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parallelepiped and to obtain sharp estimates of the norm of this operator with respect to the lengths
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1 Introduction

First, we recall the de�nition of local Morrey-type spaces.

De�nition 1. Let Ω ⊂ Rn be a Lebesgue-measurable set, x0 ∈ Ω, 0 < p, θ ≤ ∞, λ ≥ 0. Then
f ∈ LMλ

pθ,x0
(Ω) if f is Lebesgue-measurable on Ω and

‖f‖
LM

λ
pθ,x0

(Ω)
= ‖r−λ−

1
θ ‖f‖Lp(Ω

⋂
B(x0,r))‖Lθ(0,∞) <∞,

where B(x0, r) is the ball centered at x0 of radius r.

If λ = 0, then, clearly, LM0
p∞,x0(Ω) = Lp(Ω). If λ = 0 and θ <∞, then LM0

pθ,x0
(Ω) consists only

of functions f equivalent to 0 on Ω, because for any ρ > 0

‖f‖LM0
pθ,x0

(Ω) ≥ ‖‖f‖Lp(Ω
⋂
B(x0,r))‖Lθ(ρ,∞) ≥ ‖1‖Lθ(ρ,∞)‖f‖Lp(Ω

⋂
B(x0,ρ)).

For Ω = Rn, x0 = 0 this de�nition was �rst introduced in [1], [2].
The boundedness of various operators acting from one local Morrey-type spaces LMλ

pθ,x0
(Ω) to

LMµ
pσ,x0

(Ω) was investigated in a number of papers. See, for example, [1], [2].
In this paper, we consider the following two variants of the local Morrey-type spaces with mixed

quasi-norms.
We shall use the following notation for vectors x ∈ Rn : x ≡ −→x = (x1, ..., xn) and←−x = (xn, ..., x1).

De�nition 2. Let p = (p1, ..., pn), θ = (θ1, ..., θn), λ = (λ1, ..., λn), a = (a1, ..., an), b = (b1, ..., bn)−
∞ < ai < bi ≤ ∞, 0 < pi. θi ≤ ∞, 0 ≤ λi < ∞, i = 1, ..., n, Q(a, b) = {x ∈ Rn, ai < xi < bi, i =
1, ..., n}.

Let LM
λ

pθ,a(Q(a, b)),
←−−
LM

λ

pθ,a(Q(a, b)) ≡ LM
←−
λ

←−p
←−
θ ,←−a

(Q(a, b)) be the spaces of all Lebesgue-

measurable functions on Q(a, b) for which the following quasi-norms are �nite
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‖f‖
LM

λ
pθ,a

(
Q(a,b)

) =

∥∥∥∥...‖f(x1, ..., xn)‖
LM

λ1
p1θ1,a1,x1

((a1,b1))
...

∥∥∥∥
LMλn

pnθn,an,xn
((an,bn))

=

∥∥∥∥∥r−λn− 1
θn

n

∥∥∥...∥∥∥r−λ1− 1
θ1

1

∥∥∥f(x1, ..., xn)
∥∥∥
Lp1,x1 ((a1,b1)

⋂
(a1−r1,a1+r1))

∥∥∥
Lθ1 (0,∞)

...
∥∥∥
Lpn,xn ((an,bn)

⋂
(an−rn,an+rn))

∥∥∥
Lθn (0,∞)

(1.1)

and

‖f‖←−−
LMpθ,a

(
Q(a,b)

) =
∥∥∥... ‖f(x1, ..., xn)‖LMλn

pnθn,an,xn
((an,bn)) ...

∥∥∥
LM

λ1
p1θ1,a1,x1

((a1,b1))

=
∥∥∥r−λ1− 1

θ1
1

∥∥∥...∥∥∥r−λn− 1
θn

n ‖f(x1, ..., xn)‖Lpn,xn ((an,bn)
⋂

(an−rn,an+rn))

∥∥∥
Lθn (0,∞)

...
∥∥∥
Lp1,x1 ((a1,b1)

⋂
(a1−r1,a1+r1))

∥∥∥
Lθ1 (0,∞)

, (1.2)

respectively.

