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Abstract. The paper is devoted to solving extremal problems related to Kolmogorov-
type inequalities. All solutions are obtained with the help of the so-called Lagrange
principle, which is a generalization of the Lagrange multiplier rule.

1 Preliminaries

Extremal problems. Let X be a set, C' a subset of X, f a function defined on X.
Minimization (maximization) of f(x) where x € C will be formally written as

f(z) — min (max), =z € C. (P)

One says in this case that (P) is an extremal problem with constraint x € C. If X = C,
problem (P) is called a problem without constraints. Any point of C' is said to be
admissible in problem (P). An admissible point Z is a solution of problem (P) or
absolute minimum (mazimum) in problem (P), if f(x) > f(Z) (f(z) < f(Z)) for all
x € C. The maximum value of f in maximization problem (P) is called the value of
problem (P). We denote it by Spax(P).

The following family of extremal problems will be considered:

Kolmogorov-type inequalities on the whole line or half line. Let T be R
or Ry, n € N, 1 < p,q,r < oo, Wi (T) the space all functions x(-) € Ly(T) with
(n — 1)th derivative locally absolutely continuous on 7' and 2™ (:) € L.(T), k an

integer, 0 < k < n. Consider the following family of problems defined on the space
we(T):
pr

fo(@(-)) = l2W ()l gy — max, fi(2(-)) = (|2l ) < 1 fal2() = 2™ O Lary < 1.
(PT(k7 n,p,dq, 7’))
Problem (Pr(k,n,p,q,r)) has an equivalent formalization as a problem without con-

straints: *)
l’ .

ey = — 10

[ oy | EASA Gl e

— max, z(-) € W,.(T),
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(n—k—=1/r+1/q)
(n—1/r+1/p) °
by Kr(k,n,p,q,r) and call Kolmogorov’s constant of (Pr(k,n,p,q,r)).

where o = B =1— a. The value of problem (Pr(k,n,p,q,r)) we denote

Lemma. If p = r, ¢ = oo, then a solution of the problem (Pr(k,n,p,q,r)) can be
reduced to the following problem with one constraint:

fola(-) = 2®(0) = max,  fi(z() = [«C)IF, oy + 1™ O ) < 1.
(Pr(k,n,p,q,r))
Let Ar(k,n,p) denote the value of the problem (Pr(k,n,p,q,r)). Then the equality

1/p

np 1—k/n—1/(np) ; TP \k/n+1/(np)
Kr(k = Ar(k 2 — T
T( ,n,p,oo,p) T( 7n7p) (((n—k)p—l) (kp+ 1) )

holds.

The first problem (namely the problem (Pg (1,2,00,00,00))) of the series
(Pr(k,n,p,q,r)) was solved by E. Landau in 1913. Then in 1914 J. Hadamard solved
the problem (Pg(1,2,00,00,00)). In 1938 A. Kolmogorov generalized the result of
Hadamard and found all constants Kg(k,n,00,00,00) for n > 2, 0 < k < n. This
result remains one of the most remarkable in this area, and problems from family
(Pr(k,n,p,q,7)) are usually called now Kolmogorov-type inequalities (or sometimes
Landau—Kolmogorov type inequalities) on the whole line or half line.

In this survey all problems from this family will be considered from the point of
view of only one general principle of the extremal theory.

Lagrange principle. The idea how to solve extremal problems with constraints was
first expressed by Lagrange. He wrote in [1], that a procedure of solution of a smooth
finite dimensional problem with equality constraints, can be reduced to the following
general principle: “If a function of several variables should attain mazximum or mini-
mum, and these variables satisfy one or several equations, then it will suffice to add to
the proposed function the functions that should be zero, each multiplied by an undeter-
mined quantity and then to look for the maximum or the minimum as if the variables
were independent; the equations that one will find, combined with the given equations,
will serve to determine all the unknowns”.
Let us express this text in mathematical language. Consider the problem:

fo(z) = extr, fi(x)=0,1<i<m, ze€N.
The function £(x,\) = Y. \;fi() is called the Lagrange function of the problem,
i=0

the vector A = (Xg,..., ) is called a collection of the Lagrange multipliers. The
necessary condition of a local extremum at a point Z in the problem L(x,\) — extr
(«when variables are independent») by virtue of the Fermat theorem is the following

stationarity condition

Lo(#,0) =04 Nfi(@)=0
i=0
for A # 0. There are n equations with (n + m + 1) unknowns (r € N, A € R™*! but
we can normalize the collection of the Lagrange multipliers, for example, as follows
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> |Ai] = 1). If these equations are completed by the “given equations” f;(z) =0, 1 <
i=0

i < m, we obtain (n + m + 1) equations with (n + m + 1) unknowns. Such systems
in general case has a finite number of solutions and one can find the solution of the
problem among them.

