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BOKAYEV NURZHAN ADILKHANOVICH
(to the 70th birthday)

January 5, 2026, marks the 70th birthday of Nurzhan Adilkhanovich

Bokayev, Doctor of Physical and Mathematical Sciences (1996), Professor

\ (2002), member of the Editorial Board of the Eurasian Mathematical Jour-
nal (2010).

Nurzhan Adilkhanovich Bokayev was born on 5 January, 1956 in the vil-
lage of Urnek, Karabalyk District, Kostanay Region. He graduated in 1972,
with a gold medal from the Burlin Secondary School in the district. That
same year, he entered the Mathematics Department of Karaganda State Uni-
versity and graduated with honors in 1977. From 1978 to 1979, he served
in the Soviet Army. In 1980, he completed an internship, and from 1981 to
1984, he studied in the graduate program at Lomonosov Moscow State Uni-
versity in the Department of Function Theory and Functional Analysis. In
1985, he defended his candidate’s dissertation there under the supervision
of Corresponding Member of the Academy of Sciences of the USSR D.E.
Menshov and Professor V.A. Skvortsov. In 1996, he defended his doctoral dissertation, “Fourier
Coefficients and Uniqueness Theorems for Series in Generalized Walsh and Haar Systems”, at the
Institute of Mathematics of the Ministry of Education and Science of the Republic of Kazakhstan,
speciality Mathematical Analysis (01.01.01).

After completing his postgraduate studies, he worked as a lecturer, senior lecturer, associate
professor, and professor in the Department of Mathematical Analysis at E.A. Buketov Karaganda
State University (1985-1999). He headed the Department of Mathematics and Mathematical Mod-
eling (1996-1999), and was a dean of the Faculty of Mathematics at E.A. Buketov Karaganda State
University (1999-2005). Since 2005, he has been a professor in the Faculty of Mechanics and Math-
ematics at the L.N. Gumilyov Eurasian National University. From 2009 to 2018, he was the Head
of the Department of Higher Mathematics at the L.N. Gumilyov Eurasian National University, and
from 2018 to the present, he has been a professor in the Department of Fundamental Mathematics.

Professor Bokaev’s research focuses on problems in function theory and functional analysis, the
theory of orthogonal series for generalized Walsh and Haar systems, and operator theory in various
function spaces. He has proved renewal and uniqueness theorems for series with respect to peri-
odic multiplicative systems and Haar-type systems, and constructed continual sets of uniqueness
(U-sets) and sets of non-uniqueness (M-sets) for multiplicative systems. He obtained conditions for
functions to belong to various functional classes in terms of the Fourier coefficients of generalized
Haar and Walsh systems, and embedding criteria for Nikol’skii-Besov spaces constructed on the
basis of multiplicative systems. He also obtained conditions for the boundedness and compactness
of the commutator of the Riesz potential in general Morrey-type spaces, and conditions for bound-
edness of generalizedRiesz and Bessel potentials and generalized fractional-maximal operators in
rearrangement-invariant spaces.

His co-authors include Professor V.A. Skvortsov (Moscow State University, Moscow), Professors
V.I. Burenkov and M.L. Goldman (Peoples’ Friendship University of Russia (RUDN University).
Moscow), Dr. A. Gogatishvili (Institute of Mathematics of the Czech Academy of Sciences, Prague).
His doctoral students’ foreign advisors include Professors W. Sickel (Friedrich-Schiller-Universitity,
Jena, Germany), Massimo Lanza de Cristoforis (University of Padova, Padova, Italy), V. Ruzhansky
(Ghent University, Ghent, Belgium), U. Goginava (United Arab Emirates University, Al Ain, United
Arab Emirates), and E. Panakhov (Institute of Applied Mathematics at Baku State University, Baku,
Azerbaijan).

Under his supervision, 15 dissertations (4 candidate’s and 11 PhD) were defended. He has
published over 220 scientific papers, 2 monographs and 2 textbooks.




He is a three-time recipient of the state grant “Best University Teacher” of the Republic of
Kazakhstan (2006, 2010, 2024) and served as Vice President of the Mathematical Society of Turkic-
Speaking Countries (2014-2023). He was awarded the “For Contribution to the Development of
Science” badge (2022).

