
E U R A S I A N
M A T H E M A T I C A L
J O U R N A L

E U R A S I A N
M A T H E M A T I C A L
J O U R N A L

Astana

Almaty

RUSSIA

KAZAKHSTAN

VOLUME 17, NUMBER 1

 ISSN (Print): 2077-9879
ISSN (Online): 2617-2658

EURASIAN MATHEMATICAL JOURNAL
volume 17 ,  number 1,  2026

2026

CONTENTS

Bokayev Nurzhan Adilkhanovich  (to the 70th birthday) ……………………………......8

Sh.A. Ayupov, M.R. Eshimbetov, A.A. Zaitov
Hölder inequality on the space of upper semicontinuous functions…………………...10

A. Frakis, F. Kittaneh, S. Soltani
p-numerical radius inequalities for the tensor product of operators…………………...23

V.S. Guliyev, A. Akbulut, M.N. Omarova, A. Serbetci
Adams theorem for the B-Riesz potential in the total B-Morrey spaces……………....33

J.G. Jumabayeva, E.D. Nursultanov
Anisotropic Morrey-type spaces and their interpolation properties…………………...47

Zh. Mukanov, A. Sharafudinov, R. Takhanov, A. Bekembayev
Combining unsupervised dimension reduction with sufficient dimension reduction…58

Zh. Sartabanov
Reducibility to multiperiodic linear systems with a diagonal differentiation operator and 
its application to conditionally periodic systems ……………………………….............77

M. Sofrani, A. Senouci
Generalizations of Hardy-type integral inequalities for quasimonotone functions in 
weighted variable exponent Lebesgue spaces……………………………………91



ISSN (Print): 2077-9879

ISSN (Online): 2617-2658

Eurasian

Mathematical

Journal

2026, Volume 17, Number 1

Founded in 2010 by

the L.N. Gumilyov Eurasian National University

in cooperation with

the M.V. Lomonosov Moscow State University

the Peoples' Friendship University of Russia (RUDN University)

the University of Padua

Starting with 2018 co-funded

by the L.N. Gumilyov Eurasian National University

and

the Peoples' Friendship University of Russia (RUDN University)

Supported by the ISAAC

(International Society for Analysis, its Applications and Computation)

and

by the Kazakhstan Mathematical Society

Published by

the L.N. Gumilyov Eurasian National University

Astana, Kazakhstan



EURASIAN MATHEMATICAL JOURNAL

Editorial Board

Editors�in�Chief

V.I. Burenkov, M. Otelbaev, V.A. Sadovnichy

Vice�Editors�in�Chief

R. Oinarov, K.N. Ospanov, T.V. Tararykova

Editors

Sh.A. Alimov (Uzbekistan), H. Begehr (Germany), T. Bekjan (Kazakhstan), O.V. Besov (Russia),
N.K. Bliev (Kazakhstan), N.A. Bokayev (Kazakhstan), A.A. Borubaev (Kyrgyzstan), G. Bour-
daud (France), A. Caetano (Portugal), A.D.R. Choudary (Pakistan), V.N. Chubarikov (Russia),
A.S. Dzhumadildaev (Kazakhstan), V.M. Filippov (Russia), H. Ghazaryan (Armenia), V. Gold-
shtein (Israel), V. Guliyev (Azerbaijan), D.D. Haroske (Germany), A. Hasanoglu (Turkey), M. Hux-
ley (Great Britain), P. Jain (India), T.Sh. Kalmenov (Kazakhstan), B.E. Kangyzhin (Kazakhstan),
K.K. Kenzhibaev (Kazakhstan), S.N. Kharin (Kazakhstan), E. Kissin (Great Britain), V.I. Ko-
rzyuk (Belarus), A. Kufner (Czech Republic), L.K. Kussainova (Kazakhstan), P.D. Lamberti
(Italy), M. Lanza de Cristoforis (Italy), F. Lanzara (Italy), V.G. Maz'ya (Sweden), K.T. Myn-
bayev (Kazakhstan), E.D. Nursultanov (Kazakhstan), I.N. Parasidis (Greece), J. Pe�cari�c (Croa-
tia), S.A. Plaksa (Ukraine), L.-E. Persson (Sweden), E.L. Presman (Russia), M.A. Ragusa (Italy),
M. Reissig (Germany), M. Ruzhansky (Great Britain), M.A. Sadybekov (Kazakhstan), S. Sagitov
(Sweden), T.O. Shaposhnikova (Sweden), A.A. Shkalikov (Russia), V.A. Skvortsov (Russia), G. Sin-
namon (Canada), V.D. Stepanov (Russia), Ya.T. Sultanaev (Russia), D. Suragan (Kazakhstan),
I.A. Taimanov (Russia), J.A. Tussupov (Kazakhstan), U.U. Umirbaev (Kazakhstan), N. Vasilevski
(Mexico), Dachun Yang (China), B.T. Zhumagulov (Kazakhstan)

Managing Editor

A.M. Temirkhanova

c© The L.N. Gumilyov Eurasian National University



Aims and Scope

The Eurasian Mathematical Journal (EMJ) publishes carefully selected original research papers
in all areas of mathematics written by mathematicians, principally from Europe and Asia. However
papers by mathematicians from other continents are also welcome.

From time to time the EMJ publishes survey papers.
The EMJ publishes 4 issues in a year.
The language of the paper must be English only.
The contents of the EMJ are indexed in Scopus, Web of Science (ESCI), Mathematical Reviews,

MathSciNet, Zentralblatt Math (ZMATH), Referativnyi Zhurnal � Matematika, Math-Net.Ru.
The EMJ is included in the list of journals recommended by the Committee for Control of

Education and Science (Ministry of Education and Science of the Republic of Kazakhstan) and in
the list of journals recommended by the Higher Attestation Commission (Ministry of Education and
Science of the Russian Federation).

