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BOKAYEV NURZHAN ADILKHANOVICH

(to the 70th birthday)

January 5, 2026, marks the 70th birthday of Nurzhan Adilkhanovich
Bokayev, Doctor of Physical and Mathematical Sciences (1996), Professor
(2002), member of the Editorial Board of the Eurasian Mathematical Jour-
nal (2010).

Nurzhan Adilkhanovich Bokayev was born on 5 January, 1956 in the vil-
lage of Urnek, Karabalyk District, Kostanay Region. He graduated in 1972,
with a gold medal from the Burlin Secondary School in the district. That
same year, he entered the Mathematics Department of Karaganda State Uni-
versity and graduated with honors in 1977. From 1978 to 1979, he served
in the Soviet Army. In 1980, he completed an internship, and from 1981 to
1984, he studied in the graduate program at Lomonosov Moscow State Uni-
versity in the Department of Function Theory and Functional Analysis. In
1985, he defended his candidate's dissertation there under the supervision
of Corresponding Member of the Academy of Sciences of the USSR D.E.

Menshov and Professor V.A. Skvortsov. In 1996, he defended his doctoral dissertation, �Fourier
Coe�cients and Uniqueness Theorems for Series in Generalized Walsh and Haar Systems�, at the
Institute of Mathematics of the Ministry of Education and Science of the Republic of Kazakhstan,
speciality Mathematical Analysis (01.01.01).

After completing his postgraduate studies, he worked as a lecturer, senior lecturer, associate
professor, and professor in the Department of Mathematical Analysis at E.A. Buketov Karaganda
State University (1985-1999). He headed the Department of Mathematics and Mathematical Mod-
eling (1996-1999), and was a dean of the Faculty of Mathematics at E.A. Buketov Karaganda State
University (1999-2005). Since 2005, he has been a professor in the Faculty of Mechanics and Math-
ematics at the L.N. Gumilyov Eurasian National University. From 2009 to 2018, he was the Head
of the Department of Higher Mathematics at the L.N. Gumilyov Eurasian National University, and
from 2018 to the present, he has been a professor in the Department of Fundamental Mathematics.

Professor Bokaev's research focuses on problems in function theory and functional analysis, the
theory of orthogonal series for generalized Walsh and Haar systems, and operator theory in various
function spaces. He has proved renewal and uniqueness theorems for series with respect to peri-
odic multiplicative systems and Haar-type systems, and constructed continual sets of uniqueness
(U-sets) and sets of non-uniqueness (M-sets) for multiplicative systems. He obtained conditions for
functions to belong to various functional classes in terms of the Fourier coe�cients of generalized
Haar and Walsh systems, and embedding criteria for Nikol'skii-Besov spaces constructed on the
basis of multiplicative systems. He also obtained conditions for the boundedness and compactness
of the commutator of the Riesz potential in general Morrey-type spaces, and conditions for bound-
edness of generalizedRiesz and Bessel potentials and generalized fractional-maximal operators in
rearrangement-invariant spaces.

His co-authors include Professor V.A. Skvortsov (Moscow State University, Moscow), Professors
V.I. Burenkov and M.L. Goldman (Peoples' Friendship University of Russia (RUDN University).
Moscow), Dr. A. Gogatishvili (Institute of Mathematics of the Czech Academy of Sciences, Prague).
His doctoral students' foreign advisors include Professors W. Sickel (Friedrich-Schiller-Universitity,
Jena, Germany), Massimo Lanza de Cristoforis (University of Padova, Padova, Italy), V. Ruzhansky
(Ghent University, Ghent, Belgium), U. Goginava (United Arab Emirates University, Al Ain, United
Arab Emirates), and E. Panakhov (Institute of Applied Mathematics at Baku State University, Baku,
Azerbaijan).

Under his supervision, 15 dissertations (4 candidate's and 11 PhD) were defended. He has
published over 220 scienti�c papers, 2 monographs and 2 textbooks.
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He is a three-time recipient of the state grant �Best University Teacher� of the Republic of
Kazakhstan (2006, 2010, 2024) and served as Vice President of the Mathematical Society of Turkic-
Speaking Countries (2014-2023). He was awarded the �For Contribution to the Development of
Science� badge (2022).

Over the last ten years, he has been and continues to be a head of more than 5 national and
international funded projects.

The Editorial Board of the Eurasian Mathematical Journal, his friends and colleagues cordially
congratulate Nurzhan Adilkhanovich on the occasion of his 70th birthday and wish him good health,
happiness and new achievements in mathematics and mathematical education.
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ADAMS THEOREM FOR THE B-RIESZ POTENTIAL
IN THE TOTAL B-MORREY SPACES

V.S. Guliyev, A. Akbulut, M.N. Omarova, A. Serbetci

Communicated by E.D. Nursultanov
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Abstract. We prove Adams theorem for the Riesz potential Iαγ (B-Riesz potential) in the total
Morrey spaces Lp,(λ,µ),γ (total B-Morrey spaces), associated with the Laplace-Bessel di�erential
operator ∆B. More precisely, we obtain necessary and su�cient conditions for the operator Iαγ to
be bounded from the total B-Morrey space Lp,(λ,µ),γ to the total B-Morrey space Lq,(λ,µ),γ and from
the total B-Morrey space L1,(λ,µ),γ to the weak total B-Morrey space WLq,(λ,µ),γ.

