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BOKAYEV NURZHAN ADILKHANOVICH

(to the 70th birthday)

January 5, 2026, marks the 70th birthday of Nurzhan Adilkhanovich
Bokayev, Doctor of Physical and Mathematical Sciences (1996), Professor
(2002), member of the Editorial Board of the Eurasian Mathematical Jour-
nal (2010).

Nurzhan Adilkhanovich Bokayev was born on 5 January, 1956 in the vil-
lage of Urnek, Karabalyk District, Kostanay Region. He graduated in 1972,
with a gold medal from the Burlin Secondary School in the district. That
same year, he entered the Mathematics Department of Karaganda State Uni-
versity and graduated with honors in 1977. From 1978 to 1979, he served
in the Soviet Army. In 1980, he completed an internship, and from 1981 to
1984, he studied in the graduate program at Lomonosov Moscow State Uni-
versity in the Department of Function Theory and Functional Analysis. In
1985, he defended his candidate's dissertation there under the supervision
of Corresponding Member of the Academy of Sciences of the USSR D.E.

Menshov and Professor V.A. Skvortsov. In 1996, he defended his doctoral dissertation, �Fourier
Coe�cients and Uniqueness Theorems for Series in Generalized Walsh and Haar Systems�, at the
Institute of Mathematics of the Ministry of Education and Science of the Republic of Kazakhstan,
speciality Mathematical Analysis (01.01.01).

After completing his postgraduate studies, he worked as a lecturer, senior lecturer, associate
professor, and professor in the Department of Mathematical Analysis at E.A. Buketov Karaganda
State University (1985-1999). He headed the Department of Mathematics and Mathematical Mod-
eling (1996-1999), and was a dean of the Faculty of Mathematics at E.A. Buketov Karaganda State
University (1999-2005). Since 2005, he has been a professor in the Faculty of Mechanics and Math-
ematics at the L.N. Gumilyov Eurasian National University. From 2009 to 2018, he was the Head
of the Department of Higher Mathematics at the L.N. Gumilyov Eurasian National University, and
from 2018 to the present, he has been a professor in the Department of Fundamental Mathematics.

Professor Bokaev's research focuses on problems in function theory and functional analysis, the
theory of orthogonal series for generalized Walsh and Haar systems, and operator theory in various
function spaces. He has proved renewal and uniqueness theorems for series with respect to peri-
odic multiplicative systems and Haar-type systems, and constructed continual sets of uniqueness
(U-sets) and sets of non-uniqueness (M-sets) for multiplicative systems. He obtained conditions for
functions to belong to various functional classes in terms of the Fourier coe�cients of generalized
Haar and Walsh systems, and embedding criteria for Nikol'skii-Besov spaces constructed on the
basis of multiplicative systems. He also obtained conditions for the boundedness and compactness
of the commutator of the Riesz potential in general Morrey-type spaces, and conditions for bound-
edness of generalizedRiesz and Bessel potentials and generalized fractional-maximal operators in
rearrangement-invariant spaces.

His co-authors include Professor V.A. Skvortsov (Moscow State University, Moscow), Professors
V.I. Burenkov and M.L. Goldman (Peoples' Friendship University of Russia (RUDN University).
Moscow), Dr. A. Gogatishvili (Institute of Mathematics of the Czech Academy of Sciences, Prague).
His doctoral students' foreign advisors include Professors W. Sickel (Friedrich-Schiller-Universitity,
Jena, Germany), Massimo Lanza de Cristoforis (University of Padova, Padova, Italy), V. Ruzhansky
(Ghent University, Ghent, Belgium), U. Goginava (United Arab Emirates University, Al Ain, United
Arab Emirates), and E. Panakhov (Institute of Applied Mathematics at Baku State University, Baku,
Azerbaijan).

Under his supervision, 15 dissertations (4 candidate's and 11 PhD) were defended. He has
published over 220 scienti�c papers, 2 monographs and 2 textbooks.
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He is a three-time recipient of the state grant �Best University Teacher� of the Republic of
Kazakhstan (2006, 2010, 2024) and served as Vice President of the Mathematical Society of Turkic-
Speaking Countries (2014-2023). He was awarded the �For Contribution to the Development of
Science� badge (2022).

