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Abstract. We present an inventory model where a manufacturer (�rm) uses for �production� a
�commodity� (resource), which is consumed with the unit intensity. The price of the commodity
follows a stochastic process, modelled by a continuous time Markov chain with a �nite number of
states and known transition rates. The �rm can buy this commodity at the current price or use
�stored� one. The storage cost is proportional to the storage level. The goal of the �rm is to minimize
the long-run average cost functional. We prove the existence of a canonical triple with an optimal
threshold strategy, present an algorithm for constructing optimal thresholds and the optimal value
of the functional, and discuss issues of uniqueness.
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1 Introduction

There are various mathematical inventory models (see, for example, Arrow et al., 1951, [1]; Bather,
1966, [2]; Rubalskiy, 1972, [15]; Browne, Zipkin 1991, [4]; Bayer et al., 2010, [3]; Bulinskaya, Sokolova,
2015, [5]. These models allow us to �nd the optimal strategy for purchasing a product that minimizes
the total cost of purchasing, registration and delivery of the order, storage of goods, as well as losses
from its shortage.

In this paper, we will consider the following inventory problem.
There is a manufacturer (�rm) who needs to consume an intermediate product (commodity)

with the unit intensity for production. If the price of a commodity is constant, then it is possible
to purchase the commodity with the same intensity, and thereby production will be ensured. If the
price changes over time, then at a low price it is reasonable to buy a one-time quantity in order not
to overpay at a high price. But if you make a one-time purchase, then the purchased product must
be stored, and you have to pay for this. An example of such a commodity is cotton, which, on one
hand, is still one of the most important world products, and on the other hand, is characterized by
signi�cant price �uctuations, see for example Darekar and Reddy, 2017, [6].

I.M. Sonin proposed to consider the situation in which the price depends on the value of a Markov
chain with continuous time, a �nite number of n states and known transition intensities. In this
case, it is reasonable to create a warehouse and make purchases and create a stock in accordance
with the price.

It is assumed that purchases at the current price can be made both in large quantities and by
continuously increasing (without decreasing) the quantity of the purchased goods.

It is assumed that the storage fee is proportional to the amount of goods in stock, the cost of
ordering does not depend on the size of the order, the order is processed instantly.
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The question is how to organize the work of the warehouse in order to minimize the expected costs
of storage and purchase of goods, while the costs can be considered both discounted and marginal
averages per unit of time.

This problem was studied �rst in the thesis of Hill, 2004, [8], and then in Hill, Sonin, 2006,[9],
Katehakis, Sonin, 2013, [10] for the case n = 2 and special cases for n = 3. In these works, the
marginal average expected costs per unit of time were considered and it was assumed that, in the
general case, the strategy for the optimal organization of the work of the warehouse is of a threshold
nature, i. e. :

for each state i of a Markov chain, there is a threshold ai such that

if the inventory level x is less than or equal to ai, then it is necessary to make a one-time purchase
up to the level of this threshold, i.e. buy goods in the quantity ai−x, and then, until the next jump
of the Markov process (the moment of price change), it is necessary to purchase goods with the unit
intensity so that the inventory level is equal to the threshold value ai,

if x > ai, then purchases should not be carried out until the next jump of the Markov process or
the moment when the value of the inventory level, decreasing with the unit intensity becomes equal
to ai.

In Presman, Sonin, 2023, [14], using the methods developed in Presman, Sonin, 1982, [11],
Presman, Sethi and Zhang, 1995, [12], Presman, Sethi, 2006, [13], a complete solution of this problem
was given for the case of discounted costs. The existence of an optimal threshold strategy was
proved, an algorithm for constructing optimal thresholds and the optimal value of the functional
was formulated, the problem of the uniqueness of the optimal control was investigated.

We �rst describe the main ideas and features of the results and proofs of [14]. First, it turned out
that in problems with Markov chains with continuous time it is convenient to write the optimality
equation (the Bellman equation) in the form of choosing the optimal control until the moment
of the �rst jump, i.e., consider an imbedded Markov chain. After that, from considerations of
the convexity of the value function, it is easy to show that there is an optimal threshold control.
Secondly, it turned out that in such problems it is convenient to pass from studying the value
function to studying its derivative. Thirdly, it turned out that instead of the smooth gluing condition
(continuity of the derivative of the value function), which arises in problems with di�usion processes,
the condition of twice smooth gluing appears (continuity of the second derivative). Fourth, as a
rule, the optimal control is unique, but, for some relations between the parameters, in which, in
addition, the corresponding transition intensities are equal to zero, for some states the optimal
control is unique, and for others, any optimal control is of quasi-threshold character, i.e., there is a
whole interval of optimal thresholds (from zero to maximum), and if in the corresponding state the
inventory level does not exceed the maximal optimal threshold, then any control that does not go
beyond the interval of optimal thresholds is optimal.

In this paper, we study the case with the long-run average cost functional under the assumption
that the chain is regular, i.e., from any state it is possible with a positive probability to get to any
other (not necessarily after the �rst jump). A passage to the limit is carried out with the discounting
parameter tending to zero. As a result, an analogue of the canonical triple, known in the theory of
controlled Markov chains with discrete time and a �nite number of states, arises. It is shown that,
as in the case of discounting, there is an optimal threshold strategy, an algorithm for constructing
optimal thresholds is given, and issues of uniqueness are considered.
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2 Problem formulation and results for discounted costs

Let a right-continuous Markov process {m(t)}0≤t<∞, m(0) = i, with a �nite number of states n (a
Markov chain in continuous time) and an intensity matrix (in�nitesimal operator)

Λ = (λi,j) , where λi,j ≥ 0, λi,i = −
∑
j 6=i

λi,j = −λi < 0. i, j ∈ N = {1, · · · , n} ,

are given, i.e., if at some point in time the process is in state i, then in a short time4 with probability
λi,j4+ o(4) it goes to state j, and with probability 1− λi4+ o(4) it remains in state i.

Let F = {Ft}0≤t<∞ be the �ltration generated by it, i.e., Ft contains all information about the
Markov process up to and including the time t. Control u is

an F -adapted left continuous nondecreasing function u(t), u(0) = 0, whose value
at time t corresponds to the total purchases of goods up to time t inclusive.

In other words, the total purchases up to time t can only depend on the behavior of the Markov
process up to time t and cannot take into account whether the Markov process jumped at time t.

The moments of jumps and the sizes of jumps at these moments correspond to the moments and
sizes of one-time purchases.

Since the consumption of a good occurs at the unit intensity, the equation

xu(t) = x− t+ u(t) (2.1)

determines the inventory level at time t with an initial level of x ≥ 0.
Controls for which xu(t) ≥ 0 for all t ≥ 0 and the values of the functionals are �nite will be

called admissible. Denote by U(x) the set of all admissible controls for the initial point x.
For u ∈ U(x), we consider the functionals

V ρ, u
i (x) = Ex, i


∞∫

0

e−ρtcxu(t)dt+

∞∫
0

e−ρtPm(t)du(t)

 for ρ > 0, (2.2)

V 0, u
i (x) = lim sup

T→∞

1

T
Ex, i


T∫

0

cxu(t)dt+

T∫
0

Pm(t)du(t)

 , (2.3)

where c is the cost of storage of a unit of goods per unit of time, Pi is the price of a product under
condition that the Markov process is in the state i ∈ N , Ex, i{·} � mathematical expectation when
the initial state of the Markov process is equal to i and the initial inventory level is x. Without loss
of generality, it is assumed that Pi > Pi+1 for 1 ≤ i ≤ n− 1.

