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Abstract. In the paper the author deals with the following problem: what can we say
about the behaviour of the conjugate function at a fixed point, if the global smoothness
as well as the behaviour at this point of the original function are known? Sharp results
on this and related problems are obtained.

1 Introduction

Let T = [—m, 7] and f € L(T) be a 2r-periodic function. The conjugate function is
defined by
T 2tg%
0

for x € T if the integral exists (at 0 this integral is understood in the improper sense).
N.N. Luzin [9] (for f € Ly(T')) and LI Privalov [12] (for f € L(T")) proved the existence
of integral (1) almost everywhere on 7" (see also [1]). In the sequel the function f will
be assumed to satisfy conditions which ensure that integral (1) exists as the usual
Lebesgue integral.

Works of well-known mathematicians were devoted to the following very important
problem: If a function f has certain smoothness in some space, then what can be said
about the smoothness of the conjugate function in the same space?

We start with recalling the following well-known Riesz’s theorem [13].

Theorem A. For any 1 < p < oo the conjugation operator is a continuous linear
operator on the L,(T) space.

In L(T') and C(T') spaces the situation is more complicated.
The study of the problem stated above in C'(T") was started in the work of I.I. Pri-
valov [12], who obtained the following result.

Theorem B. If o € (0,1), and a 27-periodic function f € Lipa, then the conjugate
function f € Lipa.
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Later on this theorem has been repeatedly generalized by various mathematicians,
until N.K. Bari and S.B. Stechkin |2] obtained a criterion for the Nikol’skii space

HT) = {f € C(T) : wlf oy S wlt), 0 <t < ),
where w is a given modulus of continuity and

W(f: e = maxmax|f(z +1) — f(z)]

Theorem C. Let w be a modulus of continuity. Then the conjugate function f of any
function f € H*(T) is also belongs to H*(T) if and only if the modulus of continuity
satisfies the conditions

[ du = o) )

ast — 07 and

u

t/ 0 g = 0(ui1)) (3)

ast — 0T,

Note that conditions (2) and (3), as well as the ones equivalent to them (see [2])
play an important role in research on the theory of functions. They are special cases
of more general Ul'yanov’s conditions [15], [16]. In the sequel, we shall also use the
following generalization of (3): for natural k£ > 1

1

ik / ZZ’EQ du = O(w(t)) (3¢)

t

ast — 0%,

Moreover, from the paper by N.K. Bari and S.B. Stechkin [2] we can conclude
how the conjugation operator can deteriorate smoothness properties of functions in
the space H*(T') in the case when conditions (2) and (3) are not satisfied. Thus the
problem of preserving smoothness in the space C(T') in its original formulation can
be considered to be solved. However another question arose: is it possible to say
something about the smoothness of the conjugate function at a certain point, if it is
known that the original function, in addition to certain global smoothness on 7', has
better smoothness at this point? The first result in this direction was obtained by the
Hungarian mathematician M. Salay [14], who established the following theorem.

Theorem D. Let 0 < 8 < o < 1. If a 2w-periodic function f € Lip3 and for some
xo €T : |f(xo+1t) — f(zo)| < |t|” fort €T, then

F(zo +1) — )| < Cla, B[t 5757 (4)

for t € T, where C(«,3) > 0 depends only on « and 3.
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P.L. Ul'vanov posed the problem of finding the best possible result in this direction
and some related problems, solutions of which are given in this paper. These results
were obtained by the author in his thesis [5] and have been deposited at VINITI [6].
However, the full text has not been published yet, although the results were later
extended by other authors to the multi-dimensional case. One of the main aims of this
article is the publication of these results with complete proofs.

2 Main results

First we introduce some notation.

Definition. If k is a natural number, then we say that a function « defined on [0, 7]
belongs to By, if the following conditions hold:

1) the function « is continuous and nonnegative on [0, 7];

2) a(0) =0 and «a(t) # 0;

3) the function « is strictly increasing on [0, 7|, briefly o T on [0, 7];

4) for any n € N we have a(nt) < n*a(t) when ¢ € [0, Z].

If w is a strictly increasing on [0, 7] modulus of continuity which satisfies

/ﬂﬂdu < 00, (5)

u

a function « € By for some k > 1, a(t) = o(w(t)) as t — 0T, and w(7) > «a(w), then
we can define the function
plw, o) =w™ (alt))
for ¢t € [0, 7], where w™! is the inverse function of w, and the function
p(w,alt]) ()
w(u
oot = [ W ag
0

i

for t € T. As will be shown in Section 3, depending on the functions o and w either of
two terms in the definition of n(w, o, t) can be main as t — 07. Below, in the cases in
which this cannot cause ambiguity, we write () instead of ¢(w, v, t) and n(t) instead
of n(w, a, t).

Let for any function g € C(T'), for any z,t € T and for any natural k

k

Axlg, o) = 3 (~1)" ( . )g(:c—l—nt).

n=0

Everywhere below, C' denotes a positive constant (not necessarily the same in different
cases), C'(k) denotes a positive quantity depending only on k, etc.

For functions f and g positive in some right half-neighbourhood of zero the relation
f(t) ~ g(t) as t — 0" means that there exist 6 > 0 and constants 0 < C; < C3 such
that for ¢t € (0,9) we have Cyg(t) < f(t) < Cag(t).

The following statements hold.
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Theorem 1. Let k be a natural number, w be a strictly increasing on [0, 7] modulus
of continuity satisfying (5), a € By, « satisfy (3x), a(t) = o(wo(t)) as t — 0T, and
w(m) > a(r).

If fe H(T), a point vo € T and

|f(zo +1) — f(wo)| < aflt])

forte T, then )
|Ak(f7 o, t)| S C(k7 w, 04)77(097 «, t)

forteT.

