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MIKHAIL L’VOVICH GOLDMAN

Doctor of physical and mathematical sciences, Professor
Mikhail L’vovich Goldman passed away on July 5, 2025, at the
age of 80 years.

Mikhail L’vovich was an internationally known expert in sci-
enceand education. His fundamental scientific articles and text
books in variousfields of the theory of functions of several variable-
sand functional analysis, the theory of approximation of functions,
embedding theorems and harmonic analysis are a significant con-
tribution to the development of mathematics.

Mikhail I’vovich was born on Aprill 13, 1945 in Moscow. In
1963, he graduated from School No. 128 in Moscow with a gold
medal and entered the Physics Faculty of the Lomonosov Moscow
State University. He graduated in 1969 and became a postgradu-
ate student in the Mathematics Department. In 1972, he defended
his PhD thesis "On integral representations and Fourier series of
differentiable functions of several variables" under the supervision of Professor Ilyin Vladimir Alek-
sandrovich, and in 1988, his doctoral thesis "Study of spaces of differentiable functions of several
variables with generalized smoothness" at the S.L. Sobolev Institute of Mathematics in Novosibirsk.
Scientific degree "Professor of Mathematics" was awarded to him in 1991.

From 1974 to 2000 M.L. Goldman was successively an Assistant Professor, Full Professor, Head
of the Mathematical Department at the Moscow Institute of Radio Engineering, Electronics and
Automation (technical university). Since 2000 he was a Professor of the Department of Theory
of Functions and Differential Equations, then of the S.M. Nikol’skii Mathematical Institute at the
Patrice Lumumba Peoples’ Friendship University of Russia (RUDN University).

Research interests of M.L. Goldman were: the theory of function spaces, optimal embeddings,
integral inequalities, spectral theory of differential operators.Among the most important scientific
achievements of M.L.. Goldman, we note his research related to the optimal embedding of spaces
with generalized smoothness, exact conditions for the convergence of spectral decompositions, de-
scriptions of the integral and differential properties of generalized potentials of the Bessel and Riesz
types, exact estimates for operators on cones, descriptions of optimal spaces for cones of functions
with monotonicity properties.

M.L. Goldman has published more than 150 scientific articles in central mathematical journals.
He is a laureate of the Moscow government competition, a laureate of the RUDN University Prize in
Science and Innovation, and a laureate of the RUDN University Prize for supervision of postgraduate
students. Under the supervision of Mikhail L’vovich 11 PhD theses were defended. His pupilss
are actively involved in professional work at leading universities and research institutes in Russia,
Kazakhstan, Ethiopia, Rwanda, Colombia, and Mongolia.

Mikhail L’vovich has repeatedly been a guest lecturer and guest professor at universities in
Russia, Germany, Sweden, Great Britain, etc., and an invited speaker at many international con-
ferences. Mikhail L’vovich was not only an excellent mathematician and teacher (he always spoke
about mathematics and its teaching with great passion), but also a man of the highest culture and
erudition, with a deep knowledge of history, literature and art, a very bright, kind and responsive
person. This is how he will remain in the hearts of his family, friends, colleagues and students.

The Editorial Board of the Eurasian Mathematical Journal expresses deep condolences to the
family, relatives and friends of Mikhail L’vovich Goldman.
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Abstract. We study a one-dimensional Stefan type problem which models the behavior of elec-
tromagnetic fields and heat transfer in closed electrical contacts that arises, when an instantaneous
explosion of the micro-asperity occurs. This model involves vaporization, liquid and solid zones, in
which the temperature satisfies a generalized heat equation with the Thomson effect. Accounting
for the nonlinear thermal coefficient, the model also incorporates temperature-dependent electrical
conductivity. By employing a similarity transformation, the Stefan-type problem is reduced to a
system of coupled nonlinear integral equations. The existence of a solution is established using the
fixed point theory in Banach spaces.

DOI: https://doi.org/10.32523/2077-9879-2025-16-3-68-89

1 Introduction

Stefan problems are fundamental in understanding the phase transition phenomena, particularly
in situations involving heat transfer and solidification processes. They were first introduced by
J. Stefan in his seminal work in [24]. These problems concern the determination of the moving
boundary between phases during the process of solidification or melting.

The classical Stefan problem arises in scenarios, in which a material undergoes a phase change,
such as freezing or melting, subject to certain boundary conditions and physical constraints. One
of the key aspects of Stefan problems is the existence of a sharp interface, known as the Stefan
interface, which separates the regions of different phases.

Significant theoretical contributions to Stefan problems have been done in [21], [I]. Further, the
study of free and moving boundary problems, including Stefan problems, has garnered considerable
attention. In [6] J. Crank provides a comprehensive treatment of such problems, offering valuable
insights into their mathematical formulation and solution techniques.

Stefan problems, which traditionally deal with phase-change phenomena under classical heat con-
duction assumptions, have seen extensions to encompass more complex physical scenarios. These
extensions, often referred to as non-classical Stefan problems, involve variations in thermal coeffi-
cients, boundary conditions, or latent heat dependencies, among other factors. The investigation
of non-classical Stefan problems has significant implications in various fields, including materials
science, engineering, and mathematical physics.

One avenue of research in non-classical Stefan problems involves the consideration of thermal
coeficients that vary with temperature or position. In [4], [2] were explored Stefan problems for
diffusion-convection equations with temperature-dependent thermal coefficients, providing insights
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into the behavior of phase-change processes under such conditions. Similarly, in [I8], [I7] A. Kumar
et al. investigated Stefan problems with variable thermal coefficients, highlighting the impact of
these variations on the phase-change dynamics. Furthermore, exact and approximate solutions to
the Stefan problem in ellipsoidal coordinates were obtained in [§]

Another aspect of non-classical Stefan problems involves incorporating convective boundary
conditions or heat flux conditions on fixed faces. In paper [4] there is examined the existence of exact
solutions for one-phase Stefan problems with nonlinear thermal coefficients, incorporating Tirskii’s
method to handle such complexities. Additionally, paper [5] is devoted to the one-phase Stefan
problem for a non-classical heat equation with a heat flux condition on the fixed face, contributing
to the understanding of phase-change phenomena under non-standard boundary conditions.

Non-linear Stefan problems offer a valuable mathematical framework to model and analyze
complex phenomena, providing insights, for example, into heat transfer processes during phase
transitions within electrical contacts [3], [12]-[20].