The goal is to �nd for ρ ≥ 0 the value

V ρ
i (x) = inf

u∈U(x)
V ρ, u
i (x), i ∈ N, (2.4)

and determine the optimal control. The function V ρ
i (x) is called the value function. The name of

the value function is also used for the column vector V ρ(x) with coordinates V ρ
i (x), i ∈ N .

We will say that a control is ai-threshold in state i ∈ N if it satis�es the following conditions.

Let m(t0) = i, x(t0) = x, be satis�ed at some time t0 ≥ 0 and let t0 + τ be the moment of the
�rst jump after t0 of the process m(t). To simplify the notation, we assume that t0 = 0.
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If x ≤ ai, then a one-time purchase of ai− x is immediately made to bring the inventory level to
the value of ai, and after that, up to the moment τ , purchases are made with the unit intensity to
keep the inventory at the level ai, and hence xu(t) = ai for 0 < t ≤ τ , i, e. u(t) = u(0) + ai − x + t
for 0 < t ≤ τ ;

if x > ai, then at �rst no purchases are made (in this case, the inventory level decreases with
the unit intensity), and this happens until the minimum from the moment τ and the moment when
the inventory level becomes equal to ai, and then, if τ > ai − x, until τ purchases are made with
unit intensity to keep inventory level at ai, so u(t) = u(0) + max[0, t− (x− ai)] for 0 < t ≤ τ , which
means xu(t) = x− t > ai for 0 < t ≤ min[x− ai, τ ], and xu(t) = ai for x− ai < t ≤ τ.

Consider a vector a with coordinates a1, . . . , an. We call a threshold strategy a control that is
ai-threshold for every i ∈ N .

As already mentioned, [14] gave a complete solution of this problem for the case ρ > 0. Let us
�rst present the results obtained there.

Let P be an n-dimensional column vector with coordinates Pi, i ∈ N ; I be an n-dimensional
column vector with coordinates equal to 1; E be an n × n diagonal matrix such that all diagonal
element are equal to 1; V ρ(x) be the column vector with coordinates V ρ

i (x), i ∈ N ; 0 be the
N -dimensional column vector with zero coordinates.

We de�ne the vector bρ = (Λ− ρE)(−P ) + cI, so that

bρi = c+ (λi + ρ)Pi −
∑
j 6=i

λi,jPj = c+ ρPi +
∑
j 6=i

λi,j(Pi − Pj), i ∈ N. (2.5)

It turned out that for any state i ∈ N there exists an optimal threshold control, and the equality
of the optimal threshold to zero or its positiveness depends on the sign of bρi .

Let us put
Nρ

+ = {i : bi > 0}, Nρ
0 = {i : bi = 0}, Nρ

− = {i : bi < 0}. (2.6)

Remark 1. The set Nρ
+ is non-empty because P1 > Pi for all j 6= i, and from the second equality

in (2.5) we get that b1 > 0.

Below, if it is clear which ρ > 0 we are talking about, we will omit the superscript ρ for all
considered quantities.

The following theorem was proved in [14].

Theorem 2.1. 1) There is a vector a∗ such that the a∗-threshold strategy is optimal in the class of
all admissible controls in the problem of minimization of functional (2.2).

2) The vector function V (x) is convex and its derivative U(x) =
dV (x)

dx
is a unique continuously

di�erentiable solution of the equation

dU(x)

dx
= max[b(x),0], U(0) = −P, where

b(x) = (Λ− ρE)U(x) + cI = (Λ− ρE)

(
U(x)− c

ρ
I

)
,

(2.7)

(hereinafter for any vector d the notation max[d,0] denotes taking the coordinate-wise maximum),
moreover

b(0) = b, bi(x) < 0 for 0 ≤ x < a∗i , bi(x) ≥ 0 for x ≥ a∗i , i ∈ N, (2.8)

which means
a∗i > 0 if and only if i ∈ N−. (2.9)
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Let us put am = maxi{a∗i }. It follows from (2.7) and (2.8) that for x ≥ am

U(x)− c
ρ
I=e(Λ−ρE)(x−am)

(
U(am)− c

ρ
I

)
=e(Λ−ρE)(x−am)U(am)− c

ρ
e−ρ(x−am)I . (2.10)

The function V (x) itself is determined from the relation

V (x)=



c
ρx− 1

ρ2
I−

∞∫
x

(
U(y)− c

ρ
I

)
dy

= c
e−ρ(x−am)+ρx−1

ρ2
I+e(Λ−ρE)(x−am)(Λ−ρE)−1U(am) for x≥am,

−
am∫
x

U(y)dy +V (am)=−
am∫
x

U(y)dy+c
am

ρ
I+(Λ−ρE)−1U(am) for 0≤x <am.

(2.11)

For am > 0, in [14] an algorithm was formulated for successive construction of the vector-
function U(x) and the vector a∗ on successive intervals between thresholds, starting from the interval
[a(1), a(2)], where a(1) = 0 and a(2) is the minimal positive threshold. On this interval, the vector-
function U(x) was �rst constructed, and then the threshold a(2) and the set I(2) = {i : a∗i = a(2)}.
Then, if am > a(2), then the same is done for the interval [a(2), a(3)], where a(3) is the minimal
threshold of those thresholds that are greater than a(2), etc., up to a(r), where the number r was
determined from the condition a(r) = am.

For a more precise formulation, we need some notation. For any set of thresholds a, which is
convenient for us to consider as a column vector with coordinates ai, consider:

the number r corresponding to the number of di�erent threshold values;

increasing numbers a(1)(a), . . . , a(r)(a) corresponding to di�erent threshold values;

sets I(l)(a), 1 ≤ l ≤ r(a), where I(l)(a) = {i : ai = a(l)(a)};

sets N
(l)
+ (a) = {i : ai ≤ a(l)(a)} =

l⋃
k=1

I(k)(a), while N
(r)
+ (a) = N ;

sets N
(l)
− (a) = N \N (l)

+ (a) = {i : ai > a(l)(a)}.

(2.12)

For a = a∗ we will omit the dependence on a and simply write r; a(l), I(l), N
(l)
+ , N

(l)
− , 1 ≤ l ≤ r.

In addition, in further notation, if it is clear which l we are talking about, we will not write the
superscript "(l)".

Let us introduce the following notation:

Λ+ = (λi,j)i,j∈N(l)
+
, Λ− = (λi,j)i,j∈N(l)

−
, Λ± = (λi,j)i∈N(l)

+ , j∈N(l)
−
,

Λ∓ = (λi,j)i∈N(l)
− , j∈N(l)

+
, A = Λ− ρE , A+ = Λ+ − ρE+ , A− = Λ− − ρE− ,

for any vector d = (di)i∈N we set d+ = (di)i∈N(l)
+
, d− = (di)i∈N(l)

−
. Here the subscript "+" (respec-

tively "−") de�nes a vector with coordinates from N
(l)
+ (respectively N

(l)
− ) and transitions from N

(l)
+

to N
(l)
+ , (respectively, from N

(l)
− to N

(l)
− ). The subscript "±" (respectively "∓") de�nes transitions

from N
(l)
+ to N

(l)
− (respectively from N

(l)
− to N

(l)
+ ).

