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Abstract. In [18|, fundamental solutions for the generalized bi-axially symmetric
Helmholtz equation were constructed in R = {(z,y):x >0,y > 0}. They contain
Kummer’s confluent hypergeometric functions in three variables. In this paper, using
one of the constructed fundamental solutions, the Dirichlet problem is solved in the
domain Q C R. Using the method of Green’s functions, solution of this problem is
found in an explicit form.

1 Introduction

In the monograph of Gilbert [16], by applying methods of complex analysis, integral
representations of solutions of the generalized bi-axially Helmholtz equation

2a 2
HO)é\,,B (u) = ua:a: + uyy + ?um + ?ﬁuy - )\2u e O7 (Hé,ﬁ)

were constructed via analytic functions. Here 0 < 2a,20 < 1, «a, 3, A are constants.
When A = 0 this equation is known as the equation of generalized axially symmetric
potential theory. This terminology was used for the first time by Weinstein, who first
considered fractional dimensional spaces in the potential theory [33, 34|. The special
case with A = 0 has also been investigated by Erdelyi |5, 6], Gilbert [9-15], Ranger
[29], Henrici |21, 22]. There are many works [1-3, 8, 17, 23, 25-28, 30, 32| in which some
problems for equation (H 26) were studied. In the paper [18| for equation (H éﬁ) the
following fundamental solutions on Ry = {(x,y) : > 0,y > 0} have been constructed:
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2P (1 — )T (B) T (1 —a+ )
b= I'(2—2a)T(208) ’ (1.6)
2T (1- YT (L+a—f)
b= Fear(2—25) (1.7)
220D (1—a)T(1- BT (2—a—f)
b= I'(2—2a)T(2-20) ’ (18)
r? = (x—$0)2+(3/—3/0)27 ry = (x+x0)2+(y—yo)2, ry = ($—$0)2+(Zl+y0)27
s S ek B S
5_ T'Z y = 7"2 7C__Zr ) (19)
(3) . . . — - ((I)m n— (bl>m (62)71 m, n
AQ (a’7 bl,bQ,Cl,CQ,x,y72) — m§:0 (Cl)tn (22)’” m‘n'p' Zp, (110)
and (a), =I'(a +n) /I' (a) is the Pochhammer symbol.
2 Green’s formulas
We consider an identity
x2q%8 [uHéﬂ (v) — ng‘ﬁ (u)] = % [any% (vpu — qu)]
—l—% [xmyw (vyu — vuy)} ) (2.1)

Integrating both parts of identity (2.1) over  C Rj, and using Green’s formula we
find

[y [ulH) 4 (v) —vH) 4 (u)] dedy = [ 22*y*Pu (vedy — vydz)
s

Q (2.2)

—z2y?Py (uydy — u,dr),

where S = 02 is the boundary of the domain €. Formula (2.2) named as Green’s
formula is deduced under the following assumptions:

- the functions u and v are continuous on the closure of the domain €2, i.e. on €,

- the partial derivatives of the first and second orders of u and v are continuous on {2,
- the integrals over €2, containing partial derivatives of the first and second orders of u
and v have sense.

If u, v are solutions of equation (H 2”3), then by formula (2.2) we get

/x%‘y% (ug—z — U%) ds =0, (2.3)
S
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here O dyod dxr 0 d d
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On  dsor  dsoy ds == 2.4
on dsdx dsQOy ds cos (n, ) , ds cos (n,y) (2.4)

n is the exterior normal to the curve S. The following identity also takes place:

0
/x20¢y2,3 [ui + uz + )\Quz] d;[;dy = /anyQﬂua—udS, (25)
n
Q S

where u is a solution of equation (HJ ;).

