ISSN (Print]: 2077-9879

EURASIAN MATHEMATICAL JOURNAL

volume 16, number 3, 2025

ISSN (Online): 2617-2658

CONTENTS

V.M. Filippov, V.M. Savchin
On some geometric aspects of evolution variational problems.................cooeeeiiiiin.n... 9 E U R A S I A N

A. Kalybay, R. Oinarov

Oscillatory and spectral analysis of higher-order differential operators.......................... 20 M A T H E M A T I c A L

B.Sh. Kulpeshov
Algebras of binary formulas for weakly circularly minimal theories with equivalence

e - JOURNAL

M.Dzh. Manafov, A. Kablan
Reconstruction of the weighted differential operator with point 8-interaction................. .57

T'A. Nauryz, S.N. Kharin, A.C. Briozzo, J. Bollati
Exact solution to a Stefan-type problem for a generalized heat equation with the

ThomMSON EITECT. . . o vttt e e e e e e e e e 68

Ya.T. Sultanaev, N.F. Valeev, A. Yeskermessuly

Asymptotics of solutions of the Sturm-Liouville equation in vector-function space........... 90
B! Fetersburg RUSSIA
I ,Yaroslayl  Perm, AL Nt B e
i Kazan 2 \M‘ NS
[vents PR mﬂfﬂﬂ R e " Coeiyatins '“E' g
s m‘ mwaw Kiev Kb Skarafov ks\a“\: B ;VW\ N
. . . . . . AN KAZAKRASTAN 2 \
Online workshop on differential equations and function spaces, dedicated to the 80- )
o c - o PN R
th anniversary of D.Sc., Professor Mikhail L'vovich Goldman................................ .102 =

uBRRSTAN REISTRL

Tashyerd

Azeg:nkuu TURKMENISTAN

TAIKSTRN
*
Mosel Ashkhabad ARl cwin
" IRAQ *Tehran Kab\.l\* t\S\a‘m :
e, Lahote
IRAN AFGH"N'-ST“N . h W
ﬂ 1t
New Del tAg"a i gl
PAKISTAN 4 '\ka\\‘?“‘ ;

Jam\.\t

EGypr

-'if(;ER

i

owo - Khartoyp,
.hu]-a ‘NDjamEna Supay *
)

Addis Abbapg

CENT
h N R,
A ung, REp, FRchN

SSN 2077-98

VOLUME 16, NUMBER 3 |iiri:




ISSN (Print): 2077-9879
ISSN (Online): 2617-2658

Eurasian
Mathematical
Journal

2025, Volume 16, Number 3

Founded in 2010 by
the L.N. Gumilyov Eurasian National University
in cooperation with
the M.V. Lomonosov Moscow State University
the Peoples’ Friendship University of Russia (RUDN University)
the University of Padua

Starting with 2018 co-funded
by the L.N. Gumilyov Eurasian National University
and
the Peoples’ Friendship University of Russia (RUDN University)

Supported by the ISAAC
(International Society for Analysis, its Applications and Computation)
and
by the Kazakhstan Mathematical Society

Published by

the L.N. Gumilyov Eurasian National University
Astana, Kazakhstan



EURASIAN MATHEMATICAL JOURNAL
Editorial Board

Editors—in—Chief
V.I. Burenkov, M. Otelbaev, V.A. Sadovnichy
Vice-Editors—in—Chief
R. Oinarov, K.N. Ospanov, T.V. Tararykova