Remark 2. From the fact that A+ corresponds to a Markov chain with the state set N
(l)
+ and the

killing rate in state i equal to ρi = ρ+
∑
j∈N(l)

−

λ1,j, the existence of the inverse matrix (A+)−1 follows.
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Given l, 1 ≤ l < r, for 0 ≤ x < ∞ we de�ne the column vector-function F (x) as follows:
F (x) = U(x) for 0 ≤ x ≤ a(l), and for y ≥ 0

F−(a(l) + y) = −P−

F+(a(l) + y) = − (A+)−1 [cI+ − Λ±P−] + (A+)−1 eA+xb+(a(l)).
(2.13)

Consider also the vector-function

f(x) = cI + (Λ− ρE)F (x), 0 ≤ x <∞, (2.14)

so that f(x) = b(x) for 0 ≤ x ≤ a(l).

It follows from relation (2.8) that fi(a
(l)) ≥ 0 for i ∈ N (l)

+ , fi(a
(l)) < 0 for i ∈ N (l)

− . Consider now
the function

fmax(x) = max
i∈N(l)

−

fi(x), x ≥ a(l). (2.15)

Proposition 2.1. Algorithm for constructing the vector-function U(x) and the vector
a∗. Assume that for some l < r we have constructed a(i) and I(i) for 1 ≤ i ≤ l, and also U(x) for
0 ≤ x ≤ a(l), satisfying (2.7). If l < r, then

U(x) = F (x) for a(l) ≤ x ≤ a(l+1), (2.16)

a(l+1) = inf{x : fmax(x) > 0}, I(l+1) = {i : i ∈ N (l)
− , fi(a

(l+1)) = 0}, (2.17)

where F (x), f(x) and fmax(x) are de�ned in (2.13), (2.14), (2.15).
Let us pass to the study of the uniqueness of the optimal control. Let āi = inf{x : bi(x) > 0}.

From (2.8) it follows that āi ≥ a∗i . It turns out that if āi = a∗i , then the optimal control in state i
is unique, and if āi > a∗i , then a

∗
i = 0, and in the state i any threshold control with a threshold not

exceeding āi is optimal. Moreover, in this state, the control is optimal if and only if, in this state,
it prescribes not to make purchases at an inventory level greater than āi, and if the inventory level
does not exceed āi, then it prescribes to make such purchases so that the trajectory of the inventory
level does not go beyond the segment [0, āi].

We say that a control in state i ∈ J is ai-quasi-threshold if it satis�es the following conditions.
Let m(t0) = i, x(t0) = x, be satis�ed at some time t0 ≥ 0 and let t0 + τ be the moment of the

�rst jump after t0 of the process m(t).
If x > ai and t0 < t < t0 + min(x− ai, τ), then, as for threshold control, u(t) = u(t0). If x > ai

and x− ai < t < t0 + τ , or x ≤ ai and t0 < t < t0 + τ , then the control u is such that 0 ≤ xu(t) ≤ ai.

Let Ñ ⊂ N . The set of (a, Ñ)-quasi-threshold strategies is the set of all admissible controls that
satisfy the following properties: in states i /∈ Ñ they are ai-threshold, and in states i ∈ Ñ they are
ai-quasi-threshold.

Denote by N−0 the set of those states from N0 from which one can get to states belonging to N+

only by visiting states from N−. The following theorem was proved in [14].

Theorem 2.2. If N−0 = ∅, then āi = a∗i for all i ∈ N and in the optimization problem (2.2) the
optimal control is unique and is given by a∗-threshold strategy, and if N−0 6= ∅, then from i /∈ N−0
it follows that āi = a∗i , from i ∈ N−0 it follows that āi > a∗i = 0, bi(x) = 0 for 0 ≤ x ≤ āi and the
control is optimal if and only if it belongs to the set of (ā, N−0 )-quasi-threshold strategies. Wherein:

a) Ui(x) = −Pi for 0 ≤ x ≤ āi and bi(x) > 0 for x > āi (and hence, by virtue of the �rst equality
in (2.7), Ui(x) strictly increases for x > āi), i ∈ N .

b) if i ∈ N (1)
0 , then there exists l, 2 ≤ l ≤ r such that āi = a(l) > 0, and if āi > a(l), then λi,j = 0

for any such j, that āj ≤ a(l).
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For 1 ≤ l ≤ r we set:

I
(l)
0 = {i : i ∈ N0, āi = a(l)}, N (l−1)

0 = {i : i ∈ N0, āi ≥ a(l)}, N
(l)
+ = {i : āi ≤ a(l)}.

It follows from here that N
(0)
0 = N0 =

r∑
l=1

I
(l)
0 , N

(l)
0 = N

(l−1)
0 \ I(l)

0 . It follows from Theorem 2.2 that

N
(1)
0 = N−0 .

In paper [14] the following algorithm for the sequential construction of sets I
(l)
0 was given. This

algorithm is related to the structure of the zero elements of the matrix Λ.
At �rst it was shown how the set I

(1)
0 is constructed. First, one includes in it all those elements

i ∈ N0 for which there exists j ∈ N+ such that λi,j > 0, then all those elements i ∈ N0 for which
there exists λi,j > 0 for j included in the previous step, and so on.

Proposition 2.2. Algorithm for constructing sets I
(l)
0 . Let the sets I

(i)
0 , 1 ≤ i ≤ l be constructed

for some l < r (this was done above for l = 1). From statement b) of Theorem 3.2, it follows that

for any i ∈ N (l)
0 it is true that: λi,j = 0 for any j ∈ N (l)

+ . To construct I
(l+1)
0 , we �rst include in

it those elements i ∈ N (l)
0 for which there exists j ∈ I(l+1), such that λi,j > 0. If this set is empty,

then the set I
(l+1)
0 is also empty. Otherwise, to those included in I

(l+1)
0 at the �rst stage, we add

those elements i from the elements remaining in N
(l)
0 for which there exists j included in the �rst

step such that λi,j > 0. If this set is empty, then the construction of the set I
(l+1)
0 is complete. If

not, then we repeat the procedure, and so on. As a result, the set I
(l+1)
0 will be constructed.

Remark 3. It is worth paying attention to the fact that, although in the formula (2.13) the vector

F+(x) is written as an exponent, nevertheless, if āi > a(l), then i ∈ N
(l)
+ and Fi(x) ≡ Pi. It is

possible to reformulate Proposition 2.2 in such a way that all coordinates of the new vector F+(x)
are represented as constants minus decreasing functions, which are linear combinations of decreasing
exponentials, perhaps multiplied by sines or cosines (in the case of complex eigenvalues of the new
matrix A+), and, perhaps, multiplied by polynomials (in the case of multiples of eigenvalues). To

do this, N
(l)
+ should be determined not according to (2.12), but according to the formula: N

(1)
+ =

N+∪ I(1)
0 , N

(l)
+ = N

(l−1)
+ ∪ I(l)

− ∪ I
(l)
0 for 1 < l < r− 1. In the sequel, we will talk about the algorithm

in this formulation.

The aim of this paper is to consider the case ρ = 0, i.e., studying functional (2.3). This is carried
out by passing to the limit as the discount coe�cient tends to zero. Therefore, in what follows we
return to the use of the superscript ρ.

