EURASIAN MATHEMATICAL JOURNAL ; -
volume 17, number , 2026 L i lIfV/ERSIlTY/

ISSN (Print]: 2077-9873
ISSN (Online): 2617-2658

CONTENTS
Bokayev Nurzhan Adilkhanovich (tothe 70th birthday) ................ccccooiiiiiiiiine. 8
Sh.A. Ayupov, M.R. Eshimbetov, A.A. Zaitov E U R A S I A N
Holder inequality on the space of upper semicontinuous functions........................ 10
A. Frakis, F. Kittaneh, S. Soltani M A T H E M A T I c A L
p-numerical radius inequalities for the tensor product of operators........................ 23
V.S. Guliyev, A. Akbulut, M.N. Omarova, A. Serbetci
Adams theorem for the B-Riesz potential in the total B-Morrey spaces................... &8 j 0 U R N A L
J.G. Jumabayeva, E.D. Nursultanov
Anisotropic Morrey-type spaces and their interpolation properties........................ 47

Zh. Mukanov, A. Sharafudinov, R. Takhanov, A. Bekembayev
Combining unsupervised dimension reduction with sufficient dimension reduction...58

Zh. Sartabanov
Reducibility to multiperiodic linear systems with a diagonal differentiation operator and %

its application to conditionally periodicsystems ..o, 77 s fpg.wmg K Y
, Yaroslavl Perm, “@mﬁ&‘ UNN
E +Moscow. ., Kazan - \jis i \\iaﬁ\“%\(‘m‘%& SRR \&Eﬁ: A
. / f . SeLipus 3 el N
M. Sofrani, A. Senouci bl ,%m oh . N e
Generalizations of Hardy-type integral inequalities for quasimonotone functions in k. ot P g
weighted variable exponent Lebesgue spaces.............ccoovvviiiiiiiiiiinnnnn, 91 R i
BTN, ““c',u:“l;\ :m“ oy
AZERBAWAN “‘ 4
Baky TURKMENISTAN ‘A:;m \@Q\ ‘
X .
Mosel Ashkhabad \garnad et
gy, IRAQ Tehran Kabulx & N (M
AFGHANISTAN HENRT, \@\%,
New De\h\ Ag"vg ", Kyt Y
PAKISTAN Taious' " ganpt! e

-'iJ(;ER

i

oup  Khartoy,
S £t r",Dj"“"1tena e
A

1 g Addls Abbaba

" RAL
AR Ui Rgp AFRICAy * R R R B

W m VOLUME I7 NIIMBEIl 1

SN 2077 98




ISSN (Print): 2077-9879
ISSN (Online): 2617-2658

Eurasian
Mathematical
Journal

2026, Volume 17, Number 1

Founded in 2010 by
the L.N. Gumilyov Eurasian National University
in cooperation with
the M.V. Lomonosov Moscow State University
the Peoples’ Friendship University of Russia (RUDN University)
the University of Padua

Starting with 2018 co-funded
by the L.N. Gumilyov Eurasian National University
and
the Peoples’ Friendship University of Russia (RUDN University)

Supported by the ISAAC
(International Society for Analysis, its Applications and Computation)
and
by the Kazakhstan Mathematical Society

Published by

the L.N. Gumilyov Eurasian National University
Astana, Kazakhstan



EURASIAN MATHEMATICAL JOURNAL
Editorial Board

Editors—in—Chief
V.I. Burenkov, M. Otelbaev, V.A. Sadovnichy
Vice-Editors—in—Chief
R. Oinarov, K.N. Ospanov, T.V. Tararykova

Editors

Sh.A. Alimov (Uzbekistan), H. Begehr (Germany), T. Bekjan (Kazakhstan), O.V. Besov (Russia),
N.K. Bliev (Kazakhstan), N.A. Bokayev (Kazakhstan), A.A. Borubaev (Kyrgyzstan), G. Bour-
daud (France), A. Caetano (Portugal), A.D.R. Choudary (Pakistan), V.N. Chubarikov (Russia),
A.S. Dzhumadildaev (Kazakhstan), V.M. Filippov (Russia), H. Ghazaryan (Armenia), V. Gold-
shtein (Israel), V. Guliyev (Azerbaijan), D.D. Haroske (Germany), A. Hasanoglu (Turkey), M. Hux-
ley (Great Britain), P. Jain (India), T.Sh. Kalmenov (Kazakhstan), B.E. Kangyzhin (Kazakhstan),
K.K. Kenzhibaev (Kazakhstan), S.N. Kharin (Kazakhstan), E. Kissin (Great Britain), V.I. Ko-
rzyuk (Belarus), A. Kufner (Czech Republic), L.K. Kussainova (Kazakhstan), P.D. Lamberti
(Italy), M. Lanza de Cristoforis (Italy), F. Lanzara (Italy), V.G. Maz’ya (Sweden), K.T. Myn-
bayev (Kazakhstan), E.D. Nursultanov (Kazakhstan), .N. Parasidis (Greece), J. Pecari¢ (Croa-
tia), S.A. Plaksa (Ukraine), L.-E. Persson (Sweden), E.L. Presman (Russia), M.A. Ragusa (Italy),
M. Reissig (Germany), M. Ruzhansky (Great Britain), M.A. Sadybekov (Kazakhstan), S. Sagitov
(Sweden), T.O. Shaposhnikova (Sweden), A.A. Shkalikov (Russia), V.A. Skvortsov (Russia), G. Sin-
namon (Canada), V.D. Stepanov (Russia), Ya.T. Sultanaev (Russia), D. Suragan (Kazakhstan),
[.A. Taimanov (Russia), J.A. Tussupov (Kazakhstan), U.U. Umirbaev (Kazakhstan), N. Vasilevski
(Mexico), Dachun Yang (China), B.T. Zhumagulov (Kazakhstan)