3 The formulation and the uniqueness of the Dirichlet problem

Let Q C Ry = {(z,y) : > 0,y > 0} be a domain limited by intervals I, = (0,a),a =
const > 0, Iy = (0,b) ,b = const > 0 of the axis OX, OY respectively, and a curve
I' with endpoints A (a,0), B (0,b). The parametrical equation of the curve I' will be
x=u1x(s),y=1y(s), where s is the length of the arc counted from the point A (a,0).
Concerning the curve I' we shall assume that:

- the functions x = z (s),y = y(s) have continuous derivatives z’ (s),y’ (s) on the
segment [0, 1], where [ is length of the curve I', not simultaneously equal to zero;

- the derivatives z” (s),y” (s) satisfy to the Holder condition on [0, [];

- in neighborhoods of the points A (a,0) and B (0, ) the conditions

d_x
ds

dy

< Oy'te (s), %‘ < Oz'e(s), 0<e <1, C=const,

are satisfied. )
Problem D. Find a solution u of equation (H}, ;) belonging to the class C' (Q2)NC? (2),
satisfying the conditions

u(x,y)|y:0:ﬁ (), x € I, (3.1)
[ (JT, y)’m:O = T2 (y> , Y € f27 (32>
U(ZE,y>|F:(p(S), O§S§l7 (33)
where 71, T2, ¢ are given continuous functions and 71 (0) = 72 (0), 71 (a) = ¢ (0), 72 (b) =
p ().
Theorem 3.1. If the problem D has a solution in the domain €2, then it is unique.
Proof. Let 7 (x) = 12 (y) = ¢ (s) = 0 then, by virtue of identity (2.5), we have
/wQ"‘yzﬁ [u2 + . + Nu?] dedy = 0. (3.4)

Q

By (3.4) it follows that u, (z,y) = u, (z,y) = u (x,y) = 0. Hence, we have u (z,y) =0
in the domain €. O

We note that the uniqueness of a solution of the problem D in the domain 2 also
follows by the extremum principle for elliptic differential equations.
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4 The existence theorem

Let a =band T =: {(z,y) € Ry : 2% + y* = a*}. We denote this domain by €. The
function Gy (z,y; xo, yo) satisfying the following conditions is called Green’s function
of the problem D :

- inside the domain €y, except for the point (xg,yo) , this function is a regular solution
of equation (H ;);

- it satisfies the boundary condition

Gy (2, y; w0, yO)|FU11u12 =0; (4.1)
- it can be represented in the form
Gy (2, y; 20, 90) = 41 (%, 4 70, 90) — (R2) ™" qu (, 95 Zo, ) , (4.2)

where
— Yo

Lo
R#(g), Yo = R—(Q),
q4 (,Y; g, Yo) is a fundamental solution, q4 (x, y; To, Yo ) is a regular solution of equation
(HC)M‘,B) in the domain €.

Let (zg,y0) € Q. We cut out from €y a circle of small radius p with the center at
the point (x¢,yo) and the remaining part of g, we denote by €. C, is a boundary of
the cutted out circle. Applying formula (2.3), we obtain

oG : 0
/$2ay2ﬁu 4(:L',?J7£L'07y0)d8 —/:172“3/25621 (2, 9; Z0, o) —uds

RY = a3 + 45, To = (4.3)

on on
e, C,
2c 2,8 0
=y () 8_G4 (z,y;70,50)| dx
=0
! (4.4)
2a 26 a
+ 5,0t @y 20, 90)| - dy
=0
0
o 8G4 Z,Y; %o, Yo
r
Using the derivation formula
gi+itk )
WAQ (a; b1, by; e, 052, Y, 2) )
(@)ijk (b1); (b2>j (3) S . . . . '
= Ay (a+i+7 = kb +i,by + jier + i, c0 + 55 2,9, 2)
(c1); (02)j
and considering the adjacent relation
b
Z 1 A(3 (1+CL 1+b1,b2,1+€1,02,$ Y,z )
6]
ab
+_2A (14 a;01,1 4 bysc1, 1+ o5 7,9, 2) (4.6)