Over the last ten years, he has been and continues to be a head of more than 5 national and
international funded projects.

The Editorial Board of the Eurasian Mathematical Journal, his friends and colleagues cordially
congratulate Nurzhan Adilkhanovich on the occasion of his 70th birthday and wish him good health,
happiness and new achievements in mathematics and mathematical education.
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H�OLDER INEQUALITY ON THE SPACE
OF UPPER SEMICONTINUOUS FUNCTIONS

Sh.A. Ayupov, M.R. Eshimbetov, A.A. Zaitov

Communicated by T. Bekjan

Key words: idempotent measure; max-plus linear functional; Borel sets; upper semicontinuous
functions.

AMS Mathematics Subject Classi�cation: Primary 47B65; Secondary 28C05.

Abstract. For a compact Hausdor� space X, we consider the space IB(X) of all idempotent
probability measures on X, which are de�ned as set-functions on the σ-algebra of all Borel subsets
of X, and also the space IUSC(X) of all normalized max-plus linear functionals on the linear space
of all upper semicontinuous functions on X, equipped with idempotent operations. In the main
result it is established that a max-plus version of the H�older inequality holds on the space of upper
semicontinuous functions.

DOI: https://doi.org/10.32523/2077-9879-2026-17-1-10-22

1 Introduction

Idempotent mathematics is a branch of mathematical sciences, rapidly developing and gaining pop-
ularity over the last four decades. An important stage of development of the subject was presented
in the book �Idempotency� [7] edited by J. Gunawardena. This book arose out of the well-known
international workshop that was held in Bristol, England, in October 1994. Idempotent mathemat-
ics is based on replacing the usual arithmetic operations with a new set of basic operations, i.e., on
replacing numerical �elds by idempotent semirings and semi�elds. Typical example is the so-called
max-plus algebra Rmax [7], [11].

In [15] M. Zarichnyi considered categorical properties of the space of idempotent probability
measures on compact Hausdor� spaces. Later the space of idempotent probability measures was
investigated on the class of compact metric spaces [16]. The study of spaces of idempotent probability
measures leads to similar problems for topological spaces which are wider than the class of compact
Hausdor� (or metrizable) spaces, in particular, for the case of Tychono� spaces. In this case it is
natural to apply the methods proposed in works [1], [2], [6] or [13].

The results obtained in [14], [19], [17] show that in order to establish �good� properties of the
space of idempotent probability measures, methods are required which are di�erent from classical
methods (i.e., from methods suitable for probability measures which have been applied in [6], [13]
and others). Note that idempotent probability measures in general are not linear and for a given
compact Hausdor� space X they are de�ned as max-plus functionals on C(X) [14], while the usual
probability measures on X are a positive, linear, normalized functional on C(X) [3], [4].

Unlike the above mentioned papers in the present work for a compact Hausdor� space X we
introduce the notion of idempotent measure as a set-function on the σ-algebra B(X) of all Borel
subsets of X. For a compact Hausdor� space X, we denote by IB(X) the space of all idempotent
probability measures on X, which de�ne as set-functions µ : B(X) → R+, and by IUSC(X) the
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space of all normalized max-plus linear functionals ν : USC(X) → Rmax on the space USC(X) of
all upper semicontinuous functions on X. Then, we present a max-plus version of the well-known
Riesz Representation Theorem. Further, we obtain the main result, which states that the spaces
IB(X) and IUSC(X) are homeomorphic. Finally, the H�older inequality on the space of all upper
semicontinuous functions is proved.

2 Preliminaries

Let X be a compact Hausdor� space and let B(X) denote the family of all Borel subsets of X. We
denote R+ = [0, +∞)∪ {+∞} = [0, +∞]. The symbol A denotes a directed set. Following [10], we
introduce the following notion.

De�nition 1. A set function µ : B(X)→ R+ is said to be an idempotent measure on X if it satis�es
the following conditions:

1) µ(∅) = 0;

2) µ(A ∪B) = max{µ(A), µ(B)} for any A, B ∈ B(X);

3) µ

(
∪
α∈A

Aα

)
= sup

α∈A
{µ(Aα)} for every increasing net {Aα : α ∈ A} ⊂ B(X) such that ∪

α∈A
Aα ∈

B(X).

