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Abstract. In this paper the existence of a constant kg > 0 is proved such that all
solutions of a class of regular partially hypoelliptic (with respect to the hyperplane
" = (29,...,0,) = 0 of the space E™) equations P(D)u = 0 in the strip 2, =
{(21,2") = (21, 79,...,2,) € E™ |21| < r} are infinitely differentiable when & > kg
and D%u € Ly(£2,) for all multi-indices a = (0,a”) = (0,as,- - ,a,) in the Newton

polyhedron of the operator P(D)-.

1 Introduction

After in 1950’s in connection with a study of the regularity of a solution of the problem
P(D)u = 0 in the space of generalized functions (distributions) L. Hérmander intro-
duced the concept of a hypoelliptic differential equation all distributional solutions u of
which are infinitely differentiable (see [13], [14]), a problem arose of finding additional
assumptions on solutions u of more general, non-hypoelliptic equations ensuring that
these solutions are infinitely differentiable.

In [8] L. Garding and B. Malgrange, in [18] B. Malgrange, in [23]| J. Peetre, in [6]
L. Ehrenpreis, in | 11] and [12] E.A. Gorin, in |7] J. Friberg and others introduced the
concept of partially hypoelliptic equations P(D)u = f, all distributional solutions u of
which with an infinitely differentiable right-hand side are infinitely differentiable under
the a priori assumption that they are infinitely differentiable with respect to a certain
group of the variables.

In [2 ] Ya.S. Bugrov constructed an example of a non-hypoelliptic equation, all
solution of which in the half-space are infinitely differentiable provided they are square
integrable in the half-space together with some of their derivatives.

In [3], [4] and [5] V.I. Burenkov considered the equation P(D)u = f in the cylinder
2 =y x E" ' where 0 < [ < n and (2, is an open set in E' (if | = 0 then {2 = E™) and
f and all its derivatives are [— locally square integrable on {2, i.e. square integrable on
Q; x E" for all compacts Q; C 2; (if | = 0 square integrable on E™). Necessary and
sufficient conditions on P were found ensuring that all solutions u of this equation with
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any such f, which are [— locally square integrable on (2 together with some of their
derivatives, are of the same class as f (in particular they are infinitely differentiable).

The class of hypoelliptic by Burenkov operators is essentially wider than the class
of hypoelliptic operators.

Since this paper directly adjoins the results in [2] and [3], we formulate these results
in a suitable for us formulation. Let E% = {x € E" : x, > 0}, and for § > 0 and
G CE? Gy ={xe€G:p(x,0G) >0} Let m = (mq,mo,...,m,) be a vector with
positive integer coordinate and M = {a # 0 :0 < ap < mi}, k =1,...,n—1, and

P(D) = > D**- Note that P(D) is non - hypoelliptic differential operator.
aeM

Bugrov’s Theorem (see [2]). Let > [[D%l|r,mn) < 0o and P(D)u = 0- Then
aceM

HDﬂuHLQ((Ei)é) < oo V6 >0, VB #0. In particular uw ~v € C*(EY).

Let 0 <m <mn, 2=/, x E"™™, where (2, is any open set in E™- Denote by
Q. the set of all paralleiepipeds G = G, X E"™™, where G,, = {—00 < a3 < x} <
by < oo, k=1,...,m}; G, C 2, One say that u € [Ly],,(£2), if u € Ly(G) for all
G C Q-

Denote by [J5°],,(£2) the set of all functions u such that [|D%u||(z,),.(¢) < oo for
all G C @, and for all a > 0- Note that if u € [J$°],,(£2) then u ~ v € C®(£2)-

Let P(D) be an arbitrary linear differential operator with constant coefficients,
Em={a;a= (a1, ..., 0, 0,..,0) >0}, & ={a€&,:a#0}andlet [Us],,(2) be
the set of all functions u measurable on (2 and such that

ullwagie) = lullzae + > PPl 1y < 00

agé,,

for all G C Q,,-

Burenkov’s Theorem (see [3]). The conditions u € [Us]n($2) and P(D)u €
[J5°)m (82) imply that u € [J$°],,,(£2) if and only if
1) P(&) #0 for sufficiently large £ € R"
and