We will use below the following generalization of the Lagrange’s idea for more
general problems (which we call the Lagrange principle). According to this principle,
when one searches necessary conditions of an extremal problem, in which smoothness is
interlaced with convexity, it suffices to construct the Lagrange function of the problem
and then to apply necessary conditions for minimum of the Lagrange function as if the
variables were independent. Equations which we obtain by this procedure combined
with the given equations, nonnegativity conditions and conditions of complementary
slackness for the Lagrange multipliers corresponding to inequality constraints will serve
to determine all unknowns.

Now we begin with formulating necessary conditions for problems without con-
straints (Propositions 1 — 4, we formulate them exactly) and then we formulating the
Lagrange principle (LP) for problems with constraints. We shall use the LP as a rule
heuristically, so we formulate them not as theorems, but as principles. Exact formula-
tions and proofs the reader can find in [2].

Necessary conditions for problems without constraints

Proposition 1 (necessary conditions for smooth problems, [2]). Let X be a
normed space, V' a neighborhood of © € X, fy be a real-valued function on V' differen-

tiable at . If
hatx is a local minimum of the problem

Jo(x) — extr,

then the stationarity condition

fo(@) =0
holds.

Proposition 2 (necessary conditions for problems of calculus of variations
(Bolza problems), [2]). Let X be the space C'([to,t1],R™) of continuously dif-
ferentiable vector-functions, z(-) € X, Vi be a neighborhood of the graph I'z.) =
{(t,2(t),z(t)) € Rx R" x R™ | t € [to,t1]}, L : Vi — R¥"1 be a continuously differen-
tiable function, Vy be a neighborhood of the point (x(ty), z(t1)) € R*™ and [ : Vo — R
be a continuously differentiable function. If Z(-) is a local minimum in the space X of
the problem

Fol@() :/t1L(t,x(t),i‘(t))dt+l(m(t0),x(t1)) . min,

(Bolza problem), then Ly(-) € C([to, t1],R™) and
a) Euler equation —% L;(t) + Ly, (t) =0,
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b) transversality conditions Zz(t,) = (—1)@(%), 1=0,1,
hold, where

)
2
8

—~
~
N
\é)
—~
~
i

Li(t) = Lo(t, 7(8).2(t)), Lo(t) = Lo(t, (), 2(1)), L) =

Proposition 3 (criterion of minimum for elementary optimal control prob-
lems, [2]). Let U CR", L:R x U — R be a continuous function, U be the set of all
piece-wise continuous functions from [to,t1] to U. Then u(-) € U is a solution of the
problem
t1
() = [ Lt ufe)dt — win, u) € V.
to

if and only if the minimum condition
c) L(t,u) > L(t,u(t)) Yu € U t € [ty, t1] a.e.
holds.

Proposition 4 (criterion of minimum for convex problems, [2]). Let U be a
conver subset of R, fo : R — R U {400} be a convex function. Then u is a solution
of the problem

fo(u) = min, u € U,
if and only if (by definition) ¢) minimum condition fo(u) > fo(u) Yu € U holds, or if
U =R", then o) 0 € dfy(u).

For solving our extremal problems we shall use the following conditions of ex-
tremum: «) stationarity conditions, ) nonnegativity conditions, ) conditions of com-
plementary slackness, a) Euler equations, b) transversality conditions, and ¢) minimum
conditions.

Let us illustrate the Lagrange principle for a finite dimensional smooth problem
with equality and inequality constraints:

fO(x) - min, fl(ZL’) S 07 1 S ? S m/7 fz(x) = 07 m/ + 1 S { S m. (PLagr)

The Lagrange function of this problem has the form: L£(z,A) = Y. \;fi(z) where
i=0

A= (Xo,...,\m). Application of Proposition 1 to the problem of minimization of the
Lagrange function without constraints together with conditions of nonnegativity and
complementary slackness leads to the following relations:

Q) Lo(Z,A) =0 & > Mfi(@) =0, 8) A =0,0<k<m/, 9) Mfi(®) =0, 1<k <m.

k=0
Now we formulate the Lagrange principle for five classes of problems.

LP 1. Necessary conditions of extremum for a smooth problem with in-
equality and equality constraints. If an extremum to the problem

fo(x) = extr, fi(x) <0, 0<i<m, fi(x) =0, m +1<i<m,
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where f; are smooth functions defined on a normed space is attained at an element
Z, then the necessary conditions for this problem at the element T correspond to the
Lagrange principle.

LP 2. Necessary and sufficient conditions of extremum for a convex problem
with inequality constraints. If X is a locally convex vector space and an minimum

to the problem
fo(x) = min, fi(z) <0, 0<i<m, z€ A4,

(where f; are convex functions defined on X and A C X is a convex set) is attained at
an element &, then the necessary conditions at the element T for this problem correspond
to the Lagrange principle; the necessary conditions with Ao # 0 which correspond to
Lagrange principle are sufficient.