3 Main results

3.1 Main theorems

If the chain m(t) is regular, then it is natural to assume that in the problem of minimization of
functional (2.3) (a long-run average cost) the optimal value of the functional V 0

i (x) does not depend
on i and x and is equal to some number, which we will denote V ∗. In this case, it is natural to
consider the problem of �nding

Gi(x) = inf
u∈U(x)

Ex, i


∞∫

0

[
(cxu(t)− V ∗)dt+ Pm(t)du(t)

] , i ∈ N. (3.1)

If such a function exists, then, by virtue of the Bellman optimality principle, for any stopping
time T (with respect to the process m(t))) with a �nite mathematical expectation, the following
relation holds:
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Gi(x)= inf
u∈U(x)

Ex, i


T∫

0

[
(cxu(t)−V ∗)dt+Pm(t)du(t)

]
+Gm(T )(x

u(T ))

 , i ∈ N. (3.2)

A vector-function G(x) that for any Markov moment with a �nite mathematical expectation
satis�es relation (3.2) is naturally called an invariant function for the problem of minimization of
functional (2.3).

Let there exist a strategy u∗ (i.e. a set of controls that assigns to each i ∈ N and x ≥ 0 a control
u∗x,i(t) ∈ U(x)) on which the minimum of functional (3.1) is achieved. Let x∗(t) be the trajectory
corresponding to the control u∗x,i(t). If Ex, iGm(T )(x

∗(T )) is bounded with respect to T for each x
and i, then

Gi(x) = Ex, i


T∫

0

(
(cx∗(t)− V ∗)dt+ Pm(t)du

∗
x,i(t)

)
+Gm(T )(x

∗(T ))

 . (3.3)

In this case (V ∗; u∗; G(x)) is called the canonical triplet for the problem of minimization of
functional (2.4) by analogy with the corresponding concept in control problems for discrete-time
Markov chains (see [7], Chapter 7).

Theorem 3.1. Let a chain be regular and c > 0. Then:

a) there exist a vector a0,∗, a number V ∗, and a vector function W (x) such that

W (x) = lim
ρ→0

W ρ(x), where W ρ(x) = V ρ(x)− V ∗

ρ
I, a0,∗ = lim

ρ→0
aρ,∗, (3.4)

and V ∗, a0,∗-threshold strategy and W (x) form a canonical triplet for minimization problem (2.3),

b) the function U0(x) =
dW (x)

dx
for 0 ≤ x ≤ a0,m = maxi{a0,∗

i } is a unique continuously

di�erentiable solution of the equation

dU0(x)

dx
= max

(
ΛU0(x) + cI,0

)
, U0(0) = −P, for 0 ≤ x ≤ a0,m, (3.5)

here V ∗ = ca0,m−Λ̄U0(a0,m), where the row vector Λ̄ denotes the invariant distribution of the Markov
chain.

c) a0,∗
i > 0 if i ∈ N0

− and a0,∗
i = 0 otherwise,

d) the solution of equation (3.5) and the numbers a0,∗
i are constructed in accordance with the

algorithm from Proposition 2.1.

Remark 4. To �nd V ∗ in case c > 0 it is not necessary to �nd W (x) for x > a0,m, but it su�ces
to solve equation (3.5). Nevertheless, below, in (4.12) we give an explicit expression for W (x) for
x > a0,m.

For c = 0, the situation di�ers from the case c > 0. We show that if c = 0 and ρ → 0, then
V ρ,∗ → Pn and the solution of problem (3.2) is obtained by passing to the limit as ρ→ 0. It is clear
that for c = 0 and V ∗ = Pn to solve problem (3.2), it is necessary for i 6= n to minimize the expected
costs until the hitting time of state n. We show that when solving the latter problem, the optimal
control is a threshold strategy for which the thresholds coincide with a0,∗

i = lim
ρ→0

aρ,∗i , i 6= n. At the

same time, it turns out that if for i = n one uses the y-threshold control and after the �rst jump
uses the obtained optimal strategy, then the larger y the smaller the value of functional is (it is due
to the fact, that aρ,∗n → ∞ as ρ → 0). Thus, when solving problem (3.2), there exists an invariant
function, but for i = n there is no optimal control, while in problem (3.1) for any control, the value
of the functional is in�nity.
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Before we formulate and prove these facts, we introduce the following notation. Denote N+n =
N \ {n}. By analogy with the previous ones, the subscript "+n" of the vector means that we are
considering a vector with coordinates from N+n.

Theorem 3.2. Let a chain be regular and c = 0. Denote âρn = max
i 6=n

aρ,∗i . Then the following

statements hold
a) There exist a0,∗

+n = lim
ρ→0

aρ,∗+n; numbers g > 0, µ > 0, and an integer number m0 ≥ 0 such that

lim
ρ→0

aρ,∗n − âρn
a(ρ)

=
1

µ
, where a(ρ) > m0 is the root of the equation [a(ρ)]m0 e−a(ρ) = gρ; for 0 ≤ x < ∞

there exists U0(x) = lim
ρ→0

Uρ(x) such that U0
n(x) = −Pn and the function U0

+n(x) for 0 ≤ x <∞ is a

unique continuously di�erentiable solution of the equation

dU0
+n(x)

dx
= max

(
Λ+nU

0
+n(x)− Λ(n)Pn,0+n

)
, U0

+n(0) = −P+n, (3.6)

where Λ(n) is the column-vector with elements λi,n, 1 ≤ i ≤ n − 1. The numbers a0,∗
i , i 6= n, and

U0
+n(x) are constructed in accordance with the algorithm from Proposition 2.1.
b) In the problem of minimization of functional (2.3) V ∗ = Pn and there exists W (x) =

lim
ρ→0

[
V ρ(x)−

(
aρn +

1

ρ

)
PnI

]
, which is an invariant function that for i 6= n is equal to the min-

imal expected costs until the hitting time T (n) of state n minus PnEi{T (n)}. Herewith

Wn(x) = −xPn, W+n(x) = −xPnI+n −
∞∫
x

[
U0

+n(v) + PnI+n

]
dv, (3.7)

where U0
+n(v) + PnI+n exponentially converges to 0+n as v →∞.

c) For any i ∈ N+n the a0,∗
i -threshold control is optimal in the problem of minimization of the

right hand side of (3.2) (where c = 0, V ∗ = Pn and G(x)) = W (x)). There is no optimal control
for i = n. For any ε > 0, there exists such y(ε) that for y > y(ε) the y-threshold control is ε-optimal
for the state i = n. In the problem of minimization of functional (3.1) for any control, the value of
the functional is in�nity.

3.2 Uniqueness

When studying functional (2.3), it makes no sense to talk about the uniqueness of the optimal
control, since an arbitrary control on any �xed time interval with subsequent use of the optimal
control gives the same value of the functional. But it makes sense to talk about the uniqueness of
the optimal control for solving problem (3.1) with G(x) = W (x), which, as mentioned, also gives a
solution to problem (2.3).

After constructing W (x) you can de�ne numbers ā0,∗
i and sets I

0,(l)
0 , N

0,(l−1)
0 , 1 ≤ l ≤ r, just as

it was done for ρ > 0.

Theorem 3.3. The statements of Theorem 2.2 and Proposition 2.2 are also true in the optimization
problem (3.2) with G(x) = W (x) for i ∈ N in the case c > 0 and for i ∈ N+n in the case c = 0.

