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Abstract. In this paper, we compute the determinants of several pentadiagonal ma-
trices with the generalized Fibonacci, generalized Lucas numbers and the determinant
of a pentadiagonal matrix with the classical Fibonacci numbers, and then we show how
the classical Fibonacci numbers arise as determinants of some pentadiagonal matrices.

1 Introduction

Study of recurrence sequences is clearly of intrinsic interest and has been a central
part of number theory for many years. Moreover, these sequences appear "almost
everywhere" in mathematics and computer science. For example, in the theory of
power series representing rational functions [48|, pseudo-random number generators
[43, 44, 45, 58], k-regular |1] and automatic sequences [36], and cellular automata [39].
Sequences of solutions of classes of interesting Diophantine equations form linear recur-
rence sequences, see e.g., [49, 50, 59, 60]. A great variety of power series, for example
zeta-functions of algebraic varieties over finite fields [35], dynamical zeta functions of
many dynamical systems |7, 31, 38|, generating functions coming from group theory
[15, 16], Hilbert series in commutative algebra [41], Poincare series |6, 13, 47| and the
like are all known to be rational in many interesting cases. In such cases the coeffi-
cients of the series representing such functions are linear recurrence sequences, so many
results from the present study may be applied. Linear recurrence sequences even enter
the proof of Hilbert’s Tenth Problem over Z [40, 61, 62]. In the proceedings [14], the
problem is resolved for many other rings. The article [46] by Pheidas suggests using
the arithmetic of bilinear recurrence sequences to deal with the still open rational case.
Recurrence sequences also appear in many parts of the mathematical sciences in the
wide sense (which includes applied mathematics and applied computer science). For
example, many systems of orthogonal polynomials, including the Tchebychev poly-
nomials and their finite field analogues, the Dickson polynomials, satisfy recurrence
relations. Linear recurrence sequences are also of importance in approximation the-
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ory and cryptography and they have arisen in computer graphics [42] and time series
analysis [8].

One of the simplest and most celebrated recurrence sequences is the Fibonacci
sequence. The Fibonacci numbers are given by the sequence 0,1, 1,2, 3,5, ... where each
term is the sum of the previous two. This sequence can be defined via the recursive
formulas: Fy = 0, F; = 1, and F,, = F, 1 + F, 5, n > 2, [32]. This recursive
relation was introduced for the first time by the famous Italian mathematician Leonardo
of Pisa (nicknamed Fibonacci). It is well known that the ratio of two consecutive
classical Fibonacci numbers converges to the Golden Mean, or the Golden Section,
#, which appears in modern research in many fields from architecture [51, 52|
to physics of high energy particles [17] — [19] or theoretical physics [20] — [26]. As
is shown in [30], [53] — [56], the hyperbolic Fibonacci functions can lead to creation
of the Lobachevsky—Fibonacci and Minkovsky—Fibonacci geometry which is of great
importance for theoretical physics. In the 19th century the French mathematician
Francois Edouard Anatole Lucas (1842 - 1891) introduced the so-called Lucas numbers
given by the recursive relation L, = L,,_1 + L, o, n > 2, with the seeds Ly = 2 and
Ly =1.

In [63], the relations have been studied between the Bell matrix and the Fibonacci
matrix, which provide a unified approach to some lower triangular matrices, such as
the Stirling matrices of both kinds, the Lah matrix, and the generalized Pascal matrix.
To make the results more general, the discussion is also extended to the (s, t)-Fibonacci
numbers and the corresponding matrix. Moreover, based on the matrix representations,
various identities are derived.

For any integer numbers s > 0 and t # 0 with s* + 4¢ > 0; the nth (s, t)-Fibonacci
{F, (s,t)},ey and (s,t)-Lucas {Ly, (s,1)},cy sequences are defined recurrently by

T =

Foi1(s,t) = sF, (s,t) +tF,_1(s,t) forn>1, (1.1)
and
Lyt (s,t) =sLy(s,t) +tL,—q (s,t) forn>1, (1.2)
with
FO (S,t) = 0, F1 (S,t) = 1,
and
Lo (s,t) =2, Ly (s,t) =s,
respectively.

It is well known that the (s,t)-Fibonacci and Lucas numbers are generalized Fi-
bonacci and Lucas numbers. The following table summarizes special cases of F), (s,t)
and L, (s,1) :

(s,) F, L,

(1,1)  Fibonacci numbers  Lucas numbers
(2,1)  Pell numbers Pell-Lucas numbers
(1,2)

(

Jacobsthal numbers Jacobsthal-Lucas numbers
3,—2) Mersenne numbers  Fermat numbers
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In this paper we will write simply F),, f., L., and [, instead of F}, (s,t), F, (1,1),
L, (s,t), and L, (1, 1) respectively.

