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Abstract. The objective of this paper is to establish sufficient conditions for the boundedness of the
generalized Riemann-Liouville operator in local Morrey-type spaces with mixed quasi-norms on a
parallelepiped and to obtain sharp estimates of the norm of this operator with respect to the lengths
of the edges of this parallelepiped.
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1 Introduction

First, we recall the definition of local Morrey-type spaces.

Definition 1. Let  C R” be a Lebesgue-measurable set, 2o € Q, 0 < p, § < 0o, A > 0. Then
fe LM, () if fis Lebesgue-measurable on € and

1
HfHLM;‘G @ 17278 || F1 22 Blaos)) | Lo(0,00) < 00,

where B(xg,r) is the ball centered at xy of radius r.

If X\ =0, then, clearly, LM} . () = L,(Q). If A = 0 and 6 < oo, then LMy, . () consists only

poo,To

of functions f equivalent to 0 on €2, because for any p > 0

1l zazs, . @ 2 Mz @nBEom [ Lot.o0) 2 1] Loto00) [LF Nl o1 B0 1) -

For 2 = R", xy = 0 this definition was first introduced in [1], [2].

The boundedness of various operators acting from one local Morrey-type spaces LM;‘MO
LMY, . () was investigated in a number of papers. See, for example, [1], [2].

In this paper, we consider the following two variants of the local Morrey-type spaces with mixed
quasi-norms.

We shall use the following notation for vectors z € R" : ¢ = 7 = (1, ...,x,) and T = (T vey T1)-

(Q) to

Definition 2. Let p = (p1,...,0n), 0 = (61, ...,0,), A = (A1, ..., M), a = (aq, ..., an), b= (b1, ..., b,) —
00 < a; <b <00,0<p. 0; <oo,0< )\ <o0,i=1,...n, Qa,b) ={reR"aq <z <b,i =
L,...,n}.

Let LM;(,’Q (Q(a,b)) = LM%?’%(Q((I, b)) be the spaces of all Lebesgue-

measurable functions on @(a, b) for which the following quasi-norms are finite

(Q(a,b)), T,

p,a
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= ...\ f (x4, ...,
”fHLMﬁg@ (Q(a,b)) H Hf( 1 )HLMp 01,0y ,2q ((@1,01)) LM;;\T:LGn oo ((@n b))
_ 1 —A1— 5
"0, 01
= el L1yey
n ) ! f( ! n> Lpy 2y ((a1,b1)m(a17“17a1+7"1))) Lo, (0,00)

(1.1)

Lpn,zn ((an,bn) ﬂ(anfrngan“r”n)) LQn (0,00)

and

Hfumpgﬁ (Q(CL,())) = H Hf(fl:l, ceey )HLMA"gn an.zn ((an,bn)) ** HLMp191 at, Ll((a17bl))
[ e s
= ||r Tn T1y.eeey Ty a An—Tn,an+T
1 1 Lanzn(( nvb")n( n n,0n+ ")) LGn(Oyoo)

Lpy,zq ((@1,b1) N(a1—r1,a1+71)) Il Lg, (0,00)

respectively.

If @ = 0, then, for brevity, we denote the corresponding spaces by HfHLM Q) and
Hme;g(Q(

Definition 3. [5] Let f € LI(R"), a = (a1, ..., ), 0 < a; < 1, k = (ky,...., k), ki > 0, a =
(a1,...yap), © = (x1,...;2,), 0 < a; < z; < 00, @ = 1,...,n. The generalized Riemann-Liouville
fractional integral operator Ig;k of order « is defined by the following equality:

(L&) ()

(ki + 1)1 "
H + / /H T = T f(t, ) dbdt,, (1)
=1

where I' is the Euler Gamma-function.

