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Abstract. In this work, we will solve the Laguerre-Freud equations for the recurrence
coefficients of the semiclassical orthogonal polynomials of class one in a particular case.
The integral representation and, as a consequence, the moments of the corresponding
form are obtained. Furthermore, both the characteristic elements of the structure
relation and of the second-order differential equation are explicitly given.

1 Introduction

Since the first work on semiclassical orthogonal polynomials by J. Shohat [19], many
authors have dealt with this subject. Most of them have especially treated the case of
semiclassical polynomials of class one [1, 2, 3, 4, 16].

Yet the description of all sequences of semiclassical orthogonal polynomials of class
one has remained an open problem. However, when the sequences are symmetric
(6, = 0), the problem is solved in [1]. In this paper, we assume that 3, = (—=1)"7, 7 # 0
and we will examine the corresponding sequences of class one through solving the
Laguerre-Freud system satisfied by (5, vn11) the coefficients of the standard three-
term recurrence relation, characterizing monic semiclassical orthogonal polynomials of
class one. We will show that the solution is unique up to an affine transformation. It
is worth mentioning that this case has already been studied by T. S. Chihara without
reference to the semiclassical character [5]. Recently, this case was studied using the
quadratic decomposition in [18].

The first section consists of material of introductory character. The second section
deals with solving Laguerre-Freud equations for the semiclassical orthogonal polynomi-
als of class one in the particular case mentioned above. In the third section, we will deal
with the moments of the canonical case found in the preceding section. Incidentally,
an identity satisfied by the Gamma function is obtained (see Proposition 3). In the
fourth section, we will provide the integral representation of the canonical case. In the
last section, we will establish the structure relation and the second-order differential
equation satisfied by any polynomial of the sequence given in the second section.
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2 Preliminary results

Let P be the vector space of polynomials with coefficients in C and P’ its algebraic
dual. We denote by (u, f) the action of u € P’ on f € P. In particular, for any f € P,
any a € C~ {0}, any c € C, and b € C, let v/, fu, hqu, 7_yu, 7 u and ou be the
forms defined by duality

(W,p) = —(u,p); (fu,p) = (u, fp); (hat,p) = (u, hap); (T_pu,p) := (u, Tp);

((x =) u,p) = (u,0p); (ou,p) = (u,0p), p€ P,
where
(hap) () = plax), (7)) = ple 1), (E)(@) = PP (o)) = pa?)

We define the right multiplication of form u by a polynomial p as

Let {W,, },>0 be a monic polynomial sequence (MPS), i.e. a sequence of polynomials
with the leading coefficients equal to 1, degW,, = n, n > 0 and {w, },>0 be its dual
sequence, with w,, € P’ defined by (w,, Wy,) = 6,.m, n,m > 0. The sequence {W,, },,>0
is called orthogonal (MOPS) if there exists a form w € P’ such that

), ue P peP.

(w, W W) = rubnm, n,m >0; r, #0, n>0.

The form w is said to be normalized if (w)y = 1 where in general (w), = (w,z™),
n > 0, are the moments of w. In this paper, we suppose that the forms are be
normalized. Thus, w = wy and {W,, },,>¢ satisfies the standard recurrence relation

WQ(LE) = 1, Wl(.’l?) =T — ﬁo,
Wia(z) = (2 = Buy1)Wai1(2) — Y Wa(z), n > 0. (1)
When 7,.1 > 0, n > 0, a form wy is said to be positive definite.

Definition. A MOPS {W,,},,>¢ is called semiclassical if wy satisfies the equation

(¢wo)” + Ywy = 0, (2)

where ¢, 1 are polynomials, ¢ is monic and degt > 1. In this case, the form wy is
called semiclassical.

Let us introduce the integer s(¢,v) = max(deg¢ — 2,dege) — 1). Then, s =
min s(¢, 1), where the minimum taken all over all pairs (¢,1) occurring in (2), is
called the class of wy. By extension, the integer s is also the class of {W,,},>0 [13].

We have the following result:
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Proposition 1 ([12]). The form wq satisfying (2) is of class s = s(¢, ) if and only if
IT (1) + () | +1 (wo, 600+ 020) [) # 0.
c€Z(¢)
where Z(¢) = {c, ¢(c) = 0}.

Lemma 1 ([10, 15]). Let {W,},>0 be a semiclassical MOPS satisfying (2). Then the
sequence {W, >0 where W, (x) = a "W, (ax + b) = a "(hg o T-yW,,)(x) is a MOPS

with respect to Wy = (he—1 o T_p)wy. Moreover, Wy satisfies the equation
(¢tiio)’ + Py = 0,

where 3 i
d(z) = a” *8%p(ax +b), ¥(z) = a' "% (ax + b).

