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On the 90th birthday
of Professor Oleg Vladimirovich Besov

This issue of the Eurasian Mathematical Journal is dedicated to the 90th birthday of Oleg
Vladimirovich Besov, an outstanding mathematician, Doctor of Sciences in physics and mathematics,
corresponding member of the Russian Academy of Sciences, academician of the European Academy of
Sciences, leading researcher of the Department of the Theory of Functions of the V.A. Steklov Insti-
tute of Mathematics, honorary professor of the Department of Mathematics of the Moscow Institute
of Physics and Technology.

Oleg started scientific research while still a student of the Faculty of Mechanics and Mathematics
of the M.V. Lomonosov Moscow State University. His research interests were formed under the
influence of his scientific supervisor, the great Russian mathematician Sergei Mikhailovich Nikol’skii.

In the world mathematical community O.V. Besov is well known for introducing and studying
the spaces B;G(R"), 1 < p,0 < o0, of differentiable functions of several real variables, which are now
named Besov spaces (or Nikol’skii-Besov spaces, because for §# = oo they coincide with Nikol’skii
spaces H(R")).

The parameter r may be either an arbitrary positive number or a vector r = (rq,...,r,) with
positive components r;. These spaces consist of functions having common smoothness of order r in
the isotropic case (not necessarily integer) and smoothness of orders r; in variables z;,7 = 1,...,n, in
the anisotropic case, measured in L,-metrics, and ¢ is an additional parameter allowing more refined
classification in the smoothness property.



0O.V. Besov published more than 150 papers in leading mathematical journals most of which are
dedicated to further development of the theory of the spaces B;Q(R"). He considered the spaces
;H(Q) on regular and irregular domains 2 C R” and proved for them embedding, extension, trace,
approximation and interpolation theorems. He also studied integral representations of functions, den-
sity of smooth functions, coercivity, multiplicative inequalities, error estimates in cubature formulas,
spaces with variable smoothness, asymptotics of Kolmogorov widths, etc.

The theory of Besov spaces had a fundamental impact on the development of the theory of
differentiable functions of several variables, the interpolation of linear operators, approximation the-
ory, the theory of partial differential equations (especially boundary value problems), mathematical
physics (Navier—-Stokes equations, in particular), the theory of cubature formulas, and other areas of
mathematics.

Without exaggeration, one can say that Besov spaces have become a recognized and extensively
applied tool in the world of mathematical analysis: they have been studied and used in thousands
of articles and dozens of books. This is an outstanding achievement.

The first expositions of the basics of the theory of the spaces B;Q(R”) were given by O.V. Besov
in [2], [3].

Further developments of the theory of Besov spaces were discussed in a series of survey papers,
e.g. [18], [12], [15]. The most detailed exposition of the theory of Besov spaces was given in the
book by S.M. Nikol’skii [19] and in the book by O.V. Besov, V.P. II'in, S.M. Nikol’skii [11], which in
1977 was awarded a State Prize of the USSR. Important further developments of the theory of Besov
spaces were given in a series of books by Professor H. Triebel [21], [22], [23]. Many books on real
analysis and the theory of partial differential equations contain chapters dedicated to various aspects
of the theory of Besov spaces, e.g. [16], [1], [13]. Recently, in 2011, Professor Y. Sawano published
the book “Theory of Besov spaces” [20] (in Japanese, in 2018 it was translated into English).

A survey of the main facts of the theory of Besov spaces was given in the dedication to the 80th
birthday of O.V. Besov [14].

We would that like to add that during the last 10 years Oleg continued active research and
published around 25 papers (all of them without co-authors) on various aspects of the theory of
function spaces, namely, on the following topics:

Kolmogorov widths of Sobolev classes on an irregular domain (see, for example, [4]),

embedding theorems for weighted Sobolev spaces (see, for example, [5]),

the Sobolev embedding theorem for the limiting exponent (see, for example, |7]),

multiplicative estimates for norms of derivatives on a domain (see, for example, [8]),

interpolation of spaces of functions of positive smoothness on a domain (see, for example, [9]),

embedding theorems for spaces of functions of positive smoothness on irregular domains (see, for
example, [10]).

In 1954 S.M. Nikol’skii organized the seminar “Differentiable functions of several variables and
applications”, which became the world recognized leading seminar on the theory of function spaces.
Oleg participated in this seminar from the very beginning, first as the secretary and later, for more
than 30 years, as the head of the seminar first jointly with S.M. Nikol’skii and L.D. Kudryavtsev,
then up to the present time on his own.

0O.V. Besov participated in numerous research projects supported by grants of several countries,
led many of them, and currently is the head of one of them: “Contemporary problems of the theory
of function spaces and applications” (project 19-11-00087, Russian Science Foundation).

He takes active part in the international mathematical life, participates in and contributes to
organizing many international conferences. He has given more than 100 invited talks at conferences
and has been invited to universities in more than 20 countries.

For more than 50 years O.V. Besov has been a professor at the Department of Mathematics of
the Moscow Institute of Physics and Technology. He is a celebrated and sought-after lecturer who is
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able to develop the student’s independent thinking. On the basis of his lectures he wrote a popular
text-book on mathematical analysis [6].

He spends a lot of time on supervising post-graduate students. One of his former post-graduate
students H.G. Ghazaryan, now a distinguished professor, plays an active role in the mathematical
life of Armenia and has many post-graduate students of his own.

Professor Besov has close academic ties with Kazakhstan mathematicians. He has many times
visited Kazakhstan, is an honorary professor of the Shakarim Semipalatinsk State University and a
member of the editorial board of the Eurasian Mathematical Journal. He has been awarded a medal
for his meritorious role in the development of science of the Republic of Kazakhstan.

Oleg is in good physical and mental shape, leads an active life, and continues productive research
on the theory of function spaces and lecturing at the Moscow Institute of Physics and Technology.

The Editorial Board of the Eurasian Mathematical Journal is happy to congratulate Oleg
Vladimirovich Besov on occasion of his 90th birthday, wishes him good health and further productive
work in mathematics and mathematical education.

On behalf of the Editorial Board
V.I. Burenkov, T.V. Tararykova



(1]
2]

13

(4]

5]

16]
7]

18]
19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

11

References

J. Bergh and J. Lofstrom, Interpolation spaces. An introduction. Springer, Berlin, 1976.

0.V. Besov, On some families of functional spaces. Embedding and extension theorems. Dokl. Akad. Nauk SSSR,
126 (1959), no. 6, 1163-1165 (in Russian).

0.V. Besov, Investigation of a class of function spaces in connection with embedding and extension theorems.
Trudy Mat. Inst. Steklov., 60 (1961), 42-81 (in Russian).

0.V. Besov, Kolmogorov widths of Sobolev classes on an irreqular domain. Proc. Steklov Inst. Math., 280 (2013),
34-45.

0.V. Besov, Embedding of a weighted Sobolev space and properties of the domain. Proc. Steklov Inst. Math., 289
(2015), 96-103.

O.V. Besov, Lectures on mathematical analysis. 3-rd edition, Fismatlit, Moscow, 2016, 480 pp. (in Russian).

0.V. Besov, Another note on the embedding of the Sobolev space for the limiting exponent. Math. Notes, 101
(2017), no. 4, 608-618.

O.V. Besov, Multiplicative estimates for derivatives on a domain. Math. Notes, 108 (2020), no. 4, 492-498.

0.V. Besov, Interpolation of spaces of functions of positive smoothness on a domain. Proc. Steklov Inst. Math.,
312 (2021), 91-103.

0.V. Besov, Embeddings of spaces of functions of positive smoothness on a Holder domain in Lebesgue spaces.
Math. Notes, 113 (2023), no. 1, 18-26.

0.V. Besov, V.P. II'in, S.M. Nikolskii, Integral representations of functions and embedding theorems, Nauka,
Moscow, 1975 (in Russian); English transl. Halsted Press [John Wiley & Souns|, V. I, 1978, V. II, 1979; 2nd
edition (updated and complemented), Nauka, Moscow, 1996.

V.I. Burenkov, Embedding and extension theorems for classes of differentiable functions of several variables
defined on the entire space Ttogi Nauki. Ser. Matematika. Mat. Anal. 1965, VINITI, Moscow (1966), 71-155 (in
Russian); English transl. in Progress in Mathematics 2. Mathematical Analysis. Plenum Press, New York (1968),
73-161.

V.I. Burenkov, Sobolev spaces on domains. B.G. Teubner, Stuttgart-Leipzig, 1998.

V.I. Burenkov, T.V. Tararykova, On the 80th birthday of Professor Oleg Viadimirovich Besov. Eurasian Math.
J. 4 (2013), no. 2, 5-9.

L.D. Kudryavtsev, S.M. Nikol’skii, Spaces of differentiable functions of several variables and embedding theorems.
Analysis - 3. Itogi Nauki i Tech. Ser. Sovrem. probl. mat. Fundament. napravleniya 26, VINITI, Moscow (1988),
5-157; English transl. in Encyclopaedia Math. Sci. 26, Springer, Berlin (1991), 1-140.

J.-L. Lions, E. Magenes, Probléemes auz limites non homogénes et applications. Vol. 1, Dunod, Paris, 1968.

J.-L. Lions, J. Peetre, Sur une classe d’espaces d’interpolation. Inst. Hautes Etudes Sci. Publ. Math. 19 (1964),
5-68.

S.M. Nikol’skii, On embedding, extension and approzrimation theorems for differentiable functions of several
variables. Uspekhi Mat. Nauk 16 (101) (1961), no. 5, 63-114 (in Russian); English transl. in Russian Math.
Surveys 16 (1961), no. 5, 55-104.

S.M. Nikol’skii, Approzimation of functions of several variables and embedding theorems. Nauka, Moscow (in
Russian); English transl. Grundl. Math. Wissensch., 205, Springer-Verlag, New York, 1975.

Y. Sawano, Besofu kuukanron (Theory of Besov spaces) (in Japanese). Nihon Hyoronsha, 2011; English transl.
Springer Nature Singapore Pte Ltd., Vol. 56, 2018.

H. Triebel, Interpolation theory, function spaces, differential operators. North Holland, Amsterdam, 1978.



12

[22] H. Triebel, Theory of function spaces. Birkhduser, Basel, 1983.

[23] H. Triebel, Theory of function spaces II. Birkhiuser, Basel, 1992.



EURASIAN MATHEMATICAL JOURNAL
ISSN 2077-9879
Volume 14, Number 2 (2023), 13 — 23

ON ESTIMATES OF NON-INCREASING REARRANGEMENT OF
GENERALIZED FRACTIONAL MAXIMAL FUNCTION

N.A. Bokayev, A. Gogatishvili, A.N. Abek

Communicated by V.I. Burenkov

Key words: generalized fractional maximal function, non-increasing rearrangements, generalized
Riesz potential.

AMS Mathematics Subject Classification: 42B25, 46E30, 47B38.
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of f. It is shown that the obtained estimate is more sharp than the inequality which follows from
the estimate for the generalized Riesz potential.
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1 Introduction

In this paper, we consider the generalized fractional maximal function

(Maf)(z) = sup (s / )y,

for locally integrable functions f under certain assumptions on the function ®, where B(x,r) is the
ball with the center at the point x € R™ and radius r > 0. When ®(r) = r*™" «a € (0;n), n € N we
get the classical fractional maximal function (M, f)(z). When o = 0 we get the Hardy-Littlewood
maximal function. Other types of generalized fractional maximal functions were considered in [6],
[11-13].

Let Ly = Lo(R™) be the set of all Lebesgue measurable functions f : R" — C and p, be the
Lebesgue measure on R™. By L{ we denote the subset of the set L, consisting of all non-negative
functions:

Ly ={f€Ly:f>0}.

By L{ (0, 00;]) we denote the set of all non-increasing functions belonging to L. The non-increasing
rearrangement, f* is defined by the equality:

fr(t) =inf{y € [0,00) : A\f(y) <t}, t € Ry :=(0,00),

where

Ar(y) = pn{z €R": [f(2)] >y}, y€0,00)
is the Lebesgue distribution function. It is known that f* is a non-negative, non-increasing and
right-continuous function on R, ; f* is equimeasurable with |f], i.e.

miteR: f7(t) >y} =p{z eR": |f(z)] >y}
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Let f# : R®™ — R" denote the symmetric rearrangement of f, i.e. a radially symmetric non-negative
non-increasing right-continuous function (as a function of r = |z|, € R™) which is equimeasurable
with f. That is

t
Un

3=

fﬂm=aﬂwww;fww=f#(()

here v,, is the volume of the n-dimensional unit ball.
The function f** : (0,00) — [0, 00] is defined as

)a T7t€R+a

= [ £ ter.,
0

It is known that f** is a non-increasing function on R, . For the classical Hardy-Littlewood maximal
operator M the rearrangement inequality

cf () < (M f)*(t) < Cf(t), t e (0,00)

holds for some 0 < ¢ < C' < oo [2, Chapter 3, Theorem 3.8]. For the classical fractional maximal
operator

(M) =sup Bl [ £y, 0<y <
B(z,r)
in [5] the following estimate was obtained for some C' > 0
(M, f)*(t) < C sup 7" f*(7), te(0,00)

t<T<00

for every f € L} (R™). Moreover, this estimate is sharp on the class of all non-negative, radially

symmetric non-increasing functions.

Definition 1. A function f : R, — Ry is called quasi-decreasing (quasi-increasing) if there exists
C > 1, such that

f(ta) < Cfty) if ty <ty
(f(t1) S Cf(ta) if ty < t2).

Throughout this work we will denote by C, C, Cs positive constants, generally speaking, different
in different places.
By the notation f(z) = g(x) we mean that there are constants C; > 0, Cy > 0 such that

Cif(t) < g(t) < Cof(t), teR,.

2 The generalized fractional maximal function and estimate of its non-
increasing rearrangement

We define the following classes of functions A, (R), B,(R), D(R).

Definition 2. Let n € N and R € (0;00]. We say that a function ® : (0; R) — R belongs to the
class A, (R) if:

(1) @ is non-increasing and continuous on (0; R);

(2) the function ®(r)r" is quasi-increasing on (0, R).
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For example, ®(t) =t*" € A,(c0), 0 < a <n.

Definition 3. [8] Let n € N and R € (0;00]. A function @ : (0; R) — R, belongs to the class B, (R)
if the following conditions hold:

(1) @ is non-increasing and continuous on (0; R);

(2) there exists C'= C(®,n) > 0 such that

/q)(p)p”_ldp <CP(r)r", re (0,R). (2.1)
0
For example,
_ eR
O(p) =p* " € By(o0) (0<a<n); ®p) = ln7 € B,(R).

For ® € B,(R) the following estimate also holds

/@(p)p”ldp > n’lé(r)r”, re€ (0,R).
0

Therefore .

/@(p)p"ldp = O(r)r", r e (0,R), (2.2)

¢ € B,(R) = { ®(r)r" is quasi-increasing, r € (0, R)}. (2.3)

It follows from (2.3) that for any a € [1;00) there exists 8 = B(«,C,n) € [1;00) (where C is the
constant from (2.1)) such that [7]:

i

) 1 1% -1 (P)
{premiat<l<a}=p < 309

<B. (2.4)

Note the well-known equivalence result of N.K. Bari and S.B. Stechkin [1]:
(2.1) & 3y € (0;n) such that ®(r)r? is quasi-increasing on (0; R).

Definition 4. Let R € (0;00]. We say that ® : (0; R) — R, belongs to the class D(R) if for some
C=C(®)>0

/i < % vcon). (2.5)

Note that relation (2.5) is equivalent to the inequality:

ds nC
O/cb(sl/n)s <3y "€ (0; R). (2.6)

For example the function ®(t) =t*" € D(o0) (0 < @ < n). Indeed,

T T

/ dt / dt R U B,
— = = P = — :
O (t)t te—ntl  p—q n—ad(r) *
0 0
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Lemma 2.1. Let n € N, R € (0,00]. Then B,(R) & A, (R)
Proof. Let ® € B,(R) and r; < ry. Then by (2.2) for some C;, Cy > 0, depending on ® and n,

O(ry)ry < Cl/CID(t)tnldt < Cl/QD(t)t”ldt < Cy®(ry)ryy,
0 0

so the function ®(r)r™ is quasi-increasing, hence ® € A, (R).
The function ®(¢) =t "In(1 + ¢)*, with a > 0, belongs to A,,(R) and ® ¢ B, (R). Indeed

T T

1 1
su O(t) " dt = su —/ln 1+ 6)% tdt
0 B(r )0/ *) o (1l + r)e J (1+1)

T

/ln(l (1)

0

> Sup —————
v In(1 +r)°

L upIn(14 1)
= sup in r) = Q.
1 Oér>1(?

O

Definition 5. Let ® € A, (c0). The generalized fractional mazimal function Mg f is defined for a
function f € L}, .(R") by

(Maf)(z) = sup @(r / F@)ldy.

where B(z,r) is the open ball with the center at the pomt x € R™ and radius r > 0.

In the case ®(r) = r*", a € (0;n) we obtain the classical fractional maximal function M, f:

(Mo ) =sup o [ 17wy

B(z,r)

Let £ = E(R™) be a rearrangement invariant space. We introduce the space of generalized fractional
maximal functions Mg = ME(R") as the set of all functions u, for which there is a function f € F(R")
such that for almost all z € R"

u(r) = (Mo f)(x),
lullare = mt{|[fllp: f € ER"); Mof=u ae} <oo.

The generalized Riesz potential was considered in [3-4], [7-10] as the convolution operator

Uaf)(x) = (G * f)(z) = / Gz —y)f(y)dy, | € BR™,

Rn
where the kernel G(z) satisfies the following condition: for some ® € B, (c0)
G(x) = ®(|x]), = €R", (2.7)

where the equivalence constants depend only on ® and on n. The kernel of the classical Riesz
potential has the form

G(z) = |z|*™, a € (0;n).
In the following lemma, we prove that the generalized fractional maximal function Mg f(x) is esti-
mated by the generalized Riesz potential.



On estimates of non-increasing rearrangement of generalized fractional maximal function 17

Lemma 2.2. Let ® € B,,(0,00) and G(z) = ®(|z|), = € R™. Then
(Mo f)(z) < (Ig|f])(z), = €R"

for all f € E(R™).

Proof. Indeed,

(Lalf)(x) = (G*Ifl)(fﬂ)=/¢(Ix—y|)|f(y)|dy=§1>115 / O(lz —yDIf(y)ldy

R™ B(z,r)

sup ess 1nf S|z —y|) / |f(y)|dy

r>0 yEB(xr)

v

= supesy inf 0(2) / £y =sw o) [ 17wy = Maf)(o).

r>0 2€B(0,7) r>0
B(z,r) B(z,r)
]
Lemma 2.3. (Hardy-Littlewood inequality, [2]). If f and g belong to Lo(R™), then
[ sk < [ 16l ()as
Rr 0
Lemma 2.4. Let ® € B,(0), f € L, .(R"). Then for any x € R"
(Mg f)(z) < Csuprd(r'/™) f(r),
r>0
where C' > 0 depends only on ® and n.
Proof. By using Lemma 2.3 and (2.4) we have
|B(z,r)]
(Maf)x) = supa(r / f)ldy <swew) [
r>0 r>0
0
s\»\1 r
= supd(r / fr(t dt—sups@(( )”)—/f*(t)dt
r>0 s>0 Un S J
< Coupsb(sM) (o),
5>0
where C' > 0 depends only on ¢ and n. O

Theorem 2.1. Let & € B,(00). Then there exists a positive constant C, depending only on ® and
n, such that

(Maf)'(t) < C sup sd(s"")f*(s), t e (0,00), (2.8)

t<s<oo

for every f € L, .(R™).
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Theorem 2.2. Let ® € A, (c0). Inequality (2.8) is sharp in the sense that for every ¢ € L (0,00;])
there exists a function f € L*T(R™) such that f* = ¢ almost everywhere on (0,00) and
(Mo f)*(t) = C1 sup s@(s'/")f*(s), t € (0,00), (2.9)

t<s<oo

where C1 is a positive constant which depends only on ® and n.

Remark 1. For ®(r) = r*™", 0 < a < n, hence for the fractional maximal operator M,, Theorems
2.1 and 2.2 were proved in |[5].

Theorem 2.3. Let & € B,(00). Then there exists a positive constant C, depending only on ® and
n, such that
(Mo f)™(t) < C sup s®(s"/")f*(s), € (0,00) (2.10)
t<s<oo

for every f € L, .(R™).

Remark 2. It is known that the generalized Riesz potential satisfies the O’Neil estimate for non-
increasing rearrangement of the convolution

t t [e%¢)
1

(G * f)™(t) < Cy E/G*(S)dS/f*(T)dT—i-/G*(T)f*<7')d7' ,

0 t

where Cy > 0 depends only on ® and n. [14, Lemma 1.5].
Then by Lemma 2.2 for some C' > 0 depending only on ® and n we get

(fy <05 [6 s [ s [ e (2.11)
0 0 t
Assume that ® € B,,(c0)[)D(c0) and a function f on R™ is such that
fri=—
CtD(tn)

We show that for such function f the right-hand side of (2.10) is finite while the right-hand side
of (2.11) is not. Indeed, by (2.6) we have

S

) 1 1 1
sup s®(s»)f*(s) <C; sup S(I)(S”)_/ dt
s

t<s<o0 t<s<oo 0 t@(t%)
1 1
< Cy sup S(I)(S%)— — < 00,
t<s<00 S @(Sﬁ)

where (', Cy > 0 depends only on ® and n.
For the second term on the right-hand side of inequality (2.11) we get

o0 o0

/G*(T)f*(T)dTZ C3/<I><(Ul):t>%d7-:03/%d7':00,
/ ] re((2)7) /
where C'3 > 0 depends only on ® and n.

Theorem 2.4. Let € B,,(00) N D(c0), then for every f € L, .(R™) there exists a positive constant
C, depending only on ® and n, such that

t<T<o0

(Mcpf)*(t)gC(t(I)(tl/")f**(t)+ sup T‘I)(Tl/n)f*(T)), t € (0,00). (2.12)
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3 Proofs of the results of Section 2

3.1 Proof of Theorem 2.1
Fix t € (0;00) and let f € L] (R™). We may assume that

sup s®(sY™) f**(s) < oo,

t<s<oo

otherwise (2.8) holds trivially. Then by Lemma 2.3

/wmms]ﬁ@@<m

for every set ¥ C R"™ of measure at most ¢. In particular, if we put

E={xeR":|f(x)| > f*(t)},

then |E| <t since Af(f*(t)) <t (|2], Chapter 2, (1.18)) and so f is integrable over E. We define the
functions:

g¢(x) = max{|f(z)| — f*(t),0} sgn f(x), = €R",
hy(x) = min{|f(z)|, f(t)} sgn f(z), 2 € R".