Information for the Authors

Submission. Manuscripts should be written in LaTeX and should be submitted electronically in
DVI, PostScript or PDF format to the EMJ Editorial O�ce through the provided web interface
(www.enu.kz).

When the paper is accepted, the authors will be asked to send the tex-�le of the paper to the
Editorial O�ce.

The author who submitted an article for publication will be considered as a corresponding author.
Authors may nominate a member of the Editorial Board whom they consider appropriate for the
article. However, assignment to that particular editor is not guaranteed.

Copyright. When the paper is accepted, the copyright is automatically transferred to the EMJ.
Manuscripts are accepted for review on the understanding that the same work has not been already
published (except in the form of an abstract), that it is not under consideration for publication
elsewhere, and that it has been approved by all authors.

Title page. The title page should start with the title of the paper and authors' names (no degrees).
It should contain the Keywords (no more than 10), the Subject Classi�cation (AMS Mathematics
Subject Classi�cation (2010) with primary (and secondary) subject classi�cation codes), and the
Abstract (no more than 150 words with minimal use of mathematical symbols).

Figures. Figures should be prepared in a digital form which is suitable for direct reproduction.
References. Bibliographical references should be listed alphabetically at the end of the article.

The authors should consult the Mathematical Reviews for the standard abbreviations of journals'
names.

Authors' data. The authors' a�liations, addresses and e-mail addresses should be placed after
the References.

Proofs. The authors will receive proofs only once. The late return of proofs may result in the
paper being published in a later issue.

O�prints. The authors will receive o�prints in electronic form.



Publication Ethics and Publication Malpractice

For information on Ethics in publishing and Ethical guidelines for journal publication see
http://www.elsevier.com/publishingethics and http://www.elsevier.com/journal-authors/ethics.

Submission of an article to the EMJ implies that the work described has not been published
previously (except in the form of an abstract or as part of a published lecture or academic thesis or as
an electronic preprint, see http://www.elsevier.com/postingpolicy), that it is not under consideration
for publication elsewhere, that its publication is approved by all authors and tacitly or explicitly
by the responsible authorities where the work was carried out, and that, if accepted, it will not be
published elsewhere in the same form, in English or in any other language, including electronically
without the written consent of the copyright-holder. In particular, translations into English of papers
already published in another language are not accepted.

No other forms of scienti�c misconduct are allowed, such as plagiarism, falsi�cation, fraudulent
data, incorrect interpretation of other works, incorrect citations, etc. The EMJ follows the Code
of Conduct of the Committee on Publication Ethics (COPE), and follows the COPE Flowcharts
for Resolving Cases of Suspected Misconduct (http://publicationethics.org/�les/u2/NewCode.pdf).
To verify originality, your article may be checked by the originality detection service CrossCheck
http://www.elsevier.com/editors/plagdetect.

The authors are obliged to participate in peer review process and be ready to provide corrections,
clari�cations, retractions and apologies when needed. All authors of a paper should have signi�cantly
contributed to the research.

The reviewers should provide objective judgments and should point out relevant published works
which are not yet cited. Reviewed articles should be treated con�dentially. The reviewers will be
chosen in such a way that there is no con�ict of interests with respect to the research, the authors
and/or the research funders.

The editors have complete responsibility and authority to reject or accept a paper, and they will
only accept a paper when reasonably certain. They will preserve anonymity of reviewers and promote
publication of corrections, clari�cations, retractions and apologies when needed. The acceptance of
a paper automatically implies the copyright transfer to the EMJ.

The Editorial Board of the EMJ will monitor and safeguard publishing ethics.



The procedure of reviewing a manuscript, established
by the Editorial Board of the Eurasian Mathematical Journal

1. Reviewing procedure
1.1. All research papers received by the Eurasian Mathematical Journal (EMJ) are subject to

mandatory reviewing.
1.2. The Managing Editor of the journal determines whether a paper �ts to the scope of the EMJ

and satis�es the rules of writing papers for the EMJ, and directs it for a preliminary review to one
of the Editors-in-chief who checks the scienti�c content of the manuscript and assigns a specialist
for reviewing the manuscript.

1.3. Reviewers of manuscripts are selected from highly quali�ed scientists and specialists of the
L.N. Gumilyov Eurasian National University (doctors of sciences, professors), other universities of
the Republic of Kazakhstan and foreign countries. An author of a paper cannot be its reviewer.

1.4. Duration of reviewing in each case is determined by the Managing Editor aiming at creating
conditions for the most rapid publication of the paper.

1.5. Reviewing is con�dential. Information about a reviewer is anonymous to the authors and
is available only for the Editorial Board and the Control Committee in the Field of Education and
Science of the Ministry of Education and Science of the Republic of Kazakhstan (CCFES). The
author has the right to read the text of the review.

1.6. If required, the review is sent to the author by e-mail.
1.7. A positive review is not a su�cient basis for publication of the paper.
1.8. If a reviewer overall approves the paper, but has observations, the review is con�dentially

sent to the author. A revised version of the paper in which the comments of the reviewer are taken
into account is sent to the same reviewer for additional reviewing.

1.9. In the case of a negative review the text of the review is con�dentially sent to the author.
1.10. If the author sends a well reasoned response to the comments of the reviewer, the paper

should be considered by a commission, consisting of three members of the Editorial Board.
1.11. The �nal decision on publication of the paper is made by the Editorial Board and is

recorded in the minutes of the meeting of the Editorial Board.
1.12. After the paper is accepted for publication by the Editorial Board the Managing Editor

informs the author about this and about the date of publication.
1.13. Originals reviews are stored in the Editorial O�ce for three years from the date of publi-

cation and are provided on request of the CCFES.
1.14. No fee for reviewing papers will be charged.