Remark 1. Every idempotent measure µ is increasing, i.e., for A, B ∈ B(X) if A ⊂ B then
µ(A) ≤ µ(B).

The set of all idempotent measure on X we denote by IM(X). Let B be a base of the topology
on X. For an idempotent measure µ ∈ IM(X) a system of sets

〈µ; U1, . . . , Un; ε〉 = {ν ∈ IM(X) : |ν(Ui)− µ(Ui)| < ε, i = 1, . . . , n} (2.1)

forms [8] a base of a topology on IM(X) at µ. Here Ui ∈ B, i = 1, . . . , n, and ε > 0.
If µ(X) = 1, the idempotent measure µ is called an idempotent probability measure on X. We

denote
IB(X) = {µ ∈ IM(X) : µ(X) = 1}.

Let (X, µ) be an idempotent measure space such that µ(X) <∞. We adopt the convention that
∞·0 = 0. For A ⊂ X its characteristic function χA is de�ned as χA(x) = 1 at x ∈ A, and χA(x) = 0
at x ∈ X \ A.

De�nition 2. [10] For a function f : X → R+ we de�ne the idempotent integral of f with respect
to µ by

⊕∫
X

fdµ = sup
t∈R+

{t · µ{x ∈ X : f(x) ≥ t}}.

For A ⊂ X, we let
⊕∫
A

fdµ =
⊕∫
X

fχAdµ.

Lemma 2.1. [18] For every couple A and B of Borel subsets of a compact Hausdor� space X the
following equality holds

⊕∫
A∪B

f dµ =

⊕∫
A

f dµ⊕
⊕∫
B

f dµ.
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The following two statements will be applied to establish Lemma 2.3

Lemma 2.2. [9] For a function f : X → R+ we have

⊕∫
X

fdµ = sup
x∈X
{f(x) · µ(f−1(f(x)))}.

Theorem 2.1. [10] For every c ∈ R+, any R+-valued functions f , g and a net {fj}j∈J of R+-valued
functions on X the following properties hold:

1)
⊕∫
X

0 dµ = 0;

2)
⊕∫
X

1 dµ = µ(X);

3)
⊕∫
X

f dµ ≤
⊕∫
X

g dµ if f ≤ g;

4)
⊕∫
X

(c · f) dµ = c ·
⊕∫
X

f dµ;

5)
⊕∫
X

(f ⊕ g) dµ =
⊕∫
X

f dµ⊕
⊕∫
X

g dµ;

6)
⊕∫
X

(f + g) dµ ≤
⊕∫
X

f dµ+
⊕∫
X

g dµ;

7)

∣∣∣∣⊕∫
X

f dµ−
⊕∫
X

g dµ

∣∣∣∣ ≤ ⊕∫
X

|f − g| dµ provided the left-hand side is well de�ned;

8)
⊕∫
X

sup
j∈J

fj dµ = sup
j∈J

⊕∫
X

fj dµ.

Now, for ϕ : X → R+ and p > 0 we de�ne

||ϕ||p =

 ⊕∫
X

ϕp(x)dµ

 1
p

and ||ϕ||∞ = sup
{x∈X : µ({x})>0}

{ϕ(x)}.

Lemma 2.3. Let ϕ, ψ : X → R+.

1) Let p ∈ [1, +∞] and q ∈ [1, +∞] be such that 1
p

+ 1
q

= 1. Then,

⊕∫
X

ϕ(x)ψ(x)dµ ≤ ||ϕ||p · ||ψ||q;

2) If µ(X) = 1, then ||ϕ||p ≤ ||ϕ||q, where 0 < p < q.
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Proof. 1) From [3], [12], we have the following inequality:

ab ≤ ap

p
+ bq

q
, where a, b ≥ 0, p ≥ 1, q ≥ 1 and

1

p
+

1

q
= 1.

