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Abstract. Weighted estimate for a class of non-negative lower triangular matrices has
been established on the cone of monotone sequences.

1 Introduction

Let 1 < p,q < o0, 1% + ]% =1 and u = {u;}3°,, v = {v;}32, be positive sequences of
real numbers. Let [, , be the space of sequences f = {f;}3°, of real numbers such that

1
o0 »
1 llpw = (Z Ui|fi|p> < 00, 1 <p<oo.

=1

Let K, be the cone of non-negative and non-increasing sequences f = {f;}{2, from
the [, ,, space, briefly
K,,={0<fl: fel}

We consider inequality of the following form

(iuz (i az‘,jfj) )q <C (i Uz‘fz'p) p , Ve K,,, (1.1)
i=1

j=1 i=1

where C is a positive constant independent of f and (a; ;) is a non-negative triangular
matrix with entries a; ; > 0 for 7 > j > 1 and a,; = 0 for ¢ < j.

For a;; = 1,7 > j > 1 inequality (1.1) was studied in [2] for 1 < p, ¢ < o0.

In [5] necessary and sufficient conditions for the validity of (1.1) have been obtained
for 1 < p < ¢ < oo under the assumption that there exists d > 1 such that the
inequalities

(ai,k + ak,j) S Q; 4 S d(CL@k + ak,j), 1 Z k Z j Z 1 (12)

ISH

hold.
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A sequence {a;}52, is called almost non-decreasing (non-increasing), if there exists
¢ > 0 such that ca; > ay, (ar, < ca;) foralli > k> j > 1.

In [3], [6] estimate (1.1) for all f € [,, was studied under the assumption that there
exist d > 1 and a sequence of positive numbers {wy}72,, and a non-negative matrix
(b;,j), where b; ; is almost non-decreasing in ¢ and almost non-increasing in j, such that
the inequalities

1
a(bi’kwj + CLkJ) S OJZ'J S d(bi’kw]’ + ak’j) (13)

hold for all ¢ > k > 5 > 1.

In [7], [8] inequality (1.1) for all f € [, , was considered under the assumption that
there exist d > 1, a sequence of positive numbers {wy}72 ;, and a non-negative matrix
(bi ), whose entries b; j are almost non-decreasing in ¢ and almost non-increasing in j
such that the inequalities

—_

—(a; g + by jwi) < a;; < d(a;x + by jw;) (1.4)

SH

hold for all i« > k> 7 > 1.
Conditions (1.3) and (1.4) include condition (1.2), and complement each another.

Notation: If M and K are real valued functionals of sequences, then the symbol
M < K means that there exists ¢ > 0 such that M < cK, where c is a constant which
does not depend on the arguments of M and K. If M < K <« M, then we write
M=~ K.

In [2] there was established a statement which allows to reduce inequality (1.1)
on the cone of monotone sequences to inequality (1.1) on the cone of non-negative
sequences from 1, .

k
Theorem A. 2] Let 1 <p, ¢ < oo. Let Vi, = > v;. Then inequality (1.1) is equivalent
i=1
to the following inequalities

1
= 1
»’ 2

o) koo 4 / ’ 0o q
(XX o) (w7 -wid)) <o (Xau) . weo 0s
=1

k=1 \j=1 i=j

if Vo :klim Vi = 00,
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if Voo < 0.

For the proof of our main theorem we will need the following results for the discrete
weighted Hardy inequality.
Theorem B. ([1], [4]) Let 1 < p < g < oo. Let {a;}32, be a non-negative sequence of
real numbers. Then the inequality

(i (i: ajfj) uz) q <C (f: fipvi> p ; 0< fel, (1.7)
i=1

=1 7j=1

holds if and only if

1 1
P, l-p
= su u o < 0.
o (L) (L)
Moreover, H = C, where C' is the best constant in (1.7).

< oo and the entries of the matriz (a;;) satisfy

Theorem C. [7] Let 1 < p < ¢
1) holds for f € l,, if and only if B = max{B;, Bs} <

assumption (1.4). Inequality (1
oo, where

)

1
n 'Y 00 q
_ 1-p' q
By =sup v; E a; U
n>1 - -
= ]:1 1=n

-

and

Moreover, B =~ C, where C' is the best constant in (1.1).

Theorem D. ([1], [4]) Let 1 < ¢ < p < co. Then inequality (1.7) holds if and only if

p p(g—1)

Z(zu) (Za’v ) | <

k=1 i=k

Moreover, Hy = C, where C' is the best constant in (1.7).