LP 3. Necessary conditions of extremum for a problem of calculus of vari-
ations. If an extremum to the problem

ol (), u(-)) = extr, fi(z(-),u(-)) <0, 0 <@ <m,

fZ(x()au()) =0, m'+1<i<m, = gp(t,x,u),

t1

(where fi(x(-),u(:)) = [ L;(t,z(t), u(t))dt + l;(x(to), z(t1)) and L;, ¢, l; are smooth
to

functions) is attained at a pair (Z(-),u(+)), then the necessary conditions for this prob-

lem at the pair (Z(-),u(-) correspond to the Lagrange principle.

The problem
folu()) = min,  fi(u()) <0,1<i<m’, fi(u()) =0, m +1<i<m,

where
t1

fiu(+)) = /Li(t,u(t)dt, 0<i<nm,

is called a Lyapunov problem.

LP 4. Necessary and sufficient conditions of extremum for a Lyapunov
problem. If the absolute minimum in the problem

fo(u(:)) = min, f;(u(-)) <0, 0<i<m, u(t) €U ae.,

t1
(where fi(u(-)) = [ Li(t,u(t))dt are continuous functions defined on [to,t1] X R and
to
U C R") is attained at a function u(-) € Loo([to, t1],R"), then the necessary conditions
for this problem at the function u(-) correspond to the Lagrange principle; the necessary

conditions with \g # 0 which correspond to Lagrange principle are sufficient.
We call the problem, posed in the LP 3 and completed by constraint u(t) € U C R",
an elementary problem of optimal control.

LP 5. Necessary conditions of extremum for a problem of optimal control.
If an extremum to a problem of optimal control is attained at a pair (Z(-),u(-)), then the



130 V. Tikhomirov, A. Kochurov

necessary conditions for this problem at the pair (Z(-),u(-) correspond to the Lagrange
principle.

In the problem of optimal control which is linear over phase coordinates (When the
differential constraints have the form

&= A(t)z + F(t,u(t))

and the functional is

t1

flz() = / (a(t)z(t) + L(t, u(t)))dt + loz(to) + Liz(tr))
to

the necessary conditions with A\g # 0 which correspond to the Lagrange principle are

sufficient.

2 Solutions of problems from the family (Pr(k,n,p,q,7))

Solving of any such problem consists of the following steps:

1. Formalization (with some commentaries and writing out the Lagrange function).

2. Application of one of Propositions 1-4 to the problem of minimization of the La-
grange function as the problem without constraints.

3. Solving the equations obtained at Step 2.

4. Verification of the fact that among solutions obtained at Step 3 there exists a
solution of the problem.

The first two examples have a propaedeutic character.
Problem 1: (Pg,(0,1,2,00,2))

1. fo(z(:)) = 2(0) - max, fi(z(-)) = /xQ(t) <1, folz() = /x’2(t) at<1. (P)
R, R,
This is on one hand a smooth problem with inequality constraints and on the other

hand this is a problem of calculus of variations. The Lagrange function of problem
(Py) has the form (up to the constant (—A; — Ag)):

L(z(-),\) = —z(0) + /(Ale(t) + Ao (1))dt, A = (—1, A1, Xa).

Ry

We denote a solution of problem (P;) by Z(-).
2. Proposition 1 for minimization of the Lagrange function of smooth problem with

constraints consists of the stationarity condition o) L,)(Z(-), A) = 0. After differenti-
ation of the Lagrange function we come to the identity:

—2(0) + / 2ME)2(t) + 207 ()i (t))dt = 0 Va(-).

After integrating by parts and writing out (3),~) conditions we obtain the following
collection of relations
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a) MT(t) — ME() = 0, b) 2X.2(0) = —1, B) X > 0, 7) M(fi(E() —1) =0, i =1,2.
1)
They are a) Euler equations, b) transversality conditions, ) nonnegativity condi-
tions and «y) conditions of complementary slackness.
3. It can be easily shown that system (1) has the following (unique) solution: Z(t) =
V2e t N = ﬁ i=1,2.
The identity, which was written above, has the following explicit form:

2(0) = /e_t(x(t) —@(t))dt Va(-). (1)

R4

Of course, it was possible to prove this identity directly.
4. Application of the Cauchy inequality to (1’) leads to the following estimate from
above:

2(0)] < 2 /e—%dt ~ V2.

Ry

On the other hand, the function Z(t) = v/2e~* is admissible in our problem. Conse-
quently,
KR+(07 17 2, 0, 2) Z /ZE\(O) = \/§ Thus KR+(O, 17 27 oQ, 2) = \/§

Theorem 1. K, (0,1,2,00,2) = V2.

