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Abstract. In this paper, we introduce a new semistability condition for quiver bun-
dles which generalizes both the notion found by Alvarez-Cénsul and by the author.
We construct moduli spaces for the semistable bundles, applying Geometric Invariant
Theory.

1 Introduction

Let (X, Ox(1)) be a polarized projective manifold over the complex numbers, ) =
(V,A,t,h) a quiver and ¥ = (¥4,,a € A) a tuple of locally free sheaves on X. A
representation of Q) is a tuple (&,,v € V,¢,,a € A) in which &, is a coherent Ox-
module, v € V, and ¢,: 4, ® &yq) — Ep(a) is @ homomorphism of Ox-modules, a € A.
There is the obvious notion of an isomorphism of representations of (). We would like
to investigate the problem of classifying representations of () up to isomorphism where
the Hilbert polynomials of the participating sheaves are fixed. We will follow the path
of defining semistability of representations and then constructing the moduli spaces
with Geometric Invariant Theory.

This problem has already been considered before. A general semistability concept
for quiver bundles was first discussed in the paper [2]. (Of course, some important
examples such as Higgs bundles and holomorphic triples had been known before.) In
that paper, semistable quiver bundles were related to solutions of certain differential
equations and, by means of dimensional reduction, to semistable vector bundles on flag
manifolds. The notion of semistability discussed in that paper is naturally a notion
of slope semistability. If one is interested in constructing reasonable moduli spaces
for quiver bundles with Geometric Invariant Theory, slope semistability is the right
answer only in the case of curves. On higher dimensional manifolds, one should recur
to a Gieseker type notion of semistability. In [13], the author introduced such a notion
for quiver bundles and constructed the moduli spaces. More recently, Alvarez-Cénsul
generalized in [1] his work with King [3| to quiver bundles and obtained another notion
of semistability. As one would expect, it agrees with the one of the author in the case
of curves but seems to be genuinely different on higher dimensional manifolds. Alvarez-
Cénsul asks in [1] for a common generalization of the two semistability concepts. In
this note, we provide such a generalization (in a rather straightforward manner). It
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turns out that the Geometric Invariant Theory construction given in [13] can be slightly
modified to work also for the more general semistability concept. In this paper, we will
also take the opportunity to fill in many details of the computations left out in [13].

The author thinks that this is a phenomenon worth studying: In the case of curves,
semistability for principal bundles with extra structures is reasonably well understood.
It can be derived from some basic principles (see [14]), it agrees in all known examples
with the one coming from gauge theory ([4], [5], [11]) and can usually be explained
in terms of line bundles on the moduli stack (e.g., |8]). As the example of quiver
bundles shows, this understanding seems to be less thorough on higher dimensional
base manifolds. Thus, it may be worthwhile investigating this topic a little more.
Furthermore, variants of quiver representations on Calabi—Yau threefolds appear in
Pandharipande-Thomas theory [15].

We fix

e a tuple P = (P,,v € V) of Hilbert polynomials,

e an integer ¢ > 0,

a tuple kK = (ky,v € V) of positive integral polynomials of degree exactly ¢,

e a positive rational polynomial ¢ of degree at most t + dim(X) — 1,

and a tuple n = (1,, v € V) of rational numbers, subject to the condition » _ 7,-
r, = 0. Here, r, is the rank determined by the Hilbert polynomial P,, v € V.

Furthermore, we define
® Xov 3:7]v'5;U€V7X:(Xv7UEV);
e 0, as the leading coefficient of k,, v € V, 0 = (0,,v € V).

For a tuple .7 = (.%,,v € V) of coherent sheaves on X, we set

Pey(Z) =Y (ko P(Z,) = xo - 1K(F,))

veV

and
rko(F) =Y 0, - 1k(F,).

veV

A representation (&,,v € V,p,,a € A) with P(&,) = P,, v € V, is then called
(semi)stable, if a) the sheaves &,, v € V, are torsion free and b) for any collection of
saturated subsheaves %, C &,, v € V,! not all trivial and not all equal to &,, such that
©a(Y0 @ Fia)) C Fi(a for all arrows a € A, one has

Py (Fp,veV) . Py (&,veV)
tky (Fp,v € V) 1k (& v V)

The notation “(=<)" means that “<" is used for defining “stable" and “=<" for defin-
ing “semistable", and “<" and “=<" refer to the lexicographic ordering of polynomials.

Ye., & /.7, is again torsion free, v € V



112 A. Schmitt

Finally, (&,,v € V,p4,a € A) is called polystable, if it is a direct sum of stable repre-
sentations (&,v € V¢!, a € A),i=1,...,s, with

—— = —=— , foralli,j=1,..s.
tk, (& v e V) rky (&, v € V)

Remark. The above notion of semistability generalizes both the notion discussed in
[15] and the notion introduced by Alvarez-Cdnsul [1]. To recover the former notion we
set t =0, and for the latter notion we setn, =0, v € V.

The main result of this paper is the following

Main Theorem. i) There is a quasi-projective moduli space 9 = @(Q,%)Eﬁ/n/a for
polystable representations (&,,v € V, ., a € A) with P(&,) = P,, v € V. The points
corresponding to stable representations form an open subset Z°.

ii) There are a vector space D and a projective morphism H: 9 — D, the gener-
alized Hitchin map.

Conventions

We will freely use the terminology of the paper [13]. For a vector bundle & on a
scheme Y, we let P(&) := Proj (Lym*(&)) be Grothendieck’s projectivization and
P(&) :=P(&Y). We write the vertex set as V = {vy,...,v; }.

2 Decorated Tuples of Sheaves

Following the strategy of [13], we will first deal with a much more general classi-
fication problem concerning decorated tuples of sheaves.

The moduli functors of semistable decorated V-split sheaves

For our considerations, we fix the same parameters as in the introduction. In addition,
we fix positive integers a, b and non-negative integers ¢, m. Recall that the parameters
comprise the polynomials

ky(z) = 0y, - ' + lower order terms, v € V.

For a tuple .Z = (%,,v € V) of coherent &x-modules, called a V'-split sheaf, we define

ytotal — @y@au
veV

and
F — ((g;total)@a) b ® det(ytOtal)®_c.

< _a,b,c

A decorated tuple of type (P,a,b,c,m) is a tuple (&, ) which consists of a torsion-
free V-split sheaf & = (&,,v € V) with P(&,) = P,, v € V, and a non-zero homomor-
phism

p: &

Za,b,c
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Next, we define semistability. The test objects are weighted filtrations (&,, ) of
&, ie., &, s a tuple (&4, ...,&,) of V-split sheaves &, = (", v € V), i=1,...,s, such
that
E:0CE C---CECE,

is a filtration of &, by saturated subsheaves where equalities are allowed, v € V, such
that

total . total total total
@@.oa .Oggloa g.”gg;oa g(gaoa

is a filtration in which all inclusions are strict, and «e = (@, ..., @) is a tuple of positive
rational numbers.

