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BOKAYEV NURZHAN ADILKHANOVICH
(to the 70th birthday)

January 5, 2026, marks the 70th birthday of Nurzhan Adilkhanovich

Bokayev, Doctor of Physical and Mathematical Sciences (1996), Professor

\ (2002), member of the Editorial Board of the Eurasian Mathematical Jour-
nal (2010).

Nurzhan Adilkhanovich Bokayev was born on 5 January, 1956 in the vil-
lage of Urnek, Karabalyk District, Kostanay Region. He graduated in 1972,
with a gold medal from the Burlin Secondary School in the district. That
same year, he entered the Mathematics Department of Karaganda State Uni-
versity and graduated with honors in 1977. From 1978 to 1979, he served
in the Soviet Army. In 1980, he completed an internship, and from 1981 to
1984, he studied in the graduate program at Lomonosov Moscow State Uni-
versity in the Department of Function Theory and Functional Analysis. In
1985, he defended his candidate’s dissertation there under the supervision
of Corresponding Member of the Academy of Sciences of the USSR D.E.
Menshov and Professor V.A. Skvortsov. In 1996, he defended his doctoral dissertation, “Fourier
Coefficients and Uniqueness Theorems for Series in Generalized Walsh and Haar Systems”, at the
Institute of Mathematics of the Ministry of Education and Science of the Republic of Kazakhstan,
speciality Mathematical Analysis (01.01.01).

After completing his postgraduate studies, he worked as a lecturer, senior lecturer, associate
professor, and professor in the Department of Mathematical Analysis at E.A. Buketov Karaganda
State University (1985-1999). He headed the Department of Mathematics and Mathematical Mod-
eling (1996-1999), and was a dean of the Faculty of Mathematics at E.A. Buketov Karaganda State
University (1999-2005). Since 2005, he has been a professor in the Faculty of Mechanics and Math-
ematics at the L.N. Gumilyov Eurasian National University. From 2009 to 2018, he was the Head
of the Department of Higher Mathematics at the L.N. Gumilyov Eurasian National University, and
from 2018 to the present, he has been a professor in the Department of Fundamental Mathematics.

Professor Bokaev’s research focuses on problems in function theory and functional analysis, the
theory of orthogonal series for generalized Walsh and Haar systems, and operator theory in various
function spaces. He has proved renewal and uniqueness theorems for series with respect to peri-
odic multiplicative systems and Haar-type systems, and constructed continual sets of uniqueness
(U-sets) and sets of non-uniqueness (M-sets) for multiplicative systems. He obtained conditions for
functions to belong to various functional classes in terms of the Fourier coefficients of generalized
Haar and Walsh systems, and embedding criteria for Nikol’skii-Besov spaces constructed on the
basis of multiplicative systems. He also obtained conditions for the boundedness and compactness
of the commutator of the Riesz potential in general Morrey-type spaces, and conditions for bound-
edness of generalizedRiesz and Bessel potentials and generalized fractional-maximal operators in
rearrangement-invariant spaces.

His co-authors include Professor V.A. Skvortsov (Moscow State University, Moscow), Professors
V.I. Burenkov and M.L. Goldman (Peoples’ Friendship University of Russia (RUDN University).
Moscow), Dr. A. Gogatishvili (Institute of Mathematics of the Czech Academy of Sciences, Prague).
His doctoral students’ foreign advisors include Professors W. Sickel (Friedrich-Schiller-Universitity,
Jena, Germany), Massimo Lanza de Cristoforis (University of Padova, Padova, Italy), V. Ruzhansky
(Ghent University, Ghent, Belgium), U. Goginava (United Arab Emirates University, Al Ain, United
Arab Emirates), and E. Panakhov (Institute of Applied Mathematics at Baku State University, Baku,
Azerbaijan).

Under his supervision, 15 dissertations (4 candidate’s and 11 PhD) were defended. He has
published over 220 scientific papers, 2 monographs and 2 textbooks.




He is a three-time recipient of the state grant “Best University Teacher” of the Republic of
Kazakhstan (2006, 2010, 2024) and served as Vice President of the Mathematical Society of Turkic-
Speaking Countries (2014-2023). He was awarded the “For Contribution to the Development of
Science” badge (2022).

Over the last ten years, he has been and continues to be a head of more than 5 national and
international funded projects.

The Editorial Board of the Eurasian Mathematical Journal, his friends and colleagues cordially
congratulate Nurzhan Adilkhanovich on the occasion of his 70th birthday and wish him good health,
happiness and new achievements in mathematics and mathematical education.
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COMBINING UNSUPERVISED DIMENSION REDUCTION
WITH SUFFICIENT DIMENSION REDUCTION

Zh. Mukanov, A. Sharafudinov, R. Takhanov, A. Bekembayev

Communicated by K.T. Mynbayev

Key words: unsupervised dimension reduction, sufficient dimension reduction, complex measures,
hybrid setting.

AMS Mathematics Subject Classification: 62-07, 62H25, 68T10.

Abstract. We present a new method for dimension reduction that combines unsupervised di-
mension reduction (UDR) with sufficient dimension reduction (SDR). In unsupervised dimension
reduction the goal is to find a low-dimensional linear subspace that approximates the support of a
data distribution. If data is supervised, then in sufficient dimension reduction the goal is to find a
low-dimensional linear subspace, called the effective subspace, such that the projection of an input
vector onto that subspace maximally captures information on correlations between an input and an
output.

The objective that we suggest to minimize consists of two parts. The first one is responsible for
the UDR part, it forces a low-dimensional probabilistic measure p to approximate a distribution
over inputs. The second one is responsible for the SDR part, it forces a regression function f to be
consistent with supervised data. Additionally, we require the support of i and the effective subspace
of f to be equal. In this hybrid setting we solve two problems, UDR and SDR, so that the UDR
term serves as a regularizer of the SDR term.

We reformulate the problem as an optimization task of finding a k-dimensional linear subspace S
and a pair of complex measures (u, i1') supported in S. Instead of optimizing over complex measures,
we suggest minimizing over ordinary functions (gi, go) but with an additional term R that penalizes a
distortion of the common support of g, g» from a k-dimensional linear subspace. The algorithm that
we develop can be formulated for functions (g;,¢g2) as well as for their inverse Fourier transforms.
Eventually, we report results of numerical experiments on well-known datasets.