Remark 5. In [14] it was noted that, as a rule, optimal control is unique. If we �x all parameters
except ρ, then non-uniqueness is possible only for a �nite set of values of ρ at which some of bi (see
(2.5)) vanish, and even then, provided that the corresponding λi,j equals zero. It follows directly

from (2.5) that for ρ = 0 it may turn out that N
0,{1}
0 6= ∅ and therefore optimal control is not unique,

while for su�ciently small ρ it is always true that N
ρ,{1}
0 = ∅ and optimal control is unique.
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4 Proofs

4.1 Proof of Theorem 3.1

In this section, we consider a regular Markov chain, for which with positive probability it is possible
to go from any state to any other one, possibly after some jumps.

4.1.1. Let us �rst show how (3.4) yields 3.2) and statement b) of Theorem 3.1. Let us write
down the obvious identity:

V ρ
i (x) = inf

u∈U(x)
Ex, i


T∫

0

e−ρt
(
cxu(t)dt+ Pm(t)du(t)

)
+ e−ρT V ρ

m(T )(x
u(T ))


= Ex, i


T∫

0

e−ρt
(
cxa

ρ,∗
(t)dt+Pm(t)du

ρ,∗(t)
)

+e−ρT V ρ
m(T )(x

aρ,∗(T ))

 .

(4.1)

Using the equality

T∫
0

e−ρtdt =
1− e−ρT

ρ
, relation (4.1) can be rewritten as:

W ρ
i (x) = inf

u∈U(x)
Ex, i


T∫

0

e−ρt
(
(cxu(t)− V ∗)dt+ Pm(t)du(t)

)
+ e−ρTW ρ

m(T )(x
u(T ))


= Ex, i


T∫

0

e−ρt
(
(cxa

ρ,∗
(t)−V ∗)dt+Pm(t)du

ρ,∗(t)
)

+e−ρTW ρ
m(T )(x

aρ,∗(T ))

 .

(4.2)

We know the structure of the functions W ρ
i (x), and therefore we can take a limit as ρ → 0. So we

get (3.2) and assertion b) of Theorem 3.1.

4.1.2. Let us move on to the proof of the existence of the limit vector function W (x).
First, we show that using the algorithm from Proposition 2.1, one can construct a vector a0,∗

such that a0,∗ = lim
ρ→0

aρ,∗, and a vector-function U0(x) de�ned for 0 ≤ x ≤ a0,m = max
i∈N

a0,∗
i , such

that U0(x) = lim
ρ→0

Uρ(x) for 0 ≤ x ≤ a0,m, U0(x) is the only continuously di�erentiable solution of

equation (3.5).
It is easy to see that for this it su�ces to prove the existence of a �nite limit lim

ρ→0
aρ,∗, because

then relation (3.5) and assertion d) of Theorems 3.1 follow from the continuous dependence on the
parameter of the solution of the system of linear di�erential equations. To prove the existence of a
�nite limit lim

ρ→0
aρ,∗, in turn, it su�ces to prove that for any 1 ≤ l < r0, there exists i(l) ∈ N (l)

− such

that lim
x→∞

f
ρ,(l)

i(l)
(x) > 0 for all ρ ≥ 0 because, according to the algorithm, f

ρ,(l)
i (aρ,(l)) < 0 for any

i ∈ N (l)
− , and the positiveness of the corresponding limit guarantees the existence of aρ,(l+1).

In [14] the proof of the existence of aρ,∗ was based on the study of the optimality equation and
made essential use of the property ρ > 0. Here we give an independent proof of the existence of aρ,∗,
which is valid for both ρ > 0 and ρ = 0. Therefore, later in this section we will omit index ρ.

For f−(x) formula (2.14) can be written as

f−(x) = cI− + A∓F+(x)− A−P− (4.3)
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where, according to (2.13), for x ≥ a(l)

F+(a(l) + x) = (−A+)−1 [cI+ − Λ±P−] + (−A+)−1 eA+(x−a(l))b+(a(l)). (4.4)

In Remark 2, it was said that since A+ corresponds to a Markov chain with state set N
(l)
+ and the

killing rate in state i is equal to ρi = ρ +
∑

j∈N(l)
−
λ,j, the existence of the inverse matrix (A+)−1

follows. For ρ = 0, for some i ∈ N (l)
+ the corresponding sum may turn out to be zero. However, the

following lemma will be proved in Appendix A1.

Lemma 4.1. If ρ > 0 or ρ = 0 and a chain m(t) is regular, then
a) there exists (A+)−1, and all elements of this matrix are nonpositive,
b) the eigenvalue of the matrix A+ with the maximal real part is negative, and therefore eA+x → 0

for x→∞, and the convergence is exponential.

From this lemma and from (4.4) we get

F+ =: lim
x→∞

F+(x) = (−A+)−1 [cI+ − A±P−], (4.5)

and from this and from (4.3) it follows that

f− =: lim
x→∞

f−(x) = c[I− + A∓ (−A+)−1 I+]−BP−, (4.6)

where
B = A− + A∓ (−A+)−1A±, (4.7)

In Appendix A2 an interpretation of the elements of the matrices (A+)−1 and B will be given
and the following lemma will be proved.

Lemma 4.2. If ρ > 0, or ρ = 0 and the chain m(t) is regular, then
a) all o�-diagonal elements of the matrix B are non-negative, and the sum of the o�-diagonal

elements over each row is positive,
b)

BI− + ρ
(
I− + A∓ (−A+)−1 I+

)
= 0−. (4.8)

De�ne i(l) from the condition Pi(l) = max
j∈N(l)

−

Pj. Multiplying (4.8) by Pi(l) and adding with (4.6)

we get
f− = (c+ Pi(l)ρ)[I− + A∓ (−A+)−1 I+] +B(Pi(l)I− − P−). (4.9)

All elements of the matrix (−A+)−1 are nonnegative, consequently all elements in the �rst square
brackets are positive. All elements of the matrices A∓, and A± are also non-negative. Therefore, all
coordinates of the vector in square brackets on the right side of (4.9) are non-negative. As for the
last term on the right side of (4.9), its component corresponding to i(l) is obtained by multiplying
the row corresponding to i(l) by the vector Pi(l)I− − P−, whose coordinate corresponding to i(l) is
equal to zero, and all other coordinates are strictly positive. Therefore, it follows from assertion
a) of Lemma 4.2 that fi(l) > 0. This proves the existence of a(l+1), and hence the existence of the
limit a0,∗ and the limit function U0(x) on the interval [0, a0,m], while U0(x) is the only continuously
di�erentiable solution of equation (3.5). Thus, we have proved also both statements c) and d) of
Theorem 3.1. To complete the proof of Theorem 3.1, it remains to consider the interval [aρ,m, ∞).

4.1.3. Note now that on the interval [aρ,m, ∞) the situation becomes more complicated for
ρ = 0. On this interval, for ρ > 0, the function V (x) is given by formula (2.11), which contains the
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matrix (Λ− ρE)−1 e(Λ−ρE)(x−am). Therefore, to carry out the passage to the limit as ρ→ 0, we need
to consider the structure of the matrix (Λ− ρE)−1 e(Λ−ρE)x.