2. Requirements for the content of a review
2.1. In the title of a review there should be indicated the author(s) and the title of a paper.
2.2. A review should include a quali�ed analysis of the material of a paper, objective assessment

and reasoned recommendations.
2.3. A review should cover the following topics:
- compliance of the paper with the scope of the EMJ;
- compliance of the title of the paper to its content;
- compliance of the paper to the rules of writing papers for the EMJ (abstract, key words and

phrases, bibliography etc.);
- a general description and assessment of the content of the paper (subject, focus, actuality of

the topic, importance and actuality of the obtained results, possible applications);
- content of the paper (the originality of the material, survey of previously published studies on

the topic of the paper, erroneous statements (if any), controversial issues (if any), and so on);
- exposition of the paper (clarity, conciseness, completeness of proofs, completeness of biblio-

graphic references, typographical quality of the text);



- possibility of reducing the volume of the paper, without harming the content and understanding
of the presented scienti�c results;

- description of positive aspects of the paper, as well as of drawbacks, recommendations for
corrections and complements to the text.

2.4. The �nal part of the review should contain an overall opinion of a reviewer on the paper
and a clear recommendation on whether the paper can be published in the Eurasian Mathematical
Journal, should be sent back to the author for revision or cannot be published.



Web-page

The web-page of the EMJ is www.emj.enu.kz. One can enter the web-page by typing Eurasian
Mathematical Journal in any search engine (Google, Yandex, etc.). The archive of the web-page
contains all papers published in the EMJ (free access).

Subscription

Subscription index of the EMJ 76090 via KAZPOST.

E-mail

eurasianmj@yandex.kz

The Eurasian Mathematical Journal (EMJ)
The Astana Editorial O�ce
The L.N. Gumilyov Eurasian National University
Building no. 3
Room 306a
Tel.: +7-7172-709500 extension 33312
13 Kazhymukan St
010008 Astana, Republic of Kazakhstan

The Moscow Editorial O�ce
The Patrice Lumumba Peoples' Friendship University of Russia
(RUDN University)
Room 473
3 Ordzonikidze St
117198 Moscow, Russian Federation



BOKAYEV NURZHAN ADILKHANOVICH

(to the 70th birthday)

January 5, 2026, marks the 70th birthday of Nurzhan Adilkhanovich
Bokayev, Doctor of Physical and Mathematical Sciences (1996), Professor
(2002), member of the Editorial Board of the Eurasian Mathematical Jour-
nal (2010).

Nurzhan Adilkhanovich Bokayev was born on 5 January, 1956 in the vil-
lage of Urnek, Karabalyk District, Kostanay Region. He graduated in 1972,
with a gold medal from the Burlin Secondary School in the district. That
same year, he entered the Mathematics Department of Karaganda State Uni-
versity and graduated with honors in 1977. From 1978 to 1979, he served
in the Soviet Army. In 1980, he completed an internship, and from 1981 to
1984, he studied in the graduate program at Lomonosov Moscow State Uni-
versity in the Department of Function Theory and Functional Analysis. In
1985, he defended his candidate's dissertation there under the supervision
of Corresponding Member of the Academy of Sciences of the USSR D.E.

Menshov and Professor V.A. Skvortsov. In 1996, he defended his doctoral dissertation, �Fourier
Coe�cients and Uniqueness Theorems for Series in Generalized Walsh and Haar Systems�, at the
Institute of Mathematics of the Ministry of Education and Science of the Republic of Kazakhstan,
speciality Mathematical Analysis (01.01.01).

After completing his postgraduate studies, he worked as a lecturer, senior lecturer, associate
professor, and professor in the Department of Mathematical Analysis at E.A. Buketov Karaganda
State University (1985-1999). He headed the Department of Mathematics and Mathematical Mod-
eling (1996-1999), and was a dean of the Faculty of Mathematics at E.A. Buketov Karaganda State
University (1999-2005). Since 2005, he has been a professor in the Faculty of Mechanics and Math-
ematics at the L.N. Gumilyov Eurasian National University. From 2009 to 2018, he was the Head
of the Department of Higher Mathematics at the L.N. Gumilyov Eurasian National University, and
from 2018 to the present, he has been a professor in the Department of Fundamental Mathematics.

Professor Bokaev's research focuses on problems in function theory and functional analysis, the
theory of orthogonal series for generalized Walsh and Haar systems, and operator theory in various
function spaces. He has proved renewal and uniqueness theorems for series with respect to peri-
odic multiplicative systems and Haar-type systems, and constructed continual sets of uniqueness
(U-sets) and sets of non-uniqueness (M-sets) for multiplicative systems. He obtained conditions for
functions to belong to various functional classes in terms of the Fourier coe�cients of generalized
Haar and Walsh systems, and embedding criteria for Nikol'skii-Besov spaces constructed on the
basis of multiplicative systems. He also obtained conditions for the boundedness and compactness
of the commutator of the Riesz potential in general Morrey-type spaces, and conditions for bound-
edness of generalizedRiesz and Bessel potentials and generalized fractional-maximal operators in
rearrangement-invariant spaces.

His co-authors include Professor V.A. Skvortsov (Moscow State University, Moscow), Professors
V.I. Burenkov and M.L. Goldman (Peoples' Friendship University of Russia (RUDN University).
Moscow), Dr. A. Gogatishvili (Institute of Mathematics of the Czech Academy of Sciences, Prague).
His doctoral students' foreign advisors include Professors W. Sickel (Friedrich-Schiller-Universitity,
Jena, Germany), Massimo Lanza de Cristoforis (University of Padova, Padova, Italy), V. Ruzhansky
(Ghent University, Ghent, Belgium), U. Goginava (United Arab Emirates University, Al Ain, United
Arab Emirates), and E. Panakhov (Institute of Applied Mathematics at Baku State University, Baku,
Azerbaijan).