Over the last ten years, he has been and continues to be a head of more than 5 national and
international funded projects.

The Editorial Board of the Eurasian Mathematical Journal, his friends and colleagues cordially
congratulate Nurzhan Adilkhanovich on the occasion of his 70th birthday and wish him good health,
happiness and new achievements in mathematics and mathematical education.
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GENERALIZATIONS OF HARDY-TYPE INTEGRAL INEQUALITIES
FOR QUASIMONOTONE FUNCTIONS IN WEIGHTED
VARIABLE EXPONENT LEBESGUE SPACES

M. Sofrani, A. Senouci

Communicated by V.I. Burenkov

Key words: inequalities, quasi-monotone function, Hardy operators, variable exponent.
AMS Mathematics Subject Classification: 35J20, 35J25.

Abstract. In 1992 V.I. Burenkov proved some Hardy’s inequalities with sharp constants in Lebesgue
spaces for monotone functions for 0 < p < 1. Later R.A. Bandaliev established analogous estimates
in weighted variable exponent Lebesgue spaces for monotone functions for 0 < p(z) < ¢(z) < 1.
In 2020 A. Senouci and A. Zanou generalized the results of R.A. Bandaliev for quasi-monotone
functions. The aim of this paper is to obtain some generalizations of the previous results cited above
for weighted Hardy operators by introducing a parameter o € R. Moreover, by using the quasi-
norms || fopT(T)(Q) introduced by V.I. Burenkov and T.V. Tararykova, we obtain an improvement of
constants in our previous estimates.

DOI: https://doi.org/10.32523/2077-9879-2026-17-1-91-99

1 Introduction

For the first time the variable exponent Lebesgue space appeared in the literature already in the
thirties of the last century, being introduced by W. Orlicz. At the beginning these spaces had
theoretical interest. Later, at the end of the last century, their first use beyond the function spaces
theory itself, was in variational problems and studies of p(x)-Laplacian (see Zhikov [11], [12]) which
in its turn gave an essential impulse for the development of this theory. The extensive investigation of
these spaces was also widely stimulated by applications to various problems of applied mathematics,
e.g., in modelling of electrorheological fluids [8].

The variable exponent Lebesgue spaces LP®) for p(x) > 1 appeared in the literature for the first
time in [7]. Further developement of this theory was connected with the theory of modular functions.

Many investigations are devoted to the problem of boundedness of the Hardy operator in the
Lebesgue spaces LP®) for p(z) > 1 (see for example [1]). However, investigations of the Hardy
inequality in the variable exponent Lebesgue spaces LP(*) for 0 < p(x) < 1 are much less known.

It is well known that for L,-spaces with 0 < p < 1, the Hardy inequalities are not satisfied for
arbitrary non-negative measurable functions, but are satisfied for non-negative monotone functions
(for more details see [5]). The aim of this work is to obtain weighted inequalities for the Hardy
operators acting from one weighted variable exponent Lebesgue space Lyz)w,(2)(0,00) to another
weighted variable exponent Lebesgue space Lg(z) w,(z)(0,00) for 0 < p(x) < g(x) < 1, for functions
defined on (0,00) and satisfying conditions of the quasi-monotonicity. Some results obtained in
[10] are generalized. Moreover, by using the quasi-norms Hfomew(z) introduced by V.I. Burenkov
and T.V. Tararykova (for more details see [4]) and a new parameter o, we establish some weighted
inequalities for the same operators with improved constants.
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2 Preliminaries

In this section, we state definitions, lemmas, corollaries and theorems that are useful in the proofs
of main results. Let R™ be the n-dimensional Euclidean space of points x = (x1,za,...,z,), € be
a Lebesgue measurable subset of R™”. Suppose that p is a Lebesgue measurable function on €2 such
that 0 < p(x) < coVax € Q, and w is a weight function, that is a positive Lebesgue measurable
function on €.