— 1zA2 (a—=15b1,by;¢1, 052,y 2)
= aAY (14 asby,bay 1, ey, 2) — aAS) (a;by, o1, e,y 2)
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we find that

o) QB2 1_90 _
22 qu (2,53 00, yo) = ka (1 — 20) (r2)* T2 2l 72 (yyo)' 0 AP

8xQ4
X2—a—-0F1—a,1—03;2-20,2—-206;¢n,()
~2ky (2 = a = B)x (r)™ T g (yyo) P A
X (S—Oé—ﬁ72_05,1_573_2(172_26,577]7C)
2%y (2 — = B) 2 (r) 7 272 (yyo) T (2 — o) Ay
X(3—@—ﬁ§1_a>1_ﬁ;2_2a72_26;§an7C)
(4.7)

and

yzﬁa%% (2, g0, 90) = ka (1= 28) (r?)™*772 (o) g™
XAg?’) (2—&-5; 1—a,l —ﬁ;2—2a,2—2ﬁ;§,7770
<2k (2= = B)y ()™ (o) T g (4:8)
XA%?,) B—a—031—a,2—03;2—2a,3—20;¢,1n,()
2%y (2—a—0)y (r2)a+ﬁ*3 (a:ﬂco)lfm yé_zﬁ (¥ — yo)
><A§3) B—a—-0F1—a1—03;2-20,2-20;¢n,().

It is easy to prove that the following formulas are true:

= (a),_, (b2),
AP (a3 by bos 1, 02:0,5,2) = 3 (Cz)pn‘pl Y 2P = Hs (a,by; 2, 2) (4.9)

n,p=0

= (a),,_, (b1)
As (a;by,bo; 1, 00:,0,2) = TP TP — Hy(a, by, 2) 4.10
2 ( 1,Y2,01,02 ) m;:(] (Cl)m m'p' 3 ( 1, ¢1 ) ( )

where Hj (a,b;c;x,y) is Kummer’s hypergeometric function in two arguments ([7],
p. 221, formula (31)). By virtue of equalities (4.7),(4.8),(4.9), (4.10) and taking into
account that ¢[,_o =0, nf,_, =0, we get

— k(1= 20) al 2oy Ve

0
y%’ 8_yG4 (%y;xoyyo)

y=0

4.11

% H3(2—a—ﬁ,1—o¢;2—2a;p1,p1“) . H3(2—a—ﬁ,l—o¢;2—20¢;p2,p§) ( )
[(x—x0)2+y(2)]2_a_ﬁ TTo\ 2 1 2 9 sep
(a— —> + —233 Yo
a Qa
and
e %04 (2, y;20,50)| = ks (1 — 2a) zf 2oy Oyt
=0
(4.12)

Hy(2—0—B,1-B2—2Bips.p5)  Hs(2—a—B,1-B;2—28:p4,p% )
2 _g\2]272 8 o 2 ] 2—a—p )
[a)o+<y yO) ] [(a—%) +$x%y2:|




104 M.S. Salakhitdinov, A. Hasanov

where

—4xxq X A2 2
pP1 = L= —— (ZE—$0> +y 5
(.f[) . I0)2 + yg 1 4 |: 0]
_ —4xm . a’N rroN2 1 4,
p2 TX 2 1 2 27 p2 _4R(2) <a_ a > gx y() ’
<a — —) + —<27Yp
a a
_4yy0 * )\2 2 2
P3 = —F—— 2 P3:__[xo+(y_y0)}a
w3+ (y — vo)’ 4
—4yyo L AN ( yyo>2 I
P4 = Yo P 1 ) 27 P4 4R8 a a + CL2 oY
7" + _2 0
a a

Now we shall consider the right-hand side of identity (4.4). Taking into account (4.7)
and (4.8), we find that