If a = 0, then, for brevity, we denote the corresponding spaces by ‖f‖
LM

λ
pθ(Q(0,b)

and

‖f‖←−−
LM

λ
pθ(Q(0,b))

.

De�nition 3. [5] Let f ∈ Lloc1 (Rn), α = (α1, ..., αn), 0 < αi < 1, k = (k1, ..., kn), ki ≥ 0, a =
(a1, ..., an), x = (x1, ..., xn), 0 ≤ ai < xi < ∞, i = 1, ..., n. The generalized Riemann-Liouville
fractional integral operator Iα,ka+ of order α is de�ned by the following equality:(

Iα,ka+
f
)

(x)

=
n∏
i=1

(ki + 1)1−αi

Γ(αi)

∫ xn

an

...

∫ x1

a1

n∏
i=1

[
(xki+1

i − tki+1
i )αi−1tkii

]
f(t1, ..., tn)dt1...dtn, (1.3)

where Γ is the Euler Gamma-function.

2 One-dimensional case

Lemma 2.1. Let 0 < y <∞, 0 < p, θ ≤ ∞, 0 < λ <∞ for θ <∞, 0 ≤ λ <∞ for θ =∞.
Then 1

‖f‖Lp(0,y) ≤ (λθ)
1
θ yλ‖f‖LMλ

pθ(0,y) (2.1)

Proof. It su�ces to note that for λ > 0

‖f‖LMλ
pθ

(0,y) =

 ∞∫
0

r−λθ−1‖f‖θLp((0,y)
⋂

(−r,r))dr

 1
θ

≥

 ∞∫
y

r−λθ−1‖f‖θLp((0,y)
⋂

(0,r))dr

 1
θ

= ‖f‖Lp(0,y)

 ∞∫
y

r−λθ−1dr

 1
θ

= (λθ)−
1
θ y−λ‖f‖Lp(0,y)

1 If θ =∞, then here and in the sequel it is assumed that (λθ)
1
θ = 1 for all 0 ≤ λ <∞.
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if θ <∞ and
‖f‖LMλ

p∞(0,y) = sup
0<r<∞

r−λ‖f‖Lp((0,y)
⋂

(−r,r)) ≤ y−λ‖f‖Lp((0,y))

if θ =∞.
The case λ = 0, θ =∞ is trivial, since LMλ

p∞(0, y) = Lp(0, y).

Lemma 2.2. Let 0 ≤ a < b < ∞, 1 < p ≤ ∞, 0 < q ≤ ∞, 1
p
< α < 1, k ≥ 0, 0 < θ, σ ≤ ∞,

0 < λ <∞ if θ <∞, 0 ≤ λ <∞ if θ =∞, 0 < µ <∞ if σ <∞, 0 ≤ µ <∞ if σ =∞.
Then there exists C1 > 0 such that

‖Iα,ka+ f‖LMµ
qσ,a(a,b) ≤ C1(b− a)ν‖f‖LMλ

pθ,a(a,b) (2.2)

for all �nite intervals (a, b) and for all f ∈ LMλ
pθ,a(a, b), where

ν = λ+
1

q
− 1

p
+ (k + 1)α− µ (2.3)

under the assumption ν > 0 if σ <∞ and ν ≥ 0 if σ =∞.
Moreover, ν cannot be replaced by any other number.

Proof. It su�ces to consider the case in which a = 0, 0 < b <∞.
Step 1. In [5] (see inequality (2.2)) it is proved that there exists K1 > 0 such that∣∣∣(Iα,k0+ f

)
(x)
∣∣∣ ≤ K1x

(k+1)α− 1
p‖f‖Lp(0,x)

for any 0 < x < b and for any f ∈ Lp(0, x). By using (2.1), we obtain∣∣∣(Iα,k0+ f
)

(x)
∣∣∣ ≤ K1x

(k+1)α− 1
p

+λ(λθ)
1
θ ‖f‖LMλ

pθ(0,x)

and ∥∥∥Iα,k0+ f
∥∥∥
Lq((−r,r)∩(0,b))

≤ K1(λθ)
1
θ

∥∥∥x(k+1)α− 1
p

+λ
∥∥∥
Lq((−r,r)∩(0,b))

‖f‖LMλ
pθ(0,b).