DOI: https://doi.org/10.32523/2077-9879-2026-17-1-58-76

1 Introduction

Unsupervised dimension reduction (UDR) is a classical problem in data science that has many
non-equivalent formulations coming from different contexts, such as principal component analy-
sis [I3], factor analysis, linear multidimensional scaling [10], Fisher’s linear discriminant analy-
sis [12], canonical correlations analysis [18], sufficient dimension reduction (SDR) [14], maximum
autocorrelation factors [29], slow feature analysis [43], kernel methods |27, 4] B34], methods based
on autoencoders [38, 3] and more.

In UDR we are given a finite number of points in R™ (sampled according to some unknown
distribution) and our goal is to find a “low-dimensional” affine (or linear) subspace that approximates
“the support” of the distribution. As was pointed out in [35], the study field currently achieved a
saturation level at which developing a unifying framework to the problem becomes highly demanding.
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In SDR (sometimes called supervised dimension reduction), we are given a finite number of pairs
(x4, v:),%x; € R" y; € R, also generated according to some unknown joint distribution p(x,y), and

our goal is to find k vectors (where k < n) wy, -+, wy € R" such that symbolically:

y 1L x|wix, -, WiX.
This means that an output y is conditionally independent of x, given wix,--- , wix or, the condi-
tional distribution p(y|x) is the same as p(y|wlx, -, wlx).

Obviously, the last formulation is not precise if we do not make any assumptions about the joint
distribution, or more specifically about the conditional distribution p(y|x). Typically, it is assumed
that

y=g(wWix, -, Wix)+e, (1.1)

where ¢ is the Gaussian noise with Ec = 0 and Ee? = §2. The function ¢ is an unknown smooth
function. Then, the function f(x) = E[y|x] = g(wix, -+ ,w}x) is called the regression function.

Many methods have been proposed for estimation of the parameters of model such as: sliced
inverse regression [22],[9], methods based on an analysis of gradient and Hessian of the regression
function [23], [44] 26], methods based on combining local classifiers [17, 28], kernel-based methods [14]
and more. In such methods for the SDR problem as the Sliced Inverse Regression [22], the Principal
Hessian Direction 23], the Sliced Average Variance Estimation [6], an effective subspace is recovered
from the Singular Value Decomposition applied to a certain matrix that is constructed from a train-
ing set in a straightforward way. Other methods, such as the Principal Fitted Components [7], the
Likelihood Acquired Direction [§], the Kernel Dimensionality Reduction [I4], are based on analytic
expressions measuring the affinity of a k-dimensional subspace to the effective subspace. In the
second type of methods the SDR problem is reduced to an optimization problem over the Stiefel
manifold, or the Grassmanian. For other methods we refer to a tutorial on SDR methods [I5].
Again, an important aspect of all these methods is that, given a fixed effective subspace, the regres-
sion function that predicts an output variable has a relatively straightforward structure and is not
optimized by any additional supervised learning procedure.

The SDR problem is tightly connected with the unsupervised dimension reduction problem.
In [42] it was shown how a method originally developed for SDR can be turned into a UDR method,
i.e. applied to unsupervised data by simply setting an output to be equal to an input. In [I1], the
SDR problem, together with UDR problems, is cast as an optimization problem over the Stiefel man-
ifold. Taking into account deep connections between UDR and SDR problems, the current study’s
goal is to develop an approach to a hybrid setting, i.e. when we target to find a low-dimensional
linear subspace that both approximates the support of data and is close to the effective subspace
(that allows to predict an output). Note that one can solve these two problems independently and
obtain two solutions — the span of their union maintains some of their desirable properties (at the
expense of increasing the dimension to 2k). The goal of the paper is to develop better approaches
to the problem.

In the hybrid setting our goal is to approximate the empirical inputs distribution fiem, by
a distribution pu, supported in some k-dimensional subspace L, and find the regression function
f=g(wlx, -+ wlx) such that the effective subspace span (wy,---,wy) is equal to L. This will
guarantee that after projecting the input vector x onto L we are changing the geometry of the
dataset only slightly and, additionally, do not lose the ability to predict the output y. The objective
that is minimized in this setting consists of two parts, the first considering the dependence on p and
the second considering the dependence on f. Thus, for a target space L there is a trade-off between
the requirement to support the whole data and the sufficiency to predict y. Note that if the main
goal is SDR, then the first part of the objective can be interpreted as a regularization part that
is dedicated to avoiding over-fitting. If alternatively, the main goal is UDR, then the second part
can play its role in many interesting contexts. For example, let the output y be an indicator of an
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outlier, i.e., ¥ = 1 indicates that the input x is an outlier. Then, it is desirable that after projecting
onto the low-dimensional subspace L we are still able to distinguish outliers from typical points.

The key observation of our analysis, stated in Theorem of Section [3] is that a class of
functions of the form g(wlx,--- ,w]x) can be characterized as functions whose Fourier transforms
are supported in a k-dimensional linear subspace. Thus, the main problem in the hybrid setting is
to find a probabilistic measure ;1 that approximates the empirical measure fiem, and the regression
function f such that p and F[f] are both supported in the same k-dimensional linear subspace.
Instead of optimizing over generalized functions with a k-dimensional support (or, k-dimensional
complex measures, in our terminology), we suggest minimizing over ordinary functions given as
feed-forward neural networks but with an additional soft constraint. To force the function’s support
to be close to a k-dimensional subspace, in Section @ we introduce a class of penalty functions R
such that large values of R indicate a strong distortion of the support from any k-dimensional linear
subspace. For a specific case of R, in Section |§| we develop an algorithm for our problem that can be
formulated for functions given in the frequency coordinate form as well as in the initial coordinate
form. The last section is dedicated to experiments.

2 Preliminaries

Throughout the paper we will use common terminology and notations from functional analysis. The
Schwartz space of functions is denoted by S(R™) and the set of all tempered distributions is &’(R"),
the dual space of S(R™). The Fourier and the inverse Fourier transforms are first defined by

FUNE) = i [ S0 ax

Ffx) = W f(f) €' xq¢,

and then extended to continuous bijective linear operators F, F ! : S'(R") — S'(R™). A Borel
complex measure is a mapping u : £ — C where £ is a sigma-algebra of all Borel sets on R™ and u
is sigma-additive. If u is real-valued, then p is called a finite Borel measure. A finite Borel measure
with p(R™) = 1 is called the Borel probabilistic measure. The set of all Borel probabilistic measures
on R" is denoted by B(R"). The symbol X;,--- , X,, ~¥ 1 denotes the fact that random variables
X1, -+, X,, are all independent and each has a distribution function pu.

