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Abstract. A mathematical model of the heat exchange process, where the temper-
ature inside some domain is controlled by m convectors acting on the boundary, is
considered. The control parameter is a vector-function, whose components are equal
to the magnitude of the output of hot or cold air produced by each convector. The
necessary and sufficient conditions, which initial temperature must satisfy for achieving
the zero value by the projection of the temperature into some m-dimensional subspace,
are studied.

1 Introduction

1. Consider in a semi-infinite cylinder Q = Q x (0, +00) C R"" where Q C R" is a
bounded domain with piecewise smooth boundary 02, the following equation

w(z,t) = Au(x,t) — p(x)u(z,t), plx)>0, z€Q t>0. (1.1)

Let I'1, T, ..., T',, be m disjoint subsets of 02, and set

We suppose that each I'; (heater or air conditioner) has piecewise smooth boundary
Ol'; and mes,,_1I"; > 0 (we denote by mes,_1I" the surface measure of I, distinct from
Lebesgue measure || ).

Assume that non-negative piecewise smooth functions a;(x) defined on the bound-
ary Of) vanish outside the I'; . We say that a vector-function ¢ : [0,400) — R™ is
an admissible control if all components ¢;(t) are measurable real-valued functions and
satisfy the condition

()| <1, t>0, i=1,2 ..m.

Consider the following boundary conditions:

W = ¢(t)-a(z), zel, t>0, (1.2)
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where
q(t) -a(z) = q(t)ai(z) + @)az(z) + ... + gu(t)an(z),
and
8u{(;;,t) + h(z)u(x,t) = 0, ze€dQ\T, t>0. (1.3)

Condition (1.2) means that there is a blast of hot (or cold) air from I'; with the
magnitude of the output given by the function ¢;(¢), and condition (1.3) means that
on the surface 92\ I' a heat exchange takes place according to Newton’s law (see, e.g.
[14], Sect. III.1.4).

We suppose that h(x) (thermal conductivity of the walls) and a;(x) (the density of
the power of the i-th heater or air conditioner) are given piecewise smooth non-negative
functions, which are not identically zeros.

We may extend the function h(z) to the whole boundary 99 by setting h(x) = 0
for x € I'. In this case we may rewrite conditions (1.2) and (1.3) in the following form

ou(z,t)
on

+ h(z)u(z,t) = q(t)-a(x), z€dQ, t>0. (1.4)
Finally, we add the initial condition

u(z,0) = ¥(x). (1.5)

We use the standard definition of a generalized solution to the initial-boundary
value problem for equation (1.1) with conditions (1.4) and (1.5) (see 9], IIL.5, formula
(5.5) and Theorem 5.1).

Namely, a generalized solution of this problem is a function u(z,t) such that for
any T > 0 and any n € W,"'(Q x [0,7]) for 0 < t < T the following equality is valid

t

/tds/[Vu(x,s) Vn(z, s) + p(x)u(x, s)n(x, s)] de — /ds/u(ﬂc, s)%dw +

+ /u(a:,t)n(a:,t)dx — /w(x)n(x,O)daz =

t

_ / ds / 4(s) - a(@)]n(z, s)do(z) — / ds / h@)u(z, )z, s)do(z).  (L6)

0 o0 0 oN

2. For the formulation of the problem studied in this paper consider the following
eigenvalue problem

—Av(x) + p(x)v(z) = Mv(z), x€Q, (1.7)
with the boundary condition

ov(x)
A

+ h(z)v(zr) = 0, x €. (1.8)
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We define a generalized solution of problem (1.7) — (1.8) as a function v(z) in the
Sobolev space Wy (£2), which satisfies the equality

/ Vo) Vale) + pa)o()n(@) de = A / o(@)n(a)dz — / h(z)o(a)(x)do (), (19)

Q Q [219]

for an arbitrary function n € W3 () (see [8], Sec. IIL.6, formula (6.3)).
We consider this problem in the real Hilbert space L*(£2) with the scalar product

(u,0) = / u(@)v(z)dz

Q

and the norm |ju|| = \/(u,u).

It is well known that under the assumptions made above this problem is self-adjoint
in L?(2) and there exists a sequence of positive eigenvalues {\;} such that

(see, e. g. [8], Sec. 111.6).

The corresponding eigenfunctions form a complete orthonormal system {v;};en in
L3(92) .