Given a V-split sheaf & = (&,,v € V) and a weighted filtration (&,,as) of &, we
set

Moy (Earan) = 3 i (Payl) - 1kol8) = Pay(6)) - 1ks(8)).

=1

R = ZO‘U Ry, Ri:=tk(&™), i=1,..,s,
and we let the vector v = (71, ...,7s4+1) consist of the integers occurring in the vector

» a;-(Ri—R,..Ri— R Ry ... R)
N - 7 N——

=1 Rix (R—R;)x

in increasing order. If we are also given a decoration ¢: &,, . — Ox(m), we define

the quantity

a,b,c

(&, ey p) := — min {%1 + | Pl(soralg-paotat)e # O} (2.1)

A decorated V-split sheaf (&£, p) is called (x,7,6)-(semi)stable or just (semi)stable, if
for every weighted filtration (&£, @) of &

Mﬁ@(éu o) + 0+ (&, e, ) (=)0

Remark 2.1. i) Let i® = (i9,...,40) € {1,...,5s + 1}*¢ be an index tuple which gives
the minimum in (2.1). Let

vi(i®) =#{k=1,aliy<i}, i=1..,s.
Then,

W(E o, e, ) = ZO‘Z vi(')-R—a-R;). (2.2)
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i) Since Y oy Xo - T = 0, we may write

M\ (84 a) = 1y ( Z a; - (Z Yo - rk(g;v)) 4

, Za - ((ZV 0 P(E)) 1k (8) - (2; e P(E)) -rka@) .
" =1 My(&,, ) ’

Finally, we define the functors

ML (s, Sche —  Sets

==P/a/b/c/m
Equivalence classes of families of decorated
S — (1,7, 0)-(semi)stable V-split sheaves of
type (P, a,b,c, m) parameterized by S
Theorem 2.1. i) There exist a projective scheme M = ///]Eﬁ/g/ii;(jf and a natu-
ral transformation ¥: M;{/Z/éb)/c(/zn — h_y, such that for any other scheme .#' and
any other natural transformation ¥ : Ef/n/(?/c(/i; — h_y, there is a unique morphism

C: M — M with V' = heo 0.

ii) The space M contains an open subscheme A° which is a coarse moduli scheme

for the functor M$/2/51))/c(/371
Boundedness

We first have to prove that the semistable objects move in bounded families. For this,
we write

1 - .
o = (dim(X) — 1)! -5 - 2T ower order terms,
Ky = 0y 2" +7,- 2" +lower order terms
and des(X)
eg _
)\v: T v 1;'5’ E‘/, )\: )\’U’ EV
dim(X) o T v A=(A,veV)

Recall that the Hirzebruch-Riemann-Roch theorem (9], Theorem 21.1.1) gives the
formula
deg(X)
dim(X)!
1 a1(X) - e (Ox (1)) 0
- | deg(F# -tk(F
T dim(X) = 1) ( e8(F) + > k()

+lower order terms

P(F) = 1k (F) - gt 4

for a coherent @x-module .# on X. Of course, deg(X) = c;(Ox(1))3™X) and
deg(.F) = c1(F)-c1(Ox(1))™X) 1 With this formula, we see that, for a V-split sheaf
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& and a weighted filtration (&£,, o) of &, the coefficient of z'T4™() in M, (&,, o) is

zero and the one of gtdm(0)-1 g

1
(dim(X) — 1)! Lo a (&, )
with S
Loa(Ear00) = 3o (dogga(6) - 1ho(E) = degya(£) - 1hol&))  (23)
and

deg, ,(F) = Z(O’U ~deg(F,) + Ay - tk(F,)),  F a V-split sheaf.
veV

Remark 2.2. Observing the remark at the bottom of page 28 in [13] about the condition
Y vev Moo = 0, we see that the notions of slope semistability one gets from the concepts
of Gieseker semistability in [1], [13] and this paper are all the same.

Proposition 2.1. The set of isomorphism classes of Ox-modules &', such that there
exist a (k,1n,0)-semistable decorated V-split sheaf (&£, ) of type (P,a,b,c,m) and a
vertez v € V with & = &, is bounded.

Proof. The stated condition on &’ leaves only finitely many options for the Hilbert
polynomial of & and implies that &’ is torsion free. By Maruyama’s boundedness
theorem (|10], Theorem 3.3.7), it suffices to bound the slope of saturated subsheaves
of &.

So, let (&, ¢) be a (k,n, d)-semistable decorated V-split sheaf of type (P, a,b,c, m),
vy € V a vertex and % C_é“’vo a saturated subsheaf. We choose the weighted filtration
(&, (1)) with &, = (#,,v € V) the tuple with .#, = 0 for v # vy and #,, = .#. By
(2.3), we have

Lox(&,, ae) = deg, (&) - 04y - TK(F) — (00, - deg(F) + Ay - 1k(F)) - tko(&,).
The semistability condition yields the estimate

deg(.%) - deg, ,(&) N Ao k)

K(F) = Thy(Ey) | 0w | 0w TK(F) 1hy(E)) (&, e, p).

0 o v

Formula (2.2) gives
(E s e, ) < a- (R—1).

Altogether, we obtain an upper bound on p(.%#) which depends only on the input
data. O]

3 Proof of Theorem 2.1

Now, we basically take over the construction of [13]. We need to make some small
changes in the construction of the parameter space and have to be careful how
to modify the linearization parameters.
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The parameter space

We let 2,, v € V, be the union of those components of Pic(X) which contain line
bundles of the form det(é&,) for a semistable decorated V-split sheaf (&, ¢) of type
(P,a,b,c,m). We also set A := X,cy 2,. By the usual boundedness arguments, we can
find an [y, such that for all [ > [y, all semistable decorated V-split sheaves (&, ) of
type (P,a,b,c,m), allv eV, all [Z] €, and all 4 = Q) ., L7 with [Z,] € A,,
velV,

e &,(1) is globally generated and H*(&,(1)) = 0 for all 7 > 0,
o Z(r,-1) is globally generated and H'(Z(r,-1)) = 0 for all i > 0,
o V%%(a-1) is globally generated and H*(A®(a-1)) =0 for all i > 0.