Thermal phenomena in electrical apparatus, such as welding, arcing, and bridging, contribute
to their failure and are highly complex. These phenomena depend on various factors including
current, voltage, contact force, contact material properties, and arc duration 23|, [7]. Experimental
investigations usually focus on cumulative probability representations of resulting values as direct
experimental observation of these processes is often challenging or even impossible due to their
extremely short duration.

Hence, mathematical modelling plays a crucial role in understanding the dynamics of such
processes, improving the endurance and reliability of contact systems, and predicting and preventing
failures in electrical apparatus.

Efforts have been made in [22], [9]-[11] to address these aspects and the study of electrical
contacts involves intricate thermal dynamics influenced by non-linearities in material properties
and heat generation mechanisms.

This paper aims to further develop the existing models to models, also incorporating the Thom-
son effect.

The Thomson effect refers to the phenomenon, in which a temperature difference is created
across an electrical conductor when an electric current flows through it. This effect occurs due to
the interaction between the current-carrying electrons and the lattice structure of the conductor.

In the context of a closure of electrical contact after the instantaneous explosion of a micro-
asperity, it is important to take into account that micro-asperities are tiny protrusions or irreg-
ularities on the surface of a material. An explosion or sudden release of energy can cause these
micro-asperities to rupture or deform.

After such an explosion, the closure of electrical contact can manifest itself in several ways. The
intense energy release can lead to the melting or vaporization of micro-asperities, altering the surface
characteristics of the contact. This can potentially disrupt the normal flow of electric current and
create temperature variations due to the Thomson effect.

The Thomson effect in this scenario could result in localized heating or cooling at the contact
points, depending on the direction of the current flow. This temperature difference might affect the
electrical conductivity and overall performance of the closure of electrical contact.

In the initial phase of a closed electrical contact, when a micro-asperity undergoes sudden igni-
tion, the contact region comprises both a metallic vaporization zone and a liquid domain, see Figure
. Modelling the metallic vapour zone, denoted as Z; with a height range of 0 < z < s(t), is a
complex undertaking. We propose that the temperature within this region decreases linearly from
the ionization temperature of the metallic vapour, denoted as Tj,,,, which occurs after the explosion
at the fixed face z = 0, to the boiling temperature T; at the free boundary that separates the vapour
and liquid phases. The temperature field within the vapour zone Z; exhibits a gradual and linear
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Figure 1: Contact zones: Zj : (0 < z < s(t))-vaporization zone, Z; : (s(t) < z < r(t))-liquid zone,

Zy 1 (r(t) < z)-solid zone.

decrease
— 1 1 on 1 0n 0 <_ _< t )
S(t) ( b ) : S( )

where the following boundary conditions hold

Tv(Z, t) =

TV(()) t) = Eona

Ty (s(t),t) = T,

(1.1)

(1.2)

(1.3)

Temperature distribution and electrical potential field of the zones Z; and Z; are defined by the

following relations:

o) G = S PG e on G o ()
Z—IV% L(%)z”%} =0, s(t)<z<r(), t>0, 0<v<l,
Z—1V% {p(;)z”%} =0, r(t)<z >0, O0<v<l,
Ti(s(t),t) =T, t>0,

— A (T1(s(t),1)) % Y = %, t>0,

e1(s(t),t) =0, t>0,
To(r(t),t) = To(r(t), ) = Ty > 0, £ 0,
QDI(T(t)>t) = 302(7"(75), t)> t>0,

or,
0z

dr
=l Ym—, t>0,
T

z=r(t)

+ A (Ta(r(2), 1))
z=r(t)

1 dpy
p(Ti(r(t), 1)) Oz

z=r(t)
T2<+OO, t) = 0, t> 0,

(1.4)
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C

pa(+00,t) = % t>0, (1.16)
T5(2,0) = po(2,0) =0, 2z >0, s(0) =r(0) =0, (1.17)

where 17, Ty and @1, @9 are temperatures and electrical potential fields for liquid and solid zones,
c(T;),v(T;) and A(T;) are specific heat, density and thermal conductivity which depend on the
temperature, o7, is the Thomson coefficient, p(T;) is the electrical resistivity, Qo > 0 is the power of
the heat flux, T, is the melting temperature, U, is the contact voltage, s(t) and r(t) are locations
of the boiling and melting interfaces.

This paper is structured as follows. In Section 2, we use the similarity transformation to obtain
an equivalent system of coupled integral equations for problem —. In Section 3, we define
proper spaces in order to apply the fixed point Banach theorem to prove the existence of a solution
to the system of coupled integral equations.

The contribution of the problem addressed in our paper has significant implications for electrical
engineering. By developing a mathematical model that captures the behavior of electromagnetic
fields and heat transfer in closed electrical contacts, particularly during instantaneous micro-asperity
explosions, we offer valuable insights into the complex dynamics of these systems.

Our model accounts for the non-linear nature of thermal coefficients and temperature-dependent
electrical conductivity, factors that are crucial in accurately representing real-world scenarios. By
considering vaporization, liquid, and solid zones within the contact, we provide a comprehensive
framework for analyzing the thermal and electromagnetic effects associated with such phenomena.

Furthermore, our approach, which utilizes similarity transformations to reduce the Stefan-type
problem to a system of nonlinear integral equations, offers practical methodologies for analysing and
predicting the closure of electrical contacts under extreme conditions. The rigorous establishment
of the validity of this approach through discussions and proofs supported by the fixed point theory
in Banach spaces enhances the reliability and applicability of our proposed solutions.

2 Integral formulation

In this section, taking into account that problem (1.4)-(1.17) can be thought as a Stefan-type
problem, we look for similarity type solutions that depend on the similarity variable

oz
n S/t
with a = p—;\‘CLO where Ao, pp and ¢y are reference thermal coefficients.
We propose the following transformation
fz(77> = T—a ¢z(77) = Qpi(zat)v , 1=12 (2'1)

According to this transformation, the location of the boiling and melting fronts are given by
s(t) = 2asoV/1, r(t) = 2argV/t, (2.2)

where so and 7y must be determined as a part of the solution.
Therefore, problem (|1.4)-(1.17)) can be rewritten in the following form:

v

[L<fi>n”fn’+2an“+w<fi>f;+%nww L (¢)? =0, (2.3)

CoYo@ coYoLmaK (f;)

[K(lfa”%ﬂ/ =0 z4)
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where

and for ¢ =1, 2:

1=1: s9<n<r, 1=2: n>r,
fi(s0) = B,
L(fi(s0)) fi(s0) = ~Qe ™,
$1(s0) =0

fi(ro) = fa(ro) =0,
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PN S
KRG ) = KRG 2
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balo) = =,
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) Q= Qo 0, M= Tma@

=— >
AT/ AT

C iTm Tm sz Tm
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(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)
(2.18)

From (2.4), (2.7), (2.9), (2.11) and (2.13)), we obtain the solution for electrical potential field for

liquid and solid zones explicitly depending on fi, fo, sg and rg as

where

and

¢2(7],50,T0,f1,f2) =

UCF1<777 50, fl)
2H(T0a 50, fl? f?)7

Ue (Fi(ro, 50, f1) + Fa(n, 70, f2))
QH(T07So,f1;f2) ’

¢1(777 50,70, f17 f2) =

n
Fl(n,So,fﬁ:/de, So < 1 < 7o,
7
F2(7777”0,f2):/wd% n = To,

H{(ro, s0, f1, f2) = Fi(r0, 50, f1) + Fa(+00, 70, f2).

In addition, from (2.3)), (2.6) and (2.8), we get

fi(n) = s4Q exp(—s5) [@1(ro, S0, f1, f2) — P1(n, 50, f1, f2)]

so < n <y,

7727’07

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)
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D3
- H2(ro, 50, f1: f2) [G1(10, 80, f15 f2) — G1(n, 80, f1, f2)], S0 < <o,
and from (23), @8) and [£12) we get
D; Dy(n, 70, f1, f2)
G (400,19, fi1, -1
H?(ro, 80, f1, f2) 2 0. f1, f2) Dy (400,70, f1, f2)

Ds
— a -
H?(ro, so, f1, f2) 2(n, 70, f1, f2), 1 >0

Moreover, from conditions (2.5)) and (2.10)) we obtain the following equalities:

f2(n) =

Dy
Hz(r07507f17f2)

56@ eXP(—Sg)qH(To, S0, f17f2) + G1(7“0, S0, f17f2) = B,

and
D*
E <2\ 1 H
1(r0; 80, f1, f2) {QGXP( S0)S0 + H2(ro, 50, 1. f2) 1(7”0,80,f1,f2)}
1 D
— 1-— 2 Go(+00, 10, f1, }:Mr”“,

‘1)2(+00,7”0af17f2) { HZ(T0750,f17f2> 2( 1 fz) ‘

where

B 77E1(71750;f1,f2)
(I)l(na 307f1af2) _/ L(fl(?)))’l}l’

S0

dv, so<n<rg,

n
21,70, f1, f2) = / EQL(?}:E;{;;f 2

]

Ey(v, 50, f1, f2)
L(fi(v))v

dv, n>rp,

Hi(v, 70, f1, fa)dv, so <1 <o,

G1(n, 50, f1, f2) = /

s0

(U S0, J1, fz)
L(fa(v))v”

n
Ga(n, 10, f1, f2) :/ Hy(v, 70, f1, fo)dv n >

T0

H1(777 807f17f2

dv, so<n<rg,

7
/ v’ Ey (v 507f1,f2)

Hz(ﬂﬂ“o, 1, f2)

[ K(f(v)
/U”E2(U,7“0>f1,f2)dv n=To

7o
n
N v K v
v, 0, f1, f2) = exp _/ [QCW L((Jfll((v)))) T H(7'07§)17f17f2) L(f(lf(lv()))gl’} dv ], so<mn<ro,

S0

n
N v K v
E2(777T07 f1, f2) = exp _/ [2(“) L((J]:j((v)))) + H(To,g?fth) L(Js2f(2v()))v)yj| dv |, m=ro,

T0
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(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)
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and the coefficients D; and DJ for : = 1,2 are given by

p, = 26U :
2¢cooa 2

(2.36)

In conclusion, to find a similarity solution to problem — is equivalent to obtain fi, f,
sp and ry such that (2.24), (2.25)), (2.26) and hold. Notice that the electric potential fields
¢1 and ¢, are explicitly given by and as functions of fi, fs, sg and 7.

In the next section, to address the existence and uniqueness of solutions, we employ a rigorous
analytical approach. We leverage similarity transformations to reduce the problem to a set of
ordinary differential equations, facilitating a more tractable analysis. Additionally, we draw upon
the fixed point theory in Banach spaces to establish the validity of our proposed solutions.

3 Existence of solution

In order to prove the existence and uniqueness of solution fi, fo to equations (2.24)) and (2.25)), we
fix positive constants 0 < sg < ry and consider the Banach space

C= O[SQ,T()] X Cb[’f’o, +OO) (31)
endowed with the norm

||f|| = H(fhf?)H = maX{HleC'[So,To}? ||f2||cb[7‘07+00)} )

where C[sg, 70| denotes the space of all continuous functions defined on the interval [sq, 7] and
Cylro, +00) represents the space of all continuous and bounded functions on the interval [rg, +00).
We define the closed subset M of Cy[rg, +00) by

M - {fg c Cb[T0,+OO) : fQ(TQ) = O,f2(+oo) = —1}

We consider the operator ¥ on K = Clsg, 9] X M given by

— — —

v(f) = V(f), Va(f)), (3.2)

— —

where Vi(f), Va(f) are defined by

—

‘/1(f>(77> = SEQ eXp<_53> [@1(7“0, S0, f17 f2> - q)l(na S0, f17 fQ)]

(3.3)
D*
+HQ(T;J1J2) |:G1(T0’807f17f2) - Gl(nv sO?flaf?):|a S0 S n S 7o,
3 D3 P2 (n,ro,f1,
Va(f)m) = {m%(%@ro, fi, f2) = 1} ez
(3.4)

D*
~ ooy G2 o, 1, f2), = o

Notice that solving the system of equations and is equivalent to obtaining a fixed point
to the operator W.

Taking into account that K is a closed subset of C we will prove that W(K) C K and ¥ is a
contraction mapping in order to apply the fixed point Banach theorem.