DOI: https://doi.org/10.32523/2077-9879-2026-17-1-33-46

1 Introduction

The classical Morrey spaces were introduced by Morrey [4] for the study of solutions of some quasi-
linear elliptic partial di�erential equations. For more applications of the Morrey spaces to partial
di�erential equations, the reader is referred to [4, 15, 29]. In [16] the �rst author introduced a variant
of the Morrey spaces called the total Morrey spaces Lp,λ,µ(Rn), 0 < p <∞, λ ∈ R and µ ∈ R. The
total Morrey spaces generalize the classical Morrey spaces Lp,λ(Rn) so that Lp,λ,λ(Rn) ≡ Lp,λ(Rn)

and the modi�ed Morrey spaces L̃p,λ(Rn) so that Lp,λ,0(Rn) = L̃p,λ(Rn). See also [1, 7, 8, 14, 17, 18,
23, 24, 27, 28].

The Laplace-Bessel di�erential operator

∆B =
n∑
i=1

∂2

∂x2
i

+
k∑
i=1

γi
xi

∂

∂xi
, γ1 > 0, . . . , γk > 0, 1 ≤ k ≤ n

is known as an important operator in the Fourier-Bessel harmonic analysis and applications. The
maximal operator, potentials and related topics associated with the Laplace-Bessel di�erential op-
erator ∆B have been investigated by many researchers. See B. Muckenhoupt and E. Stein [26], I.
Kipriyanov [20], K. Trimeche [33], L. Lyakhov [22], K. Stempak [32], A.D. Gadjiev and I.A. Aliev [9],
I.A. Aliev and S. Bayrakci [5], V.S. Guliyev [10, 11], V.S. Guliyev and J.J. Hasanov [12], S. Bayrakci
[6], V.S. Guliyev, A. Serbetci and I. Ekincioglu [13], A. Akbulut, M. Dziri and I. Ekincioglu [3], A.
Serbetci and I. Ekincioglu [30], E.L. Shishkina [31] and others.

In this paper, we consider the generalized shift operator generated by the Laplace-Bessel dif-
ferential operator ∆B in terms of which the B-maximal operator and the B-Riesz potential are
investigated in the total B-Morrey space. We prove Adams theorem for the B-Riesz potential Iαγ in
the total B-Morrey spaces Lp,(λ,µ),γ, namely, we will obtain necessary and su�cient conditions for
the operator Iαγ to be bounded from one total B-Morrey space Lp,(λ,µ),γ to another one Lq,(λ,µ),γ and
from the total B-Morrey space L1,(λ,µ),γ to the weak total B-Morrey space WLq,(λ,µ),γ.
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The paper is organized as follows. In Section 2 we present some de�nitions and auxiliary results.
In Section 3 we study some embeddings for the total B-Morrey spaces. In Section 4 the boundedness
of the B-maximal operator Mγ on the total B-Morrey spaces Lp,(λ,µ),γ is proved. The main result
of the paper is Adams theorem for the B-Riesz potential Iαγ in the total B-Morrey space Lp,(λ,µ),γ,
established in Section 5.

Finally, we make some conventions on notation. Throughout this paper, we assume that the
letter C denotes a positive constant that may vary at each occurrence but is independent of the
essential variables. By A . B we mean that A ≤ CB with some positive constant C depending only
on the numerical parameters.

2 Notations and preliminaries

Suppose that n and k are positive integers with 1 ≤ k ≤ n and Rn is n-dimensional Euclidean
space. For x = (x1, . . . , xn) ∈ Rn, we set x′ = (x1, . . . , xk) ∈ Rk, x′′ = (xk+1, . . . , xn) ∈ Rn−k,
x = (x′, x′′) ∈ Rn, n ≥ 2. Let

Rn
k,+ = {x = (x′, x′′) ∈ Rn; x1 > 0, . . . , xk > 0}

and

E(x, r) = {y ∈ Rn
k,+ ; |x− y| < r}, Er = E(0, r).

For a measurable set E, let |E|γ =
∫
E

(x′)γdx, where γ = (γ1, . . . , γk) are positive numbers and
|γ| = γ1 + . . .+ γk, (x′)γ = xγ1

1 · · ·x
γk
k , |Er|γ = ω(n, k, γ)rQ, Q = n+ |γ|, where

ω(n, k, γ) =

∫
E1

(x′)γdx =
π
n−k

2

2k

k∏
i=1

Γ
(
γi+1

2

)
Γ
(
γi
2

) .

De�ne the generalized shift operator (B-shift operator) by

T yf(x) = Cγ,k

∫ π

0

. . .

∫ π

0

f ((x′, y′)β, x
′′ − y′′) dν(β),

where (xi, yi)βi = (x2
i − 2xiyi cos βi + y2

i )
1
2 , 1 ≤ i ≤ k, (x′, y′)β =

((x1, y1)β1 , . . . , (xk, yk)βk), dν (β) =
k∏
i=1

sinγi−1 βi dβ1 . . . dβk, 1 ≤ k ≤ n and

Cγ,k = π−
k
2

k∏
i=1

Γ
(
γi+1

2

)
Γ
(
γi
2

) =
2k

πk
ω(2k, k, γ).

We remark that the generalized shift operator T y is closely connected with the Bessel di�erential
operator B (if n = k = 1 see [21] for details, if n > 1, k = 1 see [20], if n, k > 1 see [22]).

Let Lp,γ(Rn
k,+) be the space of all measurable functions on Rn

k,+ with �nite norm

‖f‖Lp,γ ≡ ‖f‖Lp,γ(Rnk,+) =

(∫
Rnk,+

|f(x)|p(x′)γdx

)1/p

, 1 ≤ p <∞.

