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BOKAYEV NURZHAN ADILKHANOVICH

(to the 70th birthday)

January 5, 2026, marks the 70th birthday of Nurzhan Adilkhanovich
Bokayev, Doctor of Physical and Mathematical Sciences (1996), Professor
(2002), member of the Editorial Board of the Eurasian Mathematical Jour-
nal (2010).

Nurzhan Adilkhanovich Bokayev was born on 5 January, 1956 in the vil-
lage of Urnek, Karabalyk District, Kostanay Region. He graduated in 1972,
with a gold medal from the Burlin Secondary School in the district. That
same year, he entered the Mathematics Department of Karaganda State Uni-
versity and graduated with honors in 1977. From 1978 to 1979, he served
in the Soviet Army. In 1980, he completed an internship, and from 1981 to
1984, he studied in the graduate program at Lomonosov Moscow State Uni-
versity in the Department of Function Theory and Functional Analysis. In
1985, he defended his candidate's dissertation there under the supervision
of Corresponding Member of the Academy of Sciences of the USSR D.E.

Menshov and Professor V.A. Skvortsov. In 1996, he defended his doctoral dissertation, �Fourier
Coe�cients and Uniqueness Theorems for Series in Generalized Walsh and Haar Systems�, at the
Institute of Mathematics of the Ministry of Education and Science of the Republic of Kazakhstan,
speciality Mathematical Analysis (01.01.01).

After completing his postgraduate studies, he worked as a lecturer, senior lecturer, associate
professor, and professor in the Department of Mathematical Analysis at E.A. Buketov Karaganda
State University (1985-1999). He headed the Department of Mathematics and Mathematical Mod-
eling (1996-1999), and was a dean of the Faculty of Mathematics at E.A. Buketov Karaganda State
University (1999-2005). Since 2005, he has been a professor in the Faculty of Mechanics and Math-
ematics at the L.N. Gumilyov Eurasian National University. From 2009 to 2018, he was the Head
of the Department of Higher Mathematics at the L.N. Gumilyov Eurasian National University, and
from 2018 to the present, he has been a professor in the Department of Fundamental Mathematics.

Professor Bokaev's research focuses on problems in function theory and functional analysis, the
theory of orthogonal series for generalized Walsh and Haar systems, and operator theory in various
function spaces. He has proved renewal and uniqueness theorems for series with respect to peri-
odic multiplicative systems and Haar-type systems, and constructed continual sets of uniqueness
(U-sets) and sets of non-uniqueness (M-sets) for multiplicative systems. He obtained conditions for
functions to belong to various functional classes in terms of the Fourier coe�cients of generalized
Haar and Walsh systems, and embedding criteria for Nikol'skii-Besov spaces constructed on the
basis of multiplicative systems. He also obtained conditions for the boundedness and compactness
of the commutator of the Riesz potential in general Morrey-type spaces, and conditions for bound-
edness of generalizedRiesz and Bessel potentials and generalized fractional-maximal operators in
rearrangement-invariant spaces.

His co-authors include Professor V.A. Skvortsov (Moscow State University, Moscow), Professors
V.I. Burenkov and M.L. Goldman (Peoples' Friendship University of Russia (RUDN University).
Moscow), Dr. A. Gogatishvili (Institute of Mathematics of the Czech Academy of Sciences, Prague).
His doctoral students' foreign advisors include Professors W. Sickel (Friedrich-Schiller-Universitity,
Jena, Germany), Massimo Lanza de Cristoforis (University of Padova, Padova, Italy), V. Ruzhansky
(Ghent University, Ghent, Belgium), U. Goginava (United Arab Emirates University, Al Ain, United
Arab Emirates), and E. Panakhov (Institute of Applied Mathematics at Baku State University, Baku,
Azerbaijan).

Under his supervision, 15 dissertations (4 candidate's and 11 PhD) were defended. He has
published over 220 scienti�c papers, 2 monographs and 2 textbooks.
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He is a three-time recipient of the state grant �Best University Teacher� of the Republic of
Kazakhstan (2006, 2010, 2024) and served as Vice President of the Mathematical Society of Turkic-
Speaking Countries (2014-2023). He was awarded the �For Contribution to the Development of
Science� badge (2022).

Over the last ten years, he has been and continues to be a head of more than 5 national and
international funded projects.

The Editorial Board of the Eurasian Mathematical Journal, his friends and colleagues cordially
congratulate Nurzhan Adilkhanovich on the occasion of his 70th birthday and wish him good health,
happiness and new achievements in mathematics and mathematical education.
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COMBINING UNSUPERVISED DIMENSION REDUCTION
WITH SUFFICIENT DIMENSION REDUCTION

Zh. Mukanov, A. Sharafudinov, R. Takhanov, A. Bekembayev

Communicated by K.T. Mynbayev

Key words: unsupervised dimension reduction, su�cient dimension reduction, complex measures,
hybrid setting.

AMS Mathematics Subject Classi�cation: 62-07, 62H25, 68T10.

Abstract. We present a new method for dimension reduction that combines unsupervised di-
mension reduction (UDR) with su�cient dimension reduction (SDR). In unsupervised dimension
reduction the goal is to �nd a low-dimensional linear subspace that approximates the support of a
data distribution. If data is supervised, then in su�cient dimension reduction the goal is to �nd a
low-dimensional linear subspace, called the e�ective subspace, such that the projection of an input
vector onto that subspace maximally captures information on correlations between an input and an
output.

The objective that we suggest to minimize consists of two parts. The �rst one is responsible for
the UDR part, it forces a low-dimensional probabilistic measure µ to approximate a distribution
over inputs. The second one is responsible for the SDR part, it forces a regression function f to be
consistent with supervised data. Additionally, we require the support of µ and the e�ective subspace
of f to be equal. In this hybrid setting we solve two problems, UDR and SDR, so that the UDR
term serves as a regularizer of the SDR term.

We reformulate the problem as an optimization task of �nding a k-dimensional linear subspace S
and a pair of complex measures (µ, µ′) supported in S. Instead of optimizing over complex measures,
we suggest minimizing over ordinary functions (g1, g2) but with an additional term R that penalizes a
distortion of the common support of g1, g2 from a k-dimensional linear subspace. The algorithm that
we develop can be formulated for functions (g1, g2) as well as for their inverse Fourier transforms.
Eventually, we report results of numerical experiments on well-known datasets.

