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Abstract. In this paper we obtain a unique common fixed point theorem for two pairs
of weakly compatible mappings in symmetric G-cone metric spaces.

1 Introduction and Preliminaries

Mustafa and Sims [18] and Naidu et. al [21, 22, 23| demonstrated that most of the
claims concerning the fundamental topological structure of D-metric introduced by
Dhage [6, 7, 8, 9] and hence all theorems are incorrect. As an alternative Mustafa and
Sims [19] introduced the concept of G-metric space (a generalized metric space ).

In recent years many authors have obtained different fixed point and common
fixed point theorems for mappings satisfing various contractive conditions on G-metric
spaces. For a survey of fixed point theory, its applications, comparision of different
contractive conditions and related topics in G-metric spaces we refer the reader to |3,
2,24, 1, 5, 26, 13-20] and the references therein.

Based on cone metric spaces introduced by [10] and on G-metric spaces introduced
by [19], I. Beg et. al [4] introduced generalized cone metric spaces as follows:

Let E be a real Banach space and P be a subset of E. Then P is called a cone if
it has the following properties:

()P is non empty, closed and P # {0};
(i) 0 < a,b€ Rand x,y € P = ax + by € P,
(iii) P)(=P) = {0} .

For a given cone P C FE, we can define a partial ordering < on E with respect to
P by x <yif and only if y — 2z € P. We will write x < y if x < y and x # y, while
x << y will stands for y — x € P°, where P° denotes the interior of P.

Proposition 1.1. [12]. Let P be a cone in a real Banach space E. Ifa € P and a < \a
for some X\ € [0,1), then a = 0.

Proposition 1.2. [25, Corollary 1.4] Let P be a cone in a real Banach space E.
(1) If a < b and b << ¢, then a << c.
(i) If a € E and a << ¢ for all ¢ € P°, then a = 0.
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Remark 1. [25] A P° C P° for A > 0 and P° + P° C P°.

Definition 1. [4] Let X be a nonempty set and let G : X x X x X — E be a function
satisfying the following properties :

(Gl) G(l’,y,Z) =0ifr=y=2z,

(G9): 0 < G(z,2,y) for all x,y € X with x # v,

(G3): G(z,z,y) < G(x,y,z) for all z,y,z € X with y # z,

(Ga): G(z,y,2) = G(z,2,y) = Gy, z,x) = ...(symmetry in three variables),

(G5): G(z,y,2) < G(z,a,a) + G(a,y, z) for all x,y,z,a € X.

Then the function G is called a generalized cone metric on X and X 1is called a gener-
alized cone metric space or a G- cone metric space.

It is clear that if G(x,y,z) = 0 then x = y = z for any z,y, z € X.

Definition 2. [4] A G-cone metric space X is called symmetric if
G(z,z,y) = G(z,y,y) for all z,y € X.

Definition 3. [4] Let X be a G-cone metric space and {x,} be a
sequence in X. The sequence {x,} is said to converge to a point x € X if for every
¢ € E with 0 << ¢ there is N such that G(xp, xy,x) << c¢ for alln,m > N. In this
case, we write T, — T as n — 0O.

The sequence {x,} is said to be a G-Cauchy sequence in X if for every ¢ € E with
0 << ¢ there is N such that G(zp, Tpm, ;) << ¢ for alln,m,l > N.

X is said to be complete if every G-Cauchy sequence in X is convergent in X.

Proposition 1.3. [4, Lemma 2.8] Let X be a G-cone metric space. Then for a sequence
{z,} € X and a point x € X, the following statements are equivalent:

(1) {z,} is G-convergent to z,

(ii) G(xp, Tp,x) — 0 as n — oo,

(i1i) G(zp,z,x) — 0 as n — o0,

(v) G(xp,, Ty, ) — 0 as m,n — 00.

Proposition 1.4. [4, Lemma 2.9] Let X be a G-cone metric space. Then the function
G(z,vy, 2) is jointly continuous in all three of its variables.

Remark 2. [12] If ¢ € P°,0 < a, and a, — 0, then there exists ng € N such that for
all n > ng we have a,, << c.