If a function f: R™ — C is such that Jan £ ( Jdx < oo for any u € S(R™) then it induces an
operator Ty : S(R™) — C, where T(u fRn x)dx. Analogously, a Borel complex measure [
on R™ defines a tempered dlstrlbutlon T,:S (R”) —> (C where T),(u) = [p. u(x)dp. For simplicity
of our notation, we use f and Ty (u and T,) interchangeably (from the context it will alway be
clear what we mean). By Ls(R™) we denote the Hilbert space of all square-integrable functions
from R" to C, with the inner product (u,v)r,mn) = [u(x)*v(x)dy. The induced norm is then

[l o) = v/ (u, w).

A positive-definite function is a complex-valued function f : R® +— C such that for any real
numbers Xy, - - - , X5 the matrix A = (az‘,j)?jzl where a;; = f(x; — Xx;) is positive-semidefinite.

For a matrix A = [a;] \<ij<n the Frobenius norm is [AllF = /22 laij]?.

3 Problem formulation

We formulate the hybrid dimension reduction problem as an optimization task:

(M§ng)f€©(1 = P) (1, fremp) + pJ (f)- (3.1)
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In the last expression pu € B(R™) denotes a Borel probabilistic measure on R"™ that approximates
the empirical distribution over inputs, ftemp, and I denotes the distance function between measures
(e.g. the maximum mean discrepancy or the Wasserstein distance) and p € [0, 1].

The object f:R™ — R is a smooth real-valued function that can be given in an arbitrary form,
keeping in mind the case of f defined by a feed-forward neural network. We assume that f is a
candidate for the regression function and J(f) is a cost function that values how strongly f fits in
this role. In practice for the regression case we use the following cost function:

N
ZEENN(O,U2In)|yi - f(X’L + 6)|2a

=1

=5

where the target variable y is normalized, i.e. the estimator of outputs variance VAar(y) =1. We
add the last remark only to make I(u, ftemp) and J(f) to be of the same scale. For the binary
classification case with 0-1 outputs we use:

N
1 ef(x1+6)
‘](f) = N ;EENN(O,O'2I")H <y27 1 + ef(Xi+6)) ’

where H(y,p) = —ylogp — (1 — y)log(1l — p). Thus, p = 0 corresponds to the pure unsupervised
dimension reduction task and p = 1 corresponds to the pure sufficient dimension reduction task.
We assume that f satisfies (for k fixed in advance):

f(x) = g(wix, -, wix),
where ¢ is an arbitrary function and wy,--- ,wy, € R". Thus, given an input x, the corresponding
output depends on the projection of x onto span(wy,---,wy). Thus, span(wy,--- ,wy) serves as

the effective subspace. We assume that the measure p is also supported in that subspace. Thus, we
define:

D ={(u f)lue %(R"),@wl,--- wy, Jg:RF 2 R
such that v A u(A) = u(ANspan(wy, -+, wy)) (3.2)
Borel
and Vx f(x)=g(wix, -, wix)}.
Rn

The parameter p > 0 regulates how strongly we prefer the sufficiency term J over the distance till
the empirical distribution.
The following theorem is the key observation behind our approach to the problem (3.1)).

Theorem 3.1. A function k(x) can be represented as k(x) = g(wix, - - ,wlx),g € S(R*) if and

only if there is an orthonormal basis {ay,--- ,a,} C R"™ such that:
‘F[E] = ’f‘(a’{X, T 7a£’X) H 5(&;}{), re S(Rk>7 (33)
i=k'+1
where §(-) is the Dirac delta-function and span(ay,--- ,a,) = span(wy, -+, Wg).
Sketch of the proof. Without loss of generality, we can assume that wq, - -- , w;, are linearly indepen-

dent. A rigorous proof of the theorem would require a careful checking of certain integral identities.
Instead, we will present a sketch of the proof at the abstraction level common to theoretical physics
papers.
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(=) We also can assume that wy,---,wj are orthonormal. Indeed, after every redefinition
of g given by the rule g(s1,---,s%) < g(s1,---, 8 + asj, -+, ) we get the same function [ if we
simultaneously transform w; to w; —aw;. By making such redefinitions, we can always orthogonalize
Wy, -+, Wy by the Gramm-Schmidt process with a subsequent scaling of ¢g’s arguments.

Let us complete wq, -+, wg with wi,q, -+, W, to form an orthonormal basis in R" and set:

Q=[wi, -, wn| = [Q1.Q:] ,Q1 e RV*,Qy € R¥(n—k)

Then, in the Fourier transform formula we make the change of variables x = () Bl} = Q1y1+ Q2y2,
2
y1 € R* y, € R"* and get:

1 .
FlI(&) = W/ g(wix, - ,ng)eﬂngdX
1 -ieha [yl} 1
B \/27r”/ g(y1)e Y2l dy dys = / 7Tn 9(}’1)e_i(Qng)Tyl_i(Qgg)TdehdYQ

"2y, = v2r" " Flgl(QTE)0"(QTe),

1 T
— €'y /
e
\/W/ng(y” il e
where 0" *(sy, - ,8,4) = [[}o10(s;)). Here we used the equality [p, ,e ™ ¥2dy, =
(27)"*§"~k(z). Thus, we obtain the needed representation.
(<) Suppose that:

'F[l] = r(aipx, e 73;};F/X) H (5<azTX)
i=k/+1

Using the inverse Fourier transform we get:

1
= — r(ayx
L.

,ahx) H 5(aiTx)eixT5dx.

i=k/+1
After the change of variables x = Oy, where O = [al, e ,an}, we get:
1 i . n T
l = —n/ " k! 5 612i:1 vid Ed n
(5) \/ﬁ . (yl k ) '_1;!_1 (y ) U1
1
, ZZz 1 Yia; £d ) = — aT S ’aT ,
\/F . ylk Y1:k \/%'n—kg( 1€ ké)
where g = F~![r]. O

Substantively, the theorem claims that if the function’s value depends only on the projection of
an argument x onto the span(wy, - -+, wy), then frequencies of the spectrum of such function are all
in the span(wy, -+, Wg).