In Theorem 1 condition (3;) on the function « is imposed in order to separate the
local deterioration of smoothness from the global deterioration under the action of the
conjugation operator.

Theorem 2. Let k be a natural number, w be a strictly increasing on [0, 7] modulus
of continuity satisfying (5), a € By, « satisfy (3x), a(t) = o(w(t)) as t — 07, and
w(m) > a(r).

Then, for any numerical sequence {t,} ~, such that t, | 0 as n — oo, there exists
a function f € HY(T), a point xo € T and an increasing sequence of natural numbers
{np},2ys for which

|f(zo +1) — f(xo)] < a(]t])
forteT and
AT 20, )| 2 ()

for all p.

Under the conditions of Theorem D function n(w,a,t) ~ t*In{ as t — 07. Hence
Theorem 1, in particular, significantly improves Theorem D.

In the cases when the a priori known behaviour at the point of the difference of the
second order is known, the situation is more complicated. The following result is true.

Theorem 3. Let w be a strictly increasing on [0, 7] modulus of continuity satisfying
(5), a € By, «a satisfy condition (33), a(t) = o(w(t)) as t — 0T, @ 1 on (0,7, and
w(m) > a(n).

If a function f € HY(T), zo € T,

| f(zo) = 2f (w0 + 1) + flzo +2t)| < a(]t]) (6)
and
| f(xo — 1) = 2f(20) + f(xo + )] < a(t]) (7)
fort €T, then )
|Ao(f, xo,t)] < Clw, a)n(w,a,t) (8)

forteT.
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Note that Theorem 3 cannot be strengthened. This follows immediately by Theo-
rem 2. In the case when only condition (6) holds the assertion of Theorem 3 is incorrect.
This is a consequence of the following statements.

Theorem 4. Let 0 < <1< a <2, a function f € Lip3 and
1f(0) = 2f(t) + f(2t)] < ¢[*

forteT.
Then the function v defined by

() = lim 2°(f(t-27") = f(0))

n—oo

exists for all t € T and

fort e (—%, %)

Corollary 1. Let 0 < f <1 < a <2, a function f € Lip3, f(t) —2f(0)+ f(—t) >0
fort € (0,7] and
1£(0) = 2f() + f20)] < 2"
forteT.
Then inequality (8) (here n(t) ~ t*Int as t — 0%) implies condition (7) with
a(t) =t fort € [0, 7] (possibly with a constant multiple in right-hand side).

Without loss of generality we will assume that o = 0 and f(xo) = 0 in the proofs
of Theorems 1-4.

The developed methods allow us to give an answer to another question. Let a 27-
periodic function f € H“(T), where the modulus of continuity w satisfies conditions
(2) and (3). Then, by Theorem C the conjugate function f € H¥(T). Let us denote

M(f) = {z €T« f(x+1) — [(z) = ofw(t])) as t —0}.
G. Freud [8] established the following result.

Theorem E. Let 0 < a <1 and f € Lipa. Then the Lebesque measure

u(M(f)AM(f)) =0,

where M (f)AM(f) is the symmetric difference of M(f) and M(f).
It turns out that a much stronger result holds.

Theorem 5. Let a modulus of continuity w satisfy conditions (2) and (3). Then for

any function f € HY(T) we have M(f) = M(f).
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Another question to be discussed in the article is the problem of differentiability at
a point of the conjugate function.

Let o € T, r T on [0,1] and r(t) = o(t) as t — 07. We say that a continuous on
T 2m-periodic function f € P(xzg,7(t)), if there exists f'(xo) and |f(zo + h) — f(z0) —
F'(wo)h < r(|A]) for [h] < 1.

Theorem 6. Let w be a strictly increasing on [0, 7] modulus of continuity satisfying
(5), vto €T, r 1 on[0,1], r(t) = o(t) as t — 0T, and w(w) > r(w).

Then the derivative f'(xo) exists for any function f € H®(T) N P(xo,r(t)) if and
only if the following conditions hold:

1
/t‘zr(t)dt < 00 and  n(w,rt)=o(t) as t — 0T,
0

The settings of all problems mentioned above belong to the author’s supervisor
academician of the Russian Academy of Sciences P.L. Ul'yanov.

In connection with the results of this paper it would be interesting to investigate
dependence on the global and the local smoothness of the original function of the
smoothness at a point for other special integrals. For example, for Hilbert transform
of non-periodic functions or for convolution operators, which were considered in the
paper [11] by E.D. Nursultanov, S.Yu. Tikhonov and N.T. Tleukhanova. We note that
similar problems can be solved in other spaces. For example, the author |7| studied
them in the spaces L,(T), 1 < p < oo (in contrast to global smoothness, where ev-
erything is determined by Riesz’s theorem, for local smoothness these problems are
not trivial). It would be interesting to investigate similar problems for isotropic or
anisotropic Besov spaces, which were studied, in particular, by K.A. Bekmaganbetov
and E.D. Nursultanov [3], or for spaces of Morrey type, which were studied by V.I. Bu-
renkov and E.D. Nursultanov [4] or for Lorentz spaces (see, for example, the paper by
E.D. Nursultanov [10]).

3 Auxiliary statements

Lemma 1. Let 6 € (0,7), a modulus of continuity w satisfy condition (5), f € H*(T),
and f(x) =0 for x € [x — 6, m+¢]. If

f( _ 1 11m fx+t flz—1)

™ 5—>0+

dt,

then the function R(z) = f(z) — f(x) is infinitely differentiable for x € (—0,9).