Note that

‖Iα,k0+ f‖LMµ
qσ(0,∞) =

∥∥∥∥r−µ− 1
σ

∥∥∥Iα,k0+ f
∥∥∥
Lq((−r,r)∩(0,b))

∥∥∥∥
Lσ(0,∞)

=

(∥∥∥∥r−µ− 1
σ

∥∥∥Iα,k0+ f
∥∥∥
Lq((−r,r)∩(0,b))

∥∥∥∥σ
Lσ(0,b)

+

∥∥∥∥r−µ− 1
σ

∥∥∥Iα,k0+ f
∥∥∥
Lq((−r,r)∩(0,b))

∥∥∥∥σ
Lσ(b,∞)

) 1
σ

(2.4)

Moreover, since (k + 1)α− 1
p

+ λ > 0, it follows that

r−µ
∥∥∥x(k+1)α− 1

p
+λ
∥∥∥
Lq((−r,r)∩(0,b))

=


(

((k + 1)α− 1
p

+ λ)q + 1
)− 1

q
rν , r ≤ b,(

((k + 1)α− 1
p

+ λ)q + 1
)− 1

q
bν+µr−µ, r > b.

≤
{

rν , r ≤ b,
bν+µr−µ, r > b.

Therefore, if r ≤ b, then, since ν > 0 for θ <∞ and ν ≥ 0 for θ =∞,
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∥∥∥Iα,k0+ f
∥∥∥
Lq((−r,r)∩(0,b))

=

∥∥∥∥r−µ− 1
θ

∥∥∥Iα,k0+ f
∥∥∥
Lq((−r,r)∩(0,b))

∥∥∥∥
Lσ(0,b)

≤ K1(λθ)
1
θ

∥∥∥rν− 1
σ

∥∥∥
Lσ(0,b)

‖f‖LMλ
pθ(0,b)

= K1(λθ)
1
θ (νσ)−

1
σ bν‖f‖LMλ

pθ(0,b). (2.5)

If r > b, then, since µ > 0 for σ <∞ and µ ≥ 0 for σ =∞,∥∥∥∥r−µ− 1
σ

∥∥∥Iα,k0+ f
∥∥∥
Lq((−r,r)∩(0,b))

∥∥∥∥
Lσ(b,∞)

≤ K1(λσ)
1
σ b(k+1)α− 1

p
+λ+ 1

q

∥∥∥r−µ− 1
σ

∥∥∥
Lσ(b,∞)

‖f‖LMλ
pθ(0,b)

= K1(λσ)
1
σ (µσ)−

1
σ bν‖f‖LMλ

pθ(0,b). (2.6)

So, by (2.4), (2.5), (2.6) it follows that

‖Iα,k0+ f‖LMµ
qσ(0,∞) ≤ C1‖f‖LMλ

pθ(0,b),

where

C1 = K1(λθ)
1
θσ−

1
σ

(
1

ν
+

1

µ

) 1
σ

.

Step 2. Suppose that for some K2(b) > 0∥∥∥Iα,k0+
f
∥∥∥
LM

µ

qσ(0,b)
≤ K2(b) ‖f‖

LM
λ

pθ(0,b)
. (2.7)

for all f ∈ LMλ
pθ(0, b).

Let f = χ( b
2
,b), then

‖χ( b
2
,b)‖Lp(( b

2
,b)

⋂
(−r,r)) = 0, if r ≤ b

2
,

and

‖χ( b
2
,b)‖Lp(( b

2
,b)

⋂
(−r,r)) ≤ ‖1‖Lp( b

2
,b) =

(
b

2

) 1
p

, if r >
b

2
.