o0 _ ~ky(2—a—p) (7“2)%672 (x20)" 7 (yyo)' ™

(9?”& 8
XA%3) B—a—-0F1—al1l—032-2a,2— 25?577770@_ [ln 72]
n
a+p— - d d
+ky (r?) 2 wh 2oy 20200720 (1 — 20) yd—y —(1-2p) xd—x
s s
4.13
xAg3)(2—Oz—ﬁ,1—0471—5,2—20472—257577770 ( )
2%y (2— o — B) (r?) 7 (2me) T2 (yyo) TP AY
% (3_a_ﬁ72—()5’]_ —ﬁ,33—2a,2_2ﬁa§7n7C)%
2k (2= a— B) ()" (o) 7 (yyo) ' AP
. . . dx
x(B—a—B1—a,2—F;2—2a,3—26;£1,() £
Further we have
/xmymuacu (2, y: 00, 40) o _ /xzayzﬁua% (2, y3 %0, 90)
on on
C C
! . (}ig)—a—ﬁ f q;Qay?f@uaq‘*(ngo’gO)ds (4‘14)
Cp
= J1 + Jo.

Substituting (4.13) in (4.14) and passing to the polar coordinates x = ¢ + pcos ¢,
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Yy = Yo + psin ¢, we have

Ty =2k (2= a— B)ag >y Y
2w

/ (20 + peos @) (yo + psin @) u (2o + peos p,yo + psin )

0
X (P PAP B—a—Bi1—a,1— 32— 20,2 —28;£,1,0) dp

2

gy Y~ 2ﬁ/ﬂ(:voanCOS ©, 40 + psin )

x [(1—2a) yocgs 0+ (1—=20)zpsinp + (1 — a — B) psin 2¢)]

x ()T AP (2 —a - 81— a1 - 52— 20,2 — 26;6,1,() dip
2%y (2 —a — B)zl 2oyl (4.15)

2

></ (o + pcos @) (Yo + psin ) u(zo + pcos ¢, yo + psin )

0
X () PAP B—a— 32— a,1—3;3— 20,2 —28;£,7,C) cos pdp
—2ky (2 — o — B) xg” Q“yé #

2T

X/(fvo+pcos ©) (yo + psin @) u (xo + pcos @, yo + psin @)
0
X(p )OH’ﬁ 2A(3)( 57 a72_ﬁa2_2a73_2ﬂ7£7n7C)81n¢d@

=Ju +Jio+ Jis+ Jus

For evaluation of (4.15) we use the expansion formula ((2.27) in [18], p. 678)

Agg) (a; b1, ba; 1, c0; 7, Y, Z)

—(1-—2)"" (1—y) ™" i (CE) ), ( (l;) Z(;b;) (11) (1 g y)izj (4.16)

i,j=0
A
1) (Cz—a+],bg+l co +1; y 1)

where F'(a, b; ¢; z) is the Gauss hypergeometric function (|7], p. 69, formula (2)). Hence
we obtain

xF (cl—a—irj,bl—l—z';cl—irz

AP B—a—B1—a,1—5;2—2a,2—28;£,n,0)
2\2—a—0 2 2 a—1 2 2 . B—1 (417)
= (p")" " 7 (" +dag +Awopcos )" (p° + Ay + dyopsin )" Puu,
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where

N B-a=0),;,(1-a),(1-p),
z;) (2 —2a), (2 —2p),ily!

x ( 4x§ + dzop cos )( 4y3 + 4yopsin ¢ > (_A_ng)j
p? + 4xd + dxgpcos ¢ p% + 42 + dyop sir12 © 4 (4.18)
4 4
XF(—a4B—14j,1—ati2—20+i— 0 20005
p? + 4dag + dxgpcos ¢
4y + 4dyopsin ¢ )
p% + 4yt + dyopsin ¢ )’

P11:

xF(a—ﬂ—1+j,1—ﬂ+i;2—2ﬁ+z’;

Using equality (46) in [7], p. 112,

I'(e)T'(c—a—10)

