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1 Introduction

Let X be a Banach space with the norm || - ||. Denote by Bx(x,r) a closed ball centered at = € X
with radius » > 0. Let X* stand for the topological dual to X and stand || - ||« for the norm of X*.

Given a positive integer k£ and Frechet differentiable functions fy, fi, ..., fr : X — R, consider the
optimization problem

fo(z) > min, fi(z)=0, .., fi(x)=0. (1.1)
Define the Lagrange function L : X x R¥*! — R by the formula
Lz, A) == Xofo(x) + M fi(x) + oo+ Mfi(2), z€ X, A= (Ao, A, oo M) € REFL
Denote the set of all admissible points by M, i.e.

M ={zre X: fi(z)=..= fr(x) =0}.

The Lagrange multiplier rule (see, for example, [10, Section 1.2|) states that if a point ¥ € X is a

local solution to problem (1.1), then there exists a nonzero vector A € R¥*! such that a—(ic\, A)=0
x
and \g > 0.
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In this paper, we show that if a function fy is bounded from below on M # () then there exist
L
sequences {z"} C M and {\"} C R¥*! such that a—(x", A")
x *
and ||A"|| = 1 for every n. This result is an analog of the known result for unconstrained optimization
problem stating that for a bounded below differentiable functional fy on X there exists a minimizing

9fo

Moreover, in this paper, We obtain an estimate of the derivative of the Lagrange function. When
X is a Hilbert space, similar estimates for the first-order and the second-order derivatives were
obtained in [2| and [3]. For the unconstrained optimization problem the estimates of the first-order
and the second-order derivatives of the minimizing function were obtained in |7, §2.5.2].

— 0, fo(z") — Jél/a fo(z) asn — oo

sequence {z"} such that ( ") — 0 as n — oo (see, for example, [6, Chapter 5, Section 3]).

2 Main results

Given xg € M and R > 0, denote
¥(xg, R) := inf{ fo(x) : x € M N Bx(xp,R)}.

Here v(z9, R) may take the value —oo. However, in what follows, we will assume that v(x, R) > —oc.
Note also that fo(z¢) — v(zo, R) > 0 for every xy € M and R > 0.

Theorem 2.1. Given a point xo € M and a number R > 0, assume that
¥(xg, R) > —o0.

Then for every e > 0 there exist vectors A = (Ao, A1, ..., \p) € R¥TL and 7 € M N Bx(xo, R) such
that

Al =1, Ao > 0, fo(Z) < fo(zo),

fo(wo) — (w0, R)
5 .

H— 2N <1+ (2.1)

of; —
Note that if the set M N Bx(xg, R) contains a point z for which the vectors a—f(x), =0,k
x
are linearly dependent and fy(x) < fo(zo), then the proposition of Theorem 2. 1 trivially holds. In

fz

this case, T = x and the unit vector A = (Ao, A1, ..., A\x) satisfying the equality Z Ai—=—(x) =0 and

the inequality A9 > 0 is the desired one (if Ay < 0 then we take —\ instead of )\) In thls case, the
left-hand side of (2.1) equals zero and the right-hand side is nonnegative.

Ofi — .
If the vectors a—f(x), i = 0,k are linearly independent on the set {x € M N Bx(zo, R) : fo(z) <
T
fo(zo)} then the proposition of Theorem 2.1 is nontrivial. In this case, inequality (2.1) implies that
Ao > 0.
Note also that inequality (2.1) implies the following weaker estimate

HaL Jo(@o) — (20, R)

—(z <
ax(m,/\) <(l1+¢) 7 ,

*

(2.2)

since [|A|| = 1.

Theorem 2.2. Assume that the function fy is bounded from below on M. Then there exist sequences
of vectors {z"} C M and {\"} C R*" such that

oL

Gx(x A") =0, fo(x")—>zi€n/\f4f0(x) as n—oo and [[A'|=1 Vn.
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The proofs of these theorems are presented in Section 4. Let us now discuss the ideas of proofs
of these assertions.

Given a point 7y € X and a number R > 0, we put v := (-1,0,0,...,0) € R F .=
(fos f1s -5 fr)- Since y(xg, R) is the infimum of fy over the admissible set M, the points F'(xq) + pv,
p > 0 do not belong to F(Bx(xzo, R)) as p > fo(zo) — v(xo, R). If the mapping F is a-covering in

the direction v at every point © € M N Bx(xg, R) such that fy(z) < fo(zo) (i-e. a—(az)X =Y and
T

sup{a >0: av € g—F(x)BX(O,l)} > @) then F(zg) + puv € F(Bx(x, R)) for u € [0,aR). This
T

assertion is Lemma 3.1 below. These reasonings imply that there exists a point  such that F is
a-covering with the constant @ not exceeding the right-hand side of inequality (2.1). Inequality (2.1)
simply follows from this fact (see Lemma 3.2 below). To prove Theorem 2.2, it is enough to take an
arbitrary minimizing sequence {z{} and apply Theorem 2.1 as z( := 2}, R := 1 and € := 1 for every
n.

3 Auxiliary assertions

In this section, we prove two auxiliary assertions: Lemmas 3.1 and 3.2. In the proof of Lemma 3.1,
we will use the following minimum existence conditions from |1, Theorem 3| (see also [8, Lemma 1]).

Theorem 3.1. Given a complete metric space (M, p), a lower semicontinuous function U : M — R,
and a number a > 0, assume that the function U satisfies the Caristi-like condition

VeeM: U(x)>0 Fz'e M\{z}: U+ ap(z,2') <U(z). (3.1)
Then for every xg € M there exists a point & € M such that U(z) = 0 and p(xo,z) < a U (zg).

Let Y be a finite-dimensional linear space with a norm || - ||. Denote by Y* a dual space to Y. We
denote the value of the functional A € Y* on the vector y € Y by (\,y). An analogous notation we
will use for the functionals from X*. Denote the unit sphere in Y by 5, i.e.

S:={veY: || =1}

For an arbitrary linear bounded operator A : X — Y we denote by A* : Y* — X* the adjoint
operator to A. For an arbitrary vector v € S we put

cov(Al|v) :==sup{a>0: ave ABx(0,1)}.
It is a straightforward task to ensure that cov(A|v) > 0 if and only if v € AX.

Lemma 3.1. Given a Frechet differentiable mapping F : X — Y, vectors vy € X, v € S and a
number R > 0, assume that

(i) a:= inf{cov(%—i(x)

(ii) g—i(x)X =Y Vx € Bx(xo,R) : F(z) € F(xg) + cone{v}.

v) : x € Bx(zo, R), F(x) € F(xo) + Cone{v}} > 0;

Then
F(xz9) + arv € F(Bx(zo,7)) Vrel0,R], Vaec(0,a).
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Proof. Fix an arbitrary r € [0, R] and « € (0,@). Put
M:={ze€X: F(zx)— F(xg) — sarv =0, ||z —zo| <sr, s€][0,1]}.

Obviously, the set M is nonempty, since it contains the point xy. Moreover, M is closed, since F' is
continuous. Define a functional U : M — R by the formula

U(z) = ||F(z) — F(xo) — arv||, z € M. (3.2)

To prove the lemma it is enough to show that there exists a point £ € M such that U(z) = 0. To
prove this assertion we will apply Theorem 3.1.
Obviously, the functional U is continuous and nonnegative. So, it is enough to prove that U
satisfies the Caristi-like condition (3.1).
Fix an arbitrary x € M such that U(x) > 0 and show that there exists a point ' € M \ {x} such
that
U@+ al|z— 2| <U(x). (3.3)

The definition of M implies that there exists ¢ € [0, 1] such that
F(z) = F(xo) + tarv, ||z — x| < tr. (3.4)

Since U(z) = ||F(x) — F(xo) — arv|| > 0, we have t < 1.
Put A := a—(m) It follows from the assumption (i) that cov(A|v) > & > 0. Hence, & > (a+a)/2
x

by virtue of the choice of . The definition of cov(A|v) implies that there exists a vector e € Bx(0, 1)

such that B
a—+ o

2
Since AX =Y by virtue of (ii), we have that there exists a linear operator R : Y — X such that

Ae =

.

ezR(a;av) and ARy =y. (3.5)

Since the mapping F' is differentiable, we have
Flx+&) =F(x)+ A +0(§), (€X, (3.6)

where 0 : X — Y is a continuous mapping such that there exists 6 > 0, for which the following

relation takes place ~
a—«
lo()| < =
IRI(

ol vee Bx0.9), (3.7)

Reducing 0 we obtain that
0<éd<r—tr (3.8)

Note that when we reduce 0, relation (3.7) remains true.
Consider the equation

§ = R(adv — o())
with the unknown £ € Bx(0,6). Define a mapping ® : Bx(0,6) — Bx(0,6) by the formula

®(¢) == R(adv —0(€)), €€ Bx(0,9).

This mapping is well-defined, i.e. ||[R(adv — o(£))| < ¢ for every £ € Bx(0,9), since

35 9206 (3.7)
(=

[R(adv = o(E))]| < [ladRul| + [[Ro(&) ota
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20 ama o 200 L 0706 5 ve e By(0,9).

a+a o+ a+a o+ o

Moreover, the mapping ® is compact and continuous since o(+) is continuous and the linear operator
R :Y — X has a finite-dimensional image (recall that the space Y is finite-dimensional). Thus, the
Schauder fixed-point theorem (see, for example, [11, Section 2.1]) implies that there exists a point

¢ € Bx(0,0) such that £ = ®(¢’). Therefore,
' = R(adv —o(), [l <0 (3.9)

Put
i=x+¢. (3.10)

Let us show that 2’ € M \ {z}. We have

F(z) — F(zo) = ar (t + g)y o — /|| < 'r(t + g) (3.11)

since
Fla) ™ Fle +€)'Y Fa)+ A€ +o(¢) & F@) + AR(adv — o(¢)) + o(¢) ¥

. N 5
(35 F(z) + adv D v + adv + F(x0) = arv (t + _) + F(zo);
r

(3.4) 3.10
|20 — /|| < |0 — 2| + & — 2| < tr+ [Jo — 2] *2”

(3.9) 5
tr+ &) < r(t—l—;).

J
It follows from (3.8) that the inequality ¢ + — < 1 takes place. Therefore, relation (3.11) and the
r

definition of M implies 2’ € M. Moreover, Rv # 0 by virtue of (3.5). Therefore, &' # 0 by virtue of
(3.9). So, relation (3.10) implies that =’ # x. Hence, we have 2’ € M \ {z}.
Let us prove that (3.3) holds. We have

U(x) (22 |F(z") — F(xo) — arv| (LD |[tarv + adv — arvl| :H ((r—tr) — 5)04'0” (22

(3.8) (3.4) 39)
D\ = tryav]| = 18- avl) = tare = arv] ~ llade] 2 |F() = Fzg) = arvl] - fadv] <

< 1R @) - Fa) - ar] — '] 2 V() - alle] "2 V() - alle — 2|
So, it is shown that there exists a point 2/ € M \ {z} such that relation (3.3) holds. Therefore, the
Caristi-like condition (3.1) holds for the function U.
It is shown that all the assumptions of Theorem 3.1 hold. This theorem implies that there exists
a point & € M such that U(z) = 0. The definitions of the set M and the functional U imply that
T € Bx(zg,7) and F(zg) + arv = F(z). Therefore, F(xg) + arv € F(Bx(zo,7)). O

Lemma 3.2. Given a linear bounded operator A : X — 'Y and a vector v € S, there exists a nonzero
functional X € Y™ such that

JA*A]l, < — (A, v)eov(Aly).
Here, obviously, (\,v) <0.

Proof. Put ¢ := cov(A|v). The point cv does not belong to the interior of the set ABx(0,1). Other-
wise, the inclusion (6 + ¢)v € ABx(0,1) takes place fo a sufficiently small 6 > 0, so cov(A|v) > ¢ in
contradiction to the definition of ¢. Moreover, the set ABx(0,1) C Y is convex.

By the finite-dimensional separability theorem (see, for example [4, Theorem 4.6]) there exists a
nonzero A € Y* such that (A, Az) > (A, v)c for any z € Bx(0,1). Therefore, (A*X, z) > (A, v)c for
every € Bx(0,1). So, —||A*A||« > (A, v)c. Therefore, [|A*A||l. < —(\,v)c. O
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4 Proofs of the main results
Proof of Theorem 2.1. Take an arbitrary € > 0. Consider the set

M :={z € Bx(zo, R)NM:  fo(z) < fo(zo)}.

. : : df; . =
Two cases may occur: either there exists a point x € M such that the vectors i(m), 1 =0,k
are linearly dependent or these vectors are linearly independent for every x € M. In the first case,
the point ¥ = x is the desired one (see the comments after the formulation of Theorem 2.1).
: df; . = : :
Consider the second case: the vectors i(90), 1 = 0, k are linearly independent for every x € M.

Then the Lagrange multiplier rule imply that the point z is not a point of local minimum of f,
under the constraints fi(x) = ... = fi(z) = 0 (see, for example, |9] or |5]). Thus,

fo(fL‘Q) > ’V(ZL‘Q,R) (41)

Put Y := R¥1 ¢ :=(-1,0,...,0) € Y. Define a mapping F : X — Y by the formula

F(ZL‘) = (fO(x)’fl(l‘)7afk(x))v re X

Obviously, the mapping F is differentiable and satisfies the assumption (ii) of Lemma 3.1. Indeed,
if F(x) € F(xg) + cone{v} for some = € Bx(zg, R), then by virtue of the choice of v we have

fo(x) < fo(zo) and zg, € M, where M = {&: f1(§) = ... = fr(§) = 0}. Thus, the vectors %(x),

i = 0, k are linearly independent.
Put

ag = (14 ¢)(fo(ze) — v(wo, R) R
It follows from (4.1) that ap > 0. Let us show that there exists a point T € Bx/(x¢, R) such that

F(Z) € F(xg) + cone{v} and cov ((Z—i(f)

v> < 0. (4.2)
Consider to the contrary that

Q= inf{cov <g—i(:c)

Then the assumption (i) of Lemma 3.1 holds, since ag > 0.
Put

v) . x € Bx(zo,R), F(x) € F(xo)+ cone{v}} > . (4.3)

a = (14+27"€)(fo(xo) — v(wo, R))R™.
It follows from relations (4.1) and o < oy < @ that o € (0, @). Therefore, Lemma 3.1 implies that
F(l’o) + aRv € F(Bx(l’o, R))

Therefore, there exists a point € Bx(xo, R) such that F(zo) + «Rv = F(z). Then the definition of
the vector v implies that

o) = (14 5 ) alan) = 2600, B) = i), fita) =0, i =T

So, relation (4.1) and the definition of the mapping F' imply that fo(x) < 7(zo,R) and = €
M Bx(zo, R) which contradicts the definition of . Relation (4.2) is proved.
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oF
Applying Lemma 3.2 to the linear operator A := a—(x) and the vector v = (—1,0,...,0) we
x
obtain that there exists a vector A € Y* such that ||A|| =1 and
v). (4.4)

) Yoot

oL .
This inequality and the equality a—(x, A) = ( ) A, imply that
T

The definition of ap and the strict inequality in (4.2) imply (2.1). The inclusion (4.2) implies that
fo(Z) < fo(xp). Inequality (4.4) and the relation A*\ # 0 imply that Ay > 0. So, the vectors  and A
are the desired ones. O

Proof of Theorem 2.2. Put

< —(\ ) COV(%—];(?)

*

OF
5 &)

LR -

X

= Inf = 1.
70 = Inf fo(z), ¢

Take an arbitrary sequence z{ C M such that fo(zy) — 7. Applying Theorem 2.1 at the point
zo = z as R = 1 we obtain that there exist sequences {z"} C M and {\"} C R¥*! such that

|A™]| = 1 for every n, fo(z™) < fo(zf) for every n and
2", A <2fo($o)—7(%aR) <2f0($o)—70 50
- R - R
as n — oo. The constructed sequences {z"} C M and {\"} C RF*! are the desired ones. O
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Abstract. We prove the existence of a weak energy solution for the boundary value problem
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1 Introduction

This article is concerned with the existence of weak energy solutions of the boundary value problems
for quasilinear elliptic systems of the form

—diva(z,u,Du) = f in{,
{ w =0 ondf), (1.1)

where €2 is a bounded open domain in R™ (n > 3) with a smooth boundary 02 and f belongs to
L>(Q;R™). Here u: Q — R™, m € N*| is a vector-valued function and Du is the Jacobian matrix
of u given by

Du(z) = (Dyu(z), Dyu(z), ..., Dyu(z))  with  D; = 9/0;(;).

We denote by M™*" the real space of all m x n matrices equipped with the inner product £ : n =
> i Gignig for all §,n € M™*™.

We assume that the function a : Q x R™ x M™*" — M"™*" is a Carathéodory function, i.e.,
x — a(z,s,€) is measurable for every (s,&) € R™ x M"™*" and (s,&) — a(x, s, &) is continuous for
almost every x € Q) and satisfies the following conditions: £ — a(z,u,§) is continuously differentiable
and such that for a convex and C'-mapping A : Q x R™ x M™** — R, we have

a(x,u,§) = (%A(x,u,f) (1.2)

and
A(z,u,0) =0 (1.3)

for almost every x € 2 and all u € R™. Moreover, we assume that

(@, s, < di(@) +[s~" + [¢]" (1.4)
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for almost every z € Q and for every (s,£) € R™ x M™ " where 0 < d, € LP(Q), with 1/p+1/p' =1
and the exponent p is such that 2 < p < n. In addition, the mapping £ — a(z, s, ) is monotone, i.e.,

(a(x, $,&) — a(x,s,n)) (&—=n) >0, V¢ neM™™ (1.5)

Finally, the following inequality holds:

€7 < a(x,s,8) - & < pA(x, s, €). (1.6)

The concept of Young measure was introduced in [15] to prove the existence of solutions for (1.1)
when p € (1,2 — %] and f = p is a measure. The authors used weak monotonicity assumptions
on the function a and the weak derivative Du is replaced by the approximate derivative apDu.
Hungerbiihler has studied, in [19], the existence of weak solutions for (1.1) when the right-hand side
belongs to the dual of the Sobolev space W, ”(€; R™). He used also mild monotonicity assumptions
and Young measures to achieve the result. The uniqueness and maximal regularity for nonlinear
elliptic systems (1.1) have been proved in [16] when f = u a Radon measure. Zhou [28] introduced
the sign condition:

a;(x,u,&)-& >0 fori=1,....m,

instead of the angle condition:
a(w,u,§) - ME >0

assumed in [15], to prove the existence and regularity of solutions to (1.1) with f = u € M(Q;R™).
For more results, we refer the reader to see [14, 20, 21, 22, 23, 24, 26, 27| and [1, 2, 3, 4, 5, 6, 7, 8]
where we have used the theory of Young measures for various quasilinear systems.

In |2, 3] we have proved the existence of weak solutions for various kinds of quasilinear elliptic
systems similar to (1.1), for f € W~ (Q;R™), under various kinds of monotonicity assumptions
and based on the theory of Young measures. See also [10, 11, 12, 13| for more results and |25] for
different theories and methods used in nonlinear analysis.

In this paper, the source term in (1.1) is assumed to be in L>(2; R™) and a to satisfy conditions
(1.2)-(1.6). The main objective is to prove the existence of a weak energy solution using the concept
of Young measure and energy functionals. Moreover, a is assumed to be the derivative over the third
argument of another function A. This assumption is necessary in order to associate with the problem
an energy functional, and then to minimize this functional to obtain a weak solution. The main
result of the paper consists in justification of sufficient assumptions for such minimization

A prototype example that is covered by our assumptions (1.2)-(1.6) is the following p-Laplacian
problem: Consider

A@mé)=%ﬁﬂ alz,u,€) = €72

where p > 2.
The remaining part of this paper is organized as follows: a brief review on Young measures is
presented in Section 2, while Section 3 is devoted to state the existence result and its proof.

2 A brief review on Young measures

By Co(R™) we denote the closure of the space of continuous functions on R™ with compact support
with respect to the ||.||-norm. Its dual can be identified with M(R™), the space of signed Radon
measures with finite mass. The related duality pairing is given for v : Q — M(R™), by

e = [ el



18 F. Balaadich, E. Azroul

Lemma 2.1 (See p. 19 in [17]). Let {z;};>1 be a bounded sequence in L>(2;R™). Then there exists
a subsequence {z}r, C {2;}; and a Borel probability measure v, on R™ for a.e. x € 2, such that for
almost each ¢ € C(R™) we have

o(zk) = © weakly in L>(Q; R™),
where P(x) = Vg, ©) = [gm @(N)dvy(N) for a.e. x € Q.

Definition 1. We call {v,},cq the family of Young measures associated with the subsequence {zy}.

Remark 1. e In [9], it is shown that for any Carathéodory function ¢ : Q@ x R™ — R and {zx }
a sequence that generates the Young measure v,, we then have

Pl 2) = ol ) = [l o)

weakly in L' () for all measurable Q' C Q, provided that the negative part o~ (z, z) is equiin-
tegrable.

e Ball shows also in 9], that if z; generates the Young measure v,, then for ¢ € L*(Q; Co(R™))

lim [ g(z, z(z))de = /(Vx,g(a;, )ydz.

k—oo Q Q
Lemma 2.2 ([18]). If |Q] < oo then
2, — z in measure < v, = 05, for a.e. x € (1.