Now, let I1 =
⊕∫
X

ϕp(x)dµ 6= 0 and I2 =
⊕∫
X

ψq(x)dµ 6= 0. Then,

ϕ

I
1
p
1

· ψ
I

1
q
2

≤ ϕp

pI1
+ ψq

qI2
⇒

⊕∫
X

ϕ(x)ψ(x)

I
1
p
1 I

1
q
2

dµ ≤
⊕∫
X

(
ϕp(x)
pI1

+ ψq(x)
qI2

)
dµ ≤

≤
⊕∫
X

ϕp(x)
pI1

dµ+

⊕∫
X

ψq(x)
qI2

dµ = 1
pI1

⊕∫
X

ϕp(x)dµ+ 1
qI2

⊕∫
X

ψq(x)dµ =
1

p
+

1

q
= 1.

Consequently, we obtain
⊕∫
X

ϕ(x)ψ(x)dµ ≤ I
1
p

1 · I
1
q

2 = ||ϕ||p · ||ψ||q.

If I1 = 0 or I2 = 0, then 0 ≤
⊕∫
X

ϕ(x)ψ(x)dµ ≤ I
1
p
1 · I

1
q
2 = 0.

Hence,
⊕∫
X

ϕ(x)ψ(x)dµ = 0.

2) If 0 < p < q, then r = q
p
> 1. According to the �rst part of Lemma 2.3 and µ(X) = 1, we

have

⊕∫
X

(ϕp(x) · 1)dµ ≤

 ⊕∫
X

ϕp·r(x)dµ

 1
r

·

 ⊕∫
X

1qdµ

 1
q

=

=

 ⊕∫
X

ϕq(x)dµ


p
q

· (µ(X))
1
q =

 ⊕∫
X

ϕq(x)dµ


p
q

⇒

⇒

 ⊕∫
X

ϕp(x)dµ

 1
p

≤

 ⊕∫
X

ϕq(x)dµ

 1
q

.

Thus, ||ϕ||p ≤ ||ϕ||q.

To obtain the main results we need the following notions and facts.

De�nition 3. [10] We say that a function f : X → R+ is maximable (or µ-maximable), if
⊕∫
X

f(x)dµ <

∞ and, moreover,
⊕∫
X

f(x)χ{x∈X : f(x)>t}dµ→ 0 as t→∞.

Theorem 2.2. [10] A function f : X → R+ is maximable if and only if there exists a monotonically

increasing function F : R+ → R+ such that F (x)
x
→∞ as x→∞ and

⊕∫
X

(F (x) ◦ f(x))dµ <∞.
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De�nition 4. [10] A net {fα : α ∈ A} of R+-valued functions on X is said to be uniformly max-
imable (or µ-uniformly maximable) if

lim sup
α∈A

⊕∫
X

fα(x)χ{x∈X : fα(x)>t}dµ→ 0 as t→∞.

Theorem 2.3. [10] A net {fα : α ∈ A} is uniformly maximable if and only if the following conditions
hold:

1) lim sup
α∈A

⊕∫
X

fα(x)dµ <∞;

2) for every ε > 0 there exists η > 0 such that lim sup
α∈A

⊕∫
Aα

fα(x)dµ < ε for every net of sets

{Aα : α ∈ A} such that lim sup
α∈A

{µ(Aα)} < η.

Theorem 2.4. [10] Let {fα : α ∈ A} be a net of R+-valued functions of X and f be an R+-valued
function on X.

1) If lim inf
α∈A

{fα}
µ−a.e.
≥ f , then lim inf

α∈A

⊕∫
X

fα(x)dµ ≥
⊕∫
X

f(x)dµ;

2) If fα
µ→ f and net {fα} is uniformly maximable, then lim

α∈A

⊕∫
X

fα(x)dµ =
⊕∫
X

f(x)dµ;

3) If fα
µ−a.e.
↑ f , then lim

α∈A

⊕∫
X

fα(x)dµ =
⊕∫
X

f(x)dµ.

De�nition 5. [5] Let X be a Tychono� space. A function ϕ : X → Rmax is said to be upper
semicontinuous if for every a ∈ R the set {x ∈ X : ϕ(x) < a} is open.

3 Max-plus version of the Riesz representation theorem

We denote by USC(X) the linear space of all upper semicontinuous functions de�ned on X which
is endowed with the sup-norm ‖ϕ‖ = sup{|ϕ(x)| : x ∈ X} and denote by USCb(X) the space of all
real-valued upper semicontinuous functions on X bounded above. Note that (−∞)X ∈ USC(X)
and ‖(−∞)X‖ = +∞.

