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Abstract. We obtain sufficient conditions for continuity of the eigenvalues of semi-
bounded quasi-differential operators of order 2n on the half-axis with respect to the
parameters that appear in the corresponding differential expression. In addition we
obtain a generalization of the well-known result of M.G. Krein [9] concerning descrip-
tion of the quadratic form of a regular quasi-differential operator in the singular case,
when the deficiency indices of the minimal operator are equal to (n,n).

1 Introduction

Let Q be an open set in R* or C*, L(w), w € €, — a family of closed operators. It is well
known (see, for example, [6, p. 213|) that if for a certain z;, € C the resolvent (L(w) —
29) "1 exists and is continuous in a neighborhood of wy € €2, then the spectrum of the
operator L(w) is continuous near wy in the following sense: if \q is an isolated eigenvalue
of multiplicity m of the operator L(wy), then there exist m functions A\ (w), ..., Ap(w)
continuous at wy such that these functions are the only points of the spectrum of the
operator L(w) near wy. There are known sufficient conditions for generalized resolvent
continuity [13, p. 287| of a family of operators. However, in a given situation these
conditions might happen to be either inefficient or hard to verify. At the same time,
the issue of continuity and differentiability of eigenvalues and eigenfunctions gains
special relevance due to emergence of various software packages [1, 12, 5, 2| for their
approximate computation. This question has been resolved in the most comprehensive
form in [7] for a regular! Sturm - Liouville operator. Later in [8] these results were
extended to regular ordinary differential operators of any order. A similar problem
for operators with partial derivatives (also in the regular case) has been studied in the
paper [4]. In the paper [10], a result concerning smooth dependence of a simple isolated
eigenvalue of an arbitrary Fredholm operator on a Banach space was obtained. There
were also given many applications of the derived results for various operators.

n accordance with [11], a differential operator will be called regular, if the corresponding differ-
ential expression is defined in a bounded interval, and its coefficients are summable on this interval.
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In the paper we study one natural class of differential operators, where the standard
technique of [10] is not applicable (for more details see Example 2).
Consider the quasidifferential expression depending on k parameters:

n, (2n n— n— (n—1)
L(y) = (D" + (=" (poy™ )" T+ 4y, 7 >0, (1.1)

pi = pilz,w), weN, Qisan open set in R*,

We assume that for all w € €2 the following holds:

1) the functions p;(z,w), @ = 1,...,n, are real-valued and locally summable in
[0, 00);

2) the deficiency indices of the minimal operator Lo(w) generated in L?(0,00) by
the expression L£(w)(y) are equal to (n,n).

Then (for details see [11, p. 213]) any self-adjoint extension of the operator Ly(w)
can be defined in terms of boundary conditions:

D(L(A(w),w)) = {yeL*0,00): y* (k=0,2n—1) are absolutely continuous,
L(w)(y) € L*(0,00),  A(w)Yz2a(0) = 0}, (1.2)
L(Aw),w)y = L(w)(y), ye€ D(L(Aw),w)), (1.3)

2n71})T

where Ya, = (y,y!M, ... ! y is a k-th quasi-derivative (see [11, p. 182])

defined by the formula

dry
_ ) da®
Yy - d2n—ky d

k—1 _
pk—nd$2n_k_%(y[ ]), k‘—n—i—l,,Qn

k=1,....,n;
(1.4)

Here the matrix A(w) satisfies the requirements for boundary conditions to be self-
adjoint:

A= (A1, Ag), (1.5)

where A; = A;(w), Ay = Ay(w) are square matrices of order n such that rank A = n,

0 0 1
A B e N A (1.7)
1 ... 0 O

We denote by L(w) the operator L(A,w), where A is a fixed matrix independent of
w € Q. Let A\j(w), Ay(w), ... be the eigenvalues of L(w) numbered in non-decreasing
order of magnitude and repeated as many times as their multiplicities.?

The aim of this paper is to obtain sufficient conditions for continuity of any finite
collection of eigenvalues of L(w). Our main results are follows.