Lemma 2.3 ([1]). If {Dz}x is bounded in LP(Q2;M™*™), then the Young measure v, generated by
Dz has the following properties:

(i) vy is a probability measure, i.e. ||[Vy|| pmaamxn) = [ypmxn AVa(X) = 1 for almost every x € Q.
(i) The weak L*-limit of Dz, is given by (Vy,id) = [jmwn AdVg(N).
(i1i) v, satisfies (v,,id) = Dz(x) for almost every x € ().
We conclude this section by recalling the following Fatou-type inequality.
Lemma 2.4 ([15]). Let ¢ : Q@ x R™ x M™*™ — R be a Carathéodory function and z, : Q@ — R™

a sequence of measurable functions such that z, — z in measure and such that Dz, generates the
Young measure vy, with ||y || pmaumxny = 1 for almost every x € Q. Then

lim inf gp(x,zk,Dzk)de// o(x, 2z, \)dv, (\)dz
Q JMmmxn

k—o0 Q
provided that the negative part ¢~ (x, z, Dzy) is equiintegrable.

For more results and details about Young measures, we refer the reader not familiar with this
concept to see for example |9, 17, 18, 25].
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3 Existence of weak energy solution

Before we state the main result of this paper, let us introduce the following definition of weak energy
solutions of (1.1).

Definition 2. A weak energy solution of (1.1) is a function u € WyP(Q;R™) such that

/(a(x,u,Du) : Dp)dx = / f(x)edz, for all p € WyP(Q;R™).
0 0

The main result is given in the following.

Theorem 3.1. Assume f € L®(Q;R™) and (1.2)-(1.6) hold. Then there exists a weak energy
solution of (1.1).

Proof of the main result. Let us define the energy functional J : W, ?(Q;R™) — R by
J(u) = / A(x,u, Du)dx — / fudzx.
Q Q

Proposition 3.1. The functional J is well-deffined on WyP(Q;R™) and J € CY(WyP(Q;R™),R)
with the derivative given by

o) = |

(a(x,u, Du) : Dp)dx — / fedz,
Q Q

for all o € WyP(Q; R™).

Proof. For any = € Q, u € Wy ?(Q;R™) and £ € M™", we have

1 1
A(z,u,§) :/0 %A(z,u,t{)dt:/o a(x,u,tg) : &dt.
Using (1.4), we get
1
Alw§) < [ (dilo) + a0 g e
0 ) (3.1)
< dy(@)[€] + |ulP €]+ Z—)Iflp-

This and the Holder inequality imply that
_ 1
0< /Q |[A(@, u, Du)|dz < ||dily || Dull, + [|ullp~ | Dull, + Z—QIIDUIli

and
/ |fuldx </ f|lg]|ullq, where 1l < g < p.
Q

Next we deduce that J is well-defined on W, 7 (Q; R™).
Let us fix € Q and 0 < |r| < 1. According to the mean value theorem, there exists 6 € [0, 1]
such that

|a(z,u, Du + 0Dy)||Dy|
B |A(z,u, Du+ rDyp) — A(z,u, Du)|
N 7]

< (di(@) + [ul™* + [Du+ 0r D) Dy
< (i (@) + ™" + 272 (| Dl + (0r) D) ) D).
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Holder’s inequality gives that
| ai@ipelds < Ll 1D,

| 1puP=Deids < 1Duly 1Dl
and
| el Deide = 14l
From these inequalities, we deduce that
(cda() + [ul™ + 272(| Dl + ()| Dl ™) ) Dyl € L}(€).

Thanks to the Lebesgue theorem, it follows that
(J'(u), ) :/a(a:,u, Du) : D(pd:r:—/fgoda:.
Q Q

Assume now that uw, — w in Wy?(Q;R™). Then (ug) is a bounded sequence in Wy (Q;R™).
According to Lemma 2.1 there is a Young measure v, generated by Duy, in LP(2; M™*™) and satisfying
the properties of Lemma 2.3. Using (1.5) and [2, Lemma 5.3|, we get that

0 < (a(z,u,\) — a(z,u, Du+7E)) : (A = Du — 7€)
= a(z,u, Du) : (A — Du) — a(x,u, \) : 7€
—a(x,u, Du+ 7€) : (A = Du — 7€),
which gives
—a(z,u,A) : 7€ > —a(z,u, Du) : (A — Du) + a(z,u, Du+ 7€) : (A — Du — 7§),

for every A, & € M™*™ and 7 € R. We have & — a(x,u,§) is continuously differentiable, hence we
can write

a(x,u, Du+ 7€) : (A — Du — 7€)
= a(z,u, Du+7E) : (A — Du) — a(x,u, Du+ 78) : 7
= a(z,u, Du) : (A — Du)
+ T((V(L(I, u, Du)§) : (A = Du) — a(z, u, Du) : f) + o(7),
where V is the derivative of a with respect to its third variable. Therefore,
—a(z,u,\) : 7€ > T<(Va(:z:,u,Du)§) : (A= Du) — a(z,u, Du) : 5) + o(T)
which gives, since 7 is arbitrary in R, that
a(z,u,\) : € = a(z,u, Du) : £+ (Va(z,u, Du)€) : (Du — \) (3.2)
on the support of v,. Since (a(x,ux, Duy)), is equiintegrable by (1.4) and (ug), is bounded in
Wy (Q;R™), it follows that its weak L'-limit @ is given by
a(zx) = / a(x,u, \)dv, ()
men
(3.2)

=" a(z,u, Du)/ dvy(N) + (Va(z,u, Du))t/ (Du — N)dv,(\)

Supp Vg

[\ J/

-~

=1 =0
= a(z,u, Du).
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As LP'(; M™") is reflexive, it follows that (a(x, uy, Dug)), converges in L' (Q; M™*™) and its weak
LPlimit is also @(z) = a(z,u, Du). This and the Holder inequality imply

[ (ug) = J'(u) / |a(z, uy, Dug) — a(z, u, Du)||Depldz
and so
| (ug) = J'(w)]| < ||a(x, ug, Duy) — a(z,u, Du)||y, — 0
as k — 00. O

Lemma 3.1. The functional J is bounded from below, coercive and weakly lower semi-continuous.

Proof. By (3.1) and Hoélder’s inequality, it is obvious that J is bounded from below. Using (1.6), we
have

J(u):/A(x,u, Du)dx—/fudx
Q 0
1 :
> [ 1Dupds = Il (with 1< g <p)
0
1
> —/ | DulPdz — cllu||1, — +o0
D Ja

as ||ul|1, — oo, since Wy (Q;R™) is continuously embedded in L?(Q;R™). Then .J is coercive. Let
(ur) C WyP(;R™) be a sequence which converges weakly to u in W, ”(Q;R™). Hence uj, — u in
LP(2; R™) and in measure on € (for a subsequence still indexed by k), by the compact embedding
of WyP(QR™) in LP(Q;R™). Since v, = dpy( for ae. z € Q by Lemma 2.3, then Lemma 2.2
implies Duy — Du in measure. We have (A(z, ug, Dug))x is equiintegrable by (3.1), it follows then
by Lemma 2.4 that

// Az, u, )\)dym(/\)dxSliminf/A(az,uk,Duk)dx. (3.3)
Q JMmxn Q

k—o00

On the other hand, assumption (1.5) and the relation a(x,u,§) = (%A(x,u,f) imply, in particular,
that £ — A(x,u, &) is convex, i.e.,

A(z,u, \) > Az, u, Du) + a(z,u, Du) : (A — Du), VA& M™ "

2:},(/\) Z:Ev'r()\)

Since A — F()) is a C'-function by Proposition 3.1, then for 7 € R
FAN+78) — F(\) < GA+71E) — G(N)

< for T <0
T T
and F( F(N) _ GO GO\
(+7O - FO) L GO+ -GN
T T
Hence VF = VG, i.e.,
A(z,u, \) = A(z,u, Du) for all X € supp v,. (3.4)

Going back to (3.3), it follows by (3.4) that

// Az, u, N)dvg (A // Az, u, Du)dv,(\)dx
Mmxn supp Vg
—/A(a: u, Du)dz
Q

gliminf/A(:r;,uk,Duk)dx.
Q

k—o0
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This fact implies that
J(u) < liminf J(uy).

k—o0

Hence, J is weakly lower semi-continuous and the proof is complete. O

Since J is proper, weakly semi-continuous and coercive, then J has a minimizer which is in fact
a weak energy solution of (1.1). The proof of the main result is complete.
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1 Introduction

In 1938, due to the applications in elliptic partial differential equations, Morrey [28| introduced a
class of function spaces, nowadays named after him. In recent years, there is an increasing interest
in applications of Morrey spaces in various areas of analysis, such as partial differential equations,
potential theory and harmonic analysis; we refer, for example, to [1], [11], [12], [21], [25], [33],
[35] and their references.

We begin with some basic notation from the theory of Morrey spaces.

Let u be Lebesgue measure in R™, let S(u, R™) = S(u) be the space of all Lebesgue measurable
functions x : R™ — R and let x(D) stand for the characteristic function of a set D C R™. Along with
the Lebesgue spaces LP = LP(R"), p € [1,00] ideal spaces X are often used in harmonic analysis.
Recall their definition (see, for example, [20], [24]).

A Banach space X of measurable functions on €2 is said to be ideal if it follows from the condition
zr € X, the measurability of y and the validity of the inequality |y(¢)| < |z(t)| for almost all ¢ € Q
that y € X and ||y|X|| < ||z|X]|| (the symbol ||z|X|| denotes the norm of an element x in the space
X). Let v € S(u), v > 0 almost everywhere (v is a weight). We denote by the symbol X, a new
ideal space in which the norm is given by the equation ||z|X,|| = ||z - v|X|. When X = LP, our
definition of weighted space differs somewhat from the often used one: when the weight is included
in the measure.

Along with function spaces we need ideal spaces of sequences. Let ¢! = {...,0,1,0,...}, (i € Z, the
unit stands in the i-th place) be the standard basis in the space of two-side sequences. We denote
by the symbol [ an ideal space of sequences z =Y = _ w;e' (z; € R) with the norm |[[z|l||. All the
properties listed above for function spaces are preserved for sequence spaces. For details concerning
the theory of sequence spaces, see [23].
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The classical Morrey space M) 1», (A € R) (see [28]), consists of all functions z € L%°¢(R") for
which the following norm is finite:

2| My, 1o|| = sup sup =z (t + )x(B(0, 7)) L7
teR™ r>0

We note that if A = 0, then M) 1» = LP, if A = %, then Myrp = L™, if A <0 or A > %, then
M) r» consists only of functions equivalent to zero.

As a natural generalization of Lebesgue spaces, the interpolation properties of Morrey spaces
became an interesting question. The first result on this problem is due to Stampacchia [34] and,
independently, Campanato and Murthy [17]. They obtained an interpolation property for linear
operators from Lebesgue spaces to Morrey spaces on R"™ and showed that, if a linear operator 7' is
bounded from L%(R™) to Morrey spaces M), r»; (R") with the operator norm M;, i € {0,1}, then T
is also bounded from L% (R™) to M), rre (R™) when

1 1—-6 0 1 1—-6 40
L + 2 2 + 2 A= (1= + 0\ (1.1)
do do d1 Do Po b1

for some 6 € (0,1) with the operator norm not more than a positive constant multiple of Mg % M?.
In 1969, Peetre [31] found that the previous conclusion still holds true when (L% (R™), L9 (R")) and
L% (R™) are replaced, respectively, by a certain abstract pair (Ag, A1) and an interpolation space A
constructed from (Ag, A).

However, the converse result in general is not true. In 1995, Ruiz and Vega [32| proved that, when
n>2u€e(0,n),0e€(0,1),1<p <p3< ”T_l <pp <ooand A\ = 1}1—%,)\2 = p%—%,)\g: pi?)—%for
any given C' € (0,00), there exists a positive continuous linear operator T : M), r» (R") — L*(R"),
i € {1,2,3}, with the operator norm satisfying || T|My, r» (R") — LY(R")|| < K;, i € {1,2}, but
| T| My os (R") — LYR™)|| > CKPKY for pig = 11);09 + pil. This implies the lack of convexity of
operators on Morrey spaces.

In the case n = 1, Blasco, Ruiz and Vega [9] in 1999 proved that, for a particular u, if 1 < pg <
P <u<ooand A\ = pil - %, Ay = p% — %, then there exist gy, ¢1 € (1,00) and a positive continuous
linear operator 7" which is bounded from M), 1»: (R) to L%(R), ¢ € {0,1}, but not bounded from
My, 7 (R) to L%(R) when conditions (1.1) are satisfied. These counterexamples show that Morrey
spaces have no interpolation property in general.

Nevertheless, under some restriction, Morrey spaces also have some interpolation properties. Let
0<A <0< < b€ (0,1) and pg, \g be defined by (1.1). Recently, Lemarie-Rieusset [21],

[22] showed that for py, p1, Ao, A1, 0, pg and Ay as above,

[Mg,00 (R™), My, 11 (R™)]g = My, 1o (R") (1.2)

if and only if
PoAo = P11, (1~3)

holds, which gives a necessary and sufficient condition ensuring the interpolation property of Morrey
spaces on R™. Here, [My, rro (R™), My, 1r1 (R™)]p denotes the space obtained using the first of Calderén
interpolation methods [16] for a pair of Morrey spaces (My, zro (R™), My, o1 (R™)).

Note that the situation changes radically for pairs of local Morrey spaces [13]|, [14], [15], [2],
[3], [6]. For example, if in (1.2) global Morrey spaces are replaced by local Morrey spaces, then
equality (1.2) will hold without restriction on the indices (1.3).

In this paper, we give a generalization of equality (1.2) to general Morrey spaces. Namely,
for any functions ; : Ri — R, each of which is concave, positively homogeneous of degree one,
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nondecreasing and continuous in each variable and such that ¢;(0,0) = 0, (i=0,1,2), the triple of
spaces

{QOO(MZZ,X()?MIZ,Xl% 801(M12,X0>M11X1); @(Mlz,XOaMlTl,Xl)}-

has interpolation properties. Here, ©(t,s) = @a(po(t, s), v1(t,s)), (t,s > 0), (M x,, M x,) is a
pair of general Morrey spaces, and ¢(Xg, X;) denotes the space constructed from the pair of ideal
spaces (Xo, X1) using the construction of Calderén — Lozanovskii. In particular, we show that for
any concave function ¢, the triple of spaces

{MA(LL”O(Rn)? M>\17L”1(Rn)7 SZ(MA,U(R”)vLOO(Rn))} (14)

has interpolation properties, when condition (1.3) is met. Here, p(t,s) = @(t%s!=% t0151-01) (g, =
1/po, 61 = 1/p1, A= Ao/bo; t,s > 0).

Note that if instead of the triplet of global Morrey spaces (1.4) we consider the corresponding
triplet of local Morrey spaces, then the triplet of local Morrey spaces will have the interpolation
property not only when (1.3) is satisfied, but also in a much more general case |[3], [6].

2 Basis constructions

We now replace the Lebesgue space LP in the definition of the classical Morrey space by an ideal space
X, the outer sup-norm by the norm in an any ideal space L and replace the balls B(0, ) by homothetic
sets U(0,7) C R™. Below, we always assume that 0 € U(0,1) and u(U(0,1))) € (0,00). Moreover,
we often assume that U(0, 1) is star-shaped with respect to the point 0, that is, if ¢ € U(0, 1), then
~vt € U(0,1) for all v € (0,1). In general, the star-shapedness assumption is not necessary, but
sometimes is useful.

We also need local Morrey spaces constructed from a family of sets {U(0,r;)} with discretely
varying parameter.

We denote by T the set of non-negative number sequences 7 = {7;} each of which satisfies the
conditions

Vi : Ti < Titl, U(TZ‘,TH_J = R_|_.

When 7,41 = 00, we assume that (7;, 00| = (73, 00).

Definition 1. [2|. Let an ideal space X on R"™, an ideal space [ of two-sided sequences with the
standard basis {e'} and a sequence 7 € T be given. By Morrey space M x we mean the set of all
functions x € LY°¢(R™) for which the following norm is finite:

2| Mix ]| = sup | > el + )XW m)IXI-

1=—00

The spaces introduced in Definition 1 are called global discrete Morrey spaces.

Discrete spaces are more convenient to consider at least for the following reasons. Firstly, all
classical Morrey spaces can be realized as discrete Morrey spaces (see the example below), and
secondly, one does not need to think about the measurability of the function ||z (¢ +.)x(B(0,7))|X]||.

Note that all discrete Morrey spaces are ideal.

The following example shows that most recently investigated Morrey spaces can be implemented
as discrete Morrey spaces.
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Example 1. Let U(0,1) be a star-shaped set of a positive measure, A > 0, p € [1,00], the ideal
space X and the space M) ,.x, the norm in which is given by the equality

o, A\ 1
Hx‘M)\p.XH = { SuptER"(f(] (T‘ )‘Hl’(t—F )X(U<07T))|X‘|)pd7) /pu fOI‘ p € [1’00)7
. supezn sup,{r~*|z(t + )x(U(0, )X}, for p = oo
be given.

If p € [1,00), then for each function = € M, x the following inequalities hold:

sup 27(1n2) 7 (Y (27| (t + )x(U(0,29)[ X))V < (|| Mol

teR™ i

< sup 2%+ (In2)7(Y (27 a(t + )x(U(0,2'))1 X)) 7.

teRn” P

Thus, for p € [1,00) on the space M), x we can introduce an equivalent norm
[ M pix o = f&g(Z(QWIII’(t +)x(U(0,2)) X)) 7.

If p = oo, then for each x € M) «.x the following inequalities hold:
sup 27 sup 2 Mt + (U0, 2))|X || < [lal My srx]

teRn” 7
< sup 2 sup 27 (t + ) (U(0,2))|X .
teR™ %

So on the space M) . x
|| M oo:x |6 = s%p{sup 27 Mla(t + )x(U(0,27) 1 X}
teR™ 7

is an equivalent norm.

Put 7; = 2, (i € Z), for the sequence of points {7;}>°_ consider the corresponding partition 7 for
R, and define a weight sequence by setting wy (i) = 27, (i € Z). Then we get that for all p € [1, o0]
up to equivalence of the norms:

l%/\,X = My px-

Let C., denote the set of all functions ¢ : R7 — R, concave, positively homogeneous of degree
one, nondecreasing and continuous in each variable and such that ¢(0,0) = 0.

The class C,, is a cone with respect to the operations of addition and multiplication by a non-
negative number.

We recall the definition of the construction of Calderén — Lozanovskif.

Definition 2. Let a couple of ideal spaces (Xg, X1) on Q and ¢ € C,, be given. The space ¢(Xy, X;)
consists of all measurable functions x, for which there is a pair of functions xg € Xy, 1 € X7 such
that almost everywhere holds the inequality

|z(8)] < @(xo(t), 21(t)).
On the space p(Xp, X1) the norm is introduced by the equality
2] (Xo, X1l

=inf{\ > 0: |z(t)] < Ap(zo(t),z1(t)) (for a. e. t € Q),
zi € X, ||| Xil| < 15 (2= 0,1)}. (2.1)
The space (X, X1) is an ideal Banach space equipped with this norm.
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If py(t,s) =t s'7% then the definition of the space ¢y(Xo, X1), which is usually denoted by
X - X17% was proposed by A.P. Calderén [16]; for an arbitrary ¢ € C., the space ¢(X, X;) was
defined by G.Ya. Lozanovskii [26].

The equality proposed below is well known

0o (Xo, X1)I| = mf{[lzo| Xol|” - laa| Xa [0+ |2 ()] < @g(t) - 217°(f) ae. on Q}.

The Calder6n — Lozanovskii construction of ¢(Xy, X;) has found many applications in the theory
of ideal spaces [27], in the theory of interpolation of linear operators [10], [19], [30], in the geometric
theory of Banach spaces [8].

In cases in which exact estimates of constants are important, we can introduce on the space
©(Xo, X1) norms different from (2.1) as follows. Let ¢ (a1, az) : R* — R, be a norm on R% Then on
©(Xo, X1) the norm is defined by the equality

|z [{p(Xo, X1), ¥} = inf{(ar, as) :

|z(t)| < o(xo(t), x1(t)), a.e. on Q, z; € Xy, ||z Xi|| = ai; (0 =0,1)}. (2.2)

The space (X, X;) is an ideal Banach space equipped with the norm || . [{¢(Xo, X1), ¥ }|.

Of course all the norms on ¢(Xy, X;), defined by equation (2.2), are equivalent. If we put
Voo(ay,a3) = max{|ai|,|az|}, then the norm on the space {¢(Xg, X1), ¥} coincide with the norm
defined in (2.1). For example (see [4]), using the introduced norms one can to define the exact dual
space {p(Xo, X1), 9} and exact dual norm on the space {¢(Xo, X1),%}.

For each ¢ € C,, for all a, b, c,d > 0 the following inequality holds

a+b c b d
1 d -
c+d’ ) =(ct+d) (cc+d+dc+d

(p(a—i_b?C—’_d):(C_'—d)QO( 71)2

a

(e o) + (5, 1 = (e d) + 9(0,d). (2.3

Now we will show that condition (1.3) is equivalent to the fact that the corresponding Morrey
spaces are obtained using Calderdn’s constructions g, (.,.), @g, (., .) for one special pair of spaces.