We fix such an [, and set p, := P,(I), v € V, and p := Y .\ fu(l) - p,. Moreover,
we choose a vector space W, of dimension p, and let QY be the quasi-projective quot
scheme parameterizing quotients ¢: W, @ 0x(—l) — F with .¥ a torsion free coherent
Ox-module with Hilbert polynomial P, and H°(¢(l)) an isomorphism, v € V. Let &,
be the universal quotient on Q% x X, v € V. With the universal quotients, we construct
sheaves on (X,ey Q%) x X:

Qstotal — EBﬂx*lng(@?%) and étotal — @W:]ng(e?M(l))'

veV veV

Define
M = @WU@"“ and M := @Wf““(l).

veV veV

Next, we set
L= P(((M®“)@b)v ® T(xyey Q0)x (det(@total)®c ® 7k (Ox(a- z>)>) :

This is a projective bundle over X,c1r Q7, and the parameter space 9 is constructed in
the usual way as a closed subscheme of . In particular, it is projective over X,cy V.
Furthermore, 9t comes with an action of the reductive group (X,ey GL(W,))/C*, C*
being diagonally embedded. For [ > 0, we certainly have r,(l) > o0,, v € V, so that
we may fix surjections

M0 — hE,

yielding a surjection

M — M
of (Xyev GL(W,))-modules.  Using this surjection, we may construct 9 as a
((Xvev GL(W,))/C*)-invariant subscheme of

P = P(<<A7®a>@")v @ T, e (et (€)% © 73 (Ox(a- m))‘
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We define
G = (X GL(W,))NSL(M)
veV
= { (hi,.... ) € X GL(W,) | det(hl)ml(l) e det(ht)””t(’) -1 }
veV

The group G maps with finite kernel onto (Xyey GL(W,))/C*, so that we may restrict

our attention to the action of G.
The linearization of the above group action will be induced via a GGieseker morphism
to some other scheme. For this, we fix Poincaré line bundles &2, over A, x X, v € V,

and set
- P<<7\Wv)v @ mae (P @ 7 (Ox(ry- l))>)‘

Choosing &, appropriately, we may assume that g (1) is very ample for all v € V.
On 2A x X, we get the line bundle

P = ®7r§(ﬂxX(QZ§””).

veV

Then, we define
= P(((M@a)@b)v ® m(mc ® i (Ox(a- 5))))

as a projective bundle over 2. Again, 0%, (1) can be assumed to be ample. We now
have a é—equivariant and injective morphism

LM — P x X 6,

veV

For given ¢ € Z-, and v, € Z~o, v € V, there is a natural linearization of the
G-action on P X Xpey &, in the ample line bundle &(p,v,,v € V). This may be
altered by any character of X,eyy GL(W,). Let r:= 3" _\, ky(l) - 7y, d := 6(1),

e im s B om0 4 Lo td S oml) —d
Xo(l) :== xu(1) . /{v(l)—l—R o, +d . Ko(l) — d 7 O
i/v(l) / Ty * Ty
Ty i = — ) Ly = ’
d P
p—a-d T, T Xo(l)
2 g o= rll) = — = h(l) p—t

and
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Remark 3.1. i) The quantities € and €,, v € V, are functions in l. Since p = P(l) is
a positive polynomial of degree t + dim X and both 0 and x, are polynomials of degree
at most t +dim X — 1, it is clear that € will be positive for | > 0. Next we study

rXo)=r-xo(l) —(p—a-d) - k,(l)+(p—a-d)- E Op. (3.1)

The polynomial 1 - x,(1) has degree at most 2t + dim(X) — 1, the leading coefficient of
r/R is 1, so that the degree of —(p —a-d) - k,(I) + (p —a-d) - (r/R) - 0, is at most
2t + dim(X) — 1. Thus, the polynomial in (3.1) has degree at most 2t + dim(X) — 1.
Therefore, the expression

- %v(l)

p—a-d
grows at most like a polynomial of degree t — 1. This means that €, will be positive for
[ > 0. So, the line bundle in which the action will be linearized will really be ample.

ii) Note that

;o B p—a-d p—a-d B
va.a:v—zm-xv_ (er Xo )— T 7’+ TR -R=0.
veV veV veV
Now, we choose ¢ € Z~ and 1, € Z~q, such that

Y
L =c.g, veVW
0

We modify the linearization of the G-action on Xycy ®, in O (¥,,v € V) by a character,
such that C*' = C* - idy,, x --- x C*-idy,, acts via (z,,0 € V) — [], oy 257 with

ey =0 (2, +a,), veV
Note that this character is just the restriction of the character
(mq,...,my) — det(mq)®r - - - - det (my)®
of Xpey GL(W,) to the center 2. We work with the resulting linearization of the

G-action on ‘i?’ X Xpev B, in O(0,0,,v € V).

A weight formula

Let (&,,v € V) be a V-split sheaf, | € N, W, a vector space of dimension P(&,)(l) and
G: W, @ Ox — &,(1) a generically surjective homomorphism, v € V. Suppose also

that we are given a tuple ((W”, 7"),v € V) of weighted filtrations of the W,, v € V,

[ ]
W 0CWy g W CW,,

7= (s Yeyt1)s

and filtrations R
é"”:ogé@fg---géﬁigé‘;, v eV,
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such that qv(WU ® Ox ) generically generates éé”(l), i=1,...,8,veV.
Furthermore, we fix a tuple (K,,v € V') of positive integers and set, for a V-split
sheaf (Z,,v € V),

(%cotal - @gf@f(},

v
veV

Then, by the formalism described in [13], Section 3.2, we get a weighted filtration
(Weive)s Yo = (715 -, 7s), of the V-split vector space (W,,v € V') which, in turn, gives
a filtration

Wtotal 0 C Wtotal C W;otal g Wtotal.

Suppose finally that we are given a filtration

(;(\itotal -0 g (;(zv>1‘cotal g . g g;total g (:govtotal

in which some of the inclusions may be equaltities, such that the image of ﬁ//it"tal ® Ox
under the homomorphism W% @ 0y — &%*%l(]) generically agrees with &°%l(]),
i=1,..,5s+12

Proposition 3.1. In the situation explained above, the following identity holds true

S

Vvl — Vi Stotal . rk(Ztotal total ime (W
B (Pw (1) - k(G — 1k(8 (ZVK d >>)

Yk (Z% (P 1(E) k(&) dim@@%))

veV
rk ngtotal sotl v . o
e () (5 (mw-an, )
veV

Proof. By our assumption, the maps

Qv /VZ'U & ﬁX — éjzi(l)u
qv|wiv®ﬁx : VVZ'U ®Ox — é‘;”(l)

are generically surjective, 7 =1, ..., s,, v € V. Thus, we restrict them to a general point
of X and apply [13], Proposition 3.2.2. ]

2This may constructed as follows: Given i € {1,...,s+ 1}, set
51}(2) :maX{jE{l,,Sv+1}|’)/;)§’yl}, UEV)

and

8y (%)

(ga'_total — @ @ 6@1} EBK

veV j=1
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GIT-Semistability implies semistability

Let m = (¢,: W,®Ox(—1) — &,,v € V, ) be a point in the parameter space M, such
that I'(m) is (semi)stable with respect to the chosen linearization in &(p,d,,v € V).
We look at a weighted filtration (&,, ) of (&,,v € V'), such that

&"(1) is generically generated by H" (@“;“(l)), i=1,..,8, veV.