Editors

Sh.A. Alimov (Uzbekistan), H. Begehr (Germany), T. Bekjan (Kazakhstan), O.V. Besov (Russia),
N.K. Bliev (Kazakhstan), N.A. Bokayev (Kazakhstan), A.A. Borubaev (Kyrgyzstan), G. Bour-
daud (France), A. Caetano (Portugal), A.D.R. Choudary (Pakistan), V.N. Chubarikov (Rus-
sia), A.S. Dzhumadildaev (Kazakhstan), V.M. Filippov (Russia), H. Ghazaryan (Armenia),
|M.L. Goldman | (Russia), V. Goldshtein (Israel), V. Guliyev (Azerbaijan), D.D. Haroske (Ger-
many), A. Hasanoglu (Turkey), M. Huxley (Great Britain), P. Jain (India), T.Sh. Kalmenov
(Kazakhstan), B.E. Kangyzhin (Kazakhstan), K.K. Kenzhibaev (Kazakhstan), S.N. Kharin (Kaza-
khstan), E. Kissin (Great Britain), V.I. Korzyuk (Belarus), A. Kufner (Czech Republic), L.K. Kus-
sainova (Kazakhstan), P.D. Lamberti (Italy), M. Lanza de Cristoforis (Italy), F. Lanzara (Italy),
V.G. Maz'ya (Sweden), K.T. Mynbayev (Kazakhstan), E.D. Nursultanov (Kazakhstan), I.N. Para-
sidis (Greece), J. Pecari¢ (Croatia), S.A. Plaksa (Ukraine), L.-E. Persson (Sweden), E.L. Presman
(Russia), M.A. Ragusa (Italy), M. Reissig (Germany), M. Ruzhansky (Great Britain), M.A. Sady-
bekov (Kazakhstan), S. Sagitov (Sweden), T.O. Shaposhnikova (Sweden), A.A. Shkalikov (Russia),
V.A. Skvortsov (Russia), G. Sinnamon (Canada), V.D. Stepanov (Russia), Ya.T. Sultanaev (Rus-
sia), D. Suragan (Kazakhstan), I.A. Taimanov (Russia), J.A. Tussupov (Kazakhstan), U.U. Umir-
baev (Kazakhstan), N. Vasilevski (Mexico), Dachun Yang (China), B.T. Zhumagulov (Kazakhstan)

Managing Editor
A .M. Temirkhanova

(© The L.N. Gumilyov Eurasian National University



Aims and Scope

The Eurasian Mathematical Journal (EMJ) publishes carefully selected original research papers
in all areas of mathematics written by mathematicians, principally from Europe and Asia. However
papers by mathematicians from other continents are also welcome.

From time to time the EMJ publishes survey papers.

The EMJ publishes 4 issues in a year.

The language of the paper must be English only.

The contents of the EMJ are indexed in Scopus, Web of Science (ESCI), Mathematical Reviews,
MathSciNet, Zentralblatt Math (ZMATH), Referativnyi Zhurnal — Matematika, Math-Net.Ru.

The EMJ is included in the list of journals recommended by the Committee for Control of
Education and Science (Ministry of Education and Science of the Republic of Kazakhstan) and in
the list of journals recommended by the Higher Attestation Commission (Ministry of Education
and Science of the Russian Federation).

Information for the Authors

Submission. Manuscripts should be written in LaTeX and should be submitted electronically in
DVI, PostScript or PDF format to the EMJ Editorial Office through the provided web interface
(www.enu.kz).

When the paper is accepted, the authors will be asked to send the tex-file of the paper to the
Editorial Office.

The author who submitted an article for publication will be considered as a corresponding
author. Authors may nominate a member of the Editorial Board whom they consider appropriate
for the article. However, assignment to that particular editor is not guaranteed.

Copyright. When the paper is accepted, the copyright is automatically transferred to the EMJ.
Manuscripts are accepted for review on the understanding that the same work has not been already
published (except in the form of an abstract), that it is not under consideration for publication
elsewhere, and that it has been approved by all authors.

Title page. The title page should start with the title of the paper and authors’ names (no de-
grees). It should contain the Keywords (no more than 10), the Subject Classification (AMS Math-
ematics Subject Classification (2010) with primary (and secondary) subject classification codes),
and the Abstract (no more than 150 words with minimal use of mathematical symbols).

Figures. Figures should be prepared in a digital form which is suitable for direct reproduction.

References. Bibliographical references should be listed alphabetically at the end of the article.
The authors should consult the Mathematical Reviews for the standard abbreviations of journals’
names.

Authors’ data. The authors’ affiliations, addresses and e-mail addresses should be placed after
the References.

Proofs. The authors will receive proofs only once. The late return of proofs may result in the
paper being published in a later issue.

Offprints. The authors will receive offprints in electronic form.




Publication Ethics and Publication Malpractice

For information on Ethics in publishing and Ethical guidelines for journal publication see
http://www.elsevier.com/publishingethics and http://www.elsevier.com/journal-authors/ethics.

Submission of an article to the EMJ implies that the work described has not been published
previously (except in the form of an abstract or as part of a published lecture or academic thesis
or as an electronic preprint, see http://www.elsevier.com/postingpolicy), that it is not under con-
sideration for publication elsewhere, that its publication is approved by all authors and tacitly or
explicitly by the responsible authorities where the work was carried out, and that, if accepted, it
will not be published elsewhere in the same form, in English or in any other language, including
electronically without the written consent of the copyright-holder. In particular, translations into
English of papers already published in another language are not accepted.