Proof. Since the function ¢(t) = 1 — 5 3igT (x)=0
for x € [1 — 0, + 0], then for x € (-0, 6) we have

R(z) = = tim [ (f(z+8) = flo— )ot)dt =

T 6~>+0
g
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=%]f(x+t) 7$f (u— 2)du =
J .

/j (u— 2)du. (9)

But for 7 € [—m — 0,7 + 4] the function ¢(7) is infinitely differentiable. Hence the
function R(x) is also infinitely differentiable for x € (—d,9). O

Corollary 2. If the assumptions of Lemma 1 hold, then for any natural number k and
for any |t| < &

Ak(R,0,)] < [t max [RY(u)] < C(kﬁ)ltlkmgglf(w)l-

~35]
This result immediately follows from (9).

Lemma 2. Let v € (0,7), f € C([-n,7]) and f(x) = 0 for x € [~7,7]. Then for
v € (—32,3) the function f(x) is infinitely differentiable.

Proof. Let v € (=3, 7). Then

flay= -2 [ L2200

—T

T ) 2tg45E T 2tgusE
- [\ =]

which implies the statement of Lemma 2. O

Corollary 3. If the assumptions of Lemma 2 hold, then for any natural number k and
for any |t| <
Ak(F,0,)] < [t dnax, If““ (u)] <

2 2

(t U)(k)
cg2

Lemma 3. For any natural number k and for any t and x such that t # mx, m =
0,1,.... k the following equality holds

Ay ( > lzk: < ) t_ll;,; - £t —(_xi)k?t'x—k kx)

1 ™
< i max|f (@)l - [ .

(SIS
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Proof. Let us use the method of mathematical induction. For £ = 1 we have

1 1 —x

t t—x  t{t—x)

Let for kK = n Lemma holds. Then
1 1 1
JAVIS) (—,t, —x) = A, (—,t, —a:) - A, (—,t —x, —x) =
U U U

=(=1)"nlz <t(t —z)..(t—nz) (t—2){t—22).(t—(n+ 1)$>>
(_1)n+1(n+ 1)!xn+1
t(t —2)..(t — (n+ 1))’

]

Lemma 4. Let a 2m-periodic function f be such that |f(z)| < M < oo for x € T and
|£(0) =2f(t) + f(2t)| < ~(|t]) fort € T, where v T on [0,7]. Then

() |<mu/ 1) g 4 211
[t]

fort e [-1,1].

Proof. Let t € (0,1] and n be the natural number such that 27" < ¢ < 27", Then we
obtain

70~ 100 < [370) - 10+ 3120 + 510 - 20 <

< 37(0) + 517(0) — F(20)].

Applying this inequality, we obtain

1 1
|f(t) = f(0)| < 57@) + ﬁ'y( t) + \f( )= f(2%)] < .. <
n—1 1
<) 27 (2R) + 2—n|f(0) — f(2"t)] < 2Mt+
k=0
n—1 n—1
+27m N onh Ly L) <oty 2y (27) <
k=0 m=0
S ) (u)
<oMt+2ty P g < 2nrt +2t | Y gu,
par u? u?
=7, /

The case t € [—1,0) is similar, and thus, Lemma 4 is proved. ]
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The following statement will not be used in the sequel, but is of particular interest
in connection with Lemma 4.

Lemma 5. Let a 2m-periodic function f be such that |f(0) — 2f(t) + f(2t)] < A([t])
fort €T, where X\ T on [0, 7] and

1
/&dt < 0
t2
0
Moreover, let
[f(t) = f(0)] = o(]t]) (10)
ast — 0. Then
20|

F(t) = F(0)] < 2l / %d
forteT. "

Proof. Let t € (0,7]. Note that

10~ 101 <)~ 27 (5) + 50| +2]1 (§) - 10)| <

g)\(t)+2’f (%) —f(o)‘.

Applying this inequality, we obtain that
[F(£) = FO)] S A(#) +220271) + 22| f(27%) = f(0)] < ... <

<Z2k 27M) + 2 f (27N — £(0)]

for any integer m > 1.
Passing to the limit as m — oo and using (10), we get

2—k+1 2t

A
1£( |<Zz’f 9-kt) <2t2/ M) g, <2t/ Sj)du.
2k

0

For ¢t € [—1,0), the situation is similar, and Lemma 5 is proved. O

Note that the example f(x) = |z| on T" shows that condition (10) does not follow
even from the condition f(0) —2f(¢t) + f(2t) =0 for t € [—1,1].

Lemma 6. Let w be a strictly increasing on [0, ] modulus of continuity satisfying (5),
a € By, «a satisfy condition (32), a(t) = o(w(t)) as t — 0T, @ T on (0,7], and

w(m) > a(m).
If 6 € (0,%), an odd function f € H*(T), f(z) = 0 for v € [x — §,7 + 6], and
|f(2t) —2f ()] < a(|t|) fort € T, then fort € T

1£(0) = 2f(t) + f(21)] < C(w, 0, 6)p(w, a, 1),
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Proof. Let us denote 9(t) = fT fort € T\ {0}. Then

F2) = 2| _ allt)
t”:' ’§|%

[¥(2t) -

for t € T'\ {0}. Since max,er|f(z)| < w(nw), then by Lemma 4

IF@) = 17() - |<2It|/ dU+2w (m)]t] < Clw, a)|t|ln

It

for |t| < 3, consequently |¢(t)] < C(w, o) In m- Thus ¢ € L(T).
Let us consider for ¢ € (0,2) the following expression (integrals around the points
u =t and u = 2t are understood in the sense of principal value)

2t t
:/fWMW—O@—%ﬂUZ%/ﬁm%u—Mu—%)uz

du du

=2t | [otw s - @™ ) -
; dv r dv

o [ww%_t—/wmw% -

=2t | [ @) - v - o) | =

=5 [-m7\[-3.5]

