥p)}pg. Lemma 3.1 and Lemma 3.2 yield that
By and Ay are almost diagonal and Byc Axe € a’(e,, s )2, for ¢ € a*(e5,)3,. Hence, by Theorem 4.1,

we see that AS(ES )2, =D CW.
We can prove (11) by the same way in (i). Hence we obtain the result of Theorem 4.3. O

Remark 7. (1) we see that Theorem 4.3 is independent of the choice of smooth wavelets {1, 1™}
(see Remark 3 (2)).
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(2) For f € AS(E;;)ZO or AS(ES;)gU the parings (f , vox) and (f , 1g) are well-defined. More
explicitly, we see that for any {¢q, ¢¢} as in Remark 2,

ok = Y WP dp) ok wr) = Y ()P {Wok , pp)

I(P)<1 1(P)<1

and

Z UP) ™[, op)(¥q , ¢p) = Z c(/)(P)¥q , epr)

I(P)<1 I(P)<1

are convergent by Lemma 3.3 and (b) in the proof of Theorem 4.1. Thus, for f € AS(E;;)ZO or

AS(ENS;)gO we have a wavelet expansion f =3, ;. cxtbor+) 2 9)<1 ¢(Q)Yq in & and its representation
is unique in &', that is, ¢, = (f , o) and ¢(Q) = 1(Q) "(f , q). Hence, we have that by Lemma
3.1, Lemma 3.2 and (b) in the proof of Theorem 4.1,

(k) s est e, —||< » Yo llasestyz
S H Z kav ¢P>||a3 es

I(P)<1

< Ol gy, <

sa)%0

and

1@ (e e, = ||z< > <f,wQ>|rQSes )
< ¢ Z W0 s o) (e e

q/TQ

< CH()

as(es, )% < OHf‘

b As(Ege)3

Conversely, we consider the p-transform

%k—zl "(Yok , pr)op

and

Vo = Zl (Yq . pr)op.

Then we have

f= Z%%lﬁ”Z Qg = Y (Bey)( qbp—l—ZAc

kezn kezn

where B = {I{(P) " (¢%ox , ¢p)} and A = {l(P) " (¢¢g , ¢p)}. Hence we have by Lemma 3.1, Lemma
3.2 and (a) in the proof of Theorem 4.1,

Ul ascmgyye, < Cl(Bex) + (A asest o
S CHBckHaS eéq ‘7 + O||Ac||a3(es )‘7
< Cllallugys +Clle

a’ es

Therefore, we have

1]

ez, ~ 1) lasegyg, + 1@ laseg g -

Similarly, we also obtain

[1£]

woiige ~ 1@ lye + 11(Q)

~o .
a® (e;q)go
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5 Applications

Definition 8. Let T be the space of Schwartz test functions (C'*°-functions with compact support)
and 7" its dual. For arbitrary ry, ro € Ny the Calderén—Zygmund operator T' with an exponent € > 0
is a continuous linear operator 7 — T such that its kernel K off the diagonal {(z,y) € R" x R™ :
xr =y} satisfies

(7.0) 01K (2,9)] < Clo -y~ @+ for ] < 1,

(7.2) |K(z, y) — K(z, y)| < Cly = y/["*|x —y[72F9if 20y’ — y| < |z —y],

(7.3) |07 K (2, y) = OV K(z, y)| < Cly — y/||x — y|~ "1+

if 2]y —y| < |z —y[for 0 < |y[ <y

(where this statement is void when r; = 0),

VK (2, y) — 0K (2", y)| < Cla’ — ||z — y| =11+

if 2|2’ — x| < |z — y| for |y| < ry,
(where the subindex 1 stands for derivatives in the first variable)

(7.4) T is bounded on L*(R™).
We obtain the following theorem.

Theorem 5.1. Lets, s, c €R, zg € R", 0 <p, g <00, 1, r9 € Ng and J as in Lemma 3.1.

(i) The Calderén—Zygmund operator T with an exponent € > J — n satisfying T(x7) = 0 for
|v| <7 oand T*(2Y) = 0 for |y| < rq, is bounded on AS(E;;)gO if 1 and ro satisfy (4.1) and (4.2) as
i Theorem 4.2 respectively.

(ii) The Calderén—Zygmund operator T with an exponent € > J —n + o satisfying T'(x7) = 0 for
[y| <71 and T*(27) = 0 for |y| < re, is bounded on A*(E5)3, if r1 and ry satisfy (4.1)" and (4.2)" as
i Theorem 4.2 respectively.