For this purpose we will assume that there exists positive coefficients p, L, Linr, Nin and
NiM; Lz N NZ and Kz for i = 1,2 such that
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(A1) for each f; € Clso, 0] : so <v <19
Ly < L(f1)(n) < Lium*,

Nign ™ < N(f1)(n) < Nyun™,
Kymn™ < K(f1)(n) < Kyun™*,

(A2) for each fo e M, n>ry:
Lomn < L(f2)(n) < Laym",

Noyn™ < N(f2)(n) < Noym ™,
Komn™ < K(f2)(n) < Ko™,

(A3) for each f1, g1 € C[so, 70,80 <1 < rp:
IL(f1() = L{gi ()| < Lu|lfr — ull,

IN(fi(n)) = N(gi(n))| < N[l f1 — ],
[K(fi(n) — K(g:(m))| < Kan || fr — aull,
(A4) for each fo,90 € M,n > 1 :

IL(f2(m) = L(ga()] < Loal|f2 = gal,

IN(f2(m) = N(ga2(m)| < Nol|fo = gal;
K (fa(m) = K (g2(m)| < Kan ™#[|f> = o],

(A5) > 2.

From now on, hypothesis (A1)-(A5) will be assumed to hold throughout the paper.

75

We will present preliminary results that will be useful to prove the existence and uniqueness of

a fixed point of the operator W.

Lemma 3.1. For every f = (f1, f2), §=(91,92) € K, the following inequalities hold:
H(ro, 50, f1, f2) = Hing(r0, 50),

H(ro, 0, f1, f2) < Hgup(70, S0),
|H (70, S0, f1, f2) — H(r0, S0, 91, 92)| < ﬁ(r()vs())”f_ qll,

where

. -— Kl'm 1 _ 1
H’L’nf(/r(]) SO) . ,U'J’_V_l <861,+u71 T6L+V71> )

e 1 Kinm Koy
Hsup(r07 80) T N+V_1 <861,+V71 + T6L+V71 )

H =t K Ko .
(T[)? SO) ;L—‘rl/—l SS+V71 + Tg,«l»l/fl

(3.20)
(3.21)

(3.22)
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Proof. Taking into account the definition of H given by ([2.23)) and assumptions and ( -,

we have

Kim | Kom 1
H(To, S0, fl, f2) = a1 (ngru—l ,r_p+1/—1> + tv—1 rg+,,71

0
> Kim 1 _ 1
- ,U,—‘rl/—l Sg+u—l rg+u—l )

and then we get - Inequality follows analogously. In addition, taking into account

assumptions (3.13)) and ( , We get

|H(7’0,50, f17f2) - H(TO; 50791,92”

< (R [ v+ Ko [ hwdv) |17~ g

S ﬁ <K1 <86t+11/71 - T6L+1V71> u,+1/ 1> ||f g||

< = (8= + 5= ) 17 - 4l

and, as a corollary, inequality (3.19) holds.

Lemma 3.2. For every f: (f1, f2), 3= (91,92) € K, the following inequalities hold:

1)
El(nv S0, f17 f2) Z Elinf(h]; 50)7

E1<n7507f17f2> S ]-7
|E1(n, s0, f1, f2) — E1(n, 50, 91, g2)| < EI(TO»SO)Hf_ qll,

where
) — _ Ny DiKim 1
Ellnf(Tb’ SO) T eXp ( |:aL1'm(lL 1) 2“ 2 + an(TQ,So)le(Q,LL-i-V—l) 8(2)“+V71:|> ’
5 — Ny NiarLi 1
Eq(ro, so) := 2a [le(u 2) s u 2+ L3,,(3u—2) sgh—?
K1 1
+D1 (Hinf(TO:SO)le(2M+V*1) sgh vt
Kim H{(ro,50) 1 + Ly 1 .
Hing(ro,50)Lim \ Hing(ro,s0)(2putv—1) sgrtv =1 Lim (B3utv—1) sor 7T 3
2)
|(I)1(77,50;f17f2) - (I)1(777 507.91792)' < <I>1(7“0,50)||f - 9||a
where 1 1
& . Bi(ro,s0) Ly
Py (ro, s0) 1= Lim (ptv—1) sg+“—1 + L2 (2u+v—1) V+2u 1
3)

Hl(n7 807f17f2> Z Hll”f(n7 SO>7
Hi(n, 50, f1, f2) < Hisup(7o, So),
‘HI(TL 507f1>f2) - H1(77750791792)| < ffl(ro,SO)Hf— qu7

(3.23)
(3.24)
(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)
(3.31)
(3.32)
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where
12nf(77750) T (,U«+V—1) ,u+u71 ,r]‘u‘+y_1 5 ( . )
Hlsup(roa 30) — Ehgl(%,so) (MJHIJ,I) Sg+1u—1 5 (334)

7 T Ky E1(ro,s
Hl(TO,SO) = (Kl + éfnfl(ﬁo?so()))> Elznf(T'Oyst)(:U""V 1) s "+1” T (3'35)
4)

G1(n, s0, f1, f2) > G1mf(77,7’0,80) (3.36)
G1(n, so, f1, f2) < Gisup(T0, S0) (3.37)
|G1(n, 50, f1, f2) — G1(1, 50, 91, 2)| < él(TOaSO)Hf— gll (3.38)

where

2
KimFE1int(ro,s

Glinf(n7r07 30) = ZlLleu_ii_Ol)g) <86L+1l/71 - 77“+1y—1> y (339)
G1sup(7’0, SO) = HIS?I(LO’SO) (MJr,ljil) sg+1u—1 5 (340)

él (7’0, 80) = Hlsup<T0; 80)61(7"0, 50) + HII(Z(:;LSO) (lH"l/_l) Snglu—l . (341)

Proof. From the definition of E; given by ([2.34), assumptions (3.5)-(3.7) and inequality (3.17]) we
obtain that

N o N(fi(v) D, K(f1(v))
w0 20T T Horosofiofa) L) WY
77 N- 1 D1 K
< 2 LiM T T mf(;wlé‘/)lem v2u+v dv
N D1 K 1
= 2&L1m(121lf 2) 52“ 2+ znf(T0750)1L11nNE2N+V—1) sghtv=L

As a corollary it follows that Ey(n, s, f1, f2) = Eving(r0, 50) With E1ing(ro, so) given by (3.26). In
addition, as F; is a negative exponential function, it follows that F1(n, sq, f1, f2) < 1.
Let us analyse the difference of E;. From the inequality | exp(—z) — exp(—y)| < |z — y| we have

N v N v
|E1(777 S0, flu fZ) - El('f], 807g17g2)| < fsz 2av ‘ L((;ll((v)))) o L((ggf((v)))) dv
(3.42)
n K(fi(v)) . K(g1(v))
+D so | H(ro,s0,f1,f2) L(f1(v))v”  H(ro,50,91,92)L(g1(v))v” dv.
On one hand,
n N(fi(w)) _ N(g1(v))
o0 20V ‘ L) — Lo | W
n |, N(f1(v))L(g1(v)) =N (g1(v)) L(g1 (v))+N (f1(v)) L(g1 (v)) =N (g1 (v)) L(f1(v))
< 2a fso v L(f1(v))L(g1(v)) dv
(3.43)