Since 1 is an odd function,

i 1
‘[2‘ < /w(v) (U — + _Ul_ t) dv <

\w( )I

<2t [ 220 a4y < 2trw(r) = Clw)t. (12)

[ME]
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Furthermore we consider ¢ € (0,%9)N(0, 2) , where ¢, is such that ¢(t) < £ for t € (0,1).
Then

—2t t—p(t)
dv dv
L= [ (¥(2v) = ¢(v)) + | W(20) = ¥(v) —+
é v—1 _4 v—t
t+p(t) p 2t p
/ )+ [ ) - v
—p(t t+p()
+ /W(%) - ¢(U)),Udjt =ha+ho+hs+haths, (13)

2t

where the integral I; 3 ais understood in the sense of principal value around the point
v =t. Since ¥ is an even function, using condition (33), we find that

™

[+ Lis| = /2(¢(20)—¢(U))( S )dv <

v—t v+t

s Jus

2 2
alv) 2t a(v) a(t)
< dv < 4¢ dv < C(a)—=. 14
_/21) v? — t? /v3 V= (a>t (14)
2 2
Moreover, using the condition # 7 on (0, 7], we get that
e T v _a(t),, el
Q v Q ©
Iio] < < | In3 15
nal <22 [ < S E ) (15)
ot
and analogously
t t
i, < &0 m@’. (16)
’ t t
Consequently
e(t)
L) / f2t+2u)  f(t+u) f(2t—2u)+f(t—u) du|
L3l = 2t + 2u t+u 2t — 2u t—u u|
0
o(t)
L (f(2E+ 2u) — f(2t = 2u)) = 2(f(t +u) — f(t —u)) du
-2 t—u U
»()

+/ £t + 2u) —2f(t—|—u))( L )d_“ <

t+u t—u/) u
0
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IN

| —
SN \.)

U 12

<KJ(t)8 Sar(2t
[, e
0

o\ﬁ
o
N
INA

wuu du+ a(t) | . (17)

1
< 16
=

By formulas (11) - (17) we obtain that for ¢ € (0,9) N (0,2) the following estimate
holds

[(F(0) = 2f(t) + f(2t)] <
©(t)
< C(w, ) / %wdu—l—a(t)\ln@]%—a(t)%—tz <
0
< C(w, a, 0)n(w, a, t). (18)
If we increase appropriately C(w, «, ¢), then inequality (18) holds for all ¢ € (0, 7]. For

t € [—1,0], the situation is similar, and so Lemma 6 is proved. ]

Lemma 7. Let 0 < 3 <1 <a <2, feLipf and fort € T |f(2t) —2f(t)] < |¢|*
Then the function v, which is defined in Theorem 4 exists and satisfies the inequality

v (z) — 7 (y)| < Cla, B)|x — y|+7°
forx,yeT.

Proof. Note that since f € C(T) and |f(2t) — 2f(t)| < |t|* for t € T, we get that
f(0) = 0. By the assumptions of the lemma we have

fu)  fla)| _ [l
‘ u |- 2 (19)
for u € T\ {0}. By (19) it follows that, if m > n > ng, then
m—1
2 f@7 ) =2 fRT < Y 12827 = 25 (27 =
k=n
- RO IV
= <
g —kt 2-k-1p | =
k=
D> <2) < Cla)lt]"2 o, (20)
k=

Thus for the sequence {2 f(27"t)} -, the Cauchy criterion holds, and the existence of
the function ~ is established.
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Note that for any t € 7'\ {0} and for any m > 1 we have that

omy
V) e iy 97 f(2-m9m) —

om n—00

= lim 2" f(27) = lim 2°F(2°t) = ().

n—oo n—oo

Hence from inequality (20) it follows that
[y (t) = 2" f27")| < C(a)t|"27 oY (21)
for t € T. Moreover, by the assumptions of the lemma we get that
27 f(27"x) — 2" f(27"y)| < 2"w — g2 (22)

Without loss of generality, we can assume that x < y. Given 0 < z < y < 7. Then we
choose the integer m > 0 such that 2!™™ < y—2 < 227™. Let us assume in inequalities
(21) and (22) n = [%m], where [b] is the integer part of the number b. Then we get
that

[v(@) = vW)| < |v(z) = 2°y(227")| + [279(227") — 2"y (y27") |+
1Bl (a—
2"y (27" = Y(y)| < 2C(a)re2 e
4 27l <y (O(q)r 4 1)27 650 < Cla, B)|x — y]+50.  (23)

The continuity of y(t) at ¢t = 0 follows directly by its definition. So, in inequality (23)
we may assume that 0 < z <y < m. It is clear, that for —7m < 2 < y < 0, the situation
is similar. If —7m <2z <0<y <, then

v(@) =vW)| < (@) + ()] = [v(@) = v(0)] + [v(y) = (0)] <
< C(a,p) (m%ﬁ + yﬁﬁ> < C(a, B)|z — m%@

The proof is complete. O

4 Local smoothness of the conjugate functions: the case of the
first difference

Proof of Theorem 1. First, we prove Theorem 1 for the function f. Since a(t) = o(w(t))
as t — 071, then ¢(t) < t for sufficiently small positive t. We establish the estimate of
the theorem for ¢ such that 0 < (k+ 1)t < % and ¢(t) < t. For small in absolute value
negative ¢, the situation is similar. Also by the appropriate increasing of the constant
the estimate of the theorem can be extended to all ¢ € [—m,7|. Let us consider the
case f(z) =0 for € [3,4F]. Note that since condition (5) holds for 0 < m < k, we
have

flmt) = —

1 ]f(mt+u) — f(mt)
—— du
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(k—m~+1)t —(k+m+1)t
— 1
/ flmt+u) = flmt) 1 / fmt+w)
u T
—(k+m+1)t -7