Then f = g, + h; and
9:(T) = X (T)(f* (1) = [*(1)), 7€ (0,00),

hi(t) =min{f*(7), f*(t)}, 7€ (0,00). (3.1)
Therefore . . .
ol = [ gitryar = [ (£ = r®)ar < [ rar (32)

From inequality (3.2) it follows that
(Mage)"(r) < (7" |lgell1, 7 € (0; 00). (3.3)
By Lemma 2.4 and by (3.1), we have

(Mghy)* (1) < C sup T-@(Tl/n)h:*(’r)

0<T<00

= Cmax{ sup T~<I>(7'1/")f**(t), sup T'@(Tl/")f**(T)}

o<r<t t<t<o0o

= Cmax {t- @/ (1), sup 79 () |

t<rT<o0

< C sup 7-®(rY") (7). (3.4)

t<T<o0

Hence
sup (Mgh)*(7) < C sup 7 - (I)(Tl/n)f**(T).

0<T<00 t<T<o00

Using inequality (|2])
t t

(M@f)*(t) < (Mégt)*<§> + (Mq>ht)*<§>
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and by (3.4), based on (3.3), (3.2) and (2.3) we get

(Mof)'(1) < c<®a§“ﬂMMM+w@mer

IN

cl<¢a””[/f*@0du+-sup T¢@J”ﬁf“0ﬂ>

t<T<o0
0

IN

t<T<00

Cy <t<1>(t1/”)f**(t) + sup T‘P(Tl/”)f**(ﬂ)

IN

Cy sup T®(TY™) (7).

t<T<o0

3.2 Proof of Theorem 2.2

Let ¢ € L (0,00; ), we put
f(@) = ¢(vplz]"), = €R"\{0}.

Then f* = ¢ almost everywhere on (0,00). For given y € R™ we denote

B(Jyl) = B(O, ly]),

for every x,y € R" such that |y| > |z| we have
(Maf)(w) =sup(t) [ f()dz = Calyl) [ f)de
B(z,t) B(lyl)
Since the definition of f and spherical coordinates give

|y] [yl vnly|™

B(lyl 0 {lzl=r} 0 0

From (3.5) and (3.6) we have

vnly|™

<mwmzawmp/ﬁmm:ammw»

o [E|™
where H(t) = ®(|t]) [ f*(7)dr. Consequently,
0

(Maf)*(z) > Cy sup H(T),

T>vn|z|"

whence (2.9) follows on taking rearrangements.

/f(z)dz:/ / @(vnr")dvdr:/cp(vnr")vnnr"‘ldr: / o(r)dr.
)

(3.5)

(3.6)
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3.3 Proof of Theorem 2.3

By using Theorem 2.1 and Lemma 2.1 we get

(Mg f)™(t) =

IN

IN

IN

t

1 / (Ma ) (s)ds < & / (Lsu_ro 7)) ds
—/ (squtT(I) l/n)f**(T) + t<Sll<poO T(I)(Tl/n)f**<7')> ds

‘/ (Sup B(r'/m) / f*<u>d“> ds+C sup 7O(r") f(r)

s<T<t t<T<00

c / (s1/)d / Fru)du+C sup T®(r/™) (7

t<T<0o0

ti/n

Cf**(t)/q)(s)s”_lds~l—0 sup T@(Tl/")f**(T)

t<T<00
0

C’tq)(tl/")f**(t)JrC sup T(I)(Tl/n)f**(T) < 2C sup T(I)(Tl/n)f**(’]').

t<T<o0o t<T<o0o

3.4 Proof of Theorem 2.4

It is clear that

- %/Sf*mdf - %(/tf*“)dT ! /Sf*(”d7>

holds for ¢ < s < oco. Then by Theorem 2.1 and taking into account that ® is non-increasing we have

(Mo f)"(t) <

IA

IN

C

C

C

sup s®(s'/") f**(s)

t<s<oo

s 0 (f i oo )

tl/” /f YdT + sup P(s 1/" /f

t<s<oo

t<s<00 t<r<o0 (71/m)

to(t") [ (t) + sup B(sV") sup TO(r'")f *“)/ @L)

t<T<o00 t<s<oo TCI)(Tl/n) ’

tO(EY™) f*(t) + sup TO(TY™) f* (1) sup CI)(sl/")/ dr
0

therefore (2.12) follows from (2.6).
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Abstract. We present some Caffarelli-Kohn-Nirenberg-type inequalities for Herz-type Besov-Triebel-
Lizorkin spaces, Besov-Morrey and Triebel-Lizorkin-Morrey spaces. More precisely, we investigate
the inequalities

[ Flligyr < el 1l 11 W oass e
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1£lleg, . < ellFI AN

ai,r
v,0

with some appropriate assumptions on the parameters, where k2L are the Herz-type Bessel potential

spaces, which are just the Sobolev spaces if &y = 0,1 <r =v < o0 and ¢ € Ny, and K§3’51A% are
Besov or Triebel-Lizorkin spaces if @z = 0 and d; = p. The usual Littlewood-Paley technique,
Sobolev and Franke embeddings are the main tools of this paper. Some remarks on Hardy-Sobolev
inequalities are given.
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1 Introduction

Major results in harmonic analysis and partial differential equations invoke some inequalities. Some
examples can be mentioned such as: Caffarelli, Kohn and Nirenberg in [7]. They proved the following
useful inequality:

6 (03 - o0 n
2P £l < e[l fI|, MV f1,70 0 f € G R, (1.1)

where 1 < p,g <oo,7>0,0<60<1,a,8,7 € R satisfy some suitable conditions and ¢ > 0 depends
only on these numerical parameters. This inequality plays an important role in theory of PDE’s. It
was extended to fractional Sobolev spaces in [32]. This estimate can be rewritten in the following
form:

1fllizr < el Fpall VElar € CR®R),

where K(‘;’p is the Herz space, see Definition 1 below. These function spaces play an important role
in Harmonic Analysis. After they have been introduced in [21], the theory of these spaces had a
remarkable development, in particular, due to its usefulness in applications. For instance, they appear
in the characterization of multipliers on Hardy spaces [2], in the semilinear parabolic equations [13],
in the summability of Fourier transforms [16], and in the Cauchy problem for Navier-Stokes equations
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[45]. For important and latest results for Herz spaces, we refer the reader to the papers [34], [52] and
to the monograph [25].
Inequality (1.1) with @ = = v = 0, takes the form

1-0

171, < el ANV AL 1 ecsm,

where LP, 1 < p < oo is the Lebesgue space.
The main purpose of this paper is to present a more general version of such inequalities. More
precisely, we extend this estimate to Herz-type Besov-Triebel-Lizorkin spaces, called K*?Bj; and

K ¢ "F3, which generalize the usual Besov and Triebel-Lizorkin spaces. We mean that

Kg’pBg = B,; and KS’ng = I,
In addition Kg"pFQO are just the Herz spaces Kg"p when 1 < p,q < oo and —% <a<n(l- %) In
the same manner, we extend these inequalities to Besov-Morrey and Triebel-Lizorkin-Morrey spaces.
Our approach based on the Littlewood-Paley technique of Triebel [44] and some results obtained by
the author in [9, 10, 11].

The structure of this paper needs some notation. As usual, R" denotes the n-dimensional real
Euclidean space, N the set of all natural numbers and Ny = NU{0}. The letter Z stands for the set
of all integer numbers. For any u > 0,k € Z we set C(u) = {x € R" : % < |z| < u} and C), = C(2%).
Xk, for k € 7Z, denote the characteristic function of the set Cy. The expression f ~ g means that
Cg < f < cg for some ¢, C' > 0 independent of non-negative functions f and g.

For any measurable subset 2 C R"™ the Lebesgue space LP(f2), 0 < p < oo consists of all
measurable functions for which

1/p
iy = ([ 0P ar) " <o 0<p<oc

and

HfHLOO(Q) = esiesgup |f(x)| < oc.

If @ = R", then we put LP(R") = L? and ||f|| , . = [|f]|,- The symbol S(R") is used to denote
the set of all Schwartz functions on R™ and we denote by S&’(R™) the dual space of all tempered
distributions on R"”. We define the Fourier transform of a function f € S(R") by

n

F()(E) = 2m) ™ / i f(2)dr, € € R™.

Its inverse is denoted by F~'f. Both F and F~! are extended to the dual Schwartz space S'(R") in
the usual way. The Hardy-Littlewood maximal operator M is defined on L. . by

loc

MF(z) = sup ——

TRI AT |f(y)ldy, zeR"
r>0 ’B('I7 T)| B(z,r)
and M, f = (M), 0 <7 < .

Given two quasi-Banach spaces X and Y, we write X — Y if X C Y and the natural embedding
of X in Y is continuous. We use ¢ as a generic positive constant, i.e. a constant whose value may be
different in different inequalities.
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2 Function spaces
We start by recalling the definition and some of the properties of the homogenous Herz spaces K 7
Definition 1. Let a € R,0 < p,q¢ < co. The homogeneous Herz space Kg’p is defined by

Kg# = {f € Li R\ {0}) : ||/ or < 00},

where

Hfﬂkﬁp_.<:§i 2mw|fxdﬁ>lm

k=—00

with the usual modifications made when p = co and/or ¢ = oo.

The spaces K o7 are quasi-Banach spaces and if min(p, q) > 1 then Kg’p are Banach spaces. When
a=0and 0 < p=q < oo the space Kg’p coincides with the Lebesgue space LP. In addition

KP = LP(R",|-|*"), (Lebesgue space equipped with power weight),

1/p
||fHLp(Rn,|.|ap) - (/]R" |f ()" Mapdx) .

Ko S'(R")

where

Note that

foranya<n(1—%),1§p,q§ooor04:n(1—%),p:1andlgqgoo. We mean that,

Ti(p) = o f(x)p(x)dx, e SR, fe K:;,p

generates a distribution Ty € S'(R™). A detailed discussion of the properties of these spaces can be
found in [20, 24, 27|, and references therein.
The following lemma is the K *P-version of the Plancherel-Polya-Nikolskij inequality.

Lemma 2.1. Let ay,ap € R and 0 < s,7,q,7 < oo. We suppose that ay + 5 >0, 0 < g < s < 00
and g > 1. Then there exists a positive constant ¢ > 0 independent of R such that for all
f € K;‘Z"; NS (R™) with supp Ff C {£: €| < R}, we have

2—Ztag—oq
1l genr < € Rama [ | s

where

5:{ T, if Qg = (7,

T, if ag > a.

Remark 1. We would like to mention that Lemma 2.1 improves the classical Plancherel-Polya-
Nikolskij inequality if o = as = 0,7 = s due to the continuous embedding ¢¢ — ¢°.

In the previous lemma we have not treated the case s < ¢. The next lemma gives a positive
answer.
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Lemma 2.2. Let aj, a0 € R and 0 < s,7,q,7 < 00. We suppose that oy + %5 >0, 0 < s < g < 00

and ag > ay + = — %. Then there exists a positive constant ¢ independent of R such that for all

f e Ko NS (R") with supp Ff C {€:|€| < R}, we have

Z—Ztas—oq
[ £ gorr < e Ro™ /] oz

where

q’
T, if 042>041+§—2.

r, if ag=a;+2-12
5:{ 2 1+ 3
q

The proof of these inequalities is given in [9], Lemmas 3.10 and 3.14. Let 1 < ¢ < oo and

0 <p<oo. If fisalocally integrable function on R™ and —% <a<n(l-— %), then

1Ml icgr < €l ]l g (2.1)

see [24]. We need the following lemma, which is basically a consequence of Hardy’s inequality in the
sequence Lebesgue space (9.

Lemma 2.3. Let 0 <a <1 and 0 < g < oo. Let {5k}keNo be a sequence of positive real numbers,
such that

H{Sk}keNOH@ =1 < o0.

L5 k—j o i~k
Then the sequences {5;€ = ngk a ]6]}14:61\10 and {77k RS ijk a’ gj}keNo belong to (1, and

H {5k}keNo ||gq + H {nk}keNO ”eq <cl,

with ¢ > 0 only depending on a and q.
Some of our results of this paper are based on the following result, see Tang and Yang [40].

Lemma 2.4. Let 1 < f < 00,1 < ¢ <00 and 0 < p < oco. If {fj}32, is a sequence of locally
integrable functions on R" and —% < a <n(l — %), then

0o /B 0o /8
| (ijfj)ﬁ) o = (;W) |

Now, we present the Fourier analytic definition of Herz-type Besov and Triebel-Lizorkin spaces
and recall their basic properties. We first need the concept of a smooth dyadic partition of the unity.
Let ¢o be a function in S(R") satisfying ¢o(z) = 1 for [z| < 1 and ¢g(z) = 0 for |z] > 2. We put
pj(r) = po(2772) = po(2' V) for j = 1,2,3, ... Then {g;}jen, is a partition of unity, 3772 ¢;(z) = 1
for all x € R". Thus we obtain the Littlewood-Paley decomposition

sa,p
Ky

F=) Floixf

=0

of all f € S8'(R™) (convergence in &'(R")).
We are now in a position to state the definition of Herz-type Besov and Triebel-Lizorkin spaces.



28 D. Drihem

Definition 2. Let a,s € R,0 < p,qg < oo and 0 < 3 < oo.
(i) The Herz-type Besov space K" Bj is the set of all f € S'(R") such that

0o 1/8
Wleon; = (3271 e ) <o
7=0

with the obvious modification if § = oc. .
(ii) Let 0 < p,q < co. The Herz-type Triebel-Lizorkin space K7 F3 is the set of all f € S'(R")

such that s
I ligors | (Z 598 1 f|ﬁ) |
=0

with the obvious modification if g = oco.

Remark 2. Let s € R,0 < p,g < 00,0 < 8 < o0 and a > —%. The spaces Kg"pBg and Ko"st
are independent of the particular choice of the smooth dyadic partition of the unity {(;}jen, (1n the
sense of equivalent quasi-norms). In particular K ;P Bj5 and K JPFj are quasi-Banach spaces and if
p,q, 3 > 1, then they are Banach spaces. Further results concerning, for instance, lifting properties,
Fourier multiplier and local means characterizations can be found in [8, 9, 10, 11, 12, 48, 49, 47|.

. < 00,
KgP

Now we give the definitions of the spaces By ; and F} 4
Definition 3. (i) Let s € R and 0 < p, 8 < oo. The Besov space B, ; is the set of all f € S'(R")

such that s
- (Zzﬂ'sﬁurl%- *fo> < 00,

J=0

with the obvious modification if g = oc.
(ii) Let s € R,0 < p < oo and 0 < < oo. The Triebel-Lizorkin space F; 5 is the set of all

f € §(R™) such that
0o /B
= (szﬁ\f Lo, « f| ) Hp<oo,
=0

with the obvious modification if § = oo.

The theory of the spaces B} 5 and I 5 has been developed in detail in [42, 43] but has a longer
history already including many contributors; we do not want to discuss this here. Clearly, for
seR,0<p<ooand0<f < oo,

-0, s 0, s
KBy =B, and KUF;=F3,

p p

Let w denote a positive, locally integrable function and 0 < p < co. Then the weighted Lebesgue
space LP(R" w) consists of all measurable functions such that

s = ([ 1500 i) <

For ¢ € [1,00) we denote by A, the Muckenhoupt class of weights, and A = U,>1.4,. We refer to
[17] for the general properties of these classes. Let w € Ay, s e R, 0 < f < ooand 0 < p < oo. We
define weighted Besov spaces B 5(R", w) to be the set of all distributions f € §'(R") such that

00 1/8
B3 5(R™ w) = (Z 2]55“]:_ Pj * fHLp R" )

7=0

1]
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is finite. In the limiting case 8 = oo the usual modification is required.
Let w e Ay, s € R, 0 < f < oo and 0 < p < co. We define weighted Triebel-Lizorkin spaces
F7 5(R™,w) to be the set of all distributions f € §'(R™) such that

00 /B
PR = H (Z 2958 | F 1, flﬁ) ‘
=0

is finite. In the limiting case = oo the usual modification is required.

The spaces B; 5(R",w) = By 5(w) and Fy 5(R",w) = F 5(w) are independent of the particular
choice of the smooth dyadic partition of the unity {y,} en, appearing in their definitions. They are
quasi-Banach spaces (Banach spaces for p, 5 > 1). Moreover, for w = 1 € A,, we obtain the usual
(unweighted) Besov and Triebel-Lizorkin spaces. We refer, in particular, to the papers [3, 4, 22|
for a comprehensive investigation consists of the weighted spaces. Let w, be a power weight, i.e.,
wy(x) = |x|” with v > —n. Then we have

171

LP(R™,w)

° lyp ' l»p
S s(wy) =Ky Bi and F)s(w,) =Ky Fj,
in the sense of equivalent quasi-norms.

Definition 4. (i) Let 1 < ¢ < 00,0 < p < o0, -4 <a< n(l— %) and s € R. Then the Herz-type

Bessel potential space /%gf is the set of all f € §’'(R") such that
£ 1lior = 1L+ 1€ % £l o < 00

(i) Let 1 < ¢ < 00,0 < p < o0, -4 <a< n(l — é) and m € N. The homogeneous Herz-type

Sobolev space W;‘;ﬁ is the set of all f € S'(R") such that

o8 f
HfHWﬁ;ﬁ - Z H@ﬁm‘
|B|<m

where the derivatives must be understood in the sense of distribution.

) < 00,
K?’P

In the following, we will present the connection between the Herz-type Triebel-Lizorkin spaces
and the Herz-type Bessel potential spaces; see [26, 48]. Let 1 < ¢ < 00,1 < p < oo and —% <a<
n(1— %) If s € R, then

K{PEy = k7Y (2.2)
with equivalent norms. If s =m € N, then
KyPEy =W/h (2.3)

with equivalent norms. In particular
KS”’F;“ = WP  (Sobolev spaces)

and . .
KXPE) = KoP (2.4)

with equivalent norms. Let 0 < 6 < 1,

a=(1-0)a+ o 1—1_0+£ 1—1_Q+£ 1
’ b p Po ]91’ q qo Ch7 B Bo B




30 D. Drihem

and
s=(1—0)sg+ 0s;.

For simplicity, in what follows, we use K o 7A% to denote either K ¢ ' Bj or K o TF5. As an immediate

consequence of Holder’s inequality we have the so-called interpolation inequalities:

1-0

1l iegay < Wiz 420

|f||z'(§‘11’p1A211 (2.5)

which hold for all f € K0P A% N K1 A%

We collect some embeddings on these function spaces as obtained in [9]-[10]. First we have

elementary embeddings within these spaces. Let s € R,0 < p,q¢ < 00,0 < f < o0 and o > —
Then

Knglilin(ﬁ,p,q) = K;é’ng = KgyprnaX(ﬁ,p,q)' (2.6)
Theorem 2.1. Let ay, a9, 51,82 € R,0 < s,p,q,7,8 < 00,01 > =% and ay > —g. We suppose that

n n
S1— — — Q1] = S — — — Q.
S

Let0<g<s<ooandas > a; or0 < s <q < oo and
n n
052+§ 2041‘?‘;- (2.7)
(i) We have the embedding
K{**Bg — K" B3,
where
g1 if ;p+2=a1+4s<qoray=ag,q<s,
o if et l>a+ts<goray>ag<s
(ii) Let 0 < q,s < 0o. The embedding
Ko»"Fg? — K&PES
holds if 0 < r < p < oo, where

0_ ﬁ? lf O<3§q<00and042—|—g:al_|_%’
| oo, otherwise.

We now present an immediate corollary of the Sobolev embeddings, which are called Hardy-
Sobolev inequalities.

Corollary 2.1. Let 1 <g<s<oo, 1 <g<mn and a = g — 2 — 1. There is a constant ¢ > 0 such
that for all f € qu

q

[y w152, ) <o (15

Now we recall the Franke embedding, see [12].
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Theorem 2.2. Let ay,as,51,82 € R, 0 < 5,p,q < 00,0 <0 < 00,1 > =2 and ay > —g. We
suppose that

n n
S — — — Q1 = S — — — Q.
S
Let
0<g<s<oo and a9 > ay,
or
n n
0<s<g<oo and as+—>a;+ —.
q s
Then

TQ2,p P82 QLD 181
Kq Bp — KJ'"PE,

Corollary 2.2. Let1 <qg<s<oo withl <q<mn. Let a = % — 2 — 1. There is a constant ¢ > 0
such that for all f € B;s

/ (\f(x)al) dz < || fl[oeg < el 113 -
re \ |7] o -

Remark 3. We would like to mention that in Theorem 2.1 and Theorem 2.2 the assumptions
s1— 2 —ayp < sy — % — g, (2.7) and 0 < r < p < 0o are necessary, see |9, 10, 12].

Let {¢;};en, be a partition of unity. For any a > 0, f € S'(R") and z € R", we denote, Peetre
maximal function,

, 7 €N,

We now present a fundamental characterization of the above spaces, which plays an essential role in
this paper, see [46, Theorem 1].

Theorem 2.3. Let s e R,0 < p,q < 00,0<f <00 and a > —%. Let a > —"——~. Then

/B mm(q,ﬁ)
£ = (2 QjSBH(f_lsoj)*’“fo-{qa,p) |
j=0

18 an equivalent quasi-norm in K’g"pBg. Let a > ( L . Then
min min(q,ﬁ),ﬁ)
q

0 1/8
Wlicer; = | (26|
=0

is an equivalent quasi-norm in K P FE3.

. )
a,p
Ky

Let 0 < p,q < oo. For later use we introduce the following abbreviations:
1 1
o, =nmax(— —1,0) and o0,, =nmax(—-—1,-—1,0).
p

In the sequel we shall interpret L as the set of regular distributions.

Theorem 2.4. Let 0 < p,q, 5 < oo, a0 > —tm=n—71 and s > max(o,, o — o). Then

SOL,D AS 1
K{PAG — L

locy

where 0 < p,q < oo in the case of Herz-type Triebel-Lizorkin spaces.
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Proof. Let {p;};en, be a smooth dyadic partition of unity. We set

k
or=Y Flojxf keN
j=0

For technical reasons, we split the proof into two steps.
Step 1. We consider the case 1 < ¢ < oco. In order to prove we additionally do it into the four
Substeps 1.1, 1.2, 1.3 and 1.4.