In the sequel, we assume that {W,,},>0 is a semiclassical MOPS of class one. This
means that

H(x) = c32® + o2 + c1z + ¢, V(x) = agx® + a1 + ay. (3)

In accordance with [3, 4] we have, the so-called Laguerre-Freud system of equations
satisfied by the coefficients of the three term recurrence relation (1)

asy1 = — (a2 + a18 + ao), (4)

n—2
(ag — 2¢3n) (Yo + Ynr1) — 4es Z Y1 = (2e3n — ag)ﬁi + (2con — a1) B+
v=0

n—1 n—1
+2cin — ag + 2c3 Z B2 4 (2¢33, + 2¢2) Z B,, n>1, (5)
v=0 v=0
where i =0,
v=0
{Ch — o+ (az —¢3)(Bo + B1) — 0350}71 = ¢(B), (6)

n—1 n—1 n
E1(n)Yn41 — 202 Z%+1 —3c3 Z Vo+1(By + But1) = Z o(By) , n =1, (7)
v=0 v=0 v=0
with
Ei(n) = a1 — (2n + 1)ca + (a2 — 2¢3n)(By + Bry1) — 2¢3 Zﬂu —c30n11, n>1. (8)
v=0

Remark 1. 1) (4) — (8) appear as a limit case when w tends to zero in formulas (2.40)-
(2.43) given in [17].

2) In [4, p. 272|, the right hand side of the first equation in (5.13), —t(0) must be
read as —1([3,); in the right hand side of the second equation in (5.13), —¢(5y) must
be read as —(/1). In that paper, the system has not been solved.
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3 Search for solutions of the Laguerre-Freud system when
fn=(-1)"1,n>0,7#0.

In order to solve (4) — (8) when (3, = (—=1)"7, n > 0, 7 # 0, from Lemma 1 and without
loss of generality, we can assume that

Bn=(=1)",n>0. 9)
In this case, (4) — (8) become

asy1 = —(az + a1 + ap), (10)

n—2
(a2 = 2¢3n) (T + Y1) — des Z%H = (4n =1+ (=1)")¢cs — ar+
v=0

+((2n = 1)(=1)" +1)c2 — a1 (=1)" + 2e1n — ag, n > 1, (11)
(a1 —c2 —e3)m = ¢3 + 2+ 1 + co, (12)
n—1 1
(a1 — C3 — (271 + 1)62)771,—&—1 — 202 Z,}/V—Fl = 5(63 + Cl)(l + (_1)n>+
v=0
+(ca+co)(n+1), n>1. (13)

System (10) — (13) can be written as follows

a1 = A(0), (14)
n—2
(a2 — 2e3n)(Yn + Yns1) — 4es Z%H =A(n), n>1,. (15)
v=0
(a1 — ¢ — ¢s)n = B(0), (16)
n—1
(a1 —c3 = (2n + 1)c2) Vo1 — 2¢2 Z%“ = B(n), n>1, (17)
v=0
where
Aln) = (4n—1+ (-1)")czs —az + ((2n — 1)(=1)" + 1)z — ar (—1)"+
+2c1n — ag, n >0, (18)
1
B(n) = 5(03 +c)(14+(=1)") + (2 +co)(n+1), n>0. (19)
Let .
T, = Z’Vqul’ n = 0. (20)
v=0
Then

Tn - Tn—2 = Tn +’7n+17 n 2 ]-7 T—l = 07 (2]‘)
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Tn - Tn—l = Yn+1, N Z 0. (22)
Taking into account relations (21) and (22), (14) — (17) become

GQTO = A(O),

(ag — 2ncs)T, — (az — 2(n — 2)c3) T2 = A(n), n > 1,
(a1 — C3 — CQ)TO = B(O),
(ay —c3 — (2n+1)e)T,, — (a3 —e3 — (2n — 1)eo)T,—1 = B(n), n > 1.

Note that (25) can be obtained from (26) with n = 0. Similarly, equation (23) can be
obtained from (24) assuming that 7_o = 0.