Let H,, be the m-dimensional subspace formed by the eigenfunctions vy, v, ..., v,
and let .S, be the orthogonal projector onto H,,, i. e. :

m

Spu(r) = Z(u, v;)vi (). (1.10)

=1

3. In the present work we consider the following problem.

NC Problem. For a given vector-function b € Ls(2) NC problem consists in
finding the admissible control q(t) such that the solution u(x,t) of the initial-boundary
value problem (1.4)-(1.5) for equation (1.1) exists, is unique and for some T > 0
satisfies the equality

Spu(z,t) =0, z€Q, t>T. (1.11)

We may note that the detailed information on the problem of optimal control for
distributed parameter systems is given in the monographs [5], [6] and [10]. More recent
results concerned with the heat control problem for partial differential equations of
parabolic type were established in [1]-[4], [7], [11]-[13], [15].

In the case in which m = 1 and P, is the projector to the one-dimensional subspace
generated by the function w;(z) = 1, according to [1], the null-controllability takes
place for any initial function ¢ € Ly(€2).

In the case m > 1 the situation changes (see case m = 2 in [2]). In what follows we
assume that m > 2.

4. Denote the points of the spectrum of the boundary value problem (1.7)-(1.8) by

{pr}, where
0 < p < pe < ..
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Each py is an eigenvalue with multiplicity v, such that 1 < v, < oco. It is well
known that v, =1 (see, e. g. [16]).
Set Ny = 0 and
N, = n+uvm+..+uv, k=12 ..

Define the number [ = [(m) such that
N1 < m < N, (112)

Inasmuch as m > 2, then [ > 1. For a positive integer £ <[ — 1 set

E, = {u€Ly(Q) : ulx)= ) awz), o R}

Ai=p
It is clear that for these &
Ny
By, = {u€ly(Q) : ul@)= > awlz), o€cR} (1.13)
1=Ng_1+1

and hence
dimEk:Nk—Nk_lzl/k, 1§k’§l—1

Further, define for k =1 = [(m)
B = {u€Ly(Q) : ulx)= Y  awlz), ocR} (1.14)
i=N;_1+1

and note that
0 < dmFE, = m — N_; < .

Let P, be the orthogonal projector onto Fy, 1 < k <[, i. e. :

Pou(z) = Z (u,v)vi(x), 1<k<Il-1,

A=k
and .
Pu(z) = Z (u, v;)vi().
1=N;_1+1

Then, obviously, for projector (1.10) we get

l
k=1

5. The solution of the null-controllability problem is connected with the following
boundary value problem for the equation

Aw;(z) — p(x)w;(x) = 0, z €, (1.15)
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and the boundary condition

Ow;(z)
on

The physical meaning of the function w;(z) is clear: this is the temperature of the
volume 2 in the case in which only the jth convector works and it produces heat or
cold with maximal capacity (output).

Consider the following m vectors in R™ :

+ h(z)w;(z) = aj(x), =z € IN. (1.16)

Gi = (91‘1, 8127 sy 92771)7 1= 1,2,...7m, (117)
where
Oij = /vi(x)wj(x) dr. (1.18)
Q
Set N
k
Ly = {£€R™ @ (= Z i, G eR}, 1<k<l, (1.19)
1=Nj_1+1
and .
L = {(eR™ : &= > 6, ¢ €ER} (1.20)
1=N;_1+1

It is clear that dim L, < v for k =1,2,...,1.

Definition. We say that convectors {T';, a;}™, are properly arranged if for every k,1 <
k <1, the following equality

18 valid.

Remark. Equalities (1.21) mean that none of the vectors ©; is equal to zero and for
every k,1 < k <, the vectors ©; € L, are linearly independent.

The main result is the following.

Theorem 1. If convectors {T';, a;}", are properly arranged then for any function ¢ €
Lo(82) the problem of the null-controllability has positive solution.

The next theorem shows that this result is precise.

Theorem 2. If convectors {I';,a;}™, are not properly arranged then there ezists a
function ¢ € Ly(QY) such that the null-controllability does not take place.

Remark. It is clear that vi(z) > 0 and w;(xz) > 0 for all j = 1,2,...,m, and we
may state that the vector ©; has positive components. Therefore, in the case m = 1
obviously I(m) = 1 and

Hence, if there is only one air conditioner then it is always properly arranged. This
conforms with the results of [1].
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2 Representation of the solution

Consider the (m x m)-matrix © = 161 defined by (1.18).