1 f(mt +u) f(mt) du du |
e e I R B
( )

1
m

k—m+1)t
i ('“T”tf( {4 ) — fmi) 1_7“” f(v)
mt+u)— f(m v

du — — ———dv—

U T
—(k+m+1)t —mtmt

T+mt

1 f(v) dv+f(mt)lnk+m+1—

T v —mt T k—m+1
(k+1)t

(k—m+1)t
_ 1 flmt +u) — f(mt) =~ 1 F(v)
o7 U T v —mt

—(k+m+1)t [=m 7w\ [ (k+1)t,(k+1)1]

f(mt)  k+m+1
In .
T k—m+1

Next the following estimate is true

dv+

(k—m-+1)t —p(t)
/ f(mt 4+ u) — f(mt)du < / f(mt+u) — f(mt)
u
(k+m+1)t (k+m+1)t

(k—m41)t

w(t)
N / f(mt + u) —f(mt)du N / f(mt + u) —f(mt)du
u
o(t)

VAN

U
o(t)

< da(3kt) ‘m %‘ +2 7)#@. (25)

Now (see (24), (25), Lemma 3, (2) and (3;)), we get
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Zk_:(_l)m ( :1 ) v —1mt

k
1 k k+m+1 _2F o(t)
- A T o 2 (4 (3kt) |In Y
+wn;(m)|f(m)‘nk—m+1— w(o‘( T
7 ok + 1)K, [
s [y ) 2EED By, [,
u T uktl
0 t
2k:
+—a(kt)In(3k) <
T
. ©(t)
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Next step is to get rid of restrictions on the function f(x). Let p be infinitely
differentiable 27-periodic even function, satisfying 0 < p(z) <1 and

(z) = 0 for%ﬂgxgﬂ;
PE=11 for0o<z<T
Then

f(@) = f(@)p(e) + f0)(1 = px) = filz) + fo().
Note that |fi ()| < |f(t)] < a(|t|) for t € T and fi(x) € H@<(T). Then we have
that (see (26), Corollary 2 and 3)

AG(F,0,8)] < Ak, 0,8)+

+|Ak(f1 — ]?1,0775)\ + ‘Ak(f2707t)‘ <
w(It])

1n“0(|t|)'+ / () 4 | +

i u

< Ok, w, ) [ a(lt])

0
+C(k,w, a)[t]* < C(k,w, a)n([t])
for t € T. So Theorem 1 proved. O

Proof of Theorem 2. Let a sequence t,, | 0 as n — oo. Let us choose an increasing
sequence {m;}.-, such that:

1. my is such that ¢, < 5 and ¢(t) <t for t < kt,,, ,

2. mj4y is such that ¢, < tgz fort=1,2,....

Let 7, = ti,k for i = 1,2, .... Let us define the function f(x) for « € [T, ,, T,
where 1 = 1,2, ...

w(x - Tmi+l) for z € [Tmi+177-mi+1 + gp(tmiﬂ)];
flz) = W(P(tmiyr)) = altmiy,)  for @ € [Togy + O(tmiyr)s 3T )i
f(6Tm,,, — ) for € [3Tm,,1s DTmi s

o

in other cases [T, ,, T, ]-
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Let for x € [7,,,, 7] f(z) = 0 and f(0) = 0. Extending f as an even function to [—m,0),
then 27-periodically to the whole line, we obtain the desired function. Let us prove
this.
Let € [0,7]. Then either f(z) = 0, or there exists a number i > 1 such that
T € [T, Tm,)- Hence |f(z)| < altm,,,) < a(x). Let us show that f € H*(T). Let
x,y € T and
F() > f). (27)

We assume that f(z) > 0, otherwise there is nothing to prove. Since f is an even
function it is enough to consider the case x > 0. Then there exists a number i > 2
such that = € [7,,, 57m,]. Three cases are possible.

1) The number = € [T, T, + ©(Tm,)]. Suppose that y € [7,,,2z]. Then taking
into account (27), the properties of a modulus of continuity and the definition of the
numbers 7,,,, we have

0 < f(a) = f(y) = wl@ = 7m,) —w(y = 7)) Sw(z—y)+

(Y = Tm) =Wy = Tm,) = w(@ —y). (28)
Let now y < 7,,,. Then (see (27))
0< £(@) — () < f(z) = w(z — 7)) < wlz — ). (29)

If y > x, then taking into account (27), we get that y > 37,,,. At the same time

T < Ty +0(Tim;) < 27,

Hence
0< @) = fly) < f(@) = w(@ = 7m,) Sw(Tm) < w(y —2). (30)
Combining estimations (28) — (30), we see that in case 1)
[f(2) = F()| < w(lz —yl). (31)

2) The number z € [57,,, — ©(Tyn; ), DT, ]- This case is almost not different from case
1) and again estimate (31) holds.

3) The number = € [T, + (T, ), 5Tm, — ©(Tim,)]. If y belongs to the same segment,
then f(z)— f(y) = 0. If y < 7o, + ©(7im, ), then (see (27), the definition of the numbers
T, and (31))

0< flx) = f(y) = f(Tm, +0(Tm,)) = fly) <
< W(Tm; + ¢(Tm) —y) S w(@ —y).