(
(
(
(

Lemma 2. We have

(a1 —c3— (2n+ 1)) T, = %(63 + cl){n +1+ %(1 + (—1)")}—1-

1
+=(c2+co)(n+1)(n+2), n>0,

5 (27)
(a2 — 4nes)To, = (n+ 1){2n(2cs + co + 1) —az — a1 — ap}, n >0, (28)
(az—(4n+2)c3)Topt1 = (n+1){2n(2c3—co+c1)+2c3+2c1 —as+ar1—ap}, n >0, (29)
ca(es+ ey +¢1) — coez =0, (30)
02{a2 —c3+3a; — ca + 2ap — cl} + 2a1c3 + 103 + 2¢c9c3 + ajcp — agcog =0, (31)
calay + ag) + ai(cs — ag) + ages — at — ase; — agay — ascy = 0, (32)
ca(es —ca+ 1) —coez =0, (33)
02{03 —as + 3(a; — cp) + Tey — 2a0} —2ay¢3 — €163 + agco — ajcp — 8cpez =0, (34)
3ca(ar+2¢1 —ag) +ay (ag —c3) + (aze; —a? —ages) +3(ag —2c3)co—ay (2¢; —ag) = 0. (35)

Proof. From equation (26), we get

(g —c3— (2n+1)e)T,, = i B(v), n >0,
v=0
and using (19) we can deduce (27).
Making the changes n — 2n, and n — 2n + 1 respectively, in (24) we obtain

(ag — 4nes) Ty, — (ag — 4(n — 1)e3)Toy—0 = A(2n), n > 1, (36)

(a2 — (477/ + 2)03)T2n+1 — (CLQ — (47’L — 2)03)T2n,1 = A(2n -+ 1), n 2 0. (37)
From (36) we get

(ay — 4ncs)Toy — asTy = ZAzz/ n>1,
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and according to (23) it follows that
(ag — dncs) Ty, = ZA(QI/), n > 0.

Taking into account (18), we get (28).
Likewise, from relations (37) and (18), we establish (29).
Making the changes n — 2n, and n — 2n + 1 respectively, in (27) we obtain

(a3 —c3 — (4n+ 1)co)To, = (n + 1){(2n + 1)(ea +co) +c3 + cl}, n >0, (38)
(ay —c3 — (An+ 3)c2)Tonyr = (n+ 1){(2n +3)(c2 + o) + ¢35+ cl}, n > 0. (39)
Multiplying (38) by (ay — 4ncs) and taking into account formula (28), it follows that

—8712{02(03 + Co + Cl) — 0003}+

—I—Qn{cz{ag — 3+ 3a1 — ¢+ 2a0 — 1} + 2a1¢3 + 13 + 2cc3 + are — a260}+

2
+ca(ar + ag) + ar(ez — az) + apes — a3 — azer — apay — azep = 0, n >0,

then we can deduce (30), (31) and (32).
In a similar way, multiplying (39) by (as — (4n+2)c3) and taking into account (29),
we get
—8n2{02(03 — T +0¢) — 0003}—

—2n{02{03 —az +3(ay — ) + Ter — 2a0} — 2a105 — 103 + agco — arcy — 80003}—

—302(a1+201—ao)—al(aQ—03)—(a201—a§—a003)—3(a2—263)co+a1(201—a0) =0,n>0.

Then, we can evidently deduce (33), (34), and (35) respectively. O

Theorem 1. When the form wy is reqular the system (10) — (13) has a unique solution

_ n—s@t)Hn -0 tataw)
VYon+1 (2n —2){2n — (2 +ap)} T (40)
iy — (n+1){n+3(1+a0)} e
”* (2n — 2){2n+ (2 — ag)}’ =
Proof. From (30) and (33) we find
Cy = O, (41)
CoCs = 0. (42)

Taking into account (41) and (42), relations (31), (32) and (35) become respectively
2&163 + cic3 + ajcp — ascy = 0, (43)

ai(cs — ag) + ages — a% — ApC1 — apay — agcy = 0, (44)

aq (03 — CLQ) + agcs + CL% — Q9C1 — SCLQCO + 2@101 — Qo1 = 0. (45)
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Assuming that ¢ = 0, system (43) — (45) becomes

aiCp — aoCy — O, (46)
a1a9 + @€y + CL% + apaq + ascy = O, (47)
a102 + A€y — a% + 3@200 - 2@101 + apa = 0. (48)

Subtracting identities (47) and (48), we obtain
a% + aicqy — ascy = 0.

According to (46) we get
a; = 0. (49)

Taking into account (49), (46) and (47), we get the following relations
a9Cy = O, a2C1 = 0. (50)

If as = 0, by (49) we obtain deg < 0, which is a contradiction. Hence, as # 0 and
we have
Co = O, CcC1 = 0.

