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Abstract. In this paper, intuitionistic fuzzy h-bi-ideals and intuitionistic fuzzy h-
quasi-ideals of hemirings are studied and some related properties are investigated.
We characterize fully idempotent hemirings by the properties of their intuitionis-
tic fuzzy h-ideals.We also characterize h-hemiregularity, h-intra-hemiregularity and
h-quasi-hemiregularity in hemirings by the properties of their intuitionistic fuzzy h-
bi-ideals and intuitionistic fuzzy h-quasi-ideals. The concept of intuitionistic fuzzy h*-
duo-hemirings is introduced and some of their characterizations are obtained.

1 Introduction

A semiring is a well-known universal algebra. This is a generalization of an associative
ring (R,+,-). If (R,+) is a semigroup instead of being a group then (R, +,-) reduces
to a semiring. Semiring has been found very useful for solving problem in different
areas of applied mathematics and information sciences, since the structure of a semiring
provides an algebraic framework for modeling and studying key factors in these applied
areas. Ideals of semirings play a central role in the structure theory and are useful for
many purposes. However they do not in general coincide with the usual ring ideals
and, for this reason, their use is somewhat limited in trying to obtain analogues of ring
theorems for semirings. In order to overcome this drawback Henriken [10] defined a
more restricted class of ideals, which are called k-ideals. A still more restricted class of
ideals in hemirings was introduced by lizuka [12], which are called h-ideals. La Torre
[14], investigated h-ideals and k-ideals in hemirings in an effort to obtain analogues of
ring theorems for hemiring and to fill the gap between ring ideals and semiring ideals.

In 1965, Zadeh introduced the concept of a fuzzy set. Since then fuzzy sets have
been applied to many branches of mathematics. The study of fuzzy algebraic structures
has been started by Rosenfeld [17]. In [2], Ahsan et al. initiated the study of fuzzy
semirings (see also [11, 3|). Fuzzy k-ideals in semirings are studied in [8], and fuzzy
h-ideals are studied in a number of papers, in particular in [23, 16, 13]. Fuzzy algebraic
structures play an important role in mathematics with wide applications in theoretical
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physics, computer science, control engineering, information science, coding theory and
topological spaces |7, 20].

The concept of an intuitionistic fuzzy set was introduced by Atanassov [4], as a
generalization of the notion of a fuzzy set. Fuzzy sets provide a degree of membership
of an element in a given set while intuitionistic fuzzy sets provide both a degree of
membership and a degree of non-membership. As for fuzzy sets, the degree of mem-
bership of an element is a real number between 0 and 1, this is also the case for the
degree of non-membership, and the sum of these two degrees is not greater than 1.

In this paper, intuitionistic fuzzy h-bi-ideals and intuitionistic fuzzy h-quasi-ideals
of a hemiring are studied and some related properties are investigated. We characterize
fully idempotent hemirings by the properties of their intuitionistic fuzzy h-ideals.We
also characterize h-hemiregularity, h-intra-hemiregularity and h-quasi-hemiregularity
in hemirings by the properties of their intuitionistic fuzzy h-bi-ideals and intuitionistic
fuzzy h-quasi-ideals. The concept of intuitionistic fuzzy h*-duo-hemirings is introduced
and some of their characterization are obtained.

2 Preliminaries

A set R # () together with two binary operation addition “+” and multiplication “-” is

called a semiring and is denoted by (R, +,-) if (R,+) and (R, -) are semigroups and

multiplication is distributive from both sides over addition, that is for all a,b,c € R,
a(b+c) =ab+ ac and(a + b) ¢ = ac + be.

An element 0 € R, satisfying the conditions 0-a = a-0 = 0 and 04+a = a+0 = a for
all a € R, is called the zero of the semiring (R, +,-). An element 1 € R, satisfying the
condition la = al = a for all a € R, is called the identity of the semiring (R, +,). A
semiring with commutative multiplication is called commutative semiring. A semiring
with commutative addition and the zero element is called a hemiring. A non-empty
subset A of hemiring R is called a subhemiring of R if it contains zero and is closed
with respect to the addition and multiplication of R. A non-empty subset [ of hemiring
R is called a left (right) ideal of R if I is closed under addition and RI C I (IR C I).
Furthermore, I is called an ideal of R if it is both a left ideal and a right ideal of R.
A non-empty subset () of hemiring R is called a quasi-ideal of R if () is closed under
addition and QRN RQ C Q. A subhemiring B of a hemiring R is called bi-ideal of R if
BRB C B. Every one sided ideal of a hemiring R is a quasi-ideal and every quasi-ideal
is a bi-ideal but the converse is not true.

A left (right) ideal I of a hemiring R is called a left (right) h-ideal if for all x,z € R
and for any a,b € I, from z +a + 2z = b+ z it follows that x € I. A bi-ideal B
of a hemiring R is called an h-bi-ideal of R, if for all ,2 € R and a,b € B from
r+a+z=>b+ z it follows that x € B [21].

The h-closure A of a non-empty subset A of a hemiring R is defined as

A={r€R:2+a +2z=ay+ 2 for some aj,a, € A,z € R}.

A quasi-ideal Q of a hemiring R is called an h-quasi-ideal of R if QR N RQ C Q
and z+a+2z =b+z implies z € Q, for all x, 2z € R and a,b € @ [21]. Every left (right)
h-ideal of a hemiring R is an h-quasi-ideal of R and every h-quasi-ideal is an h-bi-ideal
of R. However, the converse in general is not true.
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Lemma 2.1. [23| For a hemiring R,
(i) AC A for all ACR,

(ii) if AC BC R then AC B,
(iii) A= A for all A C R,
(iv) A= A for all left (right) h-ideal, h-bi-ideal or h-quasi-ideal A of R.

A fuzzy set defined on a nonempty set X is an object having the form A =
{z,pa(x)|x € X} where py : X — [0,1]. pa(x) is called the degree of membership
of z € X.

Definition 1. [4] An intuitionistic fuzzy set A defined on a nonempty set X is an
object having the form A = {(z,pa (z),v4(z)) | © € X} where uy : X — [0,1],
ya: X — [0,1]] and 0 < pa(z) +ya(x) < 1forall z € X. pa(x) is called the
degree of membership of x € X and 4 (x) is called the degree of nonmembership.
For the sake of brevity we shall write A = (ua,7va) for the intuitionistic fuzzy set
A = {(z,pa(x),va(x)),| € X}. 0 and 1. will denote the intuitionistic fuzzy
empty set and the intuitionistic fuzzy whole set. They are defined by po_(x) = 0 and
Yo (x) =1forall x € X; py_(x) =1 and y,_(z) = 0 for all € X. Briefly 0. = (0, 1),
and 1. = (1,0).

Let A = (pa,v4) and B = (up,yp) be intuitionistic fuzzy sets in X. Then by
definition

(1) AC Bif and only if pg (x) < pup (z) and v4 () > v (z) for all x € X.
(2) A= {(z,74 (2), pa (2)),| © € X}
(3) AN B = {(z,min{pa (z), up (v)}, max{ya (x) ,y5 (2)}) | v € X}.

(4) AUB = {(z,max{pa (2) , i (2)}, min{ya () , 75 (0)}) | 2 € X}.

Let A be a non empty subset of a hemiring R, the intuitionistic characteristic
function y4 = (,uX 2 Vx A) is defined as
1 if x € A, 0 if x € A,
Ba@ =00 it p¢a M@= ¢ pea

Definition 2. [6] Let A = (uav4) and B = (up,yg) be intuitionistic fuzzy sets of a
hemiring R. Then h-intrinsic product of A and B is defined by A®y, B = (pae, 5, Yae,B)
where

Pao, s () = sup [min{rea (a;) , pa (af) , s (0:) s ()}

T+ agbite=3"7_ albi+z

Yao, B (T) = [max{va (a;), 74 (a}) , 75 (b:) .75 (V) }]

inf
x4 agbitz= ?:1 a;b;--l-z
/

and pae, s (r) = 0,740,5 () = 1 if there do not exist m,n, ay, ...am, b1 ..oy, a},...al,,

by..b), and z such that x + > " a;b; +z=>"_ ail, + z.