DOI: https://doi.org/10.32523/2077-9879-2026-17-1-58-76

1 Introduction

Unsupervised dimension reduction (UDR) is a classical problem in data science that has many
non-equivalent formulations coming from di�erent contexts, such as principal component analy-
sis [13], factor analysis, linear multidimensional scaling [10], Fisher's linear discriminant analy-
sis [12], canonical correlations analysis [18], su�cient dimension reduction (SDR) [14], maximum
autocorrelation factors [29], slow feature analysis [43], kernel methods [27, 14, 34], methods based
on autoencoders [38, 3] and more.

In UDR we are given a �nite number of points in Rn (sampled according to some unknown
distribution) and our goal is to �nd a �low-dimensional� a�ne (or linear) subspace that approximates
�the support� of the distribution. As was pointed out in [35], the study �eld currently achieved a
saturation level at which developing a unifying framework to the problem becomes highly demanding.
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In SDR (sometimes called supervised dimension reduction), we are given a �nite number of pairs
(xi, yi),xi ∈ Rn, yi ∈ R, also generated according to some unknown joint distribution p(x, y), and
our goal is to �nd k vectors (where k � n) w1, · · · ,wk ∈ Rn such that symbolically:

y ⊥⊥ x|wT
1 x, · · · ,wT

k x.

This means that an output y is conditionally independent of x, given wT
1 x, · · · ,wT

k x or, the condi-
tional distribution p(y|x) is the same as p(y|wT

1 x, · · · ,wT
k x).

Obviously, the last formulation is not precise if we do not make any assumptions about the joint
distribution, or more speci�cally about the conditional distribution p(y|x). Typically, it is assumed
that

y = g(wT
1 x, · · · ,wT

k x) + ε, (1.1)

where ε is the Gaussian noise with Eε = 0 and Eε2 = δ2. The function g is an unknown smooth
function. Then, the function f(x) = E[y|x] = g(wT

1 x, · · · ,wT
k x) is called the regression function.

Many methods have been proposed for estimation of the parameters of model (1.1) such as: sliced
inverse regression [22],[9], methods based on an analysis of gradient and Hessian of the regression
function [23, 44, 26], methods based on combining local classi�ers [17, 28], kernel-based methods [14]
and more. In such methods for the SDR problem as the Sliced Inverse Regression [22], the Principal
Hessian Direction [23], the Sliced Average Variance Estimation [6], an e�ective subspace is recovered
from the Singular Value Decomposition applied to a certain matrix that is constructed from a train-
ing set in a straightforward way. Other methods, such as the Principal Fitted Components [7], the
Likelihood Acquired Direction [8], the Kernel Dimensionality Reduction [14], are based on analytic
expressions measuring the a�nity of a k-dimensional subspace to the e�ective subspace. In the
second type of methods the SDR problem is reduced to an optimization problem over the Stiefel
manifold, or the Grassmanian. For other methods we refer to a tutorial on SDR methods [15].
Again, an important aspect of all these methods is that, given a �xed e�ective subspace, the regres-
sion function that predicts an output variable has a relatively straightforward structure and is not
optimized by any additional supervised learning procedure.

The SDR problem is tightly connected with the unsupervised dimension reduction problem.
In [42] it was shown how a method originally developed for SDR can be turned into a UDR method,
i.e. applied to unsupervised data by simply setting an output to be equal to an input. In [11], the
SDR problem, together with UDR problems, is cast as an optimization problem over the Stiefel man-
ifold. Taking into account deep connections between UDR and SDR problems, the current study's
goal is to develop an approach to a hybrid setting, i.e. when we target to �nd a low-dimensional
linear subspace that both approximates the support of data and is close to the e�ective subspace
(that allows to predict an output). Note that one can solve these two problems independently and
obtain two solutions � the span of their union maintains some of their desirable properties (at the
expense of increasing the dimension to 2k). The goal of the paper is to develop better approaches
to the problem.

In the hybrid setting our goal is to approximate the empirical inputs distribution µemp by
a distribution µ, supported in some k-dimensional subspace L, and �nd the regression function
f = g(wT

1 x, · · · ,wT
k x) such that the e�ective subspace span (w1, · · · ,wk) is equal to L. This will

guarantee that after projecting the input vector x onto L we are changing the geometry of the
dataset only slightly and, additionally, do not lose the ability to predict the output y. The objective
that is minimized in this setting consists of two parts, the �rst considering the dependence on µ and
the second considering the dependence on f . Thus, for a target space L there is a trade-o� between
the requirement to support the whole data and the su�ciency to predict y. Note that if the main
goal is SDR, then the �rst part of the objective can be interpreted as a regularization part that
is dedicated to avoiding over-�tting. If alternatively, the main goal is UDR, then the second part
can play its role in many interesting contexts. For example, let the output y be an indicator of an
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outlier, i.e., y = 1 indicates that the input x is an outlier. Then, it is desirable that after projecting
onto the low-dimensional subspace L we are still able to distinguish outliers from typical points.

The key observation of our analysis, stated in Theorem 3.1 of Section 3, is that a class of
functions of the form g(wT

1 x, · · · ,wT
k x) can be characterized as functions whose Fourier transforms

are supported in a k-dimensional linear subspace. Thus, the main problem in the hybrid setting is
to �nd a probabilistic measure µ that approximates the empirical measure µemp and the regression
function f such that µ and F [f ] are both supported in the same k-dimensional linear subspace.
Instead of optimizing over generalized functions with a k-dimensional support (or, k-dimensional
complex measures, in our terminology), we suggest minimizing over ordinary functions given as
feed-forward neural networks but with an additional soft constraint. To force the function's support
to be close to a k-dimensional subspace, in Section 4 we introduce a class of penalty functions R
such that large values of R indicate a strong distortion of the support from any k-dimensional linear
subspace. For a speci�c case of R, in Section 5 we develop an algorithm for our problem that can be
formulated for functions given in the frequency coordinate form as well as in the initial coordinate
form. The last section is dedicated to experiments.