Binet’s formula is well known in theory of Fibonacci numbers [33]. Binet’s formula
allows us to express the generalized Fibonacci and Lucas numbers as functions of the
roots a = @ and [ = @ of the characteristic equation 2% = sz + t
associated with recurrence relations (1.1) and (1.2).

The following result is well known, and can be found, for example, in [33].

Theorem 1 (Binet’s formula). The n-th generalized Fibonacci and Lucas numbers
are given by
Fn:—a =0 and L, =a" + ("
a—p

There is a long tradition of using matrices and determinants to study the Fibonacci
numbers. For example, Bicknell-Johnson and Spears [5| use elementary matrix op-
erations and determinants to generate classes of identities for generalized Fibonacci
numbers, and Cahill and Narayan [9] show how the Fibonacci and Lucas numbers arise

as determinants of some tridiagonal matrices. The Hessenberg matrix [27]

2 1 0 --- 07
1 2
: .. . 0
1 1
1 - 1 2

has as its determinant f,.5. Several other Hessenberg matrices whose determinants
are the Fibonacci numbers were introduced in [10] and [27], where cofactor expan-
sions were used to compute these determinants. Combinatorial proofs were given for
the determinant of Van-der-Monde’s matrix [2| and of matrices whose entries are the
Fibonacci [3] and Catalan [4] numbers. Strang [57| presents a family of tridiagonal
matrices given by:
31
1 3 1
1 3 - ,
1

1 3
where A (n) is a n x n matrix. The determinants |A (k)| are the Fibonacci numbers
fort+2. Webb and Parberry [64] have showed the following complex factorization:

n—1
k
f":H <1—2i(§08%), n > 2,

k=1

A(n) =

where f,, is the nth Fibonacci number, by considering the roots of the Fibonacci poly-
nomials. In [37] it is proposed to compute

lainys +1 lanye —3 7 —lun
langa+1 lypyo—3 T —lyp—s |,
lan +1  lypo—3 T7—lin_s
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where [,, is the nth Lucas number. To study its generalization Kwong [34] first defined,
for any real numbers a, b, ¢, d, e and f with a,c,e # 0, any integers ¢, j, k > 1, and any
integer n,
alntivjrrs2 +0 clpyivje+d elppiy + f
alpyivkre +b0  Clpyietd o el +f |,
alpypio+b Clyyr +d el, + f

A(l) =

and analogously

Afntitjthr2 0 Cfppivior +d efnpivy + f
afnvivir2 +0 Clngipr +d efnvi +f |,
afn+k+2 + b Cfn+k + d efn + f

A(f) =

where f, is the nth Fibonacci number, and then he found that the values of these
two determinants can be expressed in a rather neat manner, and that only differ by
a constant. Civciv [12] studied the following determinant of a pentadiagonal matrix
with Fibonacci numbers

[ 1= fifi Sra1 Jefe
—frrr 1 =2fefer
B, — Jefe — fr+1
' Jrt1 Jefra1
1 =2fefr Jra1
i Jrfr—1 —fr1 L= fofu—1 |0

In this note, we compute the determinants of several pentadiagonal matrices with
the generalized Fibonacci, generalized Lucas numbers and the following determinant
of pentadiagonal matrix with the classical Fibonacci numbers

[ 1+ fufeo Jra1 Jrfr—1
Jra1 L+ 2fefomr
Gy = Jefra Jra1 7
Jer1 Jefe—1
. L+ 2fkfe Jr1
i Jrfr—1 Jrt1 L4 fufe-1 |

and then show how the classical Fibonacci numbers arise as determinants of some
pentadiagonal matrices.

2 Main results

In order to prove Theorems 2 — 5, we must first present the following lemma and its
corollary.
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Lemma 1. Forn >0,

L2 4+4(-1)""t" = (a— B)* F2. (2.1)

n

Proof. By Theorem 1 we get

n__ an\ 2
oo = e o ()
o —
_ 6211 . ( )'ﬂ-l—l mo_ (a2n + ﬁ2n +2 (_1)7‘L+1 tn) :
from where the result follows. O

Corollary 1.