2)

‘ p(ﬁ)(&) B ,
ghlgo Ple) 0vVBeg,:

In this paper we consider a class of partially hypoelliptic (with respect to hyperplane
' = (29,..,2,) = 0 of the space E") regular equations P(D)u = 0 and prove
that all distributional solutions of such equations which belong to a certain weighted
Sobolev space in a certain strip in E™ are infinitely differentiable. Namely we prove
that there exists a number x > 0 such that all solutions of equation P(D)u = 0
on 2, = {x € E" : || < k}, satisfying conditions D% 2%y € Ly(£2,) for all
a; ag + ..., +a, < m = ordP are infinitely differentiable.

To state the problem and formulate the results we need some notation and def-
initions. We use the following standard notation: N denotes the set of all natu-
ral numbers, No = N U {0}, NJ = Ny x ... x Ny is the set of all n— dimensional
multi-indices, E™ and R" are the n-dimensional Euclidean spaces of points (vectors)
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x = (21,....,2,) and & = (&, ...,&,) respectively. For £ € R",x € E™ and a € N we

put | &l =&+ ...+, |zl =i+ .. +22, |al=a1+ ... ta,, =07,

D = D$*...D, where D; =12 (j=1,.. n).

n i 0x;

Let A = {a/ = (al,..,ad)} be a finite set of multi-indices in Ng. By the
Newton polyhedron of the set A we mean the minimal convex polyhedron R = R(A)
in R ={{ € R §>0(j=1,..,n)} containing all points of A.

A polyhedron ® C R} with vertices in N§ is said to be complete (see [20] or
[21]) if R has a vertex at the origin and one vertex (distinct from the origin) on each
coordinate axis of NJ'. A complete polyhedron # is called regular (completely regular),
if all coordinates of the outward normals of its noncoordinate (n — 1)-dimensional faces
are non-negative (positive) (see [24] and [16]).

Let P(D) = P(D1,...,D,) = > 7o D be a linear differential operator with con-

stant coefficients and let P(§) = P(&1,...,&n) = Y. 7. &" be its characteristic poly-

nomial (the complete symbol). Here the sum goes over a finite set of multi-indices
(P) = {a € Njia 0},

The Newton polyhedron ® = R(P) of the set (P) U {0} is called the Newton or
characteristic polyhedron of the operator P(D) (the polynomial P(§) ) (see [21] or |24])
and is denoted by R(P).

An operator P(D) (a polynomial P(€)) is called hypoelliptic (see [13]| or [14], Defi-
nition 11.1.2 and Theorem 11.1.1 ) if the following equivalent conditions are satisfied:

1) if w € D'(§2) ( {2 is an open set in E™, D'({2) is the set of distributions defined
in (2) is a solution of the equation P(D)u = 0 then u € C*°({2),

2) all solutions u € D' = D'(E™) of the equation P(D)u = f are infinitely differen-
tiable (belong to C*° = C*(E™) ) for all f € C*.

3) if | €] — oo, and 0 # a € N§ then

P'(€)/P(€) = DP(€)/P(€) — 0.

An operator P(D) is called partially hypoelliptic with respect to hyperplane z =
(22, ..., 2,) = 0 of the space E™ (a polynomial P(&) is called partially hypoelliptic with
respect to & = (&, ...,&,) (see [8], or [14] Definition 11.2.4 and Theorem 11.2.3 ) when
P@(€)/P(€) — 0if 0 # a € NJ and |€"| — oo while ¢ = £, remain bounded.

Finally, a polynomial P(¢) is called almost hypoelliptic (see [15]) if for a constant
C>0

[PO@I/L+PE)] < C Ve R, Ya e Ng.

It is known that the Newton polyhedron of hypoelliptic polynomial is completely
regular (see [24] or [16]) and the Newton polyhedron of an almost hypoelliptic polyno-
mial is regular (see [15]).