7

Define 7 = (71, ..., 7s4+1) by the conditions

Yi+1 — Vi
p

=q;; t=1,...,8,

and, setting g‘;“’tal = @D,er é‘;v’@””(l)7 1=1,...,5s+1,

s+1

Z% (ho @atotal(l)) . hO(git_otial(l))) —0

Then, we obtain a weighted filtration (&£,,~,) and, thus, weighted filtrations (éa”,fyf)

of the &,, v € V (see [13], Section 3.2). Next, we choose bases w” = (w7, ...,wj ) of the
W, with

wy

< U?""w;}zo(@”(l))> = Ho(é«;’v(l)), 1=1,....8, veV,

and set
= (7?7 ceey /71)7 R3] ,yngrl? ) 7§v+1 )
RO(&F (1)) x (po—hO (&2, (1)) %

This yields the one parameter subgroup
A= ()\(_ ), )\(w”t,j”t))

of G. Now, with I'(m) = ([m], [m.],v € V),

M = p(\[m]) +e- A+ B,
A=) e p( [m]) -
(2= 0) (S (@) - @),
B = Z(x Z+17 (n° (&) - w0 (& (1)))>
Observe

Dot (WE WD) = E0)) = a0 = Gl = 20) - 1 (ED)

i=1
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Next,
_ Z Jiv1 — Vi (pv . rk(@%”) . hO((%v(l)) . Tu)-
i1 Py
Thus, forv eV,
ceuep(nlml) = 2 3 (0 — ) - BED) + 7

= Z %H % -6y~ < Do rk(é"“) ho((ga;v(l)) 'TU) — Xy Py - ho(fgiv(l)))

+ ’ysv-l-l Do
_ Z %H Vi (5 £, - (pv rk(é‘w) A0 ((%”(l)) . Tv) — Xy Ty R (é%l)))
+xv ’75 41 Ty

_ Z 72—&—1 P)/z

+$v ’YSUH Ty

= comll) Z(u (b k(&) — KOG 0) )) -

e kol pv k(&) — ho(é”;”(l))-rv>—xv‘pv-rk(%}o

i=1 Pv
— Z(% (Vi — ) 'rk(gaiv» + Ty Vg1 T
i=1
ol Z(fo‘7 (18 - 1@ 0) ) ) +
i=1 v

Sy+1

—i—ZacU 77+ (rk( é”” —rk(%‘il)).

By definition,

>z, (§7 (tk(&7) — k(&) ) f% <<§xv.rk((g;v)) - (va-rk(@f‘;il))).

veV veV

Since 1k(&Y ) =1y, v €V, and )
this quantity as

vev To Ty = 0, by Remark 3.1, ii), we may rewrite

—Z%“ ) (Zx rk@@”):—p~iai-(zxv-rk(@”)>-

veV 1=1 veV
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Using Proposition 3.1, with K, = k,(l), v € V, we discover that € - A + B equals

i=1 veV

Z < k(éfitotal) p ca- rk(éaitotal) p- ho (éf?itotal(l))
QL J—
‘ r d

+ (3.2)

+a- ho(étotal(z))> —p-;ai~ (Z xv~rk(£’i”)>.

veV

Theorem 3.1. The set of isomorphism classes of torsion free sheaves &', such that
there exist anl € N, a point m = (q,: W, ® Ox(=1) — &,,v € V,p) in the parameter
space M,> such that I'(m) is semistable with respect to the chosen linearization in

O(0,9,,v €V), and an index vy € V with & = &,, is bounded.

Proof. The proof is similar to the one of Proposition 2.3.5.12 in [14]. Pick a vertex

vo, let .# be a saturated subsheaf of &,, and .# the saturated subsheaf of &,, that is
generically generated by H°(.Z(l)). Note that

HY(Z (1)) = H(F(1)). (3.3)
We define the weighted filtration (&,, ae) with s =1, ap = (1) and

{é‘;, if v # vy

F, fv=uvy

We also set
g‘;total _ y@nvo(l) @ @ gUEBm;(l)
v#£vg
and find the exact sequence

0 — Ho(ytotal(l» N Ho(gtotal(l)) N HO(Q(Z))@"WO(Z) (3.4)

for the sheaf 2 := &,,/.#. We estimate

p(A[m]) <a- (p _ hO((;@Vltotal<l))>'

Using this, equation (3.2),
C .= Z X(1) - k(&)

veV

and semistability of I'(m), we find the inequality

o< p2 . rk((;(;ltotal) pea- rk(gltotal) p- hO (éﬁtotal([))
- r-d r d
3Which depends on I!

—|—a-p—p-g.
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For large [, we may assume that p > a - d. With rk(&%!) < rk(Z*%!), this yields the
estimate

2.1k <gﬁtotal -a -1k ytotal RO ﬁtotal l C
o< PKF) peak(FO) poW(F) O
r-d r d d

After multiplication by r - d/p, this inequality transforms into
p-rk(FOR) —r BO(FR) +d-a (r—1k(FOH) —r - C > 0.
By (3.4), we have h®(Z®*% (1)) > p — K, (1) - B%(2(1)), so that
(1) - R (2(0) = p - k(1) - tk(2) +d - a - kyy(l) - 1k(2) —7r-C >0

and finally
' (2)) N
rk(2) r Koo (1) - TK(2)
The right hand is a rational function of degree* dim(X) in [ which takes positive values
for [ > 0. Asymptotically, it looks like

>

p a-d C
,

deg(X) dim(X)
dm(x) LT

N ldim(X)—l deggé(é) N . a- g . U;/ Ny - - rk(éalv) N deg(TX) N
(dim(X) — 1)! R R Oy - Tk(2) 2

+ lower order terms.

We may easily find a constant C” which depends only on the input data with

Zvnv 0 rk(é"f’)
ve > (.
ow - tk(2) T ¢

Now, we assume that 2 is the minimal destabilizing quotient of &,,. This is a
semistable sheaf. Then, we may apply the LePotier—Simpson estimate ([10], Corollary
3.3.3) to it:

deg(X) [ p(2) , 1k(2) - 11" r(e0)

dim(X)! [ deg(X) 2 NG

We see that for large [, a lower estimate for pimin(&y,) = 1(2) which depends only on
the input data must be satisfied. Therefore, &,, belongs to some bounded family. [

In order to show that a GIT-semistable point in the parameter space corresponds
to a semistable V-split sheaf, we have to reformulate semistability. This will be done
in the following lemmas and Theorem 3.2.

