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Abstract. Two terms high order linear differential equation are studied. For the case
when potential alternats in any neighborhood of infinity, oscillation and nonoscillation
conditions formulated in unified terms are obtained.

1 Introduction

Let us consider the equation

l[y] ≡ (−1)ny(2n) + q(x)y = 0 (x > 0). (1.1)

We are interested in oscillatory properties of equation (1.1) with a continuous potential
q(·) alternating in any interval (t,∞) as t → ∞. We assume that the differential
expression l[y] is defined on the class C2n(0,∞) of all functions m -times continuously
differentiable on (0,∞). We will adhere to the definitions given in [1].

Definition 1. Equation (1.1) is called oscillatory (at infinity) if the following con-
dition holds:

(OS) For any t > 0 there exists a nontrivial solution of equation (1.1) having at
least two n-multiple zeros on (t,∞).

In other words, if for any t > 0 there exist a nontrivial solution y of (1.1) and such
points t2 > t1 > t that

y(k)(t1) = y(k)(t2) = 0 (k = 0, 1, ..., n− 1).

Let L be one of self-adjoint operators generated by the differential expression l[y]. In
fact condition (OS) is equivalent to infiniteness of the negative part of spectrum of L
(see [1]).

For the second order equation

−y′′ + q(x)y = 0 (x > 0) (1.2)
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Definition 1 coincides with the classical definition. Namely, equation (1.2) is called
oscillatory (at infinity) if every nontrivial solution of (1.2) has an infinite set of zeros
xk (k = 1, 2, ...) such that xk →∞ as k →∞(see [1], [ 2]).

Definition 2. Equation (1.1) is said to be non-oscillatory if the condition (OS) is
not satisfied.

For equation (1.1) with negative potential q(·) a number of oscillation (nonoscil-
lation) conditions, expressed in unified terms, was obtained.

Let q(x) < 0 for x > x0. Here and hereafter x0 is a sufficiantly large fixed positive
number. Moreover, let

Jn(x, q) = x2n−1
∞∫
x

|q(t)| dt,

and αn = (2n − 1)!!/2n be the Kneser constan. The integral criterion states that
equation (1.1) is nonoscillatory if

lim sup
x→∞

Jn(x, q) < α2
n/(2n− 1),

and is oscillatory if
lim sup
x→∞

Jn(x, q) > A2
n.

Here

A−1
n =

√
2n− 1

(n− 1)!

n∑
k=1

(−1)k−1Cn−1
k−1 (2n− k)−1 (n > 1)

(see [1, 2]). Note that α2
1 = 1 = A1 (the case n = 1).

In this connection we formulate here one more oscillation condition proved in [3].
Equation (1.2) is oscillatory if

lim inf
x→∞

(
1

x

x∫
0

t2 |q(t)| dt.+ x
∞∫
x

|q(t)| dt > 1

)
. (1.3)

Condition (1.3) was introduced in [4].

2 Main results

The purpose of the work is to describe in unified terms oscillation and nonoscillation
conditios for equation (1.1) with sign-variable potential q(·). We study equation (1.1)
with q = u− υ, u, υ ∈ Lloc+ (I). Lloc+ (I) denotes the space of all non-negative functions
locally integrable on the interval I = (x0,∞). We assume that u, υ are not degenerate,
namely ∫ ∞

x

υ(t)dt > 0,

∫ ∞

x

u(t)dt > 0 for all x > x0.

We will use one modification of the Otelbaev function, in terms of which sophisti-
cated spectral estimates for differential operators were obtaned (see [3, 5, 6]).
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Let ω ∈ Lloc+ (I), x > x0, h > 0, ∆ = [x, x+ h).We denote

M(∆|ω) = M(x, h|ω) = h−1
∫
∆

ω(t)dt.

We will use the following Otelbaev function υ∗ defined by

υ∗(x) = inf
h>0
{h−2n : h2nM(x, h|υ) 6 1}.

It is easy to show that 0 < υ∗(x) < ∞. The function h∗x = υ∗(x)−1/2n is called the

characteristic length. Let ∆∗(x) = [x, x+ h∗x), then the equality

M(∆∗(x)|υ)
υ∗(x)

= 1

holds (see [5]). We will also use the notation

∆∗
δ(x) = [x+ δh∗x, x+ (1− δ)h∗x) , 0 < δ < 1.