By the previous relation and (41), we get ¢(z) = 0 which yields a contradiction.
Thus, we find that c3 # 0, so we can choose

c3 = 1. (51)

Indeed, by virtue of (51) system (42) — (45) can be written as

Co = 0, (52)
2(11 +c1 +acp = 0, (53)
ay(1 — ag) + ag — aj — ase; — agay = 0, (54)
ay(1 — ag) + ag + aj — ase; + 2a,¢; — aga; = 0. (55)
Subtracting identities (55) and (54) we get
aq (a1 + Cl> = 0. (56)

If a; = 0, equation (53) gives ¢; = 0.
From the previous relation, (41) and (52), equation (27) becomes

1 1

From (22) we can deduce that vo,10 = 0, n > 0, which means the form is not regular.
Therefore, a; # 0 hence (56) becomes

a1+01:0.
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By the previous relation, (53) can be written as

a1(1 + Cl) = 0.
Therefore,
C1 = —1, ay = 1. (57)
Taking into account (41), (51), (52) and (57), we successively get for (3), (28) and (29)
¢(a) = z(2® = 1), ¢(2) = ar® +x + ao, (58)
(ag —4n)Ty, = (n+ D){2n — 1 —ag — ap}, n >0, (59)
(ag =2 —4n) Ty = (n+1){2n+ 1 —as —ap}, n > 0. (60)
As a consequence, (59), (60) and (22) yield (40). O]
Corollary 1. The following canonical case arises
( ﬁn:(_l)n> n>0
n+a+1l)(n+a+G+1
Yon+1 = — ( ) f+1) ) n >0
Cn+a++1D)(2n+a+5+2)
(n+1)(n+B8+1)
Vont2 = — ; n=>0
(2n+a+/6+2)(2n+a+5+3)
| (w2 = Dugle B)) + (=2(a+ 8+ 2)2> + 2+ 28+ 1 )wo(a, 8) =0
(61)
Proof. From Theorem 1, as well as from relations (9) and (58) we get that in general
case )
{n —3(a2 +2)}H{n — 5(1 + a2 + ao)}
Yont1 = — o i , n=0
(n+1){n+3(1+ao)}
Yont2 = — s T ; n=>0
(2n/— 2)H2n + 3(2 —ag)}
| (z(2? — Dwo) + (a22® + z + ag)wy = 0
Putting § = —3 + 2ao, @ = =3 — $(az + ao), we obtain (61). O

Remark 2. 1) The form wy(a, 3) is regular if and only if « # —mn —1,n >0, § #
—n—1,n>0and a+ [ # —n—1,n>0. The form wy(a, B) is not positive definite.
2) According to Proposition 1, wy(a, 3) is a semiclassical form of class one.

3) When o = —%, = % we obtain 7,11 = T n > 0, and the following functional
equation [16]
1 1. 11
2 2

In this case, wo(—1, 1) is a second order self-associated form: the MOPS {W, },>¢ is

identical to its associated MOPS of the second kind.
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4) The recurrence coefficients of the form h_jwg(a, p + %), where p takes nonnegative
integer values, are given in [2].
5) The form wy(a — 1,5 + 1) is studied in [18]|. Note that in [18, p. 532]

2(n+1)(2n+2 — go)
dn — 3+ eo)(4n + 5+ ep)

Yon4+2 = —
(

must be read as
2(n+1)(2n+2 — go)

dn+3+ep)(dn+5+ep)

Yont2 = —
(

4 The moments

Proposition 2. The sequence of moments {(wo(c, 5))n}tn>0 is given by

(B+Dz  Da+p+2) TE+14+[5])
(@+68+2)z  T@E+1) Tla+5+2+[3)

(wo(er, 3))n =

where (a),, a € C is the Pochhammer symbol

{ (a)o=1
(@n=a(@+1)--(a+n—1), n>1"
Proof. Notice that (wo(a, 8)); = fo. By (61) we obtain (wo(a, 3)); = 1, then
(wo(ev, B))1 = (wo(ar, B))o = 1. (63)
Taking into account the functional equation in (61) we get
((x(2® = Dwo(a, B)) + (—2(a + B+ 2)2° + 2 + 28 + 1) wy(a, B),2") =0, n >0,
which is equivalent to
—(n+2(a + 8+ 2))(wo(a, B))nt2 + (wo(t, B))ns1+
+(n+ 26+ 1)(wo(a, B))n =0, n > 0. (64)
Making the change n — n + 1 in (64) we obtain
—(n+1+2(a+ 8+ 2))(wola, 3))nts + (wolar, 5))ntat
+(n+ 206+ 2)(wo(, 5))ns1 =0, n >0,
Subtracting the previous relation from (64) leads to
(n+1+2(a+ F+2))((wola, B))nts — (woler, B))n+2) =

= (n+ 28+ D((wo(, 8))nt1 — (wola, §))n), n = 0.

Let
Un, = (wo(e, 8))ns1 — (wola, B))n, n > 0. (65)
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Then, we get
(n+1+2(a+B+2)vpe = (n+28+1)v,, n>0. (66)
From (63) we have vy = 0, hence we obtain
van = (wo(ev, B))2n+1 — (wolav, 3))2n =0, n = 0. (67)
After changing n — 2n + 1 in (66) we get

(n+a+ B4 3)veys = (n+ B+ 1vanta, n > 0.