Now we present the version of the convergence theorem in the Lebesgue sense of idempotent
integrals.

Theorem 3.1. Let for an arbitrary sequence of functions ϕn(x) ∈ USCb(X), the sequence

{eϕn(x) : n ∈ N} be uniformly maximable. If ϕn
µ→ ϕ, then

lim
n→∞

⊕∫
X

eϕn(x)dµ =

⊕∫
X

e
lim
n→∞

ϕn(x)
dµ =

⊕∫
X

eϕ(x)dµ. (3.1)

Proof. First, let us prove the �rst part of the theorem. We introduce the following notation An, t =
{x ∈ X : eϕn(x) > t}. Clearly, An, t → ∅ as t→∞. (Note the symbol An, t → ∅ means the following:
An, t ⊃ An, t ′ for t < t ′ and ∩

t
An, t = ∅ for each n).
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Then, according to the De�nitions 2 and 4

sup
n∈N

⊕∫
X

eϕn(x)χAn, tdµ = sup
n∈N

⊕∫
An, t

eϕn(x)dµ =

= sup
n∈N
{ sup
t∈[0,∞]

{t · µ{x ∈ An, t : eϕn(x) ≥ t}} =

= sup
n∈N
{ sup
t∈[0,∞]

{t · µ(An, t)} → sup
n∈N
{∞ · µ(∅)} = 0 as t→∞.

So, the set {eϕn(x) : n ∈ N} is uniformly maximable.
Now we will prove equality (3.1). By the assumption of the theorem lim

n→∞
ϕn(x) = ϕ(x). Then,

according to the property of continuous and measurable functions

lim
n→∞

eϕn(x) = e
lim
n→∞

ϕn(x)
= eϕ(x).

Hence and by part 2) of Theorem 2.4, we have

lim
n→∞

⊕∫
X

eϕn(x)dµ =

⊕∫
X

e
lim
n→∞

ϕn(x)
dµ =

⊕∫
X

eϕ(x)dµ.

Now, we introduce the notion of a max-plus-linear functional on USC(X).
For each c ∈ Rmax we denote by cX the constant function in USC(X) de�ned by the formula

cX(x) = c for each x ∈ X. De�ne on the set USC(X) operations ⊕ and � by ϕ⊕ ψ = max{ϕ, ψ}
and ϕ� ψ = ϕ+ ψ, where ϕ, ψ ∈ USC(X).

De�nition 6. We say that a functional ν : USC(X) → Rmax is max-plus-linear, if it has the
following properties:

1) ν(ϕ⊕ ψ) = ν(ϕ)⊕ ν(ψ) for any ϕ, ψ ∈ USC(X);

2) ν(c� ϕ) = c� ν(ϕ) for every c ∈ Rmax and ϕ ∈ USC(X).

The set of all max-plus linear functionals on USC(X) we denote by USC(X)⊕. For a max-plus
linear functional ν ∈ USC(X)⊕ a system of sets

〈ν; ϕ1, . . . , ϕn; ε〉 = {ν ′ ∈ USC(X)⊕ : |ν ′(ϕi)− ν(ϕi)| < ε, i = 1, . . . , n}

forms a base of USC(X)⊕ at ν. Here, ϕi ∈ USC(X), i = 1, . . . , n, and ε > 0. The proof of the last
statement can be obtained in the same way as in [15], if we accept the convention (−∞)−(−∞) = 0.

In order to give the following de�nition we note that ν(0X) = 0 if and only if ν(cX) = c for
every c ∈ Rmax. Indeed, for every c ∈ Rmax we have ν(cX) = ν(c� 0X) = c� ν(0X). Hence, we get
ν(cX)− c = ν(0X).

De�nition 7. A max-plus linear functional ν : USC(X)→ Rmax is said to be normalized, if

3) ν(cX) = c for each c ∈ Rmax.

Put
IUSC(X) = {ν ∈ USC(X)⊕ : ν(0X) = 0}.



16 Sh.A. Ayupov, M.R. Eshimbetov, A.A. Zaitov

Theorem 3.2. For each normalized max-plus linear functional ν : USC(X)→ Rmax a set-function
µν : B(X)→ R de�ned by the rule

µν(A) = inf{ν(ϕ) : ϕ ∈ USC(X), ϕ ≥ χA}, A ∈ B(X),

is an idempotent probability measure on X.