No other forms of scientific misconduct are allowed, such as plagiarism, falsification, fraudulent
data, incorrect interpretation of other works, incorrect citations, etc. The EMJ follows the Code
of Conduct of the Committee on Publication Ethics (COPE), and follows the COPE Flowcharts
for Resolving Cases of Suspected Misconduct (http://publicationethics.org/files/u2/NewCode.pdf).
To verify originality, your article may be checked by the originality detection service CrossCheck
http:/ /www.elsevier.com/editors/plagdetect.

The authors are obliged to participate in peer review process and be ready to provide corrections,
clarifications, retractions and apologies when needed. All authors of a paper should have significantly
contributed to the research.

The reviewers should provide objective judgments and should point out relevant published works
which are not yet cited. Reviewed articles should be treated confidentially. The reviewers will be
chosen in such a way that there is no conflict of interests with respect to the research, the authors
and/or the research funders.

The editors have complete responsibility and authority to reject or accept a paper, and they
will only accept a paper when reasonably certain. They will preserve anonymity of reviewers and
promote publication of corrections, clarifications, retractions and apologies when needed. The
acceptance of a paper automatically implies the copyright transfer to the EMJ.

The Editorial Board of the EMJ will monitor and safeguard publishing ethics.



The procedure of reviewing a manuscript, established
by the Editorial Board of the Eurasian Mathematical Journal

1. Reviewing procedure

1.1. All research papers received by the Eurasian Mathematical Journal (EMJ) are subject to
mandatory reviewing.

1.2. The Managing Editor of the journal determines whether a paper fits to the scope of the
EMJ and satisfies the rules of writing papers for the EMJ, and directs it for a preliminary review
to one of the Editors-in-chief who checks the scientific content of the manuscript and assigns a
specialist for reviewing the manuscript.

1.3. Reviewers of manuscripts are selected from highly qualified scientists and specialists of the
L.N. Gumilyov Eurasian National University (doctors of sciences, professors), other universities of
the Republic of Kazakhstan and foreign countries. An author of a paper cannot be its reviewer.

1.4. Duration of reviewing in each case is determined by the Managing Editor aiming at creating
conditions for the most rapid publication of the paper.

1.5. Reviewing is confidential. Information about a reviewer is anonymous to the authors and
is available only for the Editorial Board and the Control Committee in the Field of Education and
Science of the Ministry of Education and Science of the Republic of Kazakhstan (CCFES). The
author has the right to read the text of the review.

1.6. If required, the review is sent to the author by e-mail.

1.7. A positive review is not a sufficient basis for publication of the paper.

1.8. If a reviewer overall approves the paper, but has observations, the review is confidentially
sent to the author. A revised version of the paper in which the comments of the reviewer are taken
into account is sent to the same reviewer for additional reviewing.

1.9. In the case of a negative review the text of the review is confidentially sent to the author.

1.10. If the author sends a well reasoned response to the comments of the reviewer, the paper
should be considered by a commission, consisting of three members of the Editorial Board.

1.11. The final decision on publication of the paper is made by the Editorial Board and is
recorded in the minutes of the meeting of the Editorial Board.

1.12. After the paper is accepted for publication by the Editorial Board the Managing Editor
informs the author about this and about the date of publication.

1.13. Originals reviews are stored in the Editorial Office for three years from the date of publi-
cation and are provided on request of the CCFES.

1.14. No fee for reviewing papers will be charged.

2. Requirements for the content of a review

2.1. In the title of a review there should be indicated the author(s) and the title of a paper.

2.2. A review should include a qualified analysis of the material of a paper, objective assessment
and reasoned recommendations.

2.3. A review should cover the following topics:

- compliance of the paper with the scope of the EMJ;

- compliance of the title of the paper to its content;

- compliance of the paper to the rules of writing papers for the EMJ (abstract, key words and
phrases, bibliography etc.);

- a general description and assessment of the content of the paper (subject, focus, actuality of
the topic, importance and actuality of the obtained results, possible applications);

- content of the paper (the originality of the material, survey of previously published studies on
the topic of the paper, erroneous statements (if any), controversial issues (if any), and so on);

- exposition of the paper (clarity, conciseness, completeness of proofs, completeness of biblio-
graphic references, typographical quality of the text);



- possibility of reducing the volume of the paper, without harming the content and understanding
of the presented scientific results;

- description of positive aspects of the paper, as well as of drawbacks, recommendations for
corrections and complements to the text.

2.4. The final part of the review should contain an overall opinion of a reviewer on the paper
and a clear recommendation on whether the paper can be published in the Eurasian Mathematical
Journal, should be sent back to the author for revision or cannot be published.