For p =∞ the space L∞,γ(Rn
k,+) is de�ned by means of the usual modi�cation

‖f‖L∞,γ = ‖f‖L∞ = ess sup
x∈Rnk,+

|f(x)|.
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The B-maximal function (see [10, 11]) is de�ned by

Mγf(x) = sup
r>0
|Er|−1

γ

∫
Er

T y|f(x)|(y′)γdy

and the B-Riesz potential (see [10, 11]) is de�ned by

Iαγ f(x) =

∫
Rnk,+

T y
(
|x|α−Q

)
f(y) (y′)γdy, 0 < α < Q,

where T y is the generalized shift operator generated by the Laplace-Bessel di�erential operator ∆B.
The operator Mγ was introduced by Guliyev in [10]. Moreover, the strong-(Lp,γ, Lp,γ), 1 < p ≤

∞ and weak-(L1,γ, L1,γ) boundedness of Mγ was proved in [10] (see also [11]). Also, the strong-
(Lp,γ, Lq,γ), 1 < p < q < ∞, 1/p − 1/q = α/Q and weak-(L1,γ, Lq,γ), 1 < q < ∞, 1 − 1/q = α/Q
boundedness of Iαγ was proved in [10] (see also [11]).

Theorem 2.1. [10, 11] 1. If f ∈ L1,γ(Rn
k,+), then Mγf ∈ WL1,γ(Rn

k,+) and

‖Mγf‖WL1,γ ≤ C1,γ‖f‖L1,γ ,

for all f ∈ L1,γ(Rn
k,+), where C1,γ > 0 depends only on γ,k and n.

2. If f ∈ Lp,γ(Rn
k,+), 1 < p ≤ ∞, then Mγf ∈ Lp,γ(Rn

k,+) and

‖Mγf‖Lp,γ ≤ Cp,γ ‖f‖Lp,γ ,

for all f ∈ Lp,γ(Rn
k,+), where Cp,γ > 0 depends only on p, γ, k and n.

Theorem 2.2. [10, 11] Let 0 < α < Q and 1 ≤ p < Q
α
.

1) If 1 < p < Q
α
, then the condition 1

p
− 1

q
= α

Q
is necessary and su�cient for the boundedness Iαγ

from Lp,γ(Rn
k,+) to Lq,γ(Rn

k,+).

2) If p = 1, then the condition 1− 1
q

= α
Q
is necessary and su�cient for the boundedness Iαγ from

L1,γ(Rn
k,+) to WLq,γ(Rn

k,+).

3 Some embeddings for the total B-Morrey spaces

In this section we de�ne the total B-Morrey spaces Lp,(λ,µ),γ(Rn
k,+), give auxiliary results and some

embeddings for these spaces.

De�nition 1. Let 1 ≤ p < ∞, λ ∈ R, µ ∈ R, [t]1 = min{1, t}, t > 0. We denote by Lp,λ,γ(Rn
k,+)

the classical B-Morrey spaces [12], by L̃p,λ,γ(Rn
k,+) the modi�ed B-Morrey spaces [14], and by

Lp,(λ,µ),γ(Rn
k,+) the total B-Morrey spaces: the sets of all locally integrable functions f with the

�nite norms

‖f‖Lp,λ,γ = sup
x∈Rnk,+, t>0

(
t−λ

∫
Et

T x|f(y)|p (y′)γdy
)1/p

,

‖f‖L̃p,λ,γ = sup
x∈Rnk,+, t>0

(
[t]−λ1

∫
Et

T x|f(y)|p (y′)γdy
)1/p

,

‖f‖Lp,(λ,µ),γ
= sup

x∈Rnk,+, t>0

(
[t]−λ1 [1/t]−µ1

∫
Et

T x|f(y)|p (y′)γdy
)1/p

,

respectively.
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De�nition 2. Let 1 ≤ p < ∞, λ ∈ R and µ ∈ R. We de�ne the weak Morrey spaces
WLp,λ,γ(Rn

k,+) [12], the weak modi�ed Morrey spaces WL̃p,λ,γ(Rn
k,+) [14] and the weak total Morrey

spaces WLp,(λ,µ),γ(Rn
k,+) as the sets of all locally integrable functions f with the �nite norms

‖f‖WLp,λ,γ = sup
x∈Rnk,+, t>0

(
t−λ

∫
{y∈Et:Tx|f(y)|p}

(y′)γdy
)1/p

,

‖f‖WL̃p,λ,γ
= sup

x∈Rnk,+, t>0

(
[t]−λ1

∫
{y∈Et:Tx|f(y)|p}

(y′)γdy
)1/p

,

‖f‖WLp,(λ,µ),γ
= sup

x∈Rnk,+, t>0

(
[t]−λ1 [1/t]−µ1

∫
{y∈Et:Tx|f(y)|p}

(y′)γdy
)1/p

,

respectively.

Note that

Lp,(0,0),γ(Rn
k,+) = L̃p,0,γ(Rn

k,+) = Lp,0,γ(Rn
k,+) = Lp,γ(Rn

k,+),

WLp,(0,0),γ(Rn
k,+) = WL̃p,0,γ(Rn

k,+) = WLp,0,γ(Rn
k,+) = WLp,γ(Rn

k,+),

Lp,(λ,λ),γ(Rn
k,+) = Lp,λ,γ(Rn

k,+), Lp,(λ,0),γ(Rn
k,+) = L̃p,λ,γ(Rn

k,+).

We have ‖f‖WLp,(λ,µ),γ ≤ ‖f‖Lp,(λ,µ),γ
, therefore, the following continuous embedding holds

Lp,(λ,µ),γ(Rn
k,+) ⊂� WLp,(λ,µ),γ(Rn

k,+).