Problem 2: (Px(0,1,2,00,2))

L folol() = 2(0) > max. Ae() = [ SOt <1 ple() = [#Od <1
R R
(P2)
2. Proposition 1 leads to relations similar to (1) (obtaining them is left to the reader).
Solving these relations leads to the following identity (which is possible to check directly,
moreover, it immediately follows from (1)):

z(0) = %/e_lﬂ(x(t) —a(t))dt V(). (2)

R
Application of the Cauchy inequality to (2) leads to the estimate from above and

the admissible function Z(t) = e ¥l gives the estimate from below Kg(0, 1,2, 00,2) >
z(0) = 1. Consequently,

Theorem 2. Ky(0,1,2,00,2) = 1.

There exists another way of solving of (FP) based on the Fourier transform. Let
Fz(-) denote the Fourier transform of z(-). Parseval’s inequality leads to the following
reformulation of problem (F,):
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/F:L‘(T)dr — max, /Fx2(7')d7' <1, /T2Fx2(r)d7 <1 (P3)
R R R
This is a Lyapunov problem, which has a very simple solution by means of the
Lagrange principle.
Problem 3: (Pg, (1,2, 00,00,00))

This is a problem of optimal control with phase constraints linear over the phase
coordinates. Assume that a solution Z(-) attains its minimum at ¢ = 0 and its maximum
at a point 7. Then the Lagrange function has the following form

L(x(),u(-),\) = —y(0)+u1x(T)—uow(0)+/(q(t)($(t)—y(t))+p(f)(y'(t) —u(t)))dt,

where A = (MOaMlap(')7Q('))v Hi = 0,2=0,L B
2. Application of Proposition 1 to min{L(x(-),u(-),\)| z(-)} leads to the following
identity

(0) = ma(T) ~ ma(0) + [ (@(t)(a(t) - y(®) + p(OG(O)i

Application of Proposition 3 to min{L(Z(-),u(-),\)| |u(t)] < 1} gives the identity
u(t) = sgnp(t).

After integrating by parts in the first identity one obtains the following relations:
a) Euler equation and b) transversality conditions, namely
CL) p =—q, q = O’
b)p(0)=~1, p(T)= 0, ¢(0)=—po, ¢(T) =~ = p(t)= 5 —1, 7 = pu = po.

Thus, the exact form of the identity is the following:

#0) = 220 [oyiar ®)

(one can check this identity directly).
3, 4. From the identity one obtains the following estimate:

T>0 T T>0

T
2 t 2
Kg, (1,2, 00,00,00) < min(= + /(1 — —)dt) = min(T +
0

(2-t)%
5 -

The equality is attained at the function Z(t) =1 —

Theorem 3 (Landau, 1913, [3]). KR, (1,2, 00,00,00) = 2.
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Problem 4: (Pk(1,2, 00, 00,00))
1. y(0) » max, |z(t)| <1, i =y, y=u, |ut)|] <1 VieR (Py)

2. Propositions 2 and 3 lead to an identity similar to (3)

#(0) = 2! / (sent — ) (1) dr (@)

It is possible to check this identity directly.
3, 4. From this identity we obtain the following estimate

T
11 1 1T _
< ~ 4= U ap) = min(= 4+ 2 = _ 3
Kw(1,2,00,00,00) < min(- + 5 /(1 7)dt) = min(= + 5) V2, (T =V?)
-
The equality is attained at the function z(t) = (1 — —5—*) sgnt.

Theorem 4 (Hadamard, 1914, [4]). Kg(1,2,00,00,00) = v/2.

Problem 5: (Pg,(1,2,2,2,2))
1. It is possible to formalize the problem (Pr, (1,2,2,2,2)) in the following equivalent
form

/R (1)t — max, /R (22(t) + (2(1))%) dt < 1. (Py)

This is a problem of calculus of variations.

2. Proposition 2 leads to a) Euler—Poisson equation for the Lagrangian of the Lagrange
function of the problem (Ps), b) transversality conditions, which must be complemented
by the conditions of ) nonnegativity and 7) complimentary slackness:

8) 10, ) ul / (2 + i)t — 1) = 0. (5)

Ry
3. The characteristic polynomial z* + pz? + 1 of the Euler-Poisson equation is the
product of two factors one of which 22 +vz+1 (v = /2 — i) has a root in the left half
plane. Hence equation a) is satisfied if & + vi 4+ z = 0.

Differentiating this equation and substituting ¢ = 0, we obtain (using (5)b)) the
equality 2®(0) + #(0) = 0, thus u = 1, and consequently v = 1. Solving now the
equation ¥ + & + x = 0 with the boundary condition #(0) + x(0) = 0 we obtain a
family of solutions z(t) = Ae~*/?cos (%gt + %), where A can be calculated by using
the isoperimetric condition.