J=1"3"J
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Proposition 2.1. Let R be a hemiring and A, B,C, D be intuitionistic fuzzy sets of
R.IfACB and C C D then A®,C C B®y, D.

Proof. The proof is straightforward. O

Lemma 2.2. Let R be a hemiring and A, B are subsets of R. Then we have
(1) AC B if and only if xa C xs,

(2) xaN x5 = Xans,
(3) X4 OnXB = X75-
Proof. The proofs is straightforward. m

Definition 3. [6] An intuitionistic fuzzy subset A = (f1474) of a hemiring R is called
an intuitionistic fuzzy left h-ideal of R if and only if for all x,y, z,a,b € R

(4) pa(z+y) > min{pa (z),pa (y)} and ya (v +y) < max{ya (v),74 (v)},
(4) pa (2y) > pa(y) and v4 (zy) < va(y),
(13i) f t +a+ 2z =0+ z, then pa (x) > min{ua (a), pa (b)} and

Ya (x) < max{ya(a),va (b)}.
Intuitionistic fuzzy right h-ideals are defined similarly. An intuitionistic fuzzy subset

of a hemiring R is called an intuitionistic fuzzy h-ideal if it is both an intuitionistic
fuzzy left and right h-ideal of R.

Definition 4. [6] An intuitionistic fuzzy subset A = (14, v4) of a hemiring R is called
an intuitionistic fuzzy h-bi-ideal if for all x,y, z,a,b € R

(1) pa(x+y) > min{pa (r), pa(y)} and va (x +y) < max{ya (z),7a (y)},
(@) pa(ry) > min{pa (v), pa (y)} and v4 (zy) < max{va (z),va (v)},

(#01) pa (wyz) > min{pa (), pa (2)} and ya (vyz) < max{ya (z),74 (2)},

() Ifr+a+z = b+ 2z, then pa(x) > min{pa (a),ua (b)}
and ya (z) < max{ya(a),7a(b)}.

Definition 5. An intuitionistic fuzzy subset A = (4, 7v4) of a hemiring R is called an
intuitionistic fuzzy h-quasi-ideal if for all x,y, 2,a,b € R

() pa (2 +y) > min{pa (2), pa ()} and va (@ +y) < max{ya(z),7a (v)},

(“) HAGLxR A HxronA < pa and YA®wxR v TxrORLA > Y4

(tit) Ifr+a+z = b+ z, then pa () > min{pa (a),pa (b)},
and y4 (z) < max{ya(a),va(0)}.
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Lemma 2.3. An intutionistic fuzzy subset A = (ua,va) of a hemiring R is an intu-
tionistic fuzzy left h-ideal of R if and only if for all x,y,2,a,b € R

(1) pa(x+y) > min{pa(x),pa(y)} and va (x +y) < max{ya (z),7a (y)},
<

(2> HxroprA pa and Yypo,a = YA,

B) Ifc+a+2z = b+z, then pa(x) > min{pa (a),pa (b))},
and 4 (r) < max{ya(a),va(0)}.

Definition 6. Let A = (ua,v4) and B = (up,yp) be intuitionistic fuzzy sets of a
hemiring R. Then the h-sum of A and B is defined by

A +p B = (/LA-HLBa 7A+hB)7

where
pas,s(x) = sup min{sea (a1), pa (a2) , ps (1), ps (b2)}],
x+(a14b1)+2=(az+b2)+2
Yar,B(T) = inf [max{y4 (a1),74 (a2),78 (b1) , 7B (b2)}]

z+(a1+b1)+2=(az+b2)+2
for all x,aq,as,b1,bs, 2z € R.

Theorem 2.1. The h-sum of intuitionistic fuzzy h-ideals of a hemiring R is an intu-
itronistic fuzzy h-ideal of R.

Proof. Let A = (ua,v4) and B = (up,yp) be intuitionistic fuzzy h-ideals of R. Then
for z,y € R we have

fra+,B (T) A pas, (Y)

sup |: min{/'LA (al) s A (a’2> ) :|
z+(a1+b1)+2z=(az+b2)+z IU:B <b1) » B (b2)} 7
min{za (ay) , pa (a3) ,
oy (05) 1 ()}
y+(a’1+b’1)+z’=(a'2+b'2)+z/ UB 1), 1B (Ug

= min

_ sup min{si4 (a1) 7MA,(a2) 1 (b1) s ps (b2) 1

4 (a1 +b)+ 2= (as+bo) + 2 { pa(ay), pa(ay), ps (0y), ps (03)}
y+(ay +0) + 2" = (ay +b5) + 2

min{pa (a1 + ay) , pa (az + ay)
= P pp (b +0y) g (ba +05)}
T4 (a1 +b)+ 2= (ag+ b)) + 2 o 2
y+(ay +0y) + 2" = (a5 + by) + 2/
< sup [min{pa (c1) , pa(c2) , pp (di) , ps (do)]

rty+(c1+di)+2"=(co+d2)+2"
ftat,s (T +Y).
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Thus pat,s (®+y) > pias,s () Apay,s (V) -
Moreover,
YA+, B (17) V YA+, B (y)

nf { max{v4 (a1),74 (a2), }
_ xz+(a1+b1)+z=(az+b2)+z B (bl) » VB (62)} ’
= max { max{v4 (a}),va (a), ]

inf
y+(a’1+b’1>+z’:(a’2+b’2)+z’ B (b/1> VB (bIQ)}

— inf |i maX{’YA (a’l) y VA <a2) , VB (bl) y VB (bQ) ) :|
z+ (ay + b))+ 2= (ay +by) + 2 Ya(ay),va(a3),ve (01) 75 (V5)}
y+(ay +00) + 2" = (a5 + b5) + 2/

> inf max{ya (a1 + a}),va (a2 + ay) ,
= m b + b)), 75 (ba + b))}
T+ (a1 +b)+2=(a+b) +2 78 (01 +b1) 75 (b2 + by
y+ (ay + b)) + 2" = (ay +by) + 2’
Z lnf [maX{,yA (Cl) y YA (62) y VB (dl) y VB (dQ)}]

z+y+(c14d1)+2"=(ca+d2)+2"
= 7A+hB (33' + y) .

Thus yat,58 (® +y) < Vay, B (X)Vyas, s (Y).
Next,
pay,s (r) = sup [min{pa (a1), pa(az), pp (b)), ps (b2)}]
z+(a1+b1)+2=(az+b2)+2

sup min{pa (ra1), pa (raz) , pp (rbr) , ps (rb)}]
x+(a1+b1)+2=(a2+b2)+z

sup (min{yea (a}), pa (a3) , s (65) g (05)}]
rx+(a’1+b’1)+z’:(a’2+b’2)+z’

= MA+,B (TI)

IA

IN

Thus piat, s (rz) > pas,s () . Similarly pas,p (2r) 2 pag,s ().

Next
— inf b b
Yas,B () m+(a1+b1)}£:(a2+b2)+z [max{y4 (a1),74 (a2) ,v8 (b1),v5 (b2)}]
> inf [maX{VA (ml) » YA (7"@2) , YB (7”51) VB (sz)}]
x+(a1+b1)+2z=(az+b2)+2

> inf [max{v4 (a}),7a4 (a3), 78 (b1) , 75 (b5)}]
r$+<a’1+b’1)+z’:(a’2+b’2)+z’
YA+,B (’I“C(}) :

Thus yat, 5 (rz) < yag,p (z) . Similarly yat, g (2r) < yaq, 5 (2).
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Now we show that if  +a+ 2 = b+ 2z then pay, 5 (x) > pas, s (a) A pas, s (b) and
YatnB () < vag,B(a)V yat, 5 (b). To this end let a + (a1 +b1) + 21 = (a2 + b2) +
and b+ (¢; + dy) + 22 = (¢2 + dg) + 22. Then,

a+(02+d2+22)+(a1+b1+21>Z(a2+b2+21>+(b+61+d1+22>

CL—|—((11+Cg)+(b1+d2)+(21+22):b+((12+C1)+(b2+d1)+(21+22>
a+ (a1 +c)+(bi+dy)+(z1+2204+2)=b+ 2+ (ag+ 1) + (by + dy) + (21 + 22)
x4 (az+c)+ba+d)+(z1+22+2+a)=(a1+c)+ (b1 +do)+ (21 + 22+ 2+a).