Proof. The proof is similar to ones of [12].
(i) We may assume o > 0 by Remark 1. Let f € AS(E;;)gO. Then we consider a wavelet

expansion f = >, cxthok + D _yg)<1 C(@)¥q (o), (c(Q)) € as(e;;)go from Theorem 4.3. We may
suppose that smooth wavelets {1y 1} are compactly supported by Remark 7 (1). Then there exists
a positive constant ¢ such that supp ¢ C cQox where Qox = [0,1)" + k and supp g C @ for
every dyadic cube @ with [(Q) = 27! < 1.

We claim that T'f = >, ce(Tox) + 2 10«1 (@) (T¥q) = D4 cumi + 32y g)<1 ¢(@)mq is conver-
gent in 8" and ||T'f| (B, < ClIf] (B,

More precisely , we will show that my, and mg satisfy following properties:

(8.1) |my(z)| < C(1+UQ) Yo — ap])~L with L > J,

(82) Ima()| < C(1+ Q) |z — zgl) =+,

(8.3) [0"mg(z)| < CUQ)™ M1 +1(Q) o — zg|) =™ for 0 < |y| < 7y, and

(8.4) [ a"mg(x)dz =0 for |y] < rs.

From the assumption T*z" = 0 for |y| < ry we have [p, 'mg(x)dx = 0 for |y| < ry, that is,
(8.4) holds.

We choose a suitable large constant Cy. From Fraizer—Torres-Weiss [12: Corollary 2.14|, when
|z — 20| < 2C27", we have

[mi(@)] < llmellss < C Y 10%0alloe < C < O+ o — )7

18]<1

and
" mg(x)] < [|07mgllee < C Y 21Dl 5oy |

o <|v[+1
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< 2 < ClQTMA+ Q) w — w7
for any L > 0 and |y| < r1. When |z —zg| > 2C527, using (7.1) and (7.2) in Definition 8, we obtain
ime(x)] =1 | K(z,y)¢or(y)dyl < C | |K(z,y)|[bor(y)ldy
R" Rn

< C o =y (L |y — ail) Py < C(1+ o — )~

ly—2x|<Co

Moreover, using (7.3) in Definition 8 for 0 < || < ry, we have

|mmwm§c/ VK (2, ) — 0K (2, 20) o ()| dy
ly—zq|<Co2~!
< C ly — zg||x — 2o~ "My
ly—2q|<Co27!

< CQ_Z(n+€)|ZL” _ :EQ|_(n+M+€) < C2l|~/|(1 + 2l|x _ $Q|)_(n+€)-

Therefore, we obtain (8.1), (8,2) and (8.3). Hence by Lemma 3.3, T'f = >, cxmy, + >, c(Q)mq is
convergent in &’ from (8.1), (8.2), (8.3) and (8.4). For the wavelet expansion

my = Z(mk s Yo,k) Vo k +Zl "(mu , Yp)Yp,

k

mqg = ZWLQ , Yox)Vok + Zl "(mq , Yp)p,

k
we have

Tf Z cpmy + Z mQ =
Q<1
Z((Blck) + (Back) o + D ((Are) + (A20))(P)eop

k (P)<1

where By = {(my, , Yor) e, B2 ={(mq , Yor)}tre,

Al = {l( )7 (mk , ¢p>}pk, AQ {l( )7 <mQ ¢p>}pQ By Lemma 31 Lemma 3. 2 (8 1) (8 2)
(8,3) and (8.4) the operators By, By, A, Az are bounded on a*(e;, )xo if r; and ry satisfy (4.1) and
(4.2) respectively. By Remark 7 (2), it follows that

WﬂuwsaNW&@+BMMM%U+HMw+&dM%WO
<

aseS ‘7)

+ e
a’ els,qf’

Similarly, we obtain (ii). O

Definition 9. Let © € R. A smooth function a defined on R™ x R" is said to belong to the class
ST, (R") if a satisfies the following differential inequalities that for all o, 5 € N,

sup(1+ [¢]) #1020  a(w, €)] < oo.
z,€
a(x, D) is the corresponding pseudo-differential operator such that

o D)f (@) = [ eala. 7€) dg
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for f € S.