2 Preliminaries

Throughout the paper we will use common terminology and notations from functional analysis. The
Schwartz space of functions is denoted by S(Rn) and the set of all tempered distributions is S ′(Rn),
the dual space of S(Rn). The Fourier and the inverse Fourier transforms are �rst de�ned by

F [f ](ξ) =
1

(2π)n/2

∫
Rn
f(x)e−iξ

Txdx,

F−1[f ](x) =
1

(2π)n/2

∫
Rn
f(ξ)eiξ

Txdξ,

and then extended to continuous bijective linear operators F ,F−1 : S ′(Rn) → S ′(Rn). A Borel
complex measure is a mapping µ : E → C where E is a sigma-algebra of all Borel sets on Rn and µ
is sigma-additive. If µ is real-valued, then µ is called a �nite Borel measure. A �nite Borel measure
with µ(Rn) = 1 is called the Borel probabilistic measure. The set of all Borel probabilistic measures
on Rn is denoted by B(Rn). The symbol X1, · · · , Xm ∼iid µ denotes the fact that random variables
X1, · · · , Xm are all independent and each has a distribution function µ.

If a function f : Rn → C is such that
∫
Rn f(x)u(x)dx <∞ for any u ∈ S(Rn) then it induces an

operator Tf : S(Rn)→ C, where Tf (u) =
∫
Rn f(x)u(x)dx. Analogously, a Borel complex measure µ

on Rn de�nes a tempered distribution Tµ : S(Rn) → C, where Tµ(u) =
∫
Rn u(x)dµ. For simplicity

of our notation, we use f and Tf (µ and Tµ) interchangeably (from the context it will alway be
clear what we mean). By L2(Rn) we denote the Hilbert space of all square-integrable functions
from Rn to C, with the inner product 〈u, v〉L2(Rn) =

∫
u(x)∗v(x)dµ. The induced norm is then

‖u‖L2(Rn) =
√
〈u, u〉.

A positive-de�nite function is a complex-valued function f : Rn 7→ C such that for any real
numbers x1, · · · ,xs the matrix A = (ai,j)

n
i,j=1 where ai,j = f(xi − xj) is positive-semide�nite.

For a matrix A =
[
aij
]

1≤i,j≤n the Frobenius norm is ‖A‖F =
√∑

ij |aij|2.

3 Problem formulation

We formulate the hybrid dimension reduction problem as an optimization task:

inf
(µ,f)∈D

(1− ρ)I(µ, µemp) + ρJ(f). (3.1)
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In the last expression µ ∈ B(Rn) denotes a Borel probabilistic measure on Rn that approximates
the empirical distribution over inputs, µemp, and I denotes the distance function between measures
(e.g. the maximum mean discrepancy or the Wasserstein distance) and ρ ∈ [0, 1].

The object f : Rn → R is a smooth real-valued function that can be given in an arbitrary form,
keeping in mind the case of f de�ned by a feed-forward neural network. We assume that f is a
candidate for the regression function and J(f) is a cost function that values how strongly f �ts in
this role. In practice for the regression case we use the following cost function:

J(f) =
1

N

N∑
i=1

Eε∼N(0,σ2In)|yi − f(xi + ε)|2,

where the target variable y is normalized, i.e. the estimator of outputs variance V̂ar(y) = 1. We
add the last remark only to make I(µ, µemp) and J(f) to be of the same scale. For the binary
classi�cation case with 0-1 outputs we use:

J(f) =
1

N

N∑
i=1

Eε∼N(0,σ2In)H

(
yi,

ef(xi+ε)

1 + ef(xi+ε)

)
,

where H(y, p) = −y log p − (1 − y) log(1 − p). Thus, ρ = 0 corresponds to the pure unsupervised
dimension reduction task and ρ = 1 corresponds to the pure su�cient dimension reduction task.

We assume that f satis�es (for k �xed in advance):

f(x) = g(wT
1 x, · · · ,wT

k x),

where g is an arbitrary function and w1, · · · ,wk ∈ Rn. Thus, given an input x, the corresponding
output depends on the projection of x onto span(w1, · · · ,wk). Thus, span(w1, · · · ,wk) serves as
the e�ective subspace. We assume that the measure µ is also supported in that subspace. Thus, we
de�ne:

D = {(µ, f)|µ ∈ B(Rn), ∃
Rn

w1, · · · ,wk ∃g : Rk → R

such that ∀
Borel

A µ(A) = µ(A ∩ span(w1, · · · ,wk))

and ∀
Rn

x f(x) = g(wT
1 x, · · · ,wT

k x)}.

(3.2)

The parameter ρ ≥ 0 regulates how strongly we prefer the su�ciency term J over the distance till
the empirical distribution.

The following theorem is the key observation behind our approach to the problem (3.1).

Theorem 3.1. A function k(x) can be represented as k(x) = g(wT
1 x, · · · ,wT

k x), g ∈ S(Rk) if and
only if there is an orthonormal basis {a1, · · · , an} ⊆ Rn such that:

F [Tl] = r(aT1 x, · · · , aTk′x)
n∏

i=k′+1

δ(aTi x), r ∈ S(Rk), (3.3)

where δ(·) is the Dirac delta-function and span(a1, · · · , ak′) = span(w1, · · · ,wk).

Sketch of the proof. Without loss of generality, we can assume that w1, · · · ,wk are linearly indepen-
dent. A rigorous proof of the theorem would require a careful checking of certain integral identities.
Instead, we will present a sketch of the proof at the abstraction level common to theoretical physics
papers.
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(⇒) We also can assume that w1, · · · ,wk are orthonormal. Indeed, after every rede�nition
of g given by the rule g(s1, · · · , sk) ← g(s1, · · · , si + αsj, · · · , sk) we get the same function l if we
simultaneously transform wi to wi−αwj. By making such rede�nitions, we can always orthogonalize
w1, · · · ,wk by the Gramm-Schmidt process with a subsequent scaling of g's arguments.

Let us complete w1, · · · ,wk with wk+1, · · · ,wn to form an orthonormal basis in Rn and set:

Q =
[
w1, · · · ,wn

]
=
[
Q1, Q2

]
, Q1 ∈ Rn×k, Q2 ∈ Rn×(n−k).

Then, in the Fourier transform formula we make the change of variables x = Q

[
y1

y2

]
= Q1y1 +Q2y2,

y1 ∈ Rk, y2 ∈ Rn−k and get:

F [l](ξ) =
1√
2π

n

∫
Rn
g(wT

1 x, · · · ,wT
k x)e−iξ

Txdx

=
1√
2π

n

∫
Rn
g(y1)e

−iξTQ

y1

y2


dy1dy2 =

1√
2π

n

∫
Rn
g(y1)e−i(Q

T
1 ξ)Ty1−i(QT2 ξ)Ty2dy1dy2

=
1√
2π

n

∫
Rk
g(y1)e−i(Q

T
1 ξ)Ty1dy1

∫
Rn−k

e−i(Q
T
2 ξ)Ty2dy2 =

√
2π

n−k
F [g](QT

1 ξ)δn−k(QT
2 ξ),

where δn−k(s1, · · · , sn−k) =
∏n−k

i=1 δ(si). Here we used the equality
∫
Rn−k e

−izTy2dy2 =
(2π)n−kδn−k(z). Thus, we obtain the needed representation.