Lex+ (a+V)+2 = (a"+ V") + 2 for some o',V ,ad",b" € R.
Therefore,

pa,s (@) A pras,s (D)

sup
— min a+(a1+b1)+z1=(az2+b2)+21

sup
b+ (c14d1)+zo=(ca+d2)+22

min{pia (a1), pa (az),
[{ min{fa (c1), pa }]
e

a+ (a1 +b1)+2 = (az +b2) + =
b+(61+d1)+22:(62+d2)+22

min{pa (a1), pa (az), pp (b1), e (ba), }
KA (Cl) y A (62) y B (dl) » MB <d2)}

min{pa (a1 + ¢2), pra (a2 + 1),
= sup (b +da) , i (s + i)}
a+<a1+bl)+21:<a2+b2)+21 #B\01 2), HB 02 1
b+(61+d1)+22 = (62+d2)+22
< sup [min{pa (@), pa (a”), pp ('), 15 (0")}]
z+(a’+b)+z'=(a"+b")+2’
HA+,B (:E) .

Thus piat, 5 () > pag, s (@)Apag,s (b).
Moreover,

Yatns (@) V yay,B (b) =

- { max{7v4 (a1),74 (a2), }
1m 9
a+(a1+b1)+z1=(a2+b2)+z1 B (bl> VB (bQ)}
max
g max{ya (¢1),7a (c2),
b(c1-+d1)+22=(ca+da) +22 V5 (dv) , 75 (d2)

B - [ max{ya (a1),va (az),v8 (b1),v5 (b2) , }
= m
a + (al + b1> + 2= (a2 —+ b2) + 21 YA (Cl) y VA (CQ) » VB (dl) » VB (dQ)
b+<01+d1)+22 = (Cg—f—dg)—f-ZQ
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max{ya (a1 + ¢2) , 74 (a2 + c1),

> inf
a+ (a1 +b1) + 21 = (as + bs) + 21 V5 (b1 + da) , 75 (b2 + di)}
b+(01+d1)+22 = (02+d2)+2’2
> inf mac{pa (@), pia (") i (V) s (6)}]
xz+(a’+b)+2'=(a’+b"") 42

= 7YA+,B (QJ) .

Hence va4,5 (¥) < va+,5 (@)Vyat,5 (b) .
Thus A 4+, B is an intuitionistic fuzzy h-ideal of R. O]

Lemma 2.4. Let A = (pua,va) and B = (up,vp) be intuitionistic fuzzy h-right and
h-left ideals of R, respectively. Then AN B = (panp,YauB) 1S an intuitionistic fuzzy
h-quasi ideal of R.

Proof. The proof is straightforward. ]

Lemma 2.5. Any intuitionistic fuzzy h-quasi ideal of a hemiring R is an intuitionistic
fuzzy h-bi ideal of R.

Proof. The proof is straightforward. m

Definition 7. [23| A hemiring R is said to be h-hemiregular if for each x € R, there
exist a,d’, z € R such that x + xaxr + z = zd'z + .

Lemma 2.6. [23] A hemiring R is a h-hemiregular if and only if for any right h-ideal
A and any left h-ideal B of R we have AB = AN B.

Proof. The proof is straightforward. O

Theorem 2.2. A hemiring R is h-hemiregular if and only if for any intuitionistic fuzzy
right h-ideal A = (pua,v4) and any intuitionistic fuzzy left h-ideal B = (up,vg) of R
we have A ®p, B= AN B.

Proof. Let R be a h-hemiregular hemiring, A is any intuitionistic fuzzy rihgt h-ideal
and B any intuitionistic fuzzy left h-ideal of R. Then by Lemma 2.3 we have,

fac,s () = (pa On ps) ()

< (1A On fiyg) (2)
< pa()
Thus pae, s () < pa(z). Next,
Yaons () = (74 ©nB) (2)
Z (’714 Oh ’YXR) (fL‘)
> yalw)

Thus y4e,5 (€) > va(z). Hence A®, BC A

(11 ©n ) ()
(Lxr ©n 1B) ()
ps(z)

HA®,B (I)

IAINA
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Thus pae, s () < up(x). Next,

(74 ©nvB) (7)
> (Vg OnyB) (T)
> vp(x)

Thus Yae, 5 (r) > vp(z). Hence A®, BC B and A®, B C AN B.
To show the reverse inclusion, let  be any element of R. Since R is h-hemiregular
there exist a,a’, z € R such that x + zax + z = xa’r + z. Then

YAoLB (55)

sup [mln{luA (al) » HA (a;) y B (bz) y B (b;)}:|
T+ agbi+z=)"""_ al b4z

min{jia (a) 4 (20) s (2) 1 (2)}
minfyia (2), pa (x), pp (2) , pp ()}

minfyia (2), pp (2)} = (pa A pp) (2) = pans (7).

HAc,B (.T)

AVARLY,

Thus pae,s () > pans (z). Now,

Vao,s () 3 (max{7a (a:) , 7 (a}) , 75 (b:) ;78 () }]

max{y4 (za),va (xd') v (z),v8 (¥)}
max{ya (z),74 () ,v5 (), 75 ()}
max{ya (v),v8 (z)} = (va VB) (¥) = yaus () .

inf
T+ agbitz=)."_ albl 4z

IAIA

Thus vae, 5 () < vaup (). Thus A®, B O AN B, which implies that A®, B = ANB.

Conversely: Let A and B be any right h-ideal and left h ideal of R, respectively.
Then the characteristic functions x4, and yp are intuitionistic fuzzy right h-ideal and
intutionistic fuzzy left h-ideal of R, respectively. Now by the assumption and Lemma
2.2 we have,

XAB = XA On XB = XA XB = X4nB.
It follows by Lemma 2.2 that o
AB=ANB.

Therefore by Lemma 2.6, R is h-hemiregular hemiring. [

3 Characterizations of hemirings by the properties of their In-
tuitionistic Fuzzy h-ideals

Proposition 3.1. The following statements are equivalent for a hemiring R.

(1) Each intuitionistic fuzzy h-ideals of R is idempotent.

(2) A®p B = AN B for all intuitionistic fuzzy h-ideals A = (pa,va) and B =
(1B, vB) of R.

Proof. (1) = (2). Let A = (ua,v4) and B = (up,yp) be intuitionistic fuzzy h-ideals
of R. Then AN B = (ua A g, ¥4 V ) is also intuitionistic fuzzy h-ideal of R, and

paNpp < paand pg A pp < pip.
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Then by Proposition 2.1

(pa A pp) On (pa A pup) < pa On pp-

Since AN B = (ua A g, 74 V yp) is an idempotent intuitionistic fuzzy h-ideal of R,
we have

paNpp < fia Op pB-

Also
Y4V B > Y4 and y4 V v > VB,

(vaVyB) On (vaVyB) > Y4 On VB,
YaVYB =2 YA OnYB-

This shows that AN B C A®, B.

Note that by Theorem 2.2 AN B 2 A®y B, hence AN B =A@®, B.