Managing Editor
A.M. Temirkhanova

(© The L.N. Gumilyov Eurasian National University



Aims and Scope

The Eurasian Mathematical Journal (EMJ) publishes carefully selected original research papers
in all areas of mathematics written by mathematicians, principally from Europe and Asia. However
papers by mathematicians from other continents are also welcome.

From time to time the EMJ publishes survey papers.

The EMJ publishes 4 issues in a year.

The language of the paper must be English only.

The contents of the EMJ are indexed in Scopus, Web of Science (ESCI), Mathematical Reviews,
MathSciNet, Zentralblatt Math (ZMATH), Referativnyi Zhurnal — Matematika, Math-Net.Ru.

The EMJ is included in the list of journals recommended by the Committee for Control of
Education and Science (Ministry of Education and Science of the Republic of Kazakhstan) and in
the list of journals recommended by the Higher Attestation Commission (Ministry of Education and
Science of the Russian Federation).

Information for the Authors

Submission. Manuscripts should be written in LaTeX and should be submitted electronically in
DVI, PostScript or PDF format to the EMJ Editorial Office through the provided web interface
(www.enu.kz).

When the paper is accepted, the authors will be asked to send the tex-file of the paper to the
Editorial Office.

The author who submitted an article for publication will be considered as a corresponding author.
Authors may nominate a member of the Editorial Board whom they consider appropriate for the
article. However, assignment to that particular editor is not guaranteed.

Copyright. When the paper is accepted, the copyright is automatically transferred to the EMJ.
Manuscripts are accepted for review on the understanding that the same work has not been already
published (except in the form of an abstract), that it is not under consideration for publication
elsewhere, and that it has been approved by all authors.

Title page. The title page should start with the title of the paper and authors’ names (no degrees).
It should contain the Keywords (no more than 10), the Subject Classification (AMS Mathematics
Subject Classification (2010) with primary (and secondary) subject classification codes), and the
Abstract (no more than 150 words with minimal use of mathematical symbols).

Figures. Figures should be prepared in a digital form which is suitable for direct reproduction.

References. Bibliographical references should be listed alphabetically at the end of the article.
The authors should consult the Mathematical Reviews for the standard abbreviations of journals’
names.

Authors’ data. The authors’ affiliations, addresses and e-mail addresses should be placed after
the References.

Proofs. The authors will receive proofs only once. The late return of proofs may result in the
paper being published in a later issue.

Offprints. The authors will receive offprints in electronic form.




Publication Ethics and Publication Malpractice

For information on Ethics in publishing and Ethical guidelines for journal publication see
http:/ /www.elsevier.com/publishingethics and http://www.elsevier.com /journal-authors/ethics.

Submission of an article to the EMJ implies that the work described has not been published
previously (except in the form of an abstract or as part of a published lecture or academic thesis or as
an electronic preprint, see http://www.elsevier.com /postingpolicy), that it is not under consideration
for publication elsewhere, that its publication is approved by all authors and tacitly or explicitly
by the responsible authorities where the work was carried out, and that, if accepted, it will not be
published elsewhere in the same form, in English or in any other language, including electronically
without the written consent of the copyright-holder. In particular, translations into English of papers
already published in another language are not accepted.

No other forms of scientific misconduct are allowed, such as plagiarism, falsification, fraudulent
data, incorrect interpretation of other works, incorrect citations, etc. The EMJ follows the Code
of Conduct of the Committee on Publication Ethics (COPE), and follows the COPE Flowcharts
for Resolving Cases of Suspected Misconduct (http://publicationethics.org/files/u2/NewCode.pdf).
To verify originality, your article may be checked by the originality detection service CrossCheck
http: //www.elsevier.com/editors/plagdetect.

The authors are obliged to participate in peer review process and be ready to provide corrections,
clarifications, retractions and apologies when needed. All authors of a paper should have significantly
contributed to the research.

The reviewers should provide objective judgments and should point out relevant published works
which are not yet cited. Reviewed articles should be treated confidentially. The reviewers will be
chosen in such a way that there is no conflict of interests with respect to the research, the authors
and /or the research funders.