Therefore,
; _vrm+ﬁ+$ I'(B+1+n) 00
2n+1 1 F(/B—l-l) F((X+ﬁ+3+n>7 — Y
but v; = (wo(e, 8))2 — (wo(a, B))1 =711 = m, and, as a consequence

. a+l T(a+8+3) T(B+1+n) 00
T a4 8+2 T(B+1) T(e+f+3+n)  —

From (67), we have (wo(«, 5))ant1 = (wo(, 3))an, then, from (64), we get

(n+a+ 6+ 2)(wo(e, §))ansz = (n+ B+ 1)(wo(a, 5))2n, n =0,

therefore,
Ma+p6+2) T(B+1+n)

FG+1) Tatgrztn) ="

Finally, the previous relation provides (61). O
On the other hand, by (68) and (65) we have

(wo(e, B))an =

a+l I'(a+p8+3) I'(B+1+n)

(wol@, M)anta = (wole, Az = = 5 "FE 1) Tla+513+n)°

n > 0.

Therefore it follows that

a+1 a+ﬁ+3§: r'B+1+v)
IN(e

(wo(er, ))ansz = 1= = a+f+2 T(B+1) (a+B+3+v) n2

Taking into account (62), we get

Ma+068+2) T(B+2+n))
T(3+1) I(a+pB+3+n)

. a+l a+ﬁ+3§: (B+1+v) o
Ca+p0+2 T(B+1) Fa+ﬁ+3+m -

Clearly, we obtain:
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Proposition 3. The following identity holds

n

Lit+v) 1 {F(t) I't+n+1)

I(s+1+v) s—t F(s)_F(s+n+1)}’nZO' (70)

v=0

Proof. Making f+ 1=t and a+ 3+ 2 = s in equation (69), we obtain (70). O

Remark 3. Consequently, the sequence {ggiz)) }n>0 is decreasing when s >t > 0 and

increasing when 0 < s < t. In the first case, when n — oo we get the well known
Gauss sum o F(a,b;c;1) = % wherea=t, b=1and c= s+ 1.

5 Integral representation

Theorem 2. The form wy(c, B) has the following integral representation (see |5])

+1
(wo(ar, B), f) = F(z(j‘_ Bﬁ(;i)w /_1 sgna | @ [ (1 = 22)*(1 4 2) f(x)dz, f € P,
(71)
with NG > —%, Ko > —1.
Proof. We will look for a weight function U such that
+oo
e, 0).5) = [ U@falde, 1 EP, (72

where we suppose that U is regular as far as it is necessary.
The relation

{(z(2® — Dwola, B)) + (=2(a+ B+ 2)2* +x + 26 + Dwo(a, B), f) =0, f € P,

reads

/ —a(2? — U@ () + (~2(a + B+ 2%+ 2 + 28+ )U (@) f(x)dz = 0, f € P.

—00

The previous equation can be written as

—a(z® = DU (2)f ()] 73+

400
+ /{x(m2 — DU (2) + (—2a+ 28+ Da? +z +28)U(z)} f(x)dx =0, f € P,

which is equivalent to
—z(z? - DU () f(z)]T =0, feP. (73)

z(z® = DU (z) + (—(2a + 28 + 1)a* + = + 26)U(z) = AS(x), (74)
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where A € C and S is the so-called ghost function locally integrable with rapid decay
representing the null form. The following formula

S(z) 0, <0
| exp(—zt/Y)sin(z'/4), >0

was given by Stieltjes [20]. When A = 0, equation (74) becomes

20 « a+1
Ulz) = (2= U
() ($+:B—1+$—|—1) (@),
therefore,
0, < —1
Jalz PP A+a)(1-2?), -1<z<0
U@) =9\ 6 2P (1+2)(1—22) 0O<z<l ° (75)
0, z>1

where RS > —1/2, Ra > —1.
From (62) we have (wo(a, 3))o = 1 and (wo(a, 8))1 = 1, by virtue of (75) we get

(wo(a, B))o = &1 jq |z |2 (1 — 22)*(1 + x)dx + ngxQB(l — 2314 2)dz =1
e 0
(wo(cr, B))1 = 1 jq | 2P 2(1 — 2®)%(1 + z)dx + Cij%*l(l — 2314 2)dz =1 |
| 0
The last system can be written as
1 flxzﬁ(l —22)*(1 — z)dz + czflxzﬁ(l — 214 2)dz =1
0 0
—c flxw“(l —22)*(1 — z)dz + CQOflwa(l — 2314 2)de =1 |

0

Therefore, we obtain

-1 I'a+5+2)

2T BB+La+l)  Tla+rDB+1)

1 = —
by virtue of the previous relation, (75) gives (71) and we can conclude that condition
(73) is satisfied. O

Remark 4. The weight function given in (71) does not appear in [4]. Thus, the
classification given in [4] is not exhaustive.