Web-page

The web-page of the EMJ is www.emj.enu.kz. One can enter the web-page by typing Eurasian
Mathematical Journal in any search engine (Google, Yandex, etc.). The archive of the web-page
contains all papers published in the EMJ (free access).

Subscription
Subscription index of the EMJ 76090 via KAZPOST.
E-mail

eurasianmj@yandex.kz

The Eurasian Mathematical Journal (EMJ)

The Astana Editorial Office

The L.N. Gumilyov Eurasian National University
Building no. 3

Room 306a

Tel.: +7-7172-709500 extension 33312

13 Kazhymukan St

010008 Astana, Republic of Kazakhstan

The Moscow Editorial Office

The Patrice Lumumba Peoples’ Friendship University of Russia
(RUDN University)

Room 473

3 Ordzonikidze St

117198 Moscow, Russian Federation



MIKHAIL L’VOVICH GOLDMAN

Doctor of physical and mathematical sciences, Professor
Mikhail L’vovich Goldman passed away on July 5, 2025, at the
age of 80 years.

Mikhail L’vovich was an internationally known expert in sci-
enceand education. His fundamental scientific articles and text
books in variousfields of the theory of functions of several variable-
sand functional analysis, the theory of approximation of functions,
embedding theorems and harmonic analysis are a significant con-
tribution to the development of mathematics.

Mikhail I’vovich was born on Aprill 13, 1945 in Moscow. In
1963, he graduated from School No. 128 in Moscow with a gold
medal and entered the Physics Faculty of the Lomonosov Moscow
State University. He graduated in 1969 and became a postgradu-
ate student in the Mathematics Department. In 1972, he defended
his PhD thesis "On integral representations and Fourier series of
differentiable functions of several variables" under the supervision of Professor Ilyin Vladimir Alek-
sandrovich, and in 1988, his doctoral thesis "Study of spaces of differentiable functions of several
variables with generalized smoothness" at the S.L. Sobolev Institute of Mathematics in Novosibirsk.
Scientific degree "Professor of Mathematics" was awarded to him in 1991.

From 1974 to 2000 M.L. Goldman was successively an Assistant Professor, Full Professor, Head
of the Mathematical Department at the Moscow Institute of Radio Engineering, Electronics and
Automation (technical university). Since 2000 he was a Professor of the Department of Theory
of Functions and Differential Equations, then of the S.M. Nikol’skii Mathematical Institute at the
Patrice Lumumba Peoples’ Friendship University of Russia (RUDN University).

Research interests of M.L. Goldman were: the theory of function spaces, optimal embeddings,
integral inequalities, spectral theory of differential operators.Among the most important scientific
achievements of M.L.. Goldman, we note his research related to the optimal embedding of spaces
with generalized smoothness, exact conditions for the convergence of spectral decompositions, de-
scriptions of the integral and differential properties of generalized potentials of the Bessel and Riesz
types, exact estimates for operators on cones, descriptions of optimal spaces for cones of functions
with monotonicity properties.

M.L. Goldman has published more than 150 scientific articles in central mathematical journals.
He is a laureate of the Moscow government competition, a laureate of the RUDN University Prize in
Science and Innovation, and a laureate of the RUDN University Prize for supervision of postgraduate
students. Under the supervision of Mikhail L’vovich 11 PhD theses were defended. His pupilss
are actively involved in professional work at leading universities and research institutes in Russia,
Kazakhstan, Ethiopia, Rwanda, Colombia, and Mongolia.

Mikhail L’vovich has repeatedly been a guest lecturer and guest professor at universities in
Russia, Germany, Sweden, Great Britain, etc., and an invited speaker at many international con-
ferences. Mikhail L’vovich was not only an excellent mathematician and teacher (he always spoke
about mathematics and its teaching with great passion), but also a man of the highest culture and
erudition, with a deep knowledge of history, literature and art, a very bright, kind and responsive
person. This is how he will remain in the hearts of his family, friends, colleagues and students.