Theorem 5.2. Lets, s, 0 € R, xg € R", 0 < p, q < oo. Let p € R, J as in Lemma 3.1 and
a € St (RY).
(i) a(x,D) is a continuous linear mapping from A*(E; E2 )0, to AS(ES e

a(z, &) = a(§).
(ii) a(x, D) is a continuous linear mapping from A*(E, E¥ ) L0 A“"’(ES e

or a(z, &) = a(§).

if s >J—n+por

o

if s >J—n+pu+oN0

o

Proof. (i) We may assume o > 0 by Remark 1. We write T' = a(z, D). Let f € A® (E;;)xo By
Theorem 4.1, we consider the p-transform f =, c(P )qbp where ¢(P) = ¢(f)(P) = U(P)™"(f, ¢p)
and ¢p, ¢p as in Remark 2. Then we see (¢(P)) € a*(e5,)7,. We write that Tf = Y, ¢(P)mp where
mp = T¢p. We see for a dyadic cube P with [(P) = 2 g

me = [ #ale €)6r() de

Then we have, using a change of variables,

mp(x) = / PO (2, 296)3(¢) de.

By the fact that (1 — Ag)*(e) = (1 + |z|?) €™ for the Laplacian A and using an integration by
parts, we obtain for v € Njj and [(P) < 1,

Nmp(x)
B / (1= D) (e @) (1 4 (2|2 — wp|)?)~F
D (20i€)° 0 Pa(x, 2€)$(€) dE

o<y

= C(1+ (@~ opl)) / Plee(1 - )t

> (2ie)’0) a(w, 27€)o(€)

o<y
Thus, we have

|0ymp(2)|

< cagl-ah [Y Y

0<y |a+B+7|<2L,a<é

291127181102 (€)° (107 97~ alw, 27€)||0F H(€)| d€

< C(1+2)z—xp|) QL/Z Z x
0<y la+p+7|<2L,a<6
217181 PIle (1 4 27| =PIl a7 G(€)| d
< 02ju2j|7|(1 + 2|z — xp’)sz
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and similarly, for P with [(P) = 1,

[zmp(2)|
< C(l+|z—ap)

/’ ST (1 e oz do(e)] de

la+B-+7|<2L
< C(+|e—ap)?"

Hence, mp(z) satisfies
12771 mp(x)| < C2M (1 + 2|z — xp|) "2

for P with [(P) < 1, any 7 € Ny and any L > 0. We choose a suitable large L. For the ¢ transform

27Mmp = UR)2 " mp | oR)ér,
I(R)<1
we have ' ' .
Tf= Y 2"c(P)27"mp) = Y A(2"c)(R)¢r.
i(P)<1 (R)<1
where A = {{(R)™(277*mp , pr)}rp. From Lemma 3.1 and Lemma 3.2, A is bounded on as(efj;_“)go

if & >J—n+pora(x,&) =a(f). We remark that in the case s’ > J —n + u, we do not assume the
vanishing moment condition for mp. But in the case a(z,§) = a(§), we have the vanishing moment
condition for mp, indeed, for any P with I[(P) < 1, [ &7mp(z) dz = Cd1mnp(0) = CO (ép)-a)(0) =0
for any v € Ny. From (a) and (b) in the proof of Theorem 4.1, it follows that

T AW g gmyg, < CNART e gome,
< Cl2%lluqrmg < Cllellaseys,
(ii) Similarly, we can prove for this case. [

Corollary . Lets, s, c € R, 20 € R", 0 <p, ¢ < o0.
(i) Letp € R. Then the Bessel potential (1—A)*/? is a continuous isomorphisms from A*(E5, )7,

onto AS(ES )2, and from A*( ;q)" onto A“"’(ES e
(ii) Lety e Nj. Then the differential operator 97 is continuous from A*(E; E? )7, to AS(E, _M)
and from A*(E; E? ) 10 As(E; |7‘)3,30

zo”*

o’

Proof. These are immediate corollaries of Theorem 5.2. To finish the proof of (i) we need to show
the mapping is surjective and one to one. For h € AS(ES ), we set f = (1 — A)~#2h. Then
h=(1—A)W2f O
6 Characterizations via differences and oscillations
Definition 10. Let k € Ny. We define the differences of functions