6 Structure relation and differential equation

6.1 Structure relation

The sequence {W,, },>¢ satisfies the following structure relation [12]

1

O@)Wia (@) = 5 (Cria () = Co(2))Wat1(2) = Ys1 Dusa (@)Wa(z), n 20, (76)
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where
Cri1(x) = =Cph(z) + 2(x — (=1)")Dyp(z), n >0, degC,, < 2, (77)
Ynt1Dni1(2) = =d(2) + 1 Dn-1(z) — (x — (=1)")Cp(z)+
+(x — (=1)")?Dy(x), n >0, deg D, <1, (78)
with
D_i(x) =0, Co(z) =—¢(x) — ¢'(x), Do(x) = —(woboo) (z) — (wobo))(z), (79)
p(x) = x(x* — 1), Y(x) = —2(a+B+2)2* +2+23+ 1. (80)

From (79) and (80) we get
Co(z) = o +28 + 1)2* — 2 — 2, (81)

Do(x) =2(a+ S+ 1)(z + 1). (82)

In order to determine the coefficients of the previous structure relation of {W,,},>0,
we use, the quadratic decomposition of {W,, },>¢ [11]

Waon(z) = P,(2?), n >0, (83)

Wons1(x) = (x — 1)R,(2?), n > 0. (84)

The sequences { P, },>0, { Rn}n>0, are orthogonal with respect to uy and vy, satisfying
the following relations
P(z)=1, P(z)=2—m —1,
Poa(z) = ( — y2n42 — Y2n43 — 1) Pog1(2) — Y2nt17202Pn(2), n >0, (85)
Ro(z) =1, Ri(z)=2—7 —7 —1,

Rn+2($) = (T — Yon+3 — Vonta — 1)Rn+1(33) - 72n+272n+3Rn(33), n >0, (86)
Poi1(z) = Ry () + yonteRu(x), n >0, (87)
(r — )R, (x) = Pyy1(z) + Yons1 Pu(x), n > 0. (88)

Moreover, the forms wug, vy and wy(«, 3) satisfy

uy = o(wo(a, 3)), (89)
o(zwo(a, 3)) = a(wo(e, B)), (90)
vo =7 ' (z = Do(wo(a, B)). (91)

Proposition 4. The following functional relations hold
(h—z 0 7-12)(u0) = J(a,p); (92)

(h-207-172)(v0) = T(ar1,9), (93)
where J(a,8) ts the Jacobi form ([5, 6, 18, 14]).
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Proof. Following the integral representation (71) of the linear functional wg(c, 3), we
can easily deduce (92)-(93). O

Corollary 2. We have

11—z

2

1—x
2

PO(x) = (=1)"2" Py ), n =0, (94)

Pit9(z) = (—1)"2" Ry

), n >0, (95)
where {ﬁn(a’ﬁ)}nzo 1s the sequence of monic Jacobi polynomials, orthogonal with respect
to ug = J(a, ).

Proof. We get the desired results as a consequence of Proposition 4 and Lemma 1. [J

Corollary 3. (Compare with [18]) We have the following hypergeometric representation

JLla+p6+1) I'(n+5+1)
F(3+1) Tln+a+p5+1)"

MNa+p+1) I'(n+06+1) "
rg+1) I'n+a+p5+1)
XoFi(—n,n+a++26+1,2%), n>0,

Wa,(x) = (—1) Fl(—n,n+a+ﬁ+1;ﬁ+1,x2), n >0,

Wanga(2) = (=1)"(z — 1)

where

2F1(a7 b> ¢, .fl?) =

Proof. We know that the monic Jacobi polynomials lf’n(a’ﬁ) are represented by [21]

Fla+f+1) Tn+f+1) JFi(—mntat B4L541, 225,

58\ on
B () =2 N(B+1) T'(n+a+p+1) 2

From the previous relation, Corollary 2, (83) and (84), we obtain the desired results.
]

In the sequel we need the following result:

Lemma 3 ([1]). Let {B,}n>0 be a MOPS, and M (x;n), N(x;n) two polynomials such
that
M(z;n)Bpii(z) = N(x;n)B,(z), n > 0.