The editors have complete responsibility and authority to reject or accept a paper, and they will
only accept a paper when reasonably certain. They will preserve anonymity of reviewers and promote
publication of corrections, clarifications, retractions and apologies when needed. The acceptance of
a paper automatically implies the copyright transfer to the EMJ.

The Editorial Board of the EMJ will monitor and safeguard publishing ethics.



The procedure of reviewing a manuscript, established
by the Editorial Board of the Eurasian Mathematical Journal

1. Reviewing procedure

1.1. All research papers received by the Eurasian Mathematical Journal (EMJ) are subject to
mandatory reviewing.

1.2. The Managing Editor of the journal determines whether a paper fits to the scope of the EMJ
and satisfies the rules of writing papers for the EMJ, and directs it for a preliminary review to one
of the Editors-in-chief who checks the scientific content of the manuscript and assigns a specialist
for reviewing the manuscript.

1.3. Reviewers of manuscripts are selected from highly qualified scientists and specialists of the
L.N. Gumilyov Eurasian National University (doctors of sciences, professors), other universities of
the Republic of Kazakhstan and foreign countries. An author of a paper cannot be its reviewer.

1.4. Duration of reviewing in each case is determined by the Managing Editor aiming at creating
conditions for the most rapid publication of the paper.

1.5. Reviewing is confidential. Information about a reviewer is anonymous to the authors and
is available only for the Editorial Board and the Control Committee in the Field of Education and
Science of the Ministry of Education and Science of the Republic of Kazakhstan (CCFES). The
author has the right to read the text of the review.

1.6. If required, the review is sent to the author by e-mail.

1.7. A positive review is not a sufficient basis for publication of the paper.

1.8. If a reviewer overall approves the paper, but has observations, the review is confidentially
sent to the author. A revised version of the paper in which the comments of the reviewer are taken
into account is sent to the same reviewer for additional reviewing.

1.9. In the case of a negative review the text of the review is confidentially sent to the author.

1.10. If the author sends a well reasoned response to the comments of the reviewer, the paper
should be considered by a commission, consisting of three members of the Editorial Board.

1.11. The final decision on publication of the paper is made by the Editorial Board and is
recorded in the minutes of the meeting of the Editorial Board.

1.12. After the paper is accepted for publication by the Editorial Board the Managing Editor
informs the author about this and about the date of publication.

1.13. Originals reviews are stored in the Editorial Office for three years from the date of publi-
cation and are provided on request of the CCFES.

1.14. No fee for reviewing papers will be charged.

2. Requirements for the content of a review

2.1. In the title of a review there should be indicated the author(s) and the title of a paper.

2.2. A review should include a qualified analysis of the material of a paper, objective assessment
and reasoned recommendations.

2.3. A review should cover the following topics:

- compliance of the paper with the scope of the EMJ;

- compliance of the title of the paper to its content;

- compliance of the paper to the rules of writing papers for the EMJ (abstract, key words and
phrases, bibliography etc.);

- a general description and assessment of the content of the paper (subject, focus, actuality of
the topic, importance and actuality of the obtained results, possible applications);

- content of the paper (the originality of the material, survey of previously published studies on
the topic of the paper, erroneous statements (if any), controversial issues (if any), and so on);

- exposition of the paper (clarity, conciseness, completeness of proofs, completeness of biblio-
graphic references, typographical quality of the text);



- possibility of reducing the volume of the paper, without harming the content and understanding
of the presented scientific results;

- description of positive aspects of the paper, as well as of drawbacks, recommendations for
corrections and complements to the text.

2.4. The final part of the review should contain an overall opinion of a reviewer on the paper
and a clear recommendation on whether the paper can be published in the Eurasian Mathematical
Journal, should be sent back to the author for revision or cannot be published.



Web-page

The web-page of the EMJ is www.emj.enu.kz. One can enter the web-page by typing Eurasian
Mathematical Journal in any search engine (Google, Yandex, etc.). The archive of the web-page
contains all papers published in the EMJ (free access).

Subscription
Subscription index of the EMJ 76090 via KAZPOST.
E-mail

eurasianmj@yandex.kz

The Eurasian Mathematical Journal (EM.J)

The Astana Editorial Office

The L.N. Gumilyov Eurasian National University
Building no. 3

Room 306a

Tel.: +7-7172-709500 extension 33312

13 Kazhymukan St

010008 Astana, Republic of Kazakhstan

The Moscow Editorial Office

The Patrice Lumumba Peoples’ Friendship University of Russia
(RUDN University)

Room 473

3 Ordzonikidze St

117198 Moscow, Russian Federation



BOKAYEV NURZHAN ADILKHANOVICH
(to the 70th birthday)

January 5, 2026, marks the 70th birthday of Nurzhan Adilkhanovich

Bokayev, Doctor of Physical and Mathematical Sciences (1996), Professor

\ (2002), member of the Editorial Board of the Eurasian Mathematical Jour-
nal (2010).