Under his supervision, 15 dissertations (4 candidate's and 11 PhD) were defended. He has
published over 220 scienti�c papers, 2 monographs and 2 textbooks.
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He is a three-time recipient of the state grant �Best University Teacher� of the Republic of
Kazakhstan (2006, 2010, 2024) and served as Vice President of the Mathematical Society of Turkic-
Speaking Countries (2014-2023). He was awarded the �For Contribution to the Development of
Science� badge (2022).

Over the last ten years, he has been and continues to be a head of more than 5 national and
international funded projects.

The Editorial Board of the Eurasian Mathematical Journal, his friends and colleagues cordially
congratulate Nurzhan Adilkhanovich on the occasion of his 70th birthday and wish him good health,
happiness and new achievements in mathematics and mathematical education.
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GENERALIZATIONS OF HARDY-TYPE INTEGRAL INEQUALITIES
FOR QUASIMONOTONE FUNCTIONS IN WEIGHTED

VARIABLE EXPONENT LEBESGUE SPACES

M. Sofrani, A. Senouci

Communicated by V.I. Burenkov
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AMS Mathematics Subject Classi�cation: 35J20, 35J25.

Abstract. In 1992 V.I. Burenkov proved some Hardy's inequalities with sharp constants in Lebesgue
spaces for monotone functions for 0 < p < 1. Later R.A. Bandaliev established analogous estimates
in weighted variable exponent Lebesgue spaces for monotone functions for 0 < p(x) ≤ q(x) < 1.
In 2020 A. Senouci and A. Zanou generalized the results of R.A. Bandaliev for quasi-monotone
functions. The aim of this paper is to obtain some generalizations of the previous results cited above
for weighted Hardy operators by introducing a parameter α ∈ R. Moreover, by using the quasi-
norms ‖f‖BTLp(x)(Ω) introduced by V.I. Burenkov and T.V. Tararykova, we obtain an improvement of

constants in our previous estimates.

DOI: https://doi.org/10.32523/2077-9879-2026-17-1-91-99

1 Introduction

For the �rst time the variable exponent Lebesgue space appeared in the literature already in the
thirties of the last century, being introduced by W. Orlicz. At the beginning these spaces had
theoretical interest. Later, at the end of the last century, their �rst use beyond the function spaces
theory itself, was in variational problems and studies of p(x)-Laplacian (see Zhikov [11], [12]) which
in its turn gave an essential impulse for the development of this theory. The extensive investigation of
these spaces was also widely stimulated by applications to various problems of applied mathematics,
e.g., in modelling of electrorheological �uids [8].

The variable exponent Lebesgue spaces Lp(x) for p(x) ≥ 1 appeared in the literature for the �rst
time in [7]. Further developement of this theory was connected with the theory of modular functions.

Many investigations are devoted to the problem of boundedness of the Hardy operator in the
Lebesgue spaces Lp(x) for p(x) ≥ 1 (see for example [1]). However, investigations of the Hardy
inequality in the variable exponent Lebesgue spaces Lp(x) for 0 < p(x) < 1 are much less known.

It is well known that for Lp-spaces with 0 < p < 1, the Hardy inequalities are not satis�ed for
arbitrary non-negative measurable functions, but are satis�ed for non-negative monotone functions
(for more details see [5]). The aim of this work is to obtain weighted inequalities for the Hardy
operators acting from one weighted variable exponent Lebesgue space Lp(x),w1(x)(0,∞) to another
weighted variable exponent Lebesgue space Lq(x),w2(x)(0,∞) for 0 < p(x) ≤ q(x) < 1, for functions
de�ned on (0,∞) and satisfying conditions of the quasi-monotonicity. Some results obtained in
[10] are generalized. Moreover, by using the quasi-norms ‖f‖BTLp(x),ω(x)

introduced by V.I. Burenkov

and T.V. Tararykova (for more details see [4]) and a new parameter α, we establish some weighted
inequalities for the same operators with improved constants.
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2 Preliminaries

In this section, we state de�nitions, lemmas, corollaries and theorems that are useful in the proofs
of main results. Let Rn be the n-dimensional Euclidean space of points x = (x1, x2, . . . , xn), Ω be
a Lebesgue measurable subset of Rn. Suppose that p is a Lebesgue measurable function on Ω such
that 0 < p(x) ≤ ∞ ∀ x ∈ Ω, and ω is a weight function, that is a positive Lebesgue measurable
function on Ω.

De�nition 1. Let p be a Lebesgue measurable function, 0 < p(x) <∞ for all x ∈ Ω. By Lp(x),ω(x)(Ω)
we denote the set of all Lebesgue measurable functions f on Ω such that

ρp(x),ω(x)(f) =

∫
Ω

(|f(x)|ω(x))p(x)dx <∞. (2.1)

Note that the expression

‖f‖Lp(x),ω(x)(Ω) = inf{λ > 0;

∫
Ω

( |f(x)|ω(x)

λ

)p(x)

dx ≤ 1} (2.2)

de�nes a quasi-norm on Lp(x),ω(x)(Ω). Lp(x),ω(x)(Ω) is a quasi-Banach space equipped with this
quasi-norm (see [9]).

In De�nition 1, the case p(x) = ∞ is not considered. For ω(x) = 1 de�nitions, including this
case, were considered by O. Kovachik, J. Rakosnik (quasi-norm ‖f‖KRLp(x)(Ω)) and V.I. Burenkov, T.V.

Tararykova (quasi-norm ‖f‖BTLp(x)(Ω)) (see [6] and [4], respectively). We shall use the quasi-norm

based on the de�nition given in [4].