ALf(z) = f(x +u) — f(x) and AR = ALTAF,

We set
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ALf(y)| du

W) = m) oo

where B;(z) is the ball with a center x and a radius 27, and |B;(x)| means its volume. It is obvious
that ’dff(y” < CSUPk|u|§2*i Aﬁf(yﬂ
We define the oscillation of locally L integrable functions f (0 < p < oo) by

! — p 1/p
BT o, 0~ PO

with the suitable modification for p = oo, where the infimum is taken over all polynomials P(z) € Py,
the space of all polynomials with deg < k on R". By Pgf for a ball B we denote the unique
polynomial in Py, such that [,(f(z) — Pgf(x))x® dz = 0 for all |a| < k. We see that ||Pg f||1=5) <
ﬁfB |f(z)] dz and Pgf = f for f € P;. We put

osc’;f(:v, i) = inf(

1
|Bi(z)] Bi(x)

Then we see oscl f(z, 1) ~ Q0 f(z,1) if 1 <p < oo (cf. [19]).

O f(x,) = ( f(y) = Po.@) f ()P dy)'/.

Lemma 6.1. (i) Lets€R, 0 >0andletkeN, k>3 >0, 1<p<oo, 0<q<oo andlet f
be locally LP integrable.

Then we have

sup [(Q)™7 sup [(P)°x

DBQBQ?O DSPc:&Q
( Z (2is' sup HAZfHLp(P))q)l/q
i>(—logy I(P))VO klu|<2-1

< C sup Q)7 sup (P)°x

D3Q@Q>x¢ D3PC3Q

(> @ losey ™ flad)llem) ),

i (~ log, [(P))VO

and

sup [(Q)™° sup I(P)°x

D3Q>3x¢ D>PC3Q

(> @ losep f (w0 | o)) )M

1>(—1logy I(P))VO
UMy +C Y @ fl o)D),
i (~log, I(P))VO

(ii) Let seR, o >0andletkeN, k>s >0, 1<p<oo, 0<q<ooandletf be locally
LP integrable . Then we have
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sup (Q)™7 sup [(P)°x

D3Q30 D3PC3Q

10 > @ sup (ALY

i>(—logy (P))vo  Kluls2T

< C sup Q)7 sup (P)*x

D3Q3x¢ D>5PC3Q

10 > (@ osey ™ f(w,i))) " |ae),

and

Proof. We will see that for k|u| < 277,

AL F(@)] < COTg [f(w+ ew) = Ppyaren f (2 + eu)])
<cYr, Do U f (e, D),

We consider a sequence for ¢ < --- < m — o0,

Bi(x+eu) D--- D By(r+eu) D+ — x+eu.

Then we have

1 1
= f=Ppfldy < 75— f—=Pp, [l dy
1 m
w3 [ 1Pas = Pofl
"l —ip1 Y Bm
Sy L Y R UENeD Sy
> 5 — B, Y o — I'B,, Y
Bo] Ja, 2= 1B /s, |
< o[ l-r flay ey [ 18- Pasldy
> T 1 — 1B, T — I'B .
|Bm| Bm 1=i |Bl| By :
Hence, we have
1
|f(z +eu) — Pp,(x +eu)| = lim —— |f — P, f| dy
m—><x>|Bm| B,
< lim |fPf|d+ijl/|f Pof| d
< lim o — Py, fl dy — - Y

< C’Zﬂ'jflf(a:jLeu,l).

l=i
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Therefore, we have for a dyadic cube P with [(P) =277,

(D@ sw [|AL )

i>5V0 klu|<2-?
< O @ N @, D)|ivse) )
i>7V0 1>
< OO @ (@, 1) | poar) )
i>4V0
< COY (2% |osep™ f(,8)|o(p) ")
i>5V0
< Of|lwg—xp| +277)7277% sup 1(Q)™° sup I(P)*x
D3Q>x¢ D>PC3Q
(D @ loscl™ f ()] | Lory) )M
i>§V0

by using Hardy’s inequality if s’ > 0. This completes the proof of the first half of (i).
Next, we will prove the last half of (i).
We consider a function 6 € S such that supp 0 C {k|u| <1} and [ 6(u) du = 1. We put

hi(x) = /(f(a:) — AR f(2))05(u) du
where 6;(u) = 2"0(2'u). We claim that
osey ™ f(2,9) < Cligay So,w 15 F WP dy) /P + Coscy ™ hy(w, ).
We see that

osc];_lf(:v,i) ~ Q’;_lf(x,i) =

1 p 1/p
1

(

If(y) — hi(y) [P dy)"/?