(2) = (1). Assume that (2) holds. Let A = (pa,7v4) be any intuitionistic fuzzy
h-ideal of R, then by the assumption we have A ®, A = AN A = A, which shows that
each intuitionistic fuzzy h-ideal of R is idempotent. ]

Theorem 3.1. For a hemiring R with identity the following statements are equivalent.
(1) Fach h-ideal of R is idempotent.
(2) AN B = AB for each pair of h-ideals of R.
(3) Fach intuitionistic fuzzy h-ideal of R is idempotent.
(4) A®p B = AN B for all intuitionistic fuzzy h-ideals of R.
Proof. (1) <= (2). (Follows by Proposition 4.1 in [19]). (3) <= (4). Follows by
Proposition 3.1.
To prove that (1) and (3) are equivalent, first observe that the smallest h-ideal
containing # € R has the form RxR. Its closure RxR is an h-ideal. Since by (1) all
h-ideals of R are idempotent, we have

RzR = RtR.RtR = RtR.RzR (by Lemma 3.3 in [23]) .

Thus

r € RtR = RxR.RxR
which implies that

m n
x+ E rixs;u;Tt; + 2 = g rirsiuirt; 4 2.
i—1 j=1

By Theorem 2.2 for every intuitionistic fuzzy h-ideal A = (ua,v4) of R, we have
pa On pa < fra and YA On YA 2 Ya-
Hence

pra (r) = pra () A pa (z) < @ig%{“"‘ (rizs;) , pa (ust;) }.
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Also
pa (@) = pa (@) A pa (2) < mim {pug (rjs;) s pa (Gath) ).
Therefore
pa(a) < minfpa (rmss) o (usots)  pa(rlosh), pa (et [L5
< sup [min{uA (rizs;) , pa (u;xt;) ,MA(T;-xS})’ ,uA(u;xt;-)}}

m n
T+ Y rizsijuixt;+z= r;xsgugxt;.+z
i=1 =1

= (pa On pa) (x)

Thus pa < g Op pa. Hence g = g ©p pia. Next

Ya(z) =7a(z) Vya(z) > @?fn{“ (rizsi) , va (wirt;) }

and
() =14 (@) VA () 2 max (3a(rfws)), ()}
Therefore
Yya(r) > max{ya (rizs;),va (uixti),m(r}m}),m(u;xt;)\EE@”
> inf [max{ya (rizsi) , ya (wiwt;) , ya(rizs;), ya(ujats)}]

—  m
T+ Y rizsiuwtitz=Y r;xs;ugxt;+z
i=1 j=1

= (74 On74) ().

Thus v4 > 4 ®p v4. Hence y4 = v4 @y, 74, which shows that (3) holds.

(3) = (1). Let A be any h-ideal of R. Then the characteristic function x4 =
(HxasVxa) of R is an intuitionistic fuzzy h-ideal of R. Since by the assumption that
XA = XA ©n Xa = X7 by Lemma 2.2. Thus A = AA. So (3) = (1). O

Lemma 3.1. [21]| Let R be a hemiring. Then the following conditions are equivalent.
(1) R is h-hemiregular.
(2) B = BRB for every h-bi ideal B of R.
(3) Q = QRQ for every h-quasi-ideal of R.

Theorem 3.2. Let R be a hemiring. Then the following conditions are equivalent.
(1) R is h-hemiregular.
(2) AC AGp xr On A for every intuitionistic fuzzy h-bi ideal A = (ua,va) of R.
(3) AC A®n xr On A for every intuitionistic fuzzy h-quasi ideal A = (pua,va) of
R.

Proof. (1) = (2). Assume that (1) holds. Let A = (p14,74) be any intuitionistic fuzzy
h-bi ideal of R, and x any element of R. Since R is h-hemiregular there exist a, a/,z € R
such that x + zax + z = xa’x + z . Then we have
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(MA@hXR@h A) (37)

— sup [min{/’l’AQh XR (a’l) 7/’LA@h XR (CL;) s A (bl> » A (b;)}}

e+ agbite=3""_ albi+2

> min{ﬂAQh XR (JTCL) y HAGHK xR (xa/) )y A ((L’) y A (l’)}
= min{,uA@h XR (xa> » HA®y xR (xa’) » A (x)}
/

= min{ sup (min{pa (@) paay)}) .

m — n AN
za+) ity abi+z=3"" 4 aibl+z

p (min{ (a0) a(@)}) s (2))
za'+3°7" agbitz= ;7:1 a;-b;—i-z
> minmin{pua (zaz), pa (va'z)}, min{ua (vaz) , pa(zva'z)}, pa (x)]

> min{pa (2), pa (@), pa ()} = pa (2)

since
xra + rara + za = va'ra + za and zd' + rard + za' = vd'xd + zd'.
Thus (MAQhXR@h A)(x) > A (w) . Now,

(VA@hXRQh A) (l’)

x-i—z;’;l ai:bi-i,i-l;liz;’?:l a;b;._i,-z [maX{’YAQh XR (az) ) ’YA@h XR (a/;) , YA (bz) , YA (b;)}}

< max{7Vao, yr (70) , VAo, vr (T

( /
= max{VA@h XR (OCG) » YTA®R xR (17

a’),ya(x),va(x)}
a'),va(z)}

— max infm—l-zzil aibi+z=37"7_; albi+z (maX{VA ai) 7'7A(a;')}) )

nfoqi5om | abirz=y7 alb 42 (max{va (@), va(a})) 74 (2)
< maxmax{ya (vax) 74 (za'x)}, max{ya (vax) ,ya(vad'z)}, va ()]
< max{ya (), 74 (2) 74 (2)} = 74 (),

since xa + rara + za = zd'xra + za and zd' + rara + za' = xd'wra’ + za'. Thus
(Vaonxron 4)(%) < ya (). Hence A € A©®p xr On A.

(2) = (1) . This is straightforward by Lemma 2.5.

(3) = (1). Assume that (3) holds. Let @ be any h-quasi ideal of R. Then the
charactersitic function x¢g of () is an intuitionistic fuzzy h-quasi ideal of R . By the
assumption and Lemma 2.2 we have

XQ € XQ ©n Xr ©On XQ = Xoro

Then it follows by Lemma 2.2 that @ € QRQ. On the other hand since @ is an h-quasi
ideal of R. we have QRQ) C RQ N QR C @ = @ and so QRQ = . Therefore R is
h-hemiregular by Lemma 3.1. [

Theorem 3.3. Let R be a hemiring. Then the following conditions are equivalent.
(1) R is a h-hemiregular.



On intuitionistic fuzzy h-ideals in h-hemiregular hemirings and h*-duo-hemirings 123

(2) ANB C A®p B oy A for every intuitionistic fuzzy h-bi ideal A = (pa,v4) and
every intuitionistic fuzzy h-ideal B = (ug,vg) of R.

(3) ANB C A®y BOy A for every intuitionistic fuzzy h-quasi ideal A = (j1a,74)
and every intuitionistic fuzzy h-ideal B = (ug,7vg) of R.

Proof. (1) = (2). Assume that (1) holds. Let A = (ua,v4) and B = (up,yg) be any
intuitionistic fuzzy h-bi ideal and any intuitionistic fuzzy h-ideal of R, respectively.
Next let  be any element of R. Since R is a h-hemiregular, there exist a, @’ z,€ R
such that z + rax + z = za’r + z. Then we have

(MAQhBQh A) ([E)

= sup (min{eae, 5 (@), 1ac, 5 (a3) s pa (b:) , pea (05) 3]
o+ agbite=3""_ albi+z
> min{pae, B (2a), ftac, B (xa’), pa (), pa ()}
= min{pae, B (2a), pae, B (xa'), pa ()}
= miﬂ{m@m W (min{pa (a:) , pa(al), ps (b:) , ps(b;)})
sup (mln{/m (ai) , pa(a}), pp (0i) , ps(0))}) , pa ()}

za/+Y 7 abi+z= ;Ll ;b;—i-z
> min{min{pa (z), up (aza) , pp(za'z)}, min{pa (z) , pp (aza’), pp (a'va’)}, pa ()}

> min{min{ps (z), pp (z)}, min{ps (z), up (x)}}
= min{pa (2), pp ()} = (pa A ps) (2),

since

xa + rara + za = vd'ra + za and zd' + xrarad + za' = xd'xd + zd'.
Thus (f140,Bo, 4)(T) = (Ha A ) (7). Next,

(’YA@hB@h A)(x)
= inf [maX{’yA@h B (@) » YAey, B ( ) Ya (bi) ,7a (b )}]

n

T4y agbitz= i= la]bg+z
< max{yae, B (va), Y40, B (va') ;74 (z), 74 ()}
= max{y4e, 5 (¥a) Va0, B (xa’) v ()}
o inf (max{ya (@), 7a(a3), 75 (b:) , 78(05)})
wa+) "y aibitz=37_; ajbi+z

inf : g b; b
R L (max{ya (a;),va(a}),vs (b:),78(0;)}), va (z)}

< max[max{ya (¢) , 75 (aza) , 7 (a'va)}, max{ya (z) ,7p(axa’), yp(a'za’)}, va (7))
< max [max{ya (), 75 (2)}, max{ya (v) ,75(x)}, 74 ()]

= max{va(z),v8 ()} = (ya VyB) (7).