Lemma 2.1. Let the space M[x be constructed from the spaces X, I, the sequence T € T and the
set U(0,1). Let 6 € (0,1). Then

(MZT,X)G(LOO)I_G = IZ,X"

and the norms on these spaces coincide.

Proof. Let x € (M )*(L ) ~%. This means that there exists xo € M]x with ||zo|M]y|| = 1 such

that the equality |z(t)] = Azf(t) - 1'% (¢t € R") holds and X = |[z|(M[)?||. Then the following
relations follow

T T oco\1— oo @
IIIXIV"I(MZ,X)"(L =1 = srtlpllE_oollx”g(H-)x(U(O,m))IXlle 1% =X

& sup [N (et + )x @O, r)IXIN’) ol = X & || M ol = X
Let us prove the reverse inequality. Let z € M}, = 1. This means that

10 x0T 2 0 and ||z|M
the equality

-
o xoll

sup || (¢ + )x(B0, )| X)) e li]| = 1
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Put zo(t) = /%(t). Then obvious equality x(t) = z(¢) - (1)'~?, t € Q holds. Let us check that the
equality ||| M] x| = 1 holds. Indeed,

2ol M|l = sup X% [lo(t + Ix(U 0, )X €' f2]

= sup =X ll0(t 4+ )x(U (0, 7)) | X |1

= sup [ X% ("7t + )x(U©0,r)) X)) Yot = 1.
O

Corollary 2.1. Let 0 < X < % and 6 € (0,1) be given. We define the numbers v and q by the
equalities

Then the space (M ;,)(L>)""% and the space M, coincide and the norms in these spaces are
equal.

Proof. If the inequalities |z(t)] < ~|xo(t)]” and [|zo|MJ ]| < 1 are satisfied for all ¢, then the
following relations are valid

2(t+ )1\1/0) 7
5 )Ly <1

sup{sup P I (U0, 7))

& sup{sup X (U (0, 7)) |zt + )| [LP||"} < v

t r>0
& sup{sup =[x (U0, m)x(t + L7} <.
r>
]

Corollary 2.2. Let a couple of Morrey spaces (M, o, My, 1r1) be given. Condition (1.3) is satisfied
if and only if there are numbers X\, p and 0y,6, € (0,1) for which the following equalities are satisfied

M)\OJJPO _ (MA,Ll )00 (Loo)l—Go’ M)\hLPl _ (M)\,Ll )91 (Loo)1—61

Proof. Define the parameters 6y, 0; by the equalities 0y = pio,@l = p%’ A= ’9\—8 = 2—11. Then the
following equalities are valid

M)\O,LPO _ (M/\’Ll )00 (Loo>1—007 ]\4)\1’[}71 — (M)\,Ll)el (LOO)1—91
and it suffices to apply Corollary 2.1. [

Let us note the connection between the Calderén — Lozanovskil construction and the generalized
Orlicz - Morrey space.

First we recall the definition of Young functions. A function N : R, — R, is called a Young
function if N is convex, left-continuous, strictly increases and lim;_,o N(t) = N(0) = 0, limy_,o, N(t) =
00.

Let a Young function N be given, by which the Orlicz space LY (R") is constructed. A natural
generalization of the Lebesgue-Morrey space is the Orlicz-Morrey space, the norm in which is given
by the equality

2| My x| = sup{]| D el )t + )L 1]}



Calderon — Lozanovskii construction for a couple of global Morrey spaces 31

jz(t + )|

= sup{| > e{inf{A > 0: HX(U(O,W))N(A—z)\LlH < 13-

If we put [ =[5, then the formula for the norm in the space M, ;v has the form
| M x|l = Sltlp{ll > XU, r))a(t + )LV}

= supfsup (i) (inf x> 0 (@0, rNEEED ) < 1y (2.4)

Let 0 € (0,1), p=3, No(t) = to, (t € [0,00)). Then from (2.4) follows the equality
z}o,m = MIEO,LP

and the norms in these spaces coincide.

Another natural generalization of the Lebesgue-Morrey space is the Orlicz-Morrey space
goN(Ml 11, L), constructed by the Calderén — Lozanovskii construction.

Let a Young function N be given. We define the function ©n(.,1) by the equality ¢n(s,1) =
N~1(s), (s € [0,00)), and put on(s,t) = teon(s/t,1). Then py € Co,.

Lemma 2.2. Let N be a Young function, and the function pn € C., is constructed.
Then the following equality is true

. Z .T
el (M, I = supGinf{3 > 0 13 e @, gV < 1y
Proof. If [z(t)| < ypn(xo(t),1) and [|zo|M] || = 1, then

()] _
<

& sup{| 3 ¢V 0. 2)N(

lz(t)] < von(zo(t),1) &

v (wo(t), 1) < [N (

|z (t)]
fy

)’MlT,LIH = Hivo!Mf,LlH

LI} = [lwo ML |

[zt + )|
A

jz(t + )|
v

= sup{inf{A > 0 || 37 /| x(U0. 7)) N(

From here it follows that

LY < 13 < .

felen (M L) 2 sup{int(a > 0+ )3 ln@ (O )N < 1y

On the other hand, if

sup(inf{3 > 0: | €@, )N (SR < 1y <1,

A

then 2t + )
x(t+ .
sup{l| 3 (0, ry N (EE)

Therefore N(|z(.)[) € M1, [[N(lz()DIM] )l < 1 and [z(2)] = on(N(|z(2)]),1). From here it
follows that

LI} < 1.

lzlon (M1, L) < 1.
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If we put [ = [2°, then the formula for the norm in the space on (M, ;1, L>°) has the form

Jelon(M 12, L)) = sup{in (3 > 0 sup{e@lx@ 0, )N (S < 1y
= supfsup{int(h > 0+ (@, V(D < Ty 2.5)

Let 6 € (0,1). We define a Young function by the equality Ny(t) = t7, (t € [0,00)) and put
. A L .
p =g, we(i) = (w(i))?, (i € 2).
Then it follows from (2.5) that

SDNQ(MJEO,LM L) = Mz%é,m

and the norms in these spaces coincide.
Note that from (2.5) it turns out that the space ¢, (M. ;1, L>) coincides with the Orlicz-Morrey

space introduced by E. Nakai [29|. It is for these spaces that interpolation theorems are formulated
below.
The following theorem is a basis for obtaining interpolation theorems for global Morrey spaces.

Theorem 2.1. Let Xy, X; be two ideal spaces, p, o, p1 € Cep and

@(tv 8) = 90(900(757 S)?@l(tvs»’ t,S S R-l-' (26)

Then © € C.,, the following equality is true

P(Xo, X1) = o(@o(Xo, X1), p1(Xo, X1)),

and for each x € §(Xo, X1) the inequalities

[2](po(Xo, X1), p1(Xo, X1))||

< lzlp(Xo, X0)[l < 2l[xfe(eo(Xo, X1), ¢1(Xo, X1)) (2.7)
hold.

Proof. Let us prove first that 3 € C.,.
The positive homogeneity of first degree of the function © is obvious. Let us check the concavity.
Indeed, using inequality (2.3), we obtain

to + 11 to + 11 to + 11

@( 9 71) :90((100( 9 ’1)a901( 9 71))

> 90(%(900(%7 1) + ¢o(t1, 1)), %(@1(1507 1)+ ¢1(t1,1)))

1
= 590(900(%7 1) + wo(t1, 1), w1(to, 1) + ¢1(t1, 1))

1

5 (oloolto, ) t0, 1) + lultr, 1, a(t1, 1)} = 5 {0, 1) + B0, 1),

Let us prove the left inequality in (2.7).
Let € $(Xo, X1) and ||z|@(Xo, X1)|| < 1. Then there are zy € X, 21 € X such that

v

[2(8)] < Pl(xo(t), 21(t)), (€ Q);  zwolXoll <1; flaa[Xa]] < 1.
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Let us define new functions zg, z; by the equalities:

20(t) = wo(wo(t), 71(t)),  21(t) = @r(zo(t), 21(1)); (¢t € Q).

Then
20 € o(Xo, X1),  ||20l0o(Xo, X1)|| <1, 21 € ¢1(Xo, X1), [z1]e1(Xo, X1)[| <1
and
©(20(t), 21(t)) = B(po(zo(t), T1(t)), w1 (wo(t), 21(1))), (t € Q).
Therefore

z € p(wo(Xo, X1), 01(Xo, X1)),  [|z[e(po(Xo, X1), p1(Xo, X1))|| < 1.

These relations prove the left inequality in (2.7).
Let us prove the right inequality in (2.7).
Let

z € p(po(Xo, X1), 1(Xo, X1)),  [[z]e(po(Xo, X1), 1(Xo, X1))[| < 1.
Then there are zg, 1 € Xo, Yo, y1 € X1 such that

2o Xoll <15 flza|Xoll <15 flyol Xall <1, flsn[Xall <1

and
[2(1)] < @lpo(o(t), 0(1)), pr(x1(E), 31(1))), (€ Q).
Let us define new functions by the equalities: zy(t) = max{zo(t),z1(t)}, 21(t) = max{yo(t), y1(t)}.
Then

wo(o(t), yo(t)) < wolz0(t), 21(1)), (£ € Q); @r(xa(t), 11(t)) < pr(20(t), 21(2)), (t € Q);

[20| Xoll <2 [lar] Xal| < 2.
For all t € 2 holds the inequality

[(8)] < @(po(20(t), 21(t)), p1(20(t), 21(1))) = P(20(1), 21(2)), (€ Q).
Therefore ||z[@(Xo, X1)|| < 2. These relations prove the right inequality in (2.7). O

Corollary 2.3. Let a couple ideal space X; on R™, a couple ideal space of sequence l;, (i =0,1), a
set U(0,1) C R™, for which 0 € U(0,1) and u(U(0,1)) € (0,00), and a sequence T € Y be given. Let
the spaces M x. be constructed from the spaces Xi, i, (i = 0,1), the set U(0,1) and the sequence
TeT.

Let ¢, o, @1 € Cup be fized, and the function @ € C., is constructed by equality (2.6).
Then

PIM x0 M] x,) = (oM, x0o M} x,)s 01(My, 500 M} )
and for all v € (M] x , M[ x,) the following inequalities are valid

”I|90(%00(M12,X07MlTl,Xl)a@1(Mz€,X07MzT1,X1))HS Hx|¢(Mlz,X07MlT1,X1)H

< 2 Hm‘SD(%OO(MzE,XOvMz:,xl)v901(M12,X07M171,X1>>H-
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Corollary 2.4. Let 0 < 0y,0, <1, ¢ € Cy, be fized, and the function pg, g, € Cey is constructed by
the equality
¥00,01 (t, S) - @(teosl_eoa t9181—01)' (28)

Then
Poo.on (M, L®) = (M )" (L>) =%, (M] )" (L)'~

and the following inequalities are valid
(M) (L)% (M) (L)) < |l ag 00 (M, L)

< 2 [lelp((M]x) " (L)%, (M) (L) =)

Corollary 2.5. Let 0 < Ao < o5, 0 <Ay < 2%, 0 € (0,1) and ¢ € C, be given and condition (1.5)
be satisfied. Let 6y = pio, 0, = pil, A =92, and the function pg, g, is defined by (2.8).
Then
Poo.0: (Mpp1, L) = (Mg Lro, My, 1o1)

and the following inequalities are valid
[z|o(Mg,Lros Mayeo)|| < [l2]pgg,00 (M, LZ)|| < 2 [lzfo(Mag,Leo, May,re:) |-
To obtain interpolation theorems, we need one geometric property of an ideal space.

Definition 3. Say (see, for example, [20], [24]) that an ideal space X C S(p,€2) has the Fatou
property if from 0 < z,, 1 x; 2, € X and sup,, ||z,|X|| < oo it follows that x € X and ||z|X]| =
sup,, ||| X1

It is well known that the Lebesgue spaces L, (I2) for p € [1,00| have the Fatou property, and
the space ¢ has not the Fatou property.

The following theorem is not a very general fact for the Calderén — Lozanovskii construction on
a couple of ideal spaces. The question of when the space ¢(Xy, X;) has the Fatou property depends
on the properties of the couple of ideal spaces (Xy, X7) and the function ¢ is discussed in more detail
in [5].

Theorem 2.2. [5]. Let ¢ € C., and an interpolation couple of ideal spaces (Xo, X1) be given. If
Xo and X have the Fatou property, then the space p(Xo, X1) has the Fatou property too.

The next theorem shows that if parameters of the global Morrey space have the Fatou property,
then the global Morrey space also has the Fatou property.

Theorem 2.3. [7]. Let an ideal space X on R", an ideal space of sequences I, a set U(0,1) C R",
for which 0 € U(0,1) and u(U(0,1)) € (0,00), and a sequence 7 € T be given. Let the space M[ y be
constructed from the spaces X, I, the set U(0,1) and the sequence T € Y.

If both ideal spaces | and X have the Fatou property, then the space M[y has the Fatou property
too.

We apply Theorems 2.1 - 2.3 to obtain interpolation theorems. Namely, we write out conditions
for the coincidence of the Calderén — Lozanovskii construction on a couple of Morrey spaces with the
value of the Gustavsson — Peetre — Ovchinnikov interpolation functor on a couple of Morrey spaces.

We recall [10] that a couple of normed spaces (A, Ay) is referred to as an interpolation couple
if both spaces are embedded in a separable topological linear space V.
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Let ¢ € C, and a interpolation couple (Ao, A;) be given. Denote by (Ag, A1), the Gustavsson —
Peetre — Ovchinnikov interpolation functor [10], [19], [30] calculated for the couple (Ao, A;):

a€ (Ap, Ay, ©a= Z a;;a; € Ag ﬂ Ay, the series converges in the spaceAg + Ay;
lal(Ao, A1)l
= inf{max{sup{ su gi————|Ao||, su gi——|A fa = a;} < oo.
{ { np{az:ElHZn (70<172Z>| OH &:ElHZn @(2171)‘ 1||}} Zoo }

Theorem 2.4. [10], [19], [30]. Let ¢ € C., and an interpolation couple of ideal spaces (Xy, X1)
on Q be given. If Xo and X, have the Fatou property, then

{p(Xo, X1), 90} = <X07X1>w

the norms in these spaces are equivalent, and the equivalence constant does not depend on Xy, X;
and the function .

Thus, the triple of spaces {Xo, X1; ¢(Xo,X1)} is an interpolation triple.
From Theorems 2.1 — 2.4 we obtain the following interpolation theorem.

Theorem 2.5. Let a couple of ideal spaces X; on R™, a couple of ideal spaces of sequence l;, (i =0, 1),
a set U(0,1) C R", for which 0 € U(0,1) and u(U(0,1)) € (0,00), and a sequence T € Y be given.
Let all spaces Xo, X1, lo, 11 have the Fatou property. Let the spaces M . be constructed from the
spaces X;, l;, (i =0,1), the set U(0,1) and the sequence T € Y. Let ¢, g, p1 € Coy be given. Define
the function @ by equality (2.6). We form the triple of spaces

{SOO(MIE,XOaMz:,Xl)a wl(Mzﬁ,meﬂ,xl); @(MZZ,XOleTl,Xl)}‘

Let an interpolation couple (Ao, A1) be given.
1) If a linear operator S is bounded as an operator

S Az — SDZ'(MZE,X()’MZZ,XJ’ (Z = 07 1)7

then
S . (AO, Al)go — @(Mlq(—),)(b’ Mlﬂ;,Xl)

and 15 bounded.
2) If a linear operator P is bounded as an operator

P: (’Oz(M;(—)’XO,MZZ’Xl) —>AZ7 (Z:O, 1)7

then
P @(Mlg,xoa MlTl,Xl) — (Ao, A1)y

and 1s bounded.

Proof. From Theorems 2.2 and 2.3 it follows that all spaces
MIZ,XN Mle,Xl; QOO(MIZ,XW MlTl,Xl)7 Qpl(Ml;,Xm Mle,Xl)Q

oMy, x0s M} x,)s 01(My, 0o M x,)); - (Mg xs Mj) x,)
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have the Fatou property. Therefore, it follows from Theorem 2.4, that
SO(SOO(MZ‘;,XN Mlle)a 801(M12,X0> MJTI,XI))

= (900(]\/[12,)(0’ MlTl,Xl)a 901<Ml7(—)7X07 lexl))so (2.9)

and the norms in these spaces are equivalent.
From Theorem 2.1 it follows that

@(Mzg,x)v My, x,) = o(wo(M xo, M} x,), 01(M[, x0s Mj] x,)) (2.10)

and the norms in these spaces are equivalent.
From (2.9) — (2.10) it follows that

@(MIE,X) s My x,) = (0o My xos Mi x,)s o1(My 0 My x,))

and the norms in these spaces are equivalent.
From the latter relation we obtain statements 1) and 2). O

Corollary 2.6. (An interpolation theorem for classical Morrey spaces.)
Let 0 < Xo < 26, 0 <A < 5, 0 € (0,1) and p € Cpy be given and condition (1.3) be satisfied.
Let 6y = pio, 0, = pil, A= 2—37 and the function @g, ¢, is defined by (2.8).

Then statements 1) and 2) in Theorem 2.5 hold for the triple of spaces

{Myyzro, My, o5 @og0,(My 1, L)}

Corollary 2.7. (An interpolation theorem for generalized Orlicz — Morrey spaces.)

Let two Young functions No, Ny be given, and the functions oy, (s,1) = N; '(s) and on,(s,t) =
ton,(s/t,1) (i =0,1) are constructed.

Let ¢ € C,, be fized, and the function pn, n, € Ce be defined by the formula

1,8 1,8
¥ No,N (t, S) = (p(tNO 1(;)7 tN; 1(;))7 t,s > 0.
Then statements 1) and 2) in Theorem 2.5 hold for the triple of spaces
{(pNo(MlEO,Ll ) Loo)a PN, (MZEO,LU LOO); Y No,N: (MIEO,LU Loo)}
Remark 1. In the article we considered the Morrey space defined on R”. If we consider the Morrey

space defined on a subset 2 C R", (0 € Q) then in Definitions 1 it is necessary to replace U(0, 1) by
U(0,7) N2 All results will remain true.
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1 Introduction

The composition of two maps f and ¢ is defined by (fog)(z) := f(g(x)), if the range of g is contained
in the definition set of f. We denote by Ty the composition operator T¢(g) := f o g.

Definition 1. Let E be a set of real valued functions, and let f : R — R. We say that f acts on
by composition (or: superposition) if T¢(E) C E.

Here are some elementary examples :

e Let E be a vector space of functions, which means that g; + go € E and A\g; € FE, for all
1,92 € E and all A € R. Then every linear function f: R — R acts on FE.

e Let E be an algebra of functions, which means that F is a vector space as above, and that
9192 € E for all g1, 9> € E. Then any polynomial f such that f(0) =0 acts on E.

We have a list of natural problems concerning operators 7%.
In case I is a vector space of functions, a composition operator T is said trivial if the function
f is linear. Then we have the following questions :

O1: Do nontrivial composition operators exist ?

In case E is an algebra of functions, the answer is positive. We will see that it is negative for
certain Sobolev spaces.

Q» : Describe explicitly the set of functions which act on E.

For instance, if E is the set of all continuous functions from R to R, then a function f acts on F
if and only if f is itself continuous.
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In case E is endowed with a norm, then the following problems make sense :
Qs: Determine the functions f for which Ty : E— E is bounded.
Qu: Determine the functions f for which Ty : E — E is continuous.

We propose a wide survey on the answers to the above questions, in case E is the classical Sobolev
space W' (R"). Some results are given together with their proofs. Some proofs are simpler than the
original ones.

2 Notation

N denotes the set of all positive integers, including 0. Z denotes the set of all integers. For x € R",
|z| denotes its euclidean norm.

If E. F' are topological spaces, then £ < F means that £ C F', as sets, and the natural mapping
E — F is continuous. If B is a Lebesgue measurable subset of R", we denote by |B| its Lebesgue
measure. We denote by x4 the characteristic function of a set A.

A multi-index is n-tuple o := (aq,...,®,) € N". For such «, and for all h := (hy,..., h,) € R",
we set |a| := aq + - - - + @, (this differs from the euclidean norm), a! := aq!--- !, h® := A" -+ Ao,
If fis a function defined on an open subset of R”, and a € N™ as above, we denote by f® the
partial derivative

olel f
dxt - Qaon’

If h € R", the translation operator is defined by (7,f)(z) := f(x — h) for all function f on R™.
The finite difference operator is defined by A, f := 7_,f — f. The m-th power of A, satisfies the
following formula :

@ =3 () 0t i 2.)

k=0
(easy proof by induction).

Let © be an open subset of R". We denote by Lj;,.(€2) the set of (equivalence classes of)
locally integrable functions on €2, endowed with its natural topology (mean convergence on compact
subsets of ), and by D(Q) the set of all indefinitely many times differentiable compactly supported
functions on €2, endowed with its natural topology, see [1, 1.56].

Let Q := [—1/2,1/2]". We fix some function p € D(R™) such that p(z) = 1 on ) and supp p C 2Q).