Moreover,

‖f‖
LM

λ

pθ(0,b)
=
∥∥∥χ( b

2
,b)

∥∥∥
LM

λ

pθ(0,b)
=
∥∥∥r−λ− 1

θ ‖χ( b
2
,b)‖Lp(( b

2
,b)

⋂
(−r,r))

∥∥∥
Lθ( b

2
,∞)

≤
(
b

2

) 1
p

‖r−λ−
1
θ ‖Lθ( b

2
,∞) = K3 b

1
p
−λ,

where K3 = 2λ−
1
p (λθ)−

1
θ .

Next, ∥∥∥Iα,k0+
f
∥∥∥
LM

µ

qσ( b
2
,b)

=
(k + 1)1−α

Γ(α)

∥∥∥∥∫ x

0

(xk+1 − tk+1)α−1tkχ( b
2
,b)(t)dt

∥∥∥∥
LM

µ

qσ( b
2
,b)(

xk+1− tk+1 = z
)

=
(k + 1)1−α

Γ(α)

∥∥∥∥∥
∫ xk+1

0

zα−1 dz

k + 1

∥∥∥∥∥
LM

µ

pθ( b
2
,b)

= K4

∥∥xα(k+1)
∥∥
LM

µ

qσ( b
2
,b)
,
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where
K4 = ((k + 1)αΓ(α + 1))−1 .

Note that ∥∥xα(k+1)
∥∥
LM

µ

qσ( b
2
,b)
≥
∥∥∥r− 1

σ
−µ‖xα(k+1)‖Lq((−r,r)⋂( b

2
,b))

∥∥∥
Lσ(b,∞)

=
∥∥∥r− 1

σ
−µ‖xα(k+1)‖Lq( b2 ,b)

∥∥∥
Lσ(b,∞)

= ‖xα(k+1)‖Lq( b2 ,b)‖r
− 1
σ
−µ‖Lσ(b,∞) = K5 b

α(k+1)+ 1
q
−µ,

where

K5 =

(
1− 2−α(k+1)q−1

α(k + 1)q + 1

) 1
q

(µσ)−
1
σ .

Hence, we have ∥∥∥Iα,k0+
f
∥∥∥
LM

µ

qσ( b
2
,b)
≥ K6 b

α(k+1)+ 1
q
−µ, (2.8)

where K6 = K5K4.
By (2.7) and (2.8), we get

K6 b
α(k+1)+ 1

q
−µ ≤ K2(b)K3 b

1
p
−λ,

so,

K2(b) ≥ K6

K3

bα(k+1)+ 1
q

+λ− 1
p
−µ =

K6

K3

bν

for all b > 0.
If (2.2) holds with τ 6= ν replacing ν, then K6

K3
bν ≤ K2(b) ≤ C1b

τ for all b > 0, which is impossible.

Corollary 2.1. If in Lemma 2.2 ν = 0, then inequality (2.2) takes the form∥∥∥Iα,ka+ f
∥∥∥
LMµ

qσ,a(a,b)
≤ C1‖f‖LMλ

pθ,a(a,b)

for all 0 ≤ a < b ≤ ∞ and for all f ∈ LMλ
pθ,a(a, b), where

µ = λ+ (k + 1)α +
1

q
− 1

p
.

Remark 1. For σ = θ =∞ the statements of this section were proved in [6].

3 Multidimensional case

We start with proving a statement, in which we apply the generalized Minkowski's inequality for
the Lebesgue spaces: let E ⊂ Rn and F ⊂ Rm be Lebesgue-measurable sets 0 < p ≤ q ≤ ∞, and
f : E × F → C be a Lebesgue-measurable function. Then∥∥∥‖f(x, y)‖Lp,x(E)

∥∥∥
Lq,y(F )

≤
∥∥∥‖f(x, y)‖Lq,y(F )

∥∥∥
Lp,x(E)

. (3.1)
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Lemma 3.1. (Generalized Minkowski's inequality for local Morrey-type spaces.) Let −∞ ≤ a < b ≤
∞, −∞ ≤ c ≤ d ≤ ∞,

0 < max{p, θ} ≤ min{q, σ} ≤ ∞,

0 < λ, µ <∞, and f : (a, b)× (c, d)→ C be a Lebesgue-measurable function.
Then ∥∥∥‖f(x, y)‖LMλ

pθ,a,x
(a,b)

