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Abstract. The famous French scientist J. Hadamard constructed the well-known
example illustrating the incorrectness of the Cauchy problem for the Laplace equation.
Since then, the question arises whether there exists a Volterra problem for the Laplace
equation. In this paper we prove a theorem for a wide class of correct restrictions of the
maximal operator L and the correct extensions of the minimal operator L, generated
by the Laplace operator, which are not Volterra problems.

1 Introduction and statement of problem

In a Hilbert space Ly(B), where B is the m-dimensional unit ball in R™ with the
boundary S, we consider the Laplace operator
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wmtat T
The minimal operator Lg, corresponding to Laplace operator 1.1 is defined as the
closure in the graph norm of the restriction of —A on C§°(B) as an operator from Lo (B)
to Lo(B). Denote by L = L§ the maximal operator. This definition is the definition of

the weak maximal operator. It means, that u € D(E) and Lu = f if and only if u and
f belong to Ly(B) and for all v € C§°(B)

(f,v) = (u, Lv).

The operator L is called a strong maximal operator if it coincides with the closure

~

of its restriction on D(L) N C*°(B). In our case the weak and strong definition of the
maximal operator coincide, because L is an operator of local type (see [4, p. 118]).

Thus, we have defined the operators Ly with the domain D(Lo) = W2(B) and L
with the domain D(L) = {u € Lo(B) : Lu € Ly(B)}.
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Denote by Lp the operator, corresponding to the Dirichlet problem, that is, with
the domain
D(Lp) ={u € WyB): u|ls =0}.

Definition 1. A linear operator L in a Hilbert space H is called correct if L has a
bounded inverse defined on H.

Definition 2. A linear operator A in a Hilbert space H is called a Volterra operator
if A compact and quasinilpotent.

We denote by & (H, Hy) the set of all linear compact operators acting from a
Hilbert space H to a Hilbert space Hy. If T' € & (H, Hy), then T*T is a non-negative
self-adjoint operator in G (H) = S (H, H) and therefore has a non-negative self-
adjoint square root |T'| = (T*T)"/2. They will be written in the form of a sequence
{5;(T")}jen where s1(T) > so(T) > ... > 0 and each singular number is repeated as
many times as its geometric multiplicity. If 7' (and hence |T'|) is of finite rank n we
assume that s;(7") = 0 for j > n.

We denote by &,,(H, Hy) the set of all compact operators T' € S (H, Hy), for which

ZS?(T) <oo (0<p<o0).

J=1

The inverse operators L~! to all possible correct restrictions L of the maximal
operator L corresponding to Laplace operator(1.1) can be described (see [5]) in the
following form

u=L'f=L'f+ KFf, (1.2)

where K is an arbitrary linear operator bounded in Ly(B) satisfying R(K) C K erL.
Then the direct operator L is defined by:

Lu=Lu=f wueD(L), feLyB), (1.3)

~

D(L)={ue D(L): (I — KL)u|s = 0}, (1.4)

where [ is the identity operator in Lo(B).
The operators (L*)~! are defined by

(LY 'g=Ly'g+ K*g, g€ Ly(B). (1.5)

They describe the inverses to all possible correct extensions of the minimal operators
Ly if and only if K satisfies the condition (see [1]):

Ker(Lp' + K*) = {0}.
If the operator K in (1.2), satisfies one more additional condition
KR(Lo) = {0},

then an operator L corresponding to problem (1.3) - (1.4) will be simultaneously a
correct restriction of the maximal operator L and a correct extension of the minimal
operator Lo, that is, Ly C L C L. Such operators L will be called the boundary correct
extensions of the minimal operator Ly (with respect to the maximal operator L).
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Definition 3. A correct restriction, a correct extension, and a boundary correct ex-
tension L is called Volterra if the inverse operator L~! is a Volterra operator.

By Poisson’s formula we have

L N _
ue) = (Po)e) = o7 [@@)=LdoSi lal=p<1 (16)

where > = 1 — 2pcosy+p*> = [ —z|?, || =1, © €S, 7 is the angle between
vectors x and £. Note that u(x) is a harmonic function in the ball B such that u, = .
The function u can be written in the form of a series (see [6, p. 249])

o0 kn,m
(@) =SS a®Y8©),  a = / SOV (©)ds,
=0 k=1

where 0 < p < 1, © € S, with respect to the orthonormal system {Yn(li,)z} of spherical
functions. We denote by P the operator, corresponding to (1.6). The operator P acts
from Ly(S) to Lo(B). Then the operator P* acts from Lo(B) to Lo(S) and has the

form
1

1 1 —,02
o = — d ds.
Py |S|/Opp/5¢(@) o S

It is easy to see that

1
1
PPy (©) =Pyt (e :/ 2y k) (©)pdp = —Y,#) (O).

This shows that the s-numbers of the operator P are of the form

1
su(P) = —— " 1 =0,1,2,....
2(n+1)
Therefore
P e 6,(Ly(S), Ly(B)), foreach p>2. (1.7)

2 Main results

Theorem. Let m > 2 and the domain D(L) of a correct restriction L of the max-

imal operator E, corresponding to Laplace operator (1.1), is such that the following
smoothness conditions are satisfied

D(L) Cc WiB), [>1, inthecase m =2, (2.1)

or
D(L) ¢ Wy(B), in the case m > 3. (2.2)

Then the operator L= is not quasinilpotent, hence the correct restriction L is not
Volterra.
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Idea of the proof. By (1.7) it follows (see |2, p.256]) and (see |7]) that

2
K e GQ(LQ(]B), LQ(B)), Va > l—|——1’ [ > 1,

in the case (2.1), and

K € 84(Ly(B), Lo(B)), VB> w

in the case (2.2). Suppose to the contrary that L=! is quasinilpotent. Since Lz)l >0
and by virtue of V.I. Macaev’s theorems (see here [3, p. 269] in the case 3 < a < 1, [3,
p. 273] in the case 0 < a < 1 and [3, p. 267] in the case 1 < a < 400), we arrive at a
contradiction.

Corollary 1. If the conditions of the theorem are satisfied, then correct extension (1.5)
of the minimal operator Lq is not a Volterra operator.

Corollary 2. If the operator K is a finite-dimensional operator in Lo(B), then there are
no Volterra restrictions of the maximal operator L and there are no Volterra extensions
of the minimal operator Ly independently of the smoothness of D(L).

Corollary 3. If K = K1+ Kj, where Ky satisfies the conditions of the theorem, and K
is finite-dimensional, then there are no Volterra restrictions of the maximal operator L
and there are no Volterra extensions of the minimal operator Ly.

Corollary 4. If the operator K satisfies the conditions of the theorem and K R(Lg) =
{0} (that is, Lo C L C L), then there are no Volterra boundary correct extensions.

Remark 1. In the one-dimensional (m = 1) case the statement of the theorem is not
true.

Remark 2. The above results are easily generalised to the case of any bounded domain
with the boundary of class C*.
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