4i.e., degree of the numerator minus degree of the denominator
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Lemma 3.1. Let G, be a bounded family of torsion free sheaves with Hilbert polynomial
P,, v € V. There, there is a constant A € N, such that a decorated V -split sheaf (&£, p)
of type (P,a,b,c,m) with (&) € &,, v € V, is (k,n,0)-(semi)stable, if and only if
it satisfies the (semi)stability condition for all weighted filtrations (£,, ) in which
a=(aq,...,q4) 1s a vector of integers, such that a; < A, i =1,...,s.

Proof. We refer to |12], Theorem 3.3, [6], Lemma 3.4.4, or [14], page 153. O

Lemma 3.2. Let (&,¢) be a decorated V-split sheaf (&, ) of type (P,a,b,c,m) and
(&,, ) a weighted filtration of &. Write

{1, s} ={d1,yis, YU 1,00 0sy
and define the weighted filtrations (&1, al) and (&2,a2) by

&L= (&, &) ay = (), .y )

and

Then, one has

M&x(én o) = Mﬁ»&<£17 0‘1) + Mﬁ,g(£2 042)

and

W&, 0a,0) > (€L, 0k 0) —a- (R—1)- Y ay,.
g=1

Proof. The equality is immediate from the definitions, the inequality follows as Lemma
1.8, ii), in [12] or Lemma 3.4.5 in [6]. O

Lemma 3.3. Let G, be a bounded family of torsion free sheaves with Hilbert polynomial
P,,veV,A C >0 constants and (&, @) a decorated V -split sheaf of type (P, a,b,c, m)
with [&,] € &,, v € V.. Then, there is a constant C', such that the following holds for
every weighted filtration (&, ae): If ae = (a1, ..., ai5) consists of positive integers with
a; <A, i=1,...,s, and if there are an index iy € {1,...,s} and a vertex vy € V, such
that

u(éy) <,

then
M@,g(ﬁ.v ) > C - im0 -1

Proof. This is trivial, because the boundedness assumption implies that there is a
constant C” which depends only on P, such that

() <"

for every vertex v € V and every saturated subsheaf .# C &,, and there are only
finitely many possibilities for a,. m
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Theorem 3.2. Let G, be a bounded family of torsion free sheaves with Hilbert poly-
nomial P,, v € V. Then, there is a natural number ly, such that for every | > ly and
every decorated V -split sheaf (&, ) of type (P,a,b,c,m) with [&,] € &,, v € V, the
following holds true: If

My x(Eay ) () +0(1) - pl &, e, 0)(=)0 (3.5)

holds for every weighted filtration (&, ) of &, such that

& (1) is globally generated and W (&7(1)) =0, j >0, i=1,...s, vEV,
then (&, ) is (k,1,0)-(semi)stable.
Proof. We first invoke Lemma 3.1. With the constant A from that lemma, we define

0+1
(dim(X) — DI’

Ci=a-A-(R-1)*.

Next, we apply Lemma 3.3. Tt gives a certain constant C’'. We introduce two sets &’
and &” of isomorphy classes of sheaves on X: The isomorphy class [.Z] of a coherent
sheaf .# on X belongs to &', if and only if u(.%#) < C’, and to &”, if and only if
w(#) > C' and there are an index v € V and a torsion free coherent Ox-module &
with [&] € &,, such that % is isomorphic to a saturated subsheaf of &. By [10],
Lemma 1.7.9, the set &” is bounded.

Let (&£,, ) be a weighted filtration of &, such that as = (ay, ..., ;) is a vector of
integers with a; < A, i =1, ..., s. Define

{ioin b= {ie {15} [wev: g e}

and
(s} = {z’e (1,5} Toev: (6] ¢ 6'}.
Using Lemma 3.2 and 3.3, we find

Mﬁ,x(éu Oé.) +4- M(ﬁv o, SO)
52

> My (64, 00) 40 - (84, 0d,9) + My (E2,02) =6 -a-(R—1)- ) ay,
g=1

My (Eayal) + 0 - p(Ea, b, 0) + My (3, 02) — C - gm0

e —e) L]

We see that it is enough to check the (semi)stability condition for weighted filtra-
tions (&,, e ), such that ae = (1, ..., a;) is a vector of integers with a; < A i =1, ..., s,
and [&'] € &, v € V,i=1,..,s. Since there are only finitely many options for v,
there are only finitely many possible values of u(&,, as, ¢). In addition, the fact that
&” is a bounded family implies that there only finitely many possible polynomials of
the form

Mn,x(én a') +0- :u(£w Qo 90>
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for a weighted filtration (&,,a,) with the stated properties. So, there is a natural
number [y, such that, for [ > [y, a polynomial of the above finite list is positive or
non-negative in the lexicographic ordering of polynomials, if and only if its value at [
is positive or non-negative, respectively. ]
Theorem 3.3. There exists an ly € N, such that the following holds true: If | > 1y and
m = (q,: Wy, ® Ox(=1l) — &,,v € V,p) is a point in the parameter space M, such
that I'(m) is (semi)stable with respect to the chosen linearization in O(p,V,,v € V),
then (&, p) is (k,1,6)-(semi)stable.

Proof. We apply the criterion of Theorem 3.2. Let (&£,, a,) be a weighted filtration of
&, such that

&' (1) is globally generated and 17 (£°(1)) =0, j >0, i=1,...,s, v € V.

We continue the computations started before Theorem 3.1. In order to conclude, we
have to compute (A, [m']). Under the identification of M with the space H°(&*%(1)),
we define . B _

g1, (M) := HO(((g;total/(g;@gal)(Z)), i=1,.., 541

The basis m of M induced by the bases w" for the W,, v € V, yields a natural
isomorphism

For an index tuple v € J* := {1,...,s + 1}*% we define J\Z = grbl(ﬂ) ® - ®
gL, (M), and for £ € {1,...,0}, we let ]\/Zf be ]\Z embedded into the k-th copy of
M® in (M®)®_ If we denote P(&°% (1)) = hO(& (1)) by my, @ = 1,..., s, then
A= Eizl a; - A(m, 1](3””)) as a one parameter subgroup of SL(]T/[/). Therefore,

(A, [m']) = —min{ Zs:ozi- (a-m; —vi(L) - p) ‘k =1,..,b, e J% ]\/Zf ¢ ker(m') }

Here,

)=#{u<ile="(u,.ta), i=1,.,a}. (3.6)
Let tp € J® be an index which realizes the precise value of M(A, [m/]). Then, by (3.2),
we find

r d

ototal . Aitotal . P gtotal l
Z%( B ok B)_p PE))