2Tt follows from condition 4) of Theorem 1 that L(w) is semi-bounded from below and for some
a > 0 and all w € Q the resolvent (L(w) + a)~! is compact so that the spectrum has a unique limit
point +o0.
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Theorem 1. Let wy € Q and, in addition to the conditions 1) — 2), the following
conditions hold:

3) for any w € Q the functions pi(z,w),...,pp(x,w) are bounded from below on
la,00) for some a > 0;

4) for all0 < b < o0

b
| 1piew) = ploon) | do =0, w—wn, i=Tm
0
5) the operator L(6,w), obtained from L(w) by replacing the coefficients p;(x,w) by

pi(z,0,w) = inf piz,o), i=1n,

|w'—w|<d

with some § > 0, has compact resolvent.
Then the eigenvalues \g(w) are continuous at wy.

Theorem 2. Let the eigenvalue \g of the operator L(wy) have multiplicity k and let
Ni(w)(i = 1,k) be the eigenvalues of L(w) such that \i(w) — X, w — wo, and @;(z,w)
be corresponding normalized eigenfunctions. Furthermore, let Py be the projector onto
the eigenspace corresponding to \g.

Then, if the conditions of Theorem 1 are satisfied, we have

lei(-w) = (Bopi) (5 w)| = 0, w — wo (1.8)

for any i = 1,k, where || - || denotes the norm in L?(0, 00).
If Ao is a simple eigenvalue, then p(z,w) can be chosen in such a way that

||S0(aw) - (p('a("}O)“TL—l - 07 W — Wo,

where

lells = sup (Z \w(”)(x)}> . (1.9)

The proofs of these theorems are based on application of the well-known min-max
principle (see, for instance, [14, p. 78|), for which there is an explicit description of
the quadratic form of the operator L(w) ( Lemmas 2, 4). It turns out that the
domain of the quadratic form of the operator L(w) is defined by the maximal set of
linear independent boundary conditions AY5,(0) = 0, which do not contain derivatives
of orders higher than n — 1. These conditions, according to the regular case [9], will
be called main. The other boundary conditions (more precisely: the matrix consisting
of the coefficients of these conditions) appear in the formula for the quadratic form.
Section 1 is devoted to proofs of these statements. In Sections 2 and 3 we give proofs
of Theorems 1, 2. In Section 4 we give several examples and build a counterexample
showing that condition 5) is essential.
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2 Sesquilinear forms and associated operators

It is known from [6, p. 308] that there is a one-to-one correspondence between closed
sectorial sesquilinear forms and m-sectorial operators. In this section we will give an
explicit description of this correspondence when the form is generated by the differential
expression (1.1). We assume till the end of the proof of Lemma 7 that a condition more
restrictive than condition 3) is satisfied, namely:

3') for all w € Q the functions p;(z,w),...,p,(z,w) are nonnegative on [a, co) for
some a > 0.

We denote by D;(w) the set of all functions y € L*(0,00) satisfying the following
conditions:

a) 1,9, ..., Y are absolutely continuous on (0, 00);

b) y™ € L2(0,00), py/?(,w)y™ Y, .. ol *(w)y € L¥(a, 00),

¢) CY,(0) =0, where C is a fixed matrix of rank 0 < r < n independent of w
and Y,,(0) = (y(0),...,y™ D (0)T.

We define the following sesquilinear form on D;(w) x D;(w):

n—1)

i = [ T W@ (@) + pre W)y @D @) .+
T pule@)y(@)z(@)) dr — (Ao (0), Zu(0).

where Ay is a self-adjoint matrix of order n independent of w, (-,-) denotes the
scalar product in the n-dimensional Euclidean space. Next, for brevity, we denote
the quadratic form (w)[y, y] by {(w)[y] or I(w).

Lemma 1. If conditions 1) and &) are satisfied, then for any w € 0 the quadratic
form l(w) is bounded from below and closed in Dj(w).