= max{

Thus (Yae,Be, 4)(%) < (Y4 V8) (2).
Hence ANB C A® Bo, A.
(2) = (3). This is straight forward by Lemma 2.5.
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(3) = (1). Assume that (3) holds. Let A be any intuitionistic fuzzy h-quasi ideal
of R. Then since yg is an intuitionistic fuzzy h-ideal of R, we have

A=ANxXr CAOLXrROn A, A C A®p xr ©On A. Therefore R is a h-hemiregular
by Theorem 3.2. O

Theorem 3.4. Let R be a hemiring. Then the following conditions are equivalent.

(1) R is h-hemiregular.

(2) ANB C A®y B for every intuitionistic fuzzy h-bi ideal A and every intuitionistic
fuzzy left h-ideal B of R.

(3) AN B C A®y B for every intuitionistic fuzzy h-quasi ideal A and every intu-
ittonistic fuzzy left h-ideal B of R.

(4) AN B C Ay B for every intuitionistic fuzzy right h-ideal A and every intu-
itionistic fuzzy h-bi-ideal B of R.

(5) AN B C A®y B for every intuitionistic fuzzy right h-ideal A and every intu-
itionistic fuzzy h-quasi-ideal B of R.

(6) ANBNC C A®y B o, C for every intuitionistic fuzzy right h-ideal A, intu-
ittonistic fuzzy h-bi ideal B and intuitonistic fuzzy left h-ideal C' of R.

(7) ANBNC C A®y By C for every intuitionistic fuzzy right h-ideal A, intu-
itionistic fuzzy h-quasi-ideal B and intuitonistic fuzzy left h-ideal C' of R.

Proof. (1) = (2). Assume that (1) holds. Let A = (ua,v4) and B = (up,vyp) be any
intuitionistic fuzzy h-bi ideal and intuitionistic fuzzy left h-ideal R respectively. Now
let = be any element of R. Since R is h-hemiregular, there exist a,da’,z € R such that
x + xax + z = xa'x + z. Hence we have

Pac,s (x) = sup [min{pa (a;), pa (@), ps (b:) , ps (05)}]

T3 aibitz=3"7 ajbi+z

> min{pa (z),pa(x), pup (ax), up (d’'x)} (since x + rax + z = xd'r + 2)

= min{ps (), pp (ax), pp (d'z)}
> min{pa (2), pp (), pp (2)}
= min{pa (2), pp ()} = (pa A pp) (2) -

Thus piae,s (¥) = (pa A pp) () . Next

YAoB () = ey ablei " alb s [max{fyA (a;i) ,va (G;) VB (b:) , VB (b;)}}

< max{va (z),74 (z),v8 (az) ,vp (d'z)} (since x + xar + z = za'z + 2)
= max{va (z),7s (ax),vp (d'z)}
S maX{rYA (:E) , VB (ZL‘) , VB (l’)}
= max{va(z),v8 (¥)} = (ya VyB) (7).
Thus Yae, 5 (z) < (y4 V v5) (z). This implies that AN B C A®y, B.
(2) = (1). Assume that (2) holds. Let A = (ua,74) and B = (up,7vp) be any
intuitionistic fuzzy h-right ideal and intuitionistic fuzzy left h-ideal R, respectively.

Then it is easy to see that A = (ua,v4) is an intuitionistic fuzzy h-bi ideal of R. By
the assumption, we have

ANBCAGLBCAOLXrRNXrROrBC ANDB.
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Hence AN B = A®, B. So R is h-hemiregular by Theorem 2.2.

Similarly we can show that (1) <= (3), (1) <= (4), (1) < (5).

(1) = (6). Assume that (1) holds. Let A, B and C be any intuitionistic fuzzy
right h-ideal, any intuitionistic fuzzy h-bi-ideal and any intuitionistic fuzzy left h-ideal
of R, respectively. Next let x be any element of R, since R is h-hemiregular, there exist
a,a,'z € R, such that x + zax + z = za’x + z. Then we have

HAGLBoRC (Z‘)

= sup [min{,uA@hB (ai)>ﬂA®hB< ) pe (bi) , pe <b )}]

x+> 1 agbitz= ] 1 ajb; +z

> min{piae, s (), pae,s (x), pe (az), pe (d'z)}
= min{jae,s (), pe (ax), pe (a'z)}
sup (min{pa (i), pa (@), pp (b)), ps (V) })

— min e+ abite=37_ alb+z
ke (az), po (a's
> min{min{pa (za), pa (m'% g (2)}, pe(ax), pe(a's)}
> min{pa (z),pp (), po (v)} = (pa A ps A pe) (x) -

Thus  pae,Be,c (x) = (Ha A pp A pc) (x) . Next

YA®,BORC (x)

e By 500 6] 1o () 20 0 e ()

< maX{’VA@hB (#) , va0,8 (), yo (az) Yo (a'z)}
= max{Yae,s5 (), 7c (az),7c (d'z)}

. . ] /
- e g P91 20 2 )

Yc (az), Yo (d'z)
< max{max{ya (za), va (zd'), v8 (2)}, V¢ (ax), vc (')}
< max{ya (z),75 (%), 7c (@)} = (va V8 V0) (7).

Thus  vae,Be,c () < (va Vvs V7e) (z), which shows that ANBNC C A®, Be,C.
(6) = (7). This is straight forward by Lemma 2.5.
(7) = (1) . Assume that (7) holds. Let A = (uav4) and B = (g yp) be any intu-
itionistic fuzzy right h-ideal and any intuitionistic fuzzy left h-ideal of R, respectively.
Since y g is a an intuitionistic fuzzy h-quasi ideal of R, by the assumption we have

ANB = ANxgrNBCA®,xrOn B,

C AGrBCAGOLXrRNXR O B.
C AnB
Hence ,AN B = A ®; B. So R is h-hemiregular by Theorem 2.2. O

Definition 8. [21] A hemiring R is said to be an h-intra-hemiregular hemiring if for

each x € R, there exist a;,a;, b;, b; € R such that
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m n
T+ E a;r’a) + 2 = E b + z.
i=1 j=1

Equivalent definitions: (1) x € Rx?2R Vz € R, (2) AC RA2R V ACR.

Example 1. [21] Let R = {0,a,b} be a set with addition (+), and multiplication (-)
defined as follows:

+‘0ab ~‘0ab

010 a b 010 0 0
and

a|la a b al 0 a a

b|lb b b bl 0 a a

Then R is a hemiring which is both h-hemiregular and h-intra-hemiregular.

Lemma 3.2. [21]| Let R be hemirirng. Then the following conditions are equivalent.
(1) R is h-intra-hemiregular.

(2) AN B C AB for every left h-ideal A and every right h-ideal B of R.

Theorem 3.5. [15] Let R be a hemiring. Then the following conditions are equivalent.
(1) R is h-intra-hemiregular hemiring.
(2) ANB C A®y, B for every intuitionistic fuzzy left h-ideal A = (pia,7y4) and right
h-ideal B = (up,vB) of R.

4 h-quasi-hemiregularity

Definition 9. A hemiring R is called (left, right) h-quasi hemiregular if every (left,
right) h- ideal of R is idempotent.