Proof. Clearly, µν(∅) = 0 and µν(X) = 1. Equality 2) in De�nition 1 holds. Indeed,

µν(A ∪B) = inf{ν(ϕ) : ϕ ∈ USC(X), ϕ ≥ χA∪B} =

= inf{ν(ϕ) : ϕ ∈ USC(X), ϕ ≥ χA ⊕ χB} =

= inf{ν(ϕ) : ϕ ∈ USC(X), (ϕ ≥ χA) ∧ (ϕ ≥ χB)} =

= inf{ν(ϕ1 ⊕ ϕ2) : ϕ1, ϕ2 ∈ USC(X), (ϕ1 ≥ χA) ∧ (ϕ2 ≥ χB)} =

= inf{ν(ϕ1)⊕ ν(ϕ2) : ϕ1, ϕ2 ∈ USC(X), (ϕ1 ≥ χA) ∧ (ϕ2 ≥ χB)} =

= max{inf{ν(ϕ1) : ϕ1 ∈ USC(X), ϕ1 ≥ χA},
inf{ν(ϕ2) : ϕ2 ∈ USC(X), ϕ2 ≥ χB}} =

= µν(A)⊕ µν(B).

We have to show that equality 3) in De�nition 1 is also true.
Let {Aα : α ∈ A} ⊂ B(X) be an increasing net such that ∪

α∈A
Aα ∈ B(X). Then, we have

µν( ∪
α∈A

Aα) = inf{ν(ϕ) : ϕ ∈ USC(X), ϕ ≥ χ ∪
α∈A

Aα} =

= inf{ν(ϕ) : ϕ ∈ USC(X), ϕ ≥ sup
α∈A

χAα} =

= inf{ν(ϕ) : ϕ ∈ USC(X), ϕ ≥ χAα , α ∈ A} =

= inf{ν( ⊕
α∈A

ϕα) : ϕα ∈ USC(X), ϕα ≥ χAα , α ∈ A} =

= inf{sup
α∈A

ν(ϕα) : ϕα ∈ USC(X), ϕα ≥ χAα , α ∈ A} =

= sup
α∈A
{inf{ν(ϕα) : ϕα ∈ USC(X), ϕα ≥ χAα}} =

= sup
α∈A
{µν(Aα)}.

Theorem 3.3. For a compact Hausdor� space X and for any normalized max-plus functional
ν : USC(X)→ Rmax there exists a unique idempotent probability measure µν on B(X) such that

ν(ϕ) = ln

 1
µν(X)

⊕∫
X

eϕ(x)dµν

 , ϕ ∈ USC(X). (3.2)

Proof. We need to verify that the functional ν de�ned by (3.2) satis�es the conditions in De�nition
1. Indeed,

1) according to Lemma 2.1 for every pair of ϕ, ψ ∈ USC(X) one has

ν(ϕ⊕ ψ) = ln

 1
µν(X)

⊕∫
X

eϕ⊕ψdµν

 = ln

 1
µν(X)

⊕∫
X

(
eϕ ⊕ eψ

)
dµν

 =

= ln

 1
µν(X)

⊕∫
X

eϕdµν

⊕ ln

 1
µν(X)

⊕∫
X

eψdµν

 = ν(ϕ)⊕ ν(ψ);
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2) for every c ∈ Rmax and ϕ ∈ USC(X)

ν(c� ϕ) = ln

 1
µν(X)

⊕∫
X

ec�ϕdµν

 = ln

 1
µν(X)

⊕∫
X

ec+ϕdµν

 =

= ln

 1
µν(X)

⊕∫
X

(ec · eϕ) dµν

 = ln

ec · 1
µν(X)

⊕∫
X

eϕdµν

 =

= c+ ln

 1
µν(X)

⊕∫
X

eϕdµν

 = c+ ν(ϕ) = c� ν(ϕ).

Finally, ν(cX) = ln

(
1

µν(X)

⊕∫
X

ecdµν

)
= ln

(
1

µν(X)
· ec · µν(X)

)
= c.