The Editorial Board of the Eurasian Mathematical Journal expresses deep condolences to the
family, relatives and friends of Mikhail L’vovich Goldman.
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Abstract. In this paper, we study the asymptotic behaviour of fundamental systems of solutions to
the Sturm-Liouville equation with rapidly oscillating potentials in a two-dimensional vector-function
space. We consider different cases in which the coefficients do not satisfy the regularity conditions.
Additionally, we investigate the asymptotic behaviour of solutions in resonance cases.
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1 Introduction

Numerous studies have focused on the asymptotic properties of solutions to singular Sturm-Liouville
equations and differential equations of arbitrary orders, as discussed in papers [I} 2 12] and papers
cited there. These studies predominantly assumed that the equation’s coefficients exhibit regular
growth to infinity. In contrast, works [3] [ B [7, &, ([0, I1] explored the asymptotic properties of
solutions to ordinary differential equations with coefficients from broader classes, particularly those
that do not meet the Titchmarsh-Levitan conditions.
In [11], a method was proposed to study the asymptotic behaviour of solutions of the Sturm-
Liouville equation
v+ (1+q(2)y=0, xo<z<00 (1.1)

for the case in which ¢(z) is a rapidly oscillating function belonging to the class o as defined in [11].
This method enables the construction of asymptotic formulas for solutions whether ¢(z) influences
the leading term of the asymptotic expansion or not. However, this method does not address the
classes in which ¢(z) oscillates but does not belong to the class described in [11]. An example of
such a function is sin(x)/z%, where a > 0.

In [9], this approach was modified to construct the asymptotics of perturbations of the form
p(z)/x, where o > 0 and p(z) is a quasi-periodic function.

Note that for o > 1 the condition [ |p(z)/z*|dx < oo is satisfied, hence, due to Theorem 1 in
[T] (p- 133), all solutions of equation are bounded. Therefore, further study of this case is not
of interest.

In this paper, we extend the methods of [8, 9] to construct asymptotic formulas for the solution
of the Sturm-Liouville equation in the two-dimensional vector-function space:

37’—1—(140—1—@/41)@':0, Ty < 1 < 00,
x

(67
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where

= (g;), A= (a{k), Aj =const, j =0,1, Ay = Ay >0,

and p(z) is a quasi-periodic function.

2 Construction of asymptotic formulas

We consider the Sturm-Liouville equation in the two-dimensional vector-function space:

J’+<A0+2%A1)g5:0, Ay =A0>0, a>0, (2.1)
p(z) = Z spe™ s € C, pp € R\ {0}. (2.2)
k=1
The substitution
¢ =Ty, (2.3)
transforms equation (2.1)) to the equation
2
37"—1—(”1 02>37+p(x)33720, ro<zr<oo, a>0, (2.4)
0 us i
where
MQ 0 1 . —F
T AT = 01 2] B=T"AT = (by), j,k=1,2.

We present the main result of this paper.

Theorem 2.1. Let a > 1/3, and let a function p(z) have form (2.2). Moreover, suppose that the
following conditions hold.

1. For any set of numbers {ci,...,cm}, where ¢; € OUN, > ¢; # 0, the following condition is

7j=1
satisfied:
k=1
2. For any pr, k =1,...,m, it is true that
pr & {E£2u1, 2210, £p1 £ po}. (2.6)

Then, for the fundamental system of solutions of equation (2.4), as x — +00, the following asymp-
totic relation holds:

. (clle“‘” Ccipe”H?
~Y

T CQQ@iuZm) (I 4+ o(1))yo, cjr = const, j,k =1,2, 4o = const.

Proof. We reduce equation (2.4) to an equivalent first-order system of equations.
Let us introduce the following vector-function:

= . o o . / . /
Z(%M) = 005(2172’2723724) 21 =1, 22 = Y2, 23 = Y1, 24 = Y-
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Then, equation (2.4)) transforms into the following form:

xOé
where
0 0 10 0 0 00
0 0 01 0 0 00
L= —pi 0 0 0’ A= —bi1r —biz 0 0
0 —[L% 0 0 —b21 —bQQ 0 0
The substitution , ,
_i i 0
0#1 /61 7 7
Ax)="Tu, 1T= Cpz p2
Z(ZL’) 1U, 1 1 1 0 0
0 0 1 1
transforms system ([2.7)) into the system
1 -~
' = iMotl + — B(2),
xa
b1 —=bi1 b1z —bio
Ha 0 0 0 m %1 2 2
0O —up 0 O ~ ip(x) weosm fe S
A(] = O O Mz O s B(:C) e —2 [ _%21 bo _1114)222
1 M1 2 M2
0 0 0 — 2 b1 —=ba1 b2 —baa

B B p2 u2
We apply the following substitution:

u=C(x)v, C(x)=Ch(x)+ Ecl(x),
which leads us to the following system:
C'(2)7 + C(x)0 = iNoC(2)T +

We seek the matrices Cy(x) and C(x) from the following system of matrix equations:

{ Co(z) = iMoCo(r),
Ci(x) = iNgCi(x) + B(x)Co(z).