<92 Un oMl gy 4 [ Nlel Al 9‘%}

Limvt L3 v2h

<20 [ ot + kS |1 - gl
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On the other hand,

n K(f1(v) _ K(g1(v))
Dy so | H(ro,s0,f1,f2)L(f1(v))v” H(r0,50,91,92)L(g1(v))v” dv
n K(f1(v)) _ K(g1(v))
< Dl( so | H(ro,s0,f1,f2)L(f1(v))v” H (ro,50,f1,f2)L(f1(v))v” dv

K(g1(v)) K(g1(v))

T Jso | Tromso ) L@ Hro,50,91,92) L{g1(0))07

dv)

n _|K(fi(v)—=K(g1(v))|
<D ( so H(ro,s0,f1,f2)L(f1(v))v” dv

n 1 1
Jio 1K (g1(0))] ‘H(ro,so,fl,h)L(fl(v))vv T H(r0,50.91,92) (g1 (0))0”

dv) )
From assumptions (3.5), (3.7)), (3.13) and inequalities (3.17)), (3.19) we get that

n ~
|K(f1(v))— K(gl(v K 1 7=
/s H(ro,50,f1,f2)L(f1(v) dv = Hing(ro,50) Lim (2utv—1) sortv =1 ||f g“
0

and
dv

n 1 1
Joo 1K (g1(0))] ‘H(ro,so,fl,fzw(fl(v))vv = H(ro,50.91.92) L(g1 (0))0”

< K n _ |H(ro,50,91,92)—H(ro,50,f1,f2)| dv
= MM\ Jso H(ro,s0.f1,f2)L(f1(0)H (r0,50.91,92) vAT”

N L ()= L(A ()] dv
+ o TR o0 9092 LG @) v~+v>

K f](r ,50) 1 L
< Hinf(rol7]§g)L1m (Hmf(rmso(;(?ou-w—l) s T * le(3ul+u 1) 3“*" 1) Hf gll
Then inequalities (3.42)-(3.46|) imply that
’El(na S0, fla f2) - El(na S0, 91, 92)| < El(TOa 80)||f - §||

with E, given by (3.27).
From the definition of ®; given by (2.19) we have that

E1(v,50,f1,02) _ E1(v,50,91,92) | dv
L(f1(v)) L(g1(v)) i

|@1(n, 50, f1, f2) — P1(0; S0, g1, g2)| < SZ

n |Ei(v 80,f17f2) FE1(v,50,91,92)] dv n El(v 50,91,92)|L(f1(v))—L(g1(v))| dv
< /s L(f1(0)) Zn L(f1(0))L(g1 (1)) v

Lim

< (B [ v+ - ;;de)uf il < @1(ro. so)l1f — gll.
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(3.44)

(3.45)

(3.46)
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where @, (rg, so) is given by (B.29).

Taking into account the definition of H; given by ([2.32)), we easily obtain that

n
Hi(n, s0, f1, f2) = Klm/ v > iy <sg+1”—1 B n“+1“—1) )

S0

n
|H1(77; S0, f17 f2)| S Eu»ffjl(i/([),so) /;O TR dv S Elzgl(lrvé,so) (MJrll/ 1) +1y—17
then (3.30) and (3.31) hold. In addition,

|H1(n7307f17f2) - Hl(n? 80791792)| S ! KiA) - Kig(v) &

o | E1(v,50,f1,f2) E1(v,50,91,92) | v¥

f” | K (f1(v)) =K (g1(v)]| dv + (7 K (g1(v))|E1(v,80,f1,f2)—FE1(v,50,91,92)| dv
E1(v,s0,f1,f2) v 50 E1(v,50,f1,f2) F1(v,50,91,92) v

1 ([?1 + Kl]VIEl(T‘mSO)) f?) vulﬂ,dv Hf— gl < f]l(ro, SO)HJ?— all,

— Eiing(r0,50) E1ing(r0,50) s

where H; is given by (13.35)).

From the definition of G, it follows that

G1(1, 50, fu, fo)| > Brintlrosn) i Huingluso) g

Lin

K'mEin' )
> KimBiing(ro,so) n _1 ( _ #+V1)dU>G1mf<7777’0730)

=  Liy(ptr-1) sg vtV ptr—1

where Gy;,f is given by (3.39) and

n
FE1(v,s0,f1,f2)H1(v,s0,f1, v
|G1(77a 507f17f2)| SS{ i OflL]?f)l(vl)() 0./1.f2) g_u

< Hlsup(T'O,sO) n dv
= Lim so vty —

Glsup<T07 30)
where G,y is given by (3.40). Moreover,

\G1(777 50, f1 f2) - G1(77750791;92)|

n Ei(v,s ) E1(v,50,f1,f2) | dv
< [ [Hi(v, 50, f1, f2)] g Tt~ —htht | v

L

N E1(v,50,91,92)| H1(v,80,f1,f2) = H1(v,50,91,92)| dv
50 L(g1(v)) v

_|_

S 61<T0780)||f_ §||7

with G, defined by (3.41).

Lemma 3.3. For every f = (f1, f2), §=(g1,92) € K, the following inequalities hold:

1)
Es(n,70, f1, f2) = Eaing(ro, S0),

EQ(nar07f17f2) S 1
|E2(77>7’07f17f2) - E2(77;7“0791792)| < E2(7’0750)HJ?— gHv
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(3.47)
(3.48)
(3.49)
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where
Baing(ro; s0) i= exp (= | oty ooy 4+ Dl ool ) (3.50)
Ex(ro, 50) = 2a [Lzmj(vi—m rg}*? T rgiﬂ]
+D2 (Hinf(TO,SO)é{jm(Z#‘i‘V_l) 7’3“+1V71 (351)
+ Kom < f](ro) 1 + ZQ 1 >)
Hipng(ro,s0)Lam \ Hing(ro,s0)(2pu+v—1) portv=1 Lom (3u+v—1) portv=1 )
2)
q)2(7])T07f17f2) Z q)Qinf(n,rO;SO), (352)
Do (1, 70, f1, f2) < Pasup(T0), (3.53)
|q)2(7777”0; fi, f2) — (1)2(7777“0,91;92” < ‘52(7“07 50)||JF— §||7 (3~54)
where
Eoint(ro,s
oing (1,0, 50) = 2nf1050) 1 (Tgfy,l - Wh,l) , (3.55)
CI)qup(TO) = ﬁmré&%’ (356)
= Fao(r 5 I
(1o, 5) 1= L2{re:20) — r[g”l”*l + B m Tgwlvfﬁ (3.57)
3)
Hs(n,ro, f1, f2) < H2mf(77,7“0, S0), (3.58)
H2(777T07f17f2) S H2sup(r0750)7 (359)
|Ha (0,70, f1, f2) — Ha (1,70, 91, 92)| < Ha(ro, s0)||f = 3ll, (3.60)
where
H2¢nf<7]7T0) = (ul_ﬁin_ll) (Tg+1u—1 - nu+1u_1) 5 (361)
H25up(T07 SO) = E2i7§2(1;(1)750) (“Jrlljil) r’0‘+1”_1 , (362)
r7 N Ko B (ro,50) 1 1.
Hy(ro, 50) = <K2 - ézj\jnfiro?so()) ) Eaing (ro,50) (utv—1) ph =10 (3.63)
4)
Gy (1,70, f1, f2) < G2mf(77,7’0, S0), (3.64)
G2<7777"07f1=f2) S Gqup(T())SO)a (365)
|G2(n, 70, f1, f2) = G2(n,70, 91, 92)| < é2(7”0> SO)HJF— gll, (3.66)
where )
KomFEoint(ro,s
Ghing (1,0, 50) = rzmmetlose) (b — )’ (3.67)

HQSUP(TOVSO) 1 1 (368)

Lom  (utw—1) 71

Gqup(T07 SO) =

Ga(ro, 50) = Hasup(ro, s0)®a(ro, s0) + 2 oy s (3.69)

Proof. The proof follows analogously to the previous lemma. ]
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Lemma 3.4. For every f = (f1, f2),d = (g1,92) € K it follows that

IVA(F) = Vi@ letsanrol < &1(r0, 50)[1f = g,

where

e1(ro, So) = 2s5Q exp(—sg)fbl(ro, S0)

+ 21)1< (Glsup(7'0750)2Hsup(r0750)H(T0aSO) + G1(r0,50) ) .

H, +(r0,50) HZ, (ro,50)
Proof. Taking into account that

Gi(m,50,f1,f2) _ G1(1,50,91,92)

< G150, f1, ) || (ro,50, 1, f2) = H?(r0,50,91,92)|
H2(rg,s0,f1,f2) H2(rg,50,91,92)

= H2(ro,50,/1,f2)H?(g1,92)

|G1(1,50,f1,f2) —G1(1,50,91,92)] G1sup(10,50)2 Hsup (10,50) H (r0,50) G1(ro,50) £
+ H?2(ro,50,91,92) < H} (ro,s0) - H? (ro,s0 Hf g“’

for each n € [sg, o] it follows that

—

Vi(f)(n) = Vi@ ()| <
< 55Q exp(—s%) [@1(7’0,50; fi; f2) = ®1(ro, 50, 91, 92)|

+|®1(n, 0, f1, f2) — P1(n, 50, 91, 92)|]

DiGi(ro,s0,f1,f2) _ DiGi(r0,50,91,92)

_{_‘ DiG1(n,50,f1,f2) _ DiG1(n,50,91,92)
H2(rg,s0,f1,f2) H?2(r0,50,91,92)

H2(rg,s0,f1,f2) H?2(r0,50,91,92)

< [235@ exp(—s3)®(ro, So)

*Gsu 70, 2Hgy, 5 HT, éT,S g — i —
2] (St toselin 4 ngi(io,‘;f]))]||f—9|| = &1(ro, so)[lf = gll-

Lemma 3.5. For every f = (f1, f2),d = (g1,92) € K it follows that
[IV2(f) = Va()llcyiroto0) < €2(r0, s0)[[f = FlI,

where
€2(r0, S0) = €21(r0, So) + €22(70, S0) + €23(70, S0)

with N
o 2®5(r0,50)
Sp3 (7"0, 80) = —¢2inf(+m7r0750)7

c (7” S): Ga(r0,50) 2G25up (70,50) Houp (10,50) H (r0,50)
22170520 HZ (ro,50) H;, ¢(ro.s0) ’

_ Posup(ro,so) G2sup(r0,50)
€23(70, 80) = —¢2inf(+oo7r0750)522(7’0, so) + HZ +(r0,50) £21(70, S0).

Proof. On one hand, we have that

Pa(nyro.f1.f2)  _ _P2(n.10,91,92) |  [P2(n.70.f1.f2)=P2(n,70,91,92)
Pa(+oo,m0,f1,f2)  P2(400,70,91,92) | — o (+00,70,f1,f2)

+ P2 (n,70,91,92) | P2(+00,70,1,f2)—P2(4+00,70,91,92)]
®2(+00,70,91,92) D2 (+00,70,f1,f2)

< | D2 (1,r0,f1,f2)—P2(n,70,91,92)] + | P2 (400,70, f1,f2) —P2(+00,70,91,92)]
= D2 (+00,70,f1,f2) D3 (+00,r0,/1,/2)

< Mﬁo))ﬂf— 31l = ea1(ro, s0)|| £ — 4.

Qoin f(+00,70,50

81

(3.70)

(3.71)

(3.72)

(3.73)

(3.74)
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On the other hand, we obtain that

Ga(myro,f1,f2) — Ga2(n,70,91,92)
H?2(s0,70,f1,f2) H?2(s0,70,91,92)

< 1G2(nr0./1,f2) =G2(n,r0,91,92)] + |Ga(n,r0,91,92) ||H?(s0,70,91,92) —H? (50,70, f1,/2)|
= H2(s0,70,f1,f2) H2(s0,70,f1,f2) H?(50,70,91,92) (3 75)

é ( ) ) 2G2su ( 5 )H ( ) )f[( s ) g -
< (sples; 4 Mmalnsplolsnlite ) || 7 g)
= e22(70, 50)||f — 7.