Proof. According to Sobolev’s inequalities (see, for example, |3, pp. 129, 142|), we have
sup [u(e)] < Meuli + el 1200, v e W3'0,0) (2.1)
z€(0,a

16200 < Crl®) |l 2(0a) + 01t || 12000y, u € Wi™(0,a), k =T,n —1,(2.2)

where WZ(")(O, a) is the Sobolev space, constants €, d can be arbitrarily small, constants
M, Cy(d) are independent of u. Combining (2.1) for u = y® with (2.2) for u = y and
d = €2, we obtain

wup ly® (@)] < M)yl 200 + Ne@)elly ™ 120y, ¥ € WaP(0,a), k=T,n—1,
z€|0,a
(2.3)

where

. Mck(é‘Q)S*l, k=1n—2, .
M) = { el R Mo -

Consider the quadratic form

Io(w)ly] = / a (imm | yb |2> dr — (A, (0).Y(0)), y € Wi”(0,a),
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From inequality (2.3) we obtain the inequality
|l0(w)[y” < Kl(wae)HyH%Q(O,a) + KQ(W)€2Hy(n)H%2(O,a)7 ye W2n)(07a)7 w €, (24)

which holds for all sufficiently small positive e, where K;(w, ¢), Ko(w) are independent
of y. It follows from this and condition 3') that

(w)ly] = (1 = Ka(w)e?)ly™|* — Ki(w, o) lyl*, y € Di(w). (2.5)

Therefore, the form I(w) is semi-bounded.

Now we prove that for all w € Q the form [(w) is closed. Let w € Q and {yx} be a
sequence in Dj(w) such that |lyx — ym|| — 0, l(w)[yr — ym] — 0, k,m — oo. Using
(2.5), we get

Iy ™ < (1 = Ka(w)e?) ™ (Iw)ly] + Ka(w, o) lyl?) .y € Wi (0, 00),

where ¢ is a positive constant such that ¢ < K Y ?(w), therefore, the sequence {y;}

converges in Wi™ (0, 00) to a certain function y € W{™ (0, 00). Hence, the limit function
y satisfies conditions a), ¢) and y € L?*(0,00). So we only need to show that

P2 w)y ™Y, p (- w)y € L (a, 00). (2.6)

Since the sequence {l(w)[yx|} is convergent, it is bounded and, therefore,

/a ) <im<x,w> T <x>(2> dr < C(w),

where C'(w) > 0 is independent of k. Passing to the limit in this inequality as k — oo,
we obtain (2.6). O

Remark 1. Lemma 1 allows us to assume without loss of generality that for any w € €2
the quadratic form [(w) is positive.

Remark 2. Suppose that in addition to the conditions of Lemma 1, condition 4)
of Theorem 1 holds. Then it follows from the proof of inequality (2.4) that for any
compact A C Q and any € > 0 there are some constants K;(A,e) > 0 and Ky(A) >0
such that for all w € A the following inequality holds:

ly™ < (1= Ka(A)e) ™ (1)) + KA, )llyl?) .y e Wi (0,00).  (27)
Let L(w) be the self-adjoint operator associated with the form I(w) [6, p. 308].

Lemma 2. If conditions 1) — 2) and 3°) are satisfied, then L(w) = L(w), where

C 0
A= ( B*A, B*J, ) ’ (2.8)

B is an x (n —r) matriz, the columns of which form a basis in the space of solutions
of the system CX =0, and J, is defined by (1.7).

If y € D(L(w)), then L(w)y = L(w)(y).
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Proof. Let y € D(L(w)) and L(w)y = g. We will show that y is absolutely continuous

on [0, 00) together with quasi-derivatives of orders up to and including 2n — 1, and that
AY3,(0) = 0. (2.9)

We will also show that £(w)(y) € L?*(0,00) and g = L(w)(y).
Taking into account the representation theorem in [6, p. 322|, we obtain

(9,2) = (L(w)y, 2) = lw)ly, 2], ¥z € Difw). (2.10)
Let Dj(w) = Di(w) () Co[0,00) and 2z € Dj(w). Then the equalities in (2.10) show that,
1,

assuming py =

[ azdt= [T py a0, Z,0). 2D
0 o3

We denote by u; an antiderivative of —g 4+ p,y so that
uy =puy — g. (2.12)