Let £ be a subset of Ly ;,.(R"). We say that a function f € Lj,.(R") belongs locally to E if
of € E for all p € D(R") ; in case E is endowed with a norm, we say that a function f € Ly ;,.(R")
belongs locally uniformly to E if

sup ||(a9) fll & < 400,
acR"”

for all ¢ € D(R").

Through the paper, “ball” means “closed ball with nonzero radius” (we exclude balls reduced to
one point).
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3 Composition operators in Lebesgue spaces

Proposition 3.1. Let 1 < p < +oo, and let f : R — R be a Borel function. Then f acts on L,(R"™)
if and only if there exists ¢ > 0 such that

|f()] < clt|, forallt € R. (3.1)

Proof. 1. If estimate (3.1) holds, it is easily seen that g € L,(R"™) implies f o g € L,(R"). Indeed,
the following holds :
Ifogly <cligllp, forallg € Ly(R"). (3-2)

2. Assume that f acts on L,(R"™). Since the null function belongs to L,(R"™), the same holds for
the constant function f(0). By condition p < oo we deduce f(0) = 0. Arguing by contradiction, let us
assume that estimate (3.1) does not hold. Then, for some sequence (ax)r>1, we have |f(ax)| > k|ak|
for all k > 1. Consider a sequence (By)x>1 of disjoint measurable sets in R™ such that

|axl?|B| = k771 (3.3)

Let

9= axxs, -

k>1

By (3.3), it follows easily that g € L,(R™). Since

fog:Zf(ak)XBka

k>1
(3.3) implies again f og ¢ L,(R"), a contradiction. ]

Remark 1. The above proof works as well in case of L,(A), for any measurable subset A of R™ such
that |A| = +o0o. For the generalization of Proposition 3.1 to L, spaces on abstract measure spaces,
we refer to [3, Theorem 3.1].

In case of linear operators on normed spaces, it is well known that boundedness is equivalent to
continuity. Of course that does not hold for nonlinear ones. In particular, composition operators can
be bounded but not continuous.

Proposition 3.2. Assume 1 < p < +oo. Let (X, u) be a measure space. Assume that (X, p) is non
trivial, i.e. there exists a measurable set A in X such that 0 < u(A) < 4o00. Let f: R — R be such
that Ty takes L,(X, p) to itself. If Ty is continuous from L,(X, p) to itself, then f is continuous.

Proof. Assume that T is continuous from L,(X, i) to itself. Without loss of generality, assume
f(0) = 0. Let A be as in the above statement. For all real numbers u, v,

fouxa— fouvxa=(f(u)— f(v))xa,

hence
If o uxa — fovxall, = [f(u) = f(v)| p(A)"?. (3.4)

Clearly

limoxa =uxa inL,.
v—U

By continuity of T, and by (3.4), we obtain the continuity of f. ]
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By Propositions 3.1 and 3.2, it follows that, in case of L,(R"™), there exist bounded composition
operators which are not continuous. Proposition 3.2 admits a converse statement :

Proposition 3.3. Let f : R — R be a continuous function such that, for some constant ¢ > 0,
lf(t)] < clt|, for all t € R. Let (X,pn) be a measure space and let 1 < p < 4o00. Then Ty is
continuous from L,(X, p) to itself.

Proof. Tt suffices to prove the following : for all sequence (g;) converging to g in L,(X, ut), there
exists a subsequence (g;, ) such that (fog;,) converges to fogin L,(X, u). By the classical measure
theoretic result (see, for instance, the proof of Theorem 3.11 in [15]), there exists a subsequence (g;, )
and a function h € L,(X, i) such that

Gjx =g ae., gl <h.
By the continuity of f, it holds f o g,;, — f o g a.e.. By the assumption on f,
|fogj,—fogl <2ch.
By the Lebesgue dominated convergence Theorem, we conclude that ||f o g;, — f o ng tends to 0. [
Remark 2. If f : R — R is bounded and continuous, 7% is easily seen to be continuous from

Lo (X, p) to itself. The details are left to the reader.

4 Automatic boundedness

Definition 2. Let E be a normed space. A mapping 7' : F — FE is said bounded if, for all bounded
set A of E, the set T'(A) is bounded.

For instance, according to estimate (3.2), any composition operator, which sends L,(R") to itself,
is bounded on L,(R™). More generally, for all “reasonable” function space, a weak form of boundedness
is satisfied by composition operators. Thus we have a kind of automatic boundedness for a large
class of function spaces.

Proposition 4.1. Let E, F be vector subspaces of Ly 0.(S). Assume that

o E and F are endowed with complete norms such that the embeddings of E and F into L (1)
are continuous.

e D(Q) is embedded into E.
e pge I, for all p € D(N) and g € F.

For all f : R — R such that f(0) = 0 and T¢(E) C F, there exist a closed ball B C Q and two
numbers cy,co > 0 such that, for all g € F,

lglz <ci and suppgC B = |[foglr<c. (4.1)
Proof. By contradiction, assume that, for all B, ¢, ¢ there exists g € E such that

lglle < e, suppg € B, |fogllr>c. (4.2)

Consider a sequence (Bj);>1 of disjoint closed balls in €2. Take functions ¢; € D(2) such that
¢;(x) =1 on $B; (the ball of the same center and half radius than B;) and ¢;(z) = 0 out of B;. Tt is
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easily seen (Closed Graph Theorem, see [17, Chapter II, §6, Theorem 1] or [14, Theorem 2.15]) that,

for ¢ € D(R), the linear multiplication operator g — g is bounded on F. Thus we can consider
M; = sup{|lp;gllr : llgllr <1}

According to (4.2), there exist functions g; such that

_ 1 ,
lgillz <277, suppg; C 55 1fogillr> 7M.
Let g := . g;. Clearly g € E and, by the embedding £ — L1 1,.(2),
g(z) = Zgj(x) a.e. .
Jj=0
By considering supports, ¢;(f o g) = f o g;, hence
iM; < lpi(f o g)llr < Mjl[f o gllr
for any 57 > 1, a contradiction. O]

Remark 3. If Q = R", and if F is translation and dilation invariant, the conclusion of Proposition
4.1 can be improved : indeed for all balls or cubes B, there exist ¢1,co > 0 such that (4.1) holds for
all g € F.

As an example of use of Proposition 4.1, we give the following variant of Proposition 3.1 :

Proposition 4.2. Let 1 < p < 400, let  be an open subset of R" such that || < 400, and let
f:R — R be a Borel function. Then f acts on L,() if and only if there exist o, f > 0 such that

If(O)] < alt|+ 8, forallteR. (4.3)

Proof. Since the sufficiency of condition (4.3) is clear, we deal only with necessity. Assume that f
acts on L,(€2). Without loss of generality, we can assume that f(0) = 0. By Proposition 4.1, there
exist a cube @' C 2 and two numbers ¢y, co > 0 such that, for all g € L,(Q),

gy <ci and suppg € Q= |[fogl,<c. (4.4)
Let b € Q and r > 0 be such that Q' =0+ 2rQ. For any a € R, and 0 < e < 1, let

oo (221

Then the support of g, . is contained in )’. We choose € depending on a in the following way.
In the case of large a, more precisely if |a| > R :=r~"/?¢;||p|| !, we choose € such that

jal P |lplly €™ = 1. (4.5)

If la| < R, we take € = 1. In both cases, we obtain ||gsc|l, < ¢1, hence || f o gacll, < co. Since
-
()
re

[ i<,
bt+er@

hence |f(a)|Pe™ < c3, for some constant c.
If |a] > R, by using (4.5), we obtain |f(a)| < c4lal, for some constant ¢. If |a] < R, we obtain

f(a)] < e O

Remark 4. The above proof can be viewed as a prototype of a number of results on composition
operators, as we will see further.

on the cube b+ er@, this implies
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5 Definition and main properties of Sobolev spaces

Definition 3. Let f € L;;,.(R™), and o € N". We say that f has a weak derivative of order « if
there exists g € Ly jo.(R") such that

| st@eta)de = 0 [ @) da

for all ¢ € D(R").

If such g exists, it is easily seen to be unique, up to equality almost everywhere; then we denote
it by £ and we call it the weak derivative of f of order a.

Definition 4. Let m € N and 1 < p < +o0. The Sobolev space W' (R") is the set of functions
f € Li1oc(R™) such that, for all |a| < m, f@ exists in the weak sense, and f® € L,(R™).

W, (R") is a vector subspace of L,(R"). It will be endowed with the following norm :
I lwpen =Y 1@l (5.1)
la<m

We give here some useful properties of Sobolev spaces.

First of all, W;"‘(R”) is a function space which satisfies the assumptions of Proposition 4.1, see
[1, Theorem 3.3].

The behavior of (5.1) with respect to dilations is described in the following assertion, with a
simple proof :

Proposition 5.1. It holds

Lf ) lwe@ny < X2 F il ey
for all X > 1.
Then we have the so-called Sobolev embedding theorems, see |1, Theorem 4.12] :

Proposition 5.2. If
n o on
my —my > — — — >0,
p1 P2

then W (R") — Wr2(R").

In particular W (R") — L (R") if m > n/p. In fact, we have a more precise statement, where
Cy(R™) denotes the space of bounded continuous functions on R™ :

Proposition 5.3. If m > n/p, or p=1 and m = n, then W*(R") — Cy(R").

The assumptions on the parameters are sharp : W (R") is not embedded in Lo (R") in the case
m < n/p,orm=n/pandp> 1.

Remark 5. The elements of W (R™) are equivalence classes of functions with respect to the equality
almost everywhere. Thus the precise meaning of Proposition 5.3 is the following : all f € W*(R")
contains a (necessarily unique) bounded continuous representative such that ||f|l.c < c[|f|lwy, for
some constant ¢ > 0 depending only on m, p, n.

Proposition 5.4. If m > n/p, or m =n and p = 1, the Sobolev space W*(R") is a subalgebra of
Cyp(R™).

See [1, Theorem 4.39] for the proof.
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6 Necessity of Lipschitz continuity

In case m > 1, any function which acts on W by composition is necessarily Lipschitz continuous, at
least locally. This is a major distinction with the case of L,. To prove this property, we need some
preliminary results.

Lemma 6.1. Assume that W) (R") is not embedded into Lo(R™). There exists a sequence (0;);>1
in D(R™) such that

0;(x)=1 on 277Q, suppd; CQ, jginoo 10|l wnny = 0.
Proof. In case m < n/p, we take 0;(z) = p(2’x). By Proposition 5.1,

Thus the sequence (6;) has the desired properties.
Now assume that m =n/p and 1 < p < +o00. Let

0;(z) == % Z p(25z).
k=1

If |a] = m, then the function z + p(®(2*z) has support in the set Sy := 27**1Q \ 27%Q. Thus, for
all 1 <k <jandz €S,

«@ 1 m «a —1lom
‘9](. )(m)‘ = 32 F |p( )(2’“95)’ <cjromk,

Hence ,
j
«a p - mpo—n 11—
Gj(- )(a:)‘ dxﬁcypg okmpy=nk — cil=p,
k=1

J
()
1= [
k=1 "5k

Thus the sequence (\]6§a)\|p) tends to 0 for all |« = m. The same holds, with a simple proof, for
la| < m. O

Lemma 6.2. Define the sequence of functions (Bp,)m>1 i L1(R) by By := 1j91) and By, 41 := BBy
for all m. Then

A;"f(x):/_+003m(t) > Z—;f<a>(x+th)ha dt (6.1)

0o
|a|=m

for almost all x € R”, all h € R”, allm > 1 and all f € W*(R").

Proof. We consider the case of an m times continuously differentiable function f. An approximation
procedure will complete the proof in general case.
Step 1 : case n = 1. In this case, formula (6.1) reduces to

A f(z) = /_ m B (t) £ (z 4 th) h™dt . (6.2)

[e.9]

We prove it by induction. The case m =1 is well known. Assuming that (6.2) holds, we obtain

+0o0
AL () = B / B () A f™ (z + th) dt

—00
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= pmtt / o B, (1) ( /_ o Bi(s)f™ ) (x + (t + s)h) ds) dt .

—00 [e.e]

By Fubini, a change of variable, and the definition of B,,, we obtain formula (6.2) at rank m + 1.
Step 2 : general case. We fix z,h in R™, and set g(t) := f(x + t(h/|h|))) for all ¢ € R. Then

A} f(z) = Aj9(0). Applying Step 1 to the function g, we obtain (6.1). The details are left to the

reader. ]

Lemma 6.3. For allm > 1, 1 < p < o0, there exists ¢ > 0 such that

1/p
( i |ATf ()| dx) < oA fllwm @)

for all h € R™ and all f € W*(R").

Proof. By definition of B,,, B,, > 0 and fj;o B, (t)dt = 1. Applying (6.1), we obtain

A7l < B 37 2@,

la|=m
[

Theorem 6.1. Assume that m > 1 and that W' (R") is not embedded into Loo(R™). Then any
function f: R =R, such that Ty sends W"(R") to itself, is Lipschitz continuous on R.

Proof. Throughout the proof, ||.|| will denote the norm in W™ (R").

Step 1 : construction of the comb-shaped function. This construction was first introduced by
S. Igari [11]. Let Ay :=Z" N [—N, N]|", for every positive integer N. We fix a real number s such
that

0<s< (6.3)

2m+1°
Let b,b" be real numbers. Then we consider integers N,j > 1, and a real number r» > 0, whose
values will be fixed depending on b, 0. Our test function will be defined by

1 /x
g(x) ==Y p (5 (; - u)) (0" = b) +0;(x)0b. (6.4)
HEAN
The first condition on parameters will be
3rN <277, (6.5)

By inequality s < 1/2 and by condition (6.5), we deduce that the cubes r(2sQ + u) are disjoint, and
that r(2sQ + p) C r(Q + ) C 277Q, if p € Ay. Hence

g(x)="b", if x€r(sQ+p) forsome p € Ay, (6.6)
glz)=0b, ifre277Q\ U r(2sQ + ) . (6.7)
HEAN

By (6.5), we have r < 1. Then Proposition 5.1 gives us

D) E o9
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for some constant c;.

Step 2 : adjustment of parameters. Now we assume that f acts on W]"(R") by composition. By
Proposition 4.1, we can find constants 01, ds such that ||f o u|| < dy for every function u such that
|lu|| < 01, and u has support in Q). In order to apply this property to u = g, we need the following
inequalities :

)
o) < 2 69)
01 < p(n/p)=m pnrn/p < 01 (6.10)

301|b—b/| - 201|b—b/| )

Now we discuss the choice of j, N, r with respect to b, b, such that conditions (6.5), (6.9) and (6.10)
hold. First, we choose j = j(b) > 1 such that (6.9) holds. This is possible by Lemma 6.1. In the

case m < n/p, we define
P

51 n—mp
= —— NP
" (2c1|b — ) ’

which ensures condition (6.10) ; since

p

N = _— Npmfn
" (ch b— b’|) ’

condition (6.5) holds for all sufficiently large N, depending on |[b — V/|.
In the case m = n/p, we take N such that (6.10) holds. Such a choice is possible if |b — 0| < ¢,
where ¢ > 0 depends only on p,n,d;. Then we put r := 277 /3N.

Step 8 : end of the proof. By combining inequalities (6.8), (6.9) and (6.10), we deduce ||g|| < d;.
Using Lemma 6.3, we obtain
AR (f o 9)llp < dslh|™,

for all h € R™, where 03 depends only on dy, m,n, p. Let @ :=]0,1/2]" and e; := (1,0,...,0) € R™.
By condition (6.3) we have
x+lrse; €r(Q+p)C27Q (U=0,...,m),

T+ lrsey ¢ U r(2sQ+ ), (L=1,...,m),

WEAN

for all z € r(sQ™ + p); for such z, equalities (6.6) and (6.7), and formula (2.1), imply that

AT (fog)(@)] = [f(¥) — f(b)].

Hence

1/p
A ( S [ g og><x>|pdm)
HEAN r(sQT+p)

> el f(¥) — ()| NV/prtnim,

By (6.10) we obtain the existence of a constant d4 such that |f(0') — f(b)| < d4|b— V| for all b,b" € R
satisfying |0’ — b| < ¢. Thus f is uniformly Lipschitz continuous. O

Theorem 6.2. Assume that m > 1. Then any function f : R — R, such that Ty sends W*(R") to
atself, is locally Lipschitz continuous on R.
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Proof. Let f: R — R be a function which acts on W)*(R"). Let a € R. We introduce a localized
version of T with the help of the following statement :

Lemma 6.4. There exists a nonlinear operator U, which sends W;”(]R”) to itself, such that, for all
g € Wr(R"),
Uwg(x) = fla+g(z)) — f(a), forall ze€@,
lgllwm@ny <61 and suppg C Q = |Uagllwgny < 02

The proof is essentially the same as that of Proposition 4.1, see [6, Lemma 1| for details.

Returning to the proof of Theorem 6.2, we argue in the same way as in the proof of Theorem 6.1,
just replacing Ty by U,. We define g by (6.4), with 6;(z) replaced by p(2x), s =1/4 and r = 1/6N.
Inequality (6.9) becomes |b| < d3, for some constant d3 depending only on ¢;. The double inequality

(6.10) reduces to

04 5
f < NTM< 2 6.11
|b—b] — b=V’ ( )

where d4,d5 depend on 67 and ¢;. If |b — V| < &4, we can choose N satisfying (6.11). We obtain a
constant dg such that
[fla+b) = fla+b)] < d6lb—V],

for b, b satisfying |b| < 03 and |b — b'| < d4. Thus f is Lipschitz continuous in a neighborhood of
a. U

An easy modification of the above proof gives us the following statement :

Proposition 6.1. Let us assume m > 3, and define py by :

o L, (6.12)
p1 p

Then every function f : R — R, such that Ty sends W) (R") to W2 (R"), is locally Holder continuous
of order 2/m.

7 A case of degeneracy: Dahlberg Theorem

As announced in Introduction, Sobolev spaces provide simple examples of spaces for which the answer
to question Q; is negative.

Theorem 7.1. Assume that m is an integer satisfying
1 n
l+-<m< —. (7.1)
p p
Then, for each function f : R — R which acts on W (R") by composition, there exists c € R such

that f(t) = ct for all t € R.

This theorem was first proved by B. Dahlberg |9] for smooth functions f. Indeed, we have a
slightly stronger property :

Proposition 7.1. Under condition (7.1), let us define py by condition (6.12). Then, for each function
f R = R such that Ty sends W*(R") to W2 (R™), there exists ¢ € R such that f(t) = ct for all
teR.

By Proposition 5.2, we have W,*(R") < W7 (R™). Thus Theorem 7.1 follows by Proposition 7.1.
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Proof. Step 1. We assume first that f is of class C?. Since Wi (R™) does not contain nonzero
constant functions, we have f(0) = 0. By Proposition 4.1, there exist two numbers ¢, ¢ > 0 such
that, for all g € W*(R"),

lg[lwpm@n) < e and suppg C 2Q = 1f o gllwz @ < c2. (7.2)

Define the function u € D(R™) by

u(z) = zp(x), (7.3)
where z; denotes the first coordinate of x € R". Let a > 0, and 0 < ¢ < 1 (a number to be
determined with respect to a). Let us define g, € D(R"™) by

x
ga(x) == au (E) :
Then supp g, C 2Q, and |[gallwm@n) < c1 if
(lg(n/p)_mHUHlen(Rn) =Cq. (74)

Due to the condition m < n/p, the above equality determines ¢ as a function of a, if a is sufficiently
large. Hence it holds [|f o ga[[wz (®n) < ¢z for all large numbers a. Since

(fog@)=f(2m), we=q.

(7 [l )

By using (7.4) and a change of variable, we obtain a constant c3 > 0 such that

we deduce that
p

ldxgcgl.

+a/2
aPr! / ()P dt < es, (7.5)

a/2

for all large numbers a. By the assumption m > 1+ (1/p), we have p; > 1. If we take a to +00, we
deduce that

+oo
[ irora-o.

Hence f”(t) = 0 almost everywhere. Since f” is continuous, we conclude that f(t) = ct, for some
constant c.