In addition,

Ga(+0o,m0,f1,f2) _P2(n,mo,f1,f2)  Ga(4+00,70,91,92) _P2(n,70,91,92)
H2(s0,r0,f1,f2) ®2(+00,70,f1,f2) H2(s0,70,91,92) ®2(+00,70,91,92)

Qo (n,r0,f1,02) | G2(+00,r0,f1,02)  Ga(+00,7m0,91,92)

= ®a(400,r0,f1,f2) | H2(s0,70,f1,/2) H2(s50,70,91,92)
+G2(+00J’0791792) Po(nyro,f1,02)  Pa(nyr0,91,92) (3'76)
H2(s0,70,91,92) | ®2(+00,r0,f1,f2)  P2(+00,70,91,92)
DPogy , Gasu > 7 ~
< (ot (o, s0) + G2ty (o, s0) ) 1 - g1
= 623(7“07 SD)Hf - £7H
From the previous inequalities, for each 1 > ry, it follows that
[Va(f)(n) — Va(g) (n)]
< | D2Ga(tooro.fi,f2) _®Po(nro.fiofo) _ D5Ga(H00,m0,91,92) _Pa(n,ro,91,92)
= | H2(ro,s0,f1,f2) ®2(+o0,r0,f1,f2) H2(r0,50,91,92)  ®2(+00,70,91,92) (3.77)
+ Qo(niro.f1.02) _ _Pa(n.r0.91,92) D3Ga(n,ro.f1.f2) — D3G2(n,r0,91,92)
Qo (+00,70,f1,02)  P2(+00,70,91,92) H2(ro,50,f1,f2) H?2(r0,50,91,92)
< ea(r0, s0)||f — 7.
O
Theorem 3.1. For every f = (f1, f2), §=(91,92) € K it follows that
W (f) — W@ < elro, s0)l|f — 4
with
£(ro, 50) = max {e1(r0, S0), €2(70, 50) } , (3.78)

where £1(ro, So) and e3(ro, So) are given by (3.70) and (3.73), respectively.

Proof. From the previous lemmas we have that

197 = (@)l = max {I[Vi(F) = Vi@)lopuna: V() = Va@lcyirorio0 )

= max {1 (7o, 50)[|F ~ 1l e2(ro, o) 1F — 411} = (ro. s0) I F .
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Now we will look for conditions that guarantee that U is a contraction mapping.
For each sy > 0 fixed, we define the functions
€1,50(r0) = €1(r0, S0) and €9 5,(10) = €2(r¢, So), for all ry > s,

where £, £, are given by (3.70) and (3.73), respectively. The following results hold.

Lemma 3.6. a) The function 1,5 1S a decreasing function that satisfies €1 5,(s9) = 400 and
€1,50(+00) = j1(50), where

J1(50) = 285Q exp(—s3)®; (400, 5¢)

~ - (3.79)
+2DT (Glsup(+OO’SOI)_I2:LnH;Eli(Ol'7OSZ7)SO)H(+OO’SO) + Iiiiiﬁ?(?)) .
b) If
2D*K 2K 1 A4
2% (e 1) <1, (3.80)

then there exists a unique sy > 0 such that j1(so) < 1 for all sy > s1.

Moreover, for each sg > si there exists 1 = r1(S0) > So such that €14,(r1) = 1 and
€1,5(ro) <1 for all ro > ry.

Proof.  a) According to the definition of £; given by (3.70)), the proof follows straightforwardly
from Lemmas B.1] and B.2l

b) From the definition of j; given by (3.79), we have that it is a decreasing function that satisfies

71(0) = +00 and j;(+o0) = L21TKK§; (2;((1217:1 + 1). Then, assuming (3.80)), it follows that there

exists a unique s; > s¢ such that j1(s1) = 1 and j;(sg) < 1 for all sp > s;. Moreover, from
item a), for each sy > s; there exists r1 = r1(sg) > s such that €1 5, (1) = 1 and &1 4,(r9) < 1
for all ro > 7.

]

Lemma 3.7. a) The function ey, is a decreasing function that satisfies the equalities €5 4, (s) =
+00 and eg,4,(+00) = 0.

b) For each sy > 0 there exists ro = ra(sg) > So such that €9.5,(12) = 1 and €24,(19) < 1 for all
Tro > T'a.

Proof.  a) It follows from Lemmas [3.1]and [3.3] by taking into account that &, is defined by (8.73).

b) It clearly follows from item a).

O]
Theorem 3.2. If inequality holds, then for each (rg, so) € X with
¥ ={(r0,50) : So > $1, 70 > To(S0)} (3.81)
we have that (1o, s9) < 1, where € is given by and
To(so) = max{ri(so), 72(s0)} (3.82)

with s1,r1 and ro defined in Lemmas [3.6| and respectively.
Proof. The proof follows immediately by Lemmas and O
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Corollary 3.1. Under assumption (3.80)), for each (rg,so) € X, the operator ¥ defined by (3.2) is
a contraction mapping.

Theorem 3.3. Under assumption (3.80), for each (ro,so) € X, there exists a unique fized point
(ff, [3) € K of the operator W.

Proof. First, notice that IC is a closed subset of the Banach space C given by . In addition, it
is easy to see that W(f) € K given that Vi(f) € Clso, o], Va(f) € Chlro, +00), Va(f)(ro) = 0 and
Va(f)(+00) = 0. Finally, according to Corollary under assumption (3.80)), for each (ro, so) €
it follows that W is a contraction mapping. As a corollary, applying the fixed point Banach theorem,

we get that there exists a unique fixed point (f], f5) € K of the operator VU for each (rg, sg) € X. O

Corollary 3.2. If (3.80)) holds, for each (ro,s0) € X, then there exists a unique solution (fy, f5) to
the system of equations (2.24)-(2.25)).

It remains to prove the existence of solution (rg,s9) € ¥ to the system of equations given by

(2.26) and (2.27), where f; = f; and f, = f; are the unique solutions to equations (2.24])-(2.25|).