Therefore,

[e'e) b b
/ (g—pny)Edt:—/ u’lidt:ul(O)E(O)—i—/ u z' dt.
0 0 0

Here we integrate over the interval [0, b] such that the support of the function z € D
is contained in [0, b]. We obtain from (2.11) that

/OOO <Zpk y" Pz 4 (py’ — ) 7 ) dt — (Ao Y, (0), Z,(0)) — u1(0)2(0) = (2.13)

(k=1) _ 451 so that

Next, we denote by u; antiderivatives of p,,_r11y
Uy = P Y&V — g, k=2 n. (2.14)
Then, iterating the previous equality, we obtain
/ (™ =) 2™ dt — (A Y0(0), Zn(0)) = > ur(0)Z*7D(0) = 0. (2.15)
0

k=1

We fix M > 0 and consider the set Ay = {y : y,y/,... .,y ™1 are absolutely con-
tinuous on [0,00), y™ € L*(0,00), y(0) =y'(0) = ... =y V(0) =0, y)=
0,Vax > M}. Tt is obvious that equality (2.15) holds Vz € Ajy;. Moreover, for these z

we have
M
/ (y™ —u,)z™ dt = 0,
0

so that the function y™ —w,, is orthogonal to Z ™ in L2(0, M). Therefore, the function
y™ — u, as an element of L?(0, M) is orthogonal to all functions that are orthogonal
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to polynomials of degree < n — 1. Thus y™ — u,, coincides with a polynomial of degree
not higher than n — 1 almost everywhere on [0, M]:

n—1
0

Ck tk
- (2.16)

Since M is arbitrary then equality (2.16) holds on the entire interval [0, 00). It follows
from this and equalities (2.12) and (2.14) that y™ yl»+1 . 4Pr=1 are absolutely
continuous on [0, 00), L(w)y = g, and

Un_(0) = ") + (=D e, k=0,n— 1L (2.17)
Then from (2.15) and taking into account (2.16) and (2.17) we obtain

for all z € Dj(w). However, z satisfies condition ¢) and thus Z,(0) = B C), where
Co = (c1, ¢y ..., c,)T. Then using (2.18), we get

(B* (Ao, Jn)Y2n(0), Co) = 0.

As z varies in Dj(w), Cy takes all possible values in C". This proves (2.9). Thus we
have shown that L(w) C L(w).

Conversely, if y € D(L(w)), then y € D(L(w)) and L(w)y = L£(w)(y). Indeed,
integration by parts shows that [y, z] = (Ly, z) for all z € Dj(w). However, Dj(w) is
the essential domain of the quadratic form I(w), and, therefore, the statement follows

directly from the representation theorem. O]

Lemma 3. Let A = (Ay, As), where Ay, As are square matrices of order n such
that rank A =n, A1J,A5 = AyJ, A} . Then the system of equations AX =0 is
equivalent to the system AX = 0, where A has the form (2.8).

Proof. Let rank Ay = n — r. Then we can assume that

c 0
A_(Bl&%)’

where C'is a r xn matrix, rank C' = r, rank B, = n—r. It follows from self-adjointness
of AyJ,A%} that

CB; = 0, (2.19)
B\B, = BB (2.20)

We can see from the first equation that the columns of matrix Bj solve the system
CX = 0. Because rank By = n — r then, first of all, the columns of matrix B form
a_basis in the space of solutions of the given system, and, secondly, there is a matrix
A such that By = By A. Then from (2.20) we will obtain that By(A — A*)By = 0.
Combining this with (2.19) we get that there exists a matrix M such that By(A— A*)

MC'. Therefore, ByA — 1MC = By Ay, where Ay = %(ﬁ+ A).

(I
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Remark 3. The proven lemma asserts that by doing algebraic transformations we can
single out those from self-adjoint boundary conditions that do not contain derivatives
of orders higher than (n — 1). They appear right in the domain of the quadratic form
associated with the operator L(w). Following [9], we will call them the main boundary
conditions.