Substep 1.1. =2 < a < ag. Since s > 0 and Foop ey Jgomax(

1,
) we have

[e.o]
D O IF ey Il egmasan S ||f||Ké”pA%'

=0
Then, the sequence {g; }ren, converges to g € Ko™ ) Let ¢ € S(R™). Then

(f—g,9)=(f—on,0) +{g—on,¢), N €Ny

Here (-,-) denotes the duality bracket between S’'(R™) and S(R™). Clearly, the first term tends to
zero as N — oo, while by Holder’s inequality there exists a constant C' > 0 independent of N such
that

{9 — en,9)| < Cllg — o geomasam,

a,max(1,

which tends to zero as N — oo. From this and Kj Lp) L} ., because of a < ap, we deduce the
desired result. In addition, we have

QD AS ~-a,max(1,p)
K{"PAG — K, :

Substep 1.2. av > ag and 1 < ¢ < co. Let 1 < ¢; < oo be such that

n o n
s>a+—— —.
9 @
We distinguish two cases:
e g1 = q. By Theorem 2.1/(i), we obtain

KPBy — KOUBS ™ = BS ™ < L.

where the last embedding follows by the fact that
By " — L, (2.8)

because of s —a > 0. The Herz-type Triebel-Lizorkin case follows by the second embeddings of (2.6).
el < <g<oorl<gqg<q <oo. Ifweassume the first possibility then Theorem 2.1/(i)
and Substep 1.1 yield

n n

KePBy — K0PB, © 0 s L)
g B q B loc?

since a + 2 > . The latter possibility follows again by Theorem 2.1/(i). Indeed, we have

KovBs — Koovpsroo=a oy oo gt "ot _ gt om0 ta
qa B q B a B T a8 loc
where the last embedding follows by the fact that
— ,2+£
B, 5 e L (2.9)
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Therefore from (2.6) we obtain the desired embeddings.
Substep 1.3. ¢ =1 and o > 0. We have

KBy — KBy = By * — L',

since s > a.
Substep 1.4. ¢ = 1 and a = 0. Let a3 be a real number such that max(—n, —s) < az < 0. From
Theorem 2.1, we get ' .
KPPAG — KPP AgHes,
We have

oo

—1
S I1F N Fll g 1 gourgron 5 1o
k=0

since a3 + s > 0. Using the same type of arguments as in Substep 1.1 it is easy to see that
Klozmp AZ—FOB SN Kfs,maX(l,p) SN Llloc‘

Step 2. We consider the case 0 < ¢ < 1.
Substep 2.1. —% < a < 0. By Lemma 2.1, we obtain

2 NF ey Hlligpmsn £ 22 NF oy Hll e S gy

J=0 J=0

since s > 7 —n. The desired embedding follows by the fact that Ky max(le) Li . and the arguments
in Substep 1.1. In addition
o s “~a,max(1,
KoPAY s Km0, (2.10)
Substep 2.2. o > 0. Let ay be a real number such that max(—n, —s + % —n+a) <ay <0. By

Theorem 2.1, we get

—« %+nfa+a4

SN KimapA;* SN K;M,max(l@)A

s5— %+nfoz+a4

<YL S0p 45 g T

As in Substep 1.4, we easily obtain that

KOPAS < Ly,

Therefore, under the hypothesis of this theorem, every f € K;WA% is a regular distribution. O]

Let f be an arbitrary function on R™ and z,h € R™. Then
Apf(z) = flz+h) = f(x), AT f(z) = An(Ay (), M eN.

These are the well-known differences of functions which play an important role in the theory of
function spaces. Using mathematical induction one can show the explicit formula

A fe) =) (=1 Oy fle+ (M —j)h), = eR",

Jj=0

where C]JQ are the binomial coefficients. By ball means of differences we mean the quantity

i) = |

|h|<t

|A,]l”f(x)}dh:/B|A% (#)|dh, = E€R"
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Here B = {y € R™ : |h| < 1} is the unit ball of R™ and ¢ > 0 is a real number. We set

- * dt\"”
igoms = g+ ([N g )

and s
X 0 dt
e = g+ | ([t ) |

The following theorem play a central role in our paper.

o,p”
Kq

Theorem 2.5. Let 0 <p,q,f <oo,a>—%, ag=n—7 and M € N\{0}.
(i) Assume that
max(o,, 0 —ap) < s < M.
Then ||-||}3,p32 is an equivalent quasi-norm on Kg’pBg.

(i) Let 0 < p <00 and 0 < g < oo. Assume that
max(o, 5, — o) < s < M.
Then ||||*KgpFﬂ is an equivalent quasi-norm on K;”’Fg.

Proof. We split the proof into three steps.
Step 1. We will prove that

1 llicgr S M1 gr

for all f € K, o TA5. We employ the same notations as in Theorem 2.4. Recall that
k
or=Y Flojxf keN,.
j=0

Obviously { ok }ren, converges to f in S'(R™) and {0k }ren, C K;’p for any 0 < p,q < oo and any
a > —%. Furthermore, {0 }ren, is @ Cauchy sequence in K o7 and hence it converges to a function
ge K 27, and

ol < 1o

Let us prove that g = f almost everywhere. We will do this in four cases.
Case 1. —g <a<ayand 1 <qg<oo. Let ¢ € D(R™). We write

(f—g,9)=(f—on,0) +{g—on,¢), N €Ny

Here (-,-) denotes the duality bracket between S'(R™) and S(R™). Clearly, the first term tends to
zero as N — oo, while by Holder’s inequality there exists a constant C' > 0 independent of N such
that

{9 — on, )| < Cllg - QNHKg,maxu,p),

which tends to zero as N — oo. Then, with the help of Substep 1.1 of the proof of Theorem 2.4, we
have g = f almost everywhere.

Case 2. a > ap and 1 < ¢ < oco. Let 1 < ¢y < oo be as in Theorem 2.4. From (2.8) and (2.9), we
derive in this case, that every f € K P A% is a regular distribution, {ok}ren, converges to f in L%
and

71 S 1Lz
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n

a +s
Indeed, from the embeddings (2.9) and since f € BC“ * it follows that {og }ren, converges to a
function h € L% . Similarly as in Case 1, we conclude that f = h almost everywhere. It remains to
prove that g = f almost everywhere. We have

15 = 0l < 17 = oullzn + Nl = ullem €

and

o —1 g SO
1 = oellzen < 3 IF "0 Mllzgr < Ggoas Z 2
j=k+1 Jj=k+1
where o0 = min(1, p, q). Letting k tends to infinity, we get g = f almost everywhere. For the latter
case 1 < q1 < q < 00, we have

oD AS ~0,max(1,p) s—oz—"—i—ﬁ
Kq Aﬁ = Kq1 Aﬂ

Asin Case 1, {0k }ren, converges to a function h € Kg;ma"(l”’). Then again, similarly to the arguments
in Case 1 it is easy to check that f = h almost everywhere. Therefore, we can conclude that g = f
almost everywhere.

Case 3. ¢ =1 and a > 0.

Subcase 3.1. ¢ =1 and a > 0. We have

K{PBs — LY,

since s > «, see Theorem 2.4, Substep 1.3. Now one can continue as in Case 2.
Subcase 3.2. ¢ = 1 and o« = 0. Let ag be a real number such that max(—n,—s) < a3 < 0. By
Theorem 2.1, we get . .
K)PAG — KPP A%Hes,
We have

oo
—1
517t Sl ggomtin S Illgonios S Wi

k=0

asz,max(1 717)7 see Case 1. As in Case

since ag + s > 0. Hence the sequence {gy }ren, converges to f in K
2, we obtain g = f almost everywhere.
Case 4. 0 < q< 1.

Subcase 4.1. —4 <a <0. From the embedding (2.10) and the fact that s > T, the sequence

{0} ren, converge to f in K™ WP Ag above we prove that g = f almost everywhere.
Subcase 4.2. « > 0. Recall that

s— % +n—a+tay

a,p AS “-oug,max(1,p)
KJPAL — K Ag

)

see Substep 2.2 of the proof of Theorem 2.4. As in Subcase 3.2 the sequence {o}ren, converges to

in Ko4™(P) By the same arguments as above one can conclude that: ¢ = f almost everywhere.
1 y g g y
Step 2. In this step we prove that

1/8 .
H (/ - de) > H['(g,p SJ HfHKg"Ppgﬂ IS K;’pFE.

Thus, we need to prove that

00 1/8
H ( 3 zskﬂd;wkﬂﬁ) ...
q

k=—o00
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does not exceed c|| f|| jowps- I order to prove this we additionally consider two Substeps 2.1 and
q B .
2.2. The estimate for the space K ¢ P Bj 1s similar.

Substep 2.1. We will estimate

00 1/8
H (kgfwld%flﬁ) |

Let {¢;};en, be a smooth dyadic partition of unity. Obviously we need to estimate

o,p
Kq

k
{ka > dB(F gy f)}
j=0
and

keNp

(2.11)

j=k+1

{2'“ > déw—k(f‘lsoy'*f)} :
keNg
Recall that

(2.12)
3L (F iy x f) S 207 M (F-lg e f ()
J, k and x. We choose a >

n

ifa>0,0<j<kkeNyand z € R", see, e.g., [13], where the implicit constant is independent of

( ) . Since s < M, (2.11) in ¢’-quasi-norm does not exceed
min min(q,,@),ﬁ
q

0o 1/8
(Zzﬁﬁ((rlm*ﬂnﬂ) .

(2.13)
By Theorem 2.3, the K’g’p—quasi—norm of (2.13) is bounded by CHfHKa,pFS.
o g
Now, we estimate (2.12). We can distinguish two cases as follows:
o Case 1. min(q, f) < 1. If =2 < <n(l -

;) then s >

#qﬂ) —n. We choose
smin(q, ) :
max | 0,1 — ————— | < A < min(gq, f) (2.14)
n
which is possible because of
n n
s>—+—-—n=————(1—min(g,[)).
win(g8) " min(g ) e
Let min?qﬁ)

< a < *5. Then s > a(1 — X). Now, assume that oo > n(1 — é) Therefore

—n,—+ta—n
q
o

5> max (L n )
min(q, () '
If min(q, ) < =&

then we choose A as in (2.14). If min(g, ) >

n

Ty , then we choose
q (6%
S n
maX(O,l—n ></\<
LT«

)
«
p +

< |3

(2.15)



Caffarelli-Kohn-Nirenberg-type inequalities
which is possible because of

n
= (0%
i

n n n
s>——|—oz—n:(—+oz) 1-— .
q q
In this case, we choose 2 5
) q 1-X

To(f) =2% > dblu(F ¢, % f)

, ke Ny.
j=k+1
Recalling the definition of d

é‘{k(@- x f), we have

(F 0w 1) = [ 1AYF 0y plan
/|A2 en(F 5% )] dhsup\A2 en(F oy f)] (2.16)
Observe that
| F 7l fla+ (M —i)27%h)| < 2U7Mgref (2),  |n[ <1 (2.17)

and

/ | F ;% fla+ (M — i)z—kh)ﬁdh < eM(|F 1oy« f1N) () (2.18)

B

if j > k,i€{0,...,M} and x € R". Therefore

dyt o (F 1y % f) < U Ra0N (620 (IAM(|F g, % f1%)

for any j > k, where the positive constant c is independent of j and k. Hence

Toi(f) < c2¥ Z 20 (@7 F)MF g % f1Y).
Jj=k+1

Using Lemma 2.3, we obtain that (2.12) in £°-quasi-norm can be estimated from above by

1/6
(Z 25 )T MF o+ f|A>>ﬁ)
j=0

~ A-N/8 / o Mo
< (Z 2j55<¢;,af>5> (Z 2 (M(|F "¢, f\A))ﬁ/A> :
i=0 7=0

Applying the K&P-quasi-norm and using Hélder’s inequality we obtain that

1/8
||(Zm ) .
7=0

37
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is bounded by

DY

o0 (1-0)/8
] (Z 2j36(¢§’”f)5> [P
7=0 q
A/B
H (Z 2% (M(|F ;= f] ))B/A> ‘sz,g
e 1-\ s A /B \
: H( 2y ) i (Z””Ifl@*f!ﬁ) |
Jj=0 q 20

a,p Kohp
q

S ||fHK;"’7’F§’

where we have used Lemma 2.4 and Theorem 2.3.
o Cuse 2. min(q, B) > 1. Assume that o > n(1 — l). Then we choose A as in (2.15) and

-t <a<n(l—- —) then we choose A = 1. The desired estimate can be done
in the same manner as in Case 1.
Substep 2.2. We will estimate

—1 /B
( Z 28k5|d¥kf’6> ‘

Kor
k=—00
We employ the same notations as in Subtep 1.1. Define
Hk2 / ’ZAZQ k ]:_lgoj*f)(l‘ndz, ]{;SijeRn

As in the estimation of J;;, we obtain that
o () S 2750 sup (27(F g f) M| F iy 1))
j€Ng

and this yields that

. 1/8
( 2 25’“5|H27k|6> Ssup ((2(F ) d) T MIF g 1))

k=—o00 7€No

By the same arguments as used in Subtep 2.1 we obtain the desired estimate.
Step 3. Let f € K{*PAj. We will prove that

As the proof for K ¢ " Bj is similar, we only consider K aPFS. Let W be a function in S(R") satisfying
U(z) =1 for |z| <1 and ¥(z) = 0 for |z| > 2, and in addition radially symmetric. We use an
observation made by Nikol’skij [33] (see also [37] and [42, Section 3.3.2]). We put

M-1

V() = (=DM (1) CMU (e (M — ).

1=0
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The function ¢ satisfies ¢ (z) = 1 for |z| < i and ¢ (z) = 0 for |z| > 3. Then, taking po(z) =
Y(x), e1(x) = (%) — (x) and @;(x) = ¢1(277H ) for j = 2,3,..., we obtain that {¢;};en, is a

smooth dyadic partition of unity. This yields that

o0 1/8
[(E2rssem) |
=0

is a quasi-norm equivalent in K o PF3. Let us prove that the last expression is bounded by

0D
Kq

(2.19)
We observe that
Floox fo) = (1) [ FU () AY f(a)dz + f(z) | F W (2)dz
R™ R
Moreover, it holds for x € R" and j =1, 2, ...
F g fla) = (0" [ A f ) T ) dy
with U = F1¥ — 27 F~10(-/2). Now, for j € Ny we have
[ 1A @Iy
= / AL, ()] (y)ldy +/ AL, ()] (y)dy. (2.20)
ly|<1 ly[>1
Thus, we need only to estimate the second term of (2.20). We write
2 [ AL, @) )y
ly[>1
=293 [ A @)
0 Y 2F<y|<2F+1
< 293 gk / AM £(2)[dh (2.21)
o 2k =i <|h|<2k—i+1

where N > 0 is at our disposal and we have used the properties of the function W, [¥(z)| <
c(1+|z|)~", for any z € R™ and any N > 0. Without lost of generality, we may assume 1 < 3 < oo.
Now, the right-hand side of (2.21) in #-norm is bounded by

00 00 8 1/B
¢y 2N (Z 9s+n)if < /h IAMf () |dh) > : (2.22)
k=0 7=0

| |§2k*j+1
After a change of variable j — k — 1 = v, we estimate (2.22) by

. - 1/8 . 1/8
czz<s+n—w>k< S g (dé@f(a:))ﬂ) < (Z 27 <d”£uf<x>)5> ,

v=—k—1 V=—00

where we choose N > n + s. Taking the K oP-quasi-norm we obtain the desired estimate (2.19). [
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We would like to mention that

* —a—n s—a—"1 —s dt
WO igom, ~ 5o 3 ([Tl ™) e

and
* —a—2 s—a— —S dt
1O g = A g+ 25 ([Tt ) iy

for any A > 0,0 < p < 00,0 < q < o0, > —%,max(aq,oz—ao) <s< M (0 < p,gq< oo and
max(o, g, — ap) < 5 < M in the K F-case) and M € N.

Let ¢/ (z) = @o(2772) — @o(2'/z) for j € Z and x € R™. In view of [48] we have the following
equivalent norm of K*P. Let 1 < p,q < oo and —% <a<n-— %. Then

o 1/2
(3 1tet) |
j=—00
holds for all f € Ko?.

Let se R,0<p,g<o0,0<f <00 andoz>—§. We set

Kl?,p ~ ||f||f{§"p’ (224)

o 1/B
Wlgos; = ( 32 29170+l

j=—o00

and

op
Kq

- 1/8
1l s = H (’Z 2158 | F1 *f|/3) )

j=—00

Proposition 2.1. Let s > max(o,,a —n + %),O <p,g<o0,0<p<o0anda > -5
(i) Let s > max(oq,a —n+7) and f € K’;’“I’Bg. Then

1 Wl icgomy = MWl icgr 1/ o5
(ii) Let s >max(ogs,a—n+7) and f € K;“’ng. Then
1 lliegmy 2 M llicgr + 151 g

Proof. As the proof for (i) is similar, we only consider (ii). We use the following Marschall’s inequality
which is given in |28, Proposition 1.5], see also [14]. Let A > 0,R > 1. Let b € D(R™) and a function
g € C*(R") be such that

suppFg C{ € R": ([ < AR} and suppb C {{ € R": [{] < A}.

Then
‘]—"_1() * g(x)‘ <c(AR)t ™" ||b||31%t Mi(g)()

for any 0 <t <1 and any x € R", where c is independent of A, R, x, b, 7 and g. Here Bf,t denotes
the homogeneous Besov spaces. We have

Flos f=F ' «F  ooxf, —jeN.
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Therefore,
[Fle? x f@)]| < el y2 MoF o0 (@) 2D M(F Mo x f)(@), @ €R,

where the positive constant c is 1ndependent of j and z. If we choose T <t< min(1,q, j, M—Lﬂ)
q
then

1 1/8
( > 2|Fe *f\ﬂ> < M(F o % f).
j=—00

Taking the K, ~P-quasi-norm and using (2.1) we obtain

H( i 2]'35‘]_——1%0]'*]0‘5>1/6’

j=—o00

th,p ~ HfHKg’pFE'

o0

Because of s > max(o4, @ —n + %) the series ) F~to;  f converges not only in S’(R™) but almost
j=0

everywhere in R"”. Then

min 1/ min(1,p,q)
HfHK“T’NH‘F 800*f||Kap+<ZH}“ 0 * f”lepq)) Pq.

Therefore HfHKap + HfHka,pFS can be estimated from above by chHKa,pFS. Obviously
q q B q B

N N
Flooxf=> Flojxf—-> Flojxf=gv+hy, NeN
j=0 j=1
We have

min(1,p,q)\ 1/ min(1.p.q)
KoP

, NeN.

1| o < (Zuf & * f|

By Lebesgue’s dominated convergence theorem, it follows that H gn—f || o tends to zero as N tends
q

to infinity. Therefore H]: Lo x f || 0w Can be estimated from above by the quasi-norm

N llgr + ell Nl gy

Proposition 2.2. Let s > 0,1 < p,q < o0 and—— <a<n—— Let
So(R™) = {f € S(R") : supp Ff C R"\{0}}.
Then So(R™) is dense in k(‘;‘f

Proof. Let g = ¢ be as above. As in [44] it suffices to approximate f € S(R™) in an Pk eN, by
functions belonging to Sy(R™). We have

|DF~Hp(2)Ff)l = 2775+ D] < 277" M (),
where ¢; = F'¢(277+),j € N and a € N". From (2.1) we obtain
HDa]_—fl((p(Qj,)]:f)”KW < CQ*jnH@jHan,p < 623‘(§—n+a)7

where the positive constant ¢ is independent of j. Since & < n— o we obtain that f—F1(o(27)Ff)
approximate f € S(R") in W;f,’cp, k € N. ]
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Proposition 2.3. Let s > 0,1 < p,q < oo and —g <a<n-— g. Let f € /%gf’sp. Then

S
19 0ige = 1 lLggo + 1207l

where

(—A)3f = F (1 FF).

Proof. Let f € Sy(R™). We apply Marschall’s inequality to g; = F (¢ |x|*F f),j € Z and b;(x) =
205|z| =5y (x), j € Z,x € R™ where

@ (z) = po(2772) — o (2" 7z), Y =T+ + T jEeZ,xeRN

Then
7y % g5(0)] < eyl MFHPIEPFN) @) < eMEF PP F ) )

for any 5 € Z and any x € R", where c is independent of j. Let j € Z. In view of the fact that
F s f = F N Ff) =27 F 1P |2 F f) = 27 F 1 (b€’ F ),

by Lemma 2.4 and (2.24) we obtain

(X 2170w 1) ) (32 1t m )

j=—00

FoLp o, p
K, Kq

S 1F 06 F Dl g

The same arguments can be used to prove the opposite inequality in view of the fact that
FUPIELFf) = F LR EP27 o Ff) = FH0,2° ' Ff), j€L

The rest follows by Propositions 2.1 and 2.2. n

Definition 5. Let 0 < u < p < co. The Morrey space MP is defined to be the set of all u-locally
Lebesgue-integrable functions f on R™ such that

1 llay = sup |Bl? ™ || fxsl], < oo,
where the supremum is taken over all balls B in R".

Remark 4. The Morrey spaces M? which are quasi-Banach spaces, Banach spaces for u > 1, were
introduced by Morrey to study the regularity of solutions to some PDE’s, see [31]. For the theory
of Morrey spaces, general Morrey-type spaces, and their applications see the book [1] and survey
papers |5, 6, 18, 23, 35, 38, 39|.

One can easily see that M;’ = [P and that for 0 < u < v <p < o0,

MP — MP.
The Sobolev-Morrey spaces are defined as follows.

Definition 6. Let 1 < u < p < oo and m = 1,2, .... The Sobolev-Morrey space M;"? is defined to
be the set of all u-locally Lebesgue-integrable functions f on R™ such that

/] wp Y 11Dl < oo

laf<m

ar = |1
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Let now recall the definition of Besov-Morrey and Triebel-Lizorkin-Morrey spaces. Let {¢;}jen,
be a partition of the unity, see Section 2.

Definition 7. Let s € R,0 < u < p < o0 and 0 < g < 00.The Besov-Morrey space N’;iq,u is the set
of all f € §'(R™) such that

[e.e]

, 1/q
17l = (27 gy x £l0) " <

p,q,u
Jj=0

In the limiting case ¢ = oo the usual modification is required.
The Triebel-Lizorkin-Morrey space 2 . is the set of all f € §'(R™) such that

p7q7u

e = H <2278q | F o f‘q> '
=0

In the limiting case ¢ = oo the usual modification is required.

/]

< 0.
M

We have

pouw =M, meN, 1<u<p<oo

and the norms of these spaces are equivalent, see 38, Theorem 3.1]. In particular, we have that

Eppu =ML, 1 <u<p<oo, (2.25)

also in the sense of with equivalent norms, see |29, Proposition 4.1].

Theorem 2.6. Let s; e R,0< q; < 00,0 < u; < p; <o0,t=1,2. There is a continuous embedding

S S
5?11#117111 = gp;,qz,uz
if, and only if,
U9 Uq
p1 <pz and — < —
b2 D
and
n n n n
§§—— >8 —— or §——==5 —— and p; #ps.
D1 D2 D1 D2

For the proof of these Sobolev embeddings, see [19, Theorem 3.1].

Remark 5. A detailed study of Besov-Morrey and Triebel-Lizorkin-Morrey spaces including their
history and properties can be found in [19, 29, 30, 38, 51| and references therein.

3 Caffarelli-Kohn-Nirenberg inequalities

As mentioned in the introduction, Caffarelli-Kohn-Nirenberg inequalities play a crucial role to study
regularity and integrability for solutions of nonlinear partial differential equations, see [15, 50]. The
main aim of this section is to extend these inequalities to more general function spaces. Let {¢;}en,
be a partition of unity and

J
Qif =Y _Flojxf, JeN feS R,

Jj=0
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3.1 CKN inequalities in Herz-type Besov and Triebel-Lizorkin spaces

In this section, we investigate the Caffarelli, Kohn and Nirenberg inequalities in the spaces K aTAS.
The main results of this section are based on the following proposition.
Proposition 3.1. Let ay,a0 € R0 > 0,1 <r,jv < 00,0 <7,u <00 and

n n
—— <o <n—-.
v v

(i) Assume that 1 < u < v < oo and ag > ay. Then for all f € K32,5 NS'(R") and all J € N,
HQJfHkS};T < CQJ(%*%+0427011+0)||f||K3276, (31)

where
5:{ r, if o= o,

T, if ay>ay

and the positive constant c is independent of J. .
(ii) Assume that 1 <v <u < oo and as > oy + 2 — 2. Then for all f € K{>° NS (R™) and all
J €N, (3.1) holds where the positive constant ¢ is independent of J and

Y

3213

T, if oy > o %——.