For that purpose we will need some preliminary results.
Let us notice that equation (2.26)) can be rewritten as

X(ro, 80) = Y (ro, s0), (3.83)
where

X (ro,50) = Z(ro,50) = B,  Z(ro, s0) = ThrapretdLhi), (3.84)

and
Y(TO, So) = —QSE eXP(—Sg)@1(T07 S0, ffa f2*)~ (3-85)

Lemma 3.8. The following properties hold:
a) Y(ro,s0) <0 for each (ro, so) € X,

b) Z(ro,s0) > Zins(r0, 50) for each (1o, s0) € ¥, where

tr—1_ ptv—1 2
Zinf(T[) SO) — DiBins{ro.s0)Kim ( rg;_;sg - +u—1>
’ 2Ly Klj\/['r‘g -‘y-ngwsg ’

c) for a fized so > sy, if we assume that
X(To(s0), s0) <Y (To(0), S0), (3.86)
then Ziy¢(-, s0) is an increasing function that satisfies the conditions
Zing(T0(80), S0) < B, Zing (400, S0) = ja(s0), (3.87)

where

. D5 Etjns(+00,50) K1m
Ja((s0) = PRt (3.88)
15 an increasing function that satisfies the equality
DIKlm

J2(+00) = g irE

d) if we assume that
Difin B, (3.89)

2L11VIK%IVI

then there ezists a unique so = min{sy > s1 : ja(So) > B}. Moreover, for each sy > sq, we
have that js(so) > B,
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e) if (3.86) and (3.89) hold for each sy > so, then there exists a unique rp(so) > so such that
Zing(r0,50) > B for all ro > r5(s0).
Proof.
a) It is clear from the definition of the function Y given by (3.85).
b) It follows from the inequalities obtained in Lemmas and

¢) From the definition of Z;, it it easy to see that Z;,f(+, so) is an increasing function for each fixed
sp > s1. In addition, assumption (3.86]) and item a) lead to the inequalities

Zing(To(s0), 50) — B < Z(To(s0), s0) — B < Y (To(s0), 50) < 0.

Hence, it follows that Z;,,;(To(s0), so) < B. Finally, taking a limit gives that Z;, (400, sg) = j2(s0)
for each sy > s.

d) First, notice that hypothesis (3.89)) can be rewritten as jo(4+00) > B. From the fact that j; is
an increasing function, we can conclude that there exists a unique ss = min {sy > s7 : j2(s0) > B}.
Notice that so = s1 in the case jy(s1) > B. As a corollary, for each sy > so, we get that ja(sg) > B.

e) For each fixed sg > s3, we have that Z;,;(To(s0), S0) < B from item c) and Z;,s(+00,s9) > B
from item d). Then, there exists a unique rg = r5(s¢) > To(so) such that Z;,¢(rg(so), so) = B and
Zing(T0, 50) > B for all o > rp(s¢). O

Lemma 3.9. For each sy > so, if we assume that inequalities (3.86) and (3.89) hold, then there

exists at least one solution 5 = ri(so, f1, f3) € (To(s0),TB(S0)) to equation (2.26).

Proof. For each sy > s9, taking into account assumption (3.86|) and the fact that from item e) of
Lemma [3.8] the following inequality holds

X(TB(SU),S()) Z Zinf(rB(SO); So> —B=0> Y(TB<SO),30),

we obtain that there exists at least one solution r§ € (To(so), 75(s0)) to equation (2.26). O

Now we will analyze equation (2.27). If we replace ro by ri(so) and (f1, f2) by (f, f3), the
resulting equation is equivalent to the equation

W(rg(so), s0) = M, (3.90)

where

W (15 (s0), s0) = O ep s [@ exp(—sf)st

Dy * * L
+H2(r(’§(so),150,ff,f§)Hl(rO(SO)’ S0, fl ) f2 )] (391)

_ 1 _ D3 * * L%
T2 (50)7 183 (Too,rs (o) T T3) [1 3 o) sor ) C2 (100 (s0), f1 £3) |

Lemma 3.10. If any of the following two systems of inequalities hold

VVinf(SQ) > M Wsup(SQ) <M
or (3.92)
Wi (+00) < M Wins(+00) > M,
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then there exists at least one solution Sy > sy to equation (3.90), where

Evins(ri(so),s v Dy *
Wing(s0) = %(S(O)O [Q exp(—sg)sg + mHlinf(To(SO)v 80)]

(3.93)
— ! + ! : D2 Gainf(+00,78(50), S0)
my+1(80)¢2inf(+0071”8(80),8()) 7‘%+1(30)q>2sup(7‘5(50)) ngp(TS(SU),SO) 2an Y 0/5°0/s
D *
Wiup(80) = T(SO [Q exp(— 50)50 + Wﬂlsup(ro@o), S0)
(3.94)

1 D3 *
+ Do (400,78 (50),50) anf (rg(s0),50) GQSUP (TO (50)7 30) ] :

The above analysis allows to establish the following existence theorem.

Theorem 3.4. If hypotheses (Al) — (Ab) and inequalities (3.80), (3.86), (3.89) and (3.92)) hold,
then there exists at least one solution (So,75(50), f1, fo) to the system of equations (2.24)-(2.27),
where (fy, fs) is the unique fized point of the operator ¥ corresponding to (S9,74(50)) € X.

Corollary 3.3. If hypotheses (Al) — (A5) and inequalities (3.80), (3.86), (3.89) and (3.92)) hold,
then there exists at least one solution to problem (1.4)-(1.17), where

(

Tz 1) = Tufi (527) + T s(t) <2 <r(t), £>0,

Tr(z,1) = mf2< )+Tm, z>7r(t), t >0,

(

ta807f1)

U. 2av/%
goz,t—— 2 s(t) <z<r(t), t >0,
1 2 (S)SOaflva) () ()
(e.t) = Fl(ré(%)"%’ffHF?(2&”3(‘%)’]@) > 1(t), t >0
Pa2(z, = 5 *( 2\ O * Lk y 22T ’ > U,
2 2 H(T0(30)7807f17f2)

\

with s(t) = 2a55v/t and r(t) = 2ary(50)V/1.

Conclusion

We have considered a two-phase Stefan type problem governed by the generalized heat equation with
the Thomson effect and nonlinear thermal coefficients, that models the dynamics of electromagnetic
fields and heat transfer within closed electrical contacts, particularly focusing on the instantaneous
explosion of micro-asperities.

By employing similarity transformations, we have effectively reduced the problem to a set of
coupled ordinary differential equations, thereby facilitating tractable analysis and solution.

The validity and utility of our approach have been rigorously demonstrated through discussions
and proofs grounded on the fixed point theory within the framework of Banach spaces. This theo-
retical underpinning not only enhances our confidence in the proposed solutions, but also provides
a solid foundation for future research endeavors in related domains.
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Furthermore, the insights gained from this study hold significant implications for various prac-
tical applications involving electrical contacts, such as in the design and optimization of electronic
devices, electrical connectors, and power transmission systems. By elucidating the intricate inter-
play between electromagnetic fields and heat transfer phenomena, our work contributes to advancing
the understanding and engineering of such systems in both industrial and academic contexts.
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