Lemma 4. If w € Q and the conditions 1) — 2), 8’) are satisfied, then for all y €
D(L(w)):

() o™, p 2wy, P w)y € L2(0,00);
(ii) for all z from the domain of the quadratic form of the operator L(w)

[y, z] = lim Zy[%_k] (z)zFU(z) = 0.
0

Proof. Letw € Qandy € D(L(w)). It follows by Lemma 3 that the system AY5,(0) =0
satisfying condition (1.6) can be transformed to an equivalent system with a matrix .4
having the form (2.8). Then it follows from Lemma 2 that L(w) = L(w). Combining
this with the inclusion D(L(w)) C D;(w), we get (i).

Suppose that y € D(L(w)), z € D;(w). Then

b

b n
= i = — i (nfk)_ (nfk) —
(L(w)y, z) blirglo L(w)yZ dt blirgo { /0 (;pk Yy z ) dt

= {AoYn(0), Za(0)) +Zn:y[2"’“](b)5(“)(b)}-

On the other hand, taking into account the representation theorem, we have

(Le)ys) = @)l = [ (Zpkyw'ﬂzw) it —

— (AoYn(0), Za(0)), y € D(L(w)), z € Dy(w).

This implies (ii). O

Lemma 5. Let D'(L(w)) be the set of all functions from D(L(w)) which have compact
support in [0,00). Then D'(L(w)) is the core for l(w), i.e. for allv € D)(w) and e >0
there exists a y € D(L(w)) such that ||jv — y|| + l(w)[v — y] < e.

Proof. We set (see Remark 1)
(u, V) 1a(w) = Uw)[u, o] + (u, v),  ull4a (W) = V(wu) (W), w0 e Diw). (2.21)

It is known [13, p. 278] that (-,-)41(w) and || - ||+1(w) are an inner product and a norm
in D;(w) respectively. Then the statement to prove means that D’ (w) is dense in D;(w)
in the norm || - ||41(w).
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Let y € Dy(w) and (y,¢)+1(w) = 0 for all ¢ € D} (w). We will prove that y = 0.
Fix b > 0 and introduce the operator Lg,(w) generated in L?*(0,b) by the differential
expression L£(w)(y) and the boundary conditions AY3,(0) = 0, Y5,(b) = 0. It is easy
to verify that the operator Lo,(w) is symmetric and  Lf,(w) is the operator generated
in L?(0,b) by the expression £(w)(y) and the boundary conditions AY3,(0) = 0. The
set D(Lgy(w)) can be embedded in D’ (w) assuming that the function ¢ € D(Lgy(w))
vanishes outside [0, b]. Therefore, (y,¢)41(w) = 0 for all ¢ € D(Lgy(w)). Yet for these
© we have

(¥, 9)11(w) = (u: Lo (@)9) + (4, ) = (4, (Lon(w) + D).
Hence, y L Ran(Lg,(w) + 1), which is equivalent to y € Ker(Lg,(w) + 1). So

Lw)(y)=-y, 0<z<b;

AYon(0) = 0.

Suppose that y # 0. Since b > 0 is arbitrary it follows that y is an eigenfunction
of the operator L(w) corresponding to the eigenvalue —1, which is impossible (see
Remark 1). O

3 Proof of Theorem 1

We can now proceed to a direct proof of Theorem 1. Assume that conditions 1), 2),
3’) are satisfied. Then for all w € Q the minimal operator Lo(w) is bounded from
below and has deficiency indices equal to (n,n). Denote by d(w) the bottom of the
essential spectrum of L(w) = L(A,w), where A is of the form (2.8). (If spectrum L(w)
is discrete, then we set d(w) = 400.)

Lemma 6. Suppose that conditions 1), 2), 3°), 4) are satisfied and the operator L(wy)
has k (1 < k < o0) eigenvalues located to the left from

d_(wo) = lim d(w).