W V(2 A F2+4(=1)"t" 4 /s2 + 4tF,

a” = 5 , (2.2)
or
Lo+ 12 +4(-1)" g
a" = 5 , (2.3)
and
. S2+A4t) F2 +4(=1)"t" — /s2 + 4tF,
or

Ly /L2 +4(-1)"

g = 5 (2.5)
Theorem 2. Let Ay be the following k x k (k > 3) pentadiagonal matriz
"1 — ()" Ly (—t)" T
—Ly 1-=2(=t)" L, (=)
(—t)* — Ly '
Ay = k k
(—t) Ly (—t)
L 1—-2(-t) Ly
k k
L (_t) —Ly, 1— (_t) J bxk
Then

k
det Ay, = H [1 — 2Ly, cos

=1

™) k 2 J
—4(—t k> 3.
kE+1 (=#)" cos E+1|’

Proof. In order to derive the value of the determinant of the matrix A, we introduce
the real sequences {S,EA)} and {T( } such that
k=1 k=1

s =1,

SéA) = 1+4+at

S = S + a8, k>3,
ko T Pk—1 T & Ok-2
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and
o= 1,
T,V = 1+ 5
Y = T+ T, k>3,

Then, by identities (2.3) and (2.5) we obtain
det Ay = SYTW | | > 3. (2.6)

In order to compute { S,(CA), k=1,2, }, we define the k x k tridiagonal matrix of the
form

MY = io* Ny, with i = /=1, (2.7)

where

)
—_ O
S =

1
o 1 0 - kxk
Note that S,E; = det (I + M ) k > 1. Here I is the k x k identity matrix. We

know that the determinant of a square matrix can be found by taking the product of
its eigenvalues. Therefore, we will compute the spectrum of M,EA) in order to find an

alternative expression for S,EA). Let A\j, 7 = 1,2, ..., k, be the eigenvalues of I + M,gA)

and let pj, 7 = 1,2,..., k, be the eigenvalues of M ,EA) (with the associated eigenvectors
xy). Thus, since, for each j,

(I + MISA)> xj = [1+ py]a;,

we write A\; = 1+ p;, 7 = 1,2,..., k. Therefore,
k
s =Tla+m).k>1 (2.8)
j=1

Since [11] the eigenvalues of the matrix Ny are

0; = —2cos 71717 - J=12.m, (2.9)
from (2.7) we have .
pj = —2ia® cos k?l’ j=1,2,.. k. (2.10)
Combining (2.8) and (2.10), we get
: i
S :H<1—2iakcosk+1>, k> 1. (2.11)

J=1
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Similarly, for {T ,C(A)} we obtain
k=1

k .
A . ]
T} ):H(1—2Zﬁkcosk+1), k>1. (2.12)

j=1
Taking into account (2.6), (2.11) and (2.12) we compute

k

det A}, = ]1:[1 [1 — 2i Ly cos kj— . 4 (—t)F cos? k?l] , k>3,
and the proof is completed. O]

Theorem 3. Let By be the following k x k (k > 3) pentadiagonal matriz

[ 1+ (—t)" Ly (—t)" T
Ly 1+2(=t)" L, (=)
By = k . . k
(—1) = g Ly (—1)
Le 142(=t)° L
k k
L (_t) Ly 1+ (_t) 4 ek
Then .
o i
detBk:H[1—2chosk_g1+4(_t)’f0052kﬁ1 , k>3

j=1

Proof. The proof is similar to the proof of Theorem 2, and we only show an outline
of it. In order to compute the determinant of the matrix By, we introduce the real

sequences {S,EB)} and {T,EB)} such that
k=1 k=1
s o= 1,
SSB) = 1-ao

and

™ = 1,
TQ(B) = 1- 647
T = 15 _g*78) k>3

Then, by identities (2.3) and (2.5) we get

det B, = SPTP) | > 3. (2.13)
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In order to compute {S,EB), k=12, }, we define the k x k tridiagonal matrix of the
form
MP) = ok N (2.14)
Therefore, since S,gB) = det (I—i—aka), k > 1, and T,EB) = det (I+ﬁ’“Nk), k>1,
taking into account (2.9) and (2.13) we compute
k
det By, = H [1 — 2L, cos

Jj=1

TJj
E+1|°

T
k>3
k+1

- Y

+4 (=) cos?

and the proof is completed.
Theorem 4. Let C}, be the following k x k (k > 3) pentadiagonal matriz

(1 —w

Fk w
—Fk 1—2w Fk W
o w —-F, ‘
g w F}, w
i w —F 1—w_kxk
where w = (‘jgf:?k Then

d 2 mj (=) mj
det C), = l—i——L —4 2 k> 3.
o J[[l[ BVl S R IRl A R

Proof. In order to compute the determinant of the matrix C}, we introduce the real
sequences {S,E;C)} and {T,SC)} such that
k=1 k=1

S§C) - 1a
(©) o
SO - 14
2 + sZ + 4t
©) © . 2 o
Sk - Sk—l + 82 + 4tSk_27 k = 3,
and
T = 1,
4
70 — 142
2 * s2 + 4t’
©) © , B o
L9 = T9+ 5519 k=3,

Then, by identities (2.2) and (2.4) we have

det Gy, = ST | > 3. (2.15)
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In order to compute {S,gc), k=12, }, we define the k x k tridiagonal matrix of the

form

M =

Thus we get
k

SO =11

J=1

Similarly, for {TISC) }OO

k=1

k

719 =1]

Jj=1

k

detCk = H

j=1

which completes the proof.