Uniqueness. Suppose, that for some ν there exist two di�erent measures µ1 and µ2 satisfying
(3.2). Then, according to Theorem 3.2, there exists a set A ∈ B(X) such that µ1(A) 6= µ2(A).
Recall that one has

|µ1(A)− µ2(A)| =
= | inf{ν(ϕ) : ϕ ∈ USC(X), ϕ ≥ χA} − inf{ν(ϕ) : ϕ ∈ USC(X), ϕ ≥ χA}| = 0.

This contradiction shows that µ1 = µ2.

Clearly, Theorem 3.3 is a max-plus variant of the well-known Riesz Representation Theorem.
Considering IB(X) with the topology generated by the sets of form (2.1) and IUSC(X) equipped

with the pointwise convergence topology, by Theorems 3.2 and 3.3 we get

Corollary 3.1. For every compact Hausdor� space X the topological spaces IB(X) and IUSC(X)
are homeomorphic.

Now, let us consider a more general case. Let X be a Tychono� space. Denote by β X the
Stone-�Cech compacti�cation of X. We de�ne the following set:

Iτ (X) = {µ ∈ I(β X) : µ(F ) = 0 for every F ∈ B(β X), F ⊂ β X \X}.

Elements of Iτ (X) are called τ -smooth idempotent probability measures (see [8]).
For each µ ∈ Iτ (X) we de�ne the set function µ̃ : B(X) → R on the family B(X) of all Borel

subsets of X by the formula

µ̃(A) = inf{µ(B) : B ∈ B(β X), B ⊃ A}, A ∈ B(X). (3.3)

Lemma 3.1. [8] µ̃ is an idempotent probability measure on X.

Now, we shall extend the assertions of Theorems 3.2 and 3.3 to a wider class of topological spaces.

Theorem 3.4. Let X be a Tychono� space. If µ̃ is τ -smooth idempotent probability measure on
B(X), then integration

ϕ̃ 7→ ln

 1
µ̃(X)

⊕∫
X

eϕ̃(x)dµ̃


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is a normalized max-plus linear functional on the linear space USCb(X). Conversely, for any nor-
malized max-plus linear functional ν̃ : USCb(X)→ Rmax there exists a unique τ -smooth idempotent
probability measure µ̃ on B(X) such that

ν̃(ϕ̃) = ln

 1
µ̃(X)

⊕∫
X

eϕ̃(x)dµ̃

 , ϕ̃ ∈ USCb(X).

Proof. We de�ne a max-plus linear functional ν on USC(β X) by ν(ϕ) = ν̃(ϕ̃), where ϕ̃ denotes
the restriction of ϕ ∈ USC(β X) to X. It is obvious that ν satis�es the conditions of De�nition 6.
According to Theorem 3.3 there exists a unique idempotent probability measure µ on B(β X) such
that

ν(ϕ) = ln

 1
µ(β X)

⊕∫
β X

eϕ(x)dµ

 , ϕ ∈ USC(β X).

Now, we prove the converse part of Theorem 3.4. By Theorem 3.2, we can write

µ(B) = inf{ν(ϕ) : ϕ ∈ USC(β X), ϕ ≥ χB}, B ∈ B(β X).

Then, applying (3.3) for each µ ∈ Iτ (X) we have

µ̃(A) = inf{µ(B) : B ∈ B(β X), B ⊃ A}, A ∈ B(X).

According to Lemma 3.1 µ̃ is an idempotent probability measure on X.

Uniqueness. Suppose, for some µ there exist two di�erent measures µ̃1 and µ̃2. Then, there exists
a set A ∈ B(X) such that

0 6=|µ̃1(A)− µ̃2(A)| =
= | inf{µ(B) : B ∈ B(β X), B ⊃ A} − inf{µ(B) : B ∈ B(β X), B ⊃ A}| = 0.

This contradiction implies that µ̃1 = µ̃2.

4 Max-plus version of the H�older inequality

Now, we introduce a notion of an inner product in the space USCb(X).

Theorem 4.1. The following equality de�nes an inner product on the linear space USCb(X) :

(ϕ, ψ) = ln

 1
µ(X)

⊕∫
X

eϕ(x)�ψ(x)dµ

 (4.1)

for ϕ, ψ ∈ USCb(X).