∥∥∥
LMµ

qσ,c,y(c,d)
≤
∥∥∥‖f(x, y)‖LMµ

qσ,c,y(c,d)

∥∥∥
LMλ

pθ,a,x
(a,b)

. (3.2)

Proof. By applying inequality (3.1) several times, we get∥∥∥‖f(x, y)‖LMλ
pθ,a,x

(a,b)

∥∥∥
LMµ

qσ,c,y(c,d)
≤ (θ ≤ q)

≤

∥∥∥∥∥ρ−µ− 1
σ

∥∥∥∥∥∥∥r−λ− 1
θ ‖f(x, y)‖Lp,x(a,b)

⋂
(a−r,a+r)

∥∥∥
Lq,y((c,d)

⋂
(c−ρ,c+ρ))

∥∥∥∥
Lθ(0,∞)

∥∥∥∥∥
Lσ(0,∞)

≤(p≤q)≤

∥∥∥∥∥ρ−µ− 1
σ

∥∥∥∥∥∥∥r−λ− 1
θ ‖f(x, y)‖Lq,y((c,d)

⋂
(c−ρ,c+ρ))

∥∥∥
Lp,x(a,b)

⋂
(a−r,a+r)

∥∥∥∥
Lθ(0,∞)

∥∥∥∥∥
Lσ(0,∞)

≤(θ≤σ)≤

∥∥∥∥∥ρ−µ− 1
σ

∥∥∥∥∥∥∥r−λ− 1
θ ‖f(x, y)‖Lq,y((c,d)

⋂
(c−ρ,c+ρ))

∥∥∥
Lp,x(a,b)

⋂
(a−r,a+r)

∥∥∥∥
Lσ(0,∞)

∥∥∥∥∥
Lθ(0,∞)

≤(p≤σ)≤

∥∥∥∥∥r−λ− 1
θ

∥∥∥∥∥∥∥ρ−µ− 1
σ ‖f(x, y)‖Lq,y((c,d)

⋂
(c−ρ,c+ρ))

∥∥∥
Lσ(0,∞)

∥∥∥∥
Lp,x(a,b)

⋂
(a−r,a+r)

∥∥∥∥∥
Lθ(0,∞)

=
∥∥∥‖f(x, y)‖LMµ

qσ,c,y(c,d)

∥∥∥
LMλ

pθ,a,x
(a,b) .

Theorem 3.1. Let n ∈ N, a, b, α, k, p, q, λ, µ, θ, σ ∈ Rn,

0 ≤ ai < bi <∞, 1 < pi ≤ ∞, 0 < θi, qi, σi ≤ ∞, ki ≥ 0,
1

pi
< αi < 1, i = 1, ..., n;

0 < λi <∞ if θi <∞, 0 ≤ λi <∞ if θi =∞, i = 1, ..., n.;

0 < µi <∞ if σi <∞, 0 ≤ µi <∞ if σi =∞, i = 1, ..., n.

Furthermore, let

max{pi, θi} ≤ min{qj, σj}, i = 2, ..., n, j = 1, ..., i− 1. (3.3)

Then there exists C2 > 0 such that

∥∥Iα,ka f
∥∥←−−
LM

µ

qσ,a(Q(a,b)
≤ C2

n∏
i=1

(bi − ai)νi‖f‖
LM

λ
pθ,a

(Q(a,b))
(3.4)

for all f ∈ LMλ
pθ,a(Q(a, b), where

νi = λi +
1

qi
+ αi(ki + 1)− 1

pi
− µi > 0, i = 1, ..., n, (3.5)

under the assumptions νi > 0 if σi <∞ and νi ≥ 0 if σi =∞, i = 1, ...n.
Moreover, each νi, i = 1, ...;n, cannot be replaced by any other number.
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Proof. Without loss of generality, we assure that a = 0.
Step 1. A typical case is n = 3, which we assume. In this case by De�nition 2, (1.3) and (1.2)

we have
A ≡

∥∥∥Iα,k0+
f
∥∥∥←−−
LM

µ

qσ(Q(0,b))
=
∥∥∥Iα,k0+

f
∥∥∥
LM

←−µ
←−q←−σ (Q(0,b))