F(a,b;c;1) = Tlc—a)T(c—b)

c#0,-1,-2,..., Re(c—a—1>b) >0,

it is not complicated to calculate

T (2—2a)T (2 —23)

lim Py = : 4.19
0 VT TI—a)T(1-BTB-—a-p) (4.19)
By virtue of (4.17) we calculate Ji;:
J11 = 2k‘4 (2 — O — ﬁ) 13[1)72&(7;(1)726
2
X / (zo + pcos ©) (yo + psin ) u (xo + pcos @, yo + psin )
0
X (p? + 43 + dzgpcos )7 (p? + 4y} + dyopsin )" Prdep.
Passing to the limit as p — 07 and taking into account (1.8), we have
lir% Ji1 = u (o, o) - (4.20)
p—
Similarly it can be proved that
})1_1”% Jig = Eil(l) Ji3 = })12% J1a :a’l)l_r’% Jo =0,
lim/fcmy%@ (2, %0, Yo) ads = 0. (4.21)
p—0 on

o
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Thus, using equalities (4.13), (4.14), (4.20) and (4.21), by (4.4) we deduce that

u (zo, yo) = /f4 (1-25) 1’(1)72&3/(1)7%

a H3(2—oc—6,1—o¢;2—2a;p1,pf) H3(2—a—ﬁ,1—o¢;2—2a;p2,p§)
— d
a— +—a2y2
\ ( a > a?”
—2a 1-2
a Hs(2—a—8,1—3;2—28;p3,p% Hs(2—a—8,1—8;2—28;p4,p%
% fy7'2 (y) 3( - R Q_Q_pf; P3) _ 3( - 1 p;l_p(ilzﬁ dy
0 |:$0+(y7y0) ] a_% —l—_CEQ 2
L a a2
0G4 (2,3 2o, Yo)
_ 2a, 23 ) Iy 0, ds.
ff 2*y? o (s) o s
If we use the formula
c—a: b — x

Y

Hy (a,b;c;,y) = (1— )" Ryl

—: ¢ l—a,c—a; z—1’ Y|

which connects Kummer’s function with the hypergeometric function of Kampe de
Feriet ([4], p. 150, formula (29))

praiks | (@) (b)) (ew)s | _ AL g =
Fl:m;n; (al): (ﬁm)v (Vn); ,Z/‘|—Z

we find that solution (4.22) of the problem D may be represented as

u (2o, v0) = ka (1 —20) f(l)_zayé_%

FLL0 ﬁ — o 1— a; - 01,0
x]l (2) 0:1:2 —: 2-20; a+pB-1,0—a;
x71 (x - —
o ! [(@—20)?+43]" " [(a+wo)*+42]'

1:1;0 ﬂ—Oéi 1_057 -, *
Fo:l;z{ —: 2-20; a+pB-1,0—q 02’02}

T\ 2 1 1-8 TTo 2 1 -
(A I CevVArl
a a a a

dx
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+ky (1 — 20) x(l)_2ayé_2ﬁ
a 1o | a—=pF: 1=0; - *
FO:1;2 |: — - 2_26’ Oé—l—ﬁ—l,oz—ﬁ, 0'370-3:|
X/yTQ (y) 9 l—a 911-8
: B+ -] [+ )]
1:1;0 a—pF: 1-4; ) *
F0:12|: — - 2_26; oz—i—ﬁ—l,a—ﬁ; 0'470-4:| p
- yyo\2 | 1 yyo\? 1 N
(a - —) + — a3y (a + —> + —1dy°
a a? a a?

0G4 (z,y; o, Yo)

(4.23)

-«

2 y* o (s) on ds,
T
where
dxxg A2 )
(x + 20)” + 9} 4
dxxg . a2 [ 20\ 2 N 1, 2]
0-2 = 3 s 0-2 e — <a _ _) e yo ’
T 1 2 3
)Ly ()
- 4yyo « _ N2 T2 _ 9
73 = a3 +(y+y0)”’ 03 = 42 [fo + (?J Y) |,
04 = 4yy0 o = aA |:<a_@>2+ix2y2:|
= 2 1 ? 4 — 2 5L .
<“ + @> + a5y 6 a a
a a

Now we can formulate the main result.
Theorem 4.1. The problem D has the unique solution defined by formula (4.23).

We note that expansions for the hypergeometric functions of Lauricella
Fjgn), F én), Fén), F ]gn) are found in [19, 20| and applied in [17] for finding fundamental
solutions and later for investigating boundary value problems for 3-D singular elliptic
equations [24].
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