Nurzhan Adilkhanovich Bokayev was born on 5 January, 1956 in the vil-
lage of Urnek, Karabalyk District, Kostanay Region. He graduated in 1972,
with a gold medal from the Burlin Secondary School in the district. That
same year, he entered the Mathematics Department of Karaganda State Uni-
versity and graduated with honors in 1977. From 1978 to 1979, he served
in the Soviet Army. In 1980, he completed an internship, and from 1981 to
1984, he studied in the graduate program at Lomonosov Moscow State Uni-
versity in the Department of Function Theory and Functional Analysis. In
1985, he defended his candidate’s dissertation there under the supervision
of Corresponding Member of the Academy of Sciences of the USSR D.E.
Menshov and Professor V.A. Skvortsov. In 1996, he defended his doctoral dissertation, “Fourier
Coefficients and Uniqueness Theorems for Series in Generalized Walsh and Haar Systems”, at the
Institute of Mathematics of the Ministry of Education and Science of the Republic of Kazakhstan,
speciality Mathematical Analysis (01.01.01).

After completing his postgraduate studies, he worked as a lecturer, senior lecturer, associate
professor, and professor in the Department of Mathematical Analysis at E.A. Buketov Karaganda
State University (1985-1999). He headed the Department of Mathematics and Mathematical Mod-
eling (1996-1999), and was a dean of the Faculty of Mathematics at E.A. Buketov Karaganda State
University (1999-2005). Since 2005, he has been a professor in the Faculty of Mechanics and Math-
ematics at the L.N. Gumilyov Eurasian National University. From 2009 to 2018, he was the Head
of the Department of Higher Mathematics at the L.N. Gumilyov Eurasian National University, and
from 2018 to the present, he has been a professor in the Department of Fundamental Mathematics.

Professor Bokaev’s research focuses on problems in function theory and functional analysis, the
theory of orthogonal series for generalized Walsh and Haar systems, and operator theory in various
function spaces. He has proved renewal and uniqueness theorems for series with respect to peri-
odic multiplicative systems and Haar-type systems, and constructed continual sets of uniqueness
(U-sets) and sets of non-uniqueness (M-sets) for multiplicative systems. He obtained conditions for
functions to belong to various functional classes in terms of the Fourier coefficients of generalized
Haar and Walsh systems, and embedding criteria for Nikol’skii-Besov spaces constructed on the
basis of multiplicative systems. He also obtained conditions for the boundedness and compactness
of the commutator of the Riesz potential in general Morrey-type spaces, and conditions for bound-
edness of generalizedRiesz and Bessel potentials and generalized fractional-maximal operators in
rearrangement-invariant spaces.

His co-authors include Professor V.A. Skvortsov (Moscow State University, Moscow), Professors
V.I. Burenkov and M.L. Goldman (Peoples’ Friendship University of Russia (RUDN University).
Moscow), Dr. A. Gogatishvili (Institute of Mathematics of the Czech Academy of Sciences, Prague).
His doctoral students’ foreign advisors include Professors W. Sickel (Friedrich-Schiller-Universitity,
Jena, Germany), Massimo Lanza de Cristoforis (University of Padova, Padova, Italy), V. Ruzhansky
(Ghent University, Ghent, Belgium), U. Goginava (United Arab Emirates University, Al Ain, United
Arab Emirates), and E. Panakhov (Institute of Applied Mathematics at Baku State University, Baku,
Azerbaijan).

Under his supervision, 15 dissertations (4 candidate’s and 11 PhD) were defended. He has
published over 220 scientific papers, 2 monographs and 2 textbooks.




He is a three-time recipient of the state grant “Best University Teacher” of the Republic of
Kazakhstan (2006, 2010, 2024) and served as Vice President of the Mathematical Society of Turkic-
Speaking Countries (2014-2023). He was awarded the “For Contribution to the Development of
Science” badge (2022).

Over the last ten years, he has been and continues to be a head of more than 5 national and
international funded projects.

The Editorial Board of the Eurasian Mathematical Journal, his friends and colleagues cordially
congratulate Nurzhan Adilkhanovich on the occasion of his 70th birthday and wish him good health,
happiness and new achievements in mathematics and mathematical education.
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HOLDER INEQUALITY ON THE SPACE
OF UPPER SEMICONTINUOUS FUNCTIONS

Sh.A. Ayupov, M.R. Eshimbetov, A.A. Zaitov

Communicated by T. Bekjan

Key words: idempotent measure; max-plus linear functional; Borel sets; upper semicontinuous
functions.

AMS Mathematics Subject Classification: Primary 47B65; Secondary 28C05.

Abstract. For a compact Hausdorff space X, we consider the space Ix(X) of all idempotent
probability measures on X, which are defined as set-functions on the o-algebra of all Borel subsets
of X, and also the space Iysc(X) of all normalized max-plus linear functionals on the linear space
of all upper semicontinuous functions on X, equipped with idempotent operations. In the main
result it is established that a max-plus version of the Holder inequality holds on the space of upper
semicontinuous functions.