From ([2.12), we obtain

etme 0 0 0
0 e T 0 0
0 0 etH2® 0
0 0 0 e

Co(x) = o —

Also, from , we have
Ci(x) = Co(x) = Co(x)D(x), D'(x) = Di(x) = =Cy () B(x)Co(w),

b1 _bu o2z biz pi(—pituz)r bz pi(—pr—p2)z
B M1 H2 - H2
; bui S2ip _ by bia Si(pi+p2)r  _biz pi(p—p2)z
ip(x) e e e
D (x) = M1, p H2 H2 )
1 92 ba1 pi(pi—pz)r _ba1 pi(—p1—p2)w bz _ b2z o —2ipsx
1 1 H2 H2
ba1 pi(patpz)r b2t pi(—patp2)w ba2 o 2ipz )

Hi H1 H2 H2

92

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)
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We define the matrix D(x) as the antiderivative of the matrix function D;(x)

Pn(% O) —Pn(x, —2M1) p12($; —p1 + ,u2) —p12($7 —H1 — ,MQ)
| pu(z,2m) —p11(z,0) pra(, iy + p2)  —pialw, gy — po)
D(JJ) - )
po1(, 1 — po)  —par (T, —p1 — pi2) p22(z,0) —paa(x, —2p2)
po1(z, p + p2)  —par(x, —pn + p2) P22 (T, 2412) —paa(,0)
where "
petosom) = [ gon T3, o1 =T,
241,
Omi € {0, £241, £205, £y % fio}.
Thus, the solution Cy(x) of system (2.12)) has the form
Ci(x) = Co(z) - (I — D(x)). (2.14)

It is easy to prove that due to conditions (2.5) and (2.6) of Theorem all elements of the
matrix D(x) are bounded. Hence, the matrices Cy(x) and Ci(z) are bounded. Taking into account
the last expressions, for the matrix C(z) we obtain

Clz) = Co(x) (I + xia(f _ D(a:))) | (2.15)

Since Cy(z) is a diagonal matrix, D(z) is bounded, and x=* — 0 as x — oo, the matrix C'(z) admits
a bounded inverse.
Considering (2.12)) and (2.15), we can rewrite system ([2.11]) in the following form:

(7Y = I% (Co(x) + Sc—lacl(x)) " By
+ zil (Co(m) + x—icl(x)) B C1(z)0. (2.16)

From the boundedness of the matrices Cy(x) and C,(x), it follows that the matrices C~'BCY,
C~1C} are also bounded.
Let us consider the case a > 1/2. We rewrite system ({2.16)) as follows:

(¥) = C(x)7, (2.17)

where

O(r) = 507 (@) BE)Cia) +

x2a

C~Hx)Cy(z).

If a > 1/2, then the boundedness of C~'BC; and C~1C, obviously implies that all elements of the
matrix C(z) are summable, i.e., ||C(z)| € L'(xo,00). Therefore, using successive approximations

for system ([2.17)), we obtain

o0

—l—/é’(ﬁ)ﬁ({)df, Uy = const,

<y
Il
St

which implies
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Taking into account substitutions (2.10), (2.8]), we obtain the solution to equation (2.7 as follows:

x) =T - (Co(m) + x—laCl(x)) (I +o0(1)) Uy, wvg= const. (2.18)

Now, let us consider the case 1/3 < a < 1/2. In this case, the elements of the matrix —T CcC,
are summable. Given that 2o < 1, the asymptotic relation z®' = o(23*) as z — oo holds.
Therefore, we can rewrite system (2.16)) by using the Neumann series for the inverse matrix

0 a) = (I+ Lo D(»)<x*@>=cg%xw+0@r%,

in the following form:

— i — 1 —

0 = 32 (D) B@C)T + — Fla ), (2.19)
where

1 1 ~a Y -1

:ETF(I [i1, fi2) = xZaO(x )+FC (2)Ch(x),
and ||z F(z,p)|| € L'(zo,00). Taking into account (2.13) and (2.14), for the matrix

CyH(z)B(z)Cy(x) we have
Cy () B(x)C (2) = Cy M (2) B(x)Co(w) D(w) = D' () D(x).
Hence, the elements of the matrix C; 'BC are oscillating functions and can be represented as
G(z, 1, p2) Zerw’“”;, o € {pr, £2u1, 29, +p1 £ s},  Gp = const.