1Bi(2)| J @)
1
h — Ppwyhi(y) P dy)'’”
1 P /P
1 p /p
< g / ()" dy)!
1 P /P
OB Jy 10~ Pl
1 k ) D 1/p
< g MSW\AJ(y)H@z(U)I du)? dy)
+CQ]; lhi(x,@)
<

1
C —/ d¥f(y) P dy Ur 4 Cosch = hy(x, ).
(Bi(:v)] Bi(z)| ()" dy) p iz, i)
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Next, we will estimate osck™'h;(z, ). We consider the (k — 1)th Taylor polynomial ¢(x) of h; at .
Then we have

hi(y) — a(y)
_ /‘Ej S0l + tly — 2))(w —y)P(1— ) de
0 ik P!
= )P fa + t(y — x) +mu) X
[Zafs(h)e

0;(u) du(z —y)P(1 —t)*! dt

— / ;kﬁ'/z< ) TP f(r A+ t(y — 2) + m2 ) x
990 du(x — y)P(1 — )L dt.

Hence, we see by using Minkowski’s inequality

loscl™ hi(z, i) Lery < |( e |/ g1 dy)' | o)

| 5 |/B.(x </ /MulqZ|f<w+t<y—x>+m2-iu>|x

10°6( )]du]x ] (1 —t)* 1 dt)? dydx)'/?

<C/ / / /|f T 4 ty + m2 7 w)|P drdy) /P x
klu|<1 ., |B |
—zk

)k 1 dudt
< C/ / / / z)|P dady)/Px
klu|<1 ,, |B | P+ty+m2— Zu
—zk )k 1 dudt

< Comik( / F@P o) < 27| f] s,
5P

Moreover, we have

1
|Bi(%)] J @)

1
C d¥ f(z +y) P dydz)/”
< O (g g oS+ ) dude)

1
C df f(z)|P dady)'’”
< g Lo o S drd)

< (] W@l o)’ < Ol
3P

I( & I dy)' 7| oy

Thus, we have for a dyadic cube P with ((P) =277

(> @ oscy " f(a,)|zoce)) )1

i>5V0
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< COY - @¥NdE fllroar) )Y+ O 27 EDN Y| ]| sy

i>§V0 i>5V0

< COY - @NdE fllroar) )Y+ Cll e ep)

i>§V0

< C(lwo —xp|+279)727° sup Q)™ sup U(P)*( Y (2¥[|dE fllLrr)))

D3Q3x¢ D>PC3Q i>5V0

+C(|lwo — xpl +279)7277° sup U(Q)™ sup I(P)"°||flop)
D3Q>x0 D>PC3Q

if £ > s’. The proof of (i) is complete. In the same way we can prove (ii). H

Theorem 6.1. (i) Lets, s, c e Rwith0<s, 0<o,andletxzg e R", 1 <p<oo, 0<qg<o0.

Let k € N with k > s’ > 0. Then we have following equivalences for f € S’

1 FlLasog e, + 500 Q)™ sup UP)~*||fllucr
ToEQ PC3Q

~ sup U(Q)™7 sup U(P)*(|[fllLepy
ToEQ PC3Q

+ 0 Y, @ sup [JAU @)Y

i>(—logy (P))v0  Flul=27

~ sup (@)™ sup U(P)"*(|[f]|ze(p)
20€Q PC3Q

+ 0 > (@ loseE T fller)))
i>(—logy [(P))V0

~ sup [(Q)~7 sup L(P)"*(||fl|rep)
ToEQ PC3Q

+ Z 2|1 £ Lo(p)))M9).

i>(~ log, I(P))V0

(ii) Lets, s, c e Rwith0<s, 0<o0, 20 e R", 1 <p<oo, 1 <q<oo. LetkeN with
k> s > 0. Then we have following equivalences for f € S’

1 lLags, + 5 4@ sup {P) 1 fllsir
ToEQ PC3Q

~ sup 1(Q)™7 sup I(P)"*(||f]|ze(p)
ToEQ PC3Q

0 Y @ sup ALY )

i>(~logy i(P))vo  Hlul=2T

~ sup Q)™ sup I(P)"*(|[f]|ze(p)
20€Q PC3Q

+ 0 DD @ ose T DY ogey)
i (~ log, [(P))VO

~ sup 1(Q)™7 sup U(P) (|| fllLe(p)
20€Q PC3Q

+ 00 Y @ N ).