4. It is easy to check that the following identity takes place:

/R (E%(t) — &*(t) + 2%(t)) dt =
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:/R ((t) + #(t) + 2(0)2 dt + (2(0) + #(0))>  Va(-) € WER,).

(It is nothing else but the Weierstrass formula in calculus of variations). From this
identity it follows that the value of the problem (Ps) is equal to 1. Application of
Lemma from Section 1 proves the inequality.

Theorem 5 (Hardy-Littlwood—Polya I, 1934, [5]). Ky, (1,2,2,2,2) = 2.
Problem 6: (Pr(k,n,2,2,2))
L. 129 ()o@ — max, 2@ < 1 2™ (O)ll.m < 1. (Fs)

Application of the Fourier transform leads to the following reformulation:

/tzkd,u(t) — max, /d,u(t) <1, /tQ"d,u(t) <1, du>0, du(t) = F?z(t)dt. (P})
R R R

This is a Lyapunov problem. The Lagrange function of this problem is the function

L(u(), 3) = / L(t N dy,  where L(t, \) = —% 1 A + A2

R

2. Proposition 4 leads to the minimum condition:

c) muin/L(t7 A dp = /L(t,/_\) dji. (6)

3, 4. From (6) it follows that dfi(t) = C(t — 7)dt, where constants C' and 7 can be
found from the conditions of complementary slackness.
But the following direct proof is much more simple:

||x(k)(.)||%2(R) — /(:E(k)(t>)2dt

R

2k 2k

Parseval (QW)/tZk(F(x(t)))zdt - (27T>/t2k’(F($(t)))n(F(ilf(t)))2 n dt

R

k k
n n

< (2m)( [ £ (F0)Pa)t ([ (Pl o0 lw) e )

R R

Sharpness of this inequality is trivial.
Theorem 6 (Hardy—Littlwood—Polya II, 1934, [5]). Kr(k,n,2,2,2) = 1.
Problem 7: (Pg(k,n, 00, 00,00))

1. 2®(0) - max, Jz()lle@ <1, |2 <1a e onR. (Pr)
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Consider the problem (Pg(k,n,00,00,00)) where n = 4l and k = 1 (the case n € N,
0 < k <n—1is considered analogously). Denote by

4 — 1)@+ (n+1)
Ky = T Z ((2]')_ 1)t
jEN
the Favard constant and consider the problem

#(0) — max, ||z()|lo@ < Kn, |2™(t)] <1a. e onR. (Py)

This is a problem of optimal control with phase constraints. It is natural to suppose
that the solution of (P3) is a 2m-periodic Euler spline Z(-) for which

/ 2(t)dt =0, and 2™ (t) =sgnsint (then ||2(")||lcm = Kn).
2. If the Lagrange principle is valid, then the following identity has to be fulfilled:
50) = 3wl + /2 + [ plO@)de Vo) M)

jez R

where sgnp(t) = sgnsin t.
3, 4. Substituting z(-) = exp(io-), ¢ € R, in (7) we obtain that

_ Fv(o)
(io)™

iot _ 1
Fp(o) = /Rp(t)e dt = (i)
where
v() = Zuj 6(-—jm—m/2), Fuv(o)= Zuj exp(io(jm + m/2)).

Let p(o) = >,y F'p(0 + 25) be 2-periodization of Fp(-). Then (as is easy to check)
the Fourier coefficients of p(-) are equal to zero and hence p(-) = 0. Thus,

Y i (=1)*Fv(o)
R e ) D P el

SEL SEZ

and consequently

, (cot T2)(n=2)
F =2 — 1) 2
V(o) = 2ritn ~ 1)

These formulae are obtained by Buslaev. It follows from this that

l(n—l

l(R<17njoO7OO’OO):::Z}E_ﬂ;:TV;'

n—k
Theorem 7 (Kolmogorov, 1938,[6]). Kg(k,n,00,00,00) = K,_/K," .
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Problem 8: (P, (0,1,p,00,7))

1. z(0) —» max, ||zl|,ey <1, |2)0@y <1 (%)

This is a problem of calculus of variations. The Lagrange function has the following
form:

L(x(:),\) = —2(0) + )\1/

\x]pdtJr)\g/ Gt X = (=1, A h).