Step 2. We turn now to the general case. By Theorem 6.2 and Proposition 6.1, we know that
[ is continuous. Let w € D(R), with support in [—1,+1], even, such that [w(¢)dt = 1. Let us
set w;(t) := jw(jt) for all positive integers j. The convolution w; * f is defined, and it is a smooth

function. Let us define
fi(t) := (wy * f)(E) = (w; * f)(0).
For all function g with support in @,

(fieg)(@) = p(z) /R (f((g(z) +t)p(z)) — f(tp(x))) w;(t) dt
for all x € R™. In other words :

SuppgC Q= bw:pAGM@+W%fMWMNMt (7.6)
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Let M := sup{||p hllwp®n) : [|hllwm@n) < 1}. Let jo be the first integer such that

Jo = 2¢1 lpllwye @y -

Let g be such that suppg C @ and
m n < —
||9||W (Rn) = 2M

Then, for all j > jo, and all |¢t| < 1/j, it holds
(g +t)pllwmmn) < e

By (7.2), we obtain
| fi OQHng(Rn) < 2Mecy

for all j > jg. All together, we have obtained constants c3, ¢4 > 0 such that
lgllwm@mny < ez and suppgCQ = 15 0 gllwz ®n) < ca, (7.7)

for all j > jo. Reasoning as in Step 1, we conclude that, for some constants a;, j > jo, we have
fj(t) = a;t for all t € R. Thus we obtain

(wj * f)(t) = (wj * f)(0) + ajt

for all t € R. Since f is continuous, we know that lim; , . (w; * f)(t) = f(¢) for all t € R. Taking
t =1, we obtain lim; ., a; = f(1). We conclude that f(t) = f(1)t for all t € R. O

8 Composition operators on I/Vp1

First of all, we recall a classical result :

Theorem 8.1. For all f : R — R, the following properties are equivalent :
(1) f is Lipschitz continuous,
(2) f has a weak derivative in Lo (R),

(3) There exists g € Loo(R) and a constant ¢ € R such that
VeeR f(x) :/ g(t)dt +c.
0

Proof. The implication (3) = (1) is straightforward. The equivalence (2) < (3) is easy to prove.
Concerning (1) = (3), we refer to [10, Theorem 7.18] (Alternatively, we can observe that any Lipschitz
continuous function is absolutely continuous, then apply [15, Theorem 8.17]). ]

Theorem 8.2. Let f: R — R, such that f(0) = 0. Then f acts on WI}(R”) if and only if
e [ is Lipschitz continuous, if W; (R™) ¢ Loo(R),
o [ is locally Lipschitz continuous, if W}}(R”) C Loo(R).

This theorem is due to Marcus and Mizel [12|. Roughly speaking, sufficiency result relies upon
the formula 9;(f o g) = (f’ 0 g)9;¢. In the case Wl(R") C Loo(R™), we just need that f’ belongs to
Lo on the range of g. The necessity of the Lipschitz conditions follows by Theorems 6.1 and 6.2.
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9 Full description of acting functions in higher order Sobolev spaces

Let us give a sufficient condition for composition :

Theorem 9.1. Assume that m > max(2,n/p), or m =2, p = 1. If a function f : R — R satisfies
f(0) =0 and f' € W)*"'(R), then f acts on W' (R").

Proof. A preliminary remark : under the assumptions of Theorem 9.1, it holds
m—1
W (R) = Loo(R).

That follows by Proposition 5.3.

Here we restrict ourselves to the case m = 2. The method that we use is typical of the general
case. Also we assume that f is of class C"™, with bounded derivatives up to order m, and that ¢
is smooth, with derivatives tending to 0 at infinity; see [4, 5] and [16, 5.2.4, Theorem 2| for the
approximation procedure to cover the general case.

Let g € W2 (R"). We have to prove that the second order derivatives of f o g belongs to L,(R™).
It holds

0;0k(f © g) = (f" 2 9)(9;9)(Org) + (f' © 9)0;0kg - (9-1)

The second term belongs to L,, because f’ € L.,. Thus we can concentrate on the first one. By the
applying Cauchy-Schwarz inequality, we obtain

(" © 9)059 drgll, < U} U (9.2)
where
U; ::/ (f" 0 g)(2)P|0;g(x) [ dz .
Let us introduce

+o0
ha) = [ 170 at.

Then —Uj is equal to

/ (10 9)(x)9;9(x)Dy9(x)|0s9(x)*~* dz = / 0;(h 0 )(x) 9;9(x)|0;g(x)[*~* da.

n

An integration by parts gives

U= @ -1) [ (hog)@) Bg()og(o)" * do.

Hence
Uy < (2p— 1)||f”||§/]R |079()] |059() [~ da. (9.3)
In case p = 1, the above inequality becomes U; < || f”|1]|07g]|1. That completes the proof of Theorem

in the case m =2, p = 1.
In case p > 1, we use the Holder inequality to derive

1=(1/p)
Uy < o= D18, ([ oaPras)

By Proposition 5.2 and condition 2 > n/p, WZ(R") < W5, (R"). That completes the proof of
Theorem 9.1. [
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Remark 6. The above proof shows also that the composition operator is bounded under assumptions
of Theorem 9.1. More precisely, there exist a constant ¢ = ¢(p,n) > 0 such that

2—(1
1 o gllwzaey < el (ol + lglifin) (9.4)

2
p

We turn now to the complete description of composition operators. Due to Theorems 7.1 and
8.2, we will consider only the case m > 2, together with the three following subcases :

e m>n/p,orm=nandp=1.
e m=n/pandp > 1.
em=2p=1landn>3.

Theorem 9.2. Let m > 2, 1 < p < 4o0. If m > n/p, or if m = n and p = 1, then a function
f R =R acts on W(R") if and only if f(0) =0 and f belongs locally to W (R).

Proof. 1- Assume that f belongs locally to W*(R), and that g € W*(R"). By Proposition 5.3, g
is bounded. Let ¢ € D(R) such that ¢(¢) = 1 on the range of g. Then fog = (¢ f)og. Since
¢ f € W(R), we can apply Theorem 9.1, and conclude that fog € W (R").

2- Assume that Ty sends W]"(R") to itself. By considering f o g, where g € D(R") satisfies
g(x) = 1 on an arbitrary ball of R", we conclude that f, together with all its derivatives up to order
m, belongs to L” on each bounded interval of R. O]

Theorem 9.3. Let m =n/p > 2 and p > 1. Then a function f : R — R acts on W;"(R") if and
only if f(0) =0 and f" belongs locally uniformly to W;”_I(R).

Proof. The sufficiency of the condition on f follows by a modification of the proof of Theorem 9.1,
see [4, 5] or [16, 5.2.4, Theorem 2|.

To prove the necessity, we use the same ideas as in the proof of Theorem 6.1. Let f: R — R be
a function which acts on W"(IR"). We introduce constants d,d, as in the proof of Theorem 6.1. Let
b be a real number. Let j = j(b) > 1 such that (6.9) holds. Let us consider the function

g(7) 1= Mu(2/z) + 0;(z) b,

where u is the function introduced in (7.3), and A is a constant, to be fixed below. By the assumption
m = n/p, it holds ||u(27(.))|| < |Ju||. Thus, the choice of X := §;/2||u| implies ||g,| < d;. Hence we
have

1f o gll <05 (9.5)

On the cube 277Q), it holds (f o gp)(x) = f(A\2z; + 1), hence
O (f o gy)(x) = A" I (A2 g +b) .
Then using (9.5), a change of variable, and condition m = n/p, we find a constant d3 > 0 such that
b+(A/2)
[ umwray <,
b—(1/2)

for every b € R. Thus we have proved that f™ belongs to L,(R) locally uniformly. Since we know
yet that ' € L, it follows easily that f’ belongs to W;””(R) locally uniformly. O

Theorem 9.4. If n > 3, then a function f : R — R acts on WZ(R™) if and only if f(0) =0 and
" e Li(R).
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Proof. Sufficiency of f” € L;(R) follows by Theorem 9.1. To prove necessity, we proceed as in the
proof of Theorem 7.1. Then the estimate (7.5) becomes

+a/2
[ i<,
—a/2

for all large a. By taking a — 400, we obtain f” € Li(R). O

10 Continuity of composition on Sobolev spaces

The more precise versions of Theorems 9.1, 9.2, 9.3 show that all the composition operators which
send W) (R") to itself are bounded. They are also continuous, according to the following :

Theorem 10.1. Let m be an integer > 1, 1 < p < oo, and let f : R — R. If f acts by composition
on WM (R™), then the composition operator Ty is continuous from W) (R") to itself.

This theorem was proved step by step between 1976 and 2019 :

e for m =1 and p = 2, by Ancona [2],

e for m = 1 and any p, by Marcus and Mizel [13],

e for m >n/p and 1 < p < oo, by Lanza de Cristoforis and the author 6],

e in the general case by Moussai and the author [7], who proved also this “automatic” continuity
on the so-called Adams-Frazier spaces W" N Wr}w(R"), where W denotes the homogeneous

Sobolev space, and on the spaces W;,” N W},LP(R"), conveniently realized.



54

1
2]

3]
[4]
5]

[6]

7]

8]

[9]
[10]
[11]

[12]

[13]

[14]
[15]

[16]

[17]

G. Bourdaud

References

R. Adams, J. Fournier, Sobolev spaces. Elsevier (2003).

A. Auncona, Continuité des contractions dans les espaces de Dirichlet. C.R.A.S. 282 (1976), 871-873, and Springer
LNM 563 (1976), 1-26.

J. Appell, P. Zabrejko, Nonlinear superposition operators. Cambridge U.P. (1990).
G. Bourdaud, Le calcul fonctionnel dans les espaces de Sobolev. Invent. math. 104 (1991), 435-446.

G. Bourdaud, Superposition in homogeneous and vector valued Sobolev spaces. Trans. Amer. Math. Soc. 362
(2010), 6105-6130.

G. Bourdaud, M. Lanza de Cristoforis, Regularity of the symbolic calculus in Besov algebras. Studia Math. 184
(2008), 271-298.

G. Bourdaud, M. Moussai, Continuity of composition operators in Sobolev spaces. Ann. I. H. Poincaré - AN 36
(2019), 2053-2063.

G. Bourdaud, W. Sickel, Composition operators on function spaces with fractional order of smoothness. RIMS
Kokyuroku Bessatsu B26 (2011), 93-132.

B.E.J. Dahlberg, A note on Sobolev spaces. Proc. Symp. Pure Math. 35 (1979), no. 1, 183-185.
J. Foran, Fundamentals of real analysis. Marcel Dekker (1991).
S. Igari, Sur les fonctions qui opérent sur l’espace A2, Ann. Inst. Fourier 15 (1965), 525-536.

M. Marcus, V.J. Mizel, Complete characterization of functions which act via superposition on Sobolev spaces.
Trans. Amer. Math. Soc. 251 (1979), 187-218.

M. Marcus, V.J. Mizel, Every superposition operator mapping one Sobolev space into another is continuous. J.
Funct. Anal. 33 (1979), 217-229.

W. Rudin, Functional analysis. McGraw-Hill (1973).
W. Rudin, Real and complex analysis. 3rd ed., McGraw-Hill (1987).

T. Runst, W. Sickel. Sobolev spaces of fractional order, Nemytskij operators, and nonlinear partial differential
equations. de Gruyter, Berlin, 1996.

K. Yosida. Functional analysis. 6th edition, Springer (1980).

Gérard Bourdaud

ILM.J. - PR.G (UMR 7586)

Université Paris Cité and Sorbonne Université,
Batiment Sophie Germain, Case 7012,

75205 Paris Cedex 13, France

E-mail: bourdaud@math.univ-paris-diderot.fr

Received: 11.07.2022



EURASIAN MATHEMATICAL JOURNAL
ISSN 2077-9879
Volume 14, Number 1 (2023), 55 — 70

ON A LINEAR INVERSE POTENTIAL PROBLEM
WITH APPROXIMATE DATA ON THE POTENTIAL FIELD
ON AN APPROXIMATELY GIVEN SURFACE

E.B. Laneev, E.Yu. Ponomarenko

Communicated by D. Suragan

Key words: ill-posed problem, inverse problem for the potential, Sretenskiy class of bodies, method
of Tikhonov regularization.

AMS Mathematics Subject Classification: 35R25, 35R30.

Abstract. An approximate solution of the linear inverse problem for the Newtonian potential for
bodies of constant thickness is constructed. The solution is stable with respect to the error in the
data on the potential field given on an inaccurately known surface. The problem is reduced to an
integral equation of the first kind, the proof of the stability of the solution is based on the Tikhonov
regularization method.
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1 Introduction

The problem considered here is a linear version of the inverse potential problem, considered in [8].
The paper provides a solution to the problem of restoring the shape of the Newtonian potential
density carrier for bodies of constant thickness belonging to the Sretensky class, defined in [9], which
ensures the uniqueness of the solution of the inverse potential problem. In [9], the uniqueness of
the inverse potential problem is proved for bounded homogeneous bodies having a common secant
plane, such that every line perpendicular to it intersects the body at no more than two points lying
on different sides of this plane. The problem is formulated in the framework of the odd-periodic
model [4], which allows us to obtain a solution in the form of a Fourier series, which is essential
for the application of numerical methods for solving the problem. The error of the periodic model
with respect to the non-periodic one is studied in [5]. In the problem considered in this paper,
information about the potential is given in the form of a potential field on a surface of a general
form. Both the field and the surface are given approximately. The idea of the method in [6] is the
basis for constructing a solution to the problem. The problem in this case, including for bounded
bodies of constant thickness with variable density, is reduced to a linear integral equation of the first
kind, the approximate solution of which, stable with respect to the error in data on the potential
and the surface, is constructed on the basis of the Tikhonov regularization method [10], [11|. As an
approximate solution, we consider the extremal of the Tikhonov functional, obtained as a solution of
the Euler equation for this functional. The approximate solution is obtained in the form of a Fourier
series with a regularizing factor. The convergence theorem of the approximate solution to the exact
one is proved. The linear problem of reconstructing the distribution density function of sources with
an infinitely thin carrier in the model of a heat-conducting body with convective heat exchange at
the boundary, solved in [1], is closely related to the problem considered here.
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2 Problem statement

In an infinite cylinder of rectangular cross-section
D® ={(z,y,2):0< 2 <l;,0<y<l,—00<z<oo} CR? (2.1)
we consider the following model for the Newtonian potential

Av(M) = —4np(M), M € D>,
U‘x:O,lI = 07 /U‘y:(),ly = 07 (22)
v — 0 when z — Fo00.

We assume that the support of the density p is located in the domain z > H > 0 in the cylinder D>.
Let ¢(M, P) be the source function of problem (2.2) in the domain D> of form (2.1). The
function p(M, P) can be obtained as a series

2 o —knm|zp—2n]
o(M, P) = l Z ¢ -~ sin WZP sin Wﬂ;yp sin WTZM sin m}ZyM, (2.3)

33[3/ Y Y

n,m=1

where

= ) )
ly L,
If zp > H, series (2.3) converges uniformly with respect to the variable M in the domain

D(—o0,H —¢) ={(z,y,2) : 0 <z <l;,0<y <l,,—oc0o<z<H-—¢},e>0. (2.4)

In the domain of D(—oo0, H — ¢) the solution of problem (2.2) can be represented as

87T o0 e_k'nm(zP_ZI\/I)
o0 =tx [ pPreOnP)ve = [ avep(p) Y
L, < Fum
suppy suppyp Hm=
¢ sin( Y sin( TPy gin (T i (TTAMY (9 5)

ly L, Ly L,
It can be shown [4] that such a potential corresponds to a Newtonian potential with an odd-periodic
source distribution function p in R3.

In the domain of D(—oo0, H — ¢) the field of potential (2.5) has the form

8
E(M) =iE; +JE, + kE. = ~Vo(M) = —; 7; / dVpp(P)
Y suppe
B L 7
n,m=1
+] T i T o TN e i T iy meM). (2.6)
Lk o 1 L, L, I,

Thus, within the framework of model (2.2), if the density p is given, then the potential of density p
and the potential field can be calculated using formulas (2.5) and (2.6), respectively.

Let us formulate the inverse problem. We assume that the source density p in problem (2.2)
corresponds to a body of constant thickness h, located on the plane z = H:

plx,y,z) =o(x,y)0(z — H)O(H + h — 2), (2.7)
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where 6(z) is the Heaviside function. According to (2.7), we consider the source distribution density
functions as constants along the z axis and variables in the (z,y) plane inside the density carrier.
THE INVERSE PROBLEM. Let in the framework of model (2.2) on the surface

S={(z,y,2):0<x<,,0<y<l,z=F(r,y) < H}, FeC*I), (2.8)
H={(z,y):0<2x<l,,0<y<ly,}. (2.9)

the field E of form (2.6) of potential (2.5) be given as a vector function E°:
E|s = E°, (2.10)

and the density p of form (2.7) is unknown. Let us set the problem of restoring the function p of
form (2.7) for the field EY given on S. Assuming that the parameters H and h are known, in fact,
the inverse problem consists in reconstructing the function o(x,y) in (2.7) for the known function
E° on the surface S.

3 Reducing the inverse problem to an integral equation in the case of a
flat surface S

Let us consider the z—component of a field (2.6) with a density (2.7) in the domain D(—o0, H — ¢)
of form (2.4). The value of ¢ is arbitrarily small and can be chosen so that the surface S of form
(2.8) is located in the domain D(—oo, H — ¢), that is, e < H — r(na})c F(z,y).

2y

Given formula (2.7) for the density p, and also given that z); < zp — e if M € D(—o0, H — ¢),
for the component E, of field (2.6), we obtain

le ly H+h

E.(M) = - 187;// o(rp,yp) /dZP Z ¢~ knmzp=2a)
aly

0 0 n,m=1

. niUP . T™TMmyp . TNIp . TMYy
X sin sin sin sin dxpdyp
l, Ly l, L,

= / , / / Z e /{nm Sin lx S1n ly
0 0

n,m=1

lac ly
™I

sin mydmdy://KZ(xM,yM,ZM,a:,y)J(m,y)da:dy, (3.1)

T Y

X o(z,y)sin

where

00 h
167r k(A —20) sh kg

K. (zpm,ym, 2m,2,y) =

nml

. NIy . TMYy . TNT . TINY ™\ 2
X sin sin sin sin . kpm = T
xX

+ (2—m>2 (3.2)

Y

Ly I, L I,

So, if the function ¢ in (2.7) is known, then we obtain the component of the field E, in form (3.1).
If now, in accordance with the inverse problem, the field E, or only its component E, on a flat
surface (2.8) when F(x,y) = a < H, is known, i.e. according to (2.10)
E, = ES,

zZ=a
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from (3.1) we obtain an integral equation of the first kind, linear with respect to the desired function
o:

//K(ffM,yM,%y)U(fE,y)d@"dy = E)(varym),  (wn,ym) €11 (3.3)
0 0
where the kernel of the integral operator according to representation (3.2) has the form

K(meyeruy) :KZ(xM7yM7a7x7y>

S h
_ 167 Z o~ hnm (H+5~a) sh kg < TN o sin TMYnr sin TNIT <in wmy‘ (3.4)
lxly n,m=1 knm Ly ly lx ly

We shall now obtain an equation similar to (3.3) in the case when the surface S has form (2.8)
with the function F' of general form.

4 Reducing the inverse problem to an integral equation in the case of a
surface S of general form

We note that the z-component, like every component of field (2.6) of potential (2.5), is a harmonic
function in the domain D(—oo, H). It also follows from (2.6) that the component E, satisfies the
conditions

Ez|ac:0,lx =0 Ez|y:0,ly = 07

E, — 0 when z - —o0.

Taking into account condition (2.10) of the inverse problem for E, of form (2.6), we obtain the
problem
AE.(M)=0, M e D(—oco,H),
Ez|S = Ega
Ez|x:0,lx =0 Ez|y:0,ly = 07
E, — 0 when z — —o0.

(4.1)

If £ is z-component of field (2.6) on the surface S of form (2.8), then problem (4.1) is the Dirichlet
problem in the domain

D(—o00,F) ={(z,y,2): 0 <2 <l;,0 <y <ly,—00 < z< F(z,y)} (4.2)

which has an unique solution, represented with formula (2.6).

From condition (2.10) of the inverse problem for field (2.6), an additional condition for the normal
derivative on the surface S can be obtained. Indeed, field (2.6) is potential, and in the domain
D(—o00, H) satisfies the equations

rot E(M) =0, M€ D(—o0,H),
divE(M) = 0.

For the normal derivative of the component E, on the surface S of form (2.8), given by the
equation z = F'(z,y) < H, we obtain

OF,
n
Yon s

OE,

OF, OF,
F —
ox

oy Y 8Z)S’

— (n, VE.)|, = (52F +
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where n; = (F}, F;, —1) is the inner normal with respect to the domain D(—oo, F) of form (4.2).
Then, extracting from the equation div E = 0, valid at the points of the surface S C D(—o0, H), the
derivative with respect to the variable z, we obtain

nl% = (o, VE.)|, = (%%F; + aa%F; + aa% + 88%) . (4.3)
Using the equations rot E = 0 at the points of the surface S C D(—o0, H), namely
OE, _ O0E, OE, _ OE,
oxls 0z 1ls Oyls 0z ls
from (4.3) we obtain
m%% (aazz F 4 8£yF;+ aaE T 88—2) (4.4)

We shall consider the field E° in (2.10), given on S, as a function of the variables z and y on the
rectangle IT of form (2.9). Differentiating the components of the field E° by the arguments x and y,
we obtain

0 po_ 2. 0E, | OE,
) 0 9 _ 0E, 0E,

Substituting these derivatives in (4.4), we obtain the expression for the normal derivative in terms
of the derivatives of the components of the vector E°:

OE.| _ O, 0B, OE, OE,,

OE, ( N ) 0 0
"on ls T Vor oz * Oy 0z Y

= —FE)+ —E,. (4.5)
y

s@w 0

If we add condition (4.5) to (4.1), then the component E, of field (2.6) in the domain D(—o0, F) C
D(—o00, H) of form (4.2) is a solution of the problem

AE,(M)=0, M € D(—o0,F),
EZ‘S = E,(z)v
OF, 1 ,0E° 8E2

S = _( + )7
on ny > Ox dy
Ez‘x:O,lI = 07 Ez’y:O,ly = Oa
E, — 0 npu z - —o0,

n, = (F,, F,,—1), (4.6)

where the vector E? = (EJ, E), E?) is field (2.10) in the formulation of the inverse problem.