Tp- Zal vi(1o) Zaz (Z l‘u'rk(év)))

veV
as the value for u(\, I'(m ))/Q We multiply this by r - d/p and get

Do (k@) - P(E)) +
- (Y- (st 7= -k ) - Y (S0 v

i=1 veV
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In the next step, we plug in the definition of x,(l), v € V. This leads to the expression:
Zal (p — 1k, (&) — - P(é’wtal(l))) +
d-(Zai-(V,-(L_O)~r—a )—l—r Zai-(ZXv rk@("”)
i=1 =1

veV

We multiply this by R/r and find
Yo (ol - - PE) ) +
d'(Zai'(Vi(L_o)‘ —a-rky( >+R Zal (ZX” rké"“)
i=1

veV

This can be rewritten as

s

My (Eq; aa)(l) + (1) - (Z ;- (vi(w)-R—a- rka(ﬁi))).

i=1
As in [14], page 156, one verifies that

g‘a a, gp Z Q- VZ LO —a- rk£<£i))7
so that p(\, I'(m)) (>) 0 implies Inequality (3.5). O

Semistability implies GIT-semistability
We now address the converse direction to Theorem 3.3, i.e., the following statement:

Theorem 3.4. There is an ly € N, such that, for every I > ly, the following state-
ment holds true: Let m = (q,: W, ® Ox(—=1) — &,,v € V,¢) be a point in the
parameter space M, such that (£, p) is a (semi)stable decorated V -split sheaf (&£, p)
of type (P,a,b,c,m). Then, the point I'(m) is (semi)stable with respect to the chosen
linearization in O(g,9,,v € V).

_ Apart from some subtleties, we will follow the previous calculations. Let A\: C* —
G be a one parameter subgroup. We write A\ as a tuple (\,,v € V) where A, is a
one parameter subgroup of GL(W,), v € V. Then, )\, induces a weighted filtration
(W,”, v¢) of W,, v € V. The condition that A be a one parameter subgroup of SL(]\N/[)
translates into the condition that

Sp+1

Z Ky(l Z v dlm dim(/V[Z-lil)) = 0.

veV
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We define é/";” as the saturated subsheaf of &, that is generically generated by qv(/VI?f ®
Ox(—1),i=1,...,8,,vEV.
For the point I'(m) = ([m/], [m,],v € V), we find that

p(A I'(m))

; =p(A\[m])+e- A+ B

with

=
e (-3) (6 o)
v
B = Z( Zﬂy (aim (77 dim(Wfl))).
As before, we erei:e
SUZH% (dlm dim(VV\Zil)) = Yo,41 " Po — %Zl(%ﬂl —~?) - dim (W).

Moreover, the following holds true

pOfd) = ST (k@) () ).
i=1 v

For v € V', we now compute
€&y ,U()\» [mv]) - xi) : Z(%}‘H - 72)) : dim(/V[?i”) + m; : ’Y;,H “ Do

%“ £-€p- <pv rk(é‘”’) dim(/I/I?f) -rv> —l - p,- dim(ﬁ/\i”))

_'_ ’ysv—‘rl Py
— ’YZ+1 (5 Ey (pv rk((g)v) dlm(WZv) . Tv) — Xy Ty dlm(/WZv))
+xv 75 +1 “ Ty

_ Z fszrl 7@

+Iv 751)—0—1 Ty

= e-r(l) - SZ(M (m k(&) — dim(/Wi“) -m)) +

i=1 Pv

pv rk(@("”) dim(/VIZ-”) . rv> — Ty Do rk(‘%))

syp+1

+Zwv 77+ (rk( cg’” —rk(é“_l)).
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Via the isomorphism
H (q,(0)): Wy — H(6,(0).

129

we may view WY as a subspace of HO(éA”Z-”(l))7 i=1,..,8, v V. In particular, the

1
above computations show that, for v € V,

Sy+1

€&y Z Ty -y - fk 5”) - rk(@gﬂl))

> coml)- Z(u (o @) - 0E W) ) ) +

Py

Sv+1

# 2w (&)~ xk(&).

Let the filtration
@@total 0 C @@total C é’itotal g (;@vtotal

be constructed as described in the footnote on page 119 and set
g (gasv Ok ve V7

so that
s =@PeEel i=1,.s

veV

With Proposition 3.1, rk(a@ 1) = Ty, v € V, and the equation ) _ z,
(Remark 3.1, ii), we ﬁnd that

c- A + B Z c - Z W . <p . rk(éf’;total) . hO(%‘notal(z)) . 7”)

=1

=D ) (=) k(&)

veV i=1
— . Z /yi+1p_ i . (p . rk((;@;total) . hO ((/;@;total(l)) . 7,)
—Z Vi1 — Vi) Zwv rk( éa”

veV
Next, we point out that there might occur equalities in the filtration
0C (:gavtotal cC...C gtotal C (:gavtotal
= 0 = = G4 - .
We clear these and obtain a filtration

total —total —total

0C &, LCEST CETT = gl

1y = 0
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in which all inclusions are strict. For i € {1,....,.5+ 1}, we set

30) = minfje {15} | £ =F ]
and 7, = 0.
Writing
—total @@@ 1=1,...,s,
veV
we find

3 I (s < () )

—Z Yit1 — Vi) va rk(&)

veV
- . Z Tivr — Vi (p ‘ I‘k(g:()tal) 10 (égtotal(l>) ' 7“)
, D
D SCHELTI WAt} 37
veV
We define ae = (v, ..., as) via
o, = M, 1=1,...,5s.

p

Then, the expression in (3.7) takes the form

-k g)t'otal total ) ho gt'otal l

ta- Y k() h0(&; (1) ))—p-;ai-(va-rk(g?)>.

veV veV

Let (Mt"tal, Vo), Yo = (71, <y Ysa1), be the weighted filtration of M that comes from
the weighted filtrations (W,”,fyf) of the W,,, v € V. Then, for

m’: (M(@“)@b — H(ZL%(a-1)),
we compute

(A, [m])
i 4,

(Ll, s La) c { 1’ o s _|_ 1 }Xa : m‘,(Mfftal®"'®Mfgtal)@b ?é 0 }

Since qv(Wv ® Ox) generically generates g’;”(l), i=1,...,8,, v €V, we infer

_ Xa . / ~ ~
Vi=(t1,.ytq) €{1,...; s} ml(MFftal®-~~®Mfgtal)®” #0 <— PGl @ drornl)eb £ 0.
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We thus find the estimate

(A [m')
= _min{’yu +"'+7La

(Ll, cee La) € { 1,...,s4+1 }Xa : (,0|(g<’flotal®...®g‘>bt§tal)®b 7é 0 }

> —min{ Vo T+, | (t1yrta) €{ 1,5+ 1} O @t 7ot #0

By definition, the entries of 7, = (7, ...,75,,) are the entries of the vector

i @ T Py ey Ty — Py TGy ooy TG ) i::ho g ! L =1,..,5.
Do (mizpymi g my), me=h(ETW) i=1.3

mi X (p—mi)x

Let t € {1,...,5+ 1}** be such that PLF g o # 0. With (3.6), we thus find

(ELI ’ ®."®gba )

) =D ei (wle) p—a-ma).