Furthermore,

Lp,(λ,µ),γ(Rn
k,+) ⊂� Lp,λ,γ(Rn

k,+), µ ≤ λ and ‖f‖Lp,λ,γ ≤ ‖f‖Lp,(λ,µ),γ
, (3.1)

Lp,(λ,µ),γ(Rn
k,+) ⊂� Lp,µ,γ(Rn

k,+), µ ≤ λ and ‖f‖Lp,µ,γ ≤ ‖f‖Lp,(λ,µ),γ
(3.2)

and
L̃p,λ,γ(Rn

k,+) ⊂� Lp,γ(Rn
k,+) and ‖f‖Lp,γ ≤ ‖f‖L̃p,λ,γ .

If λ < 0 or λ > Q, then

Lp,λ,γ(Rn
k,+) = L̃p,λ,γ(Rn

k,+) = WLp,λ,γ(Rn
k,+) = WL̃p,λ,γ(Rn

k,+) = Θ,

where Θ ≡ Θ(Rn
k,+) is the set of all functions equivalent to 0 on Rn

k,+.

Lemma 3.1. If 1 ≤ p <∞, 0 ≤ µ ≤ λ ≤ Q, then

Lp,(λ,µ),γ(Rn
k,+) = Lp,λ,γ(Rn

k,+) ∩ Lp,µ,γ(Rn
k,+)

and
‖f‖Lp,(λ,µ),γ

= max
{
‖f‖Lp,λ,γ , ‖f‖Lp,µ,γ

}
.

Proof. Let f ∈ Lp,(λ,µ),γ(Rn
k,+). Then from (3.1) and (3.2) we have that f ∈ Lp,λ,γ(Rn

k,+)∩Lp,µ,γ(Rn
k,+)

and max
{
‖f‖Lp,λ,γ , ‖f‖Lp,µ,γ

}
≤ ‖f‖Lp,(λ,µ),γ

.
Now, let f ∈ Lp,λ,γ(Rn

k,+) ∩ Lp,µ,γ(Rn
k,+). Then

‖f‖Lp,(λ,µ),γ
= sup

x∈Rnk,+,t>0

(
[t]−λ1 [1/t]µ1

∫
Et

T x|f(y)|p(y′)γdy
)1/p

= max
{

sup
x∈Rnk,+,0<t≤1

(
t−λ
∫
Et

T x|f(y)|p(y′)γdy
)1/p

,

sup
x∈Rnk,+,t>1

(
t−µ
∫
Et

T x|f(y)|p(y′)γdy
)1/p}

≤ max
{
‖f‖Lp,λ,γ , ‖f‖Lp,µ,γ

}
.
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Therefore, f ∈ Lp,(λ,µ),γ(Rn
k,+) and the embedding Lp,λ,γ(Rn

k,+) ∩ Lp,µ,γ(Rn
k,+) ⊂� Lp,(λ,µ),γ(Rn

k,+) is
valid.

Thus, Lp,(λ,µ),γ(Rn
k,+) = Lp,λ,γ(Rn

k,+) ∩ Lp,µ,γ(Rn
k,+) and max

{
‖f‖Lp,λ,γ , ‖f‖Lp,µ,γ

}
= ‖f‖Lp,(λ,µ),γ

.

Corollary 3.1. [19, Lemma 5] If 1 ≤ p <∞, 0 ≤ λ ≤ Q, then

L̃p,λ,γ(Rn
k,+) = Lp,λ,γ(Rn

k,+) ∩ Lp,γ(Rn
k,+)

and
‖f‖L̃p,λ,γ = max

{
‖f‖Lp,λ,γ , ‖f‖Lp,γ

}
.

Lemma 3.2. If 1 ≤ p <∞, 0 ≤ µ ≤ λ ≤ Q, then

WLp,(λ,µ),γ(Rn
k,+) = WLp,λ,γ(Rn

k,+) ∩WLp,µ,γ(Rn
k,+)

and
‖f‖WLp,(λ,µ),γ

= max
{
‖f‖WLp,λ,γ , ‖f‖WLp,µ,γ

}
.

Remark 1. If 1 ≤ p <∞, and µ < 0 or λ > Q, then

Lp,(λ,µ),γ(Rn
k,+) = WLp,(λ,µ),γ(Rn

k,+) = Θ(Rn
k,+).

Lemma 3.3. If 1 ≤ p <∞, 0 ≤ λ ≤ Q and 0 ≤ µ ≤ Q, then

Lp,(Q,µ),γ(Rn
k,+) ⊂� L∞,γ(Rn

k,+) ⊂� Lp,(λ,Q),γ(Rn
k,+)

and
‖f‖Lp,(λ,Q),γ

≤ ω(n, k, γ)1/p‖f‖L∞,γ ≤ ‖f‖Lp,(Q,µ),γ
.

Proof. Let f ∈ L∞,γ(Rn
k,+). Then for all x ∈ Rn

k,+ and 0 < t ≤ 1(
t−λ

∫
Et

T x|f(y)|p(y′)γdy
)1/p

≤ ω(n, k, γ)1/p ‖f‖L∞ , 0 ≤ λ ≤ Q

and for all x ∈ Rn
k,+ and t ≥ 1(

t−Q
∫
Et

T x|f(y)|p(y′)γdy
)1/p

≤ ω(n, k, γ)1/p ‖f‖L∞,γ .

Therefore, f ∈ Lp,(λ,Q),γ(Rn
k,+) and

‖f‖Lp,(λ,n),γ
≤ ω(n, k, γ)1/p‖f‖L∞,γ .

Let f ∈ Lp,(Q,µ),γ(Rn
k,+). By the Lebesgue's Theorem we have (see [12])

lim
t→0
|Et|−1

∫
Et

T x|f(y)|p(y′)γdy = |f(x)|p

for almost all x ∈ Rn
k,+.