If y > 57, — ©(Tm, ), then again by the same reasons
0< f(x) = f(y) = f(BTm, — @(Tm,;)) — f(y) <

S w(y = 5Tm, + ©(Tm,)) < w(y — ). (32)

Since f(z) =0 for z € [5, 2], from estimates (31) and (32) it follows that the function
fe HY(T).
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Let us consider now f(nt,,,), where i > 1 and 1 < n < k. Then we have that (see
the definition of the numbers t,,, and of the function f)

2 1 [ f(ntm, +u) 1 f(v)
flnty,) = —= [ Dm0 gy — = [ gy =
U

3Tm,; —3Tm
_ 1 / fv) 41 / f) -
7 v — nty, T v — nity,
—3Tm; -7
1 ™
_Z Mdv. (33)

m U — Ny,

3Tm,;

For 1 < n < k by the definitions of the numbers ¢,,, and of the function f(z), we get
that f(v) =0 for v € [Ny, — $tm,, Ntm, + gtm,]. Hence

3Tm, 67m;
d
/ &dv < 20(37,) v <
UV — Ny, v
3Tmi tmi
6
< Clk)a(tmy,). (34)
Moreover,
3Tm,; Tm;
[y
v — ktp, UV — T,
*3Tm7; *37'777,2'
3Tm;
+ ORFR (35)
UV — T,
It is clear that
67mq
1] < a(37m) / dv| < (36)" I 18 - by, ). (36)
UV — Tp,
3Tmi

And by the definition of the function f it follows that

Tmi“l’ip(tmi) 3Tmi
Ty = / 0 = Tms) gy, 4 / J© 4,
V— Tm, UV — Tmy,
Tmy; Tm, 'Hﬂ(tmi)
oltm;) 2,

= / wsjm—l—a(tmi) / ci_vz

‘P(tmi)
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= N(w, a, tm,) + a(tm,) In(2k). (37)

Finally, using the parity of the function f, Lemma 3, (33) - (37) and the condition
(3x), we obtain

~ k .
A0t )| = > (=1)"Cp f(nt,)| >
n=0
3Tm,;
k-1 i
1 f(v) 1 1
> —— cr - — 2 dv| — —|J 2N Jol—
n WX% ¥ / U—ntmiv 7T| 1|+7T| 2|
n= 3T,

—3Tm,;

| £ () R, )
—— / ol dv

V=t ). (U — Kty

—T

1 | (v) | RIE,
—— / U( dv

U —tm,)...(v — kty,,)

v

2
Z 3_7_‘_77((")7 Q, tmi) (38)

for sufficiently large . Using Corollary 2 and inequality (38) we find that for i > i
the following inequality holds

|Ak(f>07tmi) > |Ak(f~70>tmi)

2 1
> —nlw ) —m . k> ).
- 37_‘_7]( 7a7tmz) te‘('?(|f(t>| C<k) th = QWU(W;Oéatml)

Assuming that for all ¢ > 1 the number n; = m;,;,;, we see that Theorem 2 is proved.
O

To conclude this section let us examine some examples of the behaviour of the two
terms in the definition of the function n(w, a, t).

Case 1. Let w(t) = t%, and a(t) = 17, where 0 < 8 < v < 1. Then p(t) =t
Consequently

@R

3
n(t) = /uﬁldwm Intd| =
0
1 1 1
i d s yrmicpnl
3 +(ﬁ ) nt nt

ast — 0T,
Note that in this case the main is the second term.
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Case 2. Let ui(t) =1In"P{ for t € (0,3), where p > 1, and «a(t) = 7, for 0 < v < 1.
Then o(t) = et ”. Hence

_
du et ”
n(t) = / T +¢7 |In <
0
< 1 lnl_pet_% 47 4t ln1 = Ltvpr%l + ¢ ln1 ~
“p—1 t p—1 t
P p=1
~ —t7
p—1 ’

as t — 07. In that case both of terms in 7(¢) have the same order as ¢t — 0.

Case 3. Let w(t) =In""1(Inln1)"" for t € (0, %), where p > 1, and a(t) = ¢, for

0 < v < 1. Then by the definition of the function ¢

lnlﬁ <1n In ﬁ) o t,

consequently it is clear that

lnln%t) —i—plnlnlnﬁ = yln%,
Le.
lnlnﬁ Nvln% (39)
ast — 0T, and
t7In 1 (ln In L) h ~ 7_7’111_”1 (40)
p(t) p(t) t

as t — 0. By formulas (39) and (40) it follows that

o= [+ 2

ulnt(Inlni)
0

1L\t
=(p— )(111111@) +1 lnmw

1 1 1
~ 71—p1n1—p¥ + 7—pln—p¥ ~ Wl_phll_pg

as t — 0%. Here the main contribution is of the term containing integral.
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5 Generalization of G. Freud’s theorem

Proof of Theorem 5. By Theorem C it suffices to prove that M(f) C M(f). Let
x € M(f). As noted above, without loss of generality, we may assume that = = 0 and
f(z) =0. If t € (0, 7], the following estimate holds (see the proof of Theorem 1)

7T’f JE 0)] = /ft+u %du =
2
T

—2t

1
d
/f (th —t 2tg§) ot

+ f()dJr/ng du—l—

1 1
t —0d du| <
! f“/ztg“% /f (%g—t 2tg§> ‘=
2

- 2t
<o (s [0y, [l

<

u u

17 (w) — 1) P
—l—_l —|u—t| du—l—|f(t)|+tt/—u2 d

Since by the assumptions of Theorem 5 |f(t)] = o(w(t)) as t — 01 and for w the
condition (3) holds, then by the well-known theorem (see [3, c. 38]) we get that

[ olw(u) [ @)
Jy = t/ Tdu =0 /qu = o(w(t)) (42)
t t
as t — 01, and analogously
J1 = o(w(t)) (43)
as t — 0. Hence, since for w condition (2) holds,
2t 2
Jy = /Mdu: 0 /Mdu = o(w(t)) (44)
S ol

as t — 07. Let us consider a function ¢(¢) | 0 when ¢ | 0 for ¢ € (0, 7] such that