5:{ r, it =0+ 2 -

S

Proof. We only give the proof for (i), the case of (ii) being similar. Let o = 6m + (1 — 0)0, « € N
with 0 < 6 < 1 and |a| < m. From (2.5) we have

1-0

kevr gl @ f|

12, 1]

0
Kgl"Ag < HQJf’ KgVT A
Observe that ‘ . ‘ . ' .
KoV AG = kgL, KgVTAR = WL and  KJVTAY = KJU,
see (2.2), (2.3) and (2.4). It follows that
1-9
Ko

Qsf]

Qs f

EOLT S ||QJf|

v,0

0

Wk

where the positive constant c is independent of J. Observe that
QJf = 2Jn./—'.71(,00<2‘]'> * f

Therefore, .
DYQuf) =270y x f =2701Q;f, Jal <m

with wy(z) = D*(F1pg)(271), € R™. Recall that

|QufI S M(f).

Applying Lemma 2.1 and estimate (2.1), we obtain

HDO[<QJf)HKS‘1’T < C2J(%7%+a2ial+‘a|)HQ‘JfHKZ‘Q#é

n_n —
< @/Gmvtezmatm| o, s

for any |a| < m. O
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Remark 6. With oy = ap = 0 and r = v estimate (3.1) can be rewritten as

1Qu Nl g < 277 f ] o
< cQJ(E_?'HT

where the second estimate follows by the embedding L* —
proved by Triebel in [44, Proposition 4.5].

Now we are in position to state the main results of this section.

Theorem 3.1. Let 0 < p,7,8,0 <00, 1 <r,v,u < oo, >0,

n n n n n
——<ay<n——, ——<m<n——, az3>—— v>max(p,u),
v v u u P

n o on n n

S——+—+062—Oé3>0——+052—061+—>O
p U ) U

and n

o——=—(1-0)— —|—9(5——)+a1 (1= 0)az+0az), 0<6<1.
p

v

Assume that s > 0,5 in the K F-case.

(i) Let a1 < ag < az. There is a constant ¢ > 0 such that for all f € Kg‘?"; N Kg‘3’5lB§,

|

iy S HfHKWHfHKgMBE

with _ .
54 ™ }f ay = ay, and 0, = T, ?f a3 = aq,
T, if ay > a. o, if az> aj.
(i) Let 3 < (1—0)% + 0% and
a1 = (1 — (9)0(2 + 9053.

There is a constant ¢ > 0 such that for all f € K&2“F% N K§3’pA§o,

Proof. Proof of (i). For technical reasons, we split the proof into two steps.
Step 1. We consider the case p < u. Let

1 ey 1

f=) Fleixf, feS R
j=0

Then it follows that

f= Zf Yo f + Zf Yk f

j=J+1

=Qsf + Z Floixf, JeN.

j=J+1

Hence

Dal'r

l’cS}G‘T—i_H Z Floj*f

j=J+1

(% T
kv}’ =

45

K% for 1 < u < v < 0o, which has been

(3.2)

(3.3)

(3.6)
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Using Proposition 3.1, it follows that

HQJf o 5 2](%*%+a2*a1+0)HfHKSQ,é_ (37)

From the embedding . .
K" BY < kﬁgT) (3.8)

see (2.6), the last norm in (3.6) can be estimated by
O3 F ¢ g § 3 2R
j=J+1 ’ Jj=J+1 ’
A [V | P (3:9)
P 5

by Lemma 2.1, where the last estimate follows by (3.3). By substituting (3.7) and (3.9) into (3.6)
we obtain

I/

J(2—24as—aito J(2—2taz—ai—s+o)
oy 5270 M Al ggee + 2757 1l iegsos

n n

_ oJ(E—24az—ai+o) J(Z—2—s—az+as)
=2 2T <HfHK32,6—|—2 P 2+tas Hf“['(;sﬁlBE) )
with some positive constant ¢ independent of J. Again from, Lemma 2.1, it follows that
Koo BS — K30, (3.10)

since s — % + 2+ ap —az > 0. We choose J € N such that

n n

278 | | g s

We obtain , .

17
o S |l oo [ £l icos o e
kﬁgr ~ f Kq‘ij f Kgdv IBZ‘

17

By (3.3) one has s > max (O'p, az —n+ %) and by the fact that —2 <y <n — 2,

a>max<0,oz1+2—n>
v

and Theorem 2.5, or Proposition 2.1, can be used. Therefore

()

oy SIf

jQ],T
kyo

and
1-0

0
1l g S I e (1 goss + 1L i)
By replacing f(-) by f(A-) we obtain

_ 0
| lsne g S 1 Wiges (A g+ 1l o)

Taking A large enough we obtain (3.5) but with p < u.
Step 2. We consider the case u < p. We choose A\ > 0 large enough such that

[ F )| o
Hf()")Hk;‘i*"SlBg -

(3.11)



Caffarelli-Kohn-Nirenberg-type inequalities 47

which is possible because of s — T4t a2 —a3 >0, see (2.23). Asin Step 1, with f(\-) in place of
f(+) and (3.11) in place of (3.10), we obtain the desired estimate. The proof of (i) is complete.
Proof of (ii). Observe that

Do g o=(1-0)" 4 o"
v v U P
and Z < 6 < 1. Therefore
oy ,T 03 ai,r
Ky kv},,

see Theorems 2.1. From (2.2), (2.4) and (2.5), we obtain

Kyl"Fgs = HfHK“2 s HfHK;}S*”Fgg'
We have
Ko3PAS — KO3PFSS,
This completes the proof of (ii). O

Remark 7. (i) Taking a; = s = a3 = 0 and r = v we obtain

o <l Illzoo s,

<dl7ll, 171

Bys

for all f € L, N B, 5, because of L, — KS’” and B;B = KS’pB;’B — KZ?’”BE, which has been proved
by Triebel in |44, Theorem 4.6].
(ii) Under the hypothesis of Theorem 3.1/(ii), with 0 < p < £z and + < (1 —60)2 + 005 — s+ %),

g
S

we have

0
gy S Cllf lgaergl /1 gty
K, " 74

K

1
. .3y m_— o
forall f e Ke"FONK, » %A%, where

k=14 » 5t ’
0, it A=F.

Indeed, observe that
n n o n n
(=0 +0(Z —s+2) = (1—0)= +0-—

v P Uy

and § — s < 0. Therefore, from (2.2), (2.4) and (2.5), we obtain

. . 1 .
e i pe——

The result follows by the embedding

see Theorems 2.1 and 2.2.
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Theorem 3.2. Let aq, a9, a3 E R,0 < p,7,8,0 <00, 1 <rv,u< o0,

n o n n n
s——+—+ay—az3>—+a—a;+—>0
P u v u

and
—1-0~ +9(——s> —ar+ (1= 0)as+ a3, 0<0<1.
p
Assume that 0 < p, 7 < 0o and s > 0,5 in the K F-case.
Let 6 and 6, be as in Theorem 3.1/(i). Let a1 < ay < as, v > max(u,p), a; > =%, =% <y <
n— = and az > —%. We have

v

ko S w1 gpa
o o s
for all f € Kg»° N K32 Ag.
Proof. We employ the same notation and conventions as in Theorem 3.1. As in Proposition 3.1

Qs fllgene S 2/ETED | oss, TEN

Therefore,
[ee]
e S 270G s+ Y | F ek fll o T EN
j=J+1
Repeating the same arguments of Theorem 3.1 we obtain the desired estimate. O]

Remark 8. Under the same hypothesis of Theorem 3.2, with 1 < p < o0, —% <az < n—%, r =wv and
£ = 2, we obtain

112 f]], < 1 jeoee
S 11 (e
S 12 0 o

fHK;‘3’UF;

for all f € L*(R", |- |*%) N kP, because of

P50
Ca2,u sz, .03, .03,V
K" — K, and k5P = kLt

In particular, if s = m € N, we obtain

I sl < Wit (2 A . B.12)
sl l”fllife( S5l

1Bl<m
for all f € L*(R",[-]*2*)N W *(R", |- [**"). As in [44, Theorem 4.6] replace f in (3.12) by f(A-) with
A >0, the sum > ---can be replaced by >

18]<m 0<|B|<m

By Proposition 2.3 and Theorem 3.1/(i) we obtain the following statement.
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Theorem 3.3. Let 1 < p,0 < 00,0 <7 <00, 1 <rv,u<oo,02>0,(32),(3.3) and (3.4) with
a3 < n— %. Let oy < ag < az. There is a constant ¢ > 0 such that for all f € K;j‘?’é N kz‘g"sl,

N \

=A%) [l geonr < ell ] o [ (=A5) ||z
with
6:{7", if ay=a, and 61:{7", if asz=a,

T, if ay > a. o, if as> aj.
Further we study the case when p < v < u in Theorem 3.1.

Theorem 3.4. Let 0 < p,7 < 00,0< B,k < 00,1 <r,v<oo,0>0,1<u< o0,

n n n n n
——<a<n——, ——<a<n—-—, a3>-——,
(% (% u u

n on n n
s——+—Fay—az3>0——+ay—a;+—>0
P u v u

and
n

n
a—;:—(1—9)E+9(s—5)+a1—<<1—9)a2+9a3), 0<6<1.

(i) Let p < v < uyag — g > 2 — 2 and az = ao. There is a constant ¢ > 0 such that for all
p v u
fe Ke2™ N KO‘3’TF§
u p )

ky " < c”f”z;(a2 " f”i’(ﬁ*Fg' (3.13)

(ii) Letp < v < wu,c0 —ay > 2 — % and az > ay. There is a constant ¢ > 0 such that (3.13) holds
forall f € Kfj“ N K;P’”“Fg with K§3’”F§ in place of K;3’TF§.

Proof. Recall that, as in Theorem 3.1, one has the estimate

|

J eN.

kff}a’r—i_H Z F- <pj>x<f

j=J+1

ks}aﬂ‘ - } O‘l r?

From Proposition 3.1/(ii),
1Qu ], < 27Tt D £ o,

which is possible since

3

n n
—4oa —ay < — < —.
v

N
<

Using again embedding (3.8) and Lemma 2.1, we get

H Z F ol f

j=J+1

° .
S Z 27\ F " s % f| g
7 =J+1

Z 2](f—f+a3 ai+o) H]_— 0 *fHK%ﬁ’

j=J+1

where

79 _ T, lf 3 = Q9,
Kk, if az> as.
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Therefore, H f H jour can be estimated by

J(E—2tas—ai+to J(% =T +az—a1—s+o)
B L T

_ o) (=" taz—a1+0) J(5—5—s—aztas)
= @Gttt (||| + G g )
where the positive constant ¢ > 0 is independent of J. Observe that
p 71‘9 - b}
K3 F; — K*7,
since s — % + 2+ ay —az > 0. We choose J € N such that

n n

J(B—T—s—agtas)
27 ~ || £ oo

—1
f ||1’<;‘3”9Fg’
we obtain the desired estimate. O

By combining Theorem 3.2 with Theorem 3.4 we obtain the following statement.

Theorem 3.5. Under the hypothesis of Theorem 3.4 with ay > —% and o = 0, the estimates of
Theorem 3.4 hold with K" replaced by [

Finally we study the case of v < min(p, u).

Theorem 3.6. Let 1 <r < 00,0 < p,f,7 < 00,1 <v < min(p,u),ay —a; > % —
042,0'20,

n
max(p) 48 2

n n n n n
—<uy<n——, —<aa<n——, Qqz3>-——
v v U U

and
n n n n
s——+—+as—a3>0——+ayg—a;+—>0.
pu v u

Assume that 0 < p,7 < 00 and s > 0y, 5 in the K F-case. There is a constant ¢ > 0 such that for all
f e KT NKy»TAj,

I ligyr < ellFlligar 1 o
with , . :
0'—;:_(1—9);4‘9(8—;) + oy — ((1—9)(1/24_90[3).

Proof. By similarity, we only consider the case of the spaces K;,’“”Bg. We split the proof into two
steps.

Step 1. We consider the case p < u. We employ the same notation as in Theorem 3.1. In view of
Theorem 3.4 we need only to estimate

[POETY

j=J+1

JeN.

. Y
aq,r
kv,cr

Using embedding (3.8) and Lemma 2.2, we obtain

H S Fleixf v <S> 27| F s x £ o

j=J+1 ’ j=J+1

S I Ry o
j=J+1 !
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which is possible since

n n n
—da—ay < — < —.
v p T w

Repeating the same arguments as in the proof of Theorem 3.1 we obtain the desired estimate.

Step 2. We consider the case u < p. Applying a combination of the arguments used in the
corresponding step of the proof of Theorem 3.1 and those used in the first step above, we arrive at
the desired estimate. O

Similarly we obtain the following statement.

Theorem 3.7. Under the hypothesis of Theorem 3.6 with o = 0, we have

gove S a1 g ag

for all f € K{fw N KI‘}Q’TA‘Z,.

Remark 9. Under the same hypothesis of Theorems 3.5 and 3.7, with r = v, ¢ = 0, 7 = max(u, p)
and 5 = 2, we, to a certain extent, improve Caffarelli-Kohn-Nirenberg inequality (1.1).

3.2 CKN inequalities in Besov-Morrey and Triebel-Lizorkin-Morrey
spaces

In this section, we investigate the Caffarelli, Kohn and Nirenberg inequalities in & ., and N},
spaces. The main results of this section are based on the following statement.

Lemma 3.1. Let 1l <u<p<oo,1<s<qg<ooand R>0.
(i) Assume that 1 < v < u. There exists a constant ¢ > 0 independent of R such that for all

fe My" N MZ with supp Ff C {{ : €] < R}, we have

n_ wn

[y < eI

Hys

M“p

ii) Assume that * < 2 and q < p. There exists a constant ¢ > 0 independent of R such that for
p q

all f € M2 with supp Ff C {:|£] < R}, we have

1Lz = R[]y

Proof. We split the proof in two steps.
Step 1. We will prove (i). Let B be a ball in R”. Then

1_1 u R 11
1B sl = [0 e € B L@ B > e < o
0
We have

(@) < R f]| e = ERT,
see [36, Proposition 2.1] where ¢ > 0 independent of R. Let py = 2. Clearly

[f(@)] = @)1 f ()]

b
S U@ R )™
el f ()P,
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which yields that
1B sl < [ 67w e B @I BI > et
0
et [N e BN BE >
0

after the change the variable \0c=Pod'=Po = ¢, The last expression is clearly bounded by

| 1| e < R

Step 2. We will prove (ii). If p = ¢, then u < s and the estimate follows by Holder’s inequality.
Assume that ¢ < p and we choose v > 0 such that max(1, %) <v<u< %. By Step 1

nu n

= R%‘%H}%ﬁ‘;f

m

MEP

M“p
Let {p;};en, be a partition of the unity. Observe that
Flojxf=0 if R<27' jeN,.

This observation together with (2.25) yield

nu_n > nu_2n 1/2
IR 57 NH< S ORWCT|F gpj*f\)

v

jENG,2i-1<R M
||f||gzx EReg v
which follows by Sobolev embedding, see Theorem 2.6,
8223 — S%QE’
since n o nu n o nu v u S
—_— === — q<—p and — < -.
q pv q pv u p g
]
Propositi0n32 Letl<u<p<oo,1<qg<ooands>0.
(i) Let f € Njj .- Then
7~ 17+ WAl ean
where
I, = | ( 5 22172 sl)
]—700
(ii) Let f €&, .- Then
&g = I llaze (3.15)
where

”f”g';q’u = H( i 94is |]_—7190j N f|q>1/q

j=—o0
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Proof. By similarity, we prove only (ii). We have as in the proof of Proposition 2.1 that
. <
17l S el

The only distinction of the proof of Proposition 2.1 is the fact that we use [41, Lemma 2.5|. Since
s > 0 we observe

7l ~ 17y, < A1,
Now we prove the opposite inequality. Obviously ||.7-" g x f H e €D be estimated from above by
(Falye =

Theorem 3.8. [letl <u<p<ooandl <v < g < . Assumethat%ﬁ%,quandazo.
Then for all f € M2 and all J € N,

1Qufllsy, < 2G| ]|

where ¢ is a positive constant independent of f and J.

Proof. Let 0 = f0m + (1 — 0)0, « € N* with 0 < # < 1 and |a] < m. We have
[Q:1 ]y, < llQuflly, Qs Ny,

Observe that
gm

D,2,u

=M™ and &

D,2,u

= Mi’,
which yield that . ,
1—
[Qflls, < QP e

where the positive constant ¢ is independent of J. Lemma 3.1 yields that

1

1D*@Qu )y S 2 £

Therefore, o
1Qiflley, S22 7| e

Now we are in position to state the main result of this section.

Theorem 3.9. let 1l <u<p<oo,l<pu<d<oo,l<pf<oo,c>20andl <v<qg< .
Assume that

ESHSE, s>0 and p>d>gq.
p= 907 ¢q
Let n n n n n
s——>0—— and 0——:—(1—9)—+«9<s——>, 0<0<1.
q p p 0 q
Then " .
£l SUASNAS  a >0 319
and - ,
HfHJ\/Hj 5 HfHM;j HfHN;’B,U (3‘17)

0 s
Jor all f € M ﬂNq,,B,v'
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Proof. We have
F=Quf+ > Flojxf, JeN
j=J+1
Hence

£y, <l@itlly, 4| 3 (3.18)

j= J+1 2,u

By applying Theorem 3.8, it follows that

|@itlley,, S 24| 1]l

From the embedding N, , < N7
estimated by

min2u)u < Epou and Lemma 3.1 the last term in (3.18) can be

D Y S e R

j=J+1 j=J+1
J(2—240—5)

S 2 a P HfHNs bl

q,o0,v

since s — Z > o — 2. Therefore,

o J(2—%)teg (B—n_g
= '@ mfm@+2 i3 Hﬂws ).
where the positive constant ¢ is independent of J. We wish to choose J € N such that

11l ~ 275

qoov

- S .
which is possible since N,

< M. Indeed, from Theorem 2.6 and (2.25), we get

N oo = Ef e = 9y = M),

q,00,v q,00,v
becuase of s — % >0 — ;% > —%. Thus
7, S 1AL

Using (3.14) and (3.15) we arrive at the inequality

< 1-0 0
£, S (0 171, )
In this estimate replacing f(-) by f(A-) and using (3.14) we obtain

s, S 01 (g W)’
Taking A sufficiently large we obtain (3.16)-(3.17). O
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Abstract. For the Hardy inequality to hold on a Hausdorff topological space, we obtain necessary
and sufficient conditions on the weights and measures. As in the recent paper by G. Sinnamon (2022),
we assume total orderedness of the family of sets that generate the Hardy operator. Sinnamon’s
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1 Introduction

Consider the inequality

(o) o] e (froar)” L

for all non-negative functions f. Here [a, b] is a finite or infinite segment on the extended real line, u, v
and w are non-negative measurable weight functions and A, 4, v are Borel measures. The problem is
to find a functional of the weights and measures ® (u, v, w, A\, i, v) such that for the best constant C'

one has
Clq) S O S C2q)7 (12)

where the positive constants c;, co do not depend on the weights and measures. The characterizations
of weights and measures for which (1.1) holds are very different for the cases p < ¢ and ¢ < p. In
particular, the proofs for the case p < q are a lot simpler. The inequality has a long history described
in several books [6], [7], [8], [10].

In [3] and [21] spherical coordinates in R"™ were used to obtain the first results for the Euclidean
space. Other multidimensional generalizations followed. Results for Banach function spaces and
mixed LP spaces given in [4] and [1| covered only the case p < ¢, when specified to usual L? spaces.
The two-dimensional result by Sawyer [19] turned out to be difficult to generalize to higher dimen-
sions, unless under additional restrictions on the weights [23]. We believe this is caused by the fact
that his domains are not totally ordered, see the definition below.

In the last several years there was a wave of new generalizations. In [16], [17] and [18] the
results have been formulated in abstract settings (for homogeneous groups, hyperbolic spaces, Cartan-
Hadamard manifolds, and connected Lie groups). All of them are based on the assumption of
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the existence of a polar decomposition, which for calculational purposes is the same as spherical
coordinates. Thus, methodologically, the last three papers return to [3].

G. Sinnamon [22| made a significant contribution by providing a single framework for all Hardy
inequalities, regardless of the domain dimension and covering both continuous and discrete cases. His
method consists in reducing the general Hardy inequality to a special, one-dimensional one, called a
normal form. In addition to being universally applicable, this approach has other advantages. The
functional ® for the normal form is relatively simple, because the weights are constant and only
the upper limit of integration changes. (Note that in general there exist many functionals satisfying
(1.1), see [8]). This simplicity allows Sinnamon to improve the best constants ¢y, ¢z in (1.2) due to
Hardy and Bliss [2].

The reduction to the one-dimensional case in Sinnamon’s approach requires an additional calcu-
lation to obtain the functional in terms of the original weights and measures. The present paper is
different in that we give a direct proof leading to the required expressions. See Remark 1 below for
a more detailed comparison.

Now we mention the contributions that directly influenced the methods employed here. Every-
where we assume that 1 < p < 00, 0 < ¢ < 0.

For the case ¢ < p several functionals equivalent to (1.1) have been suggested. The one proposed
by Maz’ya and Rozin [10] and used here has the advantage that it works both for 0 < ¢ < 1 and
1<qg<np.

D. Prokhorov [12] investigated the Hardy inequality on the real line but the merits of his measure-
theoretical analysis go beyond the one-dimensional case. We follow his ideas and along the way
mention some of his innovations. One of them is that he allowed the weights to be infinite on sets of
positive measure and analyzed the implications.

The purpose of this paper is to obtain a criterion for the multidimensional inequality

L) 10wam) )] 13

()

(the function 7 is defined in Section 2), ) is an open set in a Hausdorff topological space X. The
main restriction on the open subsets 2(¢) of 2 is that they are parameterized by real ¢ and satisfy
the monotonicity (total orderedness) condition

Qt1) C Qta) if t1 < to. (1.4)

Alternatively, instead of expanding, €2(f) may be contracting but the unidirectionality is required
for our method. As in Sinnamon’s paper, the results can be called dimension-agnostic, because in
X the dimension notion is generally not defined, and when X is a linear space, no convexity or
connectedness are imposed on () or Q. The existing results for R or measure metric spaces from
[1], [3], [16], [17], [18] are special cases of ours. Results of [19] (where rectangles do not satisfy the
monotonicity condition) are not covered by ours. In [4] domains of integration are more general than
ours and Banach function spaces are considered.