Lemma 2.1. The elements of the matriz © have the following form:
1
'50

Proof. According to the definition of a generalized solution to problem (1.15) — (1.16),
the following equation

/ (Vw, () V() + pla)w; (2)n(2)] de = / la;(2) — h(@)w; (2)]n() do(z)

Q o0N

is valid for an arbitrary function n € W3 (Q). In particular, for n(z) = v;(x) we get

[ 1010 Vuta) + bl (opu(a) do

= /aj(x)vi(x) do(z) — /h(x)wj(x)vi(x) do(x). (2.2)

Now we use identity (1.9). Set in this identity n(z) = w;(z). Then we get

[190(0) Vus(0) + playua)uy o)) do
Q

= /\i/vi(x)wj(x) dr — /h(ac)vi(x)wj(x) do(z). (2.3)
Q G)
Comparing (2.2) and (2.3) we get

/aj(x)vi(x) do(x) = /\i/vi(x)wj(x) dx.
o9 Q
Since the value of the right-hand side is A;6;; , the required representation (2.1) is
valid. O
Set
bit) = [la®)- (@) ) do(a) 2:4)
o0

Lemma 2.2. Let u(z,t) be the solution of the initial-boundary value problem (1.4)-
(1.5) for the equation (1.1). Then the eigenfunction expansion of this solution has the
form

0o t
u(z,t) = Z /bi(s) ifds + (Y, v;)| e Mu(x), t>0, 2€Q. (2.5)
=1 |5
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Proof. The function u(x,t) for almost every ¢ > 0 belongs to Ly(€2) and that is why
the Fourier coefficients exist and are equal to

u;(t) = /u(m,t)v@-(:v)dx.

Q

According to the definition of a generalized solution, for any n € W, (2 x [0, 7))
identity (1.6) is valid.
Ov; ()
ot

In the case in which n(x,t) = v;(z) we have = 0 and hence

t

/ds/[Vu(x, s) Vui(z) + p(x)u(z, s)v;(z)]dr +

0 Q

+ Q/u(x,t)vi(x)dx - Q/iﬁ(x)vi(x)dx =

- / ds / lq(s) - a(@)] vi(z) do(z) — / ds / h(z)u(z, s)oi(z)do(x).
0 o0 0 o0

Using (2.4), we may rewrite this equality as follows

/Vu z,5) Vv (z) + p(x)u(z, s)vi(z)] dx—l—/h( Yu(z, s)vi(z)do(x) | =

o0N

t

/u x, t)v(x)dr + /ds/[q(s)‘a(x)] vi(z)do(z) + /Q/J(x)vl(x) dr =

) 0 o0
= —w(t) + /bZ Yds + (¥, v;).
0
Further, it follows from (1.9) for n(x) = u(x, s) that

/[Vu(x,s)Vvi(w)+p(:v)u(x,s)vi(x)] dr + /h(x)u(x, s)vi(z)do(x) =

Q o0N

= /\i/u(x,s)vi(x) dr = Nu,(s).

fe}

Consequently,

)\i/ui(s) ds = — u(t) + /bi(s) ds + (,v;) . (2.6)
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Hence, u;(t) is an absolutely continuous function and

ui(0) = (¢, v:).
After differentiation equation (2.6) we get
Nwi(t) + w(t) = bi(t)
or
[Nt (1)) = ety (t).

Hence,
t

Atui(t) = (Y,v) + /e’\"sbi(s) ds.
0
This means that Fourier expansion of solution has form (2.5). O

Corollary. Fort >0 and x € Q) projector (1.10) has the form

m

Spmu(x,t) = Z /bi(s)e’\isds + (,v) | e Mtu(z), t>0, Q. (2.7)

=1 0

Define the operator A, : Ly(€2) — R™ by the equality

Aptp = ((w>vl)7(wa")?)v""(wavm»' (28)

We introduce the matrix

eMt () 0
0 et 0
E(t) =
0 0 ermt

If a vector in R™ is on the right of some m x m matrix we always assume that it is
a column-vector.