[ In(t)] max [ f(u)] = o{w(t)

[u|<2t
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as t — 07. In [5] it was established that the condition (2) is equivalent to

liminf 2
W

for any A > 1. But then w(ty)(t)) = o(w(t)) as t — 07. Therefore for sufficiently small
positive ¢ we have

t+typ(t)

£ () = £(0) £ () = F0)
e ] e | s
[72t,2t]\[t7tw(t),t+t¢(t)] tftz[)(t)
(1) ( )
< 4o max | f@)]+2 [ “2du = ofw(t) (45)

0
as t —)T. Since for negative ¢ everything is similar, from (41) - (45) it follows that
) g ything

0€ M(f),ie. M(f)C M(f). O

6 Local smoothness of the conjugate functions: the case of the
second difference

Proof of Theorem 8. From condition (7) (taking into account the fact that f(0) = 0) it
follows that if we define the odd function f;(z) = f(x) for z € [0, 7], then the function
fo(z) = f(z) — fi(z) satisfies |fo(z)| < a(z) for x € T. Moreover, it is obvious that
f1, fo € H*(T). By Theorem 1 we have

|A2(J;2707t>| < C(an)ﬁ(%aa |tD (46)

for t € T. Now if p is a function defined in the proof of Theorem 1, we can define the
decomposition

file) = fil@)p(x) + filx)(1 = p(z)) = f(x) + falz) (47)
for x € T'. Let us note that function f; satisfies the assumptions of Lemma 6. Hence
|8s(f3,0,1)] < C(w, a)n(w, a, |t]) (48)
for x € T. Finally, by applying Corollary 2 and 3, we conclude that
|As(fs = f5,0,8)] < Clw)ltf’ (49)

and 3
|82(£1,0,1)] < C(w)]t]* (50)

for x € T. From (46) — (50) it follows that
|A2(F.0,1)] < Clw, a)n(w, a, [t])

for x € T. Theorem 3 is proved. O
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Proof of Theorem 4. Let u be a function defined in the proof of Theorem 1 and v (x) =

v(z)p(x) for z € T. By Lemma 7 the function v, € HY(T'), where w(t) = C(a, ﬁ)t%ﬁ.
If 0 < [t| < 7, then there exists an integer k > 2 such that [t| € (57, 57). But then

A1) (2
ok—1 ok

1(26) = 2 (t) = 4(2t) — 29(t) = —0. (51)
Let f1(t) = f(t) — 7(t). Then

|fi(z) — fi(y)] < C(a, B)|x — y|=?

for x,y € T and

f1(2t) = 2f1(t)| < C(a)[t[*
for ¢ € T'. Moreover, assuming that in inequality (21) n = 0, we get that [¢| < 7, such
that |f1(t)] = [f(t) — ()| < C(a)|t|" for t € T. Using Theorem 1, we have that

Ag(fr0,8)] < 0<a,ﬁ>|t|alnﬁ (52)

for |t| < 4. Let us note that if |t| < %, then equality (11) for function ~; will have the
form (see (51))

—WAQ(’)%, 0, t) =
20) —2
=9t / n(20) =2 @), 0 gl )
20(v —t) v(v—t)
-£,50-5.3) [\ .3]

Carrying out simple transformation we get that

us
2

/71(21)) - 271(U)dv B ] () dv —

2u(v —t)

INE]
Sl

s

[ s
B /v(v—t)d +/u(u—2t)d

[ (w)pa(u)
ju(u—t)d B
) [ alwu)
/v(v—t)d +t!u(u—t)(u—2t)d (54)

and analogously
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_ ' 7(v) Y h y(w)pe(u) ’
[U(U—t)d +tﬂ/u(u—t)(u—2t)d' (55)
Note that ] ) ]
90— [0 4| < oy [0,
/v(v—t) v ﬂ/ 02 d §2|t‘ﬂ/ 3 d (56)
and

_
4

/U(Z(i)t)dv_ /ZW)dv < 2t fhg)'dv.

V2

(57)
And by Corollary 2, we get that
[A2(1 = 71,0, 8)] < 2C(a, B) max [y(z)). (58)
Taking into account formulas (52) — (58) and

us

[y, / 1) +(=v)

E}

WP

we obtain

™

Az(f,O,t) _ %t/Md

ul <
u2

vl

S |A2(f170’t)| + |A2<,)71 - ’}§1707t>|+
2 r — 1
+ [Ag(71,0,t) — ;t/Wdu < C(a,B)[t]" In —+

i

[VE]

+C(a, B < Cla, Bt In

g
for t € (—%, %) The proof of Theorem 4 is complete.

[
Proof of Corollary 1. By the assumptions of Corollary 1 it follows that v(v)+~(—v) > 0
for v € [0, 7] and by Theorem 4 we have

JECES

V2

vl
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Hence v(v) + y(—v) = 0 for v € [§, 7], and according to the definition of the function
7, for every v € [0, 7]. In the proof of Theorem 4 it was noted that