2 One-dimensional case

Lemma 2.1. Let 0 <y <o00,0<p,0<00,0<A<o00 forf <oo, 0 <A<oo for =00
Then[]

1
111z 00) < O 25 1 | mar, 0 (2.1)

Proof. 1t suffices to note that for A > 0

D=

[e.9]

HfHLM;,\G(O,y) = /TAQleH%p((O,y)ﬂ(—rm))dr
0
1 1
o0 0 oo 6
_\H— _\O— 1
- /}Aeﬂmimmmmﬂr = 11llzs02) /rwlm = () 77y ly00
Yy )

LIf § = oo, then here and in the sequel it is assumed that (/\9)5 =1forall 0 <\ < oo.
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if 0 < oo and
HfHLMgoo(o,y) IOEUE T ||fHLp( 0 N(=rr) S Y HfHLp(Oy

if 0 = oo

The case A = 0,60 = oo is trivial, since LM (0,y) = Ly,(0,y).
[

Lemma 2.2. Let0§a<b<oo,1<p§oo,0<q§oo,i<a<1,k20,0<9,0§oo,
0<A<0iff<oo,0<A<0if=00,0<pu<o0ifoc<oo,0< <o ifo=o0.
Then there exists C1 > 0 such that

a,k v
[Rp fHLMé‘q,a(a,b) < Ci(b—a) Hf|’LM;0’a(a,b) (2.2)

for all finite intervals (a,b) and for all f € LM, (a,b), where

1 1
V:/\+5—2—9+<I€+1)(}—M (2.3)

under the assumption v > 0 if 0 < o0 and v > 0 if 0 = 0.
Moreover, v cannot be replaced by any other number.

Proof. 1t suffices to consider the case in which a =0, 0 < b < oo0.
Step 1. In [5] (see inequality (2.2)) it is proved that there exists K; > 0 such that

(16£) @)] < 525275l 00
for any 0 < x < b and for any f € L,(0,z). By using ({2.1), we obtain

‘(Ig‘ff) (x )‘ < KyzFrhes +/\()\9) ||f||LM;‘9(O,x)

and ) )
ok < K, (0\0) x(k+1)a_5+/\‘ Fllan
1], oy S EO) oy a0
Note that
I Fll a0 = |77 || 155
152" F1l £z (0,00) 0+ N om0
1
— | |lrr 7 ||t |l |t (2.4)
O |1, (0.0) ODI Ly (b,00)

Moreover, since (k + 1)a — i + A >0, it follows that

1 7% v
((k+Da=2+xg+1) " r<b

1

L0 (k4 Da = T4 Mg+ 1) "t >,

< Y, r <b,
= | bWTHrTH > b,

1
e x(k+1)a—;+A‘ _

Therefore, if » < b, then, since v > 0 for § < co and v > 0 for § = 0o
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b |75t ]

0t (=r,1)N(0,0))

|

Lq ( rr)ﬁ(O b)) La(O,b)

y_1
o

< K (M)

Lo (0) ||f||LM;‘9(O,b)

= K1(>\9)5(VU)fgbnyHLMgg(o,b)-

If r > b, then, since p > 0 for ¢ < oo and p > 0 for o = oo,

Lg((=r,r)NO) || L, (b,00)

S Kl ()\U)%b(k—Fl)a—%—")\“'é 7,,7/1,7%

Lo (b:00) Hf”LM?e(O,b)

1 1,
— Ki(00)H (10) ) oy o
So, by (2.4), (2.5)), (2.6) it follows that

&
113" Fll Lagts, 0,00) < Cl||f||LM;9(o,b),

where

O, = K;(\)io

%\»—t
Q\»—t
RS
R =
_I_
==
N———

Q=

Step 2. Suppose that for some Ky(b) > 0

a,k
’ < Ky (b .
O+ fHLM;U(O,b) < Kol )HfHLM;e(Qb)

for all f e LM}(0,b).
Let f - X(%’b), then

b
||X b )ﬂ(_rﬂn)) == O, lf’/’ S 5,
and
b\» . b
Rt ltoncran < M = (5) 10> 3
Moreover,
— _ -1
HfHLM:g(O,b) - ”X(S,b)HLM;(O’b) = Hr X sy llLoit s A-rmy) ‘Lg(g,oo)
1
b\? , 1 Ly
= (5) I HLe sy = K3 br 7,
where K3 = 2’\_%()\9)—5,
Next,
k+1)" v
]a’ka — (— / PR yas T () d
’ 0+ LMY (%,b) F(a) 0 ( ) (Q,b)( ) LM;U(g,b)

k+1

/CE a—1 dZ
4
. k1

11—«
(=) = B DT = K o]

moy qo‘(%»b) ’
LM, (3,b)

26

(2.5)

(2.7)
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where
Ki=((k+1)°T(a+1))""
Note that
(k+1) - a(k+1)
[EaRl P Rl E ||Lq<<—r,r>n<3,b>>HLU(,,,OO)
_ =Ly alk+1)
ol S P
1 alk+1)+1—
= [ FD o T ey = b E I,
where

1 — 9—alk+l)g-1 : L
K5 = ( ( ) (IUU)ig.

alk+1)g+1

Hence, we have

where K6 Ky K.