w—wo

Then there ezists a neighborhood of wy Vi C Q such that for w € Vi, the operator L(w)
has at least k eigenvalues below d(w) that satisfy the inequalities

lim A\j(w) < A\j(wo), j=1,... k. (3.1)
w—wo
Proof. Let op = (d—(wg) — M(wp))/3 and Uy = {w € Q1 d(w) > d_(wo) — 0}
Furthermore, let fi(wp), - .., fk(wo) be normalized eigenfunctions of the operator L(wy)
corresponding to the eigenvalues Ai(wp), ..., Ag(wp). It follows from Lemma 5 that for
any € > 0 there exist functions ¢y (z,¢), ..., pr(z,€) in D'(L(wp)) such that ||¢;|| =1
and

lpi(-e) = filwo)ll < e,
Hwo)[p;(e)] < Aj(wo) + e (3.2)
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Since @;(-,e) € D'(L(wp)), then pj(z,e) =0, = >b, j = 1,k, for some b > 0.
Therefore, according to (3.2) and condition 4) of Theorem 1, there exists a constant
d(g) > 0 such that for all w € QN {|Jw — wy| < ()} we have

)5+ 0)] < Ajlwo) + 22, j=TF. (3.3)

By definition (f,n(wo), fo(wo)) = Omn, m,n = 1, k. Thus there exists a constant &5 > 0
such that for all 0 < € < g, the functions ¢i(+,¢), ..., ¢x(+, €) are linearly independent.
Let €% = min{ey, 04} and Vi, = QN {|w — wo| < §(¢®)}. Then for any w € V; we see
that

(w)lps( ™)) <dw), j=T1k

Therefore, according to the min-max principle, for all w € Vj, the operator L(wy) has
at least k eigenvalues \i(w), ..., \g(w) located to the left from d(w). Furthermore, by
the inequalities (3.3) we have

Aj(w) < Njlwo) +26, e<e® we{lw—wl|<dE)}INQ, j=1,k
This proves (3.1). O

Remark 4. If, in addition to the conditions of Lemma 6, condition 5) of Theorem 1 is
also satisfied, then by the min-max principle the spectrum of L(w) is discrete for any
w € ). Therefore, Lemma 6 will be true for all eigenvalues.

Lemma 7. If conditions 1), 2), 3°), 4), 5) are satisfied for any € > 0 and any finite
k, then there exists a neighborhood V- = V(k,e) C Q of wy, where the inequalities
)\k(w) Z )\k(u)o) —¢ hold.

Proof. Assume to the contrary, that is  Ag(wn) < Ax(wo) — o for some sequence
Wy — wo and o > 0. Let ¢;(x,wy,) = fijm(x) be the normalized eigenfunctions of
L(w,,) that correspond to the eigenvalues  A;(wy,). Then

l(“Jm)[fjm] = (L(Wm)fjma fim) < Ak(wo) — 0. (3.4)

According to condition 5) of Theorem 1, for any 0 < 7 < ¢ there exists M (1) € N
such that for all j = 1,k and m > M(7) the functions fjm belong to the compact
set S = {v € D(,) : ||[¢] <1, L[] < M(wy) — o}, where [, is the quadratic
form of the operator L(7,wy) occurring in condition 5). Without loss of generality we
can assume that for every j = 1,k ¢;(w,,) converges to some function f; € S, then
Lf] < Ak(wo) — 0. Moreover, since V. m € N (fjm, fem) = ;5 we see that

SoVb>0and 0 <7 <9,

b n
/ <|f§“><x)|2 +> pia, T, w0)|f;”—“(x)|2> dz < Mp(wo) — o, j =1,k
0 1
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Passing to the limit in this inequality as 7 — 0+ and taking into account condition 4)
of Theorem 1, we obtain

b n
/ (|f](n)($)|2 + sz‘(%woﬂf;n_i)@”?) de < Me(wo) — o, j=1,k b>0.
0 1

Since b > 0 is arbitrary, we have

Uwo)[fi] < Melwo) —o, =1,k

Hence, applying the min-max principle together with (3.5), we arrive at the inequality

Ak (wo) < Ak(wo) — 0. The derived contradiction proves the lemma. O
Conclusion of the proof of Theorem 1. If pq, ..., p, are nonnegative for x > a, then
Theorem 1 follows from Lemmas 6, 7 and the min-max principle.
It is clear from proofs of Lemmas 1, 2, 4 — 7 that nonnegativity of p,...,p, for

x > a is necessary only to guarantee boundedness from below of the quadratic form
[(w). Therefore, it suffices to verify that the quadratic form [(w) is also semi-bounded
if we replace condition 3’) by condition 3).