De�nition 2. Let Ω be a Lebesgue measurable subset of Rn, p(x) : Ω → (0,∞], f : Ω → C,
Lebesgue measurable functions on Ω. Following [4], we say that f ∈ LBTp(x),ω(x)(Ω) if

‖f‖BTLp(x),ω(x)(Ω) = inf

{
λ > 0;

∫
Ω

(
|f(x)|ω(x)

λ

)p(x)

dx ≤ 1

}
<∞. (2.3)

If |f(x)|ω(x)
λ

< 1 and p(x) =∞, then it is assumed that
(
|f(x)|ω(x)

λ

)p(x)

= 0.

If |f(x)|ω(x)
λ

> 1 and p(x) =∞, then it is assumed that
(
|f(x)|ω(x)

λ

)p(x)

=∞.

Remark 1. Note that LBTp(x)(Ω) is a quasi-normed space with the quasi-norm ‖f‖BTLp(x),ω(x)(Ω) (norm

if p(x) ≥ 1).
Clearly, if p(x) <∞ ∀x ∈ Ω, then ‖f‖BTLp(x),ω(x)(Ω) = ‖f‖Lp(x),ω(x)(Ω).

The following statement is known (see [1]).

Lemma 2.1. Let Ω1 ⊂ Rn, Ω2 ⊂ Rm be measurable sets, p be a Lebesgue measurable function on Ω1

and q be a Lebesgue measurable function on Ω2, 1 ≤ p ≤ p(x) ≤ q(y) ≤ q <∞ for all x ∈ Ω1 ⊂ Rn

and y ∈ Ω2 ⊂ Rm. If p ∈ C(Ω1), q ∈ C(Ω2), then the inequality∥∥∥‖f‖Lp(x)(Ω1)

∥∥∥
Lq(x)(Ω2)

≤ Cp,q

∥∥∥‖f‖Lq(x)(Ω2)

∥∥∥
Lp(x)(Ω1)

(2.4)

is valid, where

Cp,q =
(
‖χ∆1‖∞ + ‖χ∆2‖∞ +

p

q
+
p

q

)
(‖χ∆1‖∞ + ‖χ∆2‖∞), (2.5)
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p = ess inf
Ω1

q(x), p = ess sup
Ω1

q(x), q = ess inf
Ω2

q(x), q = ess sup
Ω2

q(x),

∆1 = {(x, y) ∈ Ω1 × Ω2; p(x) = q(y)}, ∆2 = (Ω1 × Ω2)\∆1,

C(Ω1), C(Ω2) are the spaces of continuous functions in Ω1, Ω2 and f : Ω1×Ω2 → R is any Lebesgue

measurable function such that
∥∥∥‖f‖Lq(x)(Ω2)

∥∥∥
Lp(x)(Ω1)

<∞.

The following de�nition was introduced in [3].

De�nition 3. We say that a non-negative function f is quasimonotone on ]0,∞[, if for some real
number α, xαf(x) is a decreasing or an increasing function of x. More precisely, given β ∈ R, we say
that f ∈ Qβ if only if x−βf(x) is non-increasing and f ∈ Qβ if only if x−βf(x) is non-decreasing.

The following theorems were proved in [10].

Theorem 2.1. Let p, q be Lebesgue measurable functions on (0,∞), 0 < p ≤ p(x) ≤ q(x) ≤ q < 1,

r(x) =
pp(x)

p(x)−p , for x ∈ (0,∞), β > −1. Suppose that ω1 and ω2 are weight functions de�ned on

(0,∞).
1) If f ∈ Qβ, then the inequality

‖Hf‖Lq(x),ω2(x)(0,∞) ≤ p
1
p (β + 1)

− 1

p′Cp,qdp

∥∥∥t 1
p′ ‖ω2(x)

x
‖Lq(x)(t,∞)

ω1(x)

∥∥∥
Lr(x)(0,∞)

‖f‖Lp(x),ω1(x)(0,∞) (2.6)

holds.
2) f ∈ Qβ, then the inequality

‖Hf‖Lq(x),ω2
(0,∞)

≤ p
1
p (β + 1)

− 1

p′Cp,qdp

∥∥∥‖[y−β(xβ+1 − yβ+1)]
1

p′ ω2(x)
x
‖Lq(x)(y,∞)

ω1(x)

∥∥∥
Lr(x)(0,∞)

‖f‖Lp(x),ω1(x)(0,∞) (2.7)

holds, where

(Hf)(x) =
1

x

∫ x

0

f(y)dy,

Cp,q =

(
‖χ∆1‖L∞(0,∞) + ‖χ∆2‖L∞(0,∞) +

(
p

q
+
p

q

))(
‖χS1‖L∞(0,∞) + ‖χS2‖L∞(0,∞)

)
,

S1 = {x ∈ (0,∞) : p(x) = p}, S2 = (0,∞)\S1 and

dp =

(
1 +

p− p
p

+ ‖χS1‖L∞(0,∞)

) 1
p

.

Theorem 2.2. Let p, q Lebesgue measurable functions on (0,∞), 0 < p ≤ p(x) ≤ q(x) ≤ q < 1,

r(x) =
pp(x)

p(x)−p , for x ∈ (0,∞) and β = −1. Suppose that ω1 and ω2 are weight functions de�ned on

(0,∞).
1) If f ∈ Q−1, then the inequality

‖H∗f‖Lq(x),ω2(x)(0,∞) ≤ p
1
pCp,qdp

∥∥∥t 1
p′ (ln t

x
)

1
p′ ‖ω2(x)

x
‖Lq(x)(0,t)

ω1(x)

∥∥∥
Lr(x)(0,∞)

‖f‖Lp(x),ω1(x)(0,∞) (2.8)

holds.
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2) If f ∈ Q−1, then the inequality

‖Hf‖Lq(x),ω2(x)(0,∞) ≤ p
1
pCp,qdp

∥∥∥t 1
p′ (ln t

x
)

1
p′ ‖ω2(x)

x
‖Lq(x)(t,∞)

ω1(x)

∥∥∥
Lr(x)(0,∞)

‖f‖Lp(x),ω1(x)(0,∞) (2.9)

holds.
In (2.8) - (2.9)

(Hf)(x) =
1

x

∫ x

0

f(t)dt, (H∗f)(x) =
1

x

∫ ∞
x

f(t)dt

and Cp,q , dp are the constants in Theorem 2.1.