By now, it has become our task to show that, for some ¢ € {1,...,5 4+ 1}** with

(’O'(gtotal@ ®Optotal @b # 0 we have

k(g:mal) p 0. rk(gtotal) - hO (g‘iotal(l))
Z i r a d N

+p- Zal vi(L)—p- ZQZ (vark(gf)) (>) 0. (3.9)

veV

We introduce the weighted filtration (&£,, a,) of & = (&,,v € V) with &, = (£,,v € V),
i=1,..s and a, = (a1, ...,a5). By computations analogous to those on page 126,
inequality (3.9) amounts to the inequality

Zaz (b-nte) - m 0@ ))+R-i§;ai-(zxv<w-rk<??>)

. (Z o () R-atia(s)) (2) 0

Let 7/ = (7], ..., 75) be the entries of the vector

Za, Ri—R,..Ri—RRi, . R).
——

Rix (R—R;)x

Choosing ¢ with P @ttt o7 on # 0 in such a way that
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becomes minimal, we see that

D () - B—a k(@) = ulba.an ).

As in the proof of Lemma 3.2, we write

(1,5} = {1, yig, YU {1, oo sy -

Here, iy, ..., 15, are those i in {1,...,5} with hj(éamtal(l)) =0, j > 0. We have

Zaz (p rk, (&) — R-hO(&™ (1) ))+R-;ai-(ZXv(1).rk(zj))

- Zazf (b 1kales,) = RS ) ))+R-gaif T)Eg;xvm-rk@;;))+
+zaj (b et - R @ ))+R§“"g'(UGZVX“(””(EZ))

and

WEy, e, 0) > p(Er 0y, 0) —a- (R—1)- ) ay,.

Now, we let (&', al) be the weighted filtration of & containing the V-split sheaves ﬁif,

f=1,...,s1, and the vector a, = (ay,...,0;) = (4, ..., ;, ). Then,

Zaw (p tky(£,) — R- ho(éoftal(l))> +
+R'Zo‘if : (Z o) -rk(sz)> +d- (&, 00, 0)
st

= My (Ea,a)(1) +6(1) - (s, a0, 0) (=) 0

follows from the (semi-)stability of (£, ¢). By the boundedness of semistable decorated
V-split sheaves (Proposition 2.1), we may prescribe a constant C' > 0 and assume
total

wE) <i(E) = Coi= s o
Then, we use the LePotier-Simpson estimate ([10], Corollary 3.3.8) to obtain an in-
equality of the form

p-1k, (&) — R- ho(éa

The lower order terms depend only on P and (X, Ox(1)), and, given C’ > 0, we can
find an appropriate constant C' which yields C’. It is, therefore, possible to find C” and
lo, such that

pko(&;) — R-10(& (1) >+R~(vaa)-rk(?;’))—5<Z>-a-<R—1>>o

veV

tOtal(l)) C" - mImE=1 4 Jower order terms, i = 1, ..., jo,-

for i = jy,...,Js, and all I > I, O
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Properness of the Gieseker morphism

For our construction, we work with the Gieseker morphism

DM — P x X 6,

veV

There is the G-invariant open subset
U= (Fx X 6,)
veV

of those points that are semistable with respect to the fixed linearization. By Geo-
metric Invariant Theory, the categorical quotient U//G exists as a projective scheme.
Theorem 3.3 and 3.4 show that

M= = (V)

consists exactly of those points m = (q,: W, ® Ox(—=1) — &,,v € V, ), such that
(&, ) is a semistable decorated V-split sheaf of type (P,a,b,c,m). The existence of
the moduli space, claimed in Theorem 2.1, reduces to the following statement:

Proposition 3.2. The induced morphism
ﬂgjzss: mss — U
1s proper and therefore affine.

As usual, one uses the valuative criterion of properness to see this. So, let R be
a discrete valuation ring with quotient field K, S := Spec(R) and S* = Spec(K).
Suppose we have a family mg. = (¢5: W, @ 75.(Ox(=1)) — &% v € V,pg+) of
semistable decorated V-split sheaves of type (P, a,b,c, m) over S* x X and let
K S — M
be the classifying morphism. Suppose further that \* := ["o x* extends to a morphism

A S —U.
The family mg. extends to a family g = (§5: W, @ 75(Ox(—1)) — &S, v € V, §s)

over S X X. The sheaf gf is flat over S, but %}f{o}xx may have torsion, v € V. There
are a family & of torsion free sheaves on X parameterized by S and a homomorphism

7S g;s — &% which is an isomorphism on S* x X, such that the kernel of T{j{o}xx

is just the torsion subsheaf .7, of éf{o}xx, v € V (see [10], Proposition 4.4.2). Let
T C {0} x X be the union of the supports of the torsion subsheaves .7,, v € V, and
W:=(SxX)\ ({0} x T). Finally, let .: W — S x X be the inclusion. Define

>5 (L (@ * [ % *
poi 5 — 0 ((E100) " 0 (¢ (mi(0x(-)) ) = mi(0x(-0).
The family mg = (¢ : W, @ 75.(Ox(=1)) — &7,v € V, pg) defines a morphism
S — ‘,]N3’ x X &,

veV

which agrees with \* on S* and consequently identifies with A. It suffices now to check
the following:
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Theorem 3.5. The set of isomorphism classes of torsion free sheaves &', such that
there exist an | € N, a tuple m = (q,: W, ® Ox(=1l) — &,,v € V, ) in which q,
is a generically surjective homomorphism, v € V, whose associated point I'(m) is
semistable with respect to the chosen linearization in O(p,V,,v € V), and an index
vg € V with & = &,, is bounded.

One checks that the semistability of I'(m) implies that H%(g,(1)): W, — H°(&,(1))
is injective, v € V. With this, the proof of this result is an easy adaptation of the proof
of Theorem 3.1. In fact, in (3.4), we replace H°(&™%!(1)) by M and H°(Z*%(l)) by

M N HO (o)), O

4 Proof of the main theorem

In this final section, we explain how the main theorem may be reduced to Theorem
2.1. This is again very similar to the corresponding step in [13], so that we may
be rather sketchy.