Definition 1. Let €(R") be a set of symmetric Borel complex measures on R", i.e., any pu €
¢(R™) is a sigma-additive complex-valued function on the sigma-algebra of Borel subsets of R” and
pu(—A) = p(A)* (where z* denotes the complex conjugate of z). We will call a measure p € €(R")
a k-dimensional measure if there is a k’-dimensional linear subspace S C R”, k' < k such that
u(ANS) = p(A) for any Borel set A. The minimal linear space S with the last property is called
the support of © and is denoted by supp p. The set of all k-dimensional Borel complex measures is
denoted by Gi. The set of all pairs (u1, p2), where 1, s € Gy and supp p; = supp pe, is denoted by
Gr.
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Thus, problem (3.1)) is equivalent to the following equality:

inf 1 — o) (i, femp) + pJ (F!
(U= PV (s remp) + 9 (F ()

= lnf 1 - I ) Frem + :] ,Fil / .
prred gL ™ M (s temp) + T (F7 1)

Instead of minimization over tempered distributions, we will relax the property that the common
support of the pair (u, ') is k-dimensional, reducing the problem to the following one:

1 — o) (1, fremp) + pJ(F LK) — min
(1T = )L (4 premp) + pJ (F[1]) ) BRE Rl (3.4)

where R(u, ') is a penalty term that penalizes (u, ') if the dimension of their common support is
greater than k. In the next section we describe one natural approach to construct such a penalty
term R.

4 Penalty function

We need the following theorem.

Theorem 4.1. Let v : R" — R be a positive definite continuous function and (u, 1) € B(R™) x
C(R™) be such that

Vi, j / 1y (x — y)ydu(x)du(y) < oo,
R xR™

/ Ty (x — y)y;dp (x)"dp/ (y) < oo.
R xR™

The pair (p, 1) is in G if and only if
rank(M) < k,

where

M=a xy(x — y)y" du(x)du(y)

R" X RTL

+b/ xy(x —y)yldy' (x)*dp/ (y),a > 0,b > 0.
R xR

I 2 then there is a k-dimensional linear subspace S C R" such that u(ANS) =
pu(A), W' (ANS) = u/(A). Let {v;}!, be an orthonormal basis in R" such that v; L S,i > k. Then:

RS
=3
S
=,
R
—
\_/z;
m
Q

n

/R . xy(x = y)y' du(x)du(y) = /R o S vivixy(x — )y dp(x)dpu(y).

i—1
Since [o,(v]x)*y(x —y)du(x) = 0,7 > k, then:
k

/ Z vivixy(x —y)yldu(x) Z ViV / xy(x — y)y du(x)du(y).
RrxR™ 7 R7 XR™

The same can be proven for ', therefore:

k
M = Z vivi M

i=1
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and we see that rank(M) < k.
(<) If rank(M) < K, then there exist linearly independent vectors {u;};, . such that

u Mu; = a / u/xy(x — y)u] ydu(x)du(y)
R7 xR"™
+b / u) xy(x — y)ujydp' (x)*dp'(y) = 0.
R” xR™
From positive definiteness of v we conclude that p({x|u/x # 0}) = 0 and u/'({x|ulx # 0}) = 0.

Therefore, u(A) = p(AN{xulx,i =k +1,n}) =0and p/(A) = /' (AN{xjulx=0,i =k + 1,n}) =
0. Thus, suppp C {xjufx =0,i =k + 1,n} and supp i/ C {x|ulx=0,i =k +1,n}. O

Let us define

M, = xy(x —y)y" dv(x)"dv(y)
R”xR"
and
My =1 = p)M, + pM,.
Note that M, is a positive semidefinite matrix, and therefore, the square root MZ ’2#,) is defined.
Our definition for the penalty function R is as follows:

) = i 72— M| 4.1
R(p, 1) MeRnx%ﬂk(mq”Mw’) M| (4.1)

It is natural to expect that if R(u, ') < e and € > 0 is small, i.e., M%fu,) (together with M, ) is
close to some rank k£ matrix, then the common support of (u, ') is approximable by a k-dimensional
linear subspace. Now, our goal is to develop an algorithm for the following problem:

1 — p) (1, fhem J(F W) + AR, ot/ i :
(L= p)I (1, premp) + pJ (F 7 [1']) + AR(p u)%(u’u,)eg?ﬂggwmn) (4.2)

where ) is a penalty parameter that can be chosen sufficiently large to force R(u, p’) to be small.

4.1 Another description of the penalty

Let us now give an alternative description of the penalty R(u,y') that suits better to the goal of
designing an algorithm for problem (3.4]).
Let v and s be smooth real-valued positive definite functions such that:

=) = [ s x5l - X

For example, vy(x) = \/gne_”x”Q/Q and s(x) = e~ IXI*, Note that v(x) = y(—x) and s(x) = s(—x).
Let us define

n

Sy = [/n s(x — X')X’du(x/)/ s(x —x")x'dp/ (') E,

where
0"
E= :
0V
This object is an n x 2 matrix whose entries are functions.
By L3**(R") we denote the space of all matrices [b;;(x)] |<icnjo12 Where bi; € Ly(R™). Also,

Li([R") = LZ*'(R™). Note that L2(R"™) is a linear space over complex numbers. Let us also denote
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by L2(R™) the real linear space that is the set L2(R") considered over real numbers only, equipped
with the inner product

([0, o], [¥1, 2] ") paany = Re {{b1, ¥1) o) + (B2, Vo) 1o (any } -

The set of all bounded linear operators from L3(R™) to R™ is denoted by B"*2, )
It is easy to see that any A € Ly**(R") defines a bounded linear operator O, from L2(R™) to
R™ by the following rule:

[ij € T2(R") 594 Re / Ax)* [Qﬁl(x)} dx.

P2 (x)

n

Moreover, it is easy to see that all bounded linear operators from L2(R™) to R” can be represented
in this way. Obviously, B"*? is a Hilbert space, where the inner product is defined as:

(Oa,,04,)p2x2 = Re / Trace (A;(x)"Ax(x))dx,

n

where for any A(x) = [Aij(X)]i<icnicjce € LYP(R"), A(x)! denotes the matrix

0TI ) >

I B e

Recall that, for a bounded linear operator O : H; — Hy between Hilbert spaces Hy, Ho, the rank of
O is defined as dimIm(O), where Im(O) = {O[¢]|¢ € H1}.