In [9] the following statement was proved. Let f and its derivatives be square
integrable on E™ with a certain exponential weight. Then all solutions of the equation
P(D)u = f, which are square integrable with the same weight, are also such that all
their derivatives are square integrable with this weight, if and only if the operator P(D)
is almost hypoelliptic.
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During the whole work even numbers m and ms (m > msy) are fixed and we
denote by R = #(m, my) C R} the polyhedron with the vertices (0,...,0), (m,0,...,0)
sy (0,...,0,m) and (m,mo,0,...,0). It is easy to verify that R is a regular (but not
completely regular) polyhedron in R” which is bounded by the (n — 1)-dimensional
coordinate hyperplanes {; =0 (j =1,...,n) and the (n — 1)-dimensional hyperplanes

m — m2

P ={¢:£€ R A = &1+ — (52+ 4+ &) =1},

Po={{:§ € R" A(§) =6+ 863+ ... + & = mb.

Throughout this paper the notation o € R means that o € ® N N}

We shall study a linear differential operator P(D) with constant coefficients and
with the Newton polyhedron R = R(m, ms), where the characteristic polynomial P(§)
is nondegenerate (regular) with respect to the polyhedron R (see [22] or [21]). This
means that there exist positive constants p; and py such that

L+ [P = m Y _|€ | VEe R (1.1)
aER
and for all £ =0, ...
IDIPE)| <pa[ 1+ > [&*]|] VEeR™ (1.2)
(a1+k, &)eR

One can easily see that the polynomial P(¢), satisfying conditions (1.1), (1.2) is
almost hypoelliptic (see [15], Theorem 3) and partially hypoelliptic with respect to
¢ = (&, ...,&,) (see [14], Theorem 11.2.3 ).

It also satisfies Condition 1) and Condition 2) with m =1 of Burenkov’s Theorem.
This follows since each multi-index (v, ) for which (a1 +k, ") € R(m, my) does not
belong to P; U P, hence

I+ > ¢
. (a1+k,a)eR
lim = 0.
£—oo > 1€
acR

A positive function k defined in R" is said to be a tempered weight function (see [14],
Definition 10.1.1 ) if there exist positive constants C' and M such that

k(E+n) <CA+ €)M k(n) V& n e R™

The set of all such functions £ will be denoted by K.

Let S = S(R"™) be the Schwartz space of all complex-valued rapidly decreasing
infinitely differentiable functions in R" and let S"(R") be the set of all complex-valued
tempered distributions on R™. For k € K by B, denote the set of all distributions
u € S’ such that (see [14], Definition 10.1.6) the Fourier transform F'(u) is a function
and

ul 2 = lull, = /|k &)[2de < oc.
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It is easily shown that if kg € K and k;(§) = ko(&)(1 + &) then k; € K (j =
1,2,---)-

In the sequel we shall use the following statement which we present in a suitable for
us formulation (where, for x > 0, 2, = {(z1,2") = (21,79, ..., 7,) € E™; | 21| < K} ).

Garding-Malgrange Theorem (see [14], Theorem 11.2.5). Let P(D) be a partially

hypoelliptic operator with respect to the hyperplane 2" = (x5, ...,2,) = 0, Bl*°(G) =
{ue S5ueB(G) VG C G} and kg € K. Ifu € BL?C(QK) (7 =0,1,...) is a solution
of equation P(D)u = 0, then u € C*({2,).

2 Some numerical inequalities and weighted estimates for the
derivatives of functions

In the sequel we will introduce some weight functions and weighted multi-anisotropic
Sobolev spaces connected with the polyhedron 8 = R(m,ms) and the domain 2, =
{(21,2") = (21,29, ...,xn) € E™; |21| < K} for a given £ > 0. Namely:

a) as a weight function we consider a function g(t) of one variable ¢ € R! such that

1) g e COO(_]'7 1)7

2) 0 < g(t) <1, g(—t) = g(t) for t € R', and g(t) =0 for [t| > 1.Let x > 0 and
gx(t) = g(t/k) then it is obvious that

3) V(1) = D'g,.(t)] = k' (D'g),(t) for t € (—k, ) and for all [ = 0,1, ...