Ismat Beg et. al [4] proved the following

Theorem 1.1. [4, Theorem 3.1] Let X be a complete symmetric G-cone metric space
and T : X — X be a mapping satisfying one of the following conditions

G(Tx, Ty, Tz) < aG(x,y,2) + bG(x, Tz, Tx) + cG(y, Ty, Ty) + dG(z,Tz,Tz)

or

G(Tx,Ty,Tz) < aG(z,y,2) + bG(z,z,Tx) + cG(y,y, Ty) + dG(z,z,T%)

forall x,y,z € X, where 0 <a+b+c+d<1.
Then T has a unique fized point in X.



Some fixed point theorems in symmetric G-cone metric spaces 87

Now, we state the lemma for G-cone metric spaces which is similar to the one for
cone metric spaces proved by Jain et. al [11].

Lemma 1.1. Let X be a G-cone metric space, P be a cone in a real Banach space F,
let kq, ko, k3, ks = 0 be such that ki + ko + ks + ks > 0, and let k > 0. If z, — z,y, —
Y, 2p — 2 and p, — p in X and

ka < kG2, T, @) + koG (Y, Yo y) + k3G (20, 2m, 2) + kaG(pn, D, D), (1.1)

then a = 0.

Proof. Since x, — x,y, — vy, 2, — z and p, — p, we have for ¢ € P, there exists a
positive integer N, such that

C C
k1tkotksthks G<x"’ Lm; :U>’ kitkotks+ks G(y”’ Ym y)’

C C 0
ik ikerh — O 2ms 2) i v — G0 P p) € P2V > N
By Remark 1.3, we have
kic kac
Fthethaths — K1G (@, O, 0), gt — koG (Y, Y, )
_ kse _ kac 0
i — kG (2ns 2ms 2), st — k4G (Do, Pm,p) € P Y n> N

Adding these four elements, by Remark 1.3, we have
C— [le(xna T,y x) + kZG(ym Yms y) + k3G<2n> Zm Z) + k4G(pn7pmap)] € P° vV on > Nc-

Now by (1.1) and Proposition 1.2(i), we have ka << ¢ for all ¢ € P°. By Proposition
1.2(ii), we have a = 0 since k > 0. O

2 The main result

Theorem 2.1. Let (X,G) be a symmetric G-cone metric space, P be a cone and
S, T, f,g: X — X be mappings satisfying

(2.1.1) S(X) Cg(X) and T(X) C f(X),

(2.1.2) one of f(X) and g(X) is a G-complete subspace of X,

(2.1.3) the pairs (S, f) and (T, g) are weakly compatible,

(2.14) G(Sx,Ty,z) < q M(z,y,z) for all x,y,z € X with z = Sz or Ty, where
0<g<1and

G(fz,g9y,2),G(fx, Sz, z),G(gy, Ty, 2),
M(z,y,2) € UG(fz, Ty, 2) + G(gy, Sz, )],
G(fx,Sz,Sx),G(gy, Ty, Ty), G(fx, gy, gy)

Then the maps S, T, f and g have a unique common fixed point in X.
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Proof. Let xy € X be an arbitrary point, then by (2.1.1) there exist sequences {z,}
and {y,} in X such that

Yon = STy = GToni1, Yont1 = L Tons1 = fTonqe for n=10,1,2,.....

Case (i): Suppose that ys, 11 = yans2 for some n. Then fu = Su, where u = g, 2.
Since S(X) C g(X), there exists v € X such that Su = gv. Suppose Su # Twv. Note
that

G(Su,Tv, Su) < q M(u,v,u),

where

fu gv Su), G(fu, Su, Su), G(gv, Tv, Su),
M (u,v,u) G(fu, Tv , Su) + G(gv, Su, Su)],
fu Su Su), G(gv Tv,Tv), G(fu, gv, gv)
B ,0,G(Su, Tv, Su), 1G(Su Tv, Su),
N { 0,G(Su, Tv,Tv),0 }
= G(Su,Tv, Su),

since (X,G) is symmetric. Thus
G(Su,Tv, Su) < q G(Su,Tv, Su).
By Proposition 1.1 , we have G(Su, Tv, Su) = 0, so that Su = T'v. Thus
fu=Su=Tv=gv=np, (2.1)

for some p € X.
Since the pairs (S, f) and (7T, g) are weakly compatible , we have

fp=Sp and Tp= gp. (2.2)