The following proposition was proved in [3].

Proposition 2.1. (a) Let −∞ < β <∞, f ∈ Qβ, 0 ≤ a < b <∞ for β > −1 and 0 < a < b ≤ ∞
for β ≤ −1.

If 0 < p ≤ 1 and β 6= −1, then(∫ b

a

f(y)dy

)p
≤ p|β + 1|1−p

∫ b

a

(
|yβ+1 − aβ+1|

yβ

)p−1

fp(y)dy. (2.10)

If 0 < p ≤ 1 and β = −1, then(∫ b

a

f(y)dy

)p
≤ p

∫ b

a

(
y ln

y

a

)p−1

fp(y)dy. (2.11)

The inequalities hold in the reversed direction if 1 ≤ p <∞.
(b) Let −∞ < β < ∞, f ∈ Qβ and 0 < a < b ≤ ∞ for β < −1 and 0 ≤ a < b < ∞ for

β ≥ −1.
If 0 < p ≤ 1 and β 6= −1, then(∫ b

a

f(y)dy

)p
≤ p|β + 1|1−p

∫ b

a

(
|yβ+1 − bβ+1|

yβ

)p−1

fp(y)dy. (2.12)

If 0 < p ≤ 1 and β = −1, then(∫ b

a

f(y)dy

)p
≤ p

∫ b

a

(
y ln

b

y

)p−1

fp(y)dy. (2.13)

The inequalities hold in the reversed direction if 1 ≤ p <∞.
(c) The constants in these inequalities are the best possible in all cases.

We note the following special cases of Proposition 2.1 which are useful in the proofs of main
results. If we set a = 0 and b = x in (2.10) and assume that f is nonnegative and ω ∈ Qα, then we
get for 0 < x <∞ (∫ x

0

f(y)y−αω(y)dy

)p
≤
(
x−αω(x)

)p(∫ x

0

f(y)dy

)p
≤ p(β + 1)1−pωp(x)x−αp

∫ x

0

yp−1fp(y)dy.

Corollary 2.1. Let 0 < p ≤ 1, 0 < x <∞.
(a) If β > −1, f ∈ Qβ, ω ∈ Qα, α ∈ R, then(∫ x

0

f(y)y−αω(y)dy

)p
≤ p(β + 1)1−pωp(x)x−αp

∫ x

0

yp−1fp(y)dy. (2.14)
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(b) If β < −1, f ∈ Qβ, ω ∈ Qα, α ∈ R, then(∫ ∞
x

f(y)y−αω(y)dy

)p
≤ p|β + 1|1−pωp(x)x−αp

∫ ∞
x

yp−1fp(y)dy. (2.15)

(c) If β > −1, f ∈ Qβ, ω ∈ Qα, α ∈ R, then(∫ x

0

f(y)y−αω(y)dy

)p
≤ p(β + 1)1−pωp(x)x−αp

∫ x

0

[
y−β

(
xβ+1 − yβ+1

)]p−1
fp(y)dy. (2.16)

The estimates (2.15) and (2.16) are proved similarly by putting a = x, b =∞ and a = 0, b = x
in (2.12).

If we take a = x, b = ∞ and a = 0, b = x in (2.11) and (2.13) respectively, we obtain the
following corollary.

Corollary 2.2. Let 0 < p ≤ 1, β = −1, α ∈ R, 0 < x <∞.
1) If ω ∈ Qα, then(∫ ∞

x

f(y)y−αω(y)dy

)p
≤ pωp(x)x−αp

∫ ∞
x

(
y ln

y

x

)p−1

fp(y)dy. (2.17)

2) If ω ∈ Qα, then(∫ x

0

f(y)y−αω(y)dy

)p
≤ pωp(x)x−αp

∫ x

0

(
y ln

x

y

)p−1

fp(y)dy. (2.18)

The following theorem was proved in [4].

Theorem 2.3. Let Ω ⊂ Rn be a Lebesgue measurable set; p, q : Ω → (0,∞], f : Ω → C, Lebesgue
measurable functions, such that

1) for all x ∈ Ω 0 < p(x) ≤ q(x) ≤ ∞;

2) r(x) = p(x)q(x)
q(x)−p(x)

, if p(x) < q(x) < ∞, r(x) = p(x), if p(x) < q(x) = ∞, and r((x) = ∞, if

p(x) = q(x);

3) m = ess inf
x∈Ω

p(x)
q(x)

, M = ess sup
x∈Ω

p(x)
q(x)

, p = ess inf
x∈Ω

p(x).

If p > 0, then

‖fg‖BTLp(x)(Ω) ≤ (1 +M −m)
1
p‖f‖BTLq(x)(Ω)‖g‖BTLr(x)(Ω) (2.19)

for all f ∈ LBTq(x)(Ω) and g ∈ LBTr(x)(Ω).

Remark 2. The constant (1 + M −m)
1
p in inequality (2.19) is an improvement of the constant in

Corollary 2.1 of [2], with A = M,B = 1−m.

If the functions p, q satisfy the conditions of Theorem 2.3, f is replaced by fω2 and g = ω1

ω2
in

Theorem 2.3, we obtain the following corollary.