In the multidimensional case generalizations of our results in several directions are possible. For
Hardy type integrals with variable kernels extensions can be obtained under the Oinarov condition 9],
[11]. The generality of measures in our results may lead to their consequences for discrete problems
[24] in the spirit of Sinnamon. It would be interesting to cover the Riemann-Liouville operators [13],
although the lack of the derivative notion certainly makes unlikely generalizations of the results in

[5]-
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2 Main assumptions and statements

Description of measures. The phrase " is a measure on 2" means that there is a o-algebra 9t
that contains the o-algebra B of Borel subsets of {2 and such that p is a o-finite and o-additive
(non-negative) function on 9, with values in the extended real half-line [0, 400] = {0 < 2 < 400} .
9, denotes the domain of the measure p. Everywhere A, p, v are measures on € and A, v have a
common domain My ,,.

Description of functions. The notation f € {91} " means that f is defined in €2, takes values
in [0, +0c] and is M-measurable. The weights u, v, w satisfy u,w € {My,} ", v e {M,}7.

Description of sets Q(t).  is an open set in a Hausdorff topological space X and
{Qt) :t€la,b]}, —o0o < a < b < oo, is a one-parameter family of open subsets of € that sat-
isfy monotonicity (1.4) for a < t; <ty < b, start at the empty set and eventually cover A-almost all

Q:
Qa) =) =2, A (Q\ U Q(t)) = 0.

t>a a<t<b

Let w(t) = Q(t)N(2\Q(t)) be the boundary of () in the relative topology. We require the boundaries
to be disjoint and cover A-almost all €2 :

w(ty) Nw(ty) = @, ty #ta, ti,ts € (a,b); <Q\ U w(t)) = 0.

a<t<b

The last condition implies that, up to a set of Ad-measure zero, for each x € () there exists a
unique 7(x) € (a,b) such that x € w(7(z)), which allows us to define a Hardy type operator

Tf(z) = / J () dA ().
{yeQur(y)<7(z)}

More generally, for any E C [a, b] such that Q (F) = Uicgw(t) € MM, we can consider the integral

/ faA.
Q(E)

In particular, we denote Q [c, d] = Up<i<qw(t), Q[c,d) = Uectcaw(t), ete. for a < c < d <b.

Remark 1. 1) In comparison with [22], our setup is closer to the classical one, where the domains
Q2 (t) = (0,t) are indexed by their boundaries w (t) = ¢ and can be represented as unions of boundaries
Q) ={s:w(s) <w(t)}. 2) Let (5,%,\) and (Y, ) be o-finite measure spaces and let B : Y — %
be a map such that the range of B is a totally ordered subset of ¥ (these are assumptions from [22]).
Thus the family {B (y) : y € Y} of subsets of ¥ is indexed by y € Y. Since the number t = A (B (y))
is unique for each y € Y, we can write B(t) = B (y) if t = A (B (y)) . This re-indexing is one-to-one
if, as usual, we do not distinguish between two sets which differ by a set of measure zero. Hence the
family {B (y) : y € Y} can be indexed by elements from [0, 00), the total order being preserved. 3)
As we mentioned in the Introduction, Sinnamon’s result covers more different cases. On the other
hand, our proofs are direct (they don’t rely on the one-dimensional case as an intermediate step) and
we have statements stemming from the assumption that weights may take values in the extended

half-axis [0, 00 (see Lemmas 2.7 and 2.8); Sinnamon does not have them. Our method generalizes
[12].

Conventions on improper numbers. 0+ (400) = a+(+00) = a-(+00) = +o0 if 0 < a < 400;
0 (4+00) =0; (+00)* =07 = 400, (+00) * =0* =0, a € (0,+00).
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Lowercase ¢, with or without subscripts, denote constants that do not depend on weights and
measures.

The few results in dimensions higher than 1, reviewed in the Introduction, excluding [22], em-
ployed tools of one-dimensional analysis along the radial variable, of type

[() s [ () e ()

where dz is the Lebesgue measure. Further advancement has been held back by the lack of a truly
multidimensional replacement of such tools. The significance of the following Lemmas 2.1 and 2.2 is
that they are such a replacement. See [12] for the argument on the straight line.

Lemma 2.1. Denote A(t) fQ[ gfdr a<t<b, fe {3,
a) If v > 0, then

Ag(D)*
max {1, 7+ 1} = Jouy

Ag(o)!
min {1,v+ 1}

f@)Ay (7 (2))" dA(x) < (2.1)

b) In the case v € (—1,0), (2.1) holds if A¢(b) < 0.

Proof. a) Let v > 0. The second inequality in (2.1) follows from Ay (7 (x)) < A (b), x € . Let us
prove the first inequality. Without loss of generality we assume that

/f )z (r ()" dA() < o,

Then for any ¢ € [a, b]

(Awfdowﬂ SL/ ﬁﬂ(/‘]ﬂu>vgswﬂﬂ@AAT@»wu@)

/f z)As (7 ()" dA\(z) < oo,

IN

SO

fd\ < oo for any t € [a,b]. (2.2)
w(t)

Suppose Af(b) = co. Denote

E:ﬁeh@pM@:mhez{mMLﬁE¢@

b, ifE=0.

If there is £ € (e, b] such that fﬂ(é y fdA # 0, then

oo>/f z)As (7 (x))" d\(z )>Af(§)7/g(£b}fd)\:oo,

which is impossible. Hence, for any £ € (e, b] one has fQ(E i fdXA = 0. By the monotone covergence

theorem fQ 5 JdA = 0 and thus Af(e) = 0o. Recalling (2.2) we see that e > a and fQ[a o JdA = 0.
By the deﬁmtlon of e,

00 = fd)\ = fw+/ FdA
(te)

Qla,e) Qa,t]
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for ¢t € [a,e), where As(t) € (0,00). Then, again by the definition of e,

oo>/f 2)As (1 7dA()>Af<zs)”f/ fdX\ = oo

Q(t,e)

The contradiction arises from the assumption Af(b) = oo, so without loss of generality we can suppose
that Af(b) < oo.
Changing the integration order gives

/ F@)A; (7 () dAz) = ~ / f(x) ( / e Sv—lds> d\(z)
_ / (/f Xoa ](s)d)\(x)) ds.

For s > 0 put £, ={t € [a,b] : Af (t) < s}.Ilf E; =@, then Ay (7 (z)) > s for any z € Q and
[ F o) () 3 () = A 0) 2 A ) = .

Suppose Ey # @ and let e, = sup E,. Take a sequence { q(@s)} C FE; such that ¢ T es as n — o0.
Then in the case e; € E; we have Ay (7 (x)) < s for 7 (z) < e,, Af(7(x)) > s for 7 (x) > es and

L F@Nuro @D = [ =450 = A (e 2 A )
Q(es,b]
while in the case es ¢ E;
/f Vo trten] () (@) :/ fdX = Ap(b) — Tim Ay (£2) > Ay (b) — s.
Qles,b] n—o00

So, summarizing,

Ay (b)
Lr@ns @i =y [0 0= is

Ap ()

— A b’v-i-l v A b’y—i—l
/0 = 200

v+1

Y

which completes the argument for v > 0.
b) Now let v € (—1,0) and Ay (b) < co. Then the first inequality in (2.1) follows from Ay (b)” <
Af (7 (x))”, x € Q. Let us prove the second inequality. Start with

/f 2)A; (1 (2))" dA\(z :—7/f </ )57_1d3> A ()
= —7/ [z (/Af(b ST @) () ds + //:b) 57_1653) dA(x)
= [ ([ ) (0 ) s s 7

For s > 0 define E; = {t € [a,b] : Af(t) < s}. In case E; = @ we have A (7 (x)) > s for all x € Q
and

/ US ] (8)dA () =0 < s.
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Suppose E, # &, let e, = sup F; and take a sequence { S)} C FE, such that £ T e, as n — 00.

Then in case e5; € E; we have e, < b, Ay (7 (x)) < As(es) < s for 7(z) < ey and Ay (7(z)) > s for
7 (x) > e, so that

/f X[As(r(2)),A4(b) ]()d)\() /Q[ ]fd/\:/\f(es)és-

On the other hand, in the case e; ¢ Fj

- - L (9)) <
L 10X a3 @) = [ = A () <

As a result,
Ay (b) A (b)’Y+1
)A )" dX —~ / Yds + Ag (b)) = 22
[ s @<=y [ s a0 = 20
O
A similar statement holds for the integral with a variable lower limit of integration.
Lemma 2.2. Let As(t) fQ[t o fdA. a) If v > 0, then
As(a)*! X As(a)r*!
A Td\z) < ——F——— 2.

b) For vy € (—1,0) (2.3) holds if A; (a) < 00.
The proof of the next lemma can be found in [15] (it is dimensionless).

Lemma 2.3. Let 1 < p < oo, u € {9}, E € M. If [, uP'd\ = oo, then there exists f € {M,}*
such that [, fPdA < oo and [, fud\ = occ.
Lemma 2.4. a) Let E C [a,b] be such that Q (E) € My. Define By = ENla,t], B, = EN|[tb],
teE. IfX(Q(E)) =0 foranyt € E or A (Q(E;)) =0 for any t € E, then A (Q(E)) = 0.

b) Alternative formulation. Take a set E C ) that belongs to My and define E, = ENQ [a, T (y)],
E,=ENQ[r(y),b]. IfA\(E,) =0 for anyy € E or A (Ey) =0 for any y € E, then A (E) = 0.

Proof. 1f E is empty, the statement is obvious. Let F # @&, put s = sup E and take a sequence {s,}
such that s, T's, s, € Efor alln. If s € E, then E = ENJa,s] = E; and A (2 (E)) = A (Q(E;)) = 0.
If s ¢ E, then E = U, (ENJa,s,]) = U,Es, and A (2 (F)) = lim A (Q(E;,)) = 0. This proves a).
The proof of b) is similar. O

In the next lemma we look at the special case of (1.3) with v = A and w = 1. The lemma is a
long way of saying that replacing g = fh is all it takes to pass from (2.4) to (2.5).

Lemma 2.5. Consider weights u,h € {9} and v € {M,}". The inequalities

[(f ) s <o ([ o) remy. e
{ /Q < /Q o) “gdA)qv(w)du (x)] " < C ( /Q gph—”d/\) Up, (2.5)

g€ {Mm}t,

and

are equivalent.
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Proof. Fix f € {9,}" and let (2.5) be true. Plugging g = fh in (2.5) we get

Vﬂ (/Q[a,ru)] ufhdA)qv(x)d” (@] : < C (/Q (fh)? h‘pd)‘) ;
< C(/prd/\)l/p

because h?h™P < 1, where in case h = oo or h = 0 we have (00)” (00) " =00-0=0 < 1.
Conversely, let (2.4) hold. Put

F,={x€Qla,t]: h(z) =00, u(x) #0}, E={tecla,bl:(F)>0}.

We want to show that

/ vdp = 0. (2.6)
Q(E)

If t; < tg, then F;, C F;, by monotonicity of {Q(¢)} and A (Fi,) < A(F,). Hence, Q (E) is Borel
measurable. If E is empty, (2.6) is obvious. Let E # @ and fix t € E. By Lemma 6.9 from [15] there
is a function f € 9, such that [, fPdA < oo and 0 < f(z) <1 on Q. Then

/ ufhd\ = oo,
F

because u (z) f () > 0, h(x) = oo on F; and A (F;) > 0. Plugging fxr, in (2.4) we obtain F; C
Qla,t] C Qa, 7 (x)] for 7 (z) >t and

v 4 1/q
(/Q[ab} vdu) /Fz ufhdh < [/Q (/Q[W(w)] ufxpthd)\) v(x)dp (m)]
1/p
C P )
(/ﬂ f ) < 00

/ vd,ug/ vdpu=0forallt e K
ENQ[t,b] Q[t,b]

and by Lemma 2.4 (2.6) follows. Hence, to prove (2.5) it suffices to prove that

q 1/q 1/p
{/ (/ ugd)\) v(x)du (:L‘):| < C (/ gph_pd)\> : (2.7)
Q([a,b]\E) Qla,7(z)] Q

g c {EUIA}*.

IN

This shows that

Note that
A (Fr(z)) = 0 for any z € Q([a,b] \E) (2.8)

by the definition of F.

Now take any g € {9}". If [, gPh7Pd\ = oo, then (2.7) is trivial.  Suppose
fQ gPh™Pd\ < oo. Then ¢Ph7P is finite A-almost everywhere. In particular, for the set £} =
{r €eQ:g(x)#0, h(x) =0}, where g?Ph™? = 0o, we have

A(Ey) = 0. (2.9)
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Using (2.6) and f (y) = g (y) h(y)f1 ,y € Q,in (2.4) we get

4 1/q
[/ﬂ([ o) (/ﬂ[ . Ugh_lhd/\) v(x)dp (x)] (2.10)
1/p
< O(/Q (gh_l)pd/\) ,
If we show that
Ay € Qla.7 (@) uly) g () #u®) g W) h ) hy)}) = 0 (2.11)

for any x € Q ([a,b] \E),

then (2.10) will imply (2.7). Using the definitions of F,(,) and F; we see that

{yeQla,r(@)]:uly)g) #uly)gy)hy) " hy}
C {yeQa,m@)]:uygy) £0, h(y) ' hiy) #1}
= {yeQla,7(x)] :u(y)g(y) #0, h(y) =0}
U{y € Qla,7 (@) s u(y)g(y) #0, h(y) = oo}
C {yeQla,7(z)]:g(y) #0, h(y) =0}
U{y € Qa, 7 (z)] s u(y) #0, h(y) =oc} C E1U Fr).

We can use (2.8) and (2.9). This implies (2.11) and finishes the proof. O

We give the proof of the next well-known fact [10] just because we consider a more general
situation.

Lemma 2.6. Let v = v, + vs be the Lebesque decomposition of v with respect to A, that s, v, s
absolutely continuous with respect to X and v, 1s singular with respect to A. Then the inequalities

Ua (/Q[a,f(m)] fdA)qdu(x) } : s¢ ( /Q ! pde) 1/p’ fe{mlT, (2.12)
{/Q (/Q[a,'r(:v)] fd)\)qd#(@} N ¢ (/Q fpwd’/a) 1/”’ fe{myr, (2.13)

Proof. Since v = v, + v, (2.13) obviously implies (2.12). Suppose (2.12) is true. Since v, and \ are
mutually singular, there exists a set A, € 9, such that A (As) = 0 and v, is concentrated on Ay,

implying

and

are equivalent.

Vo(\A,) = 0, A(Q[a, 7 ()] N Ay) = 0. (2.14)

By absolute continuity of v, with respect to A
Va(As) = 0. (215)

Defining f = I[xa\4, we have by (2.14)

/ fd\ = / fdX + / fd\ = / fdx
Qla,7(z)] Qla,7(z)]NAs Qla,m(x)]\As Qla,r(z)]
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and by (2.14), (2.15)

/fpwdy = / fpwdya—i—/ fPwdv,
0 Q\A, Q\A,

= fpwdua—f—/ fpwdua:/fpwdua.
As Q

O\As
(2.12) and the last two equations give the desired result:

) o] = (] o) 0]
= (/Qf “"“’)p =C (/prwdua>p

Denote

]0:{:569:/ ud)\:O},]OO:{xEQ:/ up/d/\:oo}.
Qla,(2)] Qla,(2)]

By monotonicity [ is adjacent to point a and I, is adjacent to point b. See Lemma 2.8 for more
information on the structure of these sets. Consider a version of inequality (1.3) with v = X and

o |:/Q </Q[a,7-(z)} fud>\>qv(a:)du(x)} N <C (/Q fpd)‘) 1/1”7 fe{mgr. (2.16)

The next lemma tells us that /o, I, do not influence the validity of (2.16). The values of f on I
should not matter because, as it will be shown,

/ udX = 0. (2.17)
Iy

By Holder’s inequality for z € I

1/p . 1/p’
/ fud\ < (/ fpd)\> (/ uP d)\)
Qla,7(z)] Qfa,7(2)] Qla,7(x)]

where the last integral on the right is infinite. Hence, by Lemma 2.3 the integral on the left may be
infinite. For (2.16) to hold, such values must be suppressed and for this it should be true that

/ vdp = 0. (2.18)
I

That is why the values of the integral fﬂ[a ()] JudA on I should not matter. (2.17) and (2.18) arise
from allowing weights and measures with improper values and have been discovered in [12].

Lemma 2.7. a) (2.17) is true. b) Put I = Q\ [lo U I]. (2.16) holds with C < oo if and only if
(2.18) holds and

{/j (/Q[W(x)] fudA)qv(x)du(x)} v <C (/Q fpdA) Up, fe )t (2.19)
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Proof. a) First note that Iy, Io, I € 9. Define the measure d\, = udX and note that for any = € I
the set £, = IoNQa, 7 (z)] C Qa, 7 (z)] satisfies

A (Ey) :/ d\, g/ ud\ = 0.
: Qfar(x)]

Hence, (2.17) follows by Lemma 2.4.
b) It is obvious that (2.16) implies (2.19) and that (2.18) holds in case of an empty . Let us
derive (2.18) in case I, # @. Take any = € I.. By Lemma 2.3 there is a function f € {90,}" such

that
/ fPdX\ < o0, / fud\ = oo.
Qla,7(x)] Qla,7(x)]

Plugging fxa(r(z)) in (2.16) we get

1/q

( / vdu) / fudA

Qr(x),0] Qla,7(x)]

q 1/q
{ / ( / fXQ[a,T(z)}“d)‘> v(y)du(y)}
Q \JQla,7(y)]
1/p
o[ pw)” e
Qla,7(x)]

Thus, we should have fQ[T(m) ]vdu =0 for any = € I, and by Lemma 2.4 (2.18) follows.

b
Conversely, if (2.18) and (2.19) are true, then, taking into account also (2.17), we see that (2.19)
implies (2.16). O

IN

Denote

U(x) = / w’d\, V (z) :/ vdp,
Qla,7(2)] Qfr(z),b]

A) = V(@YU @Y, 2eQ, A= sup A(x),

e

A" = supAx) if I #2, AA=0if [ = 2.

zel

Lemma 2.8. a) Define s =sup{r(x):x € Iy}, i =inf{r(z): 2z € I.}. Then Iy = Qa,s|, I =
Qi b]
b) The inequality A < oo is equivalent to the combination of (2.18) and

A < oo, (2.20)
Besides, A = A’.

Proof. a) If x € I, then the monotonicity 7 (y) < 7 (x) implies

/ ud\ < / udA = 0.
Qfa,7(y)] Qfa,7 ()]

Hence, with any = € Iy, I, contains Q[a, 7 ()] and Qa, 7 (z)] N 1y = Qa, 7 (z)]. Choose {s,} C
{T(z) : x € Iy} so that s, T s. Then

/ ud\ = lim/ ud\ = 0,
Qla,s] Qla,sn]
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so Iy = Q]a, s]. Similarly, if 7 (y) > 7 (z) and x € I then by (2.21)

/ vdp < / vdp = 0.
Q7 (y),b] Qr(x),b]

Hence, Q[ (z),b] NI = Q7 (x),b]. Choosing {i,} C {7 (z): x € I} so that i, | i and using the
above equation we see that I, = Q[i,b].

a) Let A < oco. For any x € I, we have U (x) = fﬂ[a (@) uP’ d\ = 00, so for A < oo it is necessary
that ’

Vi(z) = / vdp =0, x € I. (2.21)
Qfr(x),b]

In Lemma 2.4 put E = I, du, = vdu. Then E, = I, NQ[r (z),b] C Q[r (z),b] and
Ly (Ex) < / vdp =0, = € I.
Qr ()]
By Lemma 2.4 (2.18) follows. Besides, from the definition of I, we see that
U(x) = / wd\ =0, x € I. (2.22)
Qa,7(z)]

By (2.21) and (2.22) A(z) =0on Iy U I, so A’ = A.
Conversely, let (2.18) and (2.20) hold. By (2.22) A(z) = 0 on I. Besides, part a) and (2.18)

imply
V(:B):/ vd,uﬁ/ vdp =0, z € I.
Qfr(x),b) I
Thus, A(z) =0on I, and A = A’ < cc. O

Theorem 2.1. Let 1 < p < q < 00. Inequality (2.16) holds if and only if A < oo, with the equivalence
ClA S C S CQA.

Proof. We want to show that A = C' = 0 in case I = &. By monotinicity V (x) = 0 on I, and by
definition fQ[a ()] udX = 0 on Iy. Hence A = A’ = 0. On the other hand, Q = Iy U I, implies

/Q (/Q[W(x)] fudA)qv(x)dM(x) = /IOO </ﬂ[a,f(z)}\10 fud/\)qv(x)du(x) —0.

Thus, C' = 0. In what follows we can safely assume that I # &.
Sufficiency. Let x € I. Since Qa, 7 (z)] C Q\I, and u is A-everywhere zero on I, by Holder’s
inequality

/ JudX = / fudA
Qa,7 ()] Qla,7(z)|NI

1/p 1/p
( / fru WdA) ( / up'U‘l/pdA) .
Qla,7(z)]NI Qla,r(z)|NI

By Lemma 2.1 with v = —1/p and I N Q [a, 7 (z)] in place of © and using the definition of I,

IN
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/ / _l/p
[ ww ( [oow dA) aA ()
INQ[a,7(x)] Qla,7(y)]
) ) —-1/p
- [ ww(f wn) o
INQ[a,r(x)] INQfa,7(y)]

1-1/p )
< ¢ (/ up/d/\) = cU (z)""",
INQ[a,r(z)]

where U (z) < 0o because x ¢ I,. Then for x € T

1/p ,
/ fud\ = / Jud) < c( / prl/p’dA) U ()"
Qla,r(2)] INQ[a,7(z)] INQa,r(z)]
1/p
< cAVP (/ prl/p’d)\) V(I)—l/(qp’)
INQ[a,7(z)]

where V (z) > 0 by (2.18) and V (x) < oo because U (z) > 0, see (2.17). Using this inequality we
bound the left-hand side of (2.19) as follows:

[ ([ o) o] o

a/p 1/a
< AV /(/ prl/p'd/\) V () Y o(x)du(x)
I INQ[a,7(z)]

: a/p 11/
/1 ( /I frute Xﬂ[amndk) V (2)" Y o(x)dp(z)

= cAV?Y

11/p

i p/q
< AW / f ) Ut < / V”p'vdu) dA(y)
i Q INQ[r(y),b]

The last transition is by Minkowsky’s inequality.
By Lemma 2.8 z € [ implies Q[7(x),b] C Q\ly. Using also (2.18) we see that V (z) =
]vd,u for x € I. Now by Lemma 2.2 for y € [

/ oV VP dy
INQ[7(y),b]
-1/p'
- [ @ ([ ) aute)
INQ[7(y),b] INQ[7(z),b]

1-1/p
< o ( / vdu) — oV ()7,
INQ[7(y),b]

where V' (y) < oo because A < oo and U (z) > 0 on [.
Continuing (2.23) and applying A < oo together with the last bound we get

q 1/q
{/ (/ fud)\) v(x)du@)}
I Qla,7(z)]
1/p 1/p
< AV ( / prl/p'Vl/qd)\) <A ( / fpdA) .
I Q

f[ﬂQ[T(x),b
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Necessity. Suppose (2.16) is true. By Lemma 2.8 we have Q[a, 7 (z)] D I, for x € I and
(N Iso) NQ [T (z),0] C (Q\ 1) N (Q\Ip) C I.
By (2.18)

V(m):/ vd,u:/ vdug/vd,u,xel.
Q[r(z),b] (N Ioo)NQ7(z),b] 1

For z € I put f =" "xqu-()- If y € Q[ (x),b], then 7 (y) > 7 (z) and

U (z) = / WP dX < / (fXefar(an) udh.
Qla,7(z)] Qla,7(y)]

Thus, applying also (2.19), we get for z €

) q 1/q
V()U (z) = / (/ u? d)\) vdp]
LS Q[7(x),b] Qla,7(z)]

q 1/q
< / ( / (fxar)) UdA) v (y) dp (y)]
Qlr(2),6] \JQa,r(y)]

q 1/q
< / (/ (fx9lar(=)) d)\) U(y)dﬂ(y)}
I Qla,(y)]

) 1/p
< C (/ u? d)\> = CU (z)"?
Qla,(2)]

which gives A’ < C. By Lemma 2.7, (2.18) is true and Lemma 2.8 gives A = A’ < C. O

Next we consider the case ¢ < p and define r from 1/r = 1/q — 1/p. Denote

) r/p’ r/p
B = [/ (/ u? d)\) (/ vdu) v(x)du(x)]
Q Qla,7(x)] Q7 (),b]
1/r
= (/ U?"/p’vr/pvdlu) )
Q

Lemma 2.9. a) (2.17) is true. b) B < 0o is equivalent to the combination of (2.18) and

1/r
B' = < / Ur/p’vr/%du> < .
I

1/r

Besides, B = B'.