DOI: https://doi.org/10.32523/2077-9879-2026-17-1-10-22

1 Introduction

Idempotent mathematics is a branch of mathematical sciences, rapidly developing and gaining pop-
ularity over the last four decades. An important stage of development of the subject was presented
in the book “Idempotency” [7] edited by J. Gunawardena. This book arose out of the well-known
international workshop that was held in Bristol, England, in October 1994. Idempotent mathemat-
ics is based on replacing the usual arithmetic operations with a new set of basic operations, i.e., on
replacing numerical fields by idempotent semirings and semifields. Typical example is the so-called
max-plus algebra Ry, [7], [11].

In [I5] M. Zarichnyi considered categorical properties of the space of idempotent probability
measures on compact Hausdorff spaces. Later the space of idempotent probability measures was
investigated on the class of compact metric spaces [16]. The study of spaces of idempotent probability
measures leads to similar problems for topological spaces which are wider than the class of compact
Hausdorff (or metrizable) spaces, in particular, for the case of Tychonoff spaces. In this case it is
natural to apply the methods proposed in works [I], [2], [6] or [I3].

The results obtained in [14], [19], [I7] show that in order to establish “good” properties of the
space of idempotent probability measures, methods are required which are different from classical
methods (i.e., from methods suitable for probability measures which have been applied in [6], [13]
and others). Note that idempotent probability measures in general are not linear and for a given
compact Hausdorff space X they are defined as max-plus functionals on C'(X) [I4], while the usual
probability measures on X are a positive, linear, normalized functional on C(X) [3], [4].

Unlike the above mentioned papers in the present work for a compact Hausdorff space X we
introduce the notion of idempotent measure as a set-function on the o-algebra B(X) of all Borel
subsets of X. For a compact Hausdorff space X, we denote by I (X) the space of all idempotent
probability measures on X, which define as set-functions p: B(X) — Ry, and by Iysc(X) the
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space of all normalized max-plus linear functionals v: USC(X) — Rpax on the space USC(X) of
all upper semicontinuous functions on X. Then, we present a max-plus version of the well-known
Riesz Representation Theorem. Further, we obtain the main result, which states that the spaces
Ix(X) and Iysc(X) are homeomorphic. Finally, the Holder inequality on the space of all upper
semicontinuous functions is proved.

2 Preliminaries

Let X be a compact Hausdorff space and let B(.X) denote the family of all Borel subsets of X. We
denote Ry = [0, +00) U {+00} = [0, +00]. The symbol 2 denotes a directed set. Following [10], we
introduce the following notion.

Definition 1. A set function p: B(X) — R, is said to be an idempotent measure on X if it satisfies
the following conditions:

2) (AU B) = max{u(A), u(B)} for any A, B € B(X);

3) w UQIAQ) = sup{p(Aa.)} for every increasing net {A,: a € A} C B(X) such that UmA"‘ €
ac ac ac
B(X).

Remark 1. Every idempotent measure p is increasing, i.e., for A, B € B(X) if A C B then
u(A) < p(B).

The set of all idempotent measure on X we denote by IM(X). Let B be a base of the topology
on X. For an idempotent measure p € IM(X) a system of sets

(; Uy oo, Uy ey ={veIM(X): [v(U;) —uU)| <e,i=1,...,n} (2.1)

forms [8] a base of a topology on IM(X) at u. Here U; € B,i=1, ..., n, and € > 0.
If 4(X) =1, the idempotent measure y is called an idempotent probability measure on X. We
denote
Ip(X) ={p € IM(X): p(X)=1}.

Let (X, ) be an idempotent measure space such that p(X) < oo. We adopt the convention that
00-0=0. For A C X its characteristic function y 4 is defined as y4(z) =1 at z € A, and x4(z) =0
at v € X\ A

Definition 2. [10] For a function f: X — R, we define the idempotent integral of f with respect
to p by

&)
[ fin=suw it ulo € X: £ = 1))
. teR,

® ®
For A C X, we let [fdu= [fxadp.
A X

Lemma 2.1. [18] For every couple A and B of Borel subsets of a compact Hausdorff space X the

following equality holds
@ @ ®
[ tdu=[rdue [fan
A B

AUB
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The following two statements will be applied to establish Lemma

Lemma 2.2. [9] For a function f: X — R, we have
l/fdu-—sup{f 0)- £ @)}

Theorem 2.1. [10] For every ¢ € Ry, any Ry -valued functions f, g and a net {f;};es of Ry-valued
functions on X the following properties hold:

) TOdMZO;
@D
2) ilduzu(X);

3)

<D

©®
fdp < [gdp if f<g;
X

4)

N3P

@
(c-fldu=c- [fdy;
X

5 [(f@g)du= ffdﬂ@fgdu,

<P

6) [(f+g) du<ffdu+fgdu,

N3P

o

‘ < [|f — gl du provided the left-hand side is well defined;
b

f Supfj dp = supf £ dp.

xjeJ

Now, for ¢: X — R, and p > 0 we define

D
el = /wumi and Jlglle=  sup  {o)).
- {zeX: u({z})>0}

Lemma 2.3. Let ¢, : X — R,.