Then for almost all x ∈ Rn
k,+

|f(x)| =
(

lim
t→0
|Et|−1

∫
Et

T x|f(y)|p(y′)γdy
)1/p

≤ ω(n, k, γ)−1/p sup
x∈Rnk,+, 0<t≤1

(
t−Q

∫
Et

T x|f(y)|p(y′)γdy
)1/p

≤ ω(n, k, γ)−1/p‖f‖Lp,(Q,µ)
.
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Therefore, f ∈ L∞,γ(Rn
k,+) and

‖f‖L∞,γ ≤ ω(n, k, γ)−1/p‖f‖Lp,(Q,µ),γ
.

Corollary 3.2. If 1 ≤ p <∞, then

Lp,Q,γ(Rn
k,+) = L̃p,Q,γ(Rn

k,+) = L∞,γ(Rn
k,+)

and
‖f‖Lp,Q,γ = ‖f‖L̃p,Q,γ = ω(n, k, γ)1/p‖f‖L∞,γ .

Lemma 3.4. If 0 ≤ λ < Q, 0 ≤ µ < Q, 0 ≤ α < Q−λ and 0 ≤ β < Q−µ, then for Q−λ
α
≤ p ≤ Q−µ

β

Lp,(λ,µ),γ(Rn
k,+) ⊂� L1,(Q−α,Q−β),γ(Rn

k,+)

and for all f ∈ Lp,(λ,µ),γ(Rn
k,+) the following inequality

‖f‖L1,(Q−α,Q−β),γ
≤ ω(n, k, γ)1/p′‖f‖Lp,(λ,µ),γ

is valid.

Proof. Let 0 < α < Q, 0 ≤ λ < Q, f ∈ Lp,(λ,µ),γ(Rn
k,+) and Q−λ

α
≤ p ≤ Q−µ

β
. By H�older's inequality

we have

‖f‖L1,(Q−α,Q−β),γ
= sup

x∈Rnk,+, t>0
[t]α−Q1 [1/t]Q−β1

∫
Et

T x|f(y)|(y′)γdy

≤ ω(n, k, γ)1/p′ sup
x∈Rnk,+, t>0

(
[t]1 t

−1
)−Q/p′

[t]
α−Q−λ

p

1

× [1/t]
Q−β−µ

p

1

(
[t]−λ1 [1/t]µ1

∫
Et

T x|f(y)|p(y′)γdy
)1/p

≤ ω(n, k, γ)1/p′‖f‖Lp,(λ,µ),γ
sup
t>0

(
[t]1 t

−1
)Q−µ

p
−β

[t]
α−Q−λ

p

1 .

Note that

sup
t>0

(
[t]1 t

−1
)Q−µ

p
−β

[t]
α−Q−λ

p

1 = max
{

sup
0<t≤1

tα−
Q−λ
p , sup

t>1
tβ−

Q−µ
p

}
<∞

⇐⇒ Q− λ
α
≤ p ≤ Q− µ

β
.

Therefore, f ∈ L1,(Q−α,Q−β),γ(Rn
k,+) and

‖f‖L1,(Q−α,Q−β),γ
≤ ω(n, k, γ)1/p′‖f‖Lp,(λ,µ),γ

.

Corollary 3.3. [19, Lemma 6] If 0 ≤ λ < Q and 0 ≤ α < Q− λ, then for Q−λ
α
≤ p ≤ Q

α

L̃p,λ,γ(Rn
k,+) ⊂� L̃1,Q−α,γ(Rn

k,+)

and for all f ∈ L̃p,λ,γ(Rn
k,+) the following inequality

‖f‖L̃1,Q−α,γ
≤ ω(n, k, γ)1/p′‖f‖L̃p,λ,γ

is valid.
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4 Lp,(λ,µ),γ-boundedness of the B-maximal operator

In this section we will prove that the B-maximal operator Mγ is bounded on the total B-Morrey
spaces Lp,(λ,µ),γ. Let us begin by recalling that B-maximal operatorMγ is bounded on the B-Morrey
spaces Lp,λ,γ.

Theorem 4.1. [12]
1) If f ∈ Lp,λ,γ(Rn

k,+), 1 < p <∞, 0 ≤ λ < Q, then Mγf ∈ Lp,λ,γ(Rn
k,+) and

‖Mγf‖Lp,λ,γ ≤ Cp,λ,γ‖f‖Lp,λ,γ ,

for some Cp,λ,γ > 0 depending only on p, λ, γ, k and n.
2) If f ∈ L1,λ,γ(Rn

k,+), 0 ≤ λ < Q, then Mγf ∈ WL1,λ,γ(Rn
k,+) and

‖Mγf‖WL1,λ,γ
≤ C1,λ,γ‖f‖L1,λ,γ

,

for some C1,λ,γ > 0 depending only on λ, γ, k and n.

Applying Lemma 3.1 and Theorem 4.1, we obtain the following Lp,(λ,µ),γ-boundedness of the
B-maximal operator Mγ in the total B-Morrey spaces.

Theorem 4.2. 1) If f ∈ Lp,(λ,µ),γ(Rn
k,+), 1 < p < ∞, 0 ≤ µ ≤ λ < Q, then Mγf ∈ Lp,(λ,µ),γ(Rn

k,+)
and

‖Mγf‖Lp,(λ,µ),γ
≤ Cp,λ,γ‖f‖Lp,(λ,µ),γ

,

for some Cp,λ,γ > 0 depending only on p, λ, µ, γ, k and n.
2) If f ∈ L1,(λ,µ),γ(Rn

k,+), 0 ≤ µ ≤ λ < Q, then Mγf ∈ WL1,(λ,µ),γ(Rn
k,+) and

‖Mγf‖WL1,(λ,µ),γ
≤ C1,λ,γ‖f‖L1,(λ,µ),γ

,

for some C1,λ,γ > 0 depending only on λ, µ, γ, k and n.