Thus, system ([2.19) takes the form

~ | S

(0) = anG(m, 1, o) + ﬁF(x, f1, pi2)U. (2.20)
The substitution
x1—2a 1
= o= ((1-20097%, () = @), (221)
1 «
=10 7T 1
transforms system ([2.20]) to the system

(w)§ =G (af ur :uQ) w+ f_’yF (af ur MQ) w, (222)

where a = 377 is a constant, which does not affect the asymptotic behaviour of the solutions.
The condition 1/3 < a < 1/2 implies 3 < < oo, hence v = = fa > 1. Therefore, the
second term of system ([2.22) is summable.

By by integration, from ({2.22]), we obtain

o0 o

wW(&) = w(&) +/G 7, o) W(T )d7+57/7_7F (77, g1, po) 0 (7)dr. (2.23)
£ £
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Integrating by part the second term of expression (2.23)), we have

/G 2., p2) W(r)dr = G (7%, iy, pa) / 70, 1, p2) W (7)dr, (2.24)
'3 3

where

a T 1 T dTB 1
’G (gﬁnul)MQ)‘ = / 7“17#2 = E/G 7“17”2 1 =0 (7_,3_1> .
13 3

Hence, |G (¢, 1, 12) || € L' (€, 00). By using [£:22) for €2, we get

o0

N

G (767,&17#2) w(r)dr = G (TB, M1, Mz) w(T)

3

(T’B,/Ll,uz) <G( ,u1,u2) ()‘1‘6 F( 7M1,M2)U7(7'))d7'~

Taking into account the last expressions and (2.23]), we obtain the following estimate:
[0 — ol cp,00) < Kl Wllego,00), K = const.

Hence, it follows that
w(§) = (&) + o(1), (2.25)

where W(§) = wy. Returning from system (2.25)) to system ([2.7)), taking into account substitutions

@21, and (Z8), we obtain (2.15).

Let us consider the case a = 1/2. In this case, system ({2.24)) takes the form

IV _ o1 L
(7)) = 5G(:c,,ul,,ug)v - mF(SU,,ul,,LLQ)U. (2.26)

Substituting
=z, z=¢, v(z)=1uw(),

converts system ([2.26)) to the system
— — _£ —
(w>/§ = G(egy M1, MQ)w te 2F(€§7 K1, /uQ)w
Similarly to (2.22), by using successive approximations, we obtain
ui(§) = w(&) + o(1).
Taking into account (2.21)), (2.10)) and (2.8), we obtain (2.18]).

Finally, we obtain the asymptotics of the solutions to system ([2.4)) in the following form

. (cﬂe”‘”” cipe”H®
~Y

Co1€H27  coge 2T

) (4 o1

where ¢, = const, j,k = 1,2, gy = const. O
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Remark 1. From the proven theorem, it follows that the perturbation p(z)/x® does not affect the
dominant part of the asymptotics of the solution to equation (2.4) provided that conditions (2.5))

and (2.6) are satisfied.

Remark 2. The condition o > 1/3 arises from the selection of the substitution:
1
C(l’) = Co(l') + I—aCl(SL’)

For the general case, the substitution takes the form:

m

Cr) = Y 2 Culw),

k=0
as provided in [9] for the scalar case.

Remark 3. If condition (2.5) of Theorem is not satisfied, a resonance case occurs, and the
asymptotics will significantly differ from those obtained above.

3 Resonance case

In this section, we will show that the conditions of Theorem are essential. To do this, let us
consider the case in which py € {+2u1, +2u9, £pu1 + pso}, ie., condition ([2.5)) is not satisfied. For
the matrix C'(x) in (2.15]), we obtain

1

O(z) = Cy(a) (1 - —D() - xlaDQ(:c)> ,

where

D(l’) = Zbkeigka Dg(l’) = Z(DQ)keiak7 Dkv (D2)k = COTLSt,
o € {241, £249, Fpu1 £ pio, pr-}

For the case a < 1, the matrix C(x) becomes unbounded as x — oo. This generates the resonance
case and the method described in the previous section is no longer applicable. Therefore, we apply
a different approach to study the asymptotic behaviour of solutions.