i>(~ log, I(P))V0
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Proof. (i) It suffices to prove the first part of (i) by Lemma 6.1. We consider the Littlewood-Paley
decomposition f = S;f + >_,.; f * ¢. Then we have for klu| < 27" and a dyadic cube P with
(P)=27,i>j

AL fl ey < AL = Sif)llepy + 1ALS: | oy
< O AR * ¢)llieee) + ClIALS: fl| o p)-

>t

We will estimate ||AES; f]|1»(p). Note the following formula

pisifa) = [ 3 S Sifat M) de

lv|=k

where N}, is the B-spline of order k (e.g. See [27]). Therefor we have for k|u| < 27
188 f Py < C 3y [ul*[10”Si f || o 2p)-

Next, we will estimate |[0”S; f||Lr2p):

10" S, flliwar = || / (@ —27y) o(y) dyllrer)

p 1/p| v
< //P DI ) 710" do(y)| dy
< co / (o — 2| + 27 (1 + [y))° 10" dolv)| dy

xsup 1(Q)~7 sup I(P)™*[|fllzr(p)
T0€EQ PC3Q
< C(lwg —xzp| +277)7279 sup 1(Q) ™ sup L(P)"*||f||r(p)
T0EQ PC3Q
Hence, we have
AL ey
< CSNIANS * 00|y
>
C(jzo — xp| +277)7277°27" sup 1(Q) ™7 sup I(P)™°||flop)
r0€EQ PC3Q

Moreover, we obtain by using Hardy’s inequality if s’ > 0

(D@ sup [[ALfllne))

i>jV0 klu|<2— i

< OO @ STNALF * a)llzary) )V
i>5VO0 I>i

+ O |wg — ap| +277)72700
i>5V0

x sup U(Q)™7 sup U(P)™*||f||zee)) )"

ToEQ PC3Q

< OO @A * 0)llorp)?)e

i>35V0

+ C(lmo — xp| +279)7277 sup U(Q) ™" sup U(P) || fl[wo(p)
PC3Q

ToEQ
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This implies that

sup 1(Q)™7 sup U(P)*( Y (2 sup |IAGflluogr))*

x0€Q PC3Q i>3V0 klu|<2—1
< Csup U(Q)™ sup L(P) (Y (2| f * ¢il|Locr)) )M
(P)

T0€EQ PC3Q i>5V0

4+ Csup Q)™ sup I(P)°||f]|ep)
ToEQ PC3Q

< Cllfllas(sgg, +C sup Q)™ sup I(P)*[|f[|Lop)

ToEQ PC3Q

We will show the converse statement. It is easy to see that there exist ¢ € S m = 1,---n such
that ¢ = ", A’C“em¢m for enough small ¢ where eq,--- e, are the canonical basis vectors in R".

Then we have for i € N
* ¢Z Z f * AISQ tem Z A(:2 lem * ¢;n

Therefore, we have for a dyadic cube P with [(P) =277 and i > j

f * illLop)
< C||ZA2% [ & e (e)

< /mz L I8 S da) o) dy
cofy S, s (L a6 )] dy

2y klu|<2—
Hence, we have if [(P) < 1

2 @I * dillo))
i>]
< O(|lwg — xp| +277)72775 x
sup [(Q)™7 sup l(P)_S(Z(TS, sup ||AE | op)) )M
x0€Q PC3Q i>j klu|<2—1

and if [(P) > 1

Q@S * illrey) e

i>0
< O @S * Gill o)DM+ 11 * ol oy
i>0
< C(lzwg —xp| + 2 )"2 5 sup Q)7 sup I(P)™* x
ToEQ PC3Q
3@ sup [|AEfllney)) e
i>0 klu|<2—1

+ Ol —xp| +277)7277 sup Q)™ sup I(P)™°||f|lop)
ToEQ PC3Q
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Thus, we have

sup 1(Q) ™ sup 1(P)*(D_(2"||f * $il o))/

T0€EQ PC3Q

>0
< Csup ((Q)7 sup I(P)™" x
20€Q PC3Q
(2@ sup [|AEfl]or) )
= kfu| <2
+ sup U(Q)™7 sup L(P)°||f]|Le(p)-
ToEQR PC3Q

This completes the proof of Theorem 6.1 (i). In the same way we can prove (ii).
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