Proof. a) The proof of Lemma 2.7 a) does not rely on the inequality p < ¢ and is valid in the current
situation.
b) Let B < oo. Then the fact that U (z) = 0o on I, implies

r/p
/ (/ vd,u) vdp = 0.
I Q[7(z),b]

IOO:{ZEGIOOZ/ vd,u:(),v(x);&()}U{xEIOO:v(x):()}:FUG.
Qfr(z),b]

We represent
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Further, in Lemma 2.4 b) put E = F, du, = vdu. Then E, = ENQ[r (z),b] C Q[ (x),0],

uv(i(x)):/ vdug/ vdp =0, z € F.
L(x) Q[r(z),b]

By Lemma 2.4 [, vdu = 0. Since also [, vdp = 0, (2.18) holds. The definition of I, and (2.18) give
B=DB.

Conversely, let B’ < co and (2.18) hold. Then in view of (2.17) and (2.18) B = B’ < 0. O
Lemma 2.10. If B < oo, then A < B and (2.18) is true.

Proof. By Lemma 2.2

r/p r/q
/ ( / vdu) v(y)du(y) = c ( / vdu) :
Qfr(2),b] \J ()] Qfr ()1

Hence, for any 7 (z) € [a, b]

1/r
B > ( / Uy V’“/%du)
Qr(x),b]

r/p Lr
/ ( / vdu) o (y) dp <y>]
Qr(x),b] Q7 (y)b]

> MU )PV ()Y =M A ().

> U (x)l/p’

Hence, ¢'/"A < B < oo and (2.18) follows by Lemma 2.8. O

Denote

a/r
h (ZL’) = 1 (1,> (/ Ur/q’Vr/pup/d/\)
Qla,7 ()]

and define a measure on 9, by dji = xrvh™P/%dy. Assuming that B < oo we plan to derive the

bound (2.19) from
{ /I ( /Q o) fud)\> q v () du(x)} v (2.24)

< ¢B [ /Q ( /Q - fud)\)pdﬁ(x)] l/p
{ /Q ( /Q o) f udk>pdﬂ(l’)} v < < /Q f”dA) Up. (2.25)

Lemma 2.11. If B < o0 and I # @&, then

/ vdp = / vdp =0 (2.26)
{z€Il:h(z)=0} {z€l:h(z)=00}

and

and (2.24) holds.
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Proof. h is Borel measurable. For x € I by Lemma 2.1

r/qd
/ ( / up’d%) u(y)” dx (y)]
Qfa,r(@)] \Jlar)

> oV (x)q/p U (x)q/p’ '

q/r

hiz) = V(z)""

Here U (x) # 0, so h(z) = 0 implies fQ[T(I) y Vdp = 0 and by Lemma 2.4 we get the first equation in
(2.26).
Changing the order of integration we see that

/UhT/qd,u:/vhr/qdu (2.27)
I Q

< / (/ UT/q’VT/PUP’XQ[G,T(w)]d)\> v (z)dp(z)
Q Qla,7(x)]

= / Uy)"" V (y)""u(y)” ( / vdu) dX (y)
Q Qr(y),b]

= / UV g
Q

(using the left inequality in (2.3) and changing integration order)

& / Uy)"" u(y)” ( / vV””du) dA (y)
Q Q[r(y),0]
= 61/ (/ Ur/q/up/d)\) V (2)"P v () dp ()
Q Qla,7(x)]

(by Lemma 2.1)
< CQ/ Ur/p/Vr/pvd/L = B".
Q

IA

This bound implies, in particular, the second equality in (2.26).
Using (2.26), (2.27) and Hélder’s inequality with the exponents r/q and p/q we complete the

proof of (2.24):
[ ([ o) wioria]
= { /1 h(z)h(z)™ ( /Q - fud/\)qv (z) d,u(:E):| v
() [ ([, ) wers]

<
P 1/p
< "B { / ( / fud)\) dﬂ(x)] .
Q Qla,7(z)]
[
Lemma 2.12. If B < o0 and I # @, then
sup i ([ (z), b)) U ()7 < ¢ (2.28)

zel

and (2.25) is true.



Hardy inequality on measure topological spaces 73

Proof. Let x € I. By Lemma 2.10 we know that A < oo. Therefore U (z) > 0 implies that the
integral fQ[T(I) o Vi is finite. If it is zero, then i (2 [ (x),b]) = 0. Suppose that integral is not zero.

Using the inequalities h (y) > h (z) for 7 (y) > 7 (x) and V (2) > V (z) for 7 (2) < 7 (), we have for
xel

AQ (@), )) = / yroh ™y < / oduh ()71
Q[7(x),b]

Qr(z),b]
/ , —p/r
V (z) ( / Urayr/eyp dA)
Qa7 ()]

(applying Lemma 2.1 with v = /)

-p/r
V (x) (V (a:)r/p/ Ur/q/up/d)\) < cU (2)"" < 0.
Qfa,7(z)]

IN

IN

This proves (2.28).
Further, put ¢ = inf {7 (z) : « € I'}. If the infimum is attained on I, then I C Q[i,b], U (i) > 0
and

p@) = [oh = [ e = (@3] < o0
I Q[i,b]

by (2.28). If i ¢ I, then I C Q(i,b] and (2 [a,i] N I) = 0. Take any sequence {i,} C I such that
in 41 and put E, = Q[a,i UQ[i,,b]. Then Q = UE, and i (E,) < oo for all n. Hence fi is o-finite
on 2. Besides, (2.18) implies /i () = 0. Therefore (2.28) and Theorem 2.1 give for any n

[ o) ]
= [ ) 0] ([

Here ¢ does not depend on n. With fixed f, we can let n — oo and finish the proof. n

Theorem 2.2. Let0<g<p<oo,p>1,1/r=1/q—1/p. (2.16) holds if and only if B < oo, and
ClB S C S CQB.

Proof. Sufficiency. Let B < oo. If I = &, by Lemma 2.9 we see that in fact B = B’ = 0. On the
other hand, the best constant in (2.16) in this case is also 0 because of (2.17) and (2.18). If I # &,
the sufficiency follows by Lemmas 2.11 and 2.12.

Necessity. Suppose (2.16) is true with C' < oo and, hence, (2.17) and (2.18) hold. Since u is
o-finite, there is a sequence {E,} of sets such that Q = UE,, and u(E,) < co. We can assume that
E, C B, and E, NI # @ for all n. Let {s,} C I be such that s,, T s =sup{7 () : x € [} and for
n € N define

F_{Enﬂ], itser(l)
"l E.NINQa,s,], ifséT(D).

Then {F,} satisfies UF,, = I, F,, C F 41, p(F,) < 0.
Put v, = min{v,n}, du, = v,xr,du,

By = ([ @ 1 @1 (0,00 s, () "

r/p 1/r
/ U (z)"'? (/ anFnd,u) v () dp ()| .
n Q[r(z),0]
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If F,, = @, then B, =0. If F,, # &, then with a,, = sup F,, € I we have

. 1/p’ r/p
s ([ wao) [ ([ ) @t
Q(an) n Q[7(z),b]

By Lemma 2.2 and the definition of v,

) 1/p ) 1/p
B, < ( [ow dA) o (F)7 < ( [ dA) (nps (F)Y* < oo,
Q(am) Q(an)

because I N I, = @.
Put

1/r

F @) = (L (2),0)7 P20 ()" w ()" xr (y) -

/I (/ma,fm] d UdA)qd“ ”(x)] : (2.29)

1
q

Then

r

- [/ Q) EU ) ) iy ) o)

r q 1/q
/ i ([ (), b)) ( / U”Wup’dA) dmx)}
I Qla,7(z)|NI

(applying (2.17) and Lemma 2.1)

v

q 1/q
= [ [m@r@.aye ([ oretean) )]
LJ T Qla,7(z)]

> ¢ ( / o (27 (2) )7 U ()7 dﬂn<x>) R

On the other hand, by Lemma 2.2

( /Q f pdA) " { /I i ([T (1) 87U ()7 u ()" dA (y)} v (2.30)

hSA

IN

o[ ([ @l @) ) o)) U 0¥ 00 31 1) A 1)

(changing integration order)

1/p
= o] [ m@lr )0 ( / U’"/q’up’dx) dun<x>]
Q Qla,7(z)|NI

(using suppu, C F,, C I)

1/p
o | [ (20 )87 ( / UT/q’up'dA) dma:)]
LJ I Qla,7(z)|NI

(by Lemma 2.1)

o ([ o @l () 8770 @ dynt)) R

IN

IN



Hardy inequality on measure topological spaces 75

Putting together (2.29), (2.19) and (2.30) we see that

q 1/q
B < e [ / < / fudA) d;m(sc)]
I Qla,7(z)]
1/p
< ¢C ( / fpd>\> < c;CB'/P
Q

or B, < ¢;C. Since UF,, = I, F,, C F,,11, we have v,xg, T v as n — 00, so the statement follows by
the monotone convergence theorem. ]

The general result is stated next.

Theorem 2.3. Suppose 1 < p < o0, 0<q<o0,1/r=1/¢q—1/p. Let v = v, + v; be the Lebesgue

decomposition of v with respect to A\, where v, is absolutely continuous with respect to X and v, and

A are mutually singular. Denote %‘j the Radon-Nikodym derivative of v, with respect to A.

a) If p < q, then the inequality

()] < o) e

[ € {Dﬁk}Jrv

holds if and only if A = sup,cqA(x) < oo, where

) dv, =7
Alz) = / u? (w a) d\
&) [ Qla,r ()] dA ]

1/q
1)
Q[r(z),b]
Moreover, i A < C < e A.

b) If ¢ < p, then (2.31) is true if and only if B < oo, where

1—p r
B= / / u? (wd”“) A
o | Jojar(@) dA

Besides, c1B < C < ¢oB.

1/p'

/' 1/r

(/Qmm),b} Udu) "o @ane)

Proof. By Lemma 2.6, (2.31) is equivalent to

[/ (/ fud)\)qv (x) d,u(x)} v <C (/ fpw%d)\) " fe{mit.
Q \JQla,r(z)] - Q d\ ’

This inequality, in turn, by Lemma 2.5 is equivalent to

{/ﬂ [/ﬂ[a,r(azn T (wcfiﬁl)l/pdA] v(@) d“<f">}1/q < C < /ﬂ fpd)\) 1/p7

foe {m)r.
Application of Theorems 2.1 and 2.2 completes the proof. n

q
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3 Results for the dual operator

The dual operator is defined by

T f(x) = / FW)dr(y), zeq,
{yeQur(y)>7(x)}

The analogues of Theorems 2.1 and 2.2 are in the next theorem.

Let
U*(z) = / wPd\, V* (x) :/ vdp,
Q[r(x),b] Qfa,7(z)]

A (z) = V@)U ()", 2 €Q, A* = sup A*(2),

e

. r/p’ r/p
/ (/ uP d)\) (/ vd,u) v (x)du(x)
Q \JQr(z),b] Qa, ()]
and consider the inequality

{/ﬂ (/Q[T(x)’b] fudA)qv(ﬁ)du(I)] " <C (/Q fpd/\)l/p, fe )t (3.1)

Theorem 3.1. Suppose 1 < p < 00, 0 < q < 00. a) If p<gq, then inequality (3.1) holds if and only
if A* < oo, with the equivalence c; A* < C' < ¢ A*.
b) If ¢ < p, then (3.1) holds if and only if B* < 0o, and c;B* < C < ¢y B*.

The general result looks as follows.

1/r
B* =

Theorem 3.2. Suppose 1 <p < oo, 0< q<oo,1/r=1/q—1/p. Let v = v, + vs be the Lebesgue

decomposition of v with respect to A\, where v, is absolutely continuous with respect to X and vy and

A are mutually singular. Denote %{1 the Radon-Nikodym derivative of v, with respect to .

a) If p < q, then the inequality

JAS L., Fudn) o o) d(o) "oc ([ srwar) eyt 32)

holds if and only if A* = sup,cq A" (z) < oo, where
, d 1-p/ 1/q
A" (z) = [/ u? (w Va) d/\] (/ Udu) :
Qfr(2). ) dA Qo ()
b) If ¢ < p, then (3.2) is true if and only if B* < oo, where

Moreover, ci A* < C < cp A*.
o dvg 'Y
B* = / / uP <w Va) d\
Q Q[r(x),b] d\

Besides, c18* < C' < ¢ B*.

1/p'

r/p 1/r

(/Q[aﬂ'(:e)] v ) " v(z)dp ()
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Abstract. In the present article, we introduce a new class of operators which will be called the class
of (M, k)-quasi-*-class @) operators. An operator A € B(H) is said to be (M, k)-quasi-*-class @ for
certain integer k, if there exists M > 0 such that

A*(MA?A? — 24A4% + T)AF > 0.

Some properties of this class of operators are shown. It is proved that the considered class contains
the class of k-quasi-*-class A operators. The decomposition of such operators, their restrictions on
invariant subspaces, the n-multicyclicity and some spectral properties are also presented. We also
show that if A € C, A # 0 is an isolated point of the spectrum of A, then the Riesz idempotent F for
A is self-adjoint, and verifies EH = ker(A — \) = ker(A — \)*.

DOI: https://doi.org/10.32523/2077-9879-2023-14-2-79-93

1 Introduction

Let H be an infinite dimensional complex separable Hilbert space, and let B(H) be the Banach
algebra of all bounded linear operators on H. Denote, respectively, by ker(A) and ran(A) the null
space and the range space of an operator A in B(H). As an easy extension of normal operators,
hyponormal operators have been studied by many mathematicians. Though there are many unsolved
interesting problems for hyponormal operators (e.g., the invariant subspace problem), one of recent
trends in operator theory is to study natural extensions of hyponormal operators. Below we introduce
some of these non-hyponormal operators. Recall (|3, 7]) that A € B(H) is called hyponormal if
A*A > AA*, paranormal if ||A%z| > ||Az||* and *-paranormal if ||A%z| > ||A*z||?) for each unit
vector x € H. Following [7] and [12], we say that A € B(H) belongs to class A if |A%| > | A|? where
A*A = |A]?. Recently, B.P. Duggal, I.LH. Jeon and I.H. Kim [6] considered the following new class of
operators: an operator A € B(H) is said to belong to the x-class A if |A%| > |A*|?. For brevity, we
shall denote classes of hyponormal operators, paranormal operators, x-paranormal operators, class
A operators, and *-class A operators by H, PN, PN*, A and A* respectively. From [3| and [7], it
is well known that

HcCACPN

and

HC A C PN,
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Recently, the authors of [23] have extended x-class A operators to quasi-x-class A operators. An
operator A € B(H) is said to be quasi-x-class A if A*|A?|A > A*|A*]?A, and quasi-*-paranormal if

| A" Az|? < || A%x|]| Ax||
for all z € H. In [19], many results on quasi-x-paranormal operators were proved. In particular,

quasi-*-paranormal operators have Bishop’s property (5) [19]. If we denote the class of quasi-*-class
A operators by QA* and of quasi-*-paranormal operators by QPN™*, we have

HC A C QA" C QPN™.

As a further generalization, S.Mecheri in [16, 14] introduced the class of k-quasi-*-class A operators
and the class of k-quasi-+-paranormal operators [20]. An operator T is said to be a k-quasi-*-class
A operator if

AR(|A%| = A7) AR =2 0
where £ is a natural number and k-quasi-*-paranormal if
A" ARz ]|* < | AM 22| || AP
for all unit vector x € H where k is a natural number. 1-quasi-*-class A is quasi-*-class A and
1-quasi-k-paranormal is quasi-*-paranormal. It is shown that a k-quasi-x-class A operator is a k-

quasi-*-paranormal operator [20].
An operator A in B(H) is said to be an M-*-class @) operator [5], if there exists M > 0 such that

MA?A? —2AA* +1>0.
A € B(H) is said to be (M, k)-quasi-*-class ) operator [5], if
AF(MA2A? - 2AA% + 1)AF > 0.
For k =1, A is an M-quasi-*-class () operator. It is clear that
M-*-class Q C M-quasi-*-class Q) C (M, k) -quasi-*-class @

and that
(M, k) -quasi-*-class @ C (M, k + 1) -quasi-*-class Q.

Example Consider on the Hilbert space ls, equipped with its standard orthonormal basis (e,,),, the
weighted right shift defined by Se, = A,e,11, where (),),, is a decreasing complex sequence. Then,
S is an (M, k)-quasi-*-class @) operator if and only if

M ‘An+k|2 ’)‘n+k+1‘2 +1>2 ‘An+k71|2

for all n. Indeed, we have

<S*k(MS*QS2 — 285 + I)S*e,, en> >0

& (M Mgk srst] = 21 st + DA A1 Antb—1 Akt k20 An > 0
0LV D A D WP L D WRIY L O W o b Y OO ST L1

< M |>‘n+k’2 ’)‘n+k+1‘2 —2 |>‘n+k71|2 +12>0.

In this paper, we are interested in the study of (M, k)-quasi-*-class ) operators. Some properties
of this class of operators are shown. It is proved that this class of operators contains the class of
k-quasi-*-class A operators. The decomposition of such operators, their restrictions on invariant
subspaces and other related results are also presented.
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2 Main results
We will start by the following useful theorem.

Theorem 2.1. An operator A € B(H) is an (M, k)-quasi-*-class Q operator if and only if
2[| A AFa]|” < M || A2l + | AP

for all x in H.

Proof. There exists M > 0 such that

<A*’“(]\4A*2A2 — 2AA* + 1) Az, x> >0
for all z € H. Hence,
M <A*k+2Ak+2x, x> + <A*kAk:v, :r;> > 2 <A*Akac, A*Akx> .

Thus,
2|4 Ab® < M| AR+ [ At

The converse can be proved in a similar way. O]

Remark 1. It is clear that the class of (M, k)-quasi-*-class () operators is nested with respect to
M, i.e.,

(M, k)-quasi-*-class Q) C (Ms, k)-quasi-*-class @
whenever M, < M.

Remark 2. The class of (M, k)-quasi-*-class ) operators is not convex. For example, the operators

A( 1 (1] ) and B( i 8 ) are 4-quasi-*-class (). However, the operator C = %A + %B is not a
4-quasi-*-class () operator since
20 85
2(|C*C(0, -1)|* = == > 4[|C%(0, =1)|]* + |C(0, = 1) |]* = —.
Remark 3. Also, the operator A — I is not a (4, k)-quasi-*-class ) operator. This shows that the
above class is not translation invariant.

Theorem 2.2. If A € B(H) is an (M, k)-quasi-*-class QQ operator with dense range, then A is an
M-*-class QQ operator.

Proof. Let x € H. Since A has dense range, there exists a sequence (z,,), in H for which lim Az, = .
n—oo

By the continuity of A, lim A¥z, = A*~'z. Hence, and by the continuity of the inner product,
n—oo

lim A*A*z,

n—o0

1
< T SO A5 )

1
= (M
2

1
= SO AP A ).

2 2
= lim ||A*A"z,||

s

I

2
lim A%z,
n—o0

2
lim A e || +
n—oo

)
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Thus, A is an (M, k — 1)-quasi-*-class @) operator. Since ran(A) is dense in H, A is an (M, k — 2)-
quasi-*-class () operator. By iteration, A is an M-*-class () operator. ]

Corollary 2.1. Let A be a nonzero (M, k)-quasi-*-class Q operator, but not an M-*-class Q) operator.
Then A admits a non trivial closed invariant subspace.

Proof. Suppose that A has no non trivial closed invariant subspaces. Since A # 0, ker(A) # H and

ran(A) # {0} are closed invariant subspaces for A. Thus, necessarily, ker(A) = {0} and ran(A) = H.
By Theorem 2.2, A is an M-*-class () operator. This contradicts the hypothesis. O]

Theorem 2.3. Let A € B(H) be an (M, k)-quasi-*-class Q) operator. If N C H is a closed A-
invariant subspace, then the restriction A|N is an (M, k)-quasi-*-class Q) operator.

Proof. Let

(T S B 1
A—(O R)onH—NEBN.

Then, for all integer m, m > 2, we get

AM — r Z;n:_()l TmflfpSRp )
0 R™

Since A is (M, k)-quasi-*-class @, there exists M > 0 such that

AF(MA2A? —2AA* + 1) A* > 0.
Then,

sk 2 42 x k[ XY
AT (MA®A® —2AA+1)A _<Y* Z)

where, X = T**(MT**T? —2TT* —2SS*+1)T*, Y is a bounded operator from N to N+ and Z is a

X Y
> 01 1 > >
v Z)_Olfandonlyle_O,Z_O

and Y = X3CZ3 for some contraction C' on H. Therefore,
X = T*(MT**T? - 2TT* — 28S* + I)T* > 0.

bounded operator on N+. According to |4, Theorem 6], (

Since SS* > 0,
TH(MT?T? —2TT* + I)T* > 0

which completes the proof. O

Theorem 2.4. If B € B(H) is unitarily equivalent to an (M, k)-quasi-*-class Q) operator A on H,
then B is also an (M, k)-quasi-*-class QQ operator.