Definition 1. Let p be a Lebesgue measurable function, 0 < p(x) < oo forallz € Q. By Lyz) w(z)(€2)
we denote the set of all Lebesgue measurable functions f on €2 such that

i) = [ (F@R(@) s < . 1)

Note that the expression

p(z)
gt = > 05 [ (Y0, <y (2.2

defines a quasi-norm on Ly w@)(2). Lp@)w@ () is a quasi-Banach space equipped with this
quasi-norm (see [9]).

In Definition 1, the case p(z) = oo is not considered. For w(x) = 1 definitions, including this
case, were Con81dered by O. Kovachik, J. Rakosnik (quasi-norm Hf|| @) ) and V.I. Burenkov, T.V.

Tararykova (quasi-norm || f|#% ( )(Q)) (see [6] and [4], respectlvely) We shall use the quasi-norm
based on the definition given in [4].

Definition 2. Let Q be a Lebesgue measurable subset of R", p(z) : Q@ — (0,00], f : @ — C,

Lebesgue measurable functions on Q. Following [4], we say that f € L]T) . (Q) if

w p(x)
IAIZ) ) @ inf{A>0; /Q<|f< )A| @ >> dxgl} < oo. (2.3)

p(z)
If L@@ -9 anq p(z) = oo, then it is assumed that (W) = 0.

p(x)
If L@@ 1 apnd p(z) = oo, then it is assumed that (M) = 00.

Remark 1. Note that Lf(g)(Q) is a quasi-normed space with the quasi-norm HfHme oy (@) (norm

if p(z) > 1).

Clearly, if p(z) < oo Vz € Q, then || f||FT o () = [FA I P—rr

w(x)
The following statement is known (see [1]).
Lemma 2.1. Let €y C R", Q5 C R™ be measurable sets, p be a Lebesgue measurable function on €2y

and q be a Lebesgue measurable function on Qy, 1 < p < p(zr) < q(y) <G < oo for all z € Q; CR"
andy € Qo CR™. If pe C(y), q € C(Sy), then the inequality

1712000 (2.4)

<C
Lq(m)(QQ) P

11200y 22

p(a:) (Ql)

15 valid, where

D
Cra = (sl + Dol + 4+ E) (Ul + sl (25)
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p =essinfg(x), p =esssupq(z), ¢ =essinfg(x), § = esssupq(z),
- Q1 0 - Q2 Qo

Ay ={(z,y) € Q1 x Q; p(x) = q(y)}, Ay = (1 x D)\A,
C(£21), C(Q22) are the spaces of continuous functions in Qy, Qg and f: Qy x Qs — R is any Lebesgue

< oQ.
p(x) (Ql)

measurable function such that H [RATNES

The following definition was introduced in [3].

Definition 3. We say that a non-negative function f is quasimonotone on ]0, o], if for some real
number a, x®f(x) is a decreasing or an increasing function of z. More precisely, given § € R, we say
that f € Qg if only if 277 f(x) is non-increasing and f € Q” if only if 277 f(z) is non-decreasing.

The following theorems were proved in [10].

Theorem 2.1. Let p,q be Lebesgue measurable functions on (0,00), 0 < p < p(z) < q(z) <7< 1,

r(z) = ppp( , Jor x € (0,00), 8 > —1. Suppose thalt wy and we are weight functions defined on

(0, 00).
1) If f € Qp, then the inequality

||

HHfHLq(t),wQ(ac)(Ovoo) S 222 (/8 + 1) P Cpaqdp w1< ) ‘ r(z) OOO HfHLP(JC)awl(W)(O’OO) (26)
holds.
2) f € QP, then the inequality
HHfHLq(r) w2 OO)
[fy# (@541 — o)) 2

1 é
< p* (B+1) ¥ Cpady

q(x) (y,oo) ‘

w1 (I’) )HfHLp(w),wl(x)(O’oo) (27)

1 X
= ;/0 f(y)dy,

p P
Cpa = (Ixllimtoms + Ixsalliom + (24 ) ) (I lenioo + st

r(z) (0700

holds, where

S1={r € (0,00): p(x)=p}, So = (0,00)\S1 and

IS =

p_
d, = (1+—p +H><SIHLOOOOO)