Corollary 2.3. Suppose that Ω ⊂ Rn is a Lebesgue measurable set, then the inequality (2.19) takes
the form

‖f‖BTLp(x),ω1(x)(Ω) ≤ (1 +M −m)
1
p

∥∥∥∥ω1(x)

ω2(x)

∥∥∥∥BT
Lr(x)(Ω)

‖f‖BTLq(x),ω2(x)(Ω), (2.20)

for every f ∈ LBTq(x),ω2(x)(Ω) and ω1

ω2
∈ LBTr(x)(Ω).
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3 Main results

Let ω be a weight function on (0,∞) and α ∈ R.
Consider the weighted Hardy operators

Hω,α =
1

W (x)

∫ x

0

f(y)y−αω(y)dy, α ∈ R,

(H∗ω,αf)(x) =
1

W (x)

∫ ∞
x

f(y)y−αω(y)dy,

where W (x) =
∫ x

0
y−αω(y)dy, y > 0 and f is a non-negative Lebesgue measurable function on

(0,∞).
Note that for ω(y) ≡ 1, and α = 0, the Hω,α and H

∗
ω,α are the usual Hardy operators H and H∗.

Theorem 3.1. Let p, q be Lebesgue measurable functions on (0,∞), 0 < p ≤ p(x) ≤ q(x) ≤ q < 1,

r(x) =
pp(x)

p(x)−p , for x ∈ (0,∞), β > −1, f ∈ Qβ, α ∈ R, and ω ∈ Qα. Suppose that ω1 and ω2 are

weight functions de�ned on (0,∞).
Then, the inequality

‖Hω,αf‖Lq(x),ω2(x)(0,∞)

≤ p
1
p (β + 1)

− 1

p′Cp,q(1 +M −m)
1
p

∥∥∥y 1
p′ ‖ω2(x)ω(x)

xαW (x)
‖Lq(x)(y,∞)

ω1(x)

∥∥∥BT
Lr(x)(0,∞)

‖f‖Lp(x),ω1(x)(0,∞) (3.1)

holds, where Cp,q, M and m are the constants in Theorems 2.1, 2.3 respectively.

Proof. Taking in account Remark 2.1 and by applying Corollary 2.1 and inequality (2.14) with p = p,
we get

‖Hω,αf‖Lq(x),ω2(x)(0,∞) = ‖ω2(x)Hω,αf‖Lq(x)(0,∞) =
∥∥∥ω2(x)

W (x)

∫ x

0

f(y)y−αwdy
∥∥∥
Lq(x)(0,∞)

≤ p
1
p

(β + 1)
− 1

p′
∥∥∥ω2(x)ω(x)

xαW (x)

(∫ x

0

fp(y)yp−1dy
) 1
p
∥∥∥
Lq(x)(0,∞)

.

Let

K1 =
∥∥∥ω2(x)ω(x)

xαW (x)

(∫ x

0

fp(y)yp−1dy
) 1
p
∥∥∥
Lq(x)(0,∞)

,

then,

K1 =
∥∥∥(∫ ∞

0

fp(y)χ(0,x)(y)
[ω2(x)ω(x)

xαW (x)

]p
yp−1dy

) 1
p
∥∥∥
Lq(x)(0,∞)

=
∥∥∥(∫ ∞

0

fp(y)χ(ω,x)(y)
[ω2(x)ω(x)

xαW (x)

]p
yp−1dy

)∥∥∥ 1
p

L q(x)
p

(0,∞)

=
∥∥∥∥∥∥fp(y)χ(0,x)(y)

[ω2(x)ω(x)

xαW (x)

]p
yp−1

∥∥∥
L1(0,∞)

∥∥∥ 1
p

L q(x)
p

(0,∞)
.

Now, one can use Lemma 2.1 and get that

K1 ≤ Cp,q

(∫ ∞
0

∥∥∥[fp(y)]χ(0,x)(y)
[ω2(x)ω(x)

xαW (x)

]p
yp−1

∥∥∥
L q(x)

p

(0,∞)
dy
) 1
p
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= Cp,q

(∫ ∞
0

fp(y)yp−1
∥∥∥χ(0,x)(y)

[ω2(x)ω(x)

xαW (x)

]p∥∥∥
L q(x)

p

(0,∞)
dy
) 1
p

= Cp,q

(∫ ∞
0

fp(y)yp−1
∥∥∥ω2(x)ω(x)

xαW (x)

∥∥∥p
Lq(x)(y,∞)

dy
) 1
p

= Cp,q

∥∥∥f(y)y
1
p′
∥∥∥ω2(x)ω(x)

xαW (x)

∥∥∥
Lq(x)(y,∞)

∥∥∥
Lp(0,∞)

.

Let

K2 =
∥∥∥f(y)y

1
p′
∥∥∥ω2(x)ω(x)

xαW (x)

∥∥∥
Lq(x)(y,∞)

∥∥∥
Lp(0,∞)

.

Finally, applying Corollary 2.3, we have

K2 ≤ (1 +M −m)
1
p

∥∥∥y 1
p′ ‖ω2(x)ω(x)

xαW (x)
‖Lq(x)(y,∞)

ω1(x)

∥∥∥BT
Lr(x)(0,∞)

‖f‖Lp(x),ω1(x)(0,∞),

consequently,
‖Hω,αf‖Lq(x),ω2(x)(0,∞)

≤ p
1
p (β + 1)

− 1

p′Cp,q(1 +M −m)
1
p

∥∥∥y 1
p′ ‖ω2(x)ω(x)

xαW (x)
‖Lq(x)(y,∞)

ω1(x)

∥∥∥BT
Lr(x)(0,∞)

‖f‖Lp(x),ω1(x)(0,∞).