Theorem 4.2. If M,y < oo, then Sy, € Ly*(R"Y), OS(N’”/)OE(N’N/) = My, and
rank(Os,, ) = rank(M,.)).

w')

Sketch of the proof. Since

<O‘2(uyu’)y’ |i§;:| >ﬂ§(R") - yT(OS(M,u’) |:ZZZ;:|)

we obtain
T !
i _ o [ Jpe s(x = X)X ydp(x)
Os(u,u’)y E {fRn s(x — x)xTydy (x')|
Let us now check that OSW’#,)OLW#,) = M,y by direct calculation:

ol f o NT /
n S g S(x = X )x"ydu(x')
yeR" — E {fR" S(X . X/)X/Tde/(X/>

OM/) Re /R" [/n s(x — x")x'dp(x") /n s(x — x)x'dp/ (x')*]
Jan s(x = x)xTydu(x')
o {fw s(x — X’)X’Tydu’(X’)}
(=) [ =Xy duaux) + p [ o= Xy () dyd ()

= My
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From the equality Osw“,)ngw = M) We conclude that rank(M, /) < 1rafrnk(05< ). Con-
versely, if xi,---,%, is a basis of Im(M, )", then 0 = xf M, ,nx; = HOSm HL2 Rn),
OS( X = 0. Therefore, for i € [r], we have
Iy
<OS(M1H/)¢’ Xi>[:%(R”) = <¢7 Og(HyH/)Xi>I~’%(Rn) = 07
for any ¢, i.e., Im(OS(M/)) C {x1, -+, %, }*+. Thus, rank (OS(W,)) <n —r =rank (M, ). H

The Eckart-Young-Mirsky theorem [19, Theorem 4.4.7| in the theory of Singular Value Decom-
position (SVD) gives us that

Rl = min M2~ MIE = 30 A

MEeR > rank(M)<k
i=k+1

1 1
where \; > --- > )\, are eigenvalues of M, ) = M(QMTM,)M(QM - Due to the relationship

t
OSwwOSm,m

Theorem 4.3. We have

= M) the following statement is true.

R(p, 1) = min S — S%nx n)
</~L :U') SGL"XQ(R’”L) rank(Og) <k H () HL 2R
and the latter minimum is attained at Py, Sy, where Py = Zle wul is the projection
operator to first k principal components of M, .

Sketch of the proof. First, we check that all arguments of the Eckart-Young-Mirsky theorem for
matrices maintain in the case of bounded linear operators from L3(R™) to R™. Indeed, all arguments
survive, because such operators are compact and can have only a finite spectrum, since R” is ﬁnite—

dimensional. Let us only describe an optimal S on which min 1Sy — SII?

nXx2mn
SeLy*?(Rn):rank(Og)<k Ly (R )

attained.
Let uy, -+ ,u, be orthonormal eigenvectors of M, ) = Og, | Ol and Ay > --- >\ >0
bt () 7S, ut)
oL [ui
be the corresponding non-zero eigenvalues. For o; = +/\; let us define v, = 7 Here, v; is

of)

equal to the function

vi(x) =

1 {V L= p [ s(x = X )uj x'dp(x')
VP Jon s(x — X )ulX'dy/ (%)

It is easy to see that vq,---v,s is an orthonormal basis in Im O:rq( iy and SVD for OS(u o 18
ot ;

n/

— § ' ]

O ) = 2 Vs
1=1

By the Eckart-Young-Mirsky theorem, an optimal S = Op in min 10s,.., — S| Fuxe 18

SeBn*2 rankS<k
defined by a truncation of SVD for OS( , at kth term, i.e.,

vV1—p / s(x — x) ZuuTxd,u

P(/w )S(wt’)v

Ve | os(x—x ZuZuTXdu x')
Rn

where P, ) = Zle u;ul is the projection operator to first k principal components of M)

From the equality [|O4l|gnx2 = [|A|| nx2(gny We obtain the statement of theorem. O
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5 The alternating scheme

Complex measures are in the weak closure of the main functional classes, L, and Sobolev spaces, con-
tinuous functions, single-layer neural networks, etc. The major gain from penalty formulation (4.2))
is that, instead of optimizing over complex measures whose supports have empty interior, we can
vary the argument over a space of ordinary functions §, where § C C(R") can be chosen as any
class of functions which is dense (with respect to the weak weak topology) in ® = B(R") x €(R"),
for example:

5= te= |2 lom € CRY (0 20, [ a1, [ mlix <) G
n Rn
Thus, we need to solve the following optimization problem:
(1= p)I (g1, Hemp) + pI (F'[g2]) + AR(g1,92) = min . (5.2)
(91,92)€F

Using Theorem we can represent problem (5.2)) in the following form:

O(g = [zj . §) = (1= p)I(g1, ptemp) + pJ (F " [92]) + A S(g1.00) = ST my

— min .
g€F,S€ Ll X2 (Rn):rank(Og) <k
The simplest idea for an optimization is to minimize over g = (g1, g2) € § and over S € Ly**(R") :
rank(Og) < k alternatingly. The first part would be an optimization over an infinite-dimensional
object, which cannot be implemented in practice. To avoid infiniteness, we will fix a proper param-
eterized set of functions 9 C § (e.g., deep neural networks [36, [I 2], B9 [0, 24]) and optimize over
M. A general scheme of optimization is given in Algorithm

Algorithm 1 Alternating scheme
1: procedure

2: E% +—0
3: fort=1,---,N do
4: g, «+ argmin ®(g, S;_1)
geMm
5: S, < ar min S, — S|?,.
! gSELgXQ(R"):rank(OS)Sk‘ Bt HL2 *(R™)
Note that Step 5 of the algorithm is equivalent to minimizing ||Sg, — SHinxg(Rn) over S €
2

Ly*%(R™) : rank(Og) < k. In the previous section we have already described an optimal solution for
that task (equation (4.3))):

St = Pgt Sgt’
Se, = / s(x — x)x'gl (x')Edx’.
Here Py, € R™" is the projection operator to the first k& principal components of
Mg, = v(x = y)xy gi(x) B*gi(y)dxdy.

R7™ xR™

The hardest part of that step is to estimate the matrix Mg, for a given g, € 9. Thus, a practical
implementation of our algorithm would require ) to be defined in such a way that the latter integral
can be calculated either analytically or numerically. At the same time, 9t should be rich enough to
approximate functions from ® in terms of weak topology. Thus, to summarize, 0 should be:
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e dense in ©’.
o M, is efficiently computable.

An example of 9 that satisfies the latter 2 conditions will be given in the next section.

5.1 Return to initial coordinates

In applications, it is desirable that an algorithm for the problem deals with the function F~![g] =
[F~Yg1], F'[ga]], rather than with [g1, ga).

The pair [F~'[g1], F'[g2]] has the following interpretation. Since g; is the probability density
function that approximates the empirical distribution fiemp, then Gy = F~1[g;] is the characteristic
function of g; (up to a constant factor). By Bochner’s theorem [5] we know that the function can
serve as the characteristic function of a probability distribution if and only if it is continuous, positive
definite and

G1(0) = 1.

The function Gy = F~1[gy] is simply the regression function in the term pJ(F~1[gs]) = pJ(G2),
i.e., G5 is a real-valued function.