Proof. 1) Suppose that f ∈ Lp,(λ,µ),γ(Rn
k,+), 1 < p <∞ and 0 ≤ µ ≤ λ < Q. It is obvious that (see

Lemma 3.1)

‖Mγf‖Lp,(λ,µ),γ
= max

{
‖Mγf‖Lp,λ,γ , ‖Mγf‖Lp,µ,γ

}
.

Then, by the boundedness of Mγ on Lp,λ,γ(Rn
k,+), 1 < p <∞ and 0 ≤ µ ≤ λ < Q (see Theorem 4.1

and Lemma 3.1), we get

‖Mγf‖Lp,(λ,µ),γ
= max

{
Cp,λ, Cp,µ

}
‖f‖Lp,λ,γ .

2) Suppose that f ∈ L1,(λ,µ),γ(Rn
k,+), 0 ≤ µ ≤ λ < Q. It is obvious that (see Lemma 3.1)

‖Mγf‖WL1,(λ,µ),γ
= max

{
‖Mγf‖WL1,λ,γ

, ‖Mγf‖WL1,µ,γ

}
.

Then, by the weak boundedness of Mγ on L1,λ,γ(Rn
k,+) and 0 ≤ µ ≤ λ < Q (see Theorem 4.1 and

Lemma 3.1), we get

‖Mγf‖WL1,(λ,µ),γ
= max

{
C1,λ, C1,µ

}
‖f‖L1,λ,γ

.
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5 Adams theorem for the B-Riesz potential in the total B-Morrey spaces

In this section we prove Adams theorem for the B-Riesz potential Iαγ in the total B-Morrey spaces
Lp,(λ,µ),γ. Namely, we will obtain necessary and su�cient conditions on the numerical parameters
for the B-Riesz potential Iαγ to be bounded from one total B-Morrey space Lp,(λ,µ),γ to another one
Lq,(λ,µ),γ and from the total B-Morrey space L1,(λ,µ),γ to the weak total B-Morrey space WLq,(λ,µ),γ.
These statements are the main results of our article.

Theorem 5.1. Let 1 ≤ p <∞, 0 ≤ µ ≤ λ < Q, 0 < α < Q−λ
p
.

1) If 1 < p < Q−λ
α

, then the condition α
Q−µ ≤

1
p
− 1

q
≤ α

Q−λ is necessary and su�cient for the

boundedness of the operator Iαγ from Lp,(λ,µ),γ(Rn
k,+) to Lq,(λ,µ),γ(Rn

k,+).

2) If p = 1 < Q−λ
α

, then the condition α
Q−µ ≤ 1 − 1

q
≤ α

Q−λ is necessary and su�cient for the

boundedness of the operator Iαγ from L1,(λ,µ),γ(Rn
k,+) to WLq,(λ,µ),γ(Rn

k,+).

Proof. 1) Su�ciency. Let 1 < p < Q−λ
α
, α
Q−µ ≤

1
p
− 1

q
≤ α

Q−λ and f ∈ Lp,(λ,µ),γ(Rn
k,+). Then

Iαγ f(x) =
(∫

Et

+

∫
Rnk,+\Et

)
T yf(x)|y|α−Q(y′)γdy ≡ A(x, t) + C(x, t). (5.1)

For A(x, t) we have

|A(x, t)| ≤
∫
Et

T y |f(x)| |y|α−Q(y′)γdy ≤
−1∑

j=−∞

(
2jt
)α−Q ∫

E
2j+1t

\E
2jt

T y |f(x)| (y′)γdy

≤
−1∑

j=−∞

(
2jt
)α−Q |E2j+1t|γ Mγf(x) = tα ω(n, k, γ) 2QMγf(x)

∞∑
j=1

2−jα.

Hence,

|A(x, t)| ≤ C3t
αMγf(x) with C3 =

ω(n, k, γ)2Q

2α − 1
. (5.2)

For C(x, t) by H�older's inequality we have

|C(x, t)| ≤
( ∫
Rnk,+\Et

|y|−βT y|f(x)|p(y′)γdy
)1/p( ∫

Rnk,+\Et

|y|
(
β
p

+α−Q
)
p′(y′)γdy

)1/p′

= J1 · J2.

Let λ < β < Q− αp. For J1 we get

J1 =
( ∞∑
j=0

∫
E

2j+1t
\E

2jt

T y|f(x)|p |y|−β (y′)γdy
)1/p

≤ 2
λ
p [t]

λ−β
p

1 [1/t]
−µ−β

p

1 ‖f‖Lp,(λ,µ),γ

( ∞∑
j=0

2(λ−β)j
)1/p

= C4 [t]
λ−β
p

1 [1/t]
−µ−β

p

1 ‖f‖Lp,(λ,µ),γ
,

where C4 =
(

2β

2β−λ−1

)1/p

.