Theorem 2.2. Let p,q Lebesgue measurable functions on (0,00), 0 < p < p(z) < q(z) <7< 1,

r(z) = p]ZL for x € (0,00) and f = —1. Suppose that wy and wy are weight functions defined on

(0,00).
1) If f € Q_1, then the inequality

—%1 t\ 57 (| w2 (@)

w ()

HH*fHLq(w), HfHLp(w),wl(w)(QOO) (28)

T PgTp

L1(:c) (O’OO)

holds.
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2) If f € Q7', then the inequality
1
1 t7 (Int )7 122 o)
HH-fHLq(z),wQ(z)(ano) S Z_jgcpvq P wl(x) ‘ LT<I>(07OO)H‘f|’LP(I>,W1(Z)(O,OO) (29)
holds.
In (2.8) - (2.9)
/ f®dt, (H*f / f(@)

and Cp, , d, are the constants in Theorem 2.1.

The following proposition was proved in [3].
Proposition 2.1. (a) Let —oo < f < o0, fe€ Qs 0<a<b<ooforf>—-1land 0 <a<b<oo

for < —1.
If 0<p<1 and B # —1, then

(/:f(y)dy>,, <pls+1 [

—1, then

</abf(y)dy)p < p/ab (y ln%>p_1 [P (y)dy.

The inequalities hold in the reversed direction if 1 <p < oo
(b) Let —co < B <oo, fe@andd<a<b<oo for B<—-1land0<a<b<oo for

B>l
If 0<p<1 and [ # —1, then

(/abﬂy)dy)p <ol +1p

If 0<p<1andp=-1, then

</abf(y)dy)p < p/ab (y 1n§)p1 2 (y)dy.

The inequalities hold in the reversed direction if 1 < p < o0
(c¢) The constants in these inequalities are the best possible in all cases

b |y5+1_a5+1| p—1
(Y g o

If 0<p<1andp=
(2.11)

b B+l _ pB+1 p—1
<|yy—5|) [P (y)dy. (2.12)

(2.13)

We note the following special cases of Proposition 2.1 which are useful in the proofs of main
results. If we set a = 0 and b = x in (2.10) and assume that f is nonnegative and w € Q%, then we

get for.O < x <00
(/Ox f(y)yaw(y)dy)p < (z7w(z (/ fly dy)

< p(B + 1)1 PP (2)aeP / () dy

0

Corollary 2.1. Let 0 <p <1, 0<x < 0.
(@) If B> -1, fe€ Qs weQ™, a R, then

( Ox f<y>y—%<y>dy)p < p(B + 1)\ PP (a)ae / " )y (2.14)
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(b) If B<—1, f€QP, weEQ,, acR, then

(m ﬂwyﬂmmmgpSpw+1rﬂf@Mﬂwémw4ﬂ<>

(2.15)
() If B> -1, f€QP, weQ* acR, then

p T
—a — —« — -1
(/ FW)y w(y)dy> <p(B+ 1) e (2)z ”/ [y (7 =y )] Py (216)
0 0
The estimates (2.15) and (2.16) are proved similarly by putting a =z, b =00 and a =0, b=z
n (2.12).

If we take a = x, b = oo and @ = 0, b = z in (2.11) and (2.13) respectively, we obtain the
following corollary.

Corollary 2.2. Let0<p<1,p=-1,a0a€eR, 0<zx <
1) If w € Q., then

( /x ) f (y)y‘“w(y)dy)p < () /:o (

$>p_l fP(y)dy. (2.17)
2) If w € Q%, then

( /0 s (y)y“"w(y)dy>p < pu(z)ze" /Om < z

(2.18)
The following theorem was proved in [4]

Theorem 2.3. Let Q2 C R" be a Lebesgue measurable set; p,q: Q2 — (0,00], f: Q — C, Lebesgue
measurable functions, such that

1) for allz € Q0 < p(x) < q(x) < ooy

2) r(z) = 2R if p) < g(z) < oo, 1(z)
p(x) = q(x);

p(x), if p(z) <

q(z) = oo, and r((z) = oo, if
3) m= eszsi)nf%, M = ess %up Z% p= eszgznfp( ).
€T TE x
If p>0, then
IFGET < (14 M = m)2IF1ET g2 (2.19)
for all f € qug (Q) and g € LT]?(E)(Q)