We return to the setting of quiver representations. So, let @) = (V, A,t, h) be a quiver
with vertices V' = {vq,...,v }, arrows A = {ay,...,a, }, the tail map t: A — V|
and the head map h: A — V. Since we allow twisting by vector bundles in the
representations, we may assume that no multiple arrows occur. Fix a tuple of locally
free coherent sheaves ¢ = (¥,,a € A). An augmented representation of Q) of type
(P,9) is a tuple (&,,v € V,p,,a € A, ¢e), consisting of

e a V-split sheaf (&,,v € V) of type P,
e homomorphisms ¢, : ¥, ® &) — Eha), a € A,
e a complex number ¢,

such that either € # 0 or one of the ¢,, a € A, is non-trivial. Two augmented repre-
sentations (&,,v € V,@,,a € A,e) and (&,v € V¢! ,a € A, &) are called equivalent, if
there are isomorphisms ¢,: &, — &, v € V, and z € C*, such that

2 (Yn(a) © @q © (idg, ® ¢t(a))_1) =¢l, a€A and z-e=¢".

In [13], p. 32, it is described how one may associate with an augmented repre-
sentation (&,,v € V,p,,a € A e) of Q of type (4, P) a decorated V-split sheaf
(&), & = (&,,v € V), of type (P,a,b,c,m) for suitable positive integers a, b, c,
m. We fix stability parameters k,  and ¢ and say that an augmented representation
(&,,v € V,pq,a € A, ) of Q of type (¥, P) is (1,7, 0)-(semi)stable, if the associated
decorated V-split sheaf (£,1)) of type (P,a,b,c,m) is.

We remind the reader that associating with an augmented quiver representation a
decorated V-split sheaf involves choosing suitable positive integers b and m as well as
surjections Ox(—m)®® — ¢, a € A (|13], p. 32). Using these surjections, we may
assign to every quiver representation (&,,v € V,p,,a € A) a homomorphism

7k Cgototal _ éototal ® ﬁX (m)®b.
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For s > 1, we set

s s+1
90(8) = ® idﬁ’X(s.m)eBbS : gtotal ® ﬁX(S . m)@b N @@total ® ﬁx((s + 1) . m)@b

and say that ¢ is nilpotent, if there is an s > 1 with

SO(S) o) 90(8_1) O:+++0 @(2) (o) Sp(l) = 0

Lemma 4.1. Let (&,,v € V,p,,a € A, €) be an augmented quiver representation of type
(4,P), (£,v) the associated decorated V -split sheaf and (&,, ) a weighted filtration
of &.
i) One finds
(&, e, 1h) >0,

if and only if there is an indexi € {1,...,s }, such that
SO(é@itotal) gZ éoitotal ® ﬁx<m)€ab.

ii) The condition

u(£o7 Oé., ¢) < O
s equivalent to the fact that ¢ = 0 and

p(6°) C M @ Ox(m)™, i=1,.,5+ 1

Proof. Apply [14], Proposition 1.5.1.22, to the restriction of the objects involved to the
generic point of X. O]

Proposition 4.1. Suppose the following data are fixed:

a tuple P = (P,,v € V') of Hilbert polynomials,

an integer t > 0,

a tuple k = (ky,v € V') of positive integral polynomials of degree exactly t,

e a positive rational polynomial § of degree at most t + dim(X) — 1,

e and a tuplen = (n,,v € V') of rational numbers, subject to the condition ) i, 1"
Ty = 07
and set

¢ o =0, vEV, x=(xu,vEV),
e 0= (0,v€EV), g, the leading coefficient of k,, v € V.

Then, the family of torsion free sheaves &' for which there erist an index vy and an
augmented representation (&,,v € V,pq,a € A ) of Q of type (¢, P), such that

a) € # 0 or ¢ is not nilpotent,
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b) for any collection of saturated subsheaves %, C &,, v € V', not all trivial and not
all equal to &,, such that po(Yy @ Fiya)) C Fn) for all arrows a € A, one has

Py (Fy,veV) . Pyx(&,veV)
tky(F,,v €V) ~ 1k (&, v E V)’

and
c) &=E,
18 bounded.

Proof. To the stated semistability condition of augmented quiver representations, there
belongs a corresponding notion of slope semistability. As in Remark 2.2, one sees that
this notion of slope semistability is already covered by the formalism in [13]. For this
reason, the proposition follows from [13|, Proposition 4.3.2. H

Proposition 4.2. Fiz the same data as in the previous proposition. Any (k,7,0)-
(semi)stable augmented representation (&,,v € V,pa,a € A,e) of Q of type (4, P)
satisfies Condition a) and b) from Proposition 4.1.

Proof. This follows immediately from Lemma 4.1. O]

Theorem 4.1. Fix the same data as in the two previous propositions and assume that
d has degree exactly t + dim(X) — 1. Then, there is a natural number ny, such that
for any n > ny and any augmented representation (&,,v € V,p,,a € A,e) of Q of
type (¢, P) , the following conditions are equivalent:

L. (6y,v € V,p4,a € Ayg) is (5,n/n,n - §)-(semi)stable, n/n = (n,/n,v € V).

2. (&,,v €V, p,,a € A, e) satisfies Semistability Condition a) and b) from Proposi-
tion 4.1.

Proof. The implication “1.=—=-2.” has been verified in greater generality in the last
proposition. For the converse direction, note that, by Lemma 4.1, Condition 2. is
equivalent to requiring that u(&,, ae, 1) > 0 holds for every weighted filtration (&£, o)
of & and that the (semi)stability condition is verified for every weighted filtration
(éo? Oé.) with :u’(éu Oé.,’l/)) = 0.
Now, we use Lemma 3.1. By the boundedness result in Proposition 4.1, there is a
constant C' > 0, such that
M,

ﬁ’l(én Oé.) - —C - xt+dim(X),1

holds for every weighted filtration (&,, .) of & in which a, = (o, ..., a5) consists of
integers in the set {1,..., A }. Assume that

S cC+1
n>ne = :
- coefficient of z!Tdm(X)-1 5 §
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and that (&,, as) is weighted filtration of & in which a, = (o, ..., a5) is a vector of
integers from the set {1,..., A}, such that

(&, e, ) > 0.

Since p(&,, e, 1) is an integer,
M@X(é’? a‘) +n-9- lu(£u o, %Z’) =-—C- xt—i—dim(X)—l +n-0>0.

Thus, for n > n.,, an augmented representation (&,,v € V,p,,a € A ¢) of @ of type
(¢, P) which satisfies 2. is (x,7/n,n - §)-(semi)stable. O

Fix n > ny By Theorem 2.1, we get a projective moduli space
%(Qa %)E/ﬁ/ﬂ/é

for (x,n/n,n-0)-semistable augmented representations of @ of type (¢, P). As in [13],
p. 32ff, one constructs a projective space

H=H(Q ¥,P)
and a morphism
Hlt(@7%7 B) '@(Qa%)i}g/@/ﬂ/é — H.
We define the affine space D as the open set ¢ = 1 in H and

@<ng)§/@/ﬂ/6

as the preimage of D under Hit(Q,¥,P). This is the moduli space we wanted to
construct. OJ
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