By (2.7) and (2.8)), we get

S0,

for all b > 0.

27

(2.8)

If 1} holds with 7 # v replacing v, then %b” < Ks(b) < C1b" for all b > 0, which is impossible.

Corollary 2.1. If in Lemma 2.2 v = 0, then inequality (2.2) takes the form

o,k
Lot fHLMq”ga (a,b) < Cillflleay, o
for all0 <a<b< oo and for all f € L pea(a,b), where
1 1
p=A+(k+a+-——.
q p

Remark 1. For 0 = § = oo the statements of this section were proved in [6].

3 Multidimensional case

O

We start with proving a statement, in which we apply the generalized Minkowski’s inequality for
the Lebesgue spaces: let £ C R™ and F' C R™ be Lebesgue-measurable sets 0 < p < ¢ < o0, and

f: Ex F — C be a Lebesgue-measurable function. Then

[17@ o, <1700

Y Lp 2 (E)

(3.1)



Boundedness of the generalized Riemann-Liouville operator in local Morrey-type spaces

28

Lemma 3.1. (Generalized Minkowski’s inequality for local Morrey-type spaces.) Let —oo < a < b <

o0, —0 < c<d< oo,
0 < max{p, 0} < min{q,o} < oo,

0< A\ pu<oo,and f:(a,b) x (c,d) — C be a Lebesque-measurable function.
Then

< |17l

HHf Y HLMA (“b)HLM“ oen( Cd)HLMZ’,\G’a’x(a,b)'

go,c,y (C,d)

Proof. By applying inequality (3.1) several times, we get

[ P B -2
qo,c,y\C

1 1
S p—#—; )\_5 fx,y a a—r,a+r
1/ ( )||Lp,x( DN@=rat)|| L (ed) Ne—petn)) 20(059) | 1. (0,50)
-1 P
<(p<q)<|pe @D canerem |, wmneran Lo
Y ’ (9,29 | Ly (0,00)
—u—1 =1
<(0<o)<||p "= ‘r g ||f(x,?J)HLq,y((c,dm(c_p,chp)) Lpa(a) a—ratn)|| 1, 0 00
o ’ o (009011 L,y (0,00)

<(p<o)<|lr e

-1
‘p @ e ]|

Lp,(a,b) N(a—r,a+r) Ly(0,00)

= HHf(!E;y)||LM‘;‘g,C,y(c,d)) LA, . (ab) -

Theorem 3.1. Letn € Nya,b, o, k,p,q, A\, u,0,0 € R",
1
0<a;<b<o0,1<p; <00,0<86;,q,0,<00,k;>0,—<aq;<1l,i=1,...,n
O< A\ <ooif ;, <oo, 0<\; <0 if =00, 1 =1,....,0n,;
O<p; <o if g, <00, 0< pu; <00 if 0, =00, 1 =1,...,n.

Furthermore, let
max{p;,0;} <min{q;,0;},i=2,..,n, j=1,...,i— 1

Then there exists Cy > 0 such that

n

I N5z, @ < Co 1T = a1 gy

qo,a
=1

for all f € LM}, ,(Q(a,b), where

1 1
ul:)\z+—+az(kl+1)———u2 >0, z'zl,...,n
i Di
under the assumptions v; > 0 if 0, < oo and v; > 0 if o, =00, 1 =1,..n.
Moreover, each v;, 1 = 1,...;n, cannot be replaced by any other number.

(3.2)

(3.3)

(3.4)

(3.5)
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Proof. Without loss of generality, we assure that a = 0.
Step 1. A typical case is n = 3, which we assume. In this case by Definition 2, (1.3) and (1.2)

we have
- ‘ fHTqU(Q b)) ‘

_ ”](m,ang(khkz,kg) H
= |1

IO(IC

s

LML (Q05)