1
Remark 2. The constant (1 + M — m)? in inequality (2.19) is an improvement of the constant in
Corollary 2.1 of [2|, with A=M,B=1—

If the functions p, g satisfy the conditions of Theorem 2.3, f is replaced by fws and g =
Theorem 2.3, we obtain the following corollary

“L in
2

Corollary 2.3. Suppose that Q@ C R™ is a Lebesque measurable set, then the inequality (2.19) takes

the form

IFIZ)

w1 (IL‘) BT

wo()

1
Lp(), UJ1(ﬂv) <1 ™ M- m>2

r(xz)
BT w
for every f € Lq(x)m(m)(Q) and > € L

) ()
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3 Main results

Let w be a weight function on (0,00) and a € R.
Consider the weighted Hardy operators

Hw,a == ¢ (y)d% (OAS Rv

(Hiof / Fy)y = w(y)dy,

where W (x fo y “w(y)dy, y > 0 and f is a non-negative Lebesgue measurable function on
(0, 00).
Note that for w(y) = 1, and a = 0, the H,, , and H} , are the usual Hardy operators H and H*.

Theorem 3 1. Let p,q be Lebesgue measurable functions on (0,00), 0 < p < p(x) < q(x) <g <1,

r(z) = p(z p, for x € (0,00), B> —1, f € Qp, « € R, and w € Q*. Suppose that wy and wy are
weight functions defined on (0,00).
Then, the inequality

”H"%afHLq(z),LuQ(z) (0700)

yv || 2t 2|
CEO‘W L z)(yoo)

w1 (I) Ly(a) (0,00)

holds, where C,, ,, M and m are the constants in Theorems 2.1, 2.3 respectively.

\'U\»—A

PB4+ 1) 7 Cpy(1+ M —m)?

Proof. Taking in account Remark 2.1 and by applying Corollary 2.1 and inequality (2.14) with p = p,
we get

wo(w) [* _
Hw a o0) — Hw a c0) — H / “wd ‘

Lg(2)(0,00)
B _Aflwel()w(x z %
e ) </0 FE)edy ) () (0,00)
Let ( ) ( ) T )
wolT)w(x ) ,
= ”—</ )Pl d )7 |
1 W (x) o fE(W)y Y .
then,
= H(/OO F2(¥) X0 () [M}pyp_ldyﬂ
1 (0,x) ,CECYW(.T) L (0)

_H / THX )[#((? pyp_ldy)qu<z>(o,oo)

- H‘ fg(y)X(o,x)(y)[ m)w(x)} yg—l)

W (z)
Now, one can use Lemma 2.1 and get that

K < Cp,q< /0 ) H[fﬂ(y)]xm,z)(y) [—W;aﬁig)}pyﬂ

L1(0,00)
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= Cpyq ( /Oo" ey HX(M) (y) [M]p

(SAT

dy)
L 4(x) (0,00)
P

z*W (z)
> ws(z)w(z) >
e e )
PN o W) oW (@) 2,000
1 || wa(z)w(z)
= Cpg| f(y)y7 —’ ’ :
ba||F(¥) W () Ly (w,00) 1 L(0,00)
Let
o= [row? P )
W () 1Ly (y,00) 1 Lp(0,00)
Finally, applying Corollary 2.3, we have
g7 (LG BT
Ko< (1+M— ) e .
2 = ( + m) w1($) ,.(w>(0,oo)||f”Lp<I)’W1(I)(O7 )
consequently,
1 -1 HH af/VQZ)HL() o) || BT
pr 1) 7Cyy(1+M—m)z = ’ 00)-

U

Remark 3. Note that (1+M — m)” < d,. Since, under the assumptions of Theorem 3.1, || f||F* =

p(x)

1 £z, (), if we take o = 0, w(x) = 1 in inequality (3.1), we get inequality (2.6) of Theorem 2 1
with an improved constant. Moreover, by putting 5 = 0, we get Theorem 3.1 of [2].

By applying Corollary 2.1, inequality (2.15), the following theorem is proved in a similar way.