=
∥∥∥I(α1,α2,α3),(k1,k2,k3)

0+
f
∥∥∥
LM

(µ3,µ2,µ1)

(q3,q2q1)(σ3,σ2,σ1)
(0,b3)×(0,b2)×(0,b1)

=

∥∥∥∥∥
∥∥∥∥∥∥∥Iα3,k3

0+

(
Iα2,k2

0+

(
Iα1,k1

0+ f
))∥∥∥

LM
µ3
q3σ3

(0,b3)

∥∥∥∥
LM

µ2
q2σ2

(0,b2)

∥∥∥∥∥
LM

µ1
q1σ1

(0,b1)

.

By Lemma 2.2 with

α = α3, k = k3; µ = µ3, q = q3, σ = σ3; λ = λ3, p = p3, θ = θ3; a = 0, b = b3

there exists K3 > 0 such that

A ≤ K3b
ν3
3

∥∥∥∥∥
∥∥∥∥∥∥∥Iα2,k2

0+

(
Iα1,k1

0+ f
)∥∥∥

LM
λ3
p3θ3

(0,b3)

∥∥∥∥
LM

µ2
q2σ2

(0,b2)

∥∥∥∥∥
LM

µ1
q1σ1

(0,b1)

.

By applying assumption (3.3) and inequality (2.2) �rst with

max{p3, θ3} ≤ min{q2, σ2} and λ = λ3, p = p3, θ = θ3; µ = µ2, q = q2, σ = σ2;

then with

max{p3, θ3} ≤ min{q1, σ1} and λ = λ3, p = p3, θ = θ3; µ = µ1, q = q1, σ = σ1;

we get

A ≤ K3b
ν3
3

∥∥∥∥∥
∥∥∥∥∥∥∥Iα2,k2

0+

(
Iα1,k1

0+ f
)∥∥∥

LM
µ2
q2σ2

(0,b2)

∥∥∥∥
LM

λ3
p3θ3

(0,b3)

∥∥∥∥∥
LM

µ1
q1σ1

(0,b1)

≤ K3b
ν3
3

∥∥∥∥∥
∥∥∥∥∥∥∥Iα2,k2

0+

(
Iα1,k1

0+ f
)∥∥∥

LM
µ2
q2σ2

(0,b2)

∥∥∥∥
LM

µ1
q1σ1

(0,b1)

∥∥∥∥∥
LM

λ3
p3θ3

(0,b3)

.

By Lemma 2.2 with

α = α2, k = k2; µ = µ2, q = q2, σ = σ2; λ = λ2, p = p2, θ = θ2; a = 0, b = b2,

there exists K2 > 0 such that

A ≤ K2K3b
ν2
2 b

ν3
3

∥∥∥∥∥
∥∥∥∥∥∥∥Iα1,k1

0+ f
∥∥∥
LM

λ2
p2θ2

(0,b2)

∥∥∥∥
LM

µ1
q1σ1

(0,b1)

∥∥∥∥∥
LM

λ3
p3θ3

(0,b3)

.

By applying assumption (3.3) and inequality (3.1) with

max{p2, θ2} ≤ min{q1, σ1} and λ = λ2, p = p2, θ = θ2; µ = µ1, q = q1, σ = σ1;

we get

A ≤ K2K3b
ν2
2 b

ν3
3 =

∥∥∥∥∥
∥∥∥∥∥∥∥Iα1,k1

0+ f
∥∥∥
LM

µ1
q1σ1

(0,b1)

∥∥∥∥
LM

λ2
p2θ2

(0,b2)

∥∥∥∥∥
LM

λ3
p3θ3

(0,b3)

.
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Finally, by Lemma 2.2 with

α = α1, k = k1; µ = µ1, q = q1, σ = σ1; λ = λ1, p = p1, θ = θ1; a = 0, b = b1

there exists K1 > 0 such that

A ≤ K1K2K3b
ν1
1 b

ν2
2 b

ν3
3 =

∥∥∥∥∥
∥∥∥∥‖f‖LMλ1

p1θ1
(0,b1)

∥∥∥∥
LM

λ1
p2θ2

(0,b2)

∥∥∥∥∥
LM

λ3
p3θ3

(0,b3)

.