1) Let p € [1, 400] and q € [1, +00] be such that % + % = 1. Then,
(&)
‘/w@¢@uusnwuwwm;
X

2) If (X) = 1, then |[¢ll, < |lellg, where 0 <p <g.
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Proof. 1) From [3], [I2], we have the following inequality:

1 1
ab< < 4+ % wherea, b>0, p>1,¢>1and =+ = = 1.
p q [ q
Now, let I; = fgop Ydu # 0 and I, = qu Ydu # 0. Then,
B AP N
R T
® ®
p(x)Y(x) eP(@) | vi(=)
/ 17 duS/( o T )d,uS
x ' X
® ® ® @
< /“”;;f)du—l— /w;]}:)du = pih/goff’(ac)d,ujL q}2/wq(x)du =—-+4+-=1
X X X X
Consequently, we obtain
®
1 1
[e@@idn < 1 -1 = lielly - 9l
X

® 11
If I, =0o0r I, =0, then 0 < [p(z)Y(x)du < I - I} = 0.
X

®
Hence, fcp (x)dp = 0.

2)If 0 < p < q, then r = q > 1. According to the first part of Lemma H and p(X) =1, we
have

3
b
Q

o ~—
<~ ®
ASY
3
—_
=
Y
=
—
—_

o
Y
=
|

QI

- foon
7<p” < 790"(%‘)@)

RS

Thus, ||¢|l, < ||ellq-

[
To obtain the main results we need the following notions and facts.
_ e
Definition 3. [10] We say that a function f: X — R, is maximable (or p-maximable), if [ f(x)du <
b's

&
oo and, moreover, ff(x X{zeX: fz)>tydp — 0 as t — oo.
X

Theorem 2.2. [10] A function f: X — R, is mazimable if and only z'f there exists a monotonically

increasing function F: Ry — R, such that £ ) — 00 as x — o0 and f Yo f(x))du < oc.
b's
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Definition 4. [10] A net {f,: a € A} of R, -valued functions on X is said to be uniformly max-
imable (or p-uniformly maximable) if

lim SQlllp/fa(l’)X{zeX: fu@>adp — 0 as ¢t — oo.
ac

Theorem 2.3. [10] A net {fo: a € A} is uniformly mazimable if and only if the following conditions
hold:

1) hmsupffa Ydp < oo;
acd X

2) for every € > 0 there exists n > 0 such that hmsupffa Ydu < e for every net of sets
acd A,

{As: a € U} such that limsup{u(A4.)} < n.
acl

Theorem 2.4. [10] Let {f,: a € A} be a net of Ry-valued functions of X and f be an R, -valued
function on X.

1) [fhmmf{fa} > f, then hmmfffa Ydp > ff Ydp;

@
2) If fo 55 f and net {f.} is uniformly mazimable, then lirrgllffa(x)du =

= — D

fx)dp;

H—a.e.

3) 1 I TfJMMMLm Jdp = ff

Definition 5. [5] Let X be a Tychonoff space. A function ¢: X — Ry is said to be upper
semicontinuous if for every a € R the set {x € X: ¢p(x) < a} is open.

3 Max-plus version of the Riesz representation theorem

We denote by USC(X) the linear space of all upper semicontinuous functions defined on X which
is endowed with the sup-norm ||| = sup{|p(x)|: = € X} and denote by USC,(X) the space of all
real-valued upper semicontinuous functions on X bounded above. Note that (—oc0)x € USC(X)
and [|(~o0)x|| = +oc.

Now we present the version of the convergence theorem in the Lebesgue sense of idempotent
integrals.

Theorem 3.1. Let for an arbitrary sequence of functions pn(x) € USCy(X), the sequence
{e#n(®): n € N} be uniformly mazimable. If @, 5 @, then

@ ® @
lim [ e @ dy = /enlem@"(m)du = /ew(m)d,u. (3.1)

n—00
X X X

Proof. First, let us prove the first part of the theorem. We introduce the following notation A, ; =
{r € X: e#(®) > t}. Clearly, A, ; — @ ast — oo. (Note the symbol A, ; — @ means the following:
A, DA, fort <t and QAn,t = @ for each n).
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Then, according to the Definitions [2] and [4]

@ @

sup/e“’"(x)XAn’tdu = sup / e @y =

neN neN
X An,t

—sup{ sup {t-p{z € A,,: @ >t}} =
neN te(0, oo]

= sup{ sup {t-p(A, )} - sup{oo-p(@)} =0 as t— oco.
neN 1o, ool neN

So, the set {e#»(*): n € N} is uniformly maximable.
Now we will prove equality (3.1). By the assumption of the theorem lim ¢, (z) = ¢(z). Then,

n—oo
according to the property of continuous and measurable functions

lim egon(:r) _ enlimw¢n(x) — eap(z).

n—oo

Hence and by part 2) of Theorem [2.4] we have

@ + @
lim [ e @dy = /enleoo%(m)du = /e‘p(a”)d,u.
n—oo

X X X

]

Now, we introduce the notion of a max-plus-linear functional on USC(X).