Theorem 3 2. Let p,q be Lebesgue measurable functions on (0,00), 0 < p < p(z) <q(z) <g<1,
r(z) = p}zi -t forz € (0,00), B< -1, f€Q°, a€R, andw € Q. Suppose that wy and wy are
weight functions defined on (0,00). Then, the inequality

”HZ,afHLq(x),wQ(w) (O’OO)

,, () w(x)
1 _4i 1 ” AWz ||L @ 0y || BT
<pr|B+ 1 Chg(l+ M —m)? - - N 3.2
— ]_) |ﬁ + | P p,q( + m) wl(x) Lr<z)(0700)||f||Lp(z)7w1(:c)(0’ ) ( )

holds, where C,, and M, m are the constants in Theorem 3.1.
By using Corollary 2.1, inequality (2.16), the following theorem is proved similarly.

Theorem 3.3. Let p,q Lebesgue be measurable functions on (0,00), 0 < p < p(x) < q(r) <g <1,

r(z) = ppp( ?) , forz € (0,00), B> —1, f€Q°, a €R, and w € Q. Suppose that w, wy are weight

functions deﬁned on (0, 00).
Then, the inequality

-

-1
HH(.«),afHLq(z),w2(0,oo) S BE (6 + 1) v Cp,q(l —+ M — m)

I3 =

H ”[y_ﬁ(x/B—H - yB—H)] g w;‘ggi:/l/wx) HLq(l) ) ‘ .

wi () Lip(a)(0,00)

holds, where C,,, and M, m are the constants in Theorem 3.1.

HfHLp(x),wl(rc)(Ofoo) (33)
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Remark 4. Since, under the assumptions of Theorem 3.3, || f||5* = | fllz, @, if we take o = 0,

Lp(a)(©2
w(z) = 1 in inequality (3.3), we get inequality (2.7) of Theorem 2 1, with an improved constant.
Moreover, by putting 5 = 0, we get Theorem 3.2 of [2].

Remark 5. For constant p(x) = ¢(x) = p and wy(x) = we(z) = 2* and w(z) = 1, inequalities (3.1)
and (3.3) with sharp constants, were proved in [3] and if § = 0 earlier in [5].

Now we consider the case § = —1.

Theorem 3 4. Let p,q be Lebesgue measurable functions on (0,00), 0 < p < p(z) < q(z) <g <1,

r(z) = p(z for r € (0,00), f = —1, and a € R. Suppose that wy and wy are weight functions

defined on (O 00).
1) If f € Q1 and w € Q,, then the inequality

||H:J,af||Lq(z),w2(z) (0700)

1 1
t7 (In £)7 || =

1 1
S]_)BC'p,q(l—FM—m)B HLq(a:) 0,t)

BT
w1 (I’) L, (2)(0,00) ||f||Lp(z) wy (2)(0,00) (34)

holds.
2)If f € Q7' and w € Q°, then the inequality

||vaaf||Lq(z),WQ<I>(07oo)

L w2(x
1 (In )7 |22,

wl(x)

q(z)

1 1
< QEvaq(l + M —m)e

holds.

Proof. 1. By using inequality (2.17) with p = p, we obtain

HH:;,af||Lq(z),w2(z)(0700) = ||w2(x>H:),af”Lq(z)(0700) =

S ([ () )

- [SR8 ([ mty)

The rest is similar to the proof of Theorem 3.1.
2. We apply inequality (2.18) with p = p and the rest of the proof is similar to that of Theorem
3.1. O

IN
I3
7 I

Lq(z) (0700)
We put

SAE

Lq(z) (0,00)

Remark 6. Since, under the assumptions of Theorem 3.4, || | =[£Iz, () if We set o =0,

p(i)

w(z) = 1 in inequalities (3.4) and (3.5), we obtain inequalities (2.8) and (2.9), respectively, of
Theorem 2.2 with improved constants.

Acknowledgments

The authors are very grateful to Professor V.I. Burenkov for interesting discussions of this paper.