Remark 3. Note that (1+M−m)
1
p < dp. Since, under the assumptions of Theorem 3.1, ‖f‖BTLp(x)(Ω) =

‖f‖Lp(x)(Ω), if we take α = 0, ω(x) = 1 in inequality (3.1), we get inequality (2.6) of Theorem 2.1
with an improved constant. Moreover, by putting β = 0, we get Theorem 3.1 of [2].

By applying Corollary 2.1, inequality (2.15), the following theorem is proved in a similar way.

Theorem 3.2. Let p, q be Lebesgue measurable functions on (0,∞), 0 < p ≤ p(x) ≤ q(x) ≤ q < 1,

r(x) =
pp(x)

p(x)−p , for x ∈ (0,∞), β < −1, f ∈ Qβ, α ∈ R, and ω ∈ Qα. Suppose that ω1 and ω2 are

weight functions de�ned on (0,∞). Then, the inequality

‖H∗ω,αf‖Lq(x),ω2(x)(0,∞)

≤ p
1
p |β + 1|−

1

p′Cp,q(1 +M −m)
1
p

∥∥∥y 1
p′ ‖ω2(x)ω(x)

xαW (x)
‖Lq(x)(0,y)

ω1(x)

∥∥∥BT
Lr(x)(0,∞)

‖f‖Lp(x),ω1(x)(0,∞) (3.2)

holds, where Cp,q and M,m are the constants in Theorem 3.1.

By using Corollary 2.1, inequality (2.16), the following theorem is proved similarly.

Theorem 3.3. Let p, q Lebesgue be measurable functions on (0,∞), 0 < p ≤ p(x) ≤ q(x) ≤ q < 1,

r(x) =
pp(x)

p(x)−p , for x ∈ (0,∞), β > −1, f ∈ Qβ, α ∈ R, and ω ∈ Qα. Suppose that ω1, ω2 are weight

functions de�ned on (0,∞).
Then, the inequality

‖Hω,αf‖Lq(x),ω2
(0,∞) ≤ p

1
p (β + 1)

− 1

p′Cp,q(1 +M −m)
1
p

×
∥∥∥‖[y−β(xβ+1 − yβ+1)]

1

p′ ω2(x)ω(x)
xαW (x)

‖Lq(x)(y,∞)

ω1(x)

∥∥∥BT
Lr(x)(0,∞)

‖f‖Lp(x),ω1(x)(0,∞) (3.3)

holds, where Cp,q and M,m are the constants in Theorem 3.1.
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Remark 4. Since, under the assumptions of Theorem 3.3, ‖f‖BTLp(x)(Ω) = ‖f‖Lp(x)(Ω), if we take α = 0,

ω(x) = 1 in inequality (3.3), we get inequality (2.7) of Theorem 2.1, with an improved constant.
Moreover, by putting β = 0, we get Theorem 3.2 of [2].

Remark 5. For constant p(x) = q(x) = p and ω1(x) = ω2(x) = xα and ω(x) = 1, inequalities (3.1)
and (3.3) with sharp constants, were proved in [3] and if β = 0 earlier in [5].

Now we consider the case β = −1.

Theorem 3.4. Let p, q be Lebesgue measurable functions on (0,∞), 0 < p ≤ p(x) ≤ q(x) ≤ q < 1,

r(x) =
pp(x)

p(x)−p for x ∈ (0,∞), β = −1, and α ∈ R. Suppose that ω1 and ω2 are weight functions

de�ned on (0,∞).
1) If f ∈ Q−1 and ω ∈ Qα, then the inequality

‖H∗ω,αf‖Lq(x),ω2(x)(0,∞)

≤ p
1
pCp,q(1 +M −m)

1
p

∥∥∥t 1
p′ (ln t

x
)

1
p′ ‖ω2(x)

x
‖Lq(x)(0,t)

ω1(x)
‖BTLr(x)(0,∞)‖f‖Lp(x),ω1(x)(0,∞) (3.4)

holds.
2) If f ∈ Q−1 and ω ∈ Qα, then the inequality

‖Hω,αf‖Lq(x),ω2(x)(0,∞)

≤ p
1
pCp,q(1 +M −m)

1
p

∥∥∥t 1
p′ (ln x

t
)

1
p′ ‖ω2(x)

x
‖Lq(x)(t,∞)

ω1(x)
‖BTLr(x)(0,∞)‖f‖Lp(x),ω1(x)(0,∞) (3.5)

holds.

Proof. 1. By using inequality (2.17) with p = p, we obtain

‖H∗ω,αf‖Lq(x),ω2(x)(0,∞) = ‖ω2(x)H∗ω,αf‖Lq(x)(0,∞) =

∥∥∥∥ω2(x)

W (x)

∫ ∞
x

f(y)y−αωdy

∥∥∥∥
Lq(x)(0,∞)

≤ p
1
p

∥∥∥∥∥ω2(x)ω(x)

xαW (x)

(∫ ∞
x

(
y ln

y

x

)p−1

fpdy

) 1
p

∥∥∥∥∥
Lq(x)(0,∞)

.

We put

J1 =

∥∥∥∥∥ω2(x)ω(x)

xαW (x)

(∫ ∞
x

(
y ln

y

x

)p−1

fpdy

) 1
p

∥∥∥∥∥
Lq(x)(0,∞)

.

The rest is similar to the proof of Theorem 3.1.
2. We apply inequality (2.18) with p = p and the rest of the proof is similar to that of Theorem

3.1.

Remark 6. Since, under the assumptions of Theorem 3.4, ‖f‖BTLp(x)(Ω) = ‖f‖Lp(x)(Ω), if we set α = 0,

ω(x) = 1 in inequalities (3.4) and (3.5), we obtain inequalities (2.8) and (2.9), respectively, of
Theorem 2.2 with improved constants.
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