Let a Markov chain m(t) be regular, and let µi, i = 1, . . . , N be the eigenvalues of the matrix
Λ. Then the eigenvalue with the maximal real part (we will assume that this is µ1) is single and
equal to zero. It corresponds to the right column eigenvector I, consisting of ones, and the left row
eigenvector Λ̄, which de�nes the unique invariant distribution of the chain. All other µi, i 6= 1, have
a negative real part. For the case N = 3 in [14] it is shown that among them there can be both
complex conjugate and coinciding.

Let us �rst consider the situation in which all roots are di�erent and real, and hence µi < 0 for
i 6= 1. In such a case the following representation is valid:

e(Λ−ρE)x(Λ− ρE)−1 = Xdiag

(
1

µi − ρ
e(µi−ρ)x

)
X−1

= −1

ρ
e−ρxX1Y1 +

N∑
i=2

1

µi − ρ
e(µi−ρ)xXiYi,

where diag (fi) is a diagonal matrix with diagonal elements fi; Xi is the i-th column vector of the
matrix X, which is the right eigenvector of the matrix Λ corresponding to the eigenvalue µi (with
X1 = I); Yi is the i-th row vector of the matrix Y = X−1, which is the left eigenvector of the matrix
Λ corresponding to the eigenvalue µi (where Y1 = Λ̄).

In the general case, instead of the diagonal matrix, there are the corresponding Jordan cells, in
which there are decreasing exponentials (with sines and cosines in the case of complex eigenvalues),
multiplied by polynomials in the case of multiple eigenvalues.

In the general case, the following representation takes place

e(Λ−ρE)x(Λ− ρE)−1 = −e
−ρx

ρ
IΛ̄ +Bρ(x), Bρ(x)I = 0. (4.10)

where the matrix Bρ(x) has a limit as ρ → 0, while the elements of the limit matrix B0(x) are
combinations of decreasing exponents, possibly multiplied by sines, cosines and polynomials, and
the last equality follows from the fact that Y = X−1.

Hence, using (2.11), (2.10), and (4.10) we obtain that for x ≥ aρ,m

V ρ(x) = c

(
e−ρ(x−aρ,m) + ρx− 1

)
ρ2

I −
[
e−ρ(x−aρ,m)

ρ
IΛ̄−Bρ (x− aρ,m)

]
Uρ (aρ,m)

= c

(
e−ρ(x−aρ,m) + ρx− 1

)
ρ2

I − e−ρ(x−aρ,m)

ρ
IΛ̄Uρ(aρ,m) +Bρ (x− aρ,m)Uρ (aρ,m)

=
V ∗

ρ
I+

c

2

(
x−a0,m

)2
I−
(
x−a0,m

)
IΛ̄U0

(
a0,m

)
+B0

(
x−a0,m

)
U0
(
a0,m

)
+o(ρ)I,

(4.11)

where V ∗ = ca0,m − Λ̄U0 (a0,m). Thus, for x ≥ aρ,m

W (x) =
c

2

(
x− a0,m

)2
I −

(
x− a0,m

)
IΛ̄U0

(
a0,m

)
+ B0

(
x− a0,m

)
U0
(
a0,m

)
. (4.12)

If 0 ≤ x ≤ a0,m, then

W (x) = −
a0,m∫
x

U0(y)dy +W
(
a0,m

)
,

where the vector-function U0(x) was constructed in Section 4.1.2. �
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4.2 Proof of Theorem 3.2

.
First we will prove statement a) of the theorem.
For c = 0, the proof that there exists a0,(l) = limρ→0 a

ρ,(l) for 1 ≤ l < r, and for 0 ≤ x ≤ a0,(r−1) =
âρn there exists a limit U

0(x) = limρ→0 U
ρ(x) is not di�erent from the corresponding proof for c > 0.

In order to prove that limρ→0 a
ρ
n =∞ we �rst prove by induction that bρn(aρ,(l)) < 0 for su�ciently

small ρ for any 1 ≤ l < r. For l = 1, aρ,(1) = 0 holds, and, according to (2.5), bρn(0) = ρPn +∑
j 6=n

λn,j(Pn − Pj). Since Pn < Pj for any j 6= n, then for su�ciently small ρ this expression is

negative. Thus, for l = 1 the induction hypothesis is satis�ed. If r = 2, then everything is proved.
Let r > 2 and we have proven that bρn(aρ,(l)) < 0 for some 1 ≤ l < r − 1 for su�ciently small ρ.

Let us rewrite (4.6) for c = 0 and (4.8) in the form

f− = −BP−, (4.13)

0− = BI− + ρ
(
I− + A∓ (−A+)−1 I+

)
. (4.14)

Multiplying (4.14) by Pn and adding with (4.13) we get:

f− = ρ[I− + A∓ (−A+)−1 I+]Pn +B(PnI− − P−). (4.15)

We will show that the last coordinate of the vector B(PnI−−P−), which corresponds to the state
of the chain with the number n, is negative. In fact, this last coordinate is equal to the product of
the last row of the matrix B by a vector whose last element is zero, and all the others are negative.
But, according to Lemma 4.2, for ρ ≥ 0 all coordinates other than the last one of the last row of
the matrix B are non-negative, and at least one is positive. This proves the negativity of the last
coordinate of the vector B(PnI− − P−). From here and from (4.14) it follows that for su�ciently
small ρ, the last coordinate of the vector f− is also negative. Thus, in the interval a0,(l) ≤ x < ∞,
the function fn(x) increases from the value bρn(aρ,(l)) < 0 to a negative value set by formula (4.14),
remaining negative. According to the algorithm, on the interval aρ,(l) ≤ x ≤ aρ,(l+1) the equality
bρn(x) = fn(x) holds, and therefore bρn(aρ,(l+1)) < 0, which completes the proof of the induction
assumption.

Thus, for x > âρn and a su�ciently small ρ, the set N
(r−1)
− consists of one element n, and due

to Lemma 4.1 for such ρ the matrix (Aρ+n)−1 exists, is continuous at ρ = 0 and all its elements are
nonpositive.

We de�ne the matrix A(ρ), column vectors G(ρ) and H(ρ), and row vector Λ(n) as follows:

A(ρ) = (Aρ+n)−1, G(ρ) = A(ρ)Λ(n), Λ(n) = (λn,1, . . . , λn,n−1) ,

H(ρ) = U+n(âρn)− PnG(ρ) = A(ρ)
[
Aρ+nU(âρn)− PnΛ(n)

]
= A(ρ)bρ+n(âρn) ≤ 0.

. (4.16)

It is evident, that Λ(n)I+n = λn, G(ρ) = −I+n− ρA(ρ)I+n (the last equality is obtained from the
elementary equality Λ(n) = − [Aρ+n + ρE+n] I+n by multiplying from the left by A(ρ)).

Using these notations and relations, we can rewrite (4.4) and (4.3) for c = 0 in the following
form: for x ≥ 0

F ρ
+n(âρn + x) = PnG(ρ) + eA

ρ
+nxH(ρ)

= −PnI+n + ρPnA(ρ)I+n + A(ρ)eA
ρ
+nxbρ+n(âρn)

(4.17)

fρn(âρn + x) = Pn(λn + ρ) + Λ(n)F
ρ
+n(âρn + x)

= ρPn
(
1− Λ(n)A(ρ)I+n

)
+ ΛnA(ρ)eA

ρ
+nxbρ+n(âρn).