We shall show now that, following the scheme in [6], the inverse problem can be reduced to an
integral equation.

The source function (M, P) of problem (2.2) can be represented as the sum of the fundamental
solution and the function W (M, P), harmonic in P:

90(M7P) =

+ W(M, P), (4.7)

TrpmMP

where r,p is the distance between points M and P. Let us put the point M in the domain

D(R,F)={(z,y,2) : 0<z<,;,0<y<l,,R<z<F(z,y),R= Const <0}
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and apply Green formula in the domain D(R, F') to the solution of problem (4.6) E,(P) and to
functions (47rprp)~t and W (M, P). Then we obtain

E.(M) = / [ o D)y = Bo(P) g e — (M, P)}dap, M € D(R, F) (4.8)
OD(R,F)
and
oF, oW
0— / [SE(PIW M, P) — E.(PYS (M, P)] doy, M € DR, F) (49
dD(R,F)

Here the normal is external to the domain D(R, F'). Summing (4.8) and (4.9) and taking into account
(4.7), we obtain

dp

ﬁnp

gon= [ [SEe0np) - EP)E

= (M, P)]dap, M € D(R,F).

OD(R,F)
Given the boundary conditions for E, and ¢ in problems (4.6) and (2.2), as well as replacing the

external normal with the internal one, we obtain the representation of the component of the field E,
as the sum of the surface integrals

B0 = [ [ L)+ 2 p)) o, 2y + BAP) 2 (01, ) o
_ / {gfp (P)o(M, P) — E,(P )gni (M, P)}dap, M € D(R,F), (4.10)

1(R)
where the rectangle II(R) has the form

I(R) ={(z,y,2): 0<x<;,0<y<l,z=R}, R< {nh}F(;ﬂ,y). (4.11)
T,y

The integral over the rectangle II(R), due to the representation of field (2.6) and the representation
of the source function for a fixed point zp; > zp = R in accordance with (2.3)

o °] — —
2 e PR mpay  mmyy . mnae | Tmyp
(M, P) = E sin sin sin sin ,
el

. L, I, L, l,

n,m=1

converges to zero when R — —oo.
The integral over the surface S in (4.10) is reduced to the integral with respect to the variables zp

0
and yp, given that 8£(M, P)=(n,Vpp(M,P)), n= E, n, = (I, F,,—1), and dop = nydxpdyp,
n m

E.(M) :// [— (gTEj( P,?/P)+27Ej(ﬂfp,yp)>‘;0(MaP)

+ E%(zp, yp) (01, Vpp(M, P))] . dordye.
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Integrating by parts, taking into account the boundary conditions for ¢, we obtain

// EO $P7yP SO(MP|PES E2($P79P>@¢<M7P)}Pes

+ EX(zp,yp)(n1, Vpo(M, P)) drpdyp. (4.12)

|pes]

Let us introduce the notation

(zpr, yum) = E.(M)| a < min F(x,y), (4.13)

—n?
M= ()

where F, is the function of form (4.12). Since the field EY is given, ® is a known function, and the
source function (M, P) for M € Il(a) of form (4.11) where z = a and P € S of form (2.8) can be
represented as an uniformly convergent series (2.3).

On the other hand, since E, of form (4.12) is a component of field (2.6) of the potential, integral
representation (3.1) is valid for E,. Then, from integral representation (3.1) in order to determine
the unknown density of o, we obtain the Fredholm integral equation of the first kind with respect to
the desired function o, similar to (3.3)

//K(xM,yM,%y)U(%y)dxdy = ®(zy,ym),  (Tu,ym) € 11 (4.14)
where the kernel of the integral operator has form (3.4) and the rectangle II has form (2.9).

5 Exact solution of the inverse problem

When solving the inverse potential problem, we assume that the field E° in (2.10) is field (2.6) on
surface (2.8), so the solution of equation (4.14) exists in Ly(II). Since the system of eigenfunctions
of the Dirichlet problem for the Laplace equation in the rectangle 11

. TNT . Tmy
{sm I } . {sm }

Ly

n,M=00

n,m=1

is complete, the kernel of integral equation (4.14) is closed and the equation has an unique solution.
The solution of integral equation (4.14) can be obtained as a Fourier series

Z Onm sin 2% gin me Z Dy Ky, SID 7rln:z: sin W;ny, (5.1)
x y

n,m=1 y n,m=1

where ®,,,, are the Fourier coefficients

P = l //@(x, y) sin T Sin mlnydxdy (5.2)
v

of the function ® of form (4.13), and

h_g knm 2 m 2
o = htts4o_an_ mm:¢gr>+<7g. 53)
nm T Y




62 E.B. Laneev, E.Yu. Ponomarenko

Since, when solving equation (4.14), we consider that the function ® of form (4.13) corresponds
to the density o of form (2.7), the coefficients ®,,,(a) = Opm/Knm decrease faster than the value
ekrm(H=a)kincreases and series (5.1) converges to o in Lo(I).

In the case when o(M) = ogxp (M), where xp(M) is the characteristic function of some domain
D C II and o¢ is a known constant, the solution of the inverse problem is reduced to finding the
support D of the source density function. To do this, we can use the formula

1
D ={(z,y) eIl U—a(x,y) >\ =Const, 0 <\ <1} (5.4)
0

As it is known [10, 11|, the Fredholm equation of the first kind is an ill-posed problem. Its
approximate solution is unstable with respect to the error of the right part and requires the use of
regularizing algorithms. Let us construct an approximate right-hand side of the integral equation in
the case of an inaccurate data on the field E and the surface S and estimate its error.

6 Approximate calculation of the normal to an inaccurately defined sur-
face

As follows from (4.13), (4.12), when forming the right-hand side of integral equation (4.14), it is
necessary to calculate the vector function of the normal n; to the surface S of form (2.8), which is
the gradient of the function F(z,y) — z,

n; = grad (F(z,y) — z) = V,, F — k. (6.1)

Let the surface S is given with an error, namely, instead of the exact function F' in (2.8), the
function F* is known, given on a rectangle II of form (2.9), such that

|F* — Fllam < o (6.2)

For the approximate calculation of integral (4.12), it is necessary to calculate the normal to the
surface given approximately, which is also an ill-posed problem, since the calculation of the normal
n; is associated with the calculation of the derivatives of the function F.

To obtain a stable solution to this problem, we use the approach of [7], that is, we consider the
problem of calculating the gradient of a function as the problem of calculating values of an unbounded
operator [2].

As an approximation to the function V., F in (6.1) calculated from the known function F*,
associated with the function F' by condition (6.2), we consider the gradient of the extremal of the

functional ,

NE[W] = HW—F“‘

w H VW‘ 5> 0. (6.3)

2
)
Lo Lo (1)

For simplicity of calculating the extremal, we consider such surfaces S, for which
Fle=os, =0, Fly=o, =0.

This condition, in particular, occurs in the case when S can be considered as a perturbation of the
plane z = 0. Then the extremal of functional (6.3) is the solution of the following problem for the
Euler equation

—BAW + W = F*,

W’x:O,lI = 07 W‘y:ﬂ,ly = 0.
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The solution of this problem is

Z e in T me, (6.4)

I _
Wale )= 2. v, L,

n,m=1

where the Fourier coefficients F¥* are calculated by formulas of form (5.2) and k,, has form (5.3).
It is easy to see that series (6.4) converges uniformly on II.
As an approximate value of the gradient of the function F*, we consider the vector function

—  Fr
vmng(‘ruy>: Z 1 QL2

1 k2
o L+ B (6.5)
.TTn m™Tmx . 7Tmy LTm m™Tmy . TnI
X | 1= cos sin + j—— cos Sin
ly ly Ly Ly Ly ly

Series (6.5) converges in Lo (II).
Let F~ be an odd-periodic continuation of the function F, given on the rectangle IT of form (2.9),
with a period of 2[, for the variable x and with a period of 2[, for the variable y, i.e.

F(z,y) = F(z,y), (v,y) €l

F~ ( )I—F<$C,y>, (l’,y) EH,

F~ ( z, y):—F(I,y), <x7y)€H7

Fo(—z,—y) = F(z,y), (z,y)€ll

F~(z +2l n,y+2l,m)=F (x,y), (z,y) €R* n,m==+1+2 ..

Theorem 6.1. [7] Let F~ € C*(R?), [ =0(u) >0, B(u) — 0 andp//B(p) = 0 when p — 0.
Then

I Ve Whiy = Ve Fll 1y +—HAFHL — 0 when p — 0.

2\/_
Based on the theorem, we can use formula (6.5) to approximate the normal to the surface using
formula (6.1):
n’fﬁ = nyW[; — k. (6.6)
With a known estimate
AP 1y < M,

it follows from the statement of the theorem that
< My VB M

Hnlf,ﬁ_anLQ(n) = || Vay W — waF”L 2\/— T

\(b

The maximum for the § expression on the right is achieved when

Blp) = - (6.7)
and, thus denoting in accordance with (6.6) and (6.7)

T———" 1
M= Mg = Vay W,

-k, (6.8)

we shall obtain:

H nj —m H LQ(H) vV Mp — 0. (6.9)

u—>0
It is also not difficult to obtain the estimate

H Wg(u) - FH Lo (TD) < 2p (6.10)
The surface defined by the equation z = Wg(#)(x, y), we denote as
St={(r,y,2):0<2z<l,,0<y<ly,z= Wé‘(u)(x,y)}. (6.11)
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7 Solution of the inverse problem in the case of an approximately given
field E° on an approximately given surface

Let instead of the exact vector function E? in condition (2.10) of the inverse problem, the function
E% = (E2° E)° E%%) is known, given as a function on the rectangle II of form (2.9), such that

|E® — E%|| 1, < 6. (7.1)

In this case, we assume that the surface S of form (2.8) is given approximately by condition (6.2).
We assume that we also know that

a; < F(z,y) < as. (7.2)

In this case using the results of the previous paragraph, the right part ®(M) of form (4.13) in integral
equation (4.14) will be calculated approximately on a rectangle

M(a) ={(z,9,2) : 0 <2 <, 0 <y <ly,z=a}, a<minWy (z,y), a<a (7.3)

(z,y)

in accordance with formula (4.12) and (4.13) as a function

lm ly
0 0
B (M) = / / B (p, yp) =2 (M, P)lpesn + B2 (2p,yp)—o—o(M, P)|pess

drp dyp
00

+ EX (zp,yp) (0}, Vpp(M, P))|pesuldrpdyp, M €Tl(a), (7.4)

where the surface S* has form (6.11), the approximate normal n/' is calculated by formula (6.8) and
the function

o —_ —
e~ knm(EP=a) mpgy  mwmyy . mnzp . mmyp
Sin n S

L, - L si L, n L sin L,

n,m=1

(M, P) =

is source function (2.3) of problem (2.2).

Let us estimate the error in calculating the function E%* of form (7.4) with respect to the function
E. of form (4.12) on the rectangle II(a) — the right-hand side of integral equation (4.14), i.e. we
estimate the difference

| EEH(M) = E(M)| < | B(M) = BSN(M) | + | BN (M) - BE(M) |

+ | BS(M) — E.(0M)

, M ell(a). (7.5)

where TI(a) has form (7.3). In this estimate the function E%#! of form (7.4) is introduced, where
formally the approximate normal n}' is replaced by the exact normal n; (note that ni(zp,yp)|pess =

n; (561% yp) |PeS):

la: ly

0 0
£200) = [ 1B wrur) oM. Plpess + B (an,ye) 5 oM, P)lpes
0 0

+ EY(zp,yp) (1, Vpo(M, P))|pes|depdyp, my = (F;,F;,, —1), (7.6)
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and is also introduced the function E° of form (7.4), which is calculated on an exactly specified
surface

lz ly

0 0
Eﬁ(M) = //[Eg’é(xpayp)aT (M, P>|PES+E8’5<$vaP)a_<P(M7 P)|pes
P Yp

+ Eg’(s(l’p, yp)(nl, VP(,O(M, P))|pes]d$pdyp, n; = (F;, F?;, —1) (77)
Let us estimate the difference between functions (7.4) and (7.6) in the right-hand side of inequality
(7.5):

ES(M) = B2 (M) |

MelIl(a)

—| [ [ B wrye) (0~ ). VoML, P pesidarndyr
0 0
Ly

< / / B @) | - |04 (P) = mi(P)| - [Vpp(M,P) || depdye

PeSk

le

ly

< Mrrelﬁx | Vpo(M, P) | / ‘Eg’(S(l'p,yp) | - |n{(P) — ny(P) ‘P€SHdl'dep.
Pess

Using the Cauchy-Bunyakovsky inequality, estimate (6.9) and estimate ||E%?|| < |E°|| + 4,

we obtain

BN — B (M ‘ _ (M, P) ||| E% _
) = BN | = e [V P)[IE2] It~
Pes:
S fax, | Veo(M, P) | (B +6) - VMp < Cri/u. (7.8)
PES“

Let us estimate the difference between functions (7.6) and (7.7) in the right-hand side of inequality
(7.5) using the Lagrange formula

ESL(M) — BS(M) |

MeTl(a)

Iy l'U

) 0
‘ // JCP,Z/P ﬂ%ﬁ(Ma P)‘PGSM - % (M7 P)|PGS>
0 0
+ Eg’é(mp,yp)<a " (M, P)|pesn — @SO(M, P)!Pes)
+ E2(zp,yp) (n1, Vpp(M, P)|pese — Vpo(M, P)|P65)]dedyP ’

lz ly

0,6 0°
N ‘ // [EI’ (xP7yP)<apop90<M’ Pl)(ZP‘PESH - ZP|Pes))
0 0 6 .
+ Eg (ZL'PayP)<8yPZPQ0(M, PQ)(ZP|P€SM — ZP‘PES)>

0
+ Eg’é(m% yP)(n1, —Vpp(M, PS))(ZP|P65u - ZP‘PES)] drpdyp ‘ M€ i(a)

aZp
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Since according to (6.11) ZP‘PGSM = Wll;(u) (xp,yp) and ZP‘PeS = F(xzp,yp), we obtain

ESL(M) — BS(M) |

MeTl(a)

lz ly

- 0/ 0/ (B9 (wp,yi) (- (M. P (WE () — P, e)

a$pr

2

+ B2, yp) (5o (M, P) (Wi, (2p,yp) — Flap, yp)))

Oypzp

inQO(M, Pg))(Wg(u)(fl]p,yp) — F(l’p, yp)):| dl’pdyp ‘ . (79)

EO,(S
+ z (xPa yP) (nlv 021:

We introduce the following notation using (7.2)

(zp,yp) = min{Wg .\ (zp, yp), ar},

z
7.10
z(zp,yp) = maX{W Blw) (xpayp) az}. (7.10)
Now from (7.9) using (7.10) we obtain
ES\ (M) — EX(M) |
sian - B0
Iz ly
04
Mrrelﬁé ‘8xp2p (M, P) ‘//\E x,y) ‘ oo (@ F(x,y)’dxdy
P:z1<zp<zg
(M, P)| EY(a,y)| - | W | dd
+max, ‘aypngo //I (@, y)| - | Wi (2,y) — F(z,y) | dedy
P21<Zp<22
1 l’y
0 0.5
+ Mnel%é) ‘(nl,a—vpgpMP ‘//|E (z,y)| ‘ ﬁ(u F(x,y)’dazdy.
P:z1<zp<zo

Applying the Cauchy-Bunyakovsky inequality, assuming that 6 < dg, and using the estimate (6.10),
we obtain

2

EJ,,u,l M _E5 M ‘ — M. P ‘ EO,& SWE L — F
SO - BXM) | = max | 5 o(M P B W, - F
Pz1<2p<22
0? 0,6
M. P ‘ EO9(| . |[WH  — F
b | S P) [ W, Fl
P:z1<zp<zo
) 0,6 n
+max | (0 5 Vee(MP)) [ |12 - W, — F
P:z1<zp<zo

< CIE" i < CUIE") + ) < Cop. (7.10)

Let us estimate the difference between functions (7.7) and (4.12) in the right-hand side of in-
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equality (7.5):

le

ly
0
Efj(M)—EZ(M MEH(a // an (xp,yp) — Eﬁ(xp,yp))<% (M,P)!pes)
0 0
(B (apyyp) — Eoap, ) (22o(M, P)|pes
dyp

+ (ES’5($P; yp) — ES@P,?JP)) (nla Vpo(M, P)>Pesi| dzpdyp ‘ .

Using the Cauchy-Bunyakovsky inequality, as well as (7.1), we obtain from here

lz lZ/
8

BSOM) - EL(M)| = max UWPWJ//W“xw EY(z, y)\dady
;GS 0
lz l'y

a 0, 0
+ x| o \//w;mw—@mwm@
PeS 0

+ e |, Vo (M, P))res| / [ 1B ) = o, p)ldady

PesS 0 0

< GH||E™ — B < C8, M €Ti(a). (7.12)
Collecting estimates (7.8), (7.11), (7.12) and assuming that p < pg, from (7.5) we obtain

| ES(M) — E.(M < Civi+ Cop+ C30 < Cay/i+ Csd. (7.13)

) ‘ Mell(a)

Denoting, similarly to (4.13), the approximate right-hand side of integral equation (4.14)

OO (xpp, ynr) = B (M (7.14)

’MGH(&)’

from (7.13) we obtain an estimate in Ly of the error of the approximate right-hand side of integral
equation (4.14) B B
107 = @ ) < Cav/i+ T30 = 7(11,6) —> 0, (7.15)

6—0

where Cy, C'3 are some constants.

Let us now construct an approximate solution of integral equation (4.14) with right-hand side
(7.14) by the Tikhonov regularization method [10, 11]. As an approximate solution, we consider the
extremal of the Tikhonov functional

Mw] = [|[Kw — @MHL +CszHL2 . a>0, (7.16)

where K is the integral operator in (4.14). The extremal o%* can be obtained as a solution of the
Euler equation
K*Kw+ aw = K*®™*

for functional (7.16) and has the form
= éfg#@Knm . TNT . TMy

J, _
oot (x,y) = n;ﬂ T+ oK. sin = — sin L a > 0. (7.17)
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Here ®%# are the Fourier coefficients

FOu 5u mmy
Bt = //@ e Py (7.18)

of the function ®>* of form (7.14). The value K,,, in formula (7.17) has form (5.3).

Let us note that for § =0, p = 0 and o = 0, formula (7.17) turns into an explicit representation
of exact solution (5.1). When 6 > 0, p > 0 and a = 0, (7.17), generally speaking, may diverge in
accordance with the fact that the inverse problem is ill-posed. For 6 > 0, p© > 0 and o > 0, the
convergence is provided by the regularizing factor (1 4+ aK?2, )"

The following theorem proves the convergence of approximate solution (7.17) in Lo(II) to the
exact solution of the integral equation.

Theorem 7 1. For any a = a(y) > 0 such that a(y) — 0, ~v//a(y) — 0 when v — 0, the
function O’ 7 ofform (7.17), where according to (7.15) v = v(u,0) = 64\/ﬁ+636, converges to the
exact solution of integral equation (4.14) in Lo(1l) when § — 0, p — 0.

Proof. Following the general scheme [2] of estimating an approximate solution of a linear integral
equation, introducing a function o, of form (7.17) when § = 0, u = 0, we obtain

log” = ollz, < lloa” = oallz, + o0 — oL (7.19)

To estimate the first difference in the right-hand side of inequality (7.19), we use estimate (7.15)

Ll < Kpm 1/2
YT Ty o 2
||0-oé'u O'aHLQ < [ 4 E (1 T ak? ) | nm| i|

n,m=1 nm
v

2\/a(y)

We estimate the second difference in the right-hand side of inequality (7.19). We note that according
to (5.1) @, Ky = Gpm, SO We obtain

gm:? (1+cwc2

)@ — |1, < (7.20)

i o )21 2]

- <
loa =l <[22 3 (52

= 1+aK2 ) o]

Since the series depending on the parameter o is majorized by a converging numerical series with
coefficients G2 it is possible to pass to the limit in a, and hence

|loa —ollL, = 0, when o — 0. (7.21)

It follows from (7.19), (7.20), (7.21), and the assumptions of the theorem that

HUZ’(”W) — 0|, =+ 0, when §—0,u—0.
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In the case when o(M) = ooxp(M), where xp(M) is the characteristic function of the domain
D in accordance with (5.4), we construct an approximation Di’“ to the support D of the density o
based on the approximate density function of sources (7.17)

1
Di’” = {(z,y) eI : 0_06’“ (x,y) > A= Const, 0 < XA < 1}. (7.22)
0

a(y)

A criterion for the quality of the approximation can be the measure of the symmetric difference
between domain (7.22) and the domain D of form (5.4).

Theorem 7.2. Under the conditions of Theorem 7.1 the measure of the symmetric difference
mes(D"AD) — 0 when § — 0, i1 — 0.

Proof. 1t follows from theorem 7.1,

1
||J—<7fi’“ — XDz, —+ 0 when 6 — 0, p— 0.
0

1
From the convergence of —o? to xp in Ly, the convergence in measure follows (see [3]). Further,
o

0
the proof repeats verbatim the proof of the theorem in [1]. ]
Formulas (7.4), (7.14), (7.17), (7.18), (7.22) give the solution to the inverse problem.