Theorem E. [8] Let 1 < ¢ < p < 0o. Let the entries of the matriz (a; ;) satisfy assump-
tion (1.4). Then inequality (1.1) holds for f € 1, if and only if E = max{E;, Es} < 00,
where

p—q
a(p—1) q Pq

rP—q o8] P—q
’ ot —p’ q q
Z Z > whu | wlu |
k=i

Jj=
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p(g—1) P Pq

%) 7 “p—q o0 p—q
1—-p/ q 1—p/
Es = g E v; 5 Q. ; Uk v;

i=1 \j=1 k=i

Moreover, E =~ C, where C' is the best constant in (1.1).

2 Main results

We define
Kk Kk k
Vie = E v, A= E a;j, B E bi j,
=1 7j=1 j=1
1
_1 5 a
Cy=supVs *? g Alu; |,
seN i1
1
s / o I’y 00 q
D ) T p q
Cg—sup< k (Vk p—VkJrf)) (E alsul> ,
SEN k=1 i=s
1 1
S / p/ p’ o0
, o’ _p
P P q
C3 = sup ( B, (Vk — Vst )) ( g wluz> ,
seN k=1 =8
p—q
0o p k ﬁ pe
§ : 9-p § : q q
F1 = Vk fl”uZ Akkuk s
k=1 i=1
p p(g—1) %
o0 o0 p—q k / p/ pP—q / p/
_ q P’ “p ) P’ P ry
Iy = E E wiu E By (Vg = Vi > B (Vk Vk+1) ’
k=1 \i=k j=1
p—q
a(p—1) g Pq
o) k o o pP—q e8] P—q
p'pp 3 3 q q
PSS (v ovd)) (St e
p p(g—1) %
oo oo p—q k , N o p=a , _p _
_ q X P P p ¥4 P P
Fy= E E a; kWi 7Y Vi kP Vi |
k=1 \i=k j=1

Theorem 2.1. Let 1 < p < g < co. Let the entries of the matriz (a; ;) satisfy assump-
tion (1.4). Then inequality (1.1) holds if and only if Co = max{Cy, Cs, C3} < oc.
Moreover, Cy = C, where C' is the best constant in (1.1).
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Theorem 2.2. Let 1 < ¢ < p < oo. Let the entries of the matriz (a; ;) satisfy assump-
tion (1.4). Then inequality (1.1) holds if and only if Fy = max{Fy, F», F3, F;} < 0.
Moreover, Fy =~ C, where C' is the best constant in (1.1).

Proof of Theorem 2.1. We consider two cases separately: V,, = 400 and V, < +o00.
1. Let V, = +00. Then based on Theorem A inequality (1.1) holds if and only if
the following inequality holds

00 k oo 4 ’ ’
> (S5 (70

k=1 \j=1 i=j

o’

1
<C (nglug_q) , Vg=>0. (2.1)
i=1

Moreover, C' & C, where C is the best constant in (1.1).
Since a; j, g; are non-negative and according to assumption (1.4) we have

koo k
Zzai,jgi = Zzamgz +Z Z Qi jg; = ZAMQ’L + Zgzzai,j
Jj=1 i=j j=1 i=j =1 i=k+1 j=1
k [e%S) o0
~ ZA”gz +k2ai,kgi —f-Bkawigi. (2.2)
i=1 i=k i=k
Therefore,

/

koo v k P 00 4 00 p
(Z ai,jgi) ~ (Z AiiQi) + (kﬁ Z ai,in) + (Bkk Z Wigi>
j=1 i=j i=1 i=k i=k

Substituting the last inequality in the left hand side of inequality (2.1) we have

oo k v 00 P 0o P o o
3 (zAﬁgi) +<kzaz-,kgi) +(Bkkzwigi) (w* v
k=1 | \i=1 i=k i=k

<G (zgs'uz—q'> vero (2.3
=1

which is equivalent to the inequality (2.1). Moreover, C ~ 50.
Inequality (2.3) holds if and only if the following inequalities hold simultaneously

oo k 4 o Y
S (Soam) (1% -0

k=1 i=1

1
P’

=1
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l L 1

<Bkangz> ( VkH) < Cy (Z ggf’u;‘q’> . VYg>0. (26)
k=1 =1

Moreover,

S

C ~ max{Cy, Cy, C3}. (2.7)
In (2.5) and (2.6) by passing to the dual inequalities we obtain

A

00 k q é 00 o o'\ T %
(Z am%’) Uk) < Cy (Z o i7P <Vi_p _ ‘/H_—lp) ) , Yo >0. (2.8)
= =1

i=1

p

(k 1
&) k 4 % 00 o o\ T %

(Z <Z %‘) wZuk> < (4 (Z OB r (Vk P Vk+f> ) , VYo >0. (2.9)
k=1 \i=1 k=1

(

2.4) and (2.9) are Hardy type inequalities. Hence, by Theorem B inequalities (2.4)
and (2.9) hold if and only if the following conditions hold respectively