(4.18)
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Note also that according to Remark 3, all coordinates of the vector F ρ
+n(âρn + x) are strictly

increasing.
The function fρn(âρn+x) is strictly increasing and according to Proposition 2.2 fρn(âρn) = bρn(âρn) < 0

and, according to (4.18) and due to Lemma 4.1 fρ− = limx→∞ f
ρ
n(x) > 0. The threshold aρ,∗n is

determined from the condition fρn(aρ,∗n ) = 0, which, according to (4.18), can be written as

ρPn (1− ΛnA(ρ)I+n) = −Λne
Aρ+n(aρ,∗n −âρn)H(ρ). (4.19)

It follows from here that aρ,∗n → ∞ as ρ → 0, therefore we got that for x ≥ aρ,(r−1) there exists
a �nite limit F 0

+n(x) = lim
ρ→0

F ρ
+n(x). According to Proposition 2.2 for aρ,(r−1) ≤ x ≤ aρn we have

F ρ
+n(x) = Uρ

+n(x), Uρ
n(x) = −Pn.

Thus, we proved that for 0 ≤ x <∞ there exists a limit U0
+n(â0

n + x) = lim
ρ→0

Uρ
+n(âρn + x), where

U0
+n(x) = PnG(0) + eΛ+n(x)(U0

+n(â0
n)− PnG(0)) = PnI+ − ρA(ρ)I+ + A(ρ)eΛ+n(x)bρ+n(âρn),

while U0
n(x) = −Pn.

To complete the proof of statement a) of Theorem 3.2 it remains to study the limiting behavior
of aρn as ρ→ 0. In Appendix A3, the following lemma will be proved, which completes the proof of
statement a) of Theorem 3.2.

Lemma 4.3. a) There exist numbers g > 0, µ > 0, and integer number m0 ≥ 0 such that

lim
ρ→0

aρ,∗n − âρn
a(ρ)

=
1

µ
, where a(ρ) is the root of the equation [a(ρ)]m0 e−a(ρ) = gρ.

b) There exists a �nite limit lim
ρ→0

1

ρ
eA

ρ
+a(ρ).

Let us proceed to the proof of statement b) of Theorem 3.2. For c = 0 and 0 ≤ x < aρ,m,
expression (2.11) can be rewritten as

V ρ(x) = −
aρ,∗n∫
x

(Uρ(y) + PnI)dy + V ρ(aρ,∗n ) + (aρ,∗n − x))PnI for 0 ≤ x < aρ,∗n .

It follows from this expression that to prove the existence of W (x), it su�ces to prove the
existence and �niteness of two limits

lim
ρ→0

aρ,∗n∫
x

(Uρ(y) + PnI)dy =

∞∫
x

(U0(y) + PnI)dy <∞, (4.20)

lim
ρ→0

[
V ρ(aρn)− 1

ρ
PnI

]
<∞ . (4.21)

For i = n, the integrands in both parts of (4.20) are zero, since Uρ
n(x) = −Pn for x < aρn, ρ ≥ 0.

For i 6= n, convergence and �niteness in (4.20) follows from the proven statement a) of Theorems
3.2, from the second equality in (4.17), and from the exponential decay of integrands which in turn
follows from Lemma 4.1.

Let us move on to the proof of relation (4.21). From the second equality in (4.11) it follows that
for c = 0

V ρ(aρn)− Pn
ρ
I = −IΛ̄

Uρ(aρn) + PnI

ρ
+Bρ(0)Uρ(aρn).
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Since V ρ
n (aρn) = Pn it follows from here that to prove (4.20), it su�ces to prove the existence and

�niteness of the limit

lim
ρ→0

Uρ
+n(aρn) + PnI+n

ρ
<∞. (4.22)

This follows from the second equality in (4.17), and from statement b) of Lemma 4.3.
To complete the proof of statement b) of Theorem 3.2, it remains to verify that W (x) is an

invariant function. The proofs of this fact and that the a0,∗
i -threshold control in state i 6= n is

optimal in the problem of minimization of the right hand side of (3.2) is similar to the proof of the
corresponding facts for the case ρ > 0, which is given in Section 4.1.1. One only needs to substitute
Vn + ρaρ,∗n instead of V ∗ in (4.2) and take into account that ρaρ,∗n → 0 as ρ→ 0.

Let us show that the y-threshold control is ε-optimal for the state i = n in the problem (3.2).
Indeed, let us �rst consider the case in which T is the moment of the �rst jump of the process m(t).
Then the application of y-threshold control in the state (x, n) with y > x is reduced to a one-time
purchase of y − x and a subsequent purchase with intensity Pn up to the moment τ . Therefore, the
di�erence between the value of the functional in (3.2), corresponding to the y-threshold control, and
the optimal value (equal to −xPn), is

∆y = Ex,n
[
yPn +Gm(τ)(y)

]
=

n−1∑
j=1

λn,j
λn

[yPn +Gj(y)] = −
n−1∑
j=1

λn,j
λn

∞∫
y

[sPn + U0
j (s)ds, (4.23)

where the last equality follows from (3.7). Now ε-optimality for su�ciently large y follows from the
exponential convergence to zero of the integrands in (4.23), proved in statement b) of Theorem 3.2.

For an arbitrary τ with a �nite mathematical expectation, it is necessary to split the interval
from zero to τ into a random number of intervals between successive hits of the chain in state n.
On each such interval, except for the last one, the increment of the functional value will be equal to
∆y, and on the last one it will be only less. �

4.3 Proof of Theorem 3.3

.
According to Remark 4, the value of V ∗ in (3.1) is uniquely determined. At the same time, if the

coordinates of the vector-function G(x) satisfy (3.1), then for any constant C the vector G(x) +CI
also satis�es relation (3.1 ). Therefore, without loss of generality, we will assume that G(0) is the
same as the value obtained from (3.4).

Let us write relation (3.1) for the moment τ of the �rst jump of the process m(t)

Gi(x) = inf
z∈Z(x)

Ex, i


τ∫

0

cxz(t)dt− V ∗τ + Piz(τ) +Gm(τ)(x
z(τ))

 , (4.24)

where Z(x) is the set of admissible controls between jumps, i.e., the set of nondecreasing left con-
tinuous deterministic functions z =: z(t) such that z(0) = 0 and xz(t) =: x − t + z(t) ≥ 0 for any
t > 0.