(⇐) Suppose that:

F [l] = r(aT1 x, · · · , aTk′x)
n∏

i=k′+1

δ(aTi x).

Using the inverse Fourier transform we get:

l(ξ) = F−1 [F [l]] (ξ) =
1√
2π

n

∫
Rn
r(aT1 x, · · · , aTk′x)

n∏
i=k′+1

δ(aTi x)eix
T ξdx.

After the change of variables x = Oy, where O =
[
a1, · · · , an

]
, we get:

l(ξ) =
1√
2π

n

∫
Rn
r(y1:k′)

n∏
i=k′+1

δ(yi)e
i
∑n
i=1 yia

T
i ξdy1:n

=
1√
2π

n

∫
Rn
r(y1:k′)e

i
∑k′
i=1 yia

T
i ξdy1:k′ =

1
√

2π
n−k g̃(aT1 ξ, · · · , aTk ξ),

where g̃ = F−1[r].

Substantively, the theorem claims that if the function's value depends only on the projection of
an argument x onto the span(w1, · · · ,wk), then frequencies of the spectrum of such function are all
in the span(w1, · · · ,wk).

De�nition 1. Let C(Rn) be a set of symmetric Borel complex measures on Rn, i.e., any µ ∈
C(Rn) is a sigma-additive complex-valued function on the sigma-algebra of Borel subsets of Rn and
µ(−A) = µ(A)∗ (where x∗ denotes the complex conjugate of x). We will call a measure µ ∈ C(Rn)
a k-dimensional measure if there is a k′-dimensional linear subspace S ⊆ Rn, k′ ≤ k such that
µ(A ∩ S) = µ(A) for any Borel set A. The minimal linear space S with the last property is called
the support of µ and is denoted by suppµ. The set of all k-dimensional Borel complex measures is
denoted by Gk. The set of all pairs (µ1, µ2), where µ1, µ2 ∈ Gk and suppµ1 = suppµ2, is denoted by
G2
k .
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Thus, problem (3.1) is equivalent to the followinq equality:

inf
(µ,F−1(f))∈D

(1− ρ)I(µ, µemp) + ρJ(F−1(f))

= inf
(µ,µ′)∈G2

k,µ∈B(Rn)
(1− ρ)I(µ, µemp) + ρJ(F−1(µ′)).

Instead of minimization over tempered distributions, we will relax the property that the common
support of the pair (µ, µ′) is k-dimensional, reducing the problem to the following one:

(1− ρ)I(µ, µemp) + ρJ(F−1[µ′])→ min
(µ,µ′)∈B(Rn)×C(Rn),R(µ,µ′)≤ε

, (3.4)

where R(µ, µ′) is a penalty term that penalizes (µ, µ′) if the dimension of their common support is
greater than k. In the next section we describe one natural approach to construct such a penalty
term R.

4 Penalty function

We need the following theorem.

Theorem 4.1. Let γ : Rn → R be a positive de�nite continuous function and (µ, µ′) ∈ B(Rn) ×
C(Rn) be such that

∀i, j
∫
Rn×Rn

xiγ(x− y)yjdµ(x)dµ(y) <∞,∫
Rn×Rn

xiγ(x− y)yjdµ
′(x)∗dµ′(y) <∞.

The pair (µ, µ′) is in G2
k if and only if

rank(M) ≤ k,

where

M = a

∫
Rn×Rn

xγ(x− y)yTdµ(x)dµ(y)

+b

∫
Rn×Rn

xγ(x− y)yTdµ′(x)∗dµ′(y), a > 0, b > 0.

Proof. (⇒) If (µ, µ′) ∈ G2
k , then there is a k-dimensional linear subspace S ⊆ Rn such that µ(A∩S) =

µ(A), µ′(A ∩ S) = µ′(A). Let {vi}ni=1 be an orthonormal basis in Rn such that vi ⊥ S, i > k. Then:∫
Rn×Rn

xγ(x− y)yTdµ(x)dµ(y) =

∫
Rn×Rn

n∑
i=1

viv
T
i xγ(x− y)yTdµ(x)dµ(y).

Since
∫
Rn(vTi x)2γ(x− y)dµ(x) = 0, i > k, then:∫
Rn×Rn

k∑
i=1

viv
T
i xγ(x− y)yTdµ(x)dµ(y) =

k∑
i=1

viv
T
i

∫
Rn×Rn

xγ(x− y)yTdµ(x)dµ(y).

The same can be proven for µ′, therefore:

M =
k∑
i=1

viv
T
iM
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and we see that rank(M) ≤ k.
(⇐) If rank(M) ≤ k, then there exist linearly independent vectors {ui}ni=k+1 such that

uTiMui = a

∫
Rn×Rn

uTi xγ(x− y)uTi ydµ(x)dµ(y)

+b

∫
Rn×Rn

uTi xγ(x− y)uTi ydµ
′(x)∗dµ′(y) = 0.

From positive de�niteness of γ we conclude that µ({x|uTi x 6= 0}) = 0 and µ′({x|uTi x 6= 0}) = 0.
Therefore, µ(A) = µ(A∩{x|uTi x, i = k + 1, n}) = 0 and µ′(A) = µ′(A∩{x|uTi x = 0, i = k + 1, n}) =
0. Thus, suppµ ⊆ {x|uTi x = 0, i = k + 1, n} and suppµ′ ⊆ {x|uTi x = 0, i = k + 1, n}.

Let us de�ne

Mν =

∫
Rn×Rn

xγ(x− y)yTdν(x)∗dν(y)

and
M(µ,µ′) = (1− ρ)Mµ + ρMµ′ .

Note thatM(µ,µ′) is a positive semide�nite matrix, and therefore, the square rootM1/2
(µ,µ′) is de�ned.