Thus, in the dual reformulation we search over pairs [G1, G3] where G7 is complex-valued,
continuous, positive definite and G5 is real-valued.

The specifics of scheme [1]is that it allows such a reformulation.

Indeed, at step 4 of the algorithm we minimize the expression:

(g, ) = (1= p)I(g1, Hemp) + pJ (F ' [g2]) + AllSg — St ]2 gny.

where S;_; = P, ,Sg, , has been calculated on the previous iteration. According to Theorem

and formula (4.3) we can rewrite the penalty term A||Sg — Stleinx2(Rn) as:
2

A /R e T Y)E@EX)X" — g a(x)x" Py, ) (yg(y)" — Pe,_,ygi1(y)") Edxdy.

Let us denote G = F'[g] and G;_; = F'[g; 1]. Using the well-known duality between x; and
—i0,,, we see that
Flxg(x)"] = —10:G",
‘F_l[Pgtﬂth—l(X)T] = _intflaszﬂ—l‘

The unitarity of the inverse Fourier transform and the convolution theorem gives us that the penalty

term equals
N / p(x)

denotes the Jacobian of £ : R” — R* and p = F 7], P,_1 = Py, ,-

The set dual to 9 is defined as M’ = {F'[h]|h € M}. The matrix M; = M,, can also be
calculated using Gy:

2

dx, (5.3)
F

E——-F

ox ox Fia

' oG 0G4

of _ |9k
where §- = [ ory

M = [fRann v(x = y)rigl (X)y; B (y)dxdy |

OEG: T 0BG, _ OEG,T0EG,
x [f]R" P(X) % oz, dx]nm = /HP(X) I Ox dx




Combining unsupervised dimension reduction 69

For G =[G}, Go]" we define:

2

dx.
F

B(G) = (1= ) I(FIGi], ftemp) + pI (G2) + N / p(x) Py

n

OEG B O0FEG,_;
ox ox

Note that we can assume that Gy and Giy are real-valued, because the objective ®}(G) always
attains its minimum on such a pair [G} G3] that G} is a real-valued function.
Thus, algorithm [2] is dual to algorithm

Algorithm 2 Alternating scheme with initial coordinates
1: procedure
2 Py« 0
3 fort=1,---,N do
4: G, < argmingemw ¢, ,(G)
5
6

M fo pls) 2282 25

ox

P, < projection to first k principal components of M,

5.2 The description of IV

Let us now give an example of a set 9 that satisfies both conditions that we imposed in Section [5]
Instead of defining 91 we will define its dual

m' = {H: [hl] \hiEFFi},
ho

where F'F; is a set of functions defined by the standard single layer neural network:

M
> wab(alx+b),

i=1

where a; € R", w;, b; € R are parameters and M is a hyperparameter. For 1) we only assume that
it is some non-constant function whose first derivatives are continuous and bounded. In practice we
use the hyperbolic tangent function for .

We define F'Fi as a set of functions given in the following parameterized form:

M’

> aer, (5.4)
=1

where o; > 0 and Zij\ill a; = 1. It is easy to see that such functions are always positive definite.
In practice we use the expression Zﬁ/l a; cos(w!'x), because the empirical distribution is made
symmetrical before we apply the algorithm. The number of neurons in the single-layer neural
network with the cosine activation function, M’, is a hyperparameter.

Let us show that 9 is dense in F1[D’]. It is a well-known fact that for any compact set Q C R",
single-layer neural networks can approximate any function in C(R™) with an arbitrary accuracy [4].
Thus, the weak closure of F'F}, contains F~![€(R")] (all functions in the last class are real-valued),
i.e. F'F, covers all interesting functions that can serve as candidates for the regression function.

Using Theorem 2 from [4], it can be shown that the conical hull of {€“/*|w € R"} is dense in
the cone of continuous positive definite functions, and therefore, are dense with respect to weak
topology in F1[B(R™)]. Thus, by the expression (5.4) we are able to approximate all characteristic
functions.
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5.3 Maximum mean discrepancy metric

All our experiments were done for the following well-known distance function [16]:

s tone) = [ a616,(3) = Gunpl20) P (55

where ¢(x) > 0 is a continuous function such that [, ¢(x)dx = 1 and ¢, demp are the characteristic
functions of the distributions p, ftemp correspondingly. It is easy to see that

N
- 1 )
(bemp(X) = ]:[“?‘E'g'”,uernp€IXTg - Nj eleTx.

=1

The Maclaurin series of the characteristic function has the form:

, 2\ B¢, (ixT€)7
Pu(x) = E£~u€IXT§ - Z : #g'l 2 '
Jj=0 '

Thus, by approximating ¢emp(x) in a neighborhood of the origin, defined by ¢(x), our method tries
to approximate all moments of fem, simultaneously.

Our experiments show that algorithm [2| converges to a better solution if we set ¢(x) x p(x) =
Fhl

5.4 Practical algorithm with initial coordinates

2
eS|

Let us set p(x) = f/%n. Step 4 of algorithm

0 = arg mein ®,_1(Go)

is done via the gradient descent-type algorithm (we use the Adam optimizer [20], a popular tool in
AT [31), 211, B0, 33], 37, B2] 41, 25]) that needs as an oracle an unbiased estimator of the gradient at
a given point 6.

In practice it is natural to estimate the gradient of ®,_,(Gy) as follows:

1 _ p Mpatch p Mbatch
va( S 11G(20) — dempl@)P + —2— 3 s — Gonloxi + €|
=1 =1

Npatch i— Nbatch i

A E OEG OEGy,
+ I (2;) — ———(z) Pa|? ),

Npatch i—1 ox ox

where x1, -+, Xpp .~ flemp (Y1, Ynpa are the corresponding outputs),
y _Ix? y
€1, €Enpoen ~tid 2710226 207 and z1, -+, Zny g le? T 7Z/nbatch ~td p (: q)'
Since
OEGy, TOEG,
M, = e : Ldx,
! / n p(x) ox 0x
it is natural to estimate it as:
M B 1 Npatch 8EG9t T(t )8EG9,5 (t )
b Nbatch - aX ! (9x v

=1

where t;,--- ,ty, ., are independent identically distributed with distribution p. Thus, the pseu-
docode of the algorithm can be found below.
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Algorithm 3 Practical algorithm with initial coordinates
By +— 0, 90 +—0
fort=1,---,7T do
while 6 has not converged do