Suppose p;(z,w) > ¢i(w), * > a, where ¢;(w) is independent of z. Then
n—1

Hw)y] = L)yl + lL(w)ly], where bly] = ZO: ci(@)lly" 1P, h(w) satisfies (2.5)

for any sufficient by small ¢ > 0. According to the well-known inequality (see, for
example, [3, p. 129]), we have

ly®( < CElyll +elly™l, yews"(0,00), k=Tn—1, (3.6)

where a constant € can be chosen to be arbitrarily small and C'(¢) > 0 is independent
of y. From this and (2.5) it follows that the form I(w) is bounded from below. O

4 Proof of Theorem 2

First, we prove (1.8). Arguing similarly to the proof of Lemma 7, from any sequence
{wm} converging to wy we can choose a subsequence {w,,}, which we will also denote
by {wm}, such that there exists the limit

lim ;(-,wm) = f;,
where fz € Dl(a}()), ||fz|| = 1 and l(wo)[fz] S /\0. We will show that l((.do)[fz] = /\0,
whence (1.8) follows.
Suppose that there is a 1 <7 < k such that

L{wo)[fi] < Ao (4.1)

Let the operator L(wp) have exactly s eigenvalues to the left from \g. We repeat the
same argument as above and find s functions g, . .., gs in D;(wp) satisfying (3.5), (4.1),
and (fi,9;) =0, j =1,..., k. Whence using the min-max principle, we conclude that
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the operator L(wy) has at least s+ 1 eigenvalues to the left from A\g. This contradiction
proves (1.8).

Let us now prove (1.9). We first note that estimates (2.1) and (2.2) hold for a = oo
(see [3, p. 142] and (3.6)). Therefore, inequality (2.3) is also satisfied for a = oco. From
this and (2.7) it follows that for any compact A C €2 there exists a constant K(A) > 0
such that for all w € A and y € D;(w)

[Ylln1 < K(A)[[y]l41(w), (4.2)

where the norm || - || is defined by (2.21).

Let Ag be a simple eigenvalue of the operator L(wp), ¢o(z) := ¢(z,wp). Then using
(1.8), we get |(¢(+,w),0)| — 1, w — wy. We choose a normalizer ¢(z,w) such that for
all w sufficiently close to wp, (¢(+,w), (-, wp)) > 0. Then

lp(,w) = o)l = 0, w — wo. (4.3)

Taking into account Lemma 5 we see that there exists a sequence {p,,}$° of functions
from D'(L(wyp)) such that

lpo = @mll1(wo) = 0, m — oo. (4.4)

We choose ¢ > 0 such that A = {|w —wy| < §} C Q. Then using (4.2) for ¢(-,w) — @m
and ¢, — o with w € A, m € N, we obtain

le(,w) = @o)lln-1 < K(A){lle(-;w) = emlls1(w) + llm — @oll+1(wo)} <
< KA){lw)le(,w) = om] + llo(,w) = woll + 2[lom — woll+1(wo)} -
Hence,
lo(,w) = @o)lln-1 < K(A)rm(w), (4.5)
where

rm (W) = Aw{1 = 2Re(p(,w), om)} + Lw)[om] + lo(-w) = woll + 2llom = woll+1(wo)-

By (4.3) and condition 4) it follows that for each m € N r,,(w) — 7, w — wp, where
rm = Mo{l — 2Re(vo, pm)} + Hwo)[@m] + 2||¢m — @oll+1(wo). Moreover, (4.4) implies
that r,, — 0, m — oo. Combining this with (4.5), we get (1.9). This concludes the
proof.

5 Examples

In this section we consider several examples and one counterexample showing the im-
portance of assumption 5).