Also, ∥∥∥∥∥
∥∥∥∥‖f‖LMλ1

p1θ1
(0,b1)

∥∥∥∥
LM

λ2
p2θ2

(0,b2)

∥∥∥∥∥
LM

λ3
p3θ3

(0,b3)

= ‖f‖LMλ
pθ(Q(0,b)).

Therefore, ∥∥∥Iα,k0+
f
∥∥∥←−−
LM

µ

qσ(Q(0,b))
≤ K1K2K3b

ν1
1 b

ν2
2 b

ν3
3 ‖f‖LMλ

pθ(Q(0,b)).

Step 2. Suppose that the operator Iα,k0+
is bounded from LMλ

p,θ(Q(0, b)) to
←−−
LMµ

q θ(Q(0, b)), so,
there exists K4(b) > 0 such that∥∥∥Iα,k0+

f
∥∥∥←−−
LM

µ

q,θ
(Q(0,b))

≤ K4(b) ‖f‖
LM

λ
pθ

(Q(0,b)
. (3.6)

Let f(x1, x2) = χ1(x1)χ2(x2)χ3(x3), where χi(xi) = χ
(
bi
2
,bi)

(xi), i = 1, 2, 3. Then

‖f‖
LM

λ
p θ

(Q(0,b))
= ‖χ1‖LMλ1

p1θ1,x1
(0,b1)
‖χ2‖LMλ2

p2θ2,x2
(0,b2)
‖χ3‖LMλ3

p3θ3,x3
(0,b)

,

where, as in Lemma 2.2,∥∥∥χ(
bi
2
,bi)

∥∥∥
LM

λi
piθi,xi

(
bi
2
,bi)
≤ 2

λ1− 1
p1 (λ1θ1)

− 1
θ1 b

1
p1
−λ1

1 , i = 1, 2, 3.

Therefore, we obtain the following upper estimate:

‖f‖LMλ
pθ(Q(0,b)) ≤ K5

3∏
i=1

b
1
pi
−λi

i , (3.7)

where

K5 =
3∏
i=1

2
λi− 1

pi (λiθi)
− i
θi .

By applying inequality (2.8) to the equality

∥∥∥Iα,k0+
f
∥∥∥←−−
LM

µ

qσ(Q(0,b))
=

3∏
i=1

∥∥∥Iαi,ki0+
χi

∥∥∥
LM

µi
qiσi(

bi
2
,bi)

,

we also get the lower estimate:

∥∥∥Iα,k0+
f
∥∥∥←−−
LM

µ

qσ(Q(0,b))
≥ K6

3∏
i=1

b
αi(ki+1)+ 1

qi
−µi

i , (3.8)
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where

K6 =
3∏
i=1

(ki + 1)−αi(Γ(αi + 1)−1(1− 2−(αi(ki+1)qi+1))
1
qi (αi(ki + 1)qi + 1)

− 1
qi (µiσi)

− 1
σi .

By using inequalities (3.6), (3.7) and (3.8), we get

K6

3∏
i=1

b
αi(ki+1)+ 1

qi
−µi

1 ≤ K4(b)K5

3∏
i=1

b
1
pi
−λi

i .

So,

K4(b) ≥ K6

K5

bν11 b
ν2
2 b

ν3
3 .

If for some i ∈ {1, 2, 3}, say for i = 1, inequality (3.4) holds with τ 6= ν1 replacing ν1, then

K6

K5

bν11 ≤ K4(b,1, 1) ≤ C1b
τ1
1

for all b1 > 0, which is impossible.
Thus, we obtain the required statements for n = 3. The case n > 3 is considered similarly.

Remark 2. For σ = θ =∞ Theorem 2.1 is an anisotropic version of Theorem 2.1 of [6].
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