Moreover,
G(Sp,p,p) = G(Sp,Tv, Tv) < q M(p,u,v),

where

G(fp, gu, Tv), G(fp, Sp,Tv), G(gv, Tv, Tv),
M(p,u,v) € [ (fp, Tv, Tv) + G(gv, Sp, Tv)],
fp, Sp, Sp), G(gv, Tv, Tv), G(fp, gv, gv)
{ Sp p.p), G(Sp, Sp.p), 0, }
G(Sp,p,p) + G(p,Sp,p)],0,0,G(Sp, p,p)
= G(p, p, Sp),

since (X, @) is symmetric. Thus

By Proposition 1.1, we have G(p, p, Sp) = 0, so that Sp = p. Hence

fp=Sp=np. (2.3)
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Next
G(p,p,Tp) = G(Sp, Sp, Tp) = G(Sp, Tp, Sp) < q M(p,p,p),

where

G(fp,gp,Sp), G(fp, Sp, Sp), G(gp, Tp, Sp),
M(p,p,p) € sIG(fp,Tp, Sp) + G(gp, Sp. Sp)],
G(fp,Sp,Sp),G(gp, Tp, Tp),G(fp, gp, gp)
:{ G(p,Tp,p),0,G(Tp,Tp,p),
HG(p, Tp,p) + G(Tp,p,p)],0,0,G(Tp,Tp,p)
= G(p,p, Tp),

since (X, G) is symmetric. Thus

G(p,p, Tp) < qG(p,p, Tp).

By Proposition 1.1 , we have G(p,p, Tp) = 0, so that Tp = p. Hence

gp=Tp=p. (2.4)

By (2.3) and (2.4), p is a common fixed point of f, g, S and T.
Suppose p ' is another common fixed point of f, g, S and T. Note that

G(p,p',p)=G(Sp,Tp', Sp) < q M(p,p',p),

where
Gp,p'.p),0,Gp",p’,p),

M(p,p',p) €1 3Gw,p’'.p)+G' pp),

0,0,G(p,p",p")
=G(p,p'.p),

since (X, G) is symmetric. Thus

G(p,p',p) <qG(p,p’ p).

By Proposition 1.1, we have G(p,p ',p) = 0, so that p ' = p. Thus p is the unique
common fixed point of f, g, 5 and T'.

Case (ii): Suppose that yo, = ya,+1 for some n. Then gv = T, where v = Tg,41.
The rest of the proof follows in the similar lines as in Case (i).

Case (iii): Suppose that y,, # y,.1 for all n. Denote d,, = G(yn, Ynt1, Yns1). Then

don = G(Y2ns Yon+1, Yon+1) = G(Yon, Yont1, Yo2n), since (X, G) is symmetric.

don = G(Sxopn, TToni1, STan) < ¢ M(xap, Toni1, Ton),

where

G(y2n—17 Yon, ?J2n)7 G<y2n—17 Yon, y2n)7 G(?hm Yoni-1, y2n),
M<x2n> Lon+1, x2n) S %[G(an—la Yon+1, yZn) + G(y%w Yon, an)]7
G(yZn—la Yon, an)> G(ana Yon+1, y2n+1)7 G(?/Qn—h Yon, y2n)

= { don—1,don—1, dan, %[dznq + dan + 0], dan—1, dan, d2n—1 } :
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q
Thus ds, < ads,—1 where o = max {q, 1_%} < 1.
2
Moreover,

dont1 = G(Yan+1, Yan+2, Yant2) = G (Y2nt2, Y2nt1, Yont1)-
Since (X, G) is symmetric
dont1 = G(STont2, Troni1, Toong1) < ¢ M(Tany2, Toant1, Tant1),
where
M (Zan12, Tons1, Tons1) € A
and
G (Yan+1, Yons Yont1)s G (Yant1, Yans2, Yont1), G(Yon, Yont1, Yont1),

A = %[G(y%ﬂ, Yont 15 Yont1) + G(Yan, Yont2, Yoni1)],
G(?/2n+1, Yon+2, y2n+2), G(?J2m Yon+1, y2n+1), G(y2n+1, Yon, y2n)

= { don. dant1, dan, 5[0 + dop + dons1], donsr, dan, doy -
Thus ds, 11 < adsy,. Hence

dn < « dnfl < 052 dn72 T < Oénd() =a" G<y07y17y1)'
Now for m > n

G(yna Yn, ym) < G(yna Yn, yn—i—l) + G(yn—i-la Yn+1, yn+2) + ...+ G(ym—la Ym—1, ym)
< O/ZL G(yo, y1, 1) + ™ G(yo, y1, 1) + - + @™ G(yo, v1, 41)
< %= Go, y1,41) — 0 asn — oo,

By Remark 2, it follows that for 0 << c and large n, we have 2= G(yo, y1,y1) << c.
Now, from Proposition 1.2(i), we have G(yn, Yn, Ym) << ¢ for m > n. Hence {y,} is a
G-Cauchy sequence.