It is easily seen that, a hemiring R is left (right) h-quasi-hemiregular if and only if
a € RaRa (respectively . a € aRaR).

Theorem 4.1. A hemiring R is a left (right) h-quasi-hemiregular if and only if every
intuitionistic fuzzy left (right) h-ideal is idempotent.

Proof. Let R be a left h-quasi-hemiregular hemiring and A = (p4,v4) be any intuition-
istic fuzzy left h-ideal of R. Let a € R. Since R is left h-quasi-hemiregular a € RaRa,
so there exist z,x;,y; € R i=1,2 such that a + xiaya + 2 = xsay.a + z. Therefore,

fao,a (@) = (pa On pa) (a)

= sup [min{pa (a;), pa (Cj) cpa (bi) , pia (d])}]

n m
at+ Y aibi+z=Y cjdj+z
i=1 j=1

min{ s (z1a), pa (x2a), pa (y1a), pa (y2a)}
min{pa (a), pa(a), pa (@), pa(a)} = pa(a).

IV 1V

Hence pa < prac,a-



On intuitionistic fuzzy h-ideals in h-hemiregular hemirings and h*-duo-hemirings 127

Since A = (ua,v4) is an intuitionistic fuzzy left h-ideal of R, it follows that

tacya (@) = (pa On pa) (@) < (e On pa) (@) < pia (@) . Hence pa = pac, a-
Next, yae,4 (a) = (74 On 7a) (a)

inf N [max{%ax (ai) y YA (Cj) » VYA (bz) v\ (dy)}]

a+ Y abi+z=3 cjdj+z
i=1 j=1

max{v4 (z1a),74 (22a) ,74 (y12) , 74 (y20)}
max{ya (a),va(a),va(a),va(a)} =74 (a). Hence yao,4 < Va.

IA A

Since Yag,a(a) = (4 Onva) (@) > (7, Onya)(a) > va(a). It follows that
Yao,a = 74, which show that every intuitionistic fuzzy left (right) h-ideal is idem-
potent.

Conversely, assume that every intuitionistic fuzzy left h-ideal is idempotent. Let
a € R, then <a> is a left h-ideal of R. So x== is an intuitionistic fuzzy left h-
ideal of R. Next pizgs=s (a) = (p=zas On pizss) (a) = p=s (a) = 1 and y=gs=s (a) =
(Y=a= Onv=as) (a) = Y= (a) = 0,s0a € Sa>-<a> = Ra-Ra C Ra-Ra =
RaRa = a € RaRa. Thus R is a left h-quasi-hemiregular. O]

Theorem 4.2. Let R be a hemiring. Then the following conditions are equivalent.
(1) R is h-quasi-hemiregular.
(2) A= (Ao, XR)2 N (Xr On A)2 for every intuitionistic fuzzy h-quasi-ideal A =
(f1a,74) of R.

Proof. (1) = (2). Let A = (ua,7v4) be any intuitionistic fuzzy h-quasi-ideal of R.
Since R is h-quasi-hemiregular, the intuitionistic fuzzy right h-ideal A ®, xg and the
intuitionistic fuzzy left h-ideal yr ®5 A are idempotent. Therefore,

(114 O fixe)* A (B @ 114)° = (14 O i) A (B @ pra) < fra

and
(74 @n Yen) V (Ter On¥4)” = (74 On Yen) V (Vxn @n Y4) > 7Ya.

To prove the reverse inclusion, let a € R. Since R is a left h-quasi-hemiregular a €
RaRa. So there exist z,x;,y; € R © = 1,2 such that a + ziay1a + 2z = zeaysa + 2.
Therefore
(txg On 1a)” (@) = ((1xp, On 114) On (g On p1a)) (a)
min{ (py, On pa) (ai)  (Pxr On pa) (¢5)

= sup (tyr On pa) (bi), (fyy On pa) (dy)}

n m
a+Y aibi+z=3 cjdj+z
i=1 =1

> min{(piy, On pra) (210) , (fyr On pa) (220) , (Hyp On f1a) (Y10) , (fixg On pa) (y20)
So we have

ria + (r1210Y1) @ + 212 = (T1200Y2) @ + T12, Toa + (Tax1aYy1) @ + X9z =

(xowaays) a + 22,110 + (1T10Y1) @ + 2 =
(129ay2) a + 2, Y20 + (y2r1ay1) a + Y22 = (YaZoays) a + Yo z.
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By the above inequalities it follows that

2
(ixr On pa)” (a)
> min {MXR (T11ay1) , P (T1720Y2) 5 fixg, (T2T10Y1) | flyy (T2T20Y0)
Hxr (y1$1@y1) » Hx g (3/1372@y2) y Mxg (yzﬂflayl) y Mxg (y2$2ay2) )

HA (a) y A (a) y A (a) y A ((L) y A (a) y A (a) y A (a) y A (a) }7

hence (fiy, On pta)’ (@) > pa(a) . Theref2ore (tyn On pra)” > pa- ,
Similarly we obtain that (pa Op fiyg)” = ra. S0 (1A O fiyg) A (g On fta)” > pa.
2 2
Hence (4 On piyg)” A (Hyn On pa)” = pa.
Next

(e @ 74)° (@) = ((Yw On 74) On (Wen On 74)) (@)

maX{(’YXR Oh 'YA) (az) ) (7)(3 Oh 'YA) (Cj) )

= inf (I Onva) (1), (Vxr ©nva) (dj)}

a+izijl ai bﬁz:é‘:l cjdj+z
< max{(yyr On74) (£10) , (Vxn On 7a) (£20) , (Yyr On 74) (110) ; (Ve On va) (Y20) }
< max{ Yy, (@121041) , Y (@122092) , Voo (T221091) , Voo (T22202)
Yxr W1T1aY1) s Y (Y1720Y2) 5 Yy (Y2T1aY1) s Vi (Y2720Y2)
va(a),va(a),va(a),va(a),va(a),7a(a),ya(a), 74 (@)} =7a(a).

Therefore (vy, ®n v4)® < ya.

Similarly we obtain (v4 ®p, VXR)Q < va. Hence (y4 ®p VXR)Q V (Yyr On v4)* < 7a.
Thus (Y4 @n Yan)’ vV (Vxn On¥a)” = 7a, which shows that A = (A®, xg)* N
(Xr ©n A)*.

Conversely, assume that (2) holds. Let A = (ua,v4) be any intuitionistic fuzzy
right h-ideal of R. Then since A = (ua,7v4) is an intuitionistic fuzzy h-quasi-ideal of
R, we have
pa = (ta On MXR)2 A (fhyr On ,UA)2 < (pa On ,UXR)2 < pia Op pra < pia Op fyy < fia- SO
Ha = fta Onp pA.

Next, 74 = (Y4 On Txn)* V (r O 74)" = (74 On W)’ > 74 Onva > Y4 On Yyp = Y4
S0, Y4 = va On v4. Therefore it follows by Theorem 4.1 that R is right h-quasi-
hemiregular. Similarly, it can be proved that R is left h-quasi-hemiregular. m

Theorem 4.3. Let R be a hemiring. Then the following conditions are equivalent:

(1) R is both h-intra -hemiregular and left h-quasi-hemireqular.

(2) ANBNC C A, Bo,C for every intuitionistic fuzzy left h-ideal A, intuitionistic
fuzzy right h-ideal B and intuitonistic fuzzy h-bi ideal C' of R.

(3) ANBNC C A®BORC for every intuitionistic fuzzy left h-ideal A, intuitionistic
fuzzy right h-ideal B and intuitonistic fuzzy h-quasi-ideal C' of R.