8 Conclusions

The inverse problem of the Newtonian potential for bodies of constant thickness is posed and solved in
the case when the potential field on the surface of the general form is known. In this case, the density
function of the distribution of potential sources is found as an approximate regularized solution of
the linear integral Fredholm equation of the first kind, which is stable both with respect to the error
in setting the potential and to the error in the surface.
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1 Introduction

The Swift-Hohenberg equation is a model pattern-forming equation which was introduced by Jack
Swift and Pierre Hohenberg as a model for a fluid which is thermally convecting [24]. The Swift-
Hohenberg equation is one of important equations for describing localized structures in the modern
physics. This equation occurs in fluid dynamics, optical physics and other fields [4, 11, 22|. The
Swift-Hohenberg equation with dispersion has the form [9]

U + 2ux:r — OUggy + Uggpze = QU+ BUQ - 7“37 (11)

where «, 3,7 and o are parameters of the equation. At ¢ = 0 equation (1.1) is reduced to the
standard Swift-Hohenberg equation. We consider the problem with the boundary conditions

u=0, ug,=0,atxz=0,[ Vit t>0,

(1.2)
u(z,0) = ug(x), Vo, 0 <z <,

so that solutions can be extended as periodic functions over the real line. For ¢ = § = 0 and
a=1-a, a€R, equation (1.1) and (1.2) were solved by the homotopy analysis method in [3| and
the differential transform method as time-fractional derivative in [19].

The aim of this paper is to find an approximate analytical solution of (1.1) and (1.2) with the
help of powerful analytic methods. We use the differential transform method (DTM) and reduced
differential transform method (RDTM) to obtain the solutions and compare them with each other.
We know that the DTM is based on the use of Taylor series in all variables, while RDTM does not
require Taylor series in all variables and therefore it reduces significantly the numerical computation.
For the standard cases, comparing the methodology with some known techniques, shows that these
approaches are effective and powerful.
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2 Methods

In this section, the techniques are explained for the two-dimensional differential transform.

2.1 The DTM

The DTM was first proposed by Zhou [25], who solved linear and nonlinear initial value problems in
electric circuit analysis, then was widely used in the literature and was successfully applied to frac-
tional differential equations 5], integro-differential equations [6], higher-order initial value problems
[1], systems of differential equations [2, 7, 12|, partial differential equation [10, 13, 21, 23], high index
differential-algebraic equations [20].

In [8, 14] the basic definitions and fundamental operations are introduced for the two-dimensional
differential transform as the following

1 ak—i—h

(0,0)

where u(z,t) is the original function and U(k, h) is the transformed function. The differential inverse
transform of U(k, h) is of the form

u(a,t) = Uk, h)z*t", (2.2)

P =1 orth b

In Table 2.1 the fundamental mathematical operations of the two-dimensional differential transform
are listed. The proofs are available in [8].

Table 2.1. Two-dimensional differential transformation

Original Function | Transformed Function
u(z,t) £v(x,t) U(k,h) £V (k,h)
cu(z,t) cU(k, h)
Ou(z,t)
=S (ESTIES)
arggu(x,t) (k+r) (h+ )! U(k +r, h+ S)
Qz" Ot k'
u(z, t)v(z, t) g Zs oU(T h—s)V(k—rs)
ulz, oz, w(e,t) | 3003 ag gm0 dopmg U h—a = p)V (s, )W (k — 7 — 5,p)

2.2 The RDTM
The basic definitions and operations of the RDTM [15, 16, 17, 18] are defined as follows.
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Definition 1. If a function u(z,t) is analytic with respect to time ¢t and space x in the domain of
interest, then let

(2.4)
where the t-dimensional spectrum function Uy(x) is the transformed function. In this paper, the

lowercase u(x,t) represent the original function while the uppercase Uy (x) stands for the transformed
function.

Definition 2. The reduced differential transform of the sequence {Ux(z)}72, is introduced as follows:

= U(x)th (2.5)
k=0
By combining equation (2.4) and (2.5), we have
1 [d* k
u(xz,t) = % i [@u(x,t)} tzot . (2.6)

Some basic properties of the reduced differential transformation obtained from definitions (2.4)
and (2.6) are summarized in Table 2.2. The proofs and the basic definitions of the RDTM are
available in [15].

Table 2.2. Basic operations of RDTM

Original Function | Transformed Function
u(z,t) Un(x)
u(z,t) £ v(x,t) Un(z) £ Vi (z)
cu(z,t) cUp(x) ¢ is a cons.
™" x™§(h —n)
™t u(z, t) "Up_p(x)
Zulw, ) e
O () 0=, (o)
u(z, v(z, 1) S U )V, @
ulz, v, w(z,t) | 3o >oezg Un(@) V(@) Wi ()

3 The Swift-Hohenberg equation

In this section, we consider two methodologies DTM and RDTM for the Swift-Hohenberg equa-
tion. To illustrate the capability, reliability and simplicity of the methods, several different cases for
parameters of the equation will be discussed here.

3.1 Solution of the problem by the DTM
We apply the DTM to equation (1.1), the resulting transformed version of equation (1.1) is
(h+ DUk, h+1) = =282 0 (k4 2, h) + o B U (K + 3, h) -
+aU(k,h)+ B3 S U(r,h— s)U(k — 1, 5)
S S S U (r h — g — p)U (s, U (k — 1 — s,p).

EET (ke + 4, 1)
(3.1)
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From the boundary conditions given by (1.2), we have

U(k,0) = Lu$?(0), k=0,1,2,...
UO,h)=0, h=0,1,2,...
U(2,h) =0, h=0,1,2,... (3.2)

SR Uk RIFE=0, h=0,1,2,...
St B Uk +2,h)F =0, h=0,1,2,....

In real applications, the function u(z,t) is given by a finite series of equations (3.1) and (3.2) can be
written as follows

>

n—2h m
u(z,t) > Uk, h)att",
k=0 h=0
where the value of the parameter m should not be greater than 7.

By using equations (3.1) and (3.2), the corresponding U(k,h) can be calculated for arbitrary
different selections of n and m. In real applications, we seek obtain an excellent approximate solution
of the differential equation. Therefore the selection n and m i.e. iterations continue until the absolute
value of the error function defined as follows

EDTM(xa t) = |at + Q{me - O-aacac;r + ax:vacac —au — BQQ + 7ﬂ3|, (33)
becomes very small for each z,t in the domain, in other words |Epry(x,t)| < tolerance for all

z € [0,1], t €[0,t*].
Then the corresponding U (k, h) can be obtained as follows

If h =0, then from (3.1) for k =1 and k = 3,...,n — 4 we have

U(k,1) = —2%2' 07k 4 2,0) + o E2'U (K + 3,0) — EELU (K + 4,0)
+aU(k,0) + 8 327_, U(r,0)U (k = 7,0)
- Z]::O Z];;g U(’I", O)U(S’ O)U(k —-r =25 0)7

and by the final two relations of (3.2) also can obtain

Uln—3,1) = 5 i g U (K, 1),
Un—2,1) = Lo S0k + 1) (k + 2)1FU (k + 2, 1).

(n=—3)(n—2)10"D

If h=1,thenfork=1and k=3,...,n— 6 we have

U(k,2) = 2(=2%28 0 (k +2,1) + o W2 U (k +3,1) — TR Uk 44, 1)
+aU(k, 1)+ B F SO U@ 1= s)U(k —1,5)
S S oS AU (r 1 — g —p)U(s, Uk — 1 — 5,p)),
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and
Un—5,2) = ot SIS IFU(, 2),

- (n75)(n£4)l("*6) Z;g(k + 1)(k + 2)lkU(k +2, 2)

If h=2, then for k=1and k=3,...,n — 8 we have

U(k,3) = 2(—2%2'U(k +2,2) + o B0 (k 4 3,2) — E U (K 4 4,2)
+aU(k,2) + B3 S22 OU(T 2—35)U(k—r,s)
Y S (S U(r 2 — g — p)U(s, Uk —r — 5,p)),

and
Uln—17,3) = = 7)22 o [FU U(k,3),
U(n—6>3):tho(’ﬁL1)(k5+2)lkU(k+2>3)-

By using the recursive scheme of equation (3.1) and conditions (3.2), the rest values of U(k,h) can
be obtained.

3.2 Solution of the problem by the RDTM

To solve equation (1.1) by the RDTM, we consider differential transformation of Table 2 and have

(h+ 1)Uy () = =20y () + oUD (2) — U (@) + aly(a)+

. (3.4)
B30 Un(@)Un—r(x) =7 30— 202y Ur(@)Us () Un—p ().
We can obtain the initial and boundary conditions as follows
Uo(z) = up(z),
Un(0)=0, h=0,1,
Un(l)=0, h=0,1,... (3.5)
U,(0)=0, h=0,1,
U,()=0, h=0,1,

By substituting (3.5) into (3.4) and by a straight forward iterative calculations, we obtain the all
required values of Uy(x). Therefore, the inverse transformation of the set of values {U,(z)}7", gives
the approximate solution as

m

u(z,t) = a(x,t) = Z Up(x)t".
Similarly to the previous case, let us consider the error functional for approximate solution
ERDTM (l’, t) - |7th + 2axa; - Uﬂ:mca: + 'aac:cxx - CW,AL - 5712 + 7@3’a (36)

and the iterations continue until |Egrpra(x,t)| < tolerance for all x € [0,1], t € [0,t*].
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4 Numerical results and discussion

The convergence of the proposed methods will depend on «, 3,7,0,l and on the number of terms
employed in a series approximation. These methods consist in building a sequence of numerical
approximations of u(z,t) via the generated sequence. To find the solution of equation (1.1), an error
analysis is performed. Here, Epry(z,t) and Erpras(z,t) show the error functions of the proposed
method for fixed n,m,a, 3,v,0 and [.

To sce the effects of the parameters on the solutions, we fix ug(z) = Fsin(ZE) and [ = 10,
consider solutions u(z,t) for various values of parameters. To avoid a three-dimensional plot, we plot
two-dimensional cross sections. The qualitative properties of such solutions are displayed in figures
1, 3 and 5. A comparison of the figures allows one to see the influence of the parameters on the
solution profiles.

A clear conclusion from the numerical results is that the DTM and RDTM provide highly accu-
rate numerical solutions without the need for spatial discretizations in solving the Swift-Hohenberg
equation.

Because of memory problem, we only increase the number of iterations until we achieve that the
modulus of the error function is less than 0.05 (tolerance). The results show that in the memory
problem and boundary conditions the DTM acts better than the RDTM, and in the number of
iterations and careful of solutions the RDTM is better than the DTM.

Here, we take different values of the parameters to compare the results of DTM and RDTM in
the form of two dimensional figures for each case, we would see that DTM and RDTM solutions are
in excellent agreement.

Fig. 1: (a) Profiles of u(x,t) versus z at « = —0.3,0 = —1,4=0.1 and v = 0.2
for t = 0 (Upper),2 (Middle), 4 (Lower) with n = 15 and m = 4 by DTM.
(b) Profiles of u(x,t) versus z at « = —0.95,0 = —1,3 = 0.1 and v = 0.2
for t = 0 (Upper), 2 (Middle),4 (Lower) with n = 20 and m = 5 by DTM.

(c) Profiles of u(x,t) versus z at « = —0.3,0 = =1, =0.1 and v = 0.2
for t = 0 (Upper), 1 (Middle), 2 (Lower) with m =4 by RDTM.

Fig. 2: (a) Profiles of Eppas(z,t) for Fig. 1 (a). (b) Profiles of Epps(x,t)
for Fig. 1 (b). (c) Profiles of Egpra(z,t) for Fig. 1 (c).
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Fig. 3: (a) Profiles of u(x,t) versus z at « = 0.25,0 = 0.2, = —0.04 and v = 1.1

for t = 0 (Lower), 2 (Middle),4 (Upper) with n = 14 and m = 6 by DTM.

(b) Profiles of u(x,t) versus z at & = 0.25,0 = —0.15,8 = —0.04 and y = 1.1

for t = 0 (Lower), 2 (Middle),4 (Upper) with n = 15 and m = 6 by DTM.

(c) Profiles of u(x,t) versus z at a = 0.25,0 = 0.2, = —0.04 and vy = 1.1

for t = 0 (Lower), 1 (Middle),2 (Upper) with m = 3 by RDTM.

Fig. 4: (a) Profiles of Epra(z,t) for Fig. 3 (a). (b) Profiles of Epras(x,t)

for Fig. 3 (b). (c) Profiles of Egrpr(z,t) for Fig. 3 (c).
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Fig. 5: (a) Profiles of u(x,t) versus z at « =0.1,0 = 0.4, 5 =0.1 and v

for t = 0 (Lower), 2 (Middle),4 (Upper) with n = 16 and m = 6 by DTM.

(b) Profiles of u(x,t) versus z at « =0.1,0 = 0.4,8 = —0.16 and v = —2.3

for t = 0 (Lower), 2 (Middle),4 (Upper) with n = 16 and m = 6 by DTM.
(c) Profiles of u(x,t) versus z at « =0.1,0 = 0.4, = —0.16 and v = —2.3

for t = 0 (Lower), 1 (Middle),2 (Upper) with m = 3 by RDTM.

Fig. 6: (a) Profiles of Eppas(z,t) for Fig. 5 (a). (b) Profiles of Eppys(x,t)

for Fig. 5 (b). (c) Profiles of Egpra(z,t) for Fig. 5 (c).
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5 Conclusion

Application of the DTM and RDTM to the Swift-Hohenberg equation with dispersion have been
presented. The results show that the DTM and RDTM are powerful and efficient methods for
finding analytic approximate solutions to the Swift-Hohenberg equation. Also, not many iterations
are required to achieve fairly accurate solutions of the equation by the DTM and RDTM.

Acknowledgments

The author would like to express thanks to the referees for their valuable suggestions.



[1]

2]

13l

4]

[5]

[6]

7]

18]
[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

21]

Approximate solutions of the Swift-Hohenberg equation with dispersion 79

References

I.H. Abdel-Halim Hassan, Differential transformation technique for solving higher-order initial value problems.
Appl. Math. Comput. 154 (2004), 299-311.

I.H. Abdel-Halim Hassan, Application to differential transformation method for solving systems of differential
equations. Appl. Math. Modell. 32 (2008), no. 12, 2552-2559.

F.T. Akyildiz, D.A. Siginer, K. Vajravelu, R.A. Van Gorder, Analytical and numerical results for the
Swifte B“Hohenberg equation. Appl. Math. Comput. 216 (2010), no. 1, 221-226.

1.S. Aranson, K.A. Gorshkov, A.S. Lomov, M.I. Rabinovich, Stable particle-like solutions of multidimensional
nonlinear fields. Phys. D 43 (1990), 435-453.

A. Arikoglu, I. Ozkol, Solution of fractional differential equations by using differential transform method. Chaos,
Solitons and Fractals 34 (2007), no. 5, 1473-1481.

A. Arikoglu, I. Ozkol, Solution of boundary value problems for integro-differential equations by using differential
transform method. Appl. Math. Comput. 168 (2005), 1145-1158.

F. Ayaz, Solutions of the system of differential equations by differential transform method. Applied Mathematics
and Computation 147 (2004), no. 2, 547-567.

F. Ayaz, On the two-dimensional differential transform method. Appl. Math. Comput. 143 (2003), 361-374.

J. Burke, S.M. Houghton, E. Knobloch, Swift-Hohenberg equation with broken reflection symmetry. Phys Rev E
80 (2009), 036202.

S. Catal, Solution of free vibration equations of beamon elastic soil by using differential transform method. Applied
Mathematical Modelling 32 (2008), no. 9, 1744-1757.

L.Yu, Glebsky, L.M. Lerman, On small stationary localized solutions for the generalized 1-D Swift-Hohenberg
equation. CHAOS 5 (1995), 424-431.

M.J. Jang, C.L. Chen, Analysis of the response of a strongly nonlinear damped system wusing o differential
transformation technique. Appl. Math. Comput. 88 (1997), 137-151.

M.J. Jang, C.L. Chen, Y.C. Liu, Two-dimensional differential transform for partial differential equations. Applied
Mathematics and Computation 121 (2001), no. 2-3, 261-270.

F. Kangalgil, F. Ayaz, Solitary wave solutions for the KdV and mKdV equations by differential transform method.
Chaos Solitons & Fractals 41 (2009), 464-472.

Y. Keskin, Ph.D. Thesis. Selcuk University, 2010 (in Turkish).

Y. Keskin, G. Oturanc¢ Reduced differential transform method for partial differential equations. Int. J. of Nonl.
Sci. and Num. Simulation 10 (2009), no. 6, 741-749.

Y. Keskin, G. Oturang, Reduced differential transform method for generalized KdV equations. Math. & Compu-
tational Applications 15 (2010), no. 3, 382-393.

Y. Keskin, G. Oturang, Reduced differential transform method for solving linear and nonlinear wave equations.
Iranian J. of Sci. & Tech. Transaction A 34 (2010), no. A2, 113-122.

N.A. Khan, N.-U. Khan, M. Ayaz, A. Mahmood, Analytical methods for solving the time-fractional Swift-
Hohenberg (S-H) equation. Computers and Math. with App. 61 (2011), 2182-2185.

H. Liu, S. Yongzhong, Differential transform method applied to high index differential algebraic equations. Appl.
Math. Comput. 184 (2007), 748-753.

0.0. Ozdemir, M.O. Kaya, Flapwise bending vibration analysis of a rotating tapered cantilever Bernoulli-Euler
beamn by differential transform method. J. of Sound and Vibration 289 (2006), no. 1-2, 413-420.



80 H. Rouhparvar

[22] Y. Pomeau, S. Zaleski, Dislocation motion in cellular structures. J. Phys. 42 (1981), 2710-2726.

[23] H. Rouhparvar, Computational technique of linear partial differential equations by reduced differential transform
method. Int. J. of Industrial Math. 8 (2016), no. 4, 339-346.

[24] J. Swift, P.C. Hohenberg, Hydrodynamic fluctuations at the convective instability. Phys. Rev. A 15 (1977), 319-
328.

[25] J.K. Zhou, Differential transformation and its applications for electrical circults. Huazhong University Press,
Wuhan, 1986 (in Chinese).

Hamid Rouhparvar

Department of Mathematics

College of Technical and Engineering
Saveh Branch, Islamic Azad University
Saveh, Iran

E-mail: rouhparvar59@gmail.com

Received: 09.12.2022



EURASIAN MATHEMATICAL JOURNAL
ISSN 2077-9879
Volume 14, Number 1 (2023), 81 — 95

ITERATED DISCRETE HARDY-TYPE INEQUALITIES
N. Zhangabergenova, A. Temirkhanova

Communicated by M.L. Goldman

Key words: discrete inequality, Hardy-type operator, weight sequence, sequence space, characteri-
zation.

AMS Mathematics Subject Classification: 26D15, 26D20.

Abstract. In this paper, we discuss new discrete inequalities of Hardy-type involving iterated oper-
ators. Under some conditions on weight sequences, we establish necessary and sufficient conditions
for the validity of these inequalities.

DOI: https://doi.org/10.32523/2077-9879-2023-14-1-81-95

1 Introduction

Let 0 < ¢,p,0 < oo and Z—1J+I% = 1. Let ¢ = {¢;}3°, be a sequence of non-negative numbers,
u = {u;}2, and w = {w;}°, be sequences of positive numbers, which will be called the weight
sequences. We consider the Hardy operator H, defined for any f € [; by

k
(Ho )k = o Z fis
i=1

where k € N. Let us denote by [,, the space of all sequences f = {f;}7°; of real numbers such that

1
0 13
Hpr,u = (Z |uifi|p> <oo, 1<p <o
i=1

For any f € [,, we characterize the following iterated discrete Hardy-type inequality with three

weights 1
" e
) §O<Z|U1fi|p> ; (1.1)
i=1

where C' is a positive constant independent of f. The dual discrete version of inequality (1.1) has

k

SOkaz

i=1

n

S (3

k=1

the form )
0 0o 00 q % 0 00 %
> (Z oe > L ) <C <Z\uifixp> . (1.2)
n=1 k=n i=k i=1

The continuous analogue of inequality (1.1) can be written as follows

1
q P

de | <C /|u(x)f(x)|pdx : (1.3)

o0 T

Ju@ ([ oo / f(s) ds L

0 0
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The boundedness of the Hardy-type operator in Morrey-type spaces, weighted Sobolev spaces
was studied in many papers (see, [6], [9], [15]). In paper [3], the problem of boundedness of the
Hardy operator from a Lebesgue space to a local Morrey-type space has been reduced to the validity
of inequality (1.3). The results of paper [3| have aroused the interest to study inequalities of form
(1.3). We believe that the relation between p and 6 is more important than between p and ¢ because
we have found out that inequalities of form (1.3) are easier to characterize for p < 6 rather than
for 6 < p, as for the standard Hardy inequalities. Paper [14] has covered all possible relations
between p, 0 and ¢ for characterizations of inequalities of form (1.3), but the obtained results require
some auxiliary function and are not given explicitly. Paper [3]|, where inequality (1.3) was firstly
considered and explicitly characterized, has completely covered the case p < @, in sense that ¢ can
be any positive number, and partially covered the case § < p only for 0 < g < 6. In paper [12],
discrete Hardy-type inequality (1.1) have been characterized for the same relations between p, 6 and
¢, namely, for the cases p < 0 <00, 0 <gand 0 < p < oo, 0 < q < 6. Here we consider the most
difficult case § < p < 0o and 0 < 6 < ¢ or, equivalently, 0 < # < min{p,q} < oo, which has no
explicit characterizations even in the continuous case.