Let p(x) = cos(p1 + p2)x, p1, 2 € R\ 0. Then, system takes the following form:

i, . dcos(pur + p2)T
= A B 3.1
U 9 0U+ 9o u, ( )
where . - .
0 0 0 Lo Sz 2
0 im0 o by o K
M=o 0w oo | B[R b
2 1 H1 2 H2
0 0 0 — b2 bar  —=ba1  baz  —bao

p1 M1 2 2
In the case p; = o, system becomes equivalent to two second-order scalar linear differential
equations. Therefore, we consider the case py # po.
The substitution _
i = ez (3.2)

transforms system ([3.1)) to

vcos(py + p2)r _i A
,U/ — ( ) e 2A0IB€2A0IU'
2z«
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After some modifications, we get

1 L
' =— (B E CRER | U
U o ( o+ e k)v

k=1
where A
0 0 0 —’4%
0 0 2
By = 0 by, 462 0 , Bk:COHSt, k = 17”"777/7
) 4
200 0

4

o € {£21; F2pu5 £2(p1 + p2); F(pn £ pr2); £(Bp + pa); £(p + 3p2)

Replacing independent variable x by & as in (2.21)):

T 1 R R
f=1—, a=(1-a)9)™s, i) =),
1
6:1—067 CL:(l—Oé)B7
we obtain .
W = Bow + Y € Byai.
k=1
Denote -
/ew”’”ﬁdT =1,...,m.
3

Assume that 1/2 < a < 1, which implies 8 > 2. Then

(e 9]

) s 1 eiaak’rﬁ 1
or(&) = [ e dr = — dr? € L'(&, 00).
)
3 3
Applying the substitution
i@ = eﬂzn(é)Blu—;l7
we get
W (&) = e OB Bre= 1@ 5, 4 eh1©) (Z iaokt” p > Lem OB
k=2

Using the properties of the matrix exponent, from (3.6) we obtain

e OB — [ L Fi(€), |Fi(€)] € L' (&, 00),

and
e ©OB T4 Fy(6), || Fu(6)] € LY (&, 00).
Therefore,
OB B OB _ B Fy(), | Fy(€)] € L(§,00),
where

F5(€) = BoFs(§) + F1(§) Bo + F1(§) BoF»(§).
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(3.3)

(3.4)

(3.5)

(3.7)

(3.8)
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For the remaining terms of system ({3.8)), we have

eP1(&)B1 <€ia0kfﬁBk> e %1OB1 (I+ Fl(f))emg’“gﬁBk(] + Fy(8)) = eia0k£63k + Gi(8),

Gr(&) = € (ByFy(€) + FL(&) By + Fi(€)BiF), k=2,...,m.

The matrices ¢9+¢” B, are bounded, and the matrices F (&), F5(§) are summable. Hence, the
matrices G (§) are summable. On the base of these relations, system ({3.8)) takes the form

W (&) = Byt + Y _ € Byaiiy + G(&)wy, (3.9)
k=2
where .
G() =D Gr(©), GOl € L' (&, 00).
k=2
Using the substitutions '
Wy = 99 Brg k=2, m, (3.10)

one by one and conducting similar calculations, we finally obtain
W, () = Bty + P(&)thm,  [[PE)]] € L' (€0, 00). (3.11)
Applying Levinson’s Theorem to (3.11]) (see [6], p. 292), we obtain the solution
Wy (€) = €50 - (I 4+ M -0(1)), M = const.

Using substitutions (3.9), (3.7)), (3.4)), (3.2) and (2.8]), we obtain the solution for system (2.7 in the

following form:
5: Tl 3 6%A0£B X H €_¢k(€)Bke§B0 (I + M . 0(1))’“7m(€0)
k=1

The dominant part of asymptotics of solutions is

11—«

7~ 27 . oxp {f Bo} (I +M-0(1))zy, 2zo= const.

Let us consider the case a = 1. Then, system (3.3]) takes the form

1 - .
'174 = ; <Bo + Z ew’“ka> V.

k=1

By using the substitution
E=Inz, x=2¢% u(x)=1q0(&) (3.12)

we obtain the system

Denote
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As Yp(€) € LY (&, 00), j = 1,...,m, using the substitutions
W =e OBy @ = e OB k=2, m, (3.13)
and conducting similar calculations as in the previous case, we obtain

W (§) = B, + G ()W, [G(E)] € L' (&0, 00).

Applying Levinson’s Theorem (see [6], p. 292) and using substitutions (3.13)), (3.12), (3.2) and
(2.8), we obtain the following expression for the solution to system ([2.7)):

F=Ty e T e OB B0 (T4 M- 0(1)) - (&)
k=1

The dominant part of the asymptotics of the solution is given by
7~ e2tor ., naBo (I+M-0(1))z, Zy= const.

Remark 4. In both cases @ < 1 and a = 1, the asymptotics of solutions to system ([2.7)), as
described by equation ({2.4]), will depend on the elements of the constant matrix B.
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