Theorem 5. Let Dy, be the following k x k (k > 3) pentadiagonal matriz

k
(1—% a

co
V8?2 4+ 4t

(1—2@'

Taking into account (2.15), (2.17) and (2.18) we compute

2
1 —4———=Lj cos
s% 4 4t

A. Ipek

Oék
Nk,With 1= vV —1.

Vs2 + 4t

mJ

we obtain

"1

mJ

Bk )
COS
V2 + 4t k+1

(0"

—4
k+1 s2+4tc

)RR
JREER?

o TJ .
th k>3
0s k+1]’W1 > 3,

[ 14+w Fk w
Fk 1+ 2w Fk w
w 2 . .
Dy = g
w F}, w
i w F}, 1+w | ok
where w = %. Then
det D f[1 2 ¥ +40%ﬁ 2 ™) ith k> 3
e = — ———1Lcos CoS wi )
F “ Vet at k41 Ts24 4t k41 =

Proof. The proof is similar to the proof of Theorem 4, and we only show an outline
of it. In order to compute the determinant of the matrix Dy, we introduce the real

sequences {S,ED)} and {T,ﬁD)} such that
k=1 k=1
s =1,
4
S(D) _ .«
2 52 4 4t
(D) oy o ()
S = S Sy 0 k>3,
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and
TP = 1,
4
i = 1P
2 s2 4+ 4t
@™ _ o _ B w)
k - k—1_82+4tk27

Then, by identities (2.2) and (2.4) we obtain
det Dy, = SSOITP) | > 3. (2.19)

In order to compute {SIED), k=12, }, we define the k x k tridiagonal matrix of the

form:

Oék

———Ng.
Vs? 44t ‘
Therefore, since S,gD) = det (I—i— me) k > 1, and T,C(D) = det (I—i— \/—Nk>
k > 1, taking into account (2.9) and (2.19) we compute

M = (2.20)

k . k .
2 mJ ()" o :
det Dy = 1— ————1Lcos +4 cos , with k£ > 3,
’ 11[ Vet At ¢ k+1 Ts2dt o k+1
which completes the proof. n

Now using equations (2.2) and (2.4), similarly to the proof of Theorem 5 we can
prove the following corollary.

Theorem 6. Let Gy, be the following k x k (k > 3) pentadiagonal matriz

[ 1+ fofi fr1 Jrfr—1
Jr1 1+ 2fpfr1
G = Jrfra1 Jrr1
" Jrt1 Jrfr—1
.. 1+ 2ffua Jrt1
I Jrfr—1 Jrr1 Lt frfir |

where fi is the kth classical Fibonacci number. Then

k

det G, = H [1 — 2fry1cos

J=1

k>3

T 2 T
4 _
pq T HefrorcosT
Proof. The proof is similar to the proof of Theorem 5, and we only show an outline of
it. From (2.19) we obtain

det Gy = ‘9T | > 3, (2.21)
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where {S,gG)} and {T,EG)} are the real sequences such that

9 = 1,

S0 = 1- 2,

S = S - RS, k>3,
and

¥ = 1,

Tz(G) - 1_f13717

79 = 1 - 1, k>3,

In order to compute {S,EG), k=12, }, we define the k x k tridiagonal matrix of the
form

MY = f.N,. (2.22)
Therefore, since S}gG) = det (I + frNy), k£ > 1, and TéG) = det (I + fr_1Ng), k > 1,
taking into account (2.9) and (2.21) we compute

k .

s s
det Gy, :j[[l [1 —2(fk+fk_1)coskj1 + 4f, fr_1 cos? k—il , k>3,
which completes the proof. O
Example 1.
0o 2 1
-2 -1 2 1
1 -2 -1 )
1 1 = fk+17 k= 3.
-1 2
I =2 0.,
Example 2.
10/9 2/3 1/9
2/3 11/9 2/3 1/9
/9 2/3 11/9 B
. . . =3 2kf22k+27 k Z 3.
1/9 " " . 1/9
11/9 2/3
1/9 2/3 0 ok
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