2. Proposition 2 leads to a) Euler equation and b) transversality conditions:

d A . ~
a) ET}\Q(.T)T =pAi(Z),, b) rA(2(0)), = —1. (8)
3. The integrand in the problem does not depend on ¢, thus the Euler equation has the
energy integral: (r—1)\o|Z|" —pA1|Z|P = 0. After integrating these equations (selecting
solutions which tends to zero when ¢ — oo) we find the following solution of the Euler
equations:

t L ifp=r;

z(t) = (IL;"’> v (1 + = at) = ,ifp #r,
+

T pr—p-+r

pl/p . e_

where a = (1 — s)™"* and s = (1 +1//p)~*. After finding the Lagrange multiples and
substituting them in the Lagrange function we obtain the following identity:

o(0) =1 =5/ [

(This identity can be checked directly).
4. Application of the Holder inequality gives the value of the problem.

(f)p-xdt+<1—s)s/ (3), - . dt

+ R4

Theorem 8 (S. Nagy, 1941, [7]). Kz, (0,1,p,00,7,) = (1 —s)*, s=(1+7"/p)~ L.

Problem 9: (Pg(k,n,1,1,1))

This is a unique case when we do not know how to solve the problem by means of
general principles of the theory. We prove the appropriate inequality by reducing the
problem to the Kolmogorov inequality. Denote

O(t) := /x(t + 1) sgnz® (1) dr.
R
Then the following relations are evidently satisfied:
120O)lle® < lz() . 120 C)llow = 200) = 12%0) | L®,

12 (Ml < 127 )l wy (9)
Using (9) and the Kolmogorov inequality for the problem (Pg(k,n, 0o, 00,00)) we ob-
tain

2% () < 12D ) ler) <
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ank n—k n k ank ok n B
< () 12Oy < k() I O, oy
Knn Knn
where C, = Kﬁ. To complete the proof it suffices to prove the sharpness of this
Kp™

inequality.

Theorem 9 (Stein, 1957, [8]). Kg(k,n,1,1,1) = Lozt |

n

X

Problem 10: (FPg,(0,2,2,00,00))

1. 21(0) —» max, @ =9, Iy =u, / |z (D)) dt <1, |u(t)| <1 ae. (Pro)
Ry

This is a problem of optimal control. The Lagrange function has the following form:

£((r(), 22(), u()), X) = /

Ry

.TQ . .
(31 +p1($1 - 1'2) ‘FPQ(CEQ - U)> dt — )\xl(()),

A= (pl(')vp2(')v )‘)

2. Proposition 2 applied to the problem L((z1(-),22(+),%(+)), A) — min leads to a)
Euler equation and bz transversality conditions; Proposition 3 applied to the problem
L((Z1(+), T2(+),u(-)), A) — min, |u| <1, leads to ¢) minimum condition:

a) —p1+21 =0, =po—p1 =0, b) p2(0) =0, ¢) u=sgnp,.

If we denote (ps = ), then we obtain the following equations which are satisfied only
by the function expected to be a solution of the problem:

We will solve equations (10) with the normalization z(0) = 1.
3. Solutions of (10) have an «energy integral»

gri+ta?/2=yl, (= §(0)2(0) = —2%(0)/2)
(one can check it by differentiation). When ¢ is small we have:

12 t 2 ottt
x(t)za—at%—l, yt)y=———+ —— —.

Next by using the invariance of our equations with respect to the following transfor-
mations:
A= (2x(4), 0 (), za(t) = N2x(t/N), yr(t) = My(t/)N), it is possible to find the solu-
tion

() = a(r)ta(le(m)[ P+ 7), y(t) = —a(r) Py(la(n)]V? +7),

(: #(0) = i(7) fgg)‘ ) ,
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where 7 > 0 is the point where y(-) attains zero for the first time. Continuing this
process we shall construct an optimal process with countable number of switchings on
a finite segment of time. (This phenomenon is called «chattering regimes.)

2 2 3 7_4

T T 2 ar
T _ 1o 2= o= Ly~
5 ot + +(a =0, 7 a(2 G +24) 0

Excluding 7 from these equations we obtain that

1/4
(a®—2)(20°=3a*—36) =0, o= (3(1+/3_3)> . T = %(H\/ﬁ— 26 + 6\/5).

This leads to the following result (which in this form was obtained by Kochurov):
Theorem 10 (Fuller, 1960, [9]). Kg, (0,2,2,00,00) = 5%/5273/5(3/33 + 3)1/10,
Problem 11: (Pg(k,n,2,00,2))

L 1z® (o) — max, [|2( )o@ < 1 2™ ()l am < 1. (P11)

Let Fz(-) be the Fourier transform of x(-) and u(7) be 2nFz(1) (for z(-) € Ls(R)).
Then by the Parseval equality ||z()[|7,&) = 27|/ F2(-)||7,m) we obtain the following
reformulation of the problem:

/t%u(t)dt — makx, /uQ(t) <1, /t2nu2(t) < 1. (P}y)
R R R
This is a Lyapunov problem. The Lagrange function of this problem is the function

LN = [ Ltu(t) N,
R

where L(t,u, \) = —t%u + (Ao + \t2")u?.
2. Proposition 3 applied to the problem of minimization of the Lagrange function leads
to the minimum condition: B

c) mi}g L(t,u, \) = L(t,u(t), \). (11)

ue 2k

2()\0+)\1t27L) :
are expressed via trigonometric functions. It gives possibility to

3, 4. From (11) it follows that u(t) =

2k gt

Integrals 2 Mot £2n

find the Lagrange multipliers Ay and A; and then calculate [@(t)dt and thus the value
R
of the problem.