Example 1. Let L(y) = (—1)"y®" + qy, where

q= Zakxo"“. (5.1)
L—1
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Then there exist two “reasonable" choices of the parameters:

a) For a; > 0 it is natural to consider the collection (o, aq,...,q;) as a pa-
rameter w and choose for €2 any domain whose closure belongs to the following set:
Qe={weR": a; >0, —1<a,<ay, k=2,m};

b) If a; > 0 and —1 < o < ay, k =2, m, then we set w = (a1, 9, ..., q,), and
is a domain in R™ such that Q C Qp, = {w € R™ : a; > 0}.

In both cases conditions 1), 3) — 5) of Theorem 1 can be easily verified. Concerning
condition 2) we can apply Naimark’s theorem (|11, p. 336]) which shows that the
deficiency indices of the minimal operator with potential (5.1) are equal to (n,n) for
all w from 2, or Q.

Example 2. Let £,(y) = —y" + ¢(w, x)y, where

q(w, ) = qo(z) + waqi (), (5.2)

w € R, functions gy and ¢; are locally summable on [0, 00), bounded from below on
la,00), a > 0, and ¢ satisfies Molchanov’s criteria ([11, p. 393]). Let Q = [0, c0).
Then all conditions of Theorem 1 are satisfied. Hence all eigenvalues of any self-
adjoint operator generated in L?(0, 00) by the differential expression £, are continuous
on [0, 00).

We point out that there are no restrictions on the growth rate of ¢;. In particular,
the first term of the perturbation theory Cy = (q1pk(-,0), pk(-,0)) might be infinite.
However, if the integral C} converges, then it can be proved under several additional
assumptions that Agx(w) is not only continuous (from the right) at 0 but also has a
finite right derivative at 0. In fact, multiplying scalarly both sides of the equation

—op(z,w) + (qo + war)pi(2,w) = Me(w)pk (2, w)
by ¢k(z,0) and taking into account the boundary condition y'(0) — hy(0) = 0, we

obtain
)\k((ﬂ) — )\k(O) _ (Q190k<7w>7gp(70>> (53)

w (@k('ﬂw)v90<'70))
As the eigenvalues of [(w) are simple, it then follows by Theorem 2 that
(pr(,w),¢(+,0)) — 1, w — 0. We require that (¢1x(-,w),¢(+,0)) — Ck, w — 0.
Then from (5.3) follows the well-known formula A\, (0) = Cj. (see, for example, [10]).

Example 3. We will show that if condition 5) does not hold, then the statement of
Theorem 1 in general is not correct.

The first trivial example is as follows: in Example 2 we set ¢o = 0 and choose for ¢;
any function satisfying, in addition the conditions of Example 2, Molchanov’s criteria.
Then all conditions except for 5) are satisfied, yet for wy = 0 the operator L(wy) does
not have any eigenvalues.

Then consider an example where the limit operator does have an eigenvalue that lies
below the essential spectrum but does not possess continuity. We will again proceed
from Example 2. We choose for gy a function which finite range such that the discrete
spectrum of the operator L(0) is not empty. For example, the function

{—m2 , 0<x <1,

qo(:c) - 0 z>1
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where m > 7, satisfies this condition if L(0) is the extension corresponding to the
Dirichlet condition. This is easy to verify if we apply the min-max principle to the
sample function

sin(me) , 0<ax<1.
gp(x):{ ( ()] x> 1.

Although this function does not belong to the domain of the operator L(0), it does
belong to the domain of the quadratic form [(0) of the operator and 1(0)[p] = —(m?* —
72)||¢]|?. Then, since the essential spectrum of the operator L(0) is [0, 00), we conclude
that discrete spectrum L(0) is not empty and the least one eigenvalue is not greater
than —(m? — 72).

The second term in (5.2) can be defined as follows:

0, w=0,
ql(w’m):{p(x—l/w) , w>0,
where
0, <0,
plr)=¢ —n? , 0<z<1,
plz) , x>1,

n >m, p(x)is any function satisfying conditions of Example 2. The function ¢(w, x)
satisfies all conditions of Theorem 1 except 5). On the other hand, arguing as in the
analysis of the operator L(0), we obtain that for 0 < w < 1 the least eigenvalue A (w)
of the operator L(w) is not greater than —(n? — 7%). Choosing sufficiently large n, we
can claim that \;(w) -» A1(0) for w — 0.
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