Our de�nition for the penalty function R is as follows:

R(µ, µ′) = min
M∈Rn×n:rank(M)≤k

‖M1/2
(µ,µ′) −M‖

2
F . (4.1)

It is natural to expect that if R(µ, µ′) ≤ ε and ε > 0 is small, i.e.,M1/2
(µ,µ′) (together withM(µ,µ′)) is

close to some rank k matrix, then the common support of (µ, µ′) is approximable by a k-dimensional
linear subspace. Now, our goal is to develop an algorithm for the following problem:

(1− ρ)I(µ, µemp) + ρJ(F−1[µ′]) + λR(µ, µ′)→ min
(µ,µ′)∈B(Rn)×C(Rn)

, (4.2)

where λ is a penalty parameter that can be chosen su�ciently large to force R(µ, µ′) to be small.

4.1 Another description of the penalty

Let us now give an alternative description of the penalty R(µ, µ′) that suits better to the goal of
designing an algorithm for problem (3.4).

Let γ and s be smooth real-valued positive de�nite functions such that:

γ(x− x′′) =

∫
Rn
s(x− x′)s(x′ − x′′)dx′.

For example, γ(x) =
√

π
2

n
e−‖x‖

2/2 and s(x) = e−‖x‖
2
. Note that γ(x) = γ(−x) and s(x) = s(−x).

Let us de�ne

S(µ,µ′) = [

∫
Rn
s(x− x′)x′dµ(x′)

∫
Rn
s(x− x′)x′dµ′(x′)]E,

where

E =

[√
1− ρ 0
0

√
ρ

]
.

This object is an n× 2 matrix whose entries are functions.
By Ln×2

2 (Rn) we denote the space of all matrices
[
bij(x)

]
1≤i≤n,j=1,2

, where bij ∈ L2(Rn). Also,

L2
2(Rn) ≡ L2×1

2 (Rn). Note that L2
2(Rn) is a linear space over complex numbers. Let us also denote
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by L̃2
2(Rn) the real linear space that is the set L2

2(Rn) considered over real numbers only, equipped
with the inner product

〈[φ1, φ2]T , [ψ1, ψ2]T 〉L̃2
2(Rn) = Re

{
〈φ1, ψ1〉L2(Rn) + 〈φ2, ψ2〉L2(Rn)

}
.

The set of all bounded linear operators from L̃2
2(Rn) to Rn is denoted by Bn×2.

It is easy to see that any A ∈ Ln×2
2 (Rn) de�nes a bounded linear operator OA from L̃2

2(Rn) to
Rn by the following rule: [

φ1

φ2

]
∈ L̃2

2(Rn)→OA Re

∫
Rn
A(x)∗

[
φ1(x)
φ2(x)

]
dx.

Moreover, it is easy to see that all bounded linear operators from L̃2
2(Rn) to Rn can be represented

in this way. Obviously, Bn×2 is a Hilbert space, where the inner product is de�ned as:

〈OA1 , OA2〉Bn×2 = Re

∫
Rn

Trace (A1(x)†A2(x))dx,

where for any A(x) = [Aij(x)]1≤i≤n,1≤j≤2 ∈ Ln×2
2 (Rn), A(x)† denotes the matrix

[Aji(x)∗]1≤i≤2,1≤j≤n ∈ L2×n
2 (Rn). Thus, the corresponding norm coincides with the trace norm.

Recall that, for a bounded linear operator O : H1 → H2 between Hilbert spaces H1,H2, the rank of
O is de�ned as dim Im(O), where Im(O) = {O[φ]

∣∣φ ∈ H1}.

Theorem 4.2. If M(µ,µ′) < ∞, then S(µ,µ′) ∈ Ln×2
2 (Rn), OS(µ,µ′)

O†S(µ,µ′)
= M(µ,µ′), and

rank(OS(µ,µ′)
) = rank(M(µ,µ′)).

Sketch of the proof. Since

〈O†S(µ,µ′)
y,

[
φ1

φ2

]
〉L̃2

2(Rn) = yT (OS(µ,µ′)

[
φ1

φ2

]
)

= yTRe

∫
Rn

[

∫
Rn
s(x− x′)x′dµ(x′)

∫
Rn
s(x− x′)x′dµ′(x′)∗]E

[
φ1(x)
φ2(x)

]
dx,

we obtain

O†S(µ,µ′)
y = E

[∫
Rn s(x− x′)x′Tydµ(x′)∫
Rn s(x− x′)x′Tydµ′(x′)

]
.

Let us now check that OS(µ,µ′)
O†S(µ,µ′)

=M(µ,µ′) by direct calculation:

y ∈ Rn
O†S(µ,µ′)−→ E

[∫
Rn s(x− x′)x′Tydµ(x′)∫
Rn s(x− x′)x′Tydµ′(x′)

]
OS(µ,µ′)−→ Re

∫
Rn

[

∫
Rn
s(x− x′)x′dµ(x′)

∫
Rn
s(x− x′)x′dµ′(x′)∗]

EE

[∫
Rn s(x− x′)x′Tydµ(x′)∫
Rn s(x− x′)x′Tydµ′(x′)

]
dx

= (1− ρ)

∫
Rn
γ(x− x′)xx′Tydµ(x)dµ(x′) + ρ

∫
Rn
γ(x− x′)xx′Tydµ′(x)∗dµ′(x′)

=M(µ,µ′)y.
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From the equality OS(µ,µ′)
O†S(µ,µ′)

= M(µ,µ′) we conclude that rank(M(µ,µ′)) ≤ rank(OS(µ,µ′)
). Con-

versely, if x1, · · · ,xr is a basis of Im(M(µ,µ′))
⊥, then 0 = xTiM(µ,µ′)xi = ‖O†S(µ,µ′)

xi‖2
L̃2

2(Rn)
, i.e.

O†S(µ,µ′)
xi = 0. Therefore, for i ∈ [r], we have

〈OS(µ,µ′)
φ,xi〉L̃2

2(Rn) = 〈φ,O†S(µ,µ′)
xi〉L̃2

2(Rn) = 0,

for any φ, i.e., Im(OS(µ,µ′)
) ⊆ {x1, · · · ,xr}⊥. Thus, rank (OS(µ,µ′)

) ≤ n− r = rank (M(µ,µ′)).

The Eckart-Young-Mirsky theorem [19, Theorem 4.4.7] in the theory of Singular Value Decom-
position (SVD) gives us that

R(µ, µ′) = min
M∈Rn×n:rank(M)≤k

‖M1/2
(µ,µ′) −M‖

2
F =

n∑
i=k+1

λi,

where λ1 ≥ · · · ≥ λn are eigenvalues of M(µ,µ′) = M
1
2
T

(µ,µ′)M
1
2

(µ,µ′). Due to the relationship

OS(µ,µ′)
O†S(µ,µ′)

=M(µ,µ′) the following statement is true.