Proof. (1) = (2). Let A = (pta,v4), B = (up,vs) and C' = (¢, v¢) be intuition-
istic fuzzy left h-ideal, right h-ideal and h-bi-ideal respectively. Since R is h-intra-
hemiregular and left h-quasi-hemiregular, any element a € R satisfy the equality
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a + riaaayia + z = roaaaysa + z (1)
for some z,x;,y; € R, 1 = 1,2. Therefore

Pac,Boye (@) = (pa On s On pc) (a)

= sup min{pea (@), pa(c;), (B On pe) (i), (kB On pe) (d))}]

n m
at+ Y aibi+z=3 cjdj+z
i=1 j=1

> min{pa (v10a) , pa (z2aa) , (up On po) (ay1a) , (1 On pic) (ayaa)}.
> min{pa (a),pa(a), (ps On pc) (ayra), (up On po) (ayaa)} (i1)
because,
a+ (x1aa) ayra + z = (v20a) aysa + 2
Next, from (i) we have
ayra + (ay1r10a) ayra + ayyz = (ay1r2aa) ayaa + ay, 2,
and
aysa + (aysxiaa) ayia + aysz = (aysx20a) aysa + aysz

so from (1)

Ao, Boyc (@)
> min{ua (@), pa (@), pp (ayrz10a) , pp (ayiz20a) , pe (ayra)
e (ayza) , pp (ayariaa) , pp (aysr2aa)}
> min{pa (a), pup (@), pe (0)} = (pa A ps A pc) (a) -

Hence
AN pp A pie < pa Op fip Op po-
Now,
YaonBonc (@) = (74 On v On7c) (a)

= inf N [max{va (a;) ,v4(c;), (vB ©Onve) (bi), (7B On Ye) (d))}]

a+ Zn: aibi+z=3" cjd;+z

i=1 j=1
max{va (z1aa),v4 (z20a), (v8 Onvc) (ara), (V8 On Yo) (ayaa)}
max{ya (a),v4 (a), (78 Onvec) (ay1a) , (V8 On Yc) (ay2a)}
max{yA (a) » VA (a> » VB (aylxlaa) VB (aylmaa) » Yo (ayla) » Yo (ayga) )
VB (ay2r10a) , 7B (ayar2aa)} < max{ya (a),vs (a),vc (a)}

= (vaVB Vo) (a)

IA A CIA

Hence 4 VY8 Ve > Y4 On v Onvo. Thus ANBNC CAG, Bo,C.
(2) = (3) . Follows by Lemma 2.5.
(3) = (1). Let A = (ua,v4) be any intuitionistic fuzzy left h-ideal of R. Then

A = AN Loy A s < fta Op fiyy On fea < fia Op pia < fla.



130 M. Sarwar, M. Ali

Hence pg = pua ©p pra. Now,

YA =94V Yxr VY4 = YA On Yxr On YA = YA On YA 2 YA

Hence v4 = v4 ©p 4. Therefore by Theorem 4.1, R is left h-quasi-hemiregular. Finally
let B = (up,yp) be an intuitionistic fuzzy right h-ideal of R. Then AN B C A ®;, B.
Hence by Theorm3.5, we deduce that R is h-intra-hemiregular. O

Definition 10. [11] A hemiring R is called h*-duo if every one -sided h-ideal of R is
a h-ideal of R. A hemiring R is called intuitionistic fuzzy h*-duo if every one -sided
intuitionistic fuzzy h-ideal of R is an intuitionistic fuzzy h-ideal of R. A hemiring
R is called h-hemiregular intutiionistic fuzzy h*-duo if it is both h-hemiregular and
intuitionistic fuzzy h*-duo .

For brevity in what follows we call A*-duo hemiring a duo hemiring.

Lemma 4.1. Let R be a hemiring. Then the following condition are equivalent.
(1) R is h-hemiregular duo-hemiring.
(2) AN B = AB for every left h-ideal A and every right h-ideal B of R.

Proof. (1) => (2). Since R is h-hemiregular, then by Lemma 2.6, AN B = AB for
every left h-ideal A and every right h-ideal B of R.

Conversely, assume that (i¢) holds. Let A and B be any left and right h-ideal of
R respectively. Since R itself is an h-ideal of R, we have A = AN R = AR DO AR
and B = RN B = RB D RB. Hence A and B are h-ideals of R and so R is duo.
Now for every right h-ideal A and left h-ideal B we have AN B = AB , where R is
h-hemiregular. [

Lemma 4.2. Let R be a hemiring. Then R is h-hemiregular duo-hemiring if and only
if ANQ = AQA for every h-ideal A and every quasi-ideal Q) of R.

Proof. Assume that R is h-hemiregular duo-hemiring. Let A and @ be any left h-ideal
and any h-quasi-ideal of R, respectively. Then AQA C A = Aand AQA C AQNQA C
AQN QA C ROQNQR C Q. Hence AQA C AN Q. Now let z € AN Q. Since R is

h-hemiregular, there exist a,b € R, such that x 4+ xax 4+ z = zbxr + 2. Then we have

raxr + raxax + zar = rbrar + zax, xbx + raxbx + zbx = xbxrbx + zbzx,

and
r + xax + z + rarar + zax + rarbr + zbx = xaxax + zar + rarbr + zbr + rbr + 2
x + xbrax + zar + z + raxbr + zbx = xaxax + xbxbx + zbx + zax + z
x + xbrax + xaxbx + z + zax + zbxr = xaxax + xbxbx + z + zax + zbzx,
SO
x + xbrax + xaxrbr + 2’ = xarax + xbrbr + 2, where 2’ = 2z + zax + zbx, since A is an
h-ideal of R.
We have za, xb,ax,bx € A, consequently
(zbraz + raxbr), (vrarar + wbrbr) € AQA and so v € AQA.
Hence AQA =ANQ.
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Conversely, let B and C' be any left, right h-ideal of R, respectively. Then both B and
C are h-quasi ideals of R. Since R itself is an h-ideal of R, we have RBR = RNB = B
and RCR = RNC = C.Now, BR = RBRR C RBR = Band RC = RRCR C RCR =
C. Hence both B and C are h-ideals of R, so R is duo. Moreover by the assumption,
we have CNB=CBC CCB CCnNB=CnNB. Hence R is h-hemiregular. O

Lemma 4.3. Let R be h-hemiregular hemiring. Then R is duo if and only if it is an
intuitionistic fuzzy duo.

Proof. Assume that R is duo. Let A = (ua,v4) be any intuitionistic fuzzy left h-ideal
of R. Then since Rx is left h-ideal of R, it is an h-ideal by the assumption. Since R
is h-hemiregular, we have zy € tRxR C rRxR C Rz. This implies that there exist
a,b,z € R such that xy + ax + z = bz + z. Since A = (ua,v4) an intuitionistic fuzzy
h-ideal of R, we have

pa(zy) = min{pa (az), pa (bx)} = pa (x),
Ya(zy) < max{ya(az),ya (b2)} < ya(2).

So A = (pa,v4) is an intuitonistic right h-ideal of R. It can be seen in a similar way
that any intutionistic fuzzy right h-ideal of R is a intuitionistic fuzzy h-ideal of R. Thus
R is an intuitionistic fuzzy duo.

Conversely , assume that R is an intuitionistic fuzzy duo. Let L be any left h-ideal
of R, then the charateristic function x of L is an intuitionistic fuzzy left h-ideal of R.
By the assumption Y is an intuitonistic fuzzy ideal of R and so L is a h-ideal of R.
Thus R is duo. O

Lemma 4.4. Let R be a h-hemiregular intuitionistic fuzzy duo hemiring. Then every
intuitionistic fuzzy h-bi-ideal of R is a h-ideal of R.

Proof. Let A = (pa,7v4) be any intuitionistic fuzzy h-bi-ideal of R, and z,y € R.
Then since Rz is a left h-ideal of R, it is an h-ideal of R. Since R is h-hemiregular,
ry € tRxy C xRxR C xRxR C vRx = rRr = zy + xax + 2 = xbx + z for some
a,b,z € R. Since A = (p14,74) is an intuitionistic fuzzy h-bi-ideal of R. we have

pa(zy) = minfuq (vazx), pa (xb)} > pa(x),
Ya(wy) < max{ya(vax),va (zb)} < 7a ().