Suppose f(X) is G-complete. Then there exist p,t € X such that yo,11 — p = ft.
Since {y,} is G-Cauchy, it follows that ys, — p as n — 0.

Next
G(p,p, St) = G(p,St, St)
< G(p, Tl’2n+1, TZL‘Qn_H) —f- G(T.I’zn_H, St, St)
= G(p7 D, T.T2n+1> + G(‘St? Tx?n-ﬁ-ly St)
= G(p,p, y2n+1) + G(Sta Txony1, St)
< G(p,p Yant1) +q M(t, w2041, 1),
where
M(t, Ton+1; t) eB
and

G(p7 Yon, St)a G(p7 Sta St)a G(y2n7 Yon+1, St):
B = %[G<p7 y2n+175t> + G(y2n75t7 St)]a

G(p7 St7 St)a G(y2n7 Yon+1, y2n+1)7 G(p7 Yon, an)

G(p> y2n7p) + G(p> Sta St)? G(pa St? St),
G(y2m y2n+1ap) + G<p7 St: St)a
= %[G(p7 y2n+17p) + G(pv Stv St) + G(y2n7 y2mp) + G(p7 Sta St)],
G(p7 St7 St)? G(y2n7 y2n+1,p) + G(p7 Yon+1, y2n+1)7
G (P, Y2n, Yon)
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Now we have

(1 - Q)G(pvp7 St) < G(p7p7 y2n+1) + q G(p,p, an)
or

(1 - Q)G<pap7 St) < G<pap> y2n+1)
or

(1 —¢q)G(p,p,St) < G(p, P, Yon+1) + ¢ G(Ya2n, Y2nt1,D)
or

(1 - Q)G(pvp7 St) < (1 + %) G<p7p7 an-‘rl) + % G<p7p7 an)
or

G(p,p,St) < (1+ q)G(p, P, Yan+1)
or

G(p,p, St) < G0, p,Yant1) + 4 G(D, Yon, Yon)-

By Proposition 1.3 and Lemma 1.1, we have St = p. Thus ft = p = St. Since the
pair (S, f) is weakly compatible, we have fp = Sp .

The rest of the proof follows in the similar lines as in Case (i).

Similarly, we can prove the theorem when ¢g(X) is G- complete. O

Corollary 2.1. Let (X, G) be a symmetric G-cone metric space and
T, f,g: X — X be mappings satisfying

(2.2.1) T(X) € f(X) and T(X) C g(X),

(2.2.2) f(X) or g(X) is G-complete,

(2.2.3) the pairs (T, f) and (T, g) are weakly compatible,

(2.2.4) G(Tz, Ty, Ty) < q M(z,y,y), where 0 < ¢ <1 and

M(z,y.y) € { G(fz,gy, Ty),G(fz, Tz, Ty),G(gy, Ty, Ty), G(fz, Tz, Tx), }
' G(fz,9y,9v), 5|G(fx, Ty, Ty) + G(gy, T, Ty)]
forall x,y € X.
Then the maps T, f and g have a unique common fixed point.

Corollary 2.2. . Let (X,G) be a symmetric G-cone metric space and T, f : X — X
be mappings satisfying

(2.3.1) T(X) € f(X),
2.3.2) f(X) is G-complete,

(2.3.2)
(2.3.3) the pair (T, f) is weakly compatible,
(2.34) G(Tz, Ty, Ty) < q M(x,y,y), where 0 < ¢ <1 and

G(fx, fy, Ty),G(fz, Tz, Ty),G(fy, Ty, Ty),G(fz, Tz, Tx),
M(@.yy) € { G(fx, fy, fy), 5[G(fx, Ty, Ty) + G(fy, Tz, Ty)] }

forall x,y € X.
Then the maps T and f have a unique common fixed point.
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