Adams theorem for the B-Riesz potential in the total B-Morrey spaces 41

For J2 we obtain

J2 =

(∫
Sn−1
k,+

(ξ′)γdξ

∫ ∞
t

rQ−1+(βp+α−Q)p′dr

) 1
p′

= C5t
β
p

+α−Q
p ,

where C5 =

(
ω(n, k, γ)

(
Q+

(
β
p

+ α−Q
)
p′
)−1
)1/p′

. Then

|C (x, t)| ≤ C6 [t]
λ−Q
p

+α

1 [1/t]
−µ−Q

p
−α

1 ‖f‖Lp,(λ,µ),γ
, (5.3)

where C6 = C4 · C5. Thus, from (5.2) and (5.3) we have∣∣Iαγ f(x)
∣∣ . tαMγf(x) + [t]

α−Q−λ
p

1 [1/t]
−α+Q−µ

p

1 ‖f‖Lp,(λ,µ),γ

for all t > 0. Taking

t =
(‖f‖Lp,(λ,µ),γ

Mγf(x)

) p
Q−µ

and t =
(‖f‖Lp,(λ,µ),γ

Mγf(x)

) p
Q−λ

we have ∣∣Iαγ f(x)
∣∣ . min

{(
Mγf(x)

)1− αp
Q−µ ‖f‖

αp
Q−µ
Lp,(λ,µ),γ

,
(
Mγf(x)

)1− αp
Q−λ ‖f‖

αp
Q−λ
Lp,(λ,µ),γ

}
= min

{( Mγf(x)

‖f‖Lp,(λ,µ),γ

)1− αp
Q−µ

,
( Mγf(x)

‖f‖Lp,(λ,µ),γ

)1− αp
Q−λ
}
‖f‖Lp,(λ,µ),γ

,

then ∣∣Iαγ f(x)
∣∣ . ( Mγf(x)

‖f‖Lp,(λ,µ),γ

) p
q ‖f‖Lp,(λ,µ),γ

=
(
Mγf(x)

) p
q ‖f‖

1− p
q

Lp,(λ,µ),γ
. (5.4)

Hence, by Theorem 4.2 and inequality (5.4), we get

‖Iαγ f‖Lq,(λ,µ),γ
= sup

x∈Rnk,+,t>0

(
[t]−λ1 [1/t]µ1

∫
Et

T x|Iαγ f(y)|q(y′)γdy
)1/q

. ‖f‖
1− p

q

Lp,(λ,µ),γ
sup

x∈Rnk,+,t>0

(
[t]−λ1 [1/t]µ1

∫
Et

T x
((
Mγf(y)

)p)
(y′)γdy

) 1
q

= ‖f‖
1− p

q

Lp,(λ,µ),γ
‖
(
Mγf

) p
q ‖Lq,(λ,µ),γ

. ‖f‖
1− p

q

Lp,(λ,µ),γ
‖Mγf‖

p
q

Lp,(λ,µ),γ

. ‖f‖Lp,(λ,µ),γ

if 1 < p < q <∞ and

‖Iαγ f‖WLq,(λ,µ),γ
= sup

r>0
sup

x∈Rnk,+,t>0

(
[t]−λ1 [1/t]µ1

∫
{y∈Et:Tx|Iαγ f(y)|q>r}

(y′)γdy
)1/q

. ‖f‖
1− 1

q

Lp,(λ,µ),γ
sup
r>0

sup
x∈Rnk,+,t>0

(
[t]−λ1 [1/t]µ1

∫
{y∈Et:Tx

(
Mγf(y)

)
>r}

(y′)γdy
) 1
q

= ‖f‖
1− 1

q

L1,(λ,µ),γ
‖
(
Mγf

) 1
q ‖WLq,(λ,µ),γ

. ‖f‖
1− 1

q

L1,(λ,µ),γ
‖Mγf‖

1
q

WL1,(λ,µ),γ

. ‖f‖L1,(λ,µ),γ
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if p = 1 < q <∞.
Therefore, for 1 < p < q <∞ we have Iαγ f ∈ Lq,(λ,µ),γ(Rn

k,+) and∥∥Iαγ f∥∥Lq,(λ,µ),γ
. ‖f‖Lp,(λ,µ),γ

,

also for p = 1 < q <∞ we have Iαγ f ∈ WLq,(λ,µ),γ(Rn
k,+) and∥∥Iαγ f∥∥WLq,(λ,µ),γ

. ‖f‖L1,(λ,µ),γ
.

Necessity. Let 1 < p < Q−λ
α
, f ∈ Lp,(λ,µ),γ(Rn

k,+) and Iαγ be bounded from Lp,(λ,µ),γ(Rn
k,+) to

Lq,(λ,µ),γ(Rn
k,+). De�ne ft(x) =: f(tx). Then we have

∥∥ft∥∥Lp,(λ,µ),γ
= t−

Q
p sup
r>0, x∈Rnk,+

(
[r]−λ1 [1/r]µ1

∫
Etr

T y|f(tx)|p (y′)γdy
)1/p

= [t]
−Q−λ

p

1 [1/t]
Q−µ
p

1 ‖f‖Lp,(λ,µ),γ

and

Iαγ ft(x) = t−αIαγ f(tx),

∥∥Iαγ ft∥∥Lq,(λ,µ),γ
= t−α sup

r>0, x∈Rnk,+

(
[r]−λ1 [1/r]µ1

∫
Er

T ty
∣∣Iαγ f(tx)

∣∣q(y′)γdy)1/q

= [t]
−α−Q

q

1 [1/t]
α+Q

q

1 sup
r>0, x∈Rnk,+

(
[r]−λ1 [1/r]µ1

∫
Etr

T y
∣∣Iαγ f(x)

∣∣q (y′)γdy
)1/q

= [t]
−α−Q−λ

q

1 [1/t]
α+Q−µ

q

1

∥∥Iαγ f∥∥Lq,(λ,µ),γ
.