Sample X1, -+, Xpy. .~ flemp With the corresponding outputs yi, -+, Yy,
. (B3
DY ZZd l 2
Sample €, s Enparen ™ \/W”e 2 »
/ / 2%
Sample Zy, - 7anatch7 Zl’ T ’anatch ~ p

yi — Goa(xs + €)]° +

P — (1_P anatch ||G61( ) _ Cbemp(zi)Hz + nb:)mh Z'Z’lb?tch
OEG
|52 (7)) — 5 (2) P

Mbatch
A § :nbatch
Mpatch 0x

f +— Adam(V9L7 97 «, ﬁh 52)

0, «— 0
Sample t1,- -+, ty,,., ~"

) — 1 Nyatch 8EG0/ -i-aEGg
Mt Nbatch zl:l ox ; <tl) ox : (tz)

Find {Vz}? s.t. ./\;ltVi = )\Z’VZ', )\1 > 2> >\n
P, S5 vivT

Output: vy, -+, vy

5.5 Experiments

We made experiments on the standard datasets: Heart, Breast Cancer, Diabetes, Boston house
prices and Wine quality. First, we applied Principal Component Analysis (PCA) and Sliced Inverse
Regression (SIR) algorithms to the training set and calculated the effective subspace for k =
All points were projected to that space and we obtained two-dimensional representations of input
points. In the last step we applied the 10 nearest neighbors algorithm (KNN) to predict outputs of
the test set (for the regression case, the KNN regression was used). The same scheme was repeated
with the Kernel Dimensionality Reduction (KDR) algorithm [14] and the alternating scheme with
p =1, 2,O We verified that p = 1 corresponds to the pure sufficient dimension reduction case,
because the best prediction was achieved for this value.

We experimented with algorithm |3[ setting the key parameters asﬂ (the data was standardized):

p(x) _ 1 Bk

Vor"

T =50,\ = 10.0,0 = 0.8,
a=10"% 6, =0.5,5, = 0.9.

Hyperparameters 6 of the neural network model Gy were set as: M’ = N and M equals either 50

or 100. The parameters of the characteristic function were initialized as of = %, w) = x; so that

wal a? cos(w? - X) = Gemp(x). Depending on the dataset, npaen ~ % and Npaen &~ 10000. In table
one can see the obtained test set accuracy on the classification tasks and R? on the regression tasks.

From Table [I] we see that the alternating scheme for p = 1 always outperforms SIR. As ex-
pected, the worst prediction accuracy is shown for p = 0, when the sufficiency term J(f) is absent.
Surprisingly, results for p = % are also comparable with SIR’s, which indicates that the two basic
requirements, the proximity to the empirical distribution and the sufficiency to predict an output are

often not mutually exclusive. The conclusion holds only if the distance to the empirical distribution

1Since the role of the parameter o is similar to that of the bandwidth in the kernel density estimation, we use
Silverman’s rule of thumb to set o.
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Dataset PCA%|[SIR |[KDR [p=1|p=1]p=0

Heart (acc) 79.80 | 81.1 | 84.5 | 83.2 | 80.4 | 81.8
Breast (acc) 93.46 | 96.5 | 95.1 | 97.1 | 95.6 | 94.0
Diabetes (R?) | 25.34 | 438 | 384 | 442 | 39.9 | 234
Boston (R?) | 56.42 | 762 | 704 | 76.7 | 742 | 51.3
Wine (R?) | 93.91 |8L.7| 89.9 | 952 | 92.7 | 94.1

Table 1: The cross-validated accuracies and R? of KNN on 2-dimensional input representations.

is the maximum mean discrepancy distance. Figure [I| shows how the 2D scatter plots of points on
the effective subspace look for the values of p =1, %, 0.
Codes that simplify the reproducibility of our results can be downloaded from GitHub repository

https : //github.com/k — nic/ LR _SDR.

6 Conclusions

Unsupervised dimension reduction and sufficient dimension reduction tasks are usually treated as
optimization tasks with substantially different objectives. An approach suggested in the paper deals
with the hybrid setting, i.e. the objective that we study is the sum of the term that measures the
consistency with an unsupervised part of data and the term that measures correlations between a
projected input and an output. We develop a new approach to the minimization of such objectives
that we call the alternating scheme. The results demonstrate that it is often possible to find a
low-dimensional subspace that approximates well the support of unsupervised data, and at the same
time can serve as an efficient subspace for the regression.
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Figure 1: 2d-scatter plots of test sets for Heart, Breast Cancer, Diabetes, Boston and Wine datasets

(rows) and for p = 1, 3,0 (columns). For regression tasks, the blackness of a point is proportional
to a target variable’s value.



74

[1]

2]

3]

[4]

[5]
6]

7]

18]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]
[19]

[20]

[21]

[22]

Zh. Mukanov, A. Sharafudinov, R. Takhanov, A. Bekembayev

References

Z. Assylbekov, R. Takhanov, Reusing weights in subword-aware neural language models. Proceedings of the
Conference of the North American Chapter of the Association for Computational Linguistics: Human Language
Technologies (2018), 1413-1423.

Z. Assylbekov, R. Takhanov, Context vectors are reflections of word vectors in half the dimensions (extended
abstract). Proceedings of the Twenty-Ninth International Joint Conference on Artificial Intelligence (2021).

M.T. Augustine, P. Patil, M. Bhushan, S. Bhartiya, Autoencoder with ordered variance for nonlinear model
identification. Arxiv (2024), arXiv:2402.14031.

A R. Barron, Universal approzimation bounds for superpositions of a sigmoidal function. IEEE Transactions on
Information Theory 39 (1993), no. 3, 930-945.

S. Bochner, Vorlesungen tiber Fouriersche Integrale. Akad. Verl.-Ges., 1932.

R.D. Cook, SAVE: a method for dimension reduction and graphics in regression. Communications in Statistics
- Theory and Methods 29 (2000), no. 9-10, 2109-2121.

R.D. Cook, L. Forzani, Principal fitted components for dimension reduction in regression. Statistical Science 23
(2008), no. 4, 485-501.

R.D. Cook, L. Forzani, Likelihood-based sufficient dimension reduction. Journal of the American Statistical
Association 104 (2009), no. 485, 197-208.

R.D. Cook, S. Weisberg, Sliced inverse regression for dimension reduction: comment. Journal of the American
Statistical Association 86 (1991), no. 414, 328-332.

T.F. Cox, M. Cox, Multidimensional scaling. Chapman and Hall/CRC, 2000.

J.P. Cunningham, Z. Ghahramani, Linear dimensionality reduction: survey, insights, and generalizations. Jour-
nal of Machine Learning Research 16 (2015), 2859-2900.