So A = (pa,74) is an intuitionistic fuzzy right h-ideal of R. In similar way it can be
easily seen that A = (ua,v4) is an intuitionistic fuzzy left h-ideal of R, and so A is an
intuitionistic fuzzy h-ideal of R. n

Theorem 4.4. Let R be hemiring. Then the following conditions are equivalent.

(1) R is h-hemiregular duo hemiring.

(2) ANB = A®, Boy A for every intuitionistic fuzzy h-ideal A = (pa,v4) and
intuitionistic fuzzy h-bi-ideal B = (up,vB) of R.

(3) ANB = A®y, Boy A for every intuitionistic fuzzy h-ideal A = (pa,v4) and
intuitionistic fuzzy h-quasi-ideal B = (up,v8) of R.
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Proof. (1) = (2) . Assume that (1) holds. Let A = (14,74) be any intuitonistic fuzzy
h-ideal and B = (up,yp) be any intuitionistic fuzzy h-bi-ideal of R. Then we have

pa On s On pa < (A O fixg) On fiyg < A On fyy < A
Also
pa On g On pra < flyg On B Oh flyp < B
Hence s ©p i Op ppa < pia A pp. Next,

Ya OnYE Onva > (Y4 On Yyn) On Yxn = V4 On Yyn = VA-
Also,
YA OnYB On YA 2 VYxr OnYB On Vxr = VB-

Hence v4 ©®nvB ©On 74 = 74 V V8.
Let x be any element R. Since R is h-hemiregular, there exist a,b € R such that
r + zax + z = xbx 4+ z. Then we have

raxr + raxax + zar = rbrar + zax, xbx + raxbx + zbx = xbxbx + zbz,
and
x + raxr + z + rarar + zax + rarbr + zbx = raraxr + zax + rarbxr + zbx + xbx + z,

T + zbrax + zax + z + raxbr + zbx = raxax + rbxrbx + zbx + zax + z,
x + xbrax + raxbx + z + zaxr + zbxr = xaxax + xbxbx + z + zaxr + zbzx,

SO
x + axbrax + vaxbr + 7 = xavax + xbxbr + 2,

wherez’ = z + zax + zbz, and

!/

x4 x (braz) + z (axbr) + 2’ = x (axax) + x (bxbx) + 2/,

x4 x (brax + axbx) + 2’ = x (axax + bxbx) + 2.

Hence we have
(tha On pip On pa) (z) =
min{ (pa On pg) (i), (1ta On ) (¢5)

sup pa (bi), pa(d;)}

T+ aibi+z=3)" cjdj+z
= :

> min{(pua On up) (), (a On up) (x), pa (brax + axbr) , pa (axax + bxbzx)}

> min{(pua On pg) (x), pa (braz + axbr) , pa (axax + bxbr)}

= min{ sup [Hlin{,LLA (ai) y A (Cj) , B (bz) y B (dy)}] )

n m
x+ > aibi+z=)" cjdj+z
i=1 j=1

and
pa (brax + axbr) , pa (axax + bxbx)}
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> min{pa (za), pa (zb), pp (z), pp (), pa (brax + axbx) , pa (arax + brbx)}
> min{pa (z), s ()} = (pa A ps) () -
Hence pia A pp < pra On g On fia.
Next,
(74 ©n B On 74) (2)

max{(ya ©n ¥8) (@) , (74 ©n ¥B) (¢;)
Y (bi) ,va (d;)}

= inf

n m
z+ > aibi+z=)" cjdj+z
i=1 j=1

< max{(va On vB) (z), 74 (braz + axbx) ,v4 (axax + bxbz)}

—max{  inf [max{va (a;),va(c;), v (b:),v8 (d;)}],

z+ Y aibi+z=) cjdj+z
i=1 j=1

and
va (brax + axbz) ,v4 (axaz + bxbx)}

< max{vya (za),va (xb),vp (x),v5 (¥),va (brazx + axbx),v4 (axax + brbr)}
< max{ya (), 78 (2)} = (va V78) (2).
Hence v4 Vg > v4 ©On 7B ©On 4. Thus ANB =A®, B o, A.
(2) = (3) This is straightforward by Lemma 2.5.
(3) = (1) Let A and Q be any h-ideal h-quasi-ideal of R, respectively. Then the

charateristic functions x4, xo of A , Q respectively are intuitionistic fuzzy h-ideal and
intuitionistic fuzzy h-quasi-ideal of R. Now by the assumption we have

XAnQ = XA N XQ = X4 On XQ On XA = XA0Qa4:

and so AN = AQA. Hence by Lemma 4.2, we have that R is h-hemiregular duo
hemiring. O

Theorem 4.5. Let R be a hemiring. Then the following conditions are equivalent.

(1) R is h-hemiregular duo hemiring.

(2) R is h-hemiregular intuitionistic fuzzy duo hemiring.

(3) AN B = A ®y B for every intuitionistic fuzzy h-bi-ideals A = (pa,va) and
B = (up,v8) of R.

(4) AN B = A ®y B for every intuitionistic fuzzy h-bi-ideal A and intuitionistic
fuzzy quai ideal B of R.

(5) ANB = A®y B for every intuitionistic fuzzy h-bi-ideal A and every intuionistic
fuzzy right h-ideal B of R.

(6) AN B = A®y B for every intuitionistic fuzzy h-quasi-ideal A and every intu-
tonistic fuzzy h-bi-ideal B of R.

(7) AN B = A®yp B for every intuitionistic fuzzy h-quasi-ideal A and B of R.

(8) AN B = A®y B for every intuitionistic fuzzy h-quasi-ideal A and every intu-
tonistic fuzzy right h-ideal B of R.

(9) ANB = A®y B for every intuitionistic fuzzy left ideal A and every intuionistic
fuzzy h-bi-ideal B of R.

(10) ANB = A®y, B for every intuitionistic fuzzy left ideal A and every intuionistic
fuzzy right h-ideal B of R.
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Proof. (1) <= (2). (Follows by Lemma 4.3).

Now we prove that (2) = (3) Assume that (2) holds. Let A = (ua,v4) and B =
(g, vp) be intuitionistic fuzzy h-bi-ideals of R. Now since pig4 Op ptp < fia On flyy < pa
and pa Op pp < fixy On g < pup. Thus pa ©p pup < pa A pp. Now y4 ©p yp 2
YA On Yxr = Ya and Y4 On VB 2 Yxp On v = V8- Thus 74 ©p v = 74 V 5. Now,

HAe,B () = (ua O pp) (x).
Therefore

(1A ©n pB) ()

- sup [min{za (a;) , pa (a}) o (bi), e (b;)}]
e+ aibite=3"0 albl+2

min{pa (z), pa (), up (az), pp (d'x)} (since x + zax + z = xd'z + 2)

>
> min{pa (z), pp (2)} = (Ha A pp) (T) . = pa On pip > pa A P

Thus pta On pip = pra A pip. Now, Y40, (%) = (74 ©On vB) ()

(Y4 ©nvB) ()

= inf [maX{VA (a:i),va (%‘) 78 (0i) , 7B (b;) H

a4+ aibite=3"7_; albi+z

< max{vya (z),74 (x),v5 (ax) ,vp (d'z)} (since z + xaxr + z = za'z + 2)
< max{ya (z),75 (z)} = (YaVB) (£) . = 14 On 78 < 74V 7B.

Thus v4 ©n v = Y4 V v. Hence AN B = A®, B.
(3) = (4) = (5) (by Lemma 2.5), and (5) = (6) (by Lemma 4.4). Simlarly
(6) = (7) = (8). And (8) = (9) (by Lemma 4.4). (9) = (10) (by Lemma 4.4).
Finally we show that (10) = (1). Let A and B are right and left h-ideal of R. Then
X4 and yp are intuitionistic fuzzy right and left h-ideal of R. Then by assumption and
Lemma 2.2,

XAB = XA On XB = XA AN XB = XAnB-
Therefore it follows that AB = AN B. Hence by Lemma 4.1, R is an h-hemiregular

duo-hemiring. |
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