Proof. There exists a unitary operator V on H satisfying B = VAV*. Since A is an (M, k)-quasi-*-
class () operator,

B*(MB*B? —2BB* + I)B*
= (VAV)™* [M (VAV*)? (VAV*)? —2VAV* (VAV*)* + 1] (VAV*)"
= VA*V* [MVAPV VAV — 2VAV* + [| VAPV
= VAHR(MA?A? - 2AA% + ) A*V* > 0.
Thus, B is an (M, k)-quasi-*-class @) operator. O
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Remark 4. Theorem 2.4 is in general false if the operator U is invertible and not unitary. Indeed,
the bilateral weighted shift S defined on the Hilbert space ¢5(Z) by

e n<lorn>3

\/563 n=2

is in particuliar a (3, k)-quasi-*-class ), and the operator

e n<lorn>3
Uen:{ z—i_l’ - -

3€3 n=2

is invertible and not unitary. Nonetheless, the operator U~1SU is not a (3, k)-quasi-*-class @ oper-
ator.

Theorem 2.5. Let A € B(H) be an (M, k)-quasi-*-class QQ operator. If A commutes with an
isometric operator S € B(H), then AS is an (M, k)-quasi-*-class Q) operator.

Proof. We have AS = SA and S*S = I. Since A is an (M, k)-quasi-*-class @) operator,
(AS)™*(M(AS)*2(AS)? — 2AS(AS)* + I)(AS)*

= S AR [MS*A*S*A*ASAS — 2ASS* A* + I] Sk A*

= Ak gk [MA"‘2A2 —2ASS*A* + I] Sk AF

= AFSHETL [MS* AP A?S — 25*ASS*A*S + S*S] S*1AF

_ A*ks*k—l [MA*QAQ o 2AA* + I:| Sk—lAk

— Gkl gk [MA*2A2 —2AA" + I] AFSEL > .
Thus, AS is an (M, k)-quasi-*-class ) operator.

]

Theorem 2.6. Let A € B(H) be an (M, k) -quasi-*-class Q operator. Assume that A*H # H, and

that o
o 1 Ao
= (0 )

with respect to the decomposition H = ran(A*) @& ker(A**). Then, A, is an M -*-class Q operator
and A% = 0. Moreover, o(A) = a(A;) U{0}, where o(A) denotes the spectrum of A.

Proof. Since A is an (M, k)-quasi-*-class @) operator,
(A (MA®PA? — 244" + 1) AFy,y) > 0

for all y € H. Hence,
((MA®A? —24A" + ) AFy, A¥y) > 0.

Thus, for all = € ran(A¥),

(MA2A® —2AA" + Da,x) = (MA?A2 — 24, A% + D)z, ) > 0.

Consequently, A; is an M-*-class @) operator. Let now, P be the orthogonal projection on ran(AF).
For all x = x1 + 29,y = y1 + y2 € H, we have

(Afwe, yo) = (A¥(I — Pz, (I — P)y) = (I = P)z, A**(I — P)y) = 0.
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Thus, A% = 0. Furthermore,
o(A;)Uo(As) =c(A)UN

where Q is the union of the holes in o(A) which happen to be subsets of o(A;) N o(A;3) using
[9, Corollary 7|, and o(A;) N o(As) has no interior points and Ajz is nilpotent. Thus, o(A) =
o(A;)U{0}. O

It is shown in [25] that for A, B, Q € B(H), the equation BX — X A = ) admits a unique solution
whenever o(A) and o(B) are disjoint. For more details, reader can see [13, 18, 24] and [26].

Corollary 2.2. Let A € B(H) be an (M, k)-quasi-*-class @ operator. If the restriction Ay =

A lran(AF) is invertible, then A is similar to the sum of an M-*-class @ operator and a nilpotent
operator.

Proof. Let

A= A A on H = ran(A*) @ ker(A™).
0 Aj

Then, A; is an M-*-class ) operator by the above Theorem. Since A; is invertible, 0 ¢ o(A).
Hence, 0(A;) No(Az) = 0. By Rosenblum’s result [18, 25, 27], there exists C' € B(H) for which

AIC— CAg = AQ. ThUS,
AT =C\ (A o0 I C
S \0 I 0 As 0 I

(09 (F )T

Let A € B(H). Denote by R(c(A)) the set of all rational analytic functions on o(A). The operator
A is said to be n-multicyclic [11], if there exist n (generating) vectors xq, xs, .., z,, in H such that

O

\/{9(A)z; . 1<i<n,geR(o(A)} =H

where \/ denotes the linear span, that is, the set of all finite linear combinations.

We have then

Theorem 2.7. If A is an n-multicyclic (M, k)-quasi-*-class @QQ operator, then its restriction on
ran(AF) is also n-multicyclic.

Proof. Put
(A A
a=(5 %)
on the decomposition H = ran(A*) @ ker(A**). Since o(A;) C d(A) by Theorem 2.6, R(c(A;)) C
R(c(A)). The operator A is n-multicyclic. Then, there exist n generating vectors z1, xs, .., z, € H

for which
\/ {9(A)zi, 1 <i<n, g€ R(o(A)} = H.

Put y; = A¥z;, 1 < i < n. Hence,
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\/ {g(AD)yi, 1< <n, g€ R(o(A)}

\ {g(A)AFz;, 1<i<n, geR(o(A)}
=\ {g(A)A %z, 1<i<n, geR(o(A))
= \/{A*(A)z;, 1<i<n, geR(o(A)}

= ran(AF).
But
VAg(Ay:, 1<i<n, geR(a(A)} C \/{g(A)y:, 1<i<n, geR(a(A))}.
Thus,
ran( AF) C\/{g )Y, 1<i<n, geR(c(A1))}.
Therefore, {y;};_, are n-generating vectors of A, and A; is n-multicyclic. n

Recall that an operator A € B(H) is said to be a class A operator [8, 20, 23] if |A%|—| A|* > 0. This
class was introduced by Furuta-Ito-Yamazaki [8|, and it is shown that it contains both p-hyponormal
operators and log-hyponormal operators. It is also proved in [8, 28] that the class A is a subclass
of paranormal operators. It is known that p-hyponormal operators are normaloid, i.e., ||A|| = r(A)
where r(A) denotes the spectral radius of A. However, a quasi-class A operator is not normaloid

23], [28]. A € B(H) is said to be in the -*-class A if |A]* — [A*|* > 0, and in the k-quasi-*-class A
if A**(|A]” —|A*|*)A* > 0 for a positive integer k. A I-quasi-*-class A operator is quasi-*-class A.

In the sequel, we will show that the (M, k)-quasi-*-class ) operators contains the k-quasi-*-class
A. We need first the following result

Lemma 2.1. If A € B(H) is a k-quais-*-class A operator, then
AP AR < || A*2a]]
for all x € H.
Proof. Let x be any vector in H. Since A is a k-quasi-*-class A, we have

|||A| AkJ]HQ ||A*AAkZE||2 — Ak+1x A*Ak—l-l >

{4

(x, A*(A™* AA* AF) Az)
(Az, (A AA*AF) Az)
{
{

(A AA* AR Az, Ax)
A*k+1Ak+1Ax AQI>
||Ak+2m||2.

IN

O
Theorem 2.8. An operator belonging to the k-quasi-*-class A is an (M, k)-quasi-*-class Q) operator.
Proof. Let A be a k-quasi-*-class A operator. Then,
AR(AP — |44 > 0.

Hence, for M > 1 we have
A* (VM AP — |A*P) AR > 0.
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Thus, for all z € H,
(A A Az, z) = (AMAA AFz z)
= Jlaratelf
< (VMA™ AP A', )
= (VM |AP A¥z, A¥r).

Using the Cauchy-Schwarz inequality and Lemma 2.1,

Al < VAT AR Ate] k]
< VA A5 %]
< Lo area + 4t

This shows that A is an (M, k)-quasi-*-class () operator.

[
Theorem 2.9. If A € B(H) with ||A]| < Lz’ then A is an (M, k)-quasi-*-class Q operator.
Proof. Let x € H. We have ||A*z|| < \/Lﬁ ||z|| . Hence,
((MA2A? = 2AA* + Da,x) = M ||A%]]" — 2|4 + ||
2 2
> M| A% — el + 2?2 M || A%]
> 0.
Thus,
(A (MAPA? = 2AA* + 1) AFz,z) > 0.
[

Recall that an operator A in B(H) is said to have the Single Valued Extension Property, briefly
SVEP, at a complex number «, if for each open neighborhood V' of «, the unique analytic function
f:V — H that satisfies

VAeV:(A-Nf(A)=0

is the function f = 0. If furthermore, A has SVEP at every a € C, we say that A has SVEP. For
more details see (|2, 17, 15, 21]).

Also, the local resolvent set of A at a vector x € H, denoted by pa(z), is defined to consist of all
complex elements zy such that there exists an analytic function f(z) defined in a neighborhood of
2o, with values in H, for which (A — 2)f(2) = z. [2]

The set g4(z) = C\ pa(z) is called the local spectrum of A at x. We've then the following

important result.
(A A
a=(% )

be an (M, k)-quasi-*-class Q operator with respect to the decomposition H = ran(A*) @ ker(A*).
Then, for allx =x1 + 29 € H :

Theorem 2.10. Let
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B 0a4(x2) C oa(ry + 22).

1. O'Al(.ﬁﬂl) = UA(Q?l + O)

Proof. i. Let zy € pa(z1 + x2). By the definition of the local resolvent set of A at x, there exists a
neighborhood U of zy and an analytic function f(z) defined on U, with values in H, for which

(A=2)f(z) ==z, z€ U. (2.1)

Let f = f1 + fo where
fi:U = ran(AF)), fo: U — ker(A™)

are in the Frechet spaces O(U, ran(AF)), O(U, ker(A**)) respectively, consisting of analytic functions
on U with values in H, and equipped with the topology of uniform convergence, [2|. Equality (2.1)

can then be written
(Al—z Ay )(f1(2)> (xl)
0 A — 2 fa(2) Ty )

(Az — 2) f2(2) = 22

Then, for all z € U,

Hence,
20 € pay(x2).

Thus, (i) holds by passing to the complement.
ii. For z; € pa(xq + 0), there exists a neighborhood V; of z; and an analytic function g defined

on Vi with values in H verifying

(A—=2)f(2) =21 +0, z€ V. (2.2)
Let g = g1 + g2, where

g1 € O(Vy,ran(AF)), gy € O(Vy, ker(A™))

be as in (i). From equation (2.2), we obtain

(A1 = 2)g1(2) + A2g2(2) = 21
and

<A3 — Z)gg(Z) = 0, S ‘/1

Since Aj is nilpotent by Theorem 2.6, A3 has SVEP by [2|. Thus,

g2(2) =0

Consequently,
(A1 = 2)q1(2) = 1y
Therefore, z; € pa,(z1), and then
pr(z1+0) C pa,(21)
Thus,
oa,(z1) Coa(zy +0)
Now, if 29 € pa,(x1), then, there exists a neighborhood V5 of z5 and an analytic function A from V;

onto H, such that
(A1 = 2)h(z) =21, 2 € V3
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Thus,
(A=2)(h(2)+0)= (A1 —2)h(z) =21 =21+0

Hence,
29 € pa(x1 +0)

Definition 1. An operator A € B(H) is said to be (M, k)-quasi-*-paranormal if there exists M and
a positive integer k such that

AF(MAZA? - 20AA* + X)) AF >0
for all A > 0.
This definition is equivalent to
|A* AR |® < VM| A ||| Az
for all z € H.

Theorem 2.11. Let A € B(H) be an (M, k)-quasi-*-class Q operator such that A% is an isometry
on H. Then A is (M, k)-quasi-*-paranormal.

Proof. Since A? is an isometry, A*?A? = I, and then ||A%z|| = ||z||, € H. By iteration, ||A*" x| =
|A*x||, k > 1. Since A is an (M, k)-quasi-*-class Q operator,

Ak < M|AE + Ak

2
(VM A2z — | A% )" + 2V M| A"+ 2| ¥
2V M| 423 || A%

IN

IN

]

Definition 2. An operator A € B(H) is said to be isoloid, if every isolated point of its spectrum is
an eigenvalue of A.

We have then the following result.

Theorem 2.12. Fach (M, k)-quasi-*-class Q) operator is isoloid.

Proof. Let A be an (M, k)-quasi-*-class @) operator. Suppose that A has a representation given in
Theorem 2.6. Let z be an isolated point in o(A). Since 0(A) = o(A;) U {0}, z is an isolated point
in o(Ay) or z=0.

If z is an isolated point in o(A;), then z € 0,(A;). Assume that z =0 and z ¢ o(A;). Then, for
r € ker As, we get (—A['Ayr @ ) € ker A. O

Theorem 2.13. Let A € B(H) be an (M, k)-quasi-*-class Q) operator, and let N C H be a closed
A-invariant subspace for which the restriction A|N s an injective and normal operator. Then N
reduces A, that is, N is invariant for A and A*.
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Proof. Suppose that P is an orthogonal projection of H onto ranA*. Since A is an (M, k)-quasi-*-
class () operator, we have
P(MA*2A? — AAYYP > 0.

By assumption, A|y is an injective normal operator. Then, E < P for the orthogonal projection F
of H onto N, and ranA*|y = N because A|y has a dense range. Therefore, N C ranA¥ and hence

E(MA*?A? — AAY)E > 0.

[ AN A,
()

AA* — A|N A*|N + A A5 Ay A
- As A As A%

Let
on N @ N*. Then,

and

MA*2A2:<MA*2|NA2|N S)

T R
for some bounded linear operators S, T and R. Thus,
( AW AN + 445 0 ) = B(AA")E = E|A'PE < E(A2A%)}E
< (E(A®A’E)):
A2 N A2|N 0 )®
0 0

This implies that

A|NAY|N + A AL < A|NvA*|N.
Since A|N is normal and A; A} is positive, it follows that Ay = 0. Hence N reduces A. O

Remark 5. The previous result is in general false if the restriction A |N is not injective. In fact, if
A is a nilpotent operator of order k, such that A*=! #£ 0, then A |ranA*—! = 0 is a normal operator.
Assume that ranA*=1 reduces A. Then, A*A*'H C ranA*-1. Thus, A*1A*1H C ranA*! and
ker A**=1 C ker A** =1 A*1 = Ler A*=1. Since A** = A*=1A4* =0, AF=1A* = 0. Hence, AF"1 A1 =
0. Therefore, A*~! = 0. This contradicts the hypotheses on A.

Theorem 2.14. Let A be an (M, k)-quasi-*-class Q operator. Equation (A — N)x = 0 implies
(A — X"z =0 for all non-zero complex scalar .

Proof. Assume that x # 0. Let N = span{z} and

(AT B 1
A(O S) on H=N&®N—.

Let P : H — N be the orthogonal projection. Then, A|N = X is an injective normal operator.
Hence, N reduces A by Theorem 2.11. Thus, T' = 0. O

Theorem 2.15. Let A € B(H) be an (M, k)-quasi-*-class Q) operator, and let X € C,\ # 0 be an
isolated point of the spectrum of A. Then, the Riesz idempotent E for X is self-adjoint, and satisfies
the following equality

EH = ker(A—\) = ker(A—\)".
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Proof. By Theorem 2.12; \ is an eigenvalue of A, and FH = ker(A — \). According to Theorem
2.14, it sufficies to show that ker(A — A\)* C ker(A — X). The subspace ker(A — \) reduces A by
Theorem 2.14, and the restriction of A on its reducing subspace is an (M, k)-quasi-*-class ) operator
by Theorem 2.3. It follows that

A=X®Bon H=ker(A—\) & (ker(A—\)*
where B is (M, k)-quasi-*-class @ and ker(B — \) = {0}. We've
A€ o(A)={\}Uo(B)

and A is isolated. Then, either A & o(B), or A is an isolated point of o(B), which contradicts the
fact that ker(A — \) = {0}. Since B is invertible on (ker(A — X)),

ker(A — X\) = ker(A — \)*.
Furthermore, since EH = ker(A — \) = ker(A — \)*,

(z— A))'E = (z — N)1E.

Thus,
E* L (z— A 'Edz L (z—N"1E dz
=—— z— z = —— z— Z
2mi 2m
oD oD
1
= @ — — -1 =
5 (z—AN)"1dzE=FE.
oD
So, E is self-adjoint. O]

3 Weyl’s Theorem

An operator A € B(H) is called Fredholm if R(A) is closed, a(A) = dim N(A) < oo and S(A) —
dim H \ R(A) < co. Moreover if i(A) = a(A) — 5(A) = 0, then A is called Weyl. The Weyl spectrum
w(A) of A is defined by

w(A):={\Ae C: A— A is not Weyl}.

According to [10], we say that Weyl’s theorem holds for A if
o(A)\ w(A) = meo(A),

where

mo0(A) = {\ € isoc(A): 0 <dim N(A — A < oo}.

In [22], Patel showed that Weyl’s theorem holds for 2-isometric operators, i.e., operators satisfying
APA? —2A*A+1=0

[1], which has been extended to many non normal operators [16, 19]. In this section, we prove that
Weyl’s theorem holds for (M, k)-quasi-*-class @) operators without any additional conditions.

Theorem 3.1. Weyl’s theorem holds for any (M, k)-quasi-*-class Q) operator.
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Proof. Suppose that A is a (M, k)-quasi-*-class ) operator. Then A has SVEP at zero. Either
o(A)) C 90D or 0(A;) = D, where D denotes the open unit disc, and 9D is its boundary. If
o(A;) C 0D, then A has SVEP everywhere: else 0(A;) = D. The operator A has SVEP on
o(A)\ w(A), then < 0dim(A — X) < co. We have A € 0,(4) C 9D U {0}, An operator such that
its point spectrum has empty interior has SVEP [2, Remark 2.4(d)|. Hence A has SVEP. Also, if
o(A)) = o(A) = D, then isooc(A) = (). If o(A;) C ID, then A; is polaroid, that is, the isolated
points of the spectrum of A; are poles of the resolvent. Hence, A is polaroid. This proves Weyl’s
theorem for A. O
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1 Introduction

The goal of this paper is to extend the results presented in [25] and [5] by proving inequalities of the

type
0 P 1/p o0 1/q
(/ sﬂds) <C (/ |f(s)|qsads)
d d

for p or ¢ smaller than one and for p-weakly monotone f .

S f(z)dzx
d

Definition 1. [31, 3] Let f : R" — R* U {0} be a measurable function, then we say that f is
p-weakly monotone (and write f € WM (K, \,p), where K > 0,A > 1,p > O), if the inequality

P<K/Mf (1.1)

holds for every x > 0. Similarly, let f : I = [a,b] = RT U {0} be a measurable function, then we say
that f € WM (K, \,p) on I whenever fyx; satisfies inequality (1.1).

Here and throughout the paper by x; we denote the characteristic function of /. The next concept
was studied in [28] with applications to number series. It appeared in [25] as a quasi-monotonicity.

Definition 2. [28] Let f : Rt — R*T U {0} be a function, then we say that f is weakly monotone
(and write f € WM(K), where K > 0) if the inequality

flx) < Kf(y) (1.2)

holds for every 2y >z >y > 0.
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Let us mention that both weakly monotone and p-weakly monotone functions/sequences play
an important role in various problems in analysis (see the precise references below). It is worth
mentioning that the class of weakly monotone functions contains as a subclass the class of general
monotone functions. Recall that for C' > 0, the GM(C') class (see [30, 27]) is defined in the following
way:

GM(C) = { f € BVie : Var(f) ) < C|f(2)] for all z € (0, 00) }

Here assuming that f is locally absolutely continuous on R*, the expression Var(f)2. can be

replaced by f;m |f'(t)|dt. Similarly, any p-general monotone function is always p-weakly monotone
(see [3, 27]), that is, GM(C, \,p) & WM (K, \,p), where K only depends on p,C' and A, and where

)P
/2

1/p
GM(C,\,p) = {f € BVjoe : Var(f)jpiog < C </ dt) for all z > 0}.

It is known that for p > 1 GM(C) & GM(C', X\, 1) & GM(C”, \,p), where C’ depends on C' and A;
and C” depends on C’ and \. For the first embedding see |27, 31|, for the second one see [3]. We
will see in Proposition 1.1 that the scale of weakly monotone functions has a similar structure.

Various applications of both general and weakly monotone sequences can be found in Fourier
analysis and approximation theory. In particular, in the study of integrability of Fourier transforms
[8, 17, 22] and trigonometric series [3, 4, 12, 14, 18], investigating various problems in approximation
theory [11, 15, 20, 19, 26, 30, 31], convergence problems |7, 13, 16, 23, 27, 30|, theory of number
series |7, 28|, and embedding theorems for smooth function spaces |3, 10, 9]. We emphasise that in
many problems the consideration of either general monotone or weakly monotone sequences/functions
imply completely different answers; see e.g. |3, 15, 27|.

Let us present the main properties of weakly monotone and p-weakly monotone functions.

Proposition 1.1. The following properties hold:

1. fe WM(K, X, p) if and only if, for all z € R

In Atz

flexp(z))” < K flexp(t))Pdt;

z—In X

2. WM(K) C WM(K', A\, p), where K’ depends only on K,p and \;
3. Let g >p >0, then WM(K,\,p) T WM(K',\,q), where K’ depends only on K,p,q and X;

4. Let f € WM (K, \,p), then g(t) = f(t™') € WM(K, \,p). However, if f € WM (K), then g may
not be in WM (K') for any K';

5. Let f € WM(K,\,p) and o € R. If g(t) = f(t)t*, then g € WM(NPK X\ p). If f € WM(K),
then g € WM (K"), where K' depends only on K and «;

6. Let f € WM(K,\,p) and o € R, then g(t) = f(t)* € WM(K,\,p/a). If f € WM(K), then
g € WM(K'), where K" depends only on K and a;

7. Let f € WM(K,\,p) and a > 0, then g(t) = f(t/a) € WM(K,\,p). If f € WM(K), then
g € WM(K'), where K" depends only on K and «.
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Proof. To show 1), we use a logarithmic change of variable. Furthermore, if f € WM (K), we have

that
Az

QD oy <k [ pyray <k [ flyyy.
z/\ z/\

A

Hence, f is p-weakly monotone and 2) follows. To see that the inclusion is proper, consider f(x) =
X (0,1)u(1,4+00) (). Since f(1) =0, f cannot be WM (K) for any K and a simple calculation shows
that f € WM(K (X a,p), A\, p), for every A > 1,p > 0.

The embedding WM (K, \,p) € WM(K', A, q) follows from Holder’s inequality. To see its sharp-
ness, for ¢ > 1, consider f such that

fi(exp(x)) = g(x) = Zc"42nx[n7n+4,2n_1](a:).

It is easy to see that f € WM(1/c,e? q) but f &€ WM(K, u,q/2) for any K or pu. Therefore if
r = p/q < 1 there must be some n > 0 such that

n+1

f e WM(L/e, %, 1) but £ ¢ WM(K, 1),

therefore f'/7 € WM (1/c,e?,q) but f7'/9 ¢ WM (K, ju,p). For X other than €2, we can modify the
previous example correspondingly.