Substituting here the expression xz(τ) + τ − x instead of z(τ) and taking into account that the
moment τ of the �rst jump of the process m(t) with the initial value i has exponential distribution

with expectation equal to
1

λ i
, we get

Gi(x) =
Pi − V ∗

λi
− xPi + inf

y∈A(x)

 ∞∫
0

λie
−λit

 t∫
0

cy(s)ds

 dt + Pi

∞∫
0

λie
−λity(t)dt

+

∞∫
0

e−λit

(∑
j 6=i

λi,jGj(y(t))

)
dt

 ,

(4.25)
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where A(x) is the set of all admissible trajectories between jumps, i.e. the set of deterministic
functions y =: y(t) such that y(0) = x, y(t) ≥ 0 for any t > 0 and z(t) =: y(t) − x + t is a non-
decreasing left continuous function. Changing the order of all integration in the �rst term under the
inf sign, we obtain

Gi(x) =
Pi − V ∗

λi
− xPi + inf

y∈A(x)

∞∫
0

e−λit

(
y(t)(c+ λiPi) +

∑
j 6=i

λi,jGj(y(t))

)
dt . (4.26)

Let Hi(y) = y(c+λiPi)+
∑
j 6=i

λi,jWj(y). The functionsWj(y), i ∈ N, are convex as limits of convex

functions, and from (4.12) it follows that as y → ∞ they tend to +∞ (quadratically for c > 0 and
linearly for c = 0). For each i ∈ N the function Hi(y) is convex, �nite at zero, and tends to plus
in�nity at in�nity, and hence reaches a minimum. It follows that if the function reaches a minimum
at one point a∗i , then the optimal control until the moment of the �rst jump of the Markov process is
unique and is a threshold control with a threshold a∗i , because any other admissible trajectory gives
a greater value of the functional. If the minimum is reached on the interval [a∗i , āi], then the subset
of quasi-threshold strategies for which on the interval [a∗i , āi] you can use any admissible control that
does not go beyond this interval, and on the interval [0, a∗i ) you need to make a one-time purchase
in order to jump to any point in the interval [a∗i , āi].

It remains to prove that a∗i 6= āi implies that a
∗
i = 0, i ∈ N0,−

0 , and investigate the properties of
the solution to equation (3.5). This is done in exactly the same way as done in [14] and we will not
dwell on it. �

5 Conclusion

In the paper there is considered the inventory problem, in which a manufacturer who needs to
consume an intermediate product (goods) with a constant intensity for production buys this product
at a price that depends on the value of a Markov process with continuous time, a �nite number of
states and known transition intensities. The case of discounted integral costs, consisting of purchase
and storage costs, was considered in [14]. In this paper, we study the case with the long-run average
cost functional. A passage to the limit is carried out with the discounting parameter tending to zero.
As a result, an analogue of the canonical triple, known in the theory of controlled Markov chains
with discrete time and a �nite number of states, arises. It is shown that, as in the case of discounting,
there is an optimal threshold strategy and an algorithm for constructing optimal thresholds is given.

Appendix

A1. Proof of Lemma 4.1. The matrix A+ is the intensity matrix for a Markov chain with the
killing (getting into a �ctitious absorbing state) at the time of the �rst exit of the chain {m(t)}0≤t<∞

from the set N
(l)
+ , and the exit moment is associated both with the entry of the original chain into

a �ctitious state (for ρ > 0) and with the entry of the original chain into states from N
(l)
− .

Let us show that the matrix (−A+)−1 exists and all its elements are non-negative. To do this,
we represent the matrix −A+ as −A+ = D

(
E+ − Ā+

)
, where D is a diagonal matrix with entries

di,i = ρ + λi = −ai,i, i ∈ N (l)
+ , and the matrix Ā+ has zeros on the diagonal, and for the remaining

elements

āi,j =
ai,j

(ρ+ λi)
=

λi,j
ρ+

∑
k∈N λi,k

, i, j ∈ N (l)
+ , i 6= j.

The matrix Ā+ is the transition matrix for an embedded Markov chain (with discrete time) with
respect to the chain with continuous time corresponding to A+.
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If ρ > 0, then for each row of the matrix Ā+ the sum of the elements is less than one, so there

exists (E+ − Ā+)−1. If ρ = 0, then for some i ∈ N (l)
+ it may turn out that the sum of the elements

is equal to one. However, if the chain m(t) is regular, then for each row the sum of the elements of

the matrix (Ā+)n is less than one, because for a regular chain the probability of exiting the set N
(l)
+

after the nth jump is positive for any initial state i ∈ N (l)
+ . Therefore, in both cases, we have the

representation

(−A+)−1 =
(
E+ − Ā+

)−1
D−1 =

(
∞∑
k=0

(
Ā+

)k)
D−1, (A.1)

where the series converges. This representation implies the existence of the matrix (−A+)−1 and
the non-negativity of all its elements, i.e., statement a) of Lemma 4.1.

If the intensity matrix of a killable Markov chain is such that the corresponding transition matrix
of the imbedded chain has the property that for some power of this transition matrix the sum of
the elements for all rows is less than one, then the real part of any eigenvalue of the initial intensity
matrix is negative. �

A2. Proof of Lemma 4.2. ΛI = 0 implies AI = −ρI. This ratio can be written as:

A+I+ + A±I− = −ρI+ (A.2)

A−I− + A∓I+ = −ρI− (A.3)

From (A.3) and (4.7) it follows that

BI− = A−I− + A∓ (A+)−1A±I− = −ρI− − A∓I+ + A∓ (A+)−1A±I−

= −ρI− + A∓ (−A+)−1A+I+ + A∓ (A+)−1A±I−

= −ρI− + A∓ (−A+)−1 (A+I+ + A±I−).

(A.4)

The matrix B is the transition matrix of the state-set N
(l)
− Markov chain, which is obtained from

the original chain (with killing for ρ > 0) by discarding time intervals when the original Markov

chain is in states from N
(l)
+ . The intensities of transitions in this chain increased compared to the

intensities of the original chain, due to the exclusion of time intervals when the original circuit was
in states from N

(l)
− . The �rst term in (A.2) corresponds to direct transitions inside N

(l)
− , and the

second term corresponds to transitions after entering, staying, and leaving the set N
(l)
+ , while the

�rst factor of the second term corresponds to the transition from N
(l)
− to N

(l)
+ , the second factor

corresponds to staying in N
(l)
+ , and the third factor corresponds to returning from N

(l)
+ to N

(l)
− .

Both terms have o�-diagonal elements that are non-negative. If for some i ∈ N (l)
− all elements

of the string were equal to zero, then this would mean that from this state to go to other states
from N

(l)
− is impossible either directly or after visiting N

(l)
+ , and this contradicts the regularity of

the chain. �

A3. Limit properties of aρn and eA(ρ)(aρn−âρn). It follows from Lemma 4.1 and (4.18) that

fρn(âρn + x) = ρPn
(
1− Λ(n)A(ρ)

)
I+n − qρ(µx)m0Q

(
1

x

)
e−(µ+ρ)x + e−(µ+ρ+µ̄)xg(x), (A.5)

where −µ is an eigenvalue of the matrix Λ+ with the maximal real part (it is known that µ > 0); m0

is the maximal size among the Jordan blocks corresponding to −µ; Q(y) is a polynomial of degree
m0, where Q(0) = 1, qρ > 0 for ρ ≥ 0; µ + µ̄ < µ1, where −µ1 is the real part of the second
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eigenvalue in absolute value; g(x) is a bounded function. Recall that the right-hand side in (A.5)
is a function that increases from some negative value to a positive value, since all elements of the
matrix A(ρ) are non-positive, and vanishes at the point x = (aρn − âρn).

Let a(ρ) > m0 be the solution to the equation

[a(ρ)]m0 e−a(ρ) =
ρ

q0

Pn
(
1− Λ(n)A(0)

)
I+n. (A.6)

From (A.5), (4.20) and the fact that fρn(aρn) = 0, statement a) of Lemma 4.3 follows. Statement

b) follows from the Jordan representation of the matrix
1

ρ
eA

ρ
+a(ρ) in which in the limit all elements

vanish, with the exception of the elements corresponding to [a(ρ)]m0 e−a(ρ).
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