Here is an example of such function: g(t) = 1/(2p)!(1 — t?7) for t € (—1,1) and
g(t) =0 for |[t| > 1 for any p € N.

b) Let R be the set of multi-indices & € N such that (ay,a”) € R, (a1 +1,a") ¢ R-
We introduce an integer-valued function d(a)) with the domain ® N Ng, which satisfies
the following conditions:

1) d(ag £1,a") =d(a) £ 1 for any | € N, a1 — | € Ny,

2) d(a) <m for a € R\ R

and

3) d(o) =m for a € R'.

To construct such a function let us first construct the (n — 1)— dimen-
sional hyperplane P; which passes through points (m,ms,0,...,0), (0,ms,0,...,0),
(0,0,m,0,...,0), ..., (0,0,...,0,m) of the polygon & = R(m, msy). The equation of this
hyperplane is

P A3(5)52+§+...+§—”:1.
me  m m
Thus the set R is representable as the union of the following two sets: R = Ny U Ny,
where ) = {a € R; Az(a) < 1} and Ny = R\ N;. Let N, =8 NR and X, =R, N R
Note that for o € R] either a € P, or the point (a; +1,a") is outside of -
Let a € R' and [a] be the integer part of a. Denote by [a] = [a] = a, if a is integer
and [a]' = [a] 4+ 1 otherwise. Put for any o € R

dla)=2(0)=ag +as+ ... +a, a €Ny, (1.3)
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d(a) = ay + [Ag(@)] « €N, (1.4)
where ,
Ay(a) = mlo‘|—_m?.
m — Mo

A simple calcultation gives that such a definition of function d is correct since the
values of functon d(«) for the points a € P3N N defined by different formulas (1.3)
or (1.4) coincide.

Let us prove that the function d(«) defined by formulas (1.3), (1.4) satisfies the
Conditions 1) - 3). Condition 1) follows immediately by the definition of the function
d(a). We prove Conditions 2) and 3) first for o € X;. Condition 2) in this case follows
immediately by the definition of the function d(«) and the definition of set W, as well.
To prove Condition 3) in this case it suffices to show that X} C P,. Let a € X, i.e.
a €N CRand (g +1,0") ¢ R then Ay(a) <m and (ag + 1) +as + ... + a, > m,
i.e. m—1< Ay(a) < m. Since the number Ay(a) is integer we have that As(«) = m,
that is a € P,. Let now a € Ny. Let us remark that in this case a point o € N’z can be
an interior point of R. So a can be an element of P; or not.

First note that for a € P, N N§ the number Ay(a) is integer. Indeed in this case

m — Mo
a7} +ag+ ... +a, =m,
therefore
m — My
(o7 + oo+ ...+ @y — Mg =M — Mg,
m
and
ap(m —mgy) + m(|04"| —mg) = m(m —ms),
ie.
‘a//’ —my B
o] +m——=m,
m — Mo
whence it follows that Ay(a) + a3 = m, hence, the number A,(«) is integer and

Condition 3) is proved for the points o € P, N NJ.

Let a € Ny \ P, and the number ¢ > 0 be chosen in such a way that a(o) =
(v +0,a") € RN P If 0 € N then a(o) € PN NY, a ¢ ¥, and we conclude by the
part already proved that d(a(c)) = m. On the other hand  d(a) = a; + [A4(a)] <
ar + [Ag(a)] + 1, ie. d(a) <m — [o] + 1.

If [o] # 0 then firstly (a(0),a’) ¢ N, and secondly from this it follows that
d(a)) < m which proves Condition 2) in this case as well.

Let now [0] = 0,ie. 0 <o < 1. Then (a; +1,a") ¢ R, and o € N,,  ay +
Ay(a) +1 > m by the definition of the set X, i.e. oy + Ay(a) >m — 1.