Proof. By the de�nition of an inner product, we have to verify the following properties:

1) for every ϕ, ψ ∈ USCb(X) one has (ϕ, ψ) = (ψ, ϕ) (it is obvious);
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2) for every ϕ, ψ, χ ∈ USCb(X) we have

(ϕ⊕ ψ, χ) = ln

 1
µ(X)

⊕∫
X

e(ϕ(x)⊕ψ(x))�χ(x)dµ

 =

= ln

 1
µ(X)

⊕∫
X

e(ϕ(x)�χ(x))⊕(ψ(x)�χ(x))dµ

 =

= ln

 1
µ(X)

⊕∫
X

eϕ(x)�χ(x)dµ

⊕ ln

 1
µ(X)

⊕∫
X

eψ(x)�χ(x)dµ

 =

= (ϕ, χ)⊕ (ψ, χ);

3) for each ϕ, ψ ∈ USCb(X) and c ∈ Rmax we have

(c� ϕ, ψ) = ln

 1
µ(X)

⊕∫
X

e(c�ϕ(x))�ψ(x)dµ

 = ln

 1
µ(X)

⊕∫
X

ec�(ϕ(x)�ψ(x))dµ

 =

= ln

 1
µ(X)

⊕∫
X

ec · eϕ(x)�ψ(x)dµ

 = ln

ec · 1
µ(X)

⊕∫
X

eϕ(x)�ψ(x)dµ

 =

= c+ ln

 1
µ(X)

⊕∫
X

eϕ(x)�ψ(x)dµ

 = c+ (ϕ, ψ) = c� (ϕ, ψ);

4) for any ϕ ∈ USCb(X) we have eϕ(x) ≥ 0. According to the monotonicity of the idempotent

integration
⊕∫
X

eϕ(x)dµ ≥ 0. Then, (ϕ, ϕ) ≥ 0.

Lemma 4.1. Inner product (4.1) is continuous.

Proof. Let ϕn → ϕ, ψn → ψ and λn → λ for ϕn, ψn ∈ USCb(X) and λn ∈ R. Then, ϕn⊕ψn → ϕ⊕ψ
and λn � ϕn → λ� ϕ. By Theorem 3.1 (ϕn, ψn)→ (ϕ, ψ).

For ϕ ∈ USCb(X), we de�ne a ⊕-norm of ϕ by ||ϕ||⊕2 =
√

(|ϕ|, |ϕ|). For p > 2 we put

||ϕ||⊕p = ln

(
1

µ(X)

⊕∫
X

ep·|ϕ|(x)dµ

)1
p

.

Theorem 4.2. (H�older inequality) 1) Let p ∈ [1, +∞] and q ∈ [1, +∞] be such that 1
p

+ 1
q

= 1.
Then, we have the following inequality

|(ϕ, ψ)| ≤ ||ϕ||⊕p � ||ψ||⊕q, for every ϕ, ψ ∈ USCb(X);

2) If µ(X) = 1, then ||ϕ||⊕p ≤ ||ϕ||⊕q, where 0 < p < q.
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Proof. By the �rst part of Lemma 2.3 we have

⊕∫
X

eϕ(x) · eψ(x)dµ ≤

 ⊕∫
X

ep·ϕ(x)dµ


1
p

·

 ⊕∫
X

eq·ψ(x)dµ


1
q

⇒

1
µ(X)

⊕∫
X

eϕ(x) · eψ(x)dµ ≤

 1
µ(X)

⊕∫
X

ep·ϕ(x)dµ


1
p

·

 1
µ(X)

⊕∫
X

eq·ψ(x)dµ


1
q

⇒

∣∣∣∣∣∣ln
 1

µ(X)

⊕∫
X

eϕ(x) · eψ(x)dµ

∣∣∣∣∣∣ ≤ ln

 1
µ(X)

⊕∫
X

ep·|ϕ|(x)dµ


1
p

� ln

 1
µ(X)

⊕∫
X

eq·|ψ|(x)dµ


1
q

.

Hence, |(ϕ, ψ)| ≤ ||ϕ||⊕p � ||ψ||⊕q.
According to the second part of Lemma 2.3 and from a property of logarithmic function one has

||ϕ||⊕p ≤ ||ϕ||⊕q.
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