Then, for any n for which deg N (x;n) < n, we have
M(z;n) =0 and N(z;n)=0.
Proposition 5. The sequences {C,,}n>0 and {D,}n>0 are given by
Co(z) = (2n+2a+28+1)2” +(—1)""'2—28—-2n+(2a+1)((-1)"—1), n >0, (96)

Dy(z) =2(n+a+B8+1)(z+ (-1)"), n>0. (97)
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Proof. We take into account that the Jacobi polynomials satisfy (see [13] and [15])

N 1 o
(2* = DY (2) = 5 (Crin (w0 B) = Colws o, ) By () -
_’Yﬁﬁf)DnJrl(x; O‘ﬂﬁ)pr(baﬁ)<x>v n = 07 (98>
where ) )
Culwsa ) = (2n+a+ fo = 300 nzo (99)
Dy(z;o,0) =2n+a+5+1, n>0, (100)
S8 n+n+a+B+1)n+a+1)(n+p+1) "> 0 (101)
il 2n+a+8+1)2n+a+8+222n+a+6+3)  —
as well as
- (rl BY 1 i
(#* = DETH (@) = 5 (Cua(wia +1,0) = Colasa+1,8)) BT (2)-
A D (a4 1, BB (), n > 0. (102)
From (94), (98) and (83) we deduce
1
r(x? — L)W, o(2) = _i(CnH(l — 2%, B) — Co(1 — 22%; @, B) ) Wappa () —
l (@
_5724;?)Dn+1<1 — 2% a, B)Wan(z), n > 0.
Using (1), we obtain
(@® = )Wy, o(w) =
1 (a:f)
= {2 D (1= 20% ) = G (1= 200 8) + Col1 = 2%, 5) | Wana (o)~
(a’ﬂ)
1
2 e DD (1 — 222 @, ) Wanga (), 1> 0. (103)
2%on+1
On the other hand, by (76) we have
v(@® = D)Wy, o(x) =
1
= 5(02n+2($) - CO(IE))W2n+2($) — Yant2Donto()Wania (), n > 0. (104)

Comparing relations (103) with (104), by Lemma 3 we find

(c,8)

Consa(z) = Co(x) + znﬂ Dnpi(1 = 22%a, B) = Cpya (1 = 22%; 0, B)+
2n+1

+Co(1 —22% a, B), n >0, (105)
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Doy yo(z) = %(ﬁ +1)Dpa(1 = 22%, 8), n>0. (106)
From relations (61), (81), (97) and (101), equation (105) becomes
Conyo(r) = (4n+ 20+ 2B +5)2? —x — 28 —4(n+ 1), n > 0.
By (81) we get
Con(z) = (4n + 20 + 28+ 1)z — 2 — 23 — 4n, n > 0. (107)
Taking into account relations (61), (100) and (101), equation (106) can be written as
Dopio(z) =22n+a+ B +3)(x+1), n>0.

By (82), we obtain

Dy, (z) =22n+a+ 5+ 1)(z+1), n>0. (108)

Likewise, based on relations (95), (102), (84), (101) and (1) we get

(a+1,8)
1
2(2? = 1)Wyy, i s(a) = 5{296(9: +1) + 71;2*:2 Dnia(1 =22+ 1,0)—

—Cn+1(1 — 21‘2, o+ 1,6) + Co(l — 2ZL‘2, o+ 1, ﬁ)}WQn_;,_g(l‘)—
1,}/(04-1‘1,5)

— - (ZE — ]-)Dn-i-l(]' - 21’2, a+ 17 ﬁ)WQn-‘rQ(ZE)’ n=0. (109)
2 Yonto

From (76), we have

(Conts(x) = Co(x)) Wanys(z)—

N —

o(2® = Wiy (x) =

—Yon+3Want2Dopys(x)(x), n > 0.

Comparing the previous equation with (109), from Lemma 3, we obtain

(a+1,3)
Conys(@) = Co(x) + 2z(z + 1) + s Dpa(1—22%a+1,0)-
Yon+2
—Crp1(1 =222 a+1,8) + Co(1 —22% a+1,3), n >0, (110)
1 ,7(01-1‘175)
Dopys(r) = =—2 (2 —1)Dpiy(1 —22%a +1,3), n>0. (111)

 2%n427%2043
Based on relations (61), (81), (99) and (101), equation (110) becomes

Coniz(z) = (An+2a + 28+ T)2* + 2 — 2(B+2n +2a+4), n > 0.
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By (77) and (78), we have C}(z) = (2a + 26 + 3)2? + x — 23 — 4a — 4, then
Coni1(7) = (dn+2a+28+3)2* + 7 —2(8+2n+2a+2), n> 0. (112)
Taking into account relations (61), (82), (100) and (101), equation (111) becomes
Dyyis(z) =22n+a+ B+4)(x — 1), n > 0.
By (78) and (81), we have D;(x) = 2(a + 8 + 2)(z — 1), therefore
Dopi1(z) =22n+a+ F+2)(x—1), n>0. (113)
Relations (107), (108), (112) and (113) prove the Proposition. O

Corollary 4. The zeros of W,, are simple for n > 2. Moreover, if « > —1 and 3 > —1,
then they are in the interval | — 1,+1].