On the other hand since o € Ry \ P, and [a] < a + 1 we obtain  a; + Ay(a) <m
and d(a) < g + Ay(a) +1 <m — 1. Thus we get m — 1 < d(a) < m+ 1. Because
the number d(«) is integer we have d(a) =m  which proves that the function
d(«) satisfies Conditions 1) — 3).



On selection of infinitely differentiable solutions 47

The following lemma is a generalization of Lemma 1.3 in [10] and Lemma 1.1 in
[17].
Lemma 2.1. Let M >2 and ko> 0, p(k) and a;(k) (j=1,...,M) be
non - negative functions such that p(k) <1 for k>ko and

1

(1= p(R) ai(0) < 5 (1 p(R) aj1 + S aja(k) (G=1,0, M) (21)

Then there exist a number k1 > ko  and functions {0;(k)}  bounded for
k> Ky and {o;(k)}  such that d;(k) = 0 as p(k) — 0 and for all

N | —

a;j(k) < (ﬁ +6;(r)) am (k) + 0;(k) ag(k) j=1..,M-1. (2.2)

In particular for some k9 > k1  and o9 >0

aj(rk) < ap(k)+ ogap(k), j=1,.,M—1. (2.3)

Proof. The proof is by induction on M. For M = 2 and j = 1 we have from (2.1)

vy L)
)= S = By
Given any k > 0 we write
N b O
W) =gy T T S o)

These are bounded functions for k > kg such that 1/2+ (k) = 1/2(1 — p(k))
and 01(k) — 0 asp(k) — 0. This proves inequality (2.2) for M = 2.

Let [ > 2- Assuming that inequalities (2.2) hold for M <, let us prove
that they hold for M =1+ 1.

From (2.1) for M =1+ 1,j =1 and from (2.2) for M =1, j=1—1 we have for
any K > Kg

(1= b)) aulw) < 5 (14 () 1 + S ara () <
< Son() + 5 (L4 p(0) [ + s ()] )+

+ [% (1+p(k)) UH(H)] ao (k).

Transferring corresponding terms from the right-hand to the left-hand side and
denoting

-1

= 1= pls) — 5 (L4 p(e) [ +011(m)]: () =

: (14 p(1) 14 ()

N | —
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we obtain

6, ai(k) < %CLM(KJ) + 0, (k) ag(k).

Choose a number x; > kg such that 51/ > 1/4 for all kK > k;. Then

ar(k) < ;(];{EZ; —1—401/(/@), K > K1,
!
which implies that for k > x;
l
a(r) < |77+ 0u(k)| aur(k) + (k) ao (),
where l
(k) = 20+ 1) 5/(”)% o1(k) = 401/(“0)

and a simple computation gives §;(k) — 0 as p(k) — 0, i.e. we get one of inequalities
(2.2) for M =1+ 1and j =1 = M — 1. From this and by the inductive assumption it
follows that inequalities (2.2) are proved for any M € N.

Inequalities (2.3) follow by inequalities (2.1) and by already proved properties of
the functions {J;(x)} and {o;(k)}- O

Let the polyhedron ® = R(m,my), the set R, the domain £, (for a given £ > 0
), have the same meaning as in the introduction, o’ = (ag,---,a,) € Ny and
la| = g+ -+ + a, <m. Then (0,a") € R and either (0,a") € R or to each of such
multi-index a” corresponds a unique number o) = aj(a”) € Ny (which we shall call
the limiting value of " ) such that o’ = (a),a”) € ®', or which is the same o’ € R,
(o} +1,a") ¢ R. Also by the definition of the polyhedron R

a) (j,a")eR forall j=0,1,---,a],

b) the polyhedron R contains such and only such multi-indices (j,a") for which
o] <m and j=0,1,---,a;-

Lemma 2.2 Leta’ € NJ7' |a"| <m, a) =a)(a") be corresponding limiting value
of " and o/ = (a,a"). Then there exist positive numbers C and ki such that for
any k > k1 and for all ¢ € C§°(£2y)

oy
D DY