Theorem 4.3. We have

R(µ, µ′) = min
S∈Ln×2

2 (Rn):rank(OS)≤k
‖S(µ,µ′) − S‖2

Ln×2
2 (Rn)

,

and the latter minimum is attained at P(µ,µ′)S(µ,µ′), where P(µ,µ′) =
∑k

i=1 uiu
T
i is the projection

operator to �rst k principal components ofM(µ,µ′).

Sketch of the proof. First, we check that all arguments of the Eckart-Young-Mirsky theorem for
matrices maintain in the case of bounded linear operators from L̃2

2(Rn) to Rn. Indeed, all arguments
survive, because such operators are compact and can have only a �nite spectrum, since Rn is �nite-
dimensional. Let us only describe an optimal S on which min

S∈Ln×2
2 (Rn):rank(OS)≤k

‖S(µ,µ′)− S‖2
Ln×2

2 (Rn)
is

attained.
Let u1, · · · ,un be orthonormal eigenvectors ofM(µ,µ′) = OS(µ,µ′)

O†S(µ,µ′)
and λ1 ≥ · · · ≥ λn′ > 0

be the corresponding non-zero eigenvalues. For σi =
√
λi let us de�ne vi =

O†S(µ,µ′)
[ui]

σi
. Here, vi is

equal to the function

vi(x) =
1

σi

[√
1− ρ

∫
Rn s(x− x′)uTi x

′dµ(x′)√
ρ
∫
Rn s(x− x′)uTi x

′dµ′(x′)

]
.

It is easy to see that v1, · · ·vn′ is an orthonormal basis in ImO†S(µ,µ′)
, and SVD for OS(µ,µ′)

is:

OS(µ,µ′)
=

n′∑
i=1

σiuiv
†
i .

By the Eckart-Young-Mirsky theorem, an optimal S = OF in min
S∈Bn×2,rankS≤k

‖OS(µ,µ′)
− S‖2

Bn×2 is

de�ned by a truncation of SVD for OS(µ,µ′)
at kth term, i.e.,

F =

[√
1− ρ

∫
Rn
s(x− x′)

k∑
i=1

uiu
T
i x
′dµ(x′),

√
ρ

∫
Rn
s(x− x′)

k∑
i=1

uiu
T
i x
′dµ′(x′)

]
= P(µ,µ′)S(µ,µ′),

(4.3)

where P(µ,µ′) =
∑k

i=1 uiu
T
i is the projection operator to �rst k principal components of M(µ,µ′).

From the equality ‖OA‖Bn×2 = ‖A‖Ln×2
2 (Rn) we obtain the statement of theorem.
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5 The alternating scheme

Complex measures are in the weak closure of the main functional classes, L2 and Sobolev spaces, con-
tinuous functions, single-layer neural networks, etc. The major gain from penalty formulation (4.2)
is that, instead of optimizing over complex measures whose supports have empty interior, we can
vary the argument over a space of ordinary functions F, where F ⊂ C(Rn) can be chosen as any
class of functions which is dense (with respect to the weak weak topology) in D′ = B(Rn)× C(Rn),
for example:

F = {g =

[
g1

g2

]
|g1, g2 ∈ C(Rn),∀x g1(x) ≥ 0,

∫
Rn
g1(x)dx = 1,

∫
Rn
|g2(x)|dx <∞}. (5.1)

Thus, we need to solve the following optimization problem:

(1− ρ)I(g1, µemp) + ρJ(F−1[g2]) + λR(g1, g2)→ min
(g1,g2)∈F

. (5.2)

Using Theorem 4.3 we can represent problem (5.2) in the following form:

Φ(g =

[
g1

g2

]
, S) = (1− ρ)I(g1, µemp) + ρJ(F−1[g2]) + λ‖S(g1,g2) − S‖2

Ln×2
2 (Rn)

→ min
g∈F,S∈Ln×2

2 (Rn):rank(OS)≤k
.

The simplest idea for an optimization is to minimize over g = (g1, g2) ∈ F and over S ∈ Ln×2
2 (Rn) :

rank(OS) ≤ k alternatingly. The �rst part would be an optimization over an in�nite-dimensional
object, which cannot be implemented in practice. To avoid in�niteness, we will �x a proper param-
eterized set of functions M ⊆ F (e.g., deep neural networks [36, 1, 2, 39, 40, 24]) and optimize over
M. A general scheme of optimization is given in Algorithm 1.

Algorithm 1 Alternating scheme

1: procedure
2: S0 ← 0
3: for t = 1, · · · , N do
4: gt ← arg min

g∈M
Φ(g, St−1)

5: St ← arg min
S∈Ln×2

2 (Rn):rank(OS)≤k
‖Sgt − S‖2

Ln×2
2 (Rn)

Note that Step 5 of the algorithm is equivalent to minimizing ‖Sgt − S‖2
Ln×2

2 (Rn)
over S ∈

Ln×2
2 (Rn) : rank(OS) ≤ k. In the previous section we have already described an optimal solution for

that task (equation (4.3)):

St = PgtSgt ,

Sgt =

∫
Rn
s(x− x′)x′gTt (x′)Edx′.

Here Pgt ∈ Rn×n is the projection operator to the �rst k principal components of

Mgt =

∫
Rn×Rn

γ(x− y)xyTgt(x)†E2gt(y)dxdy.

The hardest part of that step is to estimate the matrixMgt for a given gt ∈M. Thus, a practical
implementation of our algorithm would requireM to be de�ned in such a way that the latter integral
can be calculated either analytically or numerically. At the same time, M should be rich enough to
approximate functions from D in terms of weak topology. Thus, to summarize, M should be:
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• dense in D′.

• Mg is e�ciently computable.

An example of M that satis�es the latter 2 conditions will be given in the next section.

5.1 Return to initial coordinates

In applications, it is desirable that an algorithm for the problem deals with the function F−1[g] =
[F−1[g1],F−1[g2]], rather than with [g1, g2].

The pair [F−1[g1], F−1[g2]] has the following interpretation. Since g1 is the probability density
function that approximates the empirical distribution µemp, then G1 = F−1[g1] is the characteristic
function of g1 (up to a constant factor). By Bochner's theorem [5] we know that the function can
serve as the characteristic function of a probability distribution if and only if it is continuous, positive
de�nite and

G1(0) = 1.

The function G2 = F−1[g2] is simply the regression function in the term ρJ(F−1[g2]) = ρJ(G2),
i.e., G2 is a real-valued function.