The Cauchy inequality gives the solution very quickly:

(x(k)(O))Q:{/TkFx(T)dT}Q = }/—_117%}?:1;(7)de|2

Cauchy A " A n
<2 [+ Py < 5
R
(2k+1)m

where Ag, = 7r(n sin ~—~ )71. This is a sharp estimate. Lemma from Section 1
immediately gives the expression for Kg(k,n,2,00,2).
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Theorem 11 (Taikov, 1968, [10]).

1 2n TR o\
Kg(k,n,2,00,2) = 9 sin (2k2-&;11)7r (2(n — k) — 1) <2k: +1 '
Problem 12: (Fg, (1,2,00,00,7))
1. #(0) — max, |z(t)| <1, te€ Ry, /\w(t)l’“ <1l r=1L (Pr2)

Ry

This is a problem of optimal control with phase constraints. Consider the case r > 1,
the case r = 1 will be obtained by passage to the limit.
2. The Lagrange principle leads to the following identity

i) = 170 / (1~ ). b(t) (13)

which was obtained when the Landau problem was solved. As a result we come to the

differential equation Z(t) = a(1 — %)i_l with boundary conditions

T
z(0)=-1, z(T)=1, x(T)=0, / |&(t)|"dt = 1.
0
3, 4. Solving these equations we obtain that

I~ L, ' 1
z(t) =1-2(1- f)CrH, T = (27) 75 (¢ + )75,

For an estimate from below it suffices to calculate 55(0) For the estimate from above
it suffices to apply the Holder inequality to the general identity.

Theorem 12 (Arestov, 1972, [11]). Kg, (1,2,00,00,7) = 21/(T/+1)(T/J,FI)T,/(TIH).

r

Problem 13: (Fg, (k,n,2,00,2))

1. / (22 + (™)?)dt — min, ¥ (0) = 1. (P13)
R4

This is one of possible formalizations of the problem. Problem (P;3) belongs to the
class of convex problems of the calculus of variations (on an infinite interval).
The Lagrange function of the problem has the form:

L0 = [ @O+ 0P+ 20,
Ry

where A = (1, )).

2. The Lagrange principle gives the a) Euler-Lagrange equation and b) transversality

conditions:

a) (=1)"z2® + 7 =0, b)2"V0) = (=1)"F5, 4



140 V. Tikhomirov, A. Kochurov

3, 4. Admissible solutions of the Euler-Lagrange equation are represented in the form:
T(t) = Y1 e, where \; are the roots of (2n) th degree of 41 if n is even and of —1
if n is odd. Then we have to satisfy the transversality conditions. Thus it is necessary
to solve the system:

> AT = (=), (13)

J=1

and to calculate

2 (0) = e
j=1

The matrix of system (13) is the Vandermonde matrix A = (f4,,) up to multiplication
by a constant with absolute value 1, where 0 < 1 <n—1, n <m < 2n — 1. The
solution of system (13) has the form C - %4k where the matrix Ay is obtained from
A by replacing the (n — k) row with the row (1, g, ..., ;" "). The modulus of the
Vandermonde determinant generated by numbers wy, ..., w, is equal to the product

of numbers |w; — wg|. In our case wy are roots of +1 or —1 of degree (2n). Thus,
Im+m/2 |

After simplification of the expression 94k we

il = fin ] or |3
lw; — wy| = |sinZ| or [sin ok

obtain

2k + 1)\ V2L a
T) HCOt—.

2n

A[m = (sin

J=1

Applying now Lemma from Section I we conclude the proof.

Theorem 13 (Gabushin, 1969, [12], Kalyabin, 2002, [14]).

on 2n—2k—1
4n

2n—2k—1)

on 2k+1
2n

(2k:+1

KRJr(kana 27 00, 2) = Akn ' (

Problem 14: (Pg, (0,2,p, 00, 1))

After some reformulation of the problem (the inequality Vari(-) < 1 instead of
J |E(t)]dt < 1) we obtain the following formalization:
Ry

1. 2(0) — max, /|x(t)]pdt <1, d—u Varu() < 1. (Puy)
Ry

This is a problem of optimal control with a nonstandard constraint of the control
parameter. The Lagrange function of the problem (Py4) has the form:

2 (0) + / (O + q(t) (+(8) — u(t)) dt.