Theorem 1. Let q = υ − u, u, υ ∈ Lloc+ (I). Assume that for some 0 < δ < 1

lim sup
x→∞

M(∆∗
δ(x)|u)

υ∗(x)
> Aδ,n,

where
Aδ,n = 1 + 2A2

nδ
−2n+1.

Then equation (1.1) is oscillatory.
Theorem 2. Let q = υ − u, u, υ ∈ Lloc+ (I).

a) If

lim sup
x→∞

M(∆∗
1/4(x)|u)
υ∗(x)

> 18

then equation (1.2) is oscillatory.
b) If

lim sup
x→∞

M(∆∗(x)|u)
υ∗(x)

6
1

10

then equation (1.2) is nonoscillatory.
For the first time oscillation conditions in terms of the characteristic means of

q+(·) = max{q(·), 0} and q−(·) = min{−q(·), 0} were obtained in [ 7 ]. However, those
means are related only to second order equations.

Let R(n)(∆∗(x)) be the set of all polynomials R(t) =
n−1∑
k=1

ckt
k with

∫
∆∗(x)

|R(t)|2dt = 1.
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We say that υ ∈ (R(n))∗ if there exist η, 0 < η < 1, such that

ηM(∆∗(x)|υ) 6 inf

{ ∫
∆∗(x)

|R(t)|2υ(t)dt, R ∈ R(n)(∆∗(x))

}

for all x > x0.

Let c∞,n be the exact constant in the inequality

max
[0,1]

|ϕ| 6 c

(∫ 1

0

(|ϕ|2 +
∣∣ϕ(n)

∣∣2)dt)1/2

.

Theorem 3. Assume q = υ − u, υ ∈ (R(n))∗ with some η, 0 < η < 1, n > 1, and
u ∈ Lloc+ (I). If

lim sup
x→∞

M(∆∗(x)|u)
υ∗(x)

< B−1
η,n ,

where
Bη,n = c2∞,n(1 + 8η−1),

then equation (1.1) is nonoscillatory.

3 Examples

Example 1. Assume that υ(·) > 0

α < υ(t)/υ(x) < β if 0 < t− x < h∗x,

where the number 0 < α < β are not dependet of x (x > x0). Then υ ∈ (R(n))∗ with
η = αβ−1.

Example 2. The function

υ(x) =
9

16
x−4 sin2 x (x > 0) (3.1)

also belongs to (R(n))∗ on the interval I. This follows from the two facts: 1) the function
υ in (3.1) possesses the following property: there exist 0 < δ, τ < 1 such that∆∫

e

υ 6 τ
∫

∆∗(x)

υ if e ⊂ ∆∗(x) and meas(e) 6 δh∗x, (3.2)

2) since R(n)(∆∗(x)) is a compact subset in C[x, x+h∗x] the following uniform estimate
holds

meas{t ∈ ∆∗(x) : |R(t)| 6 γh∗x
−1/2} 6 δh∗x (R ∈ Rn(∆∗(x))), (3.3)

where γ ∈ (0, 1) depends only on δ. Here C[x, x+h∗x] denotes the space of all functions
continuous on [x, x+ h∗x].

Using (3.2), (3.3) we can show that υ defined by (3.1) belongs to (R((n))∗ with
η = γ2

0(1 − τ), where γ0 is the maximal constant in (3.3) for δ = 9/20, 1 − τ =
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β2(1−2δ)(a/(1+a))4, a = 2.21, and β is the solution of the equation 2.2 arcsin β = πδ.
For the Otelbaev function υ∗ the following estimates hold

(2.22 x)−4 < υ∗(x) < (1.15 x)−4. (3.4)

Example 3. Let us consider the equation

yIV + υ(x)y − u(x)y = 0, (3.5)

where υ is defined by (3.1), and u ∈ Lloc+ (I). Then: a) equation (3.5) is nonoscillatory
if

lim supx3

x→∞

3.21x∫
x

u(t)dt < c−2
∞,2(1 + 74γ2

0)
−1,

b) equation (3.5) is oscillatory if

lim supx3

x→∞

1.63x∫
1.45x

u(t)dt > 172.

The proofs of Theorems 1-3 are based on the oscillation criterion for the equations
of the type l̃[y] = 0, where l̃[y] is a self-adjoint differential expression of order 2n

(n > 1). See [1, Section 10]. We alsou use estimats of exact constants in inequalities
of local embeddings of weighted Sobolev spaces on the characteristic interval ∆∗(x).

Basic techniques of proofs can be found in [5, 6, 8].
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