Thus, in the dual reformulation we search over pairs [G1, G2] where G1 is complex-valued,
continuous, positive de�nite and G2 is real-valued.

The speci�cs of scheme 1 is that it allows such a reformulation.
Indeed, at step 4 of the algorithm we minimize the expression:

Φ(g, S) = (1− ρ)I(g1, µemp) + ρJ(F−1[g2]) + λ‖Sg − St−1‖2
Ln×2

2 (Rn)
,

where St−1 = Pgt−1Sgt−1 has been calculated on the previous iteration. According to Theorem 4.3
and formula (4.3) we can rewrite the penalty term λ‖Sg − St−1‖2

Ln×2
2 (Rn)

as:

λ

∫
Rn×Rn

γ(x− y)E(g(x)xT − gt−1(x)xTP T
gt−1

)(yg(y)T − Pgt−1ygt−1(y)T )Edxdy.

Let us denote G = F−1[g] and Gt−1 = F−1[gt−1]. Using the well-known duality between xi and
−i∂xi , we see that

F−1[xg(x)T ] = −i∂xG
T ,

F−1[Pgt−1xgt−1(x)T ] = −iPgt−1∂xG
T
t−1.

The unitarity of the inverse Fourier transform and the convolution theorem gives us that the penalty
term equals

λ′
∫
Rn
p(x)

∣∣∣∣∣∣∣∣E∂G∂x − E∂Gt−1

∂x
Pt−1

∣∣∣∣∣∣∣∣2
F

dx, (5.3)

where ∂f
∂x

=
[
∂fi
∂xj

]
1≤i≤2,1≤j≤n

denotes the Jacobian of f : Rn → R2 and p = F−1[γ], Pt−1 = Pgt−1 .

The set dual to M is de�ned as M′ = {F−1[h]|h ∈ M}. The matrix Mt = Mgt can also be
calculated using Gt:

Mt =
[∫

Rn×Rn γ(x− y)xig
†
t (x)yjE

2gt(y)dxdy
]
n×n

∝
[∫

Rn p(x)∂EGt

∂xi

† ∂EGt

∂xj
dx
]
n×n

=

∫
Rn
p(x)

∂EGt

∂x

†∂EGt

∂x
dx.
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For G = [G1, G2]T we de�ne:

Φ′t(G) = (1− ρ)I(F [G1], µemp) + ρJ(G2) + λ′
∫
Rn
p(x)

∣∣∣∣∣∣∣∣∂EG∂x − ∂EGt−1

∂x
Pt−1

∣∣∣∣∣∣∣∣2
F

dx.

Note that we can assume that G2 and Gt2 are real-valued, because the objective Φ′t(G) always
attains its minimum on such a pair [G∗1 G

∗
2] that G∗2 is a real-valued function.

Thus, algorithm 2 is dual to algorithm 1.

Algorithm 2 Alternating scheme with initial coordinates

1: procedure
2: P0 ← 0
3: for t = 1, · · · , N do
4: Gt ← arg minG∈M′ Φ

′
t−1(G)

5: Mt ←
∫
Rn p(x)∂EGt

∂x

† ∂EGt

∂x
dx

6: Pt ← projection to �rst k principal components ofMt

5.2 The description of M′

Let us now give an example of a set M that satis�es both conditions that we imposed in Section 5.
Instead of de�ning M we will de�ne its dual

M′ =

{
H =

[
h1

h2

]
| hi ∈ FFi

}
,

where FF2 is a set of functions de�ned by the standard single layer neural network:

M∑
i=1

wiψ(aTi x + bi),

where ai ∈ Rn, wi, bi ∈ R are parameters and M is a hyperparameter. For ψ we only assume that
it is some non-constant function whose �rst derivatives are continuous and bounded. In practice we
use the hyperbolic tangent function for ψ.

We de�ne FF1 as a set of functions given in the following parameterized form:

M ′∑
i=1

αie
iωTi x, (5.4)

where αi > 0 and
∑M ′

i=1 αi = 1. It is easy to see that such functions are always positive de�nite.

In practice we use the expression
∑M ′

i=1 αi cos(ωTi x), because the empirical distribution is made
symmetrical before we apply the algorithm. The number of neurons in the single-layer neural
network with the cosine activation function, M ′, is a hyperparameter.

Let us show thatM′ is dense in F−1[D′]. It is a well-known fact that for any compact set Ω ⊆ Rn,
single-layer neural networks can approximate any function in C(Rn) with an arbitrary accuracy [4].
Thus, the weak closure of FF2 contains F−1[C(Rn)] (all functions in the last class are real-valued),
i.e. FF2 covers all interesting functions that can serve as candidates for the regression function.

Using Theorem 2 from [4], it can be shown that the conical hull of {eiωTi x|ω ∈ Rn} is dense in
the cone of continuous positive de�nite functions, and therefore, are dense with respect to weak
topology in F−1[B(Rn)]. Thus, by the expression (5.4) we are able to approximate all characteristic
functions.
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5.3 Maximum mean discrepancy metric

All our experiments were done for the following well-known distance function [16]:

I(µ, µemp) =

∫
Rn
q(x)|φµ(x)− φemp(x)|2dx, (5.5)

where q(x) > 0 is a continuous function such that
∫
Rn q(x)dx = 1 and φµ, φemp are the characteristic

functions of the distributions µ, µemp correspondingly. It is easy to see that

φemp(x) = Eξ∼µempe
ixT ξ =

1

N

N∑
i=1

eixTi x.

The Maclaurin series of the characteristic function has the form:

φµ(x) = Eξ∼µe
ixT ξ =

∞∑
j=0

Eξ∼µ(ixTξ)j

j!
.

Thus, by approximating φemp(x) in a neighborhood of the origin, de�ned by q(x), our method tries
to approximate all moments of µemp simultaneously.

Our experiments show that algorithm 2 converges to a better solution if we set q(x) ∝ p(x) =
F−1[γ].

5.4 Practical algorithm with initial coordinates

Let us set p(x) = e
−‖x‖

2

2δ2√
2πδ2

n . Step 4 of algorithm 2:

θt = arg min
θ

Φ′t−1(Gθ)

is done via the gradient descent-type algorithm (we use the Adam optimizer [20], a popular tool in
AI [31, 21, 30, 33, 37, 32, 41, 25]) that needs as an oracle an unbiased estimator of the gradient at
a given point θ.