R+

2. The Lagrange principle leads to the identity

£(0) = / D)) 2(t) + a(t)i(t)) dt, (14)
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a) the Euler equation —¢(t) + Ap(Z(t)), = 0, b) the transversality condition ¢(0) = —1
and ¢) the minimum condition:

min - / g(yu(t)dt = — / G()(b)dt.

Var u(-)<1
R, R,

3, 4. From relations @ = u, z(-) € L,(Ry) it follows that u(¢) tends to zero when
t — oo. If we assume that (—u(t)) is the characteristic function of [0, 7], where T is
to be found then our assumptions give possibility to define all unknowns:

F(t) = — tfa(t) dt = (T —t)+, q4(t) = pE(1), = qlt) = -ANT -1, q(0)=-1

7 1
= A= %7 ”x(')HLp(]Ih) =1=T= (p+ 1)p+1'
Thus Kr, (0,2,p,00,1) = (p+ 1)71. Returning to (14), we obtain the following iden-
tity:
p - o .
o0) =[BT =7 a(t) — (1= 2% (o)

R4

It is possible to check this identity directly (so we could start our investigation from
this identity). Using the admissible function ¢ — (7"—t),, we obtain the estimate from
below

Kz, (0,2,p,00,1) > (p + )77

If we change in the identity (1 ) the expression

T T ¢
- fa-gramar vy [ ma- 0= Dp ),
0 0

then from Holder inequality and inequalities ||2(-)[z,®,) < 1 and Varz(-) < 1, we
1

obtain the estimate from above Kg, (0,2,p,00,1) < (p 4 1)7+7. Thus we proved the
following

1

Theorem 14 (Magaril-I’yaev, 1983, [13]). Kgr, (0,2,p,00,1) = (p+ 1)#+1

Acknowledgments

Authors express deep gratitude to Professor V. Burenkov for fruitful discussions and
assistance.



142

V. Tikhomirov, A. Kochurov

V.M. Alexeev, V.M. Tikhomirov, S.V. Fomin, Optimal control. Consulting Bureau, New York,
E. Landau, Finige ungleihungen fir zweimal differentzierbar funktionen. Proc. London Math.
J. Hadamard, Sur le nodule maximum d’une fonction et de ses dérivées. C. R. Séances Soc.

G.G. Hardy, J.E. Littlewood, G. Polya, Inequalities. Cambridge Univ. Press, Cambridge, 1934.

A. Kolmogorov, Une generalisation de l’inégalité de M.J. Hadamard entre les bornes supérieures

B. Sz.-Nagy, Uber integralungleichungen zwischen einer funktion und ihrer ableitung. Acta Univ.

A.T. Fuller, Relay control systems optimized by various performance criteria. Proc. First World
L.V. Taykov, Inequalities of Kolmogorov type and best formula for numerical differentiation.
V. V. Arestov, On the best approximation of the differantiation operators. Mat. Zametki, 5, no.
V.N. Gabushin, On the best approximation of the differantiation operator on the half-line. Mat.

G.G. Magaril-1'yaev, Inequalities for derivatives and duality. Trudy Mat. Inst. Steklov, 161

References
[1] L. Lagrange. Théorie des fonctions analytiques. Impr. de la République, Paris, 1797.
2]
1987.
3]
Soc., 2, no. 13 (1913), 43 — 49.
[4]
Math., 41 (1914), p. 68 — 72.
[5]
[6]
des dérivées d’une fonction. C. R. Séances Soc. Math., 207 (1938), 764 — 765.
7]
Szeged, Sect. Sci. Math., 10 (1941), 64 — 74.
[8] E.M. Stein, Functions of exponential type. Ann. Math., 65, no. 3 (1957), 582 — 592.
19]
Congress IFAC, Moscow, 1960, 510 — 519.
[10]
Mat. Zametki, 4, no. 2 (1968), 233 — 238 (in Russian).
[11]
3 (1969), 273 — 284 (in Russian).
[12]
Zametki, 6, no. 5 (1969), 573 — 582 (in Russian).
[13]
(1983), 183 — 194 (in Russian).
[14]

G.A. Kalyabin, Sharp constants in inequalities for intermediate derivatives (the Gabushin case).
Functional Analysis and its Applications, 38, no. 3 (2004), 184 — 191 (in Russian).

Vladimir Tikhomirov

Department of Mechanics and Mathematics
M.V. Lomonosov Moscow State University
Vorobyovy Gory

119992 Moscow, Russia

E-mail: vintikh@googlemail.com

Alexsandr Kochurov

Department of Mechanics and Mathematics
M.V. Lomonosov Moscow State University
Vorobyovy Gory

119992 Moscow, Russia

E-mail: kochurov@mech.math.msu.su

Received: 19.08.2011