(n3,m2:11) )
LM(‘ZS 1201)(03,09.,0 )(0 b3)x(0,b2)%x(0,b1)

as,ks a2,k2 < a17k1 f)) H
LMq3(73 (0,b3)

e

By Lemma 2.2 with

2
LMg5,(0,b2) LM;‘{,1 (0,b1)

a=oz,k=ks; p=p3,q=q3,0 =03 A=XA3,p=p3,0 =03; a=0,b=0bs

By applying assumption (3.3)) and inequality (2.2]) first with

max{p3,93} < min{Qz,UQ} and A= X3,p =p3,0 =03; p= 2,9 = q2,0 = 09;

there exists K3 > 0 such that

A < Kby

i (541

-
LM 3, (0,b3
p3o5 (0:03) LM§25,(0,b2) LM, (0,b1)

then with
max{ps,fs} < min{q, 01} and A= X3,p=p3,0 =0s; = 1,9 = q1,0 = 0y;

we get

A < Ksby

i ()

“ LM, (002)

A3
LM, o,(0,03) LMyl (0,b1)

< Ksbg?

a:a27k:k2; M= H2,qd = (2,0 = 02; )\:)\Qap:p%e:e% a:Oab:b27

i (504

LM}2,,(0,b2)

LMEL (0,b A
01 (0,01) LMP§63(O,63)

By Lemma 2.2 with

there exists Ky > 0 such that

A < Ky Kabpbs

1]

(0 b2 51
LM, b X
aro1 (0,01) LMp5’93 (0,b3)

By applying assumption (3.3)) and inequality (3.1) with
max{py,th} < min{qy, 01} and A= Xy, p = pa,0 = Oo; p1= 11,9 = q1,0 = 01;

we get

i

LML, (0,b1)

A < Ko Kb “-—‘“H

A2
LMp202 (Obe) LM;‘SSGS (O,bg)
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Finally, by Lemma 2.2 with
a=an,k=k; p=pu,q=q,0=01; A=A, p=p,0 =01; a=0,b=0b

there exists K7 > 0 such that

A < KlKQKgblljlbg2b§3 o HHfHLM)\l (0,61)
p1017? LM;\lg (0,b2) A3
202 LMp393(0,b3)
Also,
HfHLMM = Hf”LMA :
(0.51) (Q(0,0))
HH p101 ! LM;\2292(0,b2) LM;‘3393(0,1)3) "
Therefore,
a, k 1% 1% 1%
) Iy foﬂl Qo) < Ky Ko Kb oo b5 (| f 1l L, o)) -

30

Step 2. Suppose that the operator ]&’ is bounded from LM ,(Q(0,0)) to mge(Q(O,b)), SO

there exists K4(b) > 0 such that

a,k
b, fH‘L—“ ooy = K1 O g, @ (3.6)
Let f(z1,22) = x1(21)Xa(z2)x3(3), where x;(z;) = X(%,bi)(l‘i)vi =1,2,3. Then
||f||LM1§\9(Q(O,b)) — ||X1||LM;‘1101@1 (O,bl) ||X2||LM1;\2202,Q32 (07b2) ||X3||L]\/[;\33937$3(07b) Y
where, as in Lemma 2.2,
)\1_L _ 1 %—)xl .
: <27 pr(A\By) byt =1,2,3.
HX(%J%) Loy (%) )b =1,
Therefore, we obtain the following upper estimate:
’ L\
1A 2arx @0y < K [Te ™ (3.7)
i=1

where

3 .
=T2" (o) 5.
i=1

By applying inequality (2.8) to the equality

Io‘“ Xi

3
]'a,k‘ H
o f £, Qo) H

M“:Ui(%,bi) ’

we also get the lower estimate:

fo“ (Q(0,b))

3
ai(ki+1)+ - — i
= | DR (3.8)
=1
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where
3
1 _1 _ 1
Ko = [J (ki +1)7 (T (e + 1) 71 (1 = 27 @kt DatDya (a,(k; + 1)g; + 1)@ (o)

=1

By using inequalities (3.6), (3.7) and (3.8), we get

3 3
ai(ki+1)+$fm %*)\i
Ko [ ], el | [
i=1 i=1
So,

K
m@zéwww

If for some i € {1,2,3}, say for ¢ = 1, inequality (3.4) holds with 7 # v; replacing v, then

K,
Op < Ky(b1,1) < CybT
K

for all by > 0, which is impossible.
Thus, we obtain the required statements for n = 3. The case n > 3 is considered similarly. [

Remark 2. For 0 = 6 = oo Theorem 2.1 is an anisotropic version of Theorem 2.1 of [6].
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