In the relations between p, 8 and ¢ listed above, for the continuous case it is assumed that
p > 1, since for the interval 0 < p < 1 inequalities of form (1.3) hold only in the trivial cases.
For the discrete case the interval 0 < p < 1 is not excluded, so in this paper we consider the case
0 < 6 <min{p, ¢} < oo for both p > 1 and 0 < p < 1. Paper [11] also contains results for inequality
(1.2) for the case 0 < p < 1, but when p < min{q, 0} < co. In order to complete the relation p < 0,
we include the case 0 < ¢ <p <0 < o0, 0 < p <1, as an auxiliary result.

t

w(t) { f(s)ds

T

The iterated operator K f(x) = (f

q q
dt) in inequality (1.3) has the same types
0

o

of integrals as well as the operator K~ f(x) = (f

xT

q q
dt) in the continuous analogue

p(t) [ f(s)ds
t
of dual inequality (1.2). We can also write two inequalities with the iterated operators T f(x) =
0\
dt) and T~ f(x) = (f

(f e 7ete f F(s)ds

integrals. In paper [8], the problems of boundedness of the conjugate Hardy operator from a Lebesgue
space to a Morrey-type space and boundedness of the Hardy operator from a Lebesgue space to a
complementary Morrey-type space have been reduced to the validity of the inequalities with the
operators TF f and T~ f, respectively. The inequalities with the operators TF f and T~ f have been
studied more fully than the inequalities with the operators Kt f and K~ f (see, [2], [4], [5], [10],
[13] and [16]). On the contrary, the study of (1.1) and (1.2), which are discrete analogues of the
inequalities for the operators K f and K~ f, is almost completed in this paper, while the investigation
of inequalities for the discrete versions of the operators 7" f and T~ f has only started.

q q
dt) , which have different types of

[e.e]

Note that the interest in inequalities with iterated operators has been caused not only by their
applicability to Morrey-type spaces shown in [3] and [8], but also by the fact that their character-
izations can be applied to obtain characterizations for the bilinear Hardy inequalities (see, [2] and

[7])-

The work is organized as follows. Section 2 contains all statements and definitions, which are
needed to characterize inequalities (1.1) and (1.2). The main results for 0 < 6 < min{p, ¢} < oo,
p > 1, are presented in section 3. The main results for 0 < < min{p, ¢} < o0, 0 < p < 1, are given
in section 4. Section 5 contains the auxiliary result for0 < ¢ <p <0 <oo,0<p<1.
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2 Preliminaries

In the proofs of our main results for the case 0 < ¢ < p <0 <00, 0 < p <1, we need the following
theorem. This theorem proved in [1, Theorem 1 (iv)| presents characterizations of the following
weighted discrete Hardy-type inequality.

Theorem 2.1. Let 0 < p <1, p < q < oco. The inequality

5

=1 =

q) S C (Z |uzfz|p> ) vf € lp,ua (21)
=1

holds for some C > 0 if and only if A < oo, where

1
— q -1
A = sup (ZUZ) u;

izl \i=;

k

fi
1

Moreover, C = A, where C' is the best constant in (2.1).
For the proofs we also need the following lemma.

Lemma 2.1. Letr >0, 1 <n< N < oo. Then

Su(5) (50 5a(5) »

k=n i=n k=n j=n

Convention: The symbol N < M means N < C'M with some positive constant C', depending on
the parameters p, 6 and q. Moreover, the notation N ~ M means N < M < N.

For the estimations we use various classical inequalities such as the Minkowski inequality, the
Holder inequality and the following elementary inequalities.

Ifa; >0,i=1,2,....k, then

k « k
(Z ai> < Zaf‘, 0<ac<l, (2.3)
=1

i=1
and

(i ai> > ia?, a> 1. (2.4)

=1

3 Main results for 0 < 6 < min{p,q} < 00, p > 1

Theorem 3.1. Let 0 < 0 < min{p,q} < oo, p > 1. Then inequality (1.2) holds if and only if
By < 0o, where

P =0
M . 0 p—0 pt
7 q

p—0 1
Sl (z )
n=1 n

k=

oo e.¢]

/ /

— § —-p E —-p
i=1 j=i

Moreover, C' = By, where C is the best constant in (1.2).
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Proof. Necessity. Suppose that inequality (1.2) holds with the best constant C' > 0. Let us show
that By < co. For an arbitrary 1 <r < N < oo we take a test sequence f, = {f.;}32, such that

0, 1<i<r, >N,

~ 0—1 1

fr7i = / N / p=f i 7 % p=0
[OR DIE Zwﬁ(Zgog) , r<i<N<oo.
Jj=t n=r s=n

P

Then
Il = (£ 17 b

[

p(6—1)

p
0 —
p—0 AN

q

Zl:wz (i: gog) —: Br < co. (3.1)

N N
_ § : —p’ E : —p’
i=r j=i

Substituting f, in the left-hand side I = I(f) of inequality (1.2), we derive that

0o 0 00 q % % N N N N q g é
= (S (Sl ) ) = (e (e () )
n=1 k=n i=k n=r k=n i=k

By applying Lemma 2.1, we obtain
1
7

N N N N/ N\ .
s [ (S es 7 (Zﬁ)

k=n i=k

Next, changing the orders of sums and using Lemma 2.1, we get

_ N N /N (¢=1)
RO (3@-)

i N /N (¢=1) = g
AP (Z fs> >yt
k=n m=i s=m z=n
N _ N _ (¢—1) N _ N _ (g—1) % i i % é
Si(Sr) (A ) Se(sa)
i=r j=t m=i s=m n=r k=n

0

N -1 i
Zf;) > <Z¢> : (3.2)

J=1

QD

N~
> Zﬁ(

First we estimate
= j AN
)
> "l (E wi)
n=r

[
p—0
k=n

N N N

o -7’ —p’
D= ut | Do
j=i j=i s=j
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QD

p—1
N = i
> () (e (2]
j=i n=r k=n
Now, we put (3.3) into (3.2), then substitute f, and find

1
p(6—1) oN 25\ @
p—0

I
!

_ N N
I(f)y> [ > u™” (Z ujp’>

k=n
From (3.1), (3.4) and (1.2) it follows that

Epp;ee<<(], forall 1<r < N < o0.

i i AN
S (z ¢z> .

85

(3.3)

(3.4)

(3.5)

Since r > 1 is arbitrary, taking the supremum on both sides of inequality (3.5) with respect to r (C

is independent of r) and passing to the limit N — oo, we get that

B1<<C<OO

(3.6)

Sufficiency. Suppose that B; < co. Now, we prove that inequality (1.2) holds. Let 0 < f € [,

be such that > f; < oo.
i=1
Let oo
ki :=sup{k € Z: Zfz <27F}
i=1

then N
9 k-1 < Zfi <97k,
=1

We consider the sequence {ji}, where j; are defined by

Jr:=min{j > 1: Zfl < 7Rk

i=j
We note that

i=j

jr=min{j>1:> fi<2M}=1
J

For all k > 1 it yields that
Zfz < 2 Rk < Z Ji-
i=ji i=ji—1
Therefore, the set of natural numbers N can be written

N= U ks i1 — 1]

k>1

Furthermore,
jm,+1 -1

o—ki—m+1 Z fi = Z fi+ Z f;

i:jm_l i:jm_l i:jm+1



86 N. Zhangabergenova, A. Temirkhanova

jm+1_1
< Z fz + 27k17(m+1)+1’ m 2 92
i=jm—1
Jm+1—1
2hm e N i, m>2.
i=jm—1
Jm41—1
R g N i, m > 2.
1=jm—1
Substituting m by m + 1, we obtain
jm+2*1
phmmtl g N i, m> 1
1=Jm41—1

Hence, taking into account (3.7), we get
0
q

P =Sl (z

=n

stz.fz

)

QD

oo Jr+1—1 00 Jma1—1 00 q
S 303 bolD DIEL D o7y
k=1 n=jx m=k s=max{n,jm} 1=Jm
Therefore, using (3.7) and (3.8), we have
oo Jk+1—1 00 Jma1—1 Jm42—1 7
ORI DR D DR DI B DR
k=1 n=j m=k s=max{n,jm } 1=Jm+4+1—1
Using inequality (2.3), we get
0
oo Jr+1—1 00 Jm41—1 q Jm+2—1
<> S w1 DD ¢l ook
k=1 n=j m=k \ s=max{n,jm} 1=jmy1—1
Next, changing the orders of sums, we have
. 0 . .
00 Jmi2—1 m Jek+1—1 Jma1—1
<Oy > K 2D w| D 4
m=1 \i=jm41—1 k=1 n=jj s=max{n,jm}
. 0 . . 0
00 Jmi2—1 m—1Jk+1—1 Jm+1—1 q
(S ) (BT )
m=1 ’L'ij+171 k=1 n:jk S:jm

Jmy1—1 Jmy1—1 g
+ ) wi( > @Z)

S=n

QD

SRS
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0 Jm+2—1 m Jr+1—1 Jm4+1—1
[/
<4y | > Z 2wl X v
m=1 \i=jmi1—1 k=1 n=ji

Hence,

0 IJm+2—1 0 Jm+1—1 Jm41—1 s
> 47 Z Z fi Z ( Z (ps> .
m=1

i=jmi1—1 n=1

Using the Holder inequality with powers p and p’ in (3.9), we have
v

0
[e'e] Jm+2—1 Jm+2—1 v
o
(f) <4 E E | fiwi|” E ot
m=1 i:jmﬂ»l*l i:jmﬁ»l*l

Jm+1—1 Jma1—1 q
6
X E Wy E vl

For the outer sum in (3.10) again using the Holder mequahty with the parameters %

and
0 o(p—1)
0o Jmt2—1 p 00 Jm+y2—1 (r—9)
§ E | fiwl? E E u;
m=1i=jmt1—1 m=1 \i=jm+1—1
p—0
: 0 = P
Im+1— 1 .77n+1 1
x| D> w Z 7t
n=1
Now, applying Lemma 2.1 to (3.11), we find that
) . p(6—1)
P oo Jm+2—1 Jm42—1 p—0
0(2+1) —p’
I°(f) <2 § | fiul? > D >
m=11i1=jm4+1—1 Jj=t
p—0
» p=0
[ 5—0 p
i i a\ "’ 00
0 q _ 90(2+1) —p’
> wh | Y et =277 Uiy —1
n=1 s=n m=1
p(O=1) N
Jm42—1 p—0 Jm+1—1 Jm+1—1 q
_p/ 0 q
X E UZ wn E QOS
J=Jm+1—1 n=1 s=n
p—0
. . p(6—1) 6 pfe )
Jm+2—1 Jm42—1 p—0 i i q
} : —p’ § : —p’ 6 § : q
+ U, uj Wy, Ps ||f||pu
1=Jm+1 Jj=t n=1 s=n
p—oy 0
p(0—1) = AN

. ) 0 —0 po

87

(3.9)

(3.10)

, we get

(3.11)
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XS o < 2" B
Hence,
I(f) < Bil| fllp.u (3.12)
and C' < By, where C'is the best constant in (1.2). Inequalities (3.6) and (3.12) give that C' ~ B;. [

Theorem 3.2. Let 0 < 0§ < min{p,q} < oo, p > 1. Then inequality (1.1) holds if and only if
By < 00, where

p(o—1) o\ 25| »P
p—6

00 ) 9] n 7\ P7°?
me | (Sar) (S (Sa)
i=1 n=t k=1

Jj=1

Moreover, C' = By, where C' is the best constant in (1.1).

The proof of Theorem 3.2 is similar to the proof of Theorem 3.1.

4 Main results for 0 < § < min{p,q} < o0, 0 <p <1

Theorem 4.1. Let 0 < § < min{p,q} < o0, 0 < p < 1. Then inequality (1.2) holds if and only if

B3 < 0o, where
p—0

p
p—o | P¢

© gy % %
po |3 (Lt (Y1)
i=1 n=1 k=n
Moreover, C' =~ Bs, where C is the best constant in (1.2).

Proof. Necessity. Suppose that inequality (1.2) holds with the best constant C' > 0. Let
1 <r < N <oco. We take a test sequence f, = {f;}i2, such that f.; =0for 1 <i <r,i> N and

Fo=u ™ (z o (£ o)
Then
1l = (1w

q

=
) forr <i< N <.

1
» 1
O\ p—a\ P
q

N i i
= Zuz_”p% sz (ng‘é) —: B7 < cc. (4.1)

In the same way as in the proof of Theorem 3.1, we substitute fr in the left-hand side of inequality
(1.2) and obtain inequality (3.2). Now, let us estimate

[%) -0

N i i q
Y fizw Dl (Z @Z) : (4.2)
Jj=t n=r k=n
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We put (4.2) into (3.2), then we have

53]
K
=

N N i i q
1> [ Lut (et (2]
From (4.1), (4.3) and (1.2), as a result we get

)
B% < C,foral 1<r< N < .
Since r > 1 is arbitrary, passing to the limit N — oo, we have

Bg<<C<OO

i
2

89

(4.3)

(4.4)

Sufficiency. We start to prove the sufficient part of Theorem 4.1 in the same way as the sufficient
part of Theorem 3.1. Since in this case 0 < p < 1, we can not use the Holder inequality in (3.9).

Therefore, we continue the proof in the following way

A pe . 0

oo Jm+2—1 P Jm4+1—1 Jm+1—1 q

(<4 | > S| Y wi( 2. @?> ~
m=1 s=n

1=jm+1—1 n=1

Applying (2.3) with 0 < p < 1, we obtain that

%) jm-42—1 %
1°(f) < 4° 2:1 ( ’ > |fiui|p>

i:jm+1_1

Jmy1—1 Jmy1—1 q

—0 6 q

X sup uy, wy el | .
Jm1—1<k<jm42—1 n—1 o—n

Using the Holder inequality for the outer sum, we get

I°(f) < 2" (i |fmz'|p>

2]
p

) . ) =2
oo Jm+2—1 0 Jm+1—1 Jm+1—1 q
T p—6 0 q
S DIRD IR I DR PR
m=1k=jm4+1—1 n=1 s=n
p—0

» k K AN
1 1
o (525 (S (54) ) ) o
n

[e.e]

k=1 n=1 S=

Hence, X
I°(f) < 2+ Bi| 17

p?u’
so that
I(f) < Bsl| fllpu-

(4.5)

Therefore, from inequalities (4.4) and (4.5), we get C' &~ Bs, where C is the best constant in (1.2). O
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Theorem 4.2. Let 0 < 6 < min{p,q} < 00, 0 < p < 1. Then inequality (1.1) holds if and only if
By < 00, where

A= e
6p q

oo o n
E T p—0 E 0 E q
ui U)n gOk
i=1 n=i k=i

Moreover, C = By, where C is the best constant in (1.1).

The proof of Theorem 4.2 is similar to the proof of Theorem 4.1.

Remark 1. Theorems 3.1 and 4.1 mean that inequality (1.2) holds for both cases 0 < § < ¢ < p < c©
and 0 < 0 <p<q<oo.

5 Auxiliary result for 0 <g<p<bO<oo,0<p<1

Theorem 5.1. Let 0 < ¢ < p < 0 < 00,0 < p < 1. Then inequality (1.1) holds if and only if
B = max{Bj5, Bg} < 0o, where

i>1

1
= 6
Bs = sup Zw (Z ) u;

e (50) (£4) o

>1 k=1
Moreover, C = B, where C' is the best constant in (1.1).

Proof. Necessity. Assume that inequality (1.1) holds with the best constant C' > 0. First, we prove
that Bs < co. Let j > 1. We take a test sequence fj = {fﬂ}o"1 such that fﬂ = ;" for i = j and
f, =0 for 7 # j. Then

I Fillp = (Z i u|) =1 (5.1)

Substituting f; in left-hand side of inequality (1.1), we deduce that
9

E

(Z wZ) uyt (5.2)

oS

0
2 v | 2
n=1

Sokrz.f]z

> (3

‘;Okzz.sz

From (5.1), (5.2) and (1.1) it follows that

1
9\ o

iwz <z": @Z) u;l <C, Vj>1.
n=j k=j
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Since j > 1 is arbitrary, we have

6

Bs = sup ng (Z ng) u;t < C < oo. (5.3)
n=j k=j

QD

j>1

Now, let us show that Bs < co. For 1 < r < j < oo, we take a test sequence v, = {U3,}22, such
that vy, = u, ! for r = k and vy, = 0 for r # k. Then

[0r [l = 1. (5.4)

2
Q> q

oo % J %
> Zwﬁ) (ng%) ut, Vr <j. (5.5)

Substituting vy, in the left-hand side of inequality (1.1), we find that

1
0

k
Pk E Ui r

=1

q % 0 ) J
) (et
n—j

k=1

00 n k
= (S (z a3

k=1

n=j k=1
1 1
o0 0 J q
(Z wZ) ( gp,‘i) supu, ' < O, Vj>1.
n=j k=1 rsy

Therefore,

Jj=1 r<j

1 1
oo 3 J q
Bg = sup (Z wZ) (Z ng) supu, ' < C < o0, (5.6)
n=j k=1

Sufficiency. Let B < oo. Without loss of generality, we assume that 0 < f € [,,,,.

Let inf ) = oo and N S
koo = inf {k: c7: Z (%Zfi>q - 2q(k+1)}.
s=1 i=1

Assume that k < k. if ks < 00 and

J

jr=inf{j=1:3" (wsifi)q > 20},
s=1 =1

Then

Jr—1 s Jk s

q q
> (edon) <2 <> (v 2o5)"
s=1 i=1 s=1 i=1
Therefore, the set of natural numbers N can be written

N = [jr: frsr — 1.

k>1
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Since in this case 0 < ¢ < 1, we have
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9ak _ 9q(k—1) 1 ]’C 5
ga(k=1) _ <
20—1 21 1\% "DSZZ_;f’
Jr—1—1 s q 1 s
- (SOS : fz) ) S 2 _ 1 <90st1)
s=1 i=1 S=Jr_1
1 Jk Jk— s
<L z<s i>+z "3
§=Jjkr-1 =1 5=jk-1 1=Jk—1
Hence,
( : 2%71 Jk—1 q Ik s 7\
k—1 .
weve 2 (a A ey 57
$=Jjk—1 =1 $=Jk—1 1=Jk—1
For the left-hand side I(f) of inequality (1.1) we have
oy 1
Jry1-1 7\’ Jry1—1 g
(S (S(exs)) ) <o) e
n=jg s=1 k n=ji
Combining (5.7) with (5.8), we have
1
Je+1—1 Jk Jk—1 7\ 4
(2T (3 (5]
n=jp s=jr_1 i=1
1
, A
Jk s a
1 DI DN
S=Jr—1 1=Jk—1
In both cases # > 1 and 0 < 0 < 1, we get that
Jk+1—1 Jk % Jk—1 0\ °
(T3 (S
n=jj, s=jk-1 i=1
0
Je+1—1 Jk s ANAN
Z >own| Do et X = I+ (5.9)
n=jg §=Jr—1 1=Jjk—1
Let us estimate I
VIR
5 (z fi) i) (5.10)
i=1

j=1
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where
Jet1—1 Jk a
n(j) = Z Z w, Z er| 00 = Jk-1)
k  n=ji $=jk-1

and §(-) is the Dirac delta-function. By Theorem A from (5.10) we have

1
0

I < sup(Zu(i)) u o 1 llpa (5.11)

r>1

Since
2 0
00 Jr+1—1 Ik q 00 n q
§ N — E E 0 § q § 0 § q
M(]) - wn 905 S wn (,05 )
j=r Jk—12T n=jk $=Jk—1 n=r s=r
we have

SN

[

sup sz (Z @?) u ' < Bs. (5.12)

r>1

From (5.11) and (5.12) we obtain

I < Bs|| fllp,u- (5.13)
Let us estimate I5:
) 2 2] %
Jr+1—1 Jk a Jk
LD > wi| D et | X f
k. n=j 5=Jr—1 1=Jk—1
) pS 4 o\ 7
Jk P oo Jk q
<[22 ) Sur(Sa)
k 1=JK—1 n=jg s=1

Using the condition (2.3), we get

1
0

SAR

. , 0
L< | i [fowil? | supu;® D " wf) (i 903) q
s=1

L 1<J -
k 1=Jk—1 =Tk n=jg

1
3

, I 1
. oo 0 Jk q
sup g w? E 1] supu;’t.
& k , -
k 1=Jk—1 n=jg s=1

hSA

Jk
< Z Z | fiwil? s
>Jk

Therefore, by applying (2.4) with o = §> we obtain that

1 1 1
[e'e) ) [ee) 9 r q
(S ) () (S et
=1 r= n=r s=1 =

so that
I < By fllpa (5.14)
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From (5.9), (5.13) and (5.14) we have

I(f) < max{Bs, Bs}|| fllpu- (5.15)
Therefore, from inequality (5.15), we get C' < B. The latter together with (5.6) gives that C' ~ B,
where C'is the best constant in (1.1). O
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