1 1
wen (Z (Vk_p - Vk:rf>> (Z A?iui) (2.10)
s k=s i=1

_SupV (ZA ) —Cl<OO,

seN

(1=

L

sup (Zw u) (ZB ( v,i)) " Cy < 0. (2.11)

seN i—s
Moreover,
Ci~Cy, Cy~C. (2.12)

By using Theorem C inequality (2.8) holds if and only if the following conditions
hold

1

1
sup <Z kY ( V., " — V,;’f)) (Z ag,suz) = (5 < 00, (2.13)

seN k=1

Q=

1
sup ( bfs’:kkp' (Vk_P - Véj)) (Z w?ui> =C5 < 0 (2.14)
k i=s
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and
52 =~ maX{Cg, 05} (215)

Since b; ; is almost non-decreasing in ¢ and almost non-increasing in j, for s > k we
have

Cy~ Cy+ Cs. (2.16)

By (2.10),(2.11), (2.13), (2.14) and (2.16) we obtain that inequalities (2.4)-(2.6)
hold if and only if Cy = max{C}, Cs, C3} < oo. Moreover, Cy ~ max{él, Ch, 6’3},
which implies that Cy ~ C. Since C' ~ C we get Cy ~ C. The last equivalence gives
the statement of Theorem 2.1 in the case V,, = oc.

2. Let V,, < +00. By Theorem A inequality (1.1) holds if and only if along with
inequality (2.1) the following inequality holds

_1 1
a; 1 Gi v; <C gflu}ﬂ]/ q , Vg>0. (2.17)

Moreover, C' &~ max{C, C}.
Since a; ;, g; are non-negative, changing the order of summation in the left hand
side of (2.17) we obtain

1
%S 1 %) / / 7

(Z giAii> <CVL (Z g) qu) , Vg =>0.

i=1 i=1

By the reverse Holder’s inequality we have

consequently

Q=

Vio? (Z Afiui) =C. (2.18)

Hence, R
C <.
Now we see that max{C, C} ~ Cy = max{C}, C3, Cs} regardless of whether Vo
is finite or infinite. Since max{C, C} ~ C, we get C' ~ Cy = max{Cy, Cy, C3}. O

Proof of Theorem 2.2. We consider two cases separately: V,, = +00 and V,, < +00.
1. Let Vo, = +o00. Then in the same way using Theorem A as in the proof of
Theorem 2.1 we obtain inequalities (2.4), (2.8) and (2.9).
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By Theorem D inequalities (2.4), (2.9) hold if and only if the following conditions
hold respectively

q pP—q

00 k ﬁ rq
Z Ve ( Agz-ui) Al ug, = F < o0, (2.19)
k=1 i=1
_p_ plg=1)
00 0o P—q k g o P—q
S (Su) (S (o)) e e
k=1 \i=k j=1

Moreover,
F~C, F=~Cs (2.21)

The entries of the matrix (ay,;) satisfy assumption (1.4). Therefore, by Theorem E
inequality (2.8) holds if and only if the following conditions hold

a(p=1) q %
00 k p/ Y P—q 00 p—q
Z (Z jp/bi:j (VJP — Vit )) (Z w?“i) wiluy, (2.22)
k=1 \j=1 i=k
= F3 < o0,

~ - p 5 p(q:l)

(L) (S (o) e e

k=1 \i—k j=1

M(fo@0> = F, < o0
and
Cy ~ max{F3, Fy}. (2.24)

By (2.19), (2.20) and (2.22), (2.23) we obtain that inequalities (2.4), (2.8) and (2.9)
hold if and only if Fy = max{Fy, Fy, Fs, Fy} < co. Moreover, Fy ~ max{C}, Cs, Cs},
which implies that Fy & C. Since C' ~ C we get Fy =~ C. The last equivalence gives
the statement of Theorem 2.2 in the case V., = oc.
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2. Let V, < +00. By Theorem A inequality (1.1) holds if and only if along with
inequality (2.1) inequality (2.17) holds. Moreover, C' ~ max{C, C }.

As in the proof of Theorem 2.1 from inequality (2.17) we obtain inequality (2.18).

It is easy to prove that

1 00 k ﬁ Ti] N
F,>V,? Z (Z A;’iui> A ug > C.
k=1 \i=1
Therefore, C' ~ max{é, 6} ~ Fy = max{Fy, F,, F3, F,} regardless of whether V, is
finite or infinite. ]
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