By the boundedness Iαγ from Lp,(λ,µ),γ(Rn
k,+) to Lq,(λ,µ),γ(Rn

k,+) we get

∥∥Iαγ f∥∥Lq,(λ,µ),γ
≤ Cp,q,λ,γ [t]

α+Q−λ
q
−Q−λ

p

1 [1/t]
−α−Q−µ

q
+Q−µ

p

1 ‖f‖Lp,(λ,µ),γ
,

where Cp,q,λ,γ > 0 depends only on p,q,λ,γ,k and n.
If 1

p
< 1

q
+ α

Q−λ , then by letting t→ 0 we have
∥∥Iαγ f∥∥Lq,(λ,µ),γ

= 0 for all f ∈ Lp,(λ,µ),γ(Rn
k,+). Sim-

ilarly, if 1
p
> 1

q
+ α

Q−µ , then by letting t→∞ we obtain
∥∥Iαγ f∥∥Lq,(λ,µ),γ

= 0 for all f ∈ Lp,(λ,µ),γ(Rn
k,+).

Therefore, we have α
Q−µ ≤

1
p
− 1

q
≤ α

Q−λ .

Let p = 1 < Q−λ
α
, f ∈ L1,(λ,µ),γ(Rn

k,+) and Iαγ be bounded from L1,(λ,µ),γ(Rn
k,+) toWLq,(λ,µ),γ(Rn

k,+).
We have ∥∥ft∥∥L1,(λ,µ),γ

= t−Q sup
r>0, x∈Rnk,+

(
[r]−λ1 [1/r]µ1

∫
Etr

T y|f(tx)| (y′)γdy
)

= [t]−Q+λ
1 [1/t]Q−µ1 ‖f‖L1,(λ,µ),γ

and

∥∥Iαγ ft∥∥WLq,(λ,µ),γ
= sup

r>0
r sup
τ>0, x∈Rnk,+

(
[τ ]−λ1 [1/τ ]µ1

∫
{y∈Eτ : T y |Iαγ ft(x)|>r}

(y′)γdy

)1/q
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= t−α sup
r>0

rtα sup
x∈Rnk,+,τ>0

(
[τ ]−λ1 [1/τ ]µ1

∫
{y∈Eτ : T ty |Iαγ f(tx)|>rtα}

(y′)γdy
)1/q

= [t]
−α−Q

q

1 [1/t]
α+Q

q

1 sup
r>0

rtα sup
x∈Rnk,+,τ>0

(
[τ ]−λ1 [1/τ ]µ1

∫
{y∈Etτ : T y |Iαγ f(x)|>rtα}

(y′)γdy
)1/q

= [t]
−α−Q−λ

q

1 [1/t]
α+Q−µ

q

1

∥∥Iαγ f∥∥WLq,(λ,µ),γ
.

By the boundedness Iαγ from L1,(λ,µ),γ(Rn
k,+) to WLq,(λ,µ),γ(Rn

k,+) it follows that

∥∥Iαγ f∥∥WLq,(λ,µ),γ
≤ C1,q,λ,γ [t]

α+Q−λ
q
−(Q−λ)

1 [1/t]
−α−Q−µ

q
+Q−µ

1 ‖f‖L1,(λ,µ),γ
,

where C1,q,λ,γ > 0 depends only on q,λ,γ,k and n.
If 1 < 1

q
+ α

Q−µ , then by passing to the limit as t → 0 we have
∥∥Iαγ f∥∥WLq,(λ,µ),γ

= 0 for all

f ∈ L1,(λ,µ),γ(Rn
k,+).

Similarly, if 1 > 1
q

+ α
Q−λ , then by passing to the limit as t → ∞ we obtain

∥∥Iαγ f∥∥WLq,(λ,µ),γ
= 0

for all f ∈ L1,(λ,µ),γ(Rn
k,+). Therefore, we have α

Q−µ ≤ 1− 1
q
≤ α

Q−λ .

From Theorem 5.1 in the case λ = µ or µ = 0 we get the following corollaries.

Corollary 5.1. [12] Let 0 < α < Q, 0 ≤ λ < Q− α and 1 ≤ p < Q−λ
α

.

1) If 1 < p < Q−λ
α

, then the condition 1
p
− 1

q
= α

Q−λ is necessary and su�cient for the boundedness

Iαγ from Lp,λ,γ(Rn
k,+) to Lq,λ,γ(Rn

k,+).

2) If p = 1, then the condition 1 − 1
q

= α
Q−λ is necessary and su�cient for the boundedness Iαγ

from L1,λ,γ(Rn
k,+) to WLq,λ,γ(Rn

k,+).

Corollary 5.2. [19] Let 0 < α < Q, 0 ≤ λ < Q− α and 1 ≤ p < Q−λ
α

.

1) If 1 < p < Q−λ
α

, then the condition α
Q
≤ 1

p
− 1

q
≤ α

Q−λ is necessary and su�cient for the

boundedness Iαγ from L̃p,λ,γ(Rn
k,+) to L̃q,λ,γ(Rn

k,+).

2) If p = 1 < Q−λ
α

, then the condition α
Q
≤ 1 − 1

q
≤ α

Q−λ is necessary and su�cient for the

boundedness Iαγ from L̃1,λ,γ(Rn
k,+) to WL̃q,λ,γ(Rn

k,+).

6 Conclusion

In this paper, necessary and su�cient conditions on the numerical parameters are found ensuring
that the B-Riesz potential Iαγ is bounded from the total B-Morrey space Lp,(λ,µ),γ to the total B-
Morrey space Lq,(λ,µ),γ and from the total B-Morrey space L1,(λ,µ),γ to the weak total B-Morrey space
WLq,(λ,µ),γ.
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