In practice it is natural to estimate the gradient of Φ′t−1(Gθ) as follows:

∇θ

(
1− ρ
nbatch

nbatch∑
i=1

‖Gθ1(zi)− φemp(zi)‖2 +
ρ

nbatch

nbatch∑
i=1

‖yi −Gθ2(xi + εi)‖2

+
λ̃

nbatch

nbatch∑
i=1

‖∂EGθ

∂x
(z′i)−

∂EGθt−1

∂x
(z′i)Pt−1‖2

)
,

where x1, · · · ,xnbatch
∼iid µemp (y1, · · · , ynbatch

are the corresponding outputs),

ε1, · · · , εnbatch
∼iid 1√

2πσ2
2 e
− ‖x‖

2

2σ2 and z1, · · · , znbatch
, z′1, · · · , z′nbatch

∼iid p (= q).

Since

Mt =

∫
Rn
p(x)

∂EGθt

∂x

†∂EGθt

∂x
dx,

it is natural to estimate it as:

M̂t =
1

Nbatch

Nbatch∑
i=1

∂EGθt

∂x

†
(ti)

∂EGθt

∂x
(ti),

where t1, · · · , tNbatch
are independent identically distributed with distribution p. Thus, the pseu-

docode of the algorithm can be found below.
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Algorithm 3 Practical algorithm with initial coordinates

P0 ←− 0, θ0 ←− 0
for t = 1, · · · , T do

while θ has not converged do
Sample x1, · · · ,xnbatch

∼iid µemp with the corresponding outputs y1, · · · , ynbatch

Sample ε1, · · · , εnbatch
∼iid 1√

2πσ2
n e−

‖x‖2

2σ2

Sample z1, · · · , znbatch
, z′1, · · · , z′nbatch

∼iid p

L ←−
(

1−ρ
nbatch

∑nbatch

i=1 ‖Gθ1(zi) − φemp(zi)‖2 + ρ
nbatch

∑nbatch

i=1 ‖yi − Gθ2(xi + εi)‖2 +

λ̃
nbatch

∑nbatch

i=1 ‖∂EGθ

∂x
(z′i)−

∂EGθt−1

∂x
(z′i)Pt−1‖2

)
θ ←− Adam(∇θL, θ, α, β1, β2)

θt ←− θ
Sample t1, · · · , tNbatch

∼iid p
M̂t ←− 1

Nbatch

∑Nbatch

i=1

∂EGθt

∂x
(ti)

† ∂EGθt

∂x
(ti)

Find {vi}n1 s.t. M̂tvi = λivi, λ1 ≥ · · · ≥ λn
Pt ←−

∑k
i=1 viv

T
i

Output: v1, · · · ,vk

5.5 Experiments

We made experiments on the standard datasets: Heart, Breast Cancer, Diabetes, Boston house
prices and Wine quality. First, we applied Principal Component Analysis (PCA) and Sliced Inverse
Regression (SIR) algorithms to the training set and calculated the e�ective subspace for k = 2.
All points were projected to that space and we obtained two-dimensional representations of input
points. In the last step we applied the 10 nearest neighbors algorithm (KNN) to predict outputs of
the test set (for the regression case, the KNN regression was used). The same scheme was repeated
with the Kernel Dimensionality Reduction (KDR) algorithm [14] and the alternating scheme with
ρ = 1, 1

2
, 0. We veri�ed that ρ = 1 corresponds to the pure su�cient dimension reduction case,

because the best prediction was achieved for this value.
We experimented with algorithm 3 setting the key parameters as1 (the data was standardized):

p(x) =
1√
2π

n e
− ‖x‖

2

2 ,

T = 50, λ̃ = 10.0, σ = 0.8,

α = 10−4, β1 = 0.5, β2 = 0.9.

Hyperparameters θ of the neural network model Gθ were set as: M
′ = N and M equals either 50

or 100. The parameters of the characteristic function were initialized as α0
i = 1

N
, ω0

i = xi so that∑M ′

i=1 α
0
i cos(ω0

i ·x) = φemp(x). Depending on the dataset, nbatch ≈ N
10
and Nbatch ≈ 10000. In table 1

one can see the obtained test set accuracy on the classi�cation tasks and R2 on the regression tasks.
From Table 1 we see that the alternating scheme for ρ = 1 always outperforms SIR. As ex-

pected, the worst prediction accuracy is shown for ρ = 0, when the su�ciency term J(f) is absent.
Surprisingly, results for ρ = 1

2
are also comparable with SIR's, which indicates that the two basic

requirements, the proximity to the empirical distribution and the su�ciency to predict an output are
often not mutually exclusive. The conclusion holds only if the distance to the empirical distribution

1Since the role of the parameter σ is similar to that of the bandwidth in the kernel density estimation, we use
Silverman's rule of thumb to set σ.
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Dataset PCA % SIR KDR ρ = 1 ρ = 1
2

ρ = 0

Heart (acc) 79.80 81.1 84.5 83.2 80.4 81.8
Breast (acc) 93.46 96.5 95.1 97.1 95.6 94.0
Diabetes (R2) 25.34 43.8 38.4 44.2 39.9 23.4
Boston (R2) 56.42 76.2 70.4 76.7 74.2 51.3
Wine (R2) 93.91 81.7 89.9 95.2 92.7 94.1

Table 1: The cross-validated accuracies and R2 of KNN on 2-dimensional input representations.

is the maximum mean discrepancy distance. Figure 1 shows how the 2D scatter plots of points on
the e�ective subspace look for the values of ρ = 1, 1

2
, 0.

Codes that simplify the reproducibility of our results can be downloaded from GitHub repository
https : //github.com/k − nic/LR_SDR.

6 Conclusions

Unsupervised dimension reduction and su�cient dimension reduction tasks are usually treated as
optimization tasks with substantially di�erent objectives. An approach suggested in the paper deals
with the hybrid setting, i.e. the objective that we study is the sum of the term that measures the
consistency with an unsupervised part of data and the term that measures correlations between a
projected input and an output. We develop a new approach to the minimization of such objectives
that we call the alternating scheme. The results demonstrate that it is often possible to �nd a
low-dimensional subspace that approximates well the support of unsupervised data, and at the same
time can serve as an e�cient subspace for the regression.
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Figure 1: 2d-scatter plots of test sets for Heart, Breast Cancer, Diabetes, Boston and Wine datasets
(rows) and for ρ = 1, 1

2
, 0 (columns). For regression tasks, the blackness of a point is proportional

to a target variable's value.
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