Proof. Let ¢ be a zero of Wy,1, n > 1 of order 1 > 2, then W, (c) # 0 and W, ,(c) = 0.
Taking into account (76) we get D,,11(c) = 0, by virtue of (96) we obtain ¢ = (—1)".
But ¢((—1)") = 0, hence from (76) it follows that D, ,(c) = 0, which is contradictory.

When a > —1 and > —1, taking into account relations (83), (84), (94) and (95),
we see that that the zeros of {W,,},>0 are in | — 1, +1]. O

6.2 Differential equation

It is well- nown that any polynomial of a semiclassical MOPS satisfies |7, 8, 12] the
second-order linear differential equation

J(x; )W, (x) + K(z;n)W, 4 (2) + L(z;n) W () =0, n >0, (114)

with
J(55m) = $(#) D (), 0> 0,

K(z;n) = (¢/(2) + Co(w)) Dnsa(2) — 6(2) Dy (), n 20, (115)

L(w;n) = %(Cnﬂ( ) = Co(@)) Dj, 1 () — —(Céﬂ(fﬁ)—Cé(x))Dnﬂ(fv)—

Dy (z ZD ), n > 0.

Proposition 6. For these polynomials the following formulas hold

J(zin) =2(n+a+B+2)z(z* —1)(z - (-1)"), n >0, (116)
K(z;n) =2(n+a+ f+2)x
x{(m—(—1)”)(2(a+6+2)x2—x—26—1)—a:x —1} (117)
L(z,n) =2(n+a+ B +2){dx(n)z* + di(n)z + do(n) }, n (118)
where
dy(n) =—(n+1)(n+20+28+3), n>0
dl(n):(—1)”<n2+2(a+5+2)n+04+ﬁ+g)—a—ﬁ—%, n>0. (119)

dofn) = (B+ ) (1+ (=1)"), n >0
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Proof. From (96) and (97) we obtain (116) and (117). By using the formulas

an=ZV= n(n+1)7 bn:Z(—l)”: 1+(2—1)"’

and (97) we have

zn:Dy(:p) =2z(a, + (a+ B+ 1)(n+1)) +2d, + 2(a+ 3+ 1)b, =

— (n+1)(n+2(a+ﬁ+1))x+%((271—1—1)(—1)”—1) +(a+ﬁ+1)<(—1)"+1), n > 0.
Relations (96), (97) and the previous yield (118) with (119). O

Remark 5. 1) We denote {x,41}1<k<n+1 the zeros of W,,.;. Evaluating the linear
differential equation (113) at z,414, 1 <k <n -+ 1, we obtain

Wy/ll+1(xn+1,k) K($n+17k; ?1)

=0, n>0.
Wi (Tnt1) J(Tpi103m)
Using (116) and (117), we get
W;L/+1(q;n+1,k)+25+1 a+1 a+2 1 _0.n>o0.

Wi (@pi1ik)  Tngik Tonprk— 1 Tppip+ 1 Tpgre — (=1)7

Applying the following property (see [9] and [22])

1 n+1
Wn+1(xn+1,k) 1
R = 2
Wn+1($n+1,k) o1 2k Tn+1,j — Tntlk

we obtain

R 1 1286+1 1 a+1 1 a+2 1

1
J=1,j#k Tn4+1,5 — Tn+1,k 2 Tn+1,k 2 Tn41,k — 1 2 Tn+1,k +1 2 Tn41,k — (_1)n

=0,

n>0,1<k<n+1 a>-1, §>—-1/2.

This relation can be interpreted in terms of a logarithmic potential interaction of
positive unit charges under an external field. (For more details see [8]).

2) Notice that, the second order differential equation given in [18, p. 533] is not correct,
it must be read as

X(zyn)B, (x) + Y (z;n)B), 1 (2) + Z(z;n)Bpya(x) =0, n >0,

with
X(z;n) = z(a® = 1)z + (=1)"),
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Y(z;n) = (2a+26+3)2°—(1+(—1)"(2a+2644) )2 — (26+2—(-1)")z—(-1)" " (28+3),
Z(zin) = —(n+ 1)(n + 20 + 26 + 3)z°—

—((—1)”“(n2 + (2a+20+4)n+a+ 6+ g) +a+ 3+ %)x + (B + g)(l + (=1)").
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