[1]

2]

131

4]

[5]

[6]

7]
18]

19]

[10]

[11]

[12]

Some integral inequalities for quasimonotone functions 99

References

R.A. Bandaliev, On an inequality in Lebesque space with mized norm and with variable summability. Matem.
Zametki 84 (2008), no. 3, 323-333 (in Russian). English translation in Math. Notes, 84 (2008), no. 3, 303-313.

R.A. Bandaliev, On Hardy-type inequalities in weighted variable exponent Lebesque spaces for 0<p<1. Eurasian
Math. Journal 4 (2013), no. 4, 5-16.

J. Bergh, V.I. Burenkov, L.-E. Persson, Best constants in reversed Hardy’s inequalities for quasimonotone func-
tions. Acta Sci. Math. (Szeged) 59 (1994), 223-241.

V.I. Burenkov, T.V. Tararykova, About Hélder’s inequality in Lebesque spaces with variable summability. Con-
temporary Mathematics. Fundamental Directions 67 (2021), no. 3, 472-482 (in Russian).

V.I. Burenkov, On the best constants in Hardy’s inequalities for 0<p<1 for monotone functions. Trudy Matem.
Inst. Steklov 194 (1992), 58-62 (in Russian). English translation in Proc. Steklov Inst. Math. 194 (1993), no. 4,
59-63.

0. Kovachik, J. Rakosnik, On spaces LP®) and W*?(*), Czechoslovak Math. J. 41 (1991), no. 4, 592-618.
W. Orlicz, Uber konjugierte Exponentenfolgen. Stud. Math. 3 (1931), 200-212.

M. Ruzicka, Electrorheological fluids : modeling and mathematical theory. Lecture Notes in Mathematics. 1748,
Springer, Berlin (2000).

S.G. Samko, Differentiation and integration of variable order and the variable exponent Lebesgue spaces, Proc.
Inter. Conf. "Operator theory for complex and hypercomplex analysis", Mexico, 1994, Contemp. Math. 212
(1998), 203-219.

A. Senouci, A. Zanou, Some integral inequalities for quasi-monotone functions in weighted variable exponent
Lebesgue spaces with 0 < p(z) < 1. Eurasian Math. Journal 4 (2020), no. 4, 58-65.

V.V. Zhikov, Averaging of functionals of the calculus of variations and elasticity theory. Izv. Akad. Nauk SSSR
Ser. Matem. 50 (1986), 675-710, (in Russian). English translation in Math. USSR, Izv. 29 (1987), 33-66.

V.V. Zhikov, On some variational problems. Russian J. Math. Phys. 5 (1997), no. 1, 105-116.

Abdelkader Senouci, Mohammed Sofrani
Department of Mathematics

Laboratory of Informatics and Mathematics
University of Tiaret,

Zaaroura 14000, Algeria

e-mails: kamer295@yahoo.fr, aissamalik@yahoo.fr

Received: 24.09.2024



EURASIAN MATHEMATICAL JOURNAL
2026 — Tom 17, Ne 1 — Acrana: EHY. — 100 c.
[Toanucano B nedarb 30.03.2025 r. Tupax — 40 3K3.

Anpec pepakiun: 010008, Acrana, yn. Kaxbimykan, 13,
EBpazniickuii HanmoHaabHBINA yHEBepcuTeT uMenu JI.H. ['ymuena,
kopiyc Ne 3, kab. 306a.

Ten.. +7-7172-709500, nobaBounblit 33312.

Jnzaitn: K. Bynan

Otrneuarano B tunorpadpun EHY umenn JI.H. I'ymunesa

(©  Espaswmiickuit narmonanbubtit yausepcurer umenn JI.H. Dyvuiesa

BaperucTpupoBaHO
MunucrepcrBom undopmarum u odimecTBeHHOro pa3sutus Pecnybinku Kazaxcram.
CBueTeIbCTBO O MMOCTAHOBKE HAa MepeydeT MeYaTHOTO W3IaHWS
Ne KZ30VPY00032663 or 19.02.2021 r.
(Jdara u Homep mepBuuHOl mocranoBku Ha yuer: Ne 10330 — 2K or 25.09.2009 r.)



	Страница 1
	Introduction
	Preliminaries
	Main results