R.A. Fisher, The use of multiple measurements in tazonomic problems. Annals of Eugenics 7 (1936), no. 2,
179-188.

K. Pearson, On lines and planes of closest fit to systems of points in space. Philosophical Magazine 2 (1901),
no. 11, 559-572.

K. Fukumizu, F.R. Bach, M.I. Jordan, Dimensionality reduction for supervised learning with reproducing kernel
Hilbert spaces. Journal of Machine Learning Research 5 (2004), 73-99.

B. Ghojogh, A. Ghodsi, F. Karray, M. Crowley, Sufficient dimension reduction for high-dimensional regression
and low-dimensional embedding: tutorial and survey. Arxiv (2021), arXiv:2110.09620.

A. Gretton, K. Borgwardt, M. Rasch, B. Scholkopf, A. Smola, A kernel two-sample test. Journal of Machine
Learning Research 13 (2012), 723-773.

T. Hastie, R. Tibshirani, Discriminant analysis by Gaussian miztures. Journal of the Royal Statistical Society
Series B 58 (1996), no. 1, 155-176.

H. Hotelling, Relations between two sets of variates. Biometrika 28 (1936), no. 3-4, 321-377.
T. Hsing, R. Eubank, Theoretical foundations of functional data analysis. Wiley, 2015.

D.P. Kingma, J. Ba, Adam: a method for stochastic optimization. Proceedings of the International Conference
on Learning Representations (2015).

V. Kolmogorov, M. Rolinek, R. Takhanov, Effectiveness of structural restrictions for hybrid CSPs. Proceedings
of the 26th International Symposium on Algorithms and Computation (2015), 566-577.

K.-C. Li, Sliced inverse regression for dimension reduction. Journal of the American Statistical Association 86
(1991), no. 414, 316-327.



[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

Combining unsupervised dimension reduction 75

K.-C. Li, On principal Hessian directions for data visualization and dimension reduction. Journal of the American
Statistical Association 87 (1992), no. 420, 1025-1039.

K. Mynbaev, Zh. Assylbekov, Convergence of the partition function in the static word embedding model. Eurasian
Mathematical Journal 13 (2020), no. 4, 70-81.

K. Mynbaev, Asymptotic distribution of the OLS estimator for a mixed spatial model. Journal of Multivariate
Analysis 101 (2010), no. 3, 733-748.

S. Mukherjee, D.-X. Zhou, Learning coordinate covariances via gradients. Journal of Machine Learning Research
7 (2006), 519-549.

B. Scholkopf, A. Smola, K.-R. Miiller, Nonlinear component analysis as a kernel eigenvalue problem. Neural
Computation 10 (1998), no. 5, 1299-1319.

M. Sugiyama, Dimensionality reduction of multimodal labeled data by local Fisher discriminant analysis. Journal
of Machine Learning Research 8 (2007), 1027-1061.

P. Switzer, A. Green, Min/maz autocorrelation factors for multivariate spatial imagery. Stanford University,
1984.

R. Takhanov, Eztensions of the minimum cost homomorphism problem. Proceedings of the International Com-
puting and Combinatorics Conference (2010), 328-337.

R. Takhanov, Hybrid VCSPs with crisp and valued conservative templates. Proceedings of the 28th International
Symposium on Algorithms and Computation (2017).

R. Takhanov, The algebraic structure of the densification and the sparsification tasks for CSPs. Constraints 28
(2023), no. 1, 13—44.

R. Takhanov, Computing a partition function of a generalized pattern-based energy over a semiring. Theory of
Computing Systems 67 (2023), no. 4, 760-784.

R. Takhanov, On the speed of uniform convergence in Mercer’s theorem. Journal of Mathematical Analysis and
Applications 518 (2023), 126718.

R. Takhanov, Reducing the dimensionality of data using tempered distributions. Digital Signal Processing 133
(2023), 103819.

R. Takhanov, Multi-layer random features and the approzximation power of neural networks. Proceedings of the
40th Conference on Uncertainty in Artificial Intelligence (2024).

R. Takhanov, On the induced problem for fized-template CSPs. Proceedings of the 49th International Conference
on Current Trends in Theory and Practice of Computer Science (2024), 485-499.

R. Takhanov, Y.S. Abylkairov, M. Tezekbayev, Autoencoders for a manifold learning problem with a Jacobian
rank constraint. Pattern Recognition 143 (2023), 109777.

R. Takhanov, Z. Assylbekov, Patterns versus characters in subword-aware neural language modeling. Proceedings
of the International Conference on Neural Information Processing (2017), 157-166.

R. Takhanov, V. Kolmogorov, Inference algorithms for pattern-based CRF's on sequence data. Proceedings of
the International Conference on Machine Learning (2013), 145-153.

R. Takhanov, V. Kolmogorov, Combining pattern-based CRFs and weighted context-free grammars. Intelligent
Data Analysis 26 (2022), 257-272.

M. Wang, F. Sha, M.I. Jordan, Unsupervised kernel dimension reduction. Advances in Neural Information
Processing Systems 23, 2010, 2379-2387.

L. Wiskott, T.J. Sejnowski, Slow feature analysis: unsupervised learning of invariances. Neural Computation 14
(2002), no. 4, 715-770.



76 Zh. Mukanov, A. Sharafudinov, R. Takhanov, A. Bekembayev

[44] Y. Xia, H. Tong, W.K. Li, L.-X. Zhu, An adaptive estimation of dimension reduction space. Journal of the Royal

Statistical Society Series B 64 (2002), no. 3, 363—410.

Zhalgas Mukanov

Department of Fundamental Mathematics
L.N. Gumilyov Eurasian National University
13 Munaitpasov St

010008 Astana, Republic of Kazakhstan
E-mails: mukanovj@mail.ru

Anuar Sharafudinov
AlLabs Technologies
159 West Broadway Ste 200
Salt Lake City, UTAH, USA
E-mail: AnuarSh@ailabs.kz

Rustem Takhanov, Arman Bekembayev

Mathematics Department

Nazarbayev University

53 Kabanbay Batyr Ave

010000 Astana, Republic of Kazakhstan

E-mails: rustem.takhanov@nu.edu.kz, arman.bekembayev@nu.edu.kz

Received: 02.08.2024



	Страница 1
	Introduction
	Preliminaries
	Problem formulation
	Penalty function
	Another description of the penalty

	The alternating scheme
	Return to initial coordinates
	The description of M'
	Maximum mean discrepancy metric
	Practical algorithm with initial coordinates
	Experiments

	Conclusions