Lemma 2.3. Condition (1.11) may be rewritten in the following form:

t

/ E'(s)0q(s)ds = — Apib. (2.9)

0

Proof. We use representation (2.7). According to Lemma 2.1, we may write for the
value b;(t), which is defined by (2.4),

m

bit) = 3 g0 / as(@ule) do(e) = N3 05 45(0) (2.10)

Jj=1 90



On the null-controllability of the heat exchange process 13

Note that
/\16)‘1t 0 cen 0
0 )\26)\2t .. 0
E'(t) =
0 0 e Apetmt

Hence, taking into account (2.10), we get for the vector
B(t) = (bi(t)eM", ba(t)e™, ..., by(t)e)
the following representation R
B(t) = E'(t)Oq(t). (2.11)
According to (2.7), condition (1.11) means that the following equalities

t

/bi(s) Mids + (o) = 0, i=1,2,...,m,

0
must be fulfilled. We may rewrite them as

t

/Bi(s)ds = —(¢,v), 1=1,2,....m,

0

or, due to (2.8),

t

/ B(s)ds = —Any.

0

Hence, taking into account (2.11), we get (2.9). O

Remark. We may also rewrite condition (2.9) in the following form:

t

/)\ie’\is (©i,q(s))ds = — (Y,v;), i=1,2,...,m. (2.12)

0

3 Proof of the Theorem 1

We suppose in this section that convectors {I';, a;}, are properly arranged.

Lemma 3.1. Let
0 < i < pg < -+ < . (3.1)
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There exist real numbers p; > p;_1 > ... > p1 > 0 such that for the determinant of
the matriz

1 1 1 1
1 eH1P1 pH1P2 oHIPI
Dl — 1 6M2P1 e“2p2 . €M2pl
1 etip1 etip2 - pHiDI
the inequality
|det D] > 1 (3.2)

18 valid.

Proof. Is clear by induction. Indeed, for sufficiently large p; we have expanding by last
column

det D, = (—1)16“”’1 det D;_, + O(emﬂpz)

and
|det Dy| = e*? |det D;_] [1 + O(e—(ul—m_1)pz)] .

O
Lemma 3.2. Let s be a fized integer, 1 < s < [, and let condition (3.1) be fulfilled.

Then for any T > 0 and o € R there exist a vector 3 € R and numbers ty,ta, ..., t111
such that

liyn >t > o >t > 71 (3.3)

and the following relations are valid:

I+1

>4 =0 (3.4)

I+1
D Bett = by, k=121 (3.5)
j=1

and
16| < Claje™ 7, j=1,2,.,1+1, (3.6)

where the constant C does not depend on the numbers T and c.

Proof. Obviously, it suffices to prove this lemma in the case a = 1. Let p; > p;_1 >
... > p1 > 0 be the numbers in Lemma 3.1. Set t; =7, to =7+ py, ..., i1 =7+ Py
Consider the system of (1+1) equations for (1+1) unknowns g;:

Br + B+ ot B = 0,



On the null-controllability of the heat exchange process 15

b1 + [oe!* P+ 4 GreftPt = eTFRT g k=1,2,.., 1
According to Cramer’s rule, the solution exists, is unique and has the form

A
B = 3

A
It is clear that the matrix A of this system does not depend on 7 and coincides
with D; in Lemma 3.1. Hence, it satisfies inequality (3.2), 1. e. |A| > 1. It is clear also
that
Aj = O(eiuST).

Inequality (3.6) follows from this estimate. O
Set e; = (1,0,...,0), e2 =(0,1,0,...,0), ..., &, = (0,0,...,0, 1).

Lemma 3.3. Let r be a fized integer, 1 < r < m. There exists a vector h € R™
such that for any 7 > 0 there exist a vector f € R and numbers t1,to, ..., t11 with
following properties:

1) conditions (3.3) and (3.4), and the equality

e S
Y. GE®)6h = e (3.7)
j=1
are fulfilled;
2) the estimate
1] < Ce™ 7 j=1,2,..,1+1, (3.8)

where the constant C' does not depend on the number T, is valid.

Proof. Choose the integer s, 1 < s <[, such that
N1 < r < N

According to the assumptions, the vectors ©; € L, are linearly independent. Denote
by h any nonzero vector in L, which is orthogonal to all ©; € L, except ©,. It means
that (©,,h) # 0.