For each ¢ € Ry« we denote by cx the constant function in USC(X) defined by the formula
cx(x) = c for each x € X. Define on the set USC(X) operations @ and ® by ¢ @& 1) = max{p, ¢}
and ¢ ©® Y = ¢ + 1, where ¢, » € USC(X).

Definition 6. We say that a functional v: USC(X) — Ry is max-plus-linear, if it has the
following properties:

1) v(p @) =v(p) ®v(y) for any ¢, ¢ € USC(X);

2) v(c® ) =cOu(p) for every ¢ € Ryax and ¢ € USC(X).

The set of all max-plus linear functionals on USC(X) we denote by USC(X)®. For a max-plus
linear functional v € USC(X)® a system of sets

Wi o1, .. one ey ={v e USC(X)®: |v'(p;) —v(g)| <e,i=1,...,n}

forms a base of USC(X)® at v. Here, p; € USC(X),i=1, ..., n, and € > 0. The proof of the last
statement can be obtained in the same way as in [I5], if we accept the convention (—oo)—(—o0) = 0.

In order to give the following definition we note that v(0x) = 0 if and only if v(cx) = ¢ for
every ¢ € Ryay. Indeed, for every ¢ € Ry, we have v(cx) = v(c®0x) = ¢ ©® v(0x). Hence, we get
vicx) —c=v(0x).

Definition 7. A max-plus linear functional v: USC(X) — Ryax is said to be normalized, if
3) v(cx) = c for each ¢ € Ry ax.

Put
Iysc(X) = {r e USC(X)®: v(0x) = 0}.
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Theorem 3.2. For each normalized maz-plus linear functional v: USC(X) — Ryax a set-function
ty: B(X) — R defined by the rule

py(A) = inf{v(p): ¢ € USC(X), ¢ > xa}, A€ B(X),
15 an idempotent probability measure on X.

Proof. Clearly, p1,(2) =0 and 1, (X) = 1. Equality 2) in Definition [I| holds. Indeed,

¢): 9 € USC(X), ¢ > xauB} =
©):p e USC(X), p > xa® XxB} =
¢): p e USC(X), (¢ > xa)AN(p >xB)} =
1@ p2): o1, 2 € USC(X), (o1 > xa) A (p2 > xB)} =
= inf{v(p1) ©v(pa): 01, w2 € USC(X), (91 > xa) A (92 > xB)} =
= max{inf{v(¢1): ¢1 € USC(X), ¢1 > xa},
inf{v(pa): po € USC(X), p2 > xB}} =
= 1y (A) ® i, (B).

We have to show that equality 3) in Definition [1]is also true.
Let {A,: o € A} C B(X) be an increasing net such that UmAO‘ € B(X). Then, we have
(¢S]

(AU B) = inf{v
= inf{v
= inf{v

= inf{v

Py

po( Y, Aa) = mf{v(p): o € USC(X), 0 2 x y 4.} =
= inf{v(p): p €e USC(X), ¢ > supxa,} =
()
(

ac
¢ € USC(X), ¢ > xa,, € €A} =
= inf{v @ngoa): Yo EUSC(X), o > Xa,, @ €A} =
ac

= inf{v(p

= inf{supv(ps): o € USC(X), ¢0 > Xa,, @ € A} =

acl

= sup{inf{v(¢a): pa € USC(X), @0 > xa.}} =

acl

- sup{,ul,(Aa)}.

ac
O]
Theorem 3.3. For a compact Hausdorff space X and for any normalized max-plus functional
v: USC(X) — Ryax there exists a unique idempotent probability measure p,, on B(X) such that
®

vig)=In | / Wy, |, @ e USC(X). (3.2)
X
Proof. We need to verify that the functional v defined by (3.2)) satisfies the conditions in Definition

[} Indeed,
1) according to Lemma for every pair of p, ¢ € USC(X) one has

(e‘p &) ew) du, | =

X\@

@
I/(QO %, 77[]) =1In m/eip@tbdﬂy =In ;LLU%X)
X

&)

5
=1In MU%X)/e“"dul, @ In My(lX)/ewdu,, =v(p) ®r(Y);
X X




Holder inequality on the space of upper semicontinuous functions 17

2) for every ¢ € Ryay and ¢ € USC(X)

veoy) =t |

®
Finally, v(cx) = In (miecdﬂy> =In <;@%X) e MV(X)> =c.

Uniqueness. Suppose, that for some v there exist two different measures p; and po satisfying
(3-2). Then, according to Theorem there exists a set A € B(X) such that ui1(A) # pa(A).
Recall that one has

11 (A) — p2(A)] =
= |inf{v(p): ¢ € USC(X), ¢ > xa} —inf{v(p): ¢ € USC(X), ¢ > xa}| = 0.

This contradiction shows that p; = po.
O

Clearly, Theorem [3.3]is a max-plus variant of the well-known Riesz Representation Theorem.
Considering I5(X) with the topology generated by the sets of form (2.1)) and Iysc(X) equipped
with the pointwise convergence topology, by Theorems and [3.3] we get

Corollary 3.1. For every compact Hausdorff space X the topological spaces Is(X) and Iysc(X)
are homeomorphic.