A =1f) —7@®)] < Cla)|t]
for [t < Z. So
|f(v) + f(=v)] = [f(v) + f(=v) = (v(v) + v (=v))| <
< [fi)] + [fi(=v)] < Cla)v*

for v € [0, ], which is equivalent to the statement. O

7 Differentiation of the conjugate functions

Proof of Theorem 6. We assume that xy = 0. Let us define the function fi(z) =
f(z)u(x), where p was defined in the proof of Theorem 1. Applying Lemma 2, we see

that the existence of f’(0) is equivalent to the existence of fll(O), which is equivalent
~l

to the existence of f; (0) by Lemma 1. Let us note that for f € P(0,7(t)) we have

|f1(t) — At] < C(f)r(]t])
fort € T. Let v(t) = fi(t) — Atu(t) for t € T. Then

()] = [£(t) = At] - |p@)] < r(]t])

for t € T. Moreover, v € HCH«*(T). Moreover, it is clear that for some ¢, > 0 for all
t € (0,tp) the estimate p(t) = ¢(w,r,t) <t holds.
Let us establish the sufficiency in Theorem 6. Let ¢ > 0. Let us consider for

0 <t < min(f,%o) the expression

T\ [—2t,2t] —ot
t—p(2t) »(2t) 2t
t —v(t —
+ / Y g4 / vt —vt=w),, | / W) g | =
u—t U u—t
Zot 0 t+o(2t)
1
E—E(J1+J2+J3+J4+J5)- (59)

Let us choose a number dy such that (see the first condition of Theorem 6)

)

|v(u)| €
d —.
/ wz = 16

o
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Then for 0 < t < min(g, o, do) we get that

11
——J1+—/”<“)du <
tm

™

1 1 1
< = — |d
o V()(u(u—t) 2) ut
\[—d0,d0]
)
1 2
(L[l 2 vl
T u? T u?
—do [—50 (50]\[—2t Qt]
t lv(u v(
< — —— 7 du 60
o / u?|u — t| - / (60)
[—71',7{']\[—50,50]

if ¢ is sufficiency small. Let d; > 0 be such that for 0 < t < d; the following inequality
is true: v(t) < ;5t. Then for the some ¢, we get

2t

1 € 3
——h < — [ d —. 1
‘ = S T | M3 (61)
ot
And by the assumptions of Theorem 6
| | o(20) 2(21)
_ <
m(]g + i+ J5)| < - (7"(275) In 37 ‘ + r(2t) (In ; +

0
if ¢ is sufficiency small. By formulas (59) — (62) it follows that there exists

im 2B =2(0) _ _l/Mdu.
t—40 t v U2

—T

]

2 /
Since for negative ¢t everything is analogous, and the existence of (tu(t)) (0) is obvious,
then the sufficiency in Theorem 6 is proved.

Now let us assume that .
T(t
0

Lett; = 6 “fori = 1,2, .... Let us consider the function f, which we have constructed in
the proof of Theorem 2, for k = 1 and with the function r replacing « (function r does
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not satisfy the requirements imposed on «, but for the construction of an appropriate
function f it is only necessary that r T at ¢t € [0,7]). From the proof of Theorem 2
it is clear that we can take the sequence {tmp};il instead of {t;};=, . Note that the

function f € P(0,7(t)) (hereAf’(O)OO: 0). Let us denote 6; = 5't; when @ > ig + 2. Let

us consider the sequence {eif(Gz)} e Since the function f is even, we have (see the

=10

proof of Theorem 2) that f(()) =0 and

20,

Leo L[ f 1 [ fw
—r—f(0;)) == | —Zdu=— [ —=d
-7 —20;
- 1 1
20
Next, since f(u) = 0 for u € [196;, 136;], we have that
%ei 291'
1 f(u) f ()
- — <
Bl=g1 ] =gt / L
117%
26
< 7“(9' ) (m33+mi) <1, (65)

if ¢ is sufficiency small. At the same time since r is a monotone function on [0, 7|, we
obtain that (see the definition of the function f)

0;
20; 26;
i—1 4t”f< ) i—1 4'6’”d
u u
22 Y [ 3 ) [ 5z
n:zg+12tn n=ip+1 2.6-n
i—1 67"+1d i—1 t"—ld
u u
>C r(t,) F:czr(n) o=
n=tg+1 6=n n=t9+1 h
tiO
r(u)du
_c / o (66)
ti—1
Taking into account formulas (63) — (66), we get that
f0:) = fO)| _ 1 f6)) |

0;

7
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for © — o0o. Thus, the necessity of the first condition of Theorem 6 is proved.

Now, assume that the first condition holds, then we prove the necessity of the second
condition. Suppose that there exists a sequence of numbers {d, } —, and a constant
R > 0 such that d,, | 0 for n — oo and

n(w,r,d,) > Rd, (67)

for n = 1,2,.... As in the proof of Theorem 2, selecting from the sequence {d,} -, a
subsequence {e; = d,, },-,, let us construct the function f(z) for k = 1 and with the
functions r(t) replacing . Note that the function f € P(0,r(t)) (here f'(0) = 0) and
f(0) = 0. Let us denote s; = Le; for i > 1. Let us consider for i > 2 the following
expression

1 [ flu)du 1 [ f(u)du _

€; u— €; S; u—3S;
2s; 2s;
1 fwdu 1 / f(u)du+
N €; U — e; Si U — S;
—258; —2s;
+2/7rf(u) ! - ! du=P — P, +2P. (68
(u—e)(u+e) (u—-s)(u+s) -t 5

282'

As in the derivation of (65), we have

r(2s;)

Si

<

-(In33+1In11) < —, (69)

if ¢ is sufficiently large. Let us fix Jy > 0 such that
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if ¢ is sufficiently large. And (see the definition of the function f)

u— €; €; u — €;

2e; %ei
P, Zl/f(u)du 1 f(u)du >
€;

287_'
1 w(es) d €; d
> /w(u) u+r(€i> / du |
e; U Uu
0 w(eq)
r(11e;) 3
—=—n(66) > TR, (72)

~f
for sufficiently large i. So, the derivative f (0) does not exist, hence the necessity of
the second condition of Theorem 6 proved. O
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