To show the first part of 4) we use a change of variables, for the second part, consider f(z) =
' x0,1)(z). Property 5) follows from the monotonicity of power functions while 6) is obvious.

Finally, the first part of 7) follows from a change of variables and the second part is clear.
O

2  Weighted L, spaces and Hardy inequalities

For p > 0 and o € R we denote

Hﬂ@a—(lwu@wwW§uﬁ 1)

oo 1/p
nﬂﬁz(é|ﬂ@%wﬁ . (2.2)

Note that if d > 0, then || ][ < d~=/?|| f|l{, . for & > 0.

First we are going to study the embeddings between weighted L, spaces for p-weakly monotone
functions.

From now on, by p and ¢ we will denote positive numbers, by a and 3, real numbers; and by C,
a constant which depends only on p, q, o, 3, K, \.

and for d > 0 we denote

Lemma 2.1. Letp>q¢>0, B €R, and f € WM(K, \,q). Let o = %(5—1—1) — 1. Then

z q/p Az
(/ fp(s)sﬁds) <C f(s)is%ds
0 0

and

e 9] q/p o]
(/ fp(s)sﬁds) <C f(s)%s%ds.

z/A
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Proof. Let n € Z be such that \»™' < z < A™. For each j € Z, let M < s; < M*! be such that
A1
/)\j f(s)PsPds < (M= N) f(sj)psf.
Note that if for all M <t < M+
\t+1 ‘ .
/ f(s)PsPds > (N1 = N) f(t)Pt7,
i

integrating both sides,

A+l A+ A+ A
(WH = ) / fs)Ps’ds = / </ f(s)psﬁds> dt > (N+ — )\j)/ f)Ptidt,
bV bV A Y

we arrive at a contradiction, therefore s; must exist.
We see that

x a/p An=t a/p @ a/p
(/ fp(s)sﬁds> < (/ fp(s)55d5> + < fp(s)sﬁds) :
0 0 An-1

Hence

An—1 a/p A+ a/p -
(/ fp(s)sﬁds> < Z (/ f(s)psﬁds> Z qﬁ/pf )IN/P,
0

]_700

Now, since f € WM(K, ), q)

— ab/p i/ aB/p \aqj/ M f<3)q A
D S E(s) N0 < C Z A%/P 2 ds < C | f(s)is%ds.
0

j—1 S
j=—00 j=—00 N

Finally, by the same token

x qa/p Py
( fp(S)SBdS) <C f(s)s%ds.

An—1 An—2

97

And the result follows by adding both inequalities up. The proof of the second inequality is analogous.

Proposition 2.1. There is a C > 0 such that for all f € WM(K,\, q)

a+1l [B+1
[fllps < Cllfllga = -, Mdasp

[]

Proof. The "if" part is a restatement of Lemma 2.1. The proof of the "only if" part will be given in

section 3.

]

Remark 1. In the general case, that is, without the assumption that f € WM (K, \,p), it is not

possible to obtain any non-trivial embedding of the type || fl,5 < C| fll4.a-
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Proof. First, let f be a non-negative function which is not zero almost everywhere. For A > 0, let

[r(t) = f(At). Then a change of variables shows that || f\|,s = /\7%||f||p,5. Therefore if such a
C > 0 exists, we derive

_B+1 _atl
/3l =A™ 7 [ fllps < Cliillgo = CA™ o [ fllg.ar

which implies *- = B+l

P
Next, consider f,(t) = x(1,141/n)(t). A simple calculation shows that
i 1/p —
Tim 2P| fullps = 1.
Therefore, if such a C' > 0 exists,

1/p
1= lim nl an“pﬁ < C lim nl/p—l/q’
n—oo M, /quan,Oé n—00

from which it follows that p < q.
Finally, let f(z) = 2=®)/PIn(x + 1)"/Px( o) (2). Then

o 1
P — —d —
||f||p,,8 /1 {L'ln(l' + 1) X 0,

and
o 1
qa _
||f||q,a o [ $Q(ﬁ+1)/p_a ln(g; + 1)‘1/1) dz.
The last integral is finite when O‘TH = % and ¢ > p. Thus the only remaining possibility is the
trivial one: p = ¢ and a = f3. n

Proposition 2.2. Let d > 0, then there is a C' > 0 such that for all f € WM (K, X,q) on [d, o],

d d
119 < c 171,

if and only if

1 1 1 1
ot >B+ and ¢g>p or ot 25+
q p q p

and ¢q <p.

Proof. For the "if" part, the ¢ > p case follows from Holder’s inequality and the ¢ < p case from
Lemma 2.1 by considering f x40 and the following fact:

11D < a =/ || ]|, for e > 0 and d > 0.

p,ox —
The proof of the "only if" part will be given in Section 3. O

We now state and prove Hardy-type inequalities for p-weakly monotone functions.
Let us recall the original Hardy inequality. Denote

Fla) = / F(s)ds.
0
Theorem A. (see, e.g., [24]) Let p > 1. Then

p
11, - < b1 1110
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There are many generalizations of this result in various settings. Let us mention the following
classical result by Bradley [5] for power weights.

Theorem B. [5| Let 1 < g < p. Then there is a C > 0 such that

a+l [f+1
1E,5 < Cllfllga PR

For ¢ < 1 it is necessary to restrict ourselves to a narrower class of functions, as the following
example shows.

+1 and p<-1.

Example 1. Let 1 > ¢ > ¢. Consider the following function

f(l‘) = Z 4nX[n,n+4*5"] (ZE)
n=1

An easy calculation shows that

o 1/q
Hqu,a <C (Z 4(q€)nna> < o0
n=1

and, if 2<n<x<n+1,

T n—1
/ f(s)ds > Z4j(1’€) > CO4ni—e),

Hence,
o 1/p
Pl 0 (S wtatom) oo
n=2
We mention that the Hardy inequalities || F||,, , < C|/f],, for0<p<land -1 <a<p-—1

under some monotone-type condition of f have been recently studied in [6, 1, 2|. This topic has
been originated by Konuyshkov [21]|, who considered quasi-monotone functions, and Leindler [25],
who restricted himself to consideration of functions from the WM (K) class.

In this paper we investigate the (p, ¢) case and weakly monotone functions.

Theorem 2.1. Let p > q <1, and § < —1. Let f € WM (K, \,q). Then,

a+l B+1
4q p

1EN, < Clilla +1

Furthermore, if 0 < p < q < oo there is no such C.

Proof. Note that F' is monotonically increasing and thus F' € WM (K, A, p) for any A and p. Hence,
applying Proposition 2.1, we obtain
1, < CUEN, ataen -

Let y=a—q= @—1 < —1. Then, by Lemma 2.1 with p =1,

0 z q 0o Az q oo q ()
171, = [ ([ peas) <o [ o [ DL g — o [TLL T guas,
aq,Y 0 0 0 0 Slfq 0 Slfq s/
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Since v < —1, we continue as follows

s q 1/q 0o 1/q
C (/0 J;(I—S_)qs”'yds) =C (/0 f(S)QS(HW) = Cllfllgqr = Clfllga-

The "only if" part as well as the ¢ > p case will be proved in Section 3. ]

Remark 2. Note that Theorem 2.1 is optimal with respect to ¢, that is, for every 1 > ¢ < p and
q' > q there exists f € WM (K, u, ¢') such that the inequality || F||, ; < C'[|f]|,,, does not hold.
Proof. Let ¢ > q <1 and XA > 1 such that ¢ > A™! > ¢. Consider the following function:

[e.e]

g = 24)\”X[n7n+4_)‘n_1]

n=1

and let f(e”) = g(z). Note that if 1 <n <2z <n+ 1, one has
/ /\n n ! —1\y\ym ntm+l ! e+m+l !
gla)t <4 < a0 < [ s < [T ggs)tas

n+m —m—1

for m € N such that (¢ — A™)A™ > ¢. Thus, from Proposition 1.1 we conclude that f &
WM(1,e™ ¢).
First, we show that

o0 x P 00 z »
/ ( / f(y)dy> 2’de = / ( / g(y)eydy> "B gy
0 0 o\
and, for n € N,
'I’L+2 x p n+1 v
(] s s [ o)
n+1 —00 -

> (DB gA"p(1=271) jpn

/ f(I)q;[ad:L' = / g(s)qes(a-‘rl)ds S 0/24((1_)\71))@6”(&_’_1) < o0,
’ n=1

Now,

Therefore,
00 x p >
[ ([ 1) iz 03 commom oo o
0 0 n=1
and consequently, the inequality [|F||, ; < C'[|f]l,, is not valid. O

Now, similarly to F', we define an average of f with a lower limit of the integral being non zero
and we will see that in this case the set of admissible parameters «, 8 becomes wider. For d > 0, we
denote

Fita) = [ rispas.

Theorem 2.2. Letd > 0. Letp>q <1, and 5 < —1. Let f € WM(K, \,q) on [d,o0]. Then,

oz+1>ﬂ+1

FI\ < |1 > +1.
1Fall,s < CUf, . ,
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— 5+1

Proof. Applying Theorem 2.1 to fX(4c] We obtain the result in the case == +1. The remaining

cases follow from the following fact:

If N5 < =7 1 fllye

procte fore >0 and d > 0.

The proof of the "only if" part will be given in Section 3. O
Theorem 2.3. Letd > 0. Let q>p <1, and f < —1. Let f € WM(K,\,p) on [d,o0] Then,

1 1
IEID <@ fandonyit 2T 0T
q p
Proof. Applying Theorem 2.1 to fx[4,. We obtain
||Fd||pﬁ < C ||f||pﬁ+p
Finally, since ¢ > p we can use Proposition 2.2 to obtain
d d
1£1554, < CIAI
for QTH > W . The proof of the "only if" part will be given in Section 3. O]
Note that since F is non-decreasing, we have ||F|| 5 = sup,co o F'(z) = [~ f(s)ds. Thus,

Theorem 2.4 (Case p=00). Let g <1 and f € WM(K, X, q), then
00 00 1/q
/ f(s)ds < C </ fq(s)sads)
0 0

Proof. The "if" part is a restatement of Lemma 2.1. The proof of the "only if" part will be given in
Section 3. ]

if and only if a = q — 1.

As an immediate corollary, we obtain

Theorem 2.5. Let d > 0. Let ¢ <1 and f € WM(K, \,q) on [d, 0], then

éwf@M8§C<lwf%$¢%)w

if and only if « > q— 1.
For 0 < D < o0, denote

G () = /ng(s)ds

D 1/p
*, D «
nmggﬂ=(/ m@n%cm) .
0

The following result is well known, see for example, [24].

and

Theorem C. (see, e.g., [24]). Let 1 < q < p, then there exists C' such that

a+l [f+1

1671557 < C gl p

+1 and g > —1.
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We obtain the following counterparts of Theorems 2.5,2.7,2.8,2.9 and 2.10.

Theorem 2.6. Let g € WM (K, A, q) on [0, D] for 0 < D < co. Let also f > —1.

1. Let g € WM(K, N\, q). If 1 > q < p < oo, then ||G*||;:/(3°°) < C'||g||;’é°°) e ofl _ O+l g
Furthermore, if oo > q > p > 0 there is no such C.

2. Let g € WM(K,\,q) on [0,D] for 0 < D < oo. If1 > q < p < o0, then HG*H;(BD) <
Clglly” = =t < 241,

3. Let g € WM(EK, A, q) on[0,D] for 0 < D < oo. If g >p <1, then [|G*[ " < C'|lgl[i{" <=
ol o BHL
q p

Proof. Let d =1/D. Denote

g(t) = f(t= )t

Note that g(t7)t=2 = f(t). Using the properties of p-weakly monotone functions, we know that
g€ WM(K',\,p) on [0,1/d] if and only if f € WM (K, \,p) on [d, oc].

We have
1/d
G*(x) —/ g(s)ds.
Since
1/d 1/x 1/x

[t [ g eta= [ s

x d d
we have

Similarly, we derive that

*(1%,(1/d d 1 d d
NG00, = 1FIS and (gl = 1AL
Thus,
* 1 d 1 d . . d d
G200, < Cllgllzss) . if and only if [P\ < C[I£]L.
Finally, using Theorems 2.5, 2.7,2.8,2.9,2.10, the result follows. O

3 Optimality

Note that if we prove the sharpness of Theorems 2.1,2.2,2.3,2.4, then the sharpness of Propositions
2.1 and 2.2 follows. Remark also that for v > —1, g(x) = 27x[01] is WM (K, A, p) for every p and A

since
T Az ()p
P < K/ P ds < K/ J
N /A N x/A
Denote [ g(s)ds = G(z).

Now, ||g||qa <00 &= > T
v < 28 1. Soif = L, |G|, 3 = oo and ||g||,, < oo. Thus, the inequality in
Theorem 2.1 cannot p0551b1y hold for 120‘ % + 1.

For the p = oo case (Theorem 2.4), the same considerations for z7x[ 1 suffice to obtain the
condition HTO‘ < 1.

and, for < -1, |G|, 3 = oo if and only if either v < —1 or
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Now for d > 0. Let p # oo, define

1 1 x
— o~ (B+14p)/p) p)~L/p _p+1 1 _
g(z) == n(z+b) ( p p(x+b)In(x +b)

Note that since f < —1, for large enough b, f(z) > 0 for x > 0, and
Doy~ (B+1+p)/p In(z + b)—l/p > g(z) > C g~ (B+1+p)/p In(z + b)—l/p

for some C, D > 0. It is easy to see that

G(x) = / g(s)ds = x~B+D/p In(z + b)’l/p.
0

Set

f(z) = 2~ (B+1+p)/p In(z + b)fl/p'
It is clear that f(z) and g(z) have the same behaviour at infinity and so do F(z) = [ f(s)ds and
G(x).

Now assume that there is a locally integrable function A and M > 0 such that
1. h(z) =0 for x < d+1;

2. h(z) = f(z) for x > M;

3. [7 h(s)ds = H(z) = F(z) > D"'G(x) for x > M;

4. h € WM(K,\,r) on [d, o] for any r.

Then

o 1
H|5)’ Dl/ ——dr =
<H lns) > v vln(z+0b) e

and

M 00
@\? _ a2 !
<||h||q,o¢> - /d+1 h‘ (af)flf d.fU + \/]\W x(I(B‘Fl‘H’)/p*OA ln(l' —+ b)(I/p dl’,

q(B+1+p)
P

which is finite provided either —a>1or

So if q(B+1+p)
p

—a=1andq>p.
+1 < B+1 +1) or if qﬂ+1+p)

q(B+1+p)
p

— a > 1 (or, equivalently, < — a =1 (or, equivalently,

O‘TH = % + 1) and ¢ > p, the inequalities in Theorems 2.1, 2.2 and 2.3 cannot hold.

All that remains is to build & satisfying the former properties. Since f(z) = x~¥+1+P)/PIn(x +
b)y~VP if (B+14p)/p <0, f will be eventually monotonically increasing, say for z > N. Now, let
n € N be such that (d + 1)\" > N and n > 4. For m € R, let

0, z<d+1
d+1<x < (d+ 1)\
h(z,m) = m, d+lses(d+ X, (3.1)
0, (d+ 1N <z<A(d+1),
flz), x> (d+1)A\"

Note that for any = > 0, h is monotonic on [x/A, Ax], thus h € WM (K, \,r) for any r > 0
and for some K. Furthermore, by construction h(z) = 0, for x < d + 1 and h(x) = f(x) for
r>M=(d+ 1)\"

Finally, since
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/OM Bz, 0)da < /OM F(s)ds < /OM h(z, 00)dz = o0,

by continuity there must be some m* such that

/OM h(z, m*)dz = /OM F(s)ds.

/Om h(s,m"*)ds = /Of f(s)ds
for x > M.

Obviously, if (B+ 1+ p)/p >0, f(x) will be always decreasing. For m € Rt let

So if h(z) = h(z, m*), one has

0, z<d+1,
Mm) = {m, d+1<a< (@t ON, 32
flx), x> (d+ 1))\

Note that if m > f((d + 1)A\?), then for any = > 0, h is monotonic on [x/\, A\z|, thus h €
WM(K, A, r) for any r > 0 and for some K.

2 2 . . .
,\21?(1(11(){%21) > FE\)Q(&C_ZS)) > f(A%(d + 1)), where the last inequality holds because f is
decreasing. Then h(x, m) is the desired counterexample.

The only case that remains is when p = oo. To deal with it, it suffices to use the previously

described idea to build a locally monotonic function which agrees with z7 for large enough x.

Let m =
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INTERNATIONAL CONFERENCE “THEORY OF FUNCTIONS OF
SEVERAL REAL VARIABLES” DEDICATED TO THE 90TH
ANNIVERSARY OF THE BIRTHDAY OF CORRESPONDING MEMBER OF
THE RUSSIAN ACADEMY OF SCIENCES OLEG VLADIMIROVICH BESOV

The V.A. Steklov Mathematical Institute of the Russian Academy of Sciences (MIAN) and World-
class Mathematical Center of the V.A. Steklov Mathematical Institute (MCMU MIAN) held the
international conference «Theory of functions of several real variabless through May 29 — June 2,
2023 (MIAN, 8 Gubkin St, Moscow)

Theory of functions of several real variables is an important integral part of modern analysis. It
finds numerous applications in the theory of approximation, theory partial differential equations and
calculus of variations. The conference will discuss topical issues of the theory of spaces of differentiable
functions on domains of Euclidean spaces and metric spaces: embedding theorems, trace theorems,
interpolation theory, extension theorems, properties of differential and integral operators, issues of
harmonic analysis, widths of classes of functions, integral representations, and approximation of
functions.

The conference is dedicated to the 90th anniversary of the birthday of an outstanding world
recognised scientist corresponding member of the Russian Academy of Sciences O.V. Besov. The
topics of the conference are related to the directions of research of O.V. Besov and his school.

Organizing Committee
Kashin Boris Sergeevich
Kosov Egor Dmitrievich
Malykhin Yuri Vyacheslavovich
Tyulenev Alexander Ivanovich

Invited speakers
Astashkin Sergey Vladimirovich
Bazarkhanov Daurenbek Bolysbekovich
Berezhnoi Evgenii Ivanovich
Bogachev Vladimir Igorevich
Burenkov Viktor Ivanovich
Gol’dman Mikhail Lvovich
Grigor’yan Alexander Asaturovich
Kalita Evgeni Alexandrovich
Kalyabin Gennadiy Anatolievich
Katkovskaya Irina Nikolaevna
Kislyakov Sergey Vitalyevich
Krotov Veniamin Grigorievich
Nazarov Alexander Ilyich
Nursultanov Yerlan Dautbekovich
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Oinarov Ryskul

Samko Stefan Grigor’evich
Sawano Yoshihiro

Shkalikov Andrey Andreevich
Sickel Winfried

Stepanov Vladimir Dmitrievich
Stolyarov Dmitry Mikhailovich
Temlyakov Vladimir Nikolaevich
Tikhonov Sergei Yur’evich
Ushakova Elena Pavlovna
Vodopyanov Sergey Konstantinovich
Yang Dachun

Programme of the conference

May 29, 2023

09:30-10:00, Opening ceremony (D.V. Treschev, B.S. Kashin)

10:00-10:50, S.V. Kislyakov, Correction theorems and the uncertainty principle

11:00-11:50, V.N. Temlyakov, Rate of convergence of thresholding greedy algorithms

12:30-13:20, W. Sickel (online), On the reqularity of characteristic functions

15:00-15:50, V.I. Burenkov, D.J. Joseph, Inequalities for entire functions of exponential type for
Morrey spaces

16:00-16:50, E.I. Berezhnoi, Discrete variant of Morrey spaces. New approach

May 30, 2023

10:00-10:50, A.A. Shkalikov, Spectral asymptotics for the systems of differential equations and
applications

11:00-11:50, S.K. Vodop’yanov, Function spaces and geometry of mappings

12:30-13:20, S.Yu. Tikhonov, Truncated Besov spaces

15:00-15:50, Y. Sawano (online), Maximal reqularity for Morrey spaces

16:00-16:50, A.A. Grigor’yan (online), Analysis on fractal spaces and heat kernel

May 31, 2023

10:00-10:50, V.G. Krotov, I.N. Katkovskaya On the tangential boundary behaviour of functions from
Hardy type spaces

11:00-11:50, A.I. Nazarov, Hardy-type inequalities with mixed weights

12:30-13:20, D.M. Stolyarov, Bourgain—Brezis inequalities and Besov spaces

15:00-15:50, E.D. Nursultanov, Interpolation of linear and nonlinear operators and applications
16:00-16:50, V.I. Bogachev, Pointwise characterizations of Sobolev functions

June 1, 2023

10:00-10:50, G.A. Kalyabin (online), Diverse results concerning Besov and Sobolev spaces
11:00-11:50, R.O. Oinarov, Boundedness of one class of Volterra-type integral operators in Lebesque
spaces and applications

12:30-13:20, D.B. Bazarkhanov (online), Multilinear pseudo-differential operators on the multidi-
menstonal torus

15:00-15:50, V.D. Stepanov, Strong and weak associativity and reflexivity of certain function classes
16:00-16:50, E.P. Ushakova, Spline wavelets and Riemann—Liouville operators in Besov-type spaces
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June 2, 2023

10:00-10:50, H.G. Ghazaryan (online), Coercive estimates for multilayer-degenerate differential
operators (polynomials)

11:00-11:50, S.V. Astashkin, Interpolation properties of K-monotone couples of quasi-Banach spaces
12:30-13:20, D. Yang (online), Matriz-weighted Besov-type and Triebel-Lizorkin-type spaces
15:00-15:50, H. Rafeiro, S.G. Samko (online), Local grandization of Lebesque spaces

16:00-16:50, E.A. Kalita, Dual Morrey spaces in nonlinear elliptic PDEs

16:50-17:00, Closing ceremony (B.S. Kashin)

Congratulations to Oleg Vladimirovich Besov from the research
group “Function Spaces”, Jena

Dear Professor O.V. Besov

The members of the seminar “Function spaces” want to congratulate you with your ninetieth
birthday, Almoat all members of this seminar had profit from your remarkable work on function
spaces, In 1992 the first meeting of the groups from Moscow and Jena took place in Friedrichroda.
It was a pleasure for us that this meeting has been repeated from time to time for over the last 30
years, also thanks to your support. We wish you all the best for the future.

Dorothee Haroske, Winfried Sickel, Hans-Juergen Schmeisser, Hans Triebel, Dann van Dyk,
Hans-Gerd Leopold, Jonas Sauer, Zhen Liu. Sergei Artamonov, Simon Murmann, Glenn Byerenheul,
T. Ullrich, Guillance Neultriens, Kristof Starvans, Komoric Kono, Henning Kempka.

Video records
On Math-Net.Ru (https : //www.mathnet.ru/php/con ference.phtml?con fid = 2247&optionjang =

rus) one can find video records of all talks of the conference.

V.I. Burenkov (RUDN University, MIAN), Editor-in-chief of the EMJ one can find video records
T.V. Tararykova (RUDN University), Deputy editor-in-chief of the EM.J
A1 Tyulenev (MIAN), member of the Organizing Committee
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