Consequently,

(Oh); = (©i,h) = 0, ©,€L,, i#r (3.9)

and

(Oh), = (6,,h) # 0. (3.10)

Consider equation (3.7), which we rewrite in the following form:

+1
<Z 3 e’wﬂ') (Bh); = 65, i=1,2,...,m . (3.11)
=1
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To find the solution 3 € R"™! of the system (3.11) and (3.4), we apply Lemma 3.2,
which guarantees the existence of the required 3 € R™™ and ¢; for
1 1

“ T @n,  @.n (3.12)

1) Let Ny < i < Ni_1 and k # s. Then, according to (3.5),

I+1 +1
(Z B; e’\itJ) (Bh); = (Z B, e“ktJ) (Bh); = 0-(Bh); = 0. (3.13)

2) If N,_; < i < N, and i # r then, according to (3.9), (©h); = 0, and

(i B; e’\it7> (Bh); = 0. (3.14)

3) If Ny_y <i < N, and i = r then, according to (3.5), (3.10) and (3.12),

(Z B, ew> (Bh), = (Z B; eﬂstj> (Bh), = a-(Bh), = 1. (3.15)

Equalities (3.13) — (3.15) show that this vector § € R"*! satisfies equations (3.11).
Finally, we note that estimate (3.8) follows from (3.6). O

Lemma 3.4. For any integer v, 1 < r < m, and for any o € R there exist a number
To > 0 and an admissible control q(t) such that for T > T,

/ E'(t)Oq(t)dt = ae,. (3.16)

Proof. Let 3; and t; and vector h € R™ be as in Lemma 3.3.
Choose 7 > 0 such that

1
6l < (3.17)
T I+ Dlal- Al
We introduce the following [ + 1 control functions
: h, for 0<t<t;
) = g (3.18)
0, for t > tj,

where j = 1,2, ..., + 1.
Then for T' > t; we have

/ E'(t)O¢V)(t)dt = / E'(t)Bhdt = E(t;)0h — E(0)Oh. (3.19)
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Set
I+1

) = e B, (3.20)

According to (3.17) the control ¢(t) is admissible.
It is clear that if 7" is greater than all these numbers ¢; then, according to (3.19),
(3.4) and (3.7),

I+1 I+1

T
/E'(t)(?) = QZ@ )Oh — QZ@ ae,.
0

Proof of Theorem 1. Let ¥ € Ly(2). Set

g = _Amqujv

where the operator A, : Ly(2) — R™ is defined by (2.8). Hence,

m
= E Cr€p.
r=1

We apply Lemma 3.4 for &« = mc,.. Then for each r, 1 < r < m, we get an
admissible control ¢l"!(¢) such that

Set
1 m
= —>) @)
m r=1

It is clear that ¢(t) is an admissible control. Then

T T
o~ o~ 1 <& o~ o~
El - — E/ T] =
[E®Baar = 3 [ Bwdlnd Zm@
0 0

Hence, the control function ¢(t) satisfies equation (2.9) and, according to
Lemma 2.3, condition (1.11) is fulfilled. O

4 Proof of Theorem 2

Assume that convectors {T';, a;}™; are not properly arranged. This means that some of
the vectors ©;, defined by (1.17) and (1.18), are equal to zero, or for some k, 1 < k </,
vectors ©; € L;, are linearly dependent.
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1) First we assume that ©, = 0 for some r, 1 <7 < m, i. e. the following equalities

are valid
91:91"2:"':07‘711:0 (41)

Set (x) = v,.(x), then A1) = e,. Let us suppose that there exists an admissible
control ¢(t) = (q1(t), g2(t), ..., ¢m(t)) such that

fove

Dj)

' dt = —App = —e,. (4.2)

Then
T

/ > NN gty dt = — 1. (4.3)
7=1

This equality contradicts Condition (4.1) and this contradiction proves Theorem 2.
2) Now we assume that for some k, 1 < k < [, the vectors ©; € L are linearly
dependent:

N Ny
E Ci@i = 0, E |Ci|2 > 0
k=Np_1+1 k=Ng_1+1

(recall that in the case k < [ the subspaces L are defined by (1.19)).
Hence, if an admissible control exists then, according to (2.12),

Ny ¢ Ny

Z ci(,v) = —/uke“ks Z 9, q(s) | ds = 0.

i=Np_1+1 0 i=Np_1+1

This means that the initial function 1 cannot be an arbitrary function but have to
satisfy the additional condition
Ny

Z ci(,v;)) = 0

1=Ng_1+1

3) Finally, in the case k = [ the subspace L; is defined by (1.20) and the assumption
about null controllability under the same considerations leads to the condition

Y oaw) =0, D al’ >0
i=N;_1+1 i=N;_1+1
Hence, for
Pla) = Y ()
i=N;_1+1
the null controllability does not take place. O
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