Now, let us consider a more general case. Let X be a Tychonoff space. Denote by X the
Stone-Cech compactification of X. We define the following set:

L(X)={pel(BX): p(F)=0 forevery F € B(fX),F C X\ X}.

Elements of I.(X) are called T-smooth idempotent probability measures (see [8]).
For each p € I,(X) we define the set function fi: B(X) — R on the family B(X) of all Borel
subsets of X by the formula

a(A) =inf{u(B): BeB(BX), BD A}, A e B(X). (3.3)
Lemma 3.1. [8] i is an idempotent probability measure on X.
Now, we shall extend the assertions of Theorems [3.2]and [3.3]to a wider class of topological spaces.

Theorem 3.4. Let X be a Tychonoff space. If [i is T-smooth idempotent probability measure on
B(X), then integration

P n | =i / e?Ddp
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is a normalized maz-plus linear functional on the linear space USCy(X). Conversely, for any nor-
malized maz-plus linear functional v: USCy(X) — Ryax there exists a unique T-smooth idempotent
probability measure fi on B(X) such that

=

2
7(p) =1n (1)/6@@)@ . ¢ eUSCHX).
X

Proof. We define a max-plus linear functional v on USC(8 X) by v(p) = (), where ¢ denotes
the restriction of ¢ € USC(8X) to X. It is obvious that v satisfies the conditions of Definition [6]
According to Theorem there exists a unique idempotent probability measure p on 8(8 X) such
that

@
o) = | s [ ). peUsCex).
BX

Now, we prove the converse part of Theorem [3.4. By Theorem [3.2] we can write
u(B) = inf{v(p): p € USC(BX), ¢ > xp},  B€B(BX).
Then, applying for each € I.(X) we have
a(A) =inf{u(B): BeB(LX), BD A}, A e B(X).
According to Lemma it is an idempotent probability measure on X.

Uniqueness. Suppose, for some p there exist two different measures fi; and gip. Then, there exists
a set A € B(X) such that

0 74/11(14) - /12(14)’ =
= |inf{u(B): BeB(FX), BD A} —inf{u(B): Be B(LX), BD A}| =0.

This contradiction implies that 1, = fio.

O
4 Max-plus version of the Holder inequality
Now, we introduce a notion of an inner product in the space USCy,(X).
Theorem 4.1. The following equality defines an inner product on the linear space USCy(X) :
®
(¢, ¥) =In ﬁ/e@(“m’mdu (4.1)
b's

for ¢, v € USCy(X).

Proof. By the definition of an inner product, we have to verify the following properties:
1) for every ¢, » € USCy(X) one has (¢, ¥) = (¢, ¢) (it is obvious);
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2) for every ¢, ¥, x € USC,(X) we have

(p @, X) = 1In | o [ ePREVEIND g | =

~

elP@Ox@NSW@OX@) g, | =

‘H

=In

wX

~—

I
=)
=y
Ea
M—D O <~ D

5%}
?@ox@ g, | g 1n [ L / P@ox@) g, | =
X

= (, X) ® (¥, x);

3) for each p, ¥ € USCy(X) and ¢ € R we have

(cop ¥) = 5

@
In [ Ao fe @0y | —n [ e Lo / P @) gy, | —
X

4) for any ¢ € USC,(X) we have e > 0. According to the monotonicity of the idempotent
@
integration [e¥@dy > 0. Then, (¢, ) > 0.
b
O

Lemma 4.1. Inner product (4.1) is continuous.

Proof. Let ¢, — @, ¥, — 1 and \,, — X for ¢, 1, € USCy(X) and A\, € R. Then, ¢, B, — pdY
and \, ® ¢, = A ® ¢. By Theorem B.1] (o, ¥n) = (¢, ¥). O

For ¢ € USCy(X), we define a @-norm of ¢ by ||¢]lae = /(|¢l, |¢]). For p > 2 we put
1

1 ® P
lellep = In (m}f(ﬁp'wl(z)dﬂ) -

Theorem 4.2. (Hélder inequality) 1) Let p € [1, +00| and q € [1, +00] be such that ]—1) +% = 1.
Then, we have the following inequality

(o, ) < [lellep © [[¢llog,  for every ¢, € USCy(X);

2) If p(X) = 1, then [lgllep < [[#l]eq, where 0 <p <q.
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Proof. By the first part of Lemma [2.3] we have

® ® P ®
/eso(u’v) ¥ @y < /ep""(x)du . /eq’w(”)du =
X X X
1
® ® P @ q
1 x P(x 1 (T 1 U(x
m/@p().e()dug m/epso()du . m/eq()dﬂ =
X X X
1 1
52 52 P D q
In ﬁ/ew) @y || <1 ﬁ/ep'“’(m)d,u ol ﬁ/ewﬂﬂdu
X X X

Hence, [(¢, ¥)| < lgllap © [[¢]og-
According to the second part of Lemma and from a property of logarithmic function one has

lellep < l@lleq- O
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