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GREEN FUNCTIONS, REFLECTIONS,
AND PLANE PARQUETING REVISITED

H. Begehr, T. Vaitekhovich

The argumentation in the paper [1] needs some modification. Moreover, the pre-
sentation of the Green functions can be significantly simplified.

In [1] the Green function of the open triangle T with the corners −1, 1, i
√

3 is
expressed via the doubly infinite product

P (z, ζ) =
∏

m,n∈2Z

ζ − z − ωm,n
ζ − z − ωm,n

ζ − z1 − ωm,n
ζ − z1 − ωm,n

ζ − z2 − ωm,n
ζ − z2 − ωm,n

(1)

where

z1 = −1

2
(1 + i

√
3)z +

√
3

2
(
√

3 + i),

z2 = −1

2
(1 + i

√
3)z +

√
3

2
(
√

3 + i),

and
ωm,n = 3m+ i

√
3n

(Formula (6) in [1]).
Observing that

z + z1 + z2 = 3, z(z1 + z2) + z1z2 = 3, zz1z2 = z3 − 3z2 + 3z

P (z, ζ) can be rewritten as

P (z, ζ) =
∏

m,n∈2Z

(ζ − ωm,n − 1)3 − (z − 1)3

(ζ − ωm,n − 1)3 − (z − 1)3
. (2)

Obviously this product converges as the sum∑
m,n∈2Z

1

(ζ − ωm,n − 1)3 − (z − 1)3

=
1

3(z − 1)2

∑
m,n∈2Z

[
1

ζ − z − ωm,n
− 1− i

√
3

2

1

ζ − z1 − ωm,n
− 1 + i

√
3

2

1

ζ − z2 − ωm,n

]
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is uniformly and absolutely convergent for z and ζ in T , see e.g. [2], p. 261; [3], p. 268.
Reordering the factors the product P can be expressed through the shifted points

ẑ1 = −1

2
(1− i

√
3)z −

√
3

2
(
√

3− i) = z2 − 3 + i
√

3,

ẑ2 = −1

2
(1− i

√
3)z −

√
3

2
(
√

3− i) = z1 − 3 + i
√

3,

as

P (z, ζ) =
∏

m,n∈2Z

ζ − z − ωm,n
ζ − z − ωm,n

ζ − ẑ1 − ωm,n

ζ − ẑ1 − ωm,n

ζ − ẑ2 − ωm,n
ζ − ẑ2 − ωm,n

. (3)

From
z + ẑ1 + ẑ2 = −3, z(ẑ1 + ẑ2) + ẑ1ẑ2 = 3, zẑ1ẑ2 = z3 + 3z2 + 3z

P is seen to be
P (z, ζ) =

∏
m,n∈2Z

(ζ − ωm,n + 1)3 − (z + 1)3

(ζ − ωm,n + 1)3 − (z + 1)3
. (4)

This fact reflects the symmetry of the domain when z and ζ are replaced by −z and
−ζ, respectively. That P is identically 1 on the base, z = z, of the boundary ∂T , is
directly seen from (2) or from (4). For the right-hand side of ∂T , on the line between
the points 1 and i

√
3, the product P is identically 1. This follows from (2) because

there

z = z1 = −1

2
(1 + i

√
3)z +

√
3

2
(
√

3 + i).

Thus the relation
z − 1 = −1

2
(1 + i

√
3)(z − 1)

implies
(z − 1)3 = (z − 1)3.

The form (4) for P is used for the left-hand side of ∂T on the line between the points
i
√

3 and −1. As there

z = ẑ1 = −1

2
(1− i

√
3)z −

√
3

2
(
√

3− i)

it follows that
z + 1 = −1

2
(1− i

√
3)(z + 1)

and
(z + 1)3 = (z + 1)3.

This manifests

G1(z, ζ) = log |P (z, ζ)|2

as the harmonic Green function of the triangle T .
Denoting
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S(z, ζ) =
∑

m,n∈2Z

(z − ωm,n − 1)3 − (z − ωm,n − 1)3

|(z − ωm,n − 1)3 − (ζ − 1)3|2
,

the Poisson kernel of T for ζ on the base of T is

−1

2
∂νζ
G1(z, ζ) = −3i(ζ − 1)2S(z, ζ),

for ζ on the right-hand side of T is

−1

2
∂νζ
G1(z, ζ) = −3(

√
3 + i)(ζ − 1)2S(z, ζ),

and for ζ on the left-hand side of T is

−1

2
∂νζ
G1(z, ζ) = −3(

√
3− i)(ζ + 1)2

∑
m,n∈2Z

(z − ωm,n + 1)3 − (z − ωm,n + 1)3

|(z − ωm,n + 1)3 − (ζ + 1)3|2
.

A candidate for a Neumann function is

N1(z, ζ) = − log |Q(z, ζ)Q(ζ, z)|, (5)

where
Q(z, ζ) =

∏
m,n∈2Z

[
1− (z − 1)3

(ζ − ωm,n − 1)3

] [
1− (z − 1)3

(ζ − ωm,n − 1)3

]
.

The products forming Q are convergent. And Q can also be written in the form

Q(z, ζ) =
∏

m,n∈2Z

[
1− (z + 1)3

(ζ − ωm,n + 1)3

] [
1− (z + 1)3

(ζ − ωm,n + 1)3

]
.

The normal derivative of the function N1 on the boundary is identically zero up to
the three corner points. To show this the relations

(
√

3 + i)(z − 1)2 = −(
√

3− i)(z − 1)2

on the right-hand side of T and

(
√

3− i)(z + 1)2 = −(
√

3 + i)(z + 1)2

on its left-hand side are helpful.
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