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BOKAYEV NURZHAN ADILKHANOVICH
(to the 70th birthday)

January 5, 2026, marks the 70th birthday of Nurzhan Adilkhanovich

Bokayev, Doctor of Physical and Mathematical Sciences (1996), Professor

\ (2002), member of the Editorial Board of the Eurasian Mathematical Jour-
nal (2010).

Nurzhan Adilkhanovich Bokayev was born on 5 January, 1956 in the vil-
lage of Urnek, Karabalyk District, Kostanay Region. He graduated in 1972,
with a gold medal from the Burlin Secondary School in the district. That
same year, he entered the Mathematics Department of Karaganda State Uni-
versity and graduated with honors in 1977. From 1978 to 1979, he served
in the Soviet Army. In 1980, he completed an internship, and from 1981 to
1984, he studied in the graduate program at Lomonosov Moscow State Uni-
versity in the Department of Function Theory and Functional Analysis. In
1985, he defended his candidate’s dissertation there under the supervision
of Corresponding Member of the Academy of Sciences of the USSR D.E.
Menshov and Professor V.A. Skvortsov. In 1996, he defended his doctoral dissertation, “Fourier
Coefficients and Uniqueness Theorems for Series in Generalized Walsh and Haar Systems”, at the
Institute of Mathematics of the Ministry of Education and Science of the Republic of Kazakhstan,
speciality Mathematical Analysis (01.01.01).

After completing his postgraduate studies, he worked as a lecturer, senior lecturer, associate
professor, and professor in the Department of Mathematical Analysis at E.A. Buketov Karaganda
State University (1985-1999). He headed the Department of Mathematics and Mathematical Mod-
eling (1996-1999), and was a dean of the Faculty of Mathematics at E.A. Buketov Karaganda State
University (1999-2005). Since 2005, he has been a professor in the Faculty of Mechanics and Math-
ematics at the L.N. Gumilyov Eurasian National University. From 2009 to 2018, he was the Head
of the Department of Higher Mathematics at the L.N. Gumilyov Eurasian National University, and
from 2018 to the present, he has been a professor in the Department of Fundamental Mathematics.

Professor Bokaev’s research focuses on problems in function theory and functional analysis, the
theory of orthogonal series for generalized Walsh and Haar systems, and operator theory in various
function spaces. He has proved renewal and uniqueness theorems for series with respect to peri-
odic multiplicative systems and Haar-type systems, and constructed continual sets of uniqueness
(U-sets) and sets of non-uniqueness (M-sets) for multiplicative systems. He obtained conditions for
functions to belong to various functional classes in terms of the Fourier coefficients of generalized
Haar and Walsh systems, and embedding criteria for Nikol’skii-Besov spaces constructed on the
basis of multiplicative systems. He also obtained conditions for the boundedness and compactness
of the commutator of the Riesz potential in general Morrey-type spaces, and conditions for bound-
edness of generalizedRiesz and Bessel potentials and generalized fractional-maximal operators in
rearrangement-invariant spaces.

His co-authors include Professor V.A. Skvortsov (Moscow State University, Moscow), Professors
V.I. Burenkov and M.L. Goldman (Peoples’ Friendship University of Russia (RUDN University).
Moscow), Dr. A. Gogatishvili (Institute of Mathematics of the Czech Academy of Sciences, Prague).
His doctoral students’ foreign advisors include Professors W. Sickel (Friedrich-Schiller-Universitity,
Jena, Germany), Massimo Lanza de Cristoforis (University of Padova, Padova, Italy), V. Ruzhansky
(Ghent University, Ghent, Belgium), U. Goginava (United Arab Emirates University, Al Ain, United
Arab Emirates), and E. Panakhov (Institute of Applied Mathematics at Baku State University, Baku,
Azerbaijan).

Under his supervision, 15 dissertations (4 candidate’s and 11 PhD) were defended. He has
published over 220 scientific papers, 2 monographs and 2 textbooks.




He is a three-time recipient of the state grant “Best University Teacher” of the Republic of
Kazakhstan (2006, 2010, 2024) and served as Vice President of the Mathematical Society of Turkic-
Speaking Countries (2014-2023). He was awarded the “For Contribution to the Development of
Science” badge (2022).

Over the last ten years, he has been and continues to be a head of more than 5 national and
international funded projects.

The Editorial Board of the Eurasian Mathematical Journal, his friends and colleagues cordially
congratulate Nurzhan Adilkhanovich on the occasion of his 70th birthday and wish him good health,
happiness and new achievements in mathematics and mathematical education.
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ADAMS THEOREM FOR THE B-RIESZ POTENTIAL
IN THE TOTAL B-MORREY SPACES

V.S. Guliyev, A. Akbulut, M.N. Omarova, A. Serbetci

Communicated by E.D. Nursultanov
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B-Riesz potential.

AMS Mathematics Subject Classification: 42B20, 42B25, 42B35.

Abstract. We prove Adams theorem for the Riesz potential I (B-Riesz potential) in the total
Morrey spaces L, (., (total B-Morrey spaces), associated with the Laplace-Bessel differential
operator Ag. More precisely, we obtain necessary and sufficient conditions for the operator I to
be bounded from the total B-Morrey space Ly (x ), to the total B-Morrey space L (), and from
the total B-Morrey space Lj )~ to the weak total B-Morrey space WL, x 4),-

DOI: https://doi.org/10.32523/2077-9879-2026-17-1-33-46

1 Introduction

The classical Morrey spaces were introduced by Morrey [4] for the study of solutions of some quasi-
linear elliptic partial differential equations. For more applications of the Morrey spaces to partial
differential equations, the reader is referred to [4, 15, 29]. In [16] the first author introduced a variant
of the Morrey spaces called the total Morrey spaces Ly, ,(R"), 0 <p < 0o, A € R and px € R. The
total Morrey spaces generalize the classical Morrey spaces L, \(R™) so that L, \(R") = L, \(R")
and the modified Morrey spaces ZP,A(R”) so that L, o(R") = Zn,\(R”). See also |1, [7, 8, T4, 17, 18]
93, 24 27, 28).
The Laplace-Bessel differential operator

im1 (9[[‘12 i1 ZT; (9[[‘1‘7 m ’ Yk ’

is known as an important operator in the Fourier-Bessel harmonic analysis and applications. The
maximal operator, potentials and related topics associated with the Laplace-Bessel differential op-
erator Ap have been investigated by many researchers. See B. Muckenhoupt and E. Stein [20], I.
Kipriyanov [20], K. Trimeche [33], L. Lyakhov [22], K. Stempak [32], A.D. Gadjiev and I.A. Aliev [9],
[.A. Aliev and S. Bayrakci [5], V.S. Guliyev |10} 11], V.S. Guliyev and J.J. Hasanov [12], S. Bayrakci
[6], V.S. Guliyev, A. Serbetci and I. Ekincioglu [13], A. Akbulut, M. Dziri and I. Ekincioglu [3], A.
Serbetci and I. Ekincioglu [30], E.L. Shishkina [3I] and others.

In this paper, we consider the generalized shift operator generated by the Laplace-Bessel dif-
ferential operator Ap in terms of which the B-maximal operator and the B-Riesz potential are
investigated in the total B-Morrey space. We prove Adams theorem for the B-Riesz potential I in
the total B-Morrey spaces Ly, (), namely, we will obtain necessary and sufficient conditions for
the operator I'' to be bounded from one total B-Morrey space L, (), to another one Ly ), and
from the total B-Morrey space Ly (5 ) to the weak total B-Morrey space W Ly ()~
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The paper is organized as follows. In Section 2 we present some definitions and auxiliary results.
In Section 3 we study some embeddings for the total B-Morrey spaces. In Section 4 the boundedness
of the B-maximal operator M, on the total B-Morrey spaces Ly )~ is proved. The main result
of the paper is Adams theorem for the B-Riesz potential I'* in the total B-Morrey space Ly (x )~
established in Section 5.

Finally, we make some conventions on notation. Throughout this paper, we assume that the
letter C' denotes a positive constant that may vary at each occurrence but is independent of the
essential variables. By A < B we mean that A < C'B with some positive constant C' depending only
on the numerical parameters.

2 Notations and preliminaries

Suppose that n and k are positive integers with 1 < k£ < n and R” is n-dimensional Euclidean
space. For # = (x1,...,2,) € R", we set 2/ = (21,...,2%) € RF, 2" = (xp41,...,7,) € R*F,
r=(2/,2") € R", n>2. Let

Rp, ={z=(2",2") eR" 2, >0, ..., 2, >0}
and
E(x,r)={yeRy ; [vr—y[<r}, E,=EQ,r).
For a measurable set E, let \E|V = [p(a’)dx, where 7 = (7,...,7) are positive numbers and
= e s (@) = 272 |, |“/—W(n k,y)r9, @ =n+ |y], where
e T T2
w(n,k,v):/El(x)”cM: o g T

Define the generalized shift operator (B-shift operator) by

TVf(z w/ / fF(@y)g, 2" —y") dv(B),

where (4, ;) = (2?2 — 2xzyzcosﬁz + yf)é7 1 < i

(x1, 1) 8105 - - (T Yk ), ), AV (B) = H sin?~ ! B dBy ... dBy, 1 <k < n and

IN
&
—~
H\
@\
~—
ke

I

Lk H F(%;H 2k
r (%

=1 ?

w(2k, k, 7).

We remark that the generalized shift operator 7Y is closely connected with the Bessel differential
operator B (if n = k = 1 see [21] for details, if n > 1, k = 1 see [20)], if n, k > 1 see [22]).
Let L, (R} ) be the space of all measurable functions on R}, with finite norm

1/p
HfHLmzHfHLm(R;f(/n rf<w>|p<x'>wx> S 1<p<c.

Rk,+

For p = oo the space Lo, (R} ) is defined by means of the usual modification

1 2oy = 1Nl 2e = eSSRSHPIf( z)|-

k,+
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The B-maximal function (see [10, [I1]) is defined by
M, (@) =sup B, [ T1#(a)( )y
r> B,
and the B-Riesz potential (see [10) 11])) is defined by
£ = [ (o9 1) )y 0 < a < Q.
Ry

where TV is the generalized shift operator generated by the Laplace-Bessel differential operator Ag.

The operator M., was introduced by Guliyev in [I0]. Moreover, the strong-(L,.,L,), 1 < p <
oo and weak-(L; , L1 ) boundedness of M, was proved in [10] (see also [1I]). Also, the strong-
(Lp~sLgy), 1 <p<gqg<oo,1/p—1/qg=a/Q and weak-(Ly,,Ly~), 1 < g <o0,1—-1/¢g=0a/Q
boundedness of I was proved in [I0] (see also [11]).

Theorem 2.1. [10, IT] 1. If f € Li,(R} ), then M, f € WL, (R} ) and

HM'nyWLL., < Cl,’nyHLLw

forall f € Ly (R}, ), where Cy,, > 0 depends only on v,k and n.
2. If f € Lp,(RE ), 1 <p < oo, then M, f € L, (R} ,) and

HM'YfHLp,'\/ S pr'y HfHLp,'\N

forall f € L, (R} ), where C,., > 0 depends only on p, v, k and n.

Theorem 2.2. [10,[11] Zet 0 < a<Q and 1 <p < %

NIfl<p< %, then the condition % — % = % is necessary and sufficient for the boundedness I3
Jfrom Lp,7<RZ,+) to Lq,’y(RZ,Jr)-
2) If p =1, then the condition 1 — % = % is necessary and sufficient for the boundedness I from

Ly (Ry 1) to WLy (R ).

3 Some embeddings for the total B-Morrey spaces

In this section we define the total B-Morrey spaces Ly, (xR ), give auxiliary results and some
embeddings for these spaces.

Definition 1. Let 1 < p < oo, A € R, p € R, [t]; = min{1,¢}, t > 0. We denote by L, (R} )

the classical B-Morrey spaces [12], by zp,,\ﬁ(R’,;Jr) the modified B-Morrey spaces [I4], and by
va(/\,u)w(RZer) the total B-Morrey spaces: the sets of all locally integrable functions f with the
finite norms

1/p
£l = s (2 [ Tl ray)
Z‘GRZ’+,t>O on
1/p
91z, = _sw (10 [ TP @)
o 2€RY >0 B
- - . 1/p
1l = _swo (W20 [ P oy
zERY >0 Eq

respectively.
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Definition 2. Let 1 < p < oo, A € R and p € R. We define the weak Morrey spaces
WLpxn (R ) [12], the weak modified Morrey spaces WL, x(Ry | ) [14] and the weak total Morrey
spaces W Ly, (x 0)~(RE ;) as the sets of all locally integrable functions f with the finite norms

1/p
Iflwr,, = s (e (vydy) "
z€RR L, 1>0 {yeEe:T=|f(y)|P}

s, = _sw (10 [ wydy) "
o z€RY ,,t>0 {yeET|f(y)|P}

||f||WLp,(>\,ll«)a'Y - Sup (ml_)\ [1/t]1_“ /

z€RE |, t>0 {veET"|f(y)l*}
respectively.

Note that

p7(070)77(RZ,+) = LP70,'Y<RZ,+> = Lp,Oﬁ(RZ,Jr) = LPQ’(RZ,+>7
WLP,(&OM(RZ,Q = WLP,O,W(RZ,Jr) = WLP,O,7<RZ,+) = WLp,v(RZ,Jr)v
i

Lpﬁ(/\)\)ﬁ(R ,+) = Lp,/\,v(RZ,+)> Lp,(/\,O)n(RZ,+) = Lp,A,W<RZ,+)-

We have || fllwr, .00 < Ifllz , therefore, the following continuous embedding holds

DA, 1),y

Lp,(/\,u)n (RZ,JF) C- WLp,(/\vu)n (RZ,+)‘

Furthermore,
Lp,(/\,u)ﬁ(RZ,Jr) C- Lp«\v(RZ,Jr)» p<A and ||f||Lp,M < ||f||Lp,<A,H>,77 (3.1)
va()‘7u)7'7(Rz,+) C- Lp,uwy(RZ,Jr)a p<A and ||fHLp,u,'y < ”JCHL,,,(A,H),V (3.2)
and

LP7>\7W(RZ,+) Cx LP,W(RZ,-F) and ||f||Lp,'y < “fHZ
If A< 0or A> @, then

LP,A77(RZ,+) = LP7A7W(RZ,+) = WLP7A77(RZ,+) = WLP,)\KY(RZ,—F) =0,

DAY

where © = O(R}, ) is the set of all functions equivalent to 0 on R} ,.

Lemma 3.1. If 1 <p<oo, 0 < pu<A<Q, then

Lp,(A,u)ﬁ<RZ,+> = Lp,/\n (RZ,+) N Lp,u,w(RZ,+)
and

||f||Lp7(,\7M)7»y = mnax {Hf”Lp,)\,'y? ||f||Lp,u,'y} :

Proof. Let f € Ly x 0 ~(RE ). Then from (3.1)) and (3.2)) we have that f € L, (R} )N Ly, (R} )

and max {||fllz, .- 1£1z, 0, } < I1Fllz, 00
Now, let f € Lyx~(Ry )N Ly, (RE ). Then

1/p
[l 0, = sUD (m;* i [ Tﬂf(yﬂp(ywy)
xGRZv+,t>O

E

—max{__swp (e [ Plrwre/ra)”

z€RY | 0<t<1

(0 [ peras)” ) < ma {17l 1 )

zeRY +,t>1
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Therefore, f € ij(,\7“),7(ng+) and the embedding Lp7,\ﬁ(RZ7+) N Lnun(RZ,Jr) Cso Lp,(,\ju)ﬁ(]RZ#) is
valid.

Thus, Lp,na (RE4) = Lpas(RE ) 0 Ly (RE L) and max {[[fllz, .o 11z, b = 1F 1]z, 0.,
[l

Corollary 3.1. [19] Lemma 5] If 1 < p < 00, 0 < A < Q, then

Lp,A,'y(RZ,Jr) = LP7>\7’Y(RZ,+) N Lpn(RZ,+)

and

“szp,)\w/ - maX{HfHLp,/\w’ ||f||va} :
Lemma 3.2. If 1 <p<oo, 0 <pu<\<Q, then
WLpﬂ(A,u)ﬁ(RZ&) = WLP)\W(RZ,Jr) n WLp,uﬁ(RZ,+)

and

1AWy oy = max L fllwrpsss 1 fllwe,,, -

Remark 1. If 1 <p < oo, and < 0or A > Q, then
Lp,(&u),v(RZ,Jr) = WLp,(A,u),v(RZ,Jr) - @(RZ,Jr)-
Lemma 3.3. If 1 <p<00,0<A<Q and 0 < u<Q, then
Lp,(Qﬁu)n(RZﬁ) C- LOO,'Y(RZ,Jr) C- va(AvQ)ﬂ'Y(RZ,*F)

and
111z, oy < WO k)P Loy S N2y gne

Proof. Let f € Looy(R},). Then for all z € R}, and 0 <t <1

/p
(7 [ riswrwyar)” <sonk ) Il 050

and for all z € Ry, and ¢ > 1

1/p
(00 [ riswreyd)” < ook 1
Ey
Therefore, f € L, q)~(R} ) and

£y oy < @k, )P f 2

Let f € Ly @u~(RE ;). By the Lebesgue’s Theorem we have (see [12])

lim [ | /E T f )P ) dy = |f (@)

for almost all z € R} .
Then for almost all z € R} |

@)l = (i [ TP ) v
<w(n k)™ sup (tQ/ETx‘f(y)|p(y,>7dy>1/p

z€RY ., 0<t<1

< w(n, k, 7)_1/pr”Lp,(QvM)'
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Therefore, f € Lo (R} ) and

”fHLoo,’y < w(n, k?W)_l/p”fHLp,(Q,u)ﬁ'

Corollary 3.2. If 1 < p < oo, then

LP,QN(RZ,Jr) = Lp,QNGRZ,Jr) - Loo,v(RZ,Jr)

and
102y = IF1lz, o = w7l £l

Lemma 3.4. I[f0< A< Q,0< u<@Q,0<a<@—-Aand0 << Q— ,u,thenfor SpSQT

Lp,(/\,u)ﬁ(RZ,Jr) Cs- LL(Q—O«Q—BM(RZ,H
and for all f € Ly .~(Ry ) the following inequality

/
[P (O ) [ P

18 valid.
Proof. Let 0 <a < Q,0<A<Q, f € L,owy(RE,) and =2 < p < % By Hoélder’s inequality

we have

HfHLL(Q—a,Q—ﬁ),w - GRSRUP [t](le [Uﬂ?ﬁf T f(y)(y') dy

K t>0 E,

, -Q/p' a— Q=2
win,k, )" sup ([t )y 7
wGRz‘+,t>0

_a_k 1/p
N a (W /[ Tﬂf(y)\p(ywy)

, Q= Q
w(”? kfy)l/p ||f||Lp,()\,p,),'y Stg%)) ([t]lt 1) : [t]l L

Note that

1\ L8 a-2 _
sup ([tht ) [t] = max os<ltll<)1t p UL < 00

@:Q_Agng_”
a 5

Therefore, [ € Ll,(Q—a,Q—ﬁ)N(RZ,—F) and

/
H-fHLl,(Qfa,Qf,B),—y < w(na kafy)l/p HfHLp,()\,,u,),’y'

Corollary 3.3. [19, Lemma 6] If 0 < A < Q and 0 < a < Q — A\, then for Q— <p< %

va)\u"f<RZ,+) C Ll,Q—a,v<RZ,+)

and for all f € ZP,A,V(RZ#) the following inequality

1Az, . S @l k)Y (1711

DAY

18 valid.
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4 L, u~-boundedness of the B-maximal operator

In this section we will prove that the B-maximal operator M., is bounded on the total B-Morrey
spaces Ly (x.),,- Let us begin by recalling that B-maximal operator M, is bounded on the B-Morrey
spaces Ly, » .

Theorem 4.1. [12]
Iffelpyy(Ry ), 1<p<oo,0<A<Q, then M, f € L,,(R} ) and

||M7f||Lp,A,7 S va)‘7’7||f||Lp¢/\,’y7

for some C) x> 0 depending only on p, A\, v, k and n.
2) If f € Liny(RE ), 0 <A< Q, then M, f € WLy ,(R} ) and

My fllwey sy, < Ciasllfllzos,

Jor some Cy )\, > 0 depending only on A, v, k and n.

Applying Lemma and Theorem we obtain the following L, (. ,-boundedness of the
B-maximal operator M, in the total B-Morrey spaces.

Theorem 4.2. 1) If f € Ly, ,0,(RE,), 1 <p<o0, 0 < pu<A<Q, then Myf € Ly ~(RE )
and

||M7f||Lp,(/\,M),7 < Cp7>\7’Y||f||LP7(/\vM)»’Y7

for some Cp ., > 0 depending only on p, \, u, v, k and n.
2)If f € Lipwy(RE ), 0< < A<Q, then My f € WLy u,(RE ) and

My Fllwes oy < Cragllflley gom.qs
for some Cy )\, > 0 depending only on A, u, v, k and n.

Proof. 1) Suppose that f € L, x),(RE,), 1 <p<oocand 0 <p <A< Q. It is obvious that (see

Lemma
Ml o = max LMy fllz, s 1M fll,, b

Then, by the boundedness of M, on L,~(R},), 1 <p<ooand 0 < pu <A <@ (see Theorem
and Lemma , we get

HM'YfHLp,()\,u),'y = max {sz)"Cpuu} HfHLp,)\,-y'
2) Suppose that f € Ly~ (RE ), 0 < p < A < Q. It is obvious that (see Lemma

||M7f||WL1,(A,p),W = maX{HM’VfHWLI,/\,’y7 HM'YfHWLLM,’y} *

Then, by the weak boundedness of M, on L, (R}, ) and 0 < g < A < @ (see Theorem and
Lemma , we get

1Mo fllwey o, = max {Crx, Crut £z,
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5 Adams theorem for the B-Riesz potential in the total B-Morrey spaces

In this section we prove Adams theorem for the B-Riesz potential I7 in the total B-Morrey spaces
Ly np,~ Namely, we will obtain necessary and sufficient conditions on the numerical parameters
for the B-Riesz potential I’} to be bounded from one total B-Morrey space Ly (x )~ to another one
Ly ),y and from the total B-Morrey space Ly (y ) to the weak total B-Morrey space W Ly ( u).~-
These statements are the main results of our article.

Theorem 5.1. Let 1 <p<oo, 0 < pu<A<Q,0<a< ==
1)If1<p< Q_)‘ then the condition o < % %
boundedness of the opemtor I from Ly (6 ~RE ) to Ly,

2)If p=1< ==, then the condition =2— < 1 —

Proof. 1) Sufficiency. Let 1 < p < %= ’\, o L

1
a - = p

— ¢ < g% and f € Ly 4 (R ;). Then
) = ([ + [, )OS0l = Ao+ ) (5.1)
Ey n on

For A(z,t) we have

Az, 1) < [E ) o0y < S (290) /E TV | (2)] (o' 'dy

j=—00 2i+1:\Eojy
~1
< 37 (297 By, My f(w) = 12 w(n k,v) 29 M, f(z 22 je
j=—o00
Hence,
w(n, k,7)29

|A(z,t)| < Cst*M, f(z)  with Cs = (5.2)

20 —1

For C(xz,t) by Holder’s inequality we have

_ 1/p Bia_0)y 1/p
caol< ([ weri@pera) ([ G )
RY \E; RY \E;
:Jl'Jg.

Let A < 8 <@ — ap. For J; we get

, 1/p
5= Z / @R W)

27t
s o087
<2 [, [/, nfuLW(zz )
7=0
A\—p

=
=Cy[t]," [1/t] Hf”Lpuu)w

1/p
where C4 = <2ﬁ_2—ffl) .
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For Jy we obtain

1
ol

Jy = (/ Wdf/ FQ1H(5+a—Q)p dr) _ CE)tﬂJra——7
sn— 1

1/p'

where C5 = (w(n, k,7) (Q + (g +a— Q) p’) 1) . Then

A=Q _u=Q_,
C (@) <Colth” [/t " [ fllz, 0.
where Cg = C - C5. Thus, from (5.2)) and ([5.3) we have

. . 0 Q=2 e
15 f@)] St M fle) + [t " [/t 7 1l o,

for all ¢ > 0. Taking

P

t = (M) e and ¢ — (M) Q-

M, f(x) M, f(x)
we have
12 )| < min { (M £ @) 12O F@) 12
R M’yf(z) 7% M'yf(x) 1= Q*A
—min{ () (e )
then
M. A p
125 5 (ﬁ) 17y s = (Mg @) S 1AL

Hence, by Theorem and inequality (5.4)), we get

3 S 1/q
15 ey = _sww (i 1/ [ T3 ) )
:EGRZ+, >0 By

1

o (107 W [ (O w)) 0 )’

P, (A1), Y
zeR] .

Sl

b
- !If|!LpMJ|(M N¥llainn,

SIA IMFIE

~ Hf”Lp,(A,M),»Y

P (A1), Y

if 1 <p<g<ooand

_ 1/q
115 w0 =0 sup (1172 [ (') dy)
>0 {ye BT |15 f(y)|7>r}

r>0 zeR} ot

kot
1—1 1
= 112,101 Mty o

1
S HfHLl’?)\,#)ﬂHM'YfH{iVLL(A,u)W

SJ |’fHL1,<)\,[,L),’Y

1

SIS, 5w sw (| (v/)dy)’
PAVEIT 50 zeR? | >0 {yEEtITI(wa(y))>T}

41

(5.3)

(5.4)
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ifp=1<qg<o0.
Therefore, for 1 < p < ¢ < oo we have I f € Ly .)~(R} ) and

HI’(;LJCHL(L(/\’H)’7 ’S HfHpr(A,u)ﬁ’

also for p =1 < g < oo we have IS f € WLgx~(Ry ) and

HI’?fHWL ’S HfHLl»(NM)W'

@, (X)),

Necessity. Let 1 < p < &2 f ¢ Ly~ (RE ) and IS be bounded from L, (x ), (R} ) to

o ?

Ly oxwn(RE ;). Define fi(z) =: f(tx). Then we have

1/p

Q
p
Dy (A 1),y T>0 xeR”

0, =% s (K [ TSP 0/ a)

QL—A —p

= [t]l P [1/t] ||fHLp,(>\,H)1'7

and

I fi(z) = 7L f(tx),

ty| ro a. 1y 1/a
Al .., = t—amof,;g% (> el [ T s )
= s (0l [ el @)
S Vi Hf”‘fllwm

By the boundedness I from Ly x ), (R} ) to Ly x~(RE ) we get

@b Q=2 Q-2 - Q-n, Q-u
H 7fHL Cquv[t]l ! ! [1/t]1 ! 3 ||f||Lp,(A,M),w

a,(X 1),y

where Cpq /\v > ( depends only on p,q,\,v,k and n.

If < = —|— W’ then by letting ¢ — 0 we have ||IO‘fHLq o 0 for all f € Lp,(/\,u),w<RZ,+)- Sim-
ilarly, 1f > = + , then by letting t — oo we obtain H]afHL =0 for all f € Ly~ (RE ).
Therefore, we have Q <i_ 1 <

w—=0p Q AT

Letp=1< Q A fe L, 7( ko) and I be bounded from Ly (x ), (R} ) to WLy x 0~ (RE ).
We have

8l =t s (W [ P )d)
o)y >0, z€RY By
= P T Ul

and

1/q
I°f =supr sup T’\lT“/ y' ) dy
175 5illws, ., = S0 I /70, {yEET:TW(x)W}( )
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1/q
—eeswpre s (P (v')dy)
r>0 z€RY | ,7>0 {yeb:r : TW|Ig f(ta)|>rt}

—a—% OH-% a Y m / 1/q
=" /T s sup ([ AL (v)'dy)
r>0 z€RY |, 7>0 {yEE:r : TY|IS f(x)|>rt>}
Q=2 N
R HI Hlws o

By the boundedness I from Ly (), (R} ) to WLy (x4 (RE ) it follows that

a+9=2_(Q-)N)

—a—Q=rio_
175w, ) < Cranl 7

||f||L1,(/\,p,),'y7

where C 45, > 0 depends only on ¢,\,7,k and n.
If1 < % + QL*M’ then by passing to the limit as ¢ — 0 we have HI’(;fHWLq,(A,H);y = 0 for all

fel (A,H)W(Rn )-
Similarly, if 1 > X —|— o then by passing to the limit as ¢ — oo we obtain HIﬁfHWL =0

a4, (A, p),y
1
forall f e L A,u)n(Rk, ). Therefore, we have —qu <1 7 < —Q‘ik.

From Theorem in the case A\ = p or p = 0 we get the following corollaries.

Corollary 5.1. [12] Let 0 < a < Q,0<A<@Q—-aand 1 <p< %

NIfl<p< %, then the condition %—é = ﬁ 1s necessary and sufficient for the boundedness
Iﬁ Jrom LPJ\,‘/(RZ’,—F) to Lq,A,7<RZ,+)-

2) If p = 1, then the condition 1 — % = 575 8 necessary and sufficient for the boundedness I3}

Q-
from Ly~ (R} ) to WLy~ (RE ).

Corollary 5.2. [T9] Let 0 < a < Q, 0 <A< Q — « d1<p @.
1If1<p< %, then the condition % <

boundedness I3 from EIL)\»V(RZ,Jr) to Zq7A77(RZ+)
2)Ifp=1«< %, then the condition &

boundedness I3 from EMW(RZ#) to Wiqv,\v(R 4

1
P

<1- % < Q% 1s necessary and sufficient for the

6 Conclusion

In this paper, necessary and sufficient conditions on the numerical parameters are found ensuring
that the B-Riesz potential 7 is bounded from the total B-Morrey space Ly (x )~ to the total B-
Morrey space Lg (), and from the total B-Morrey space Ly (5 ), to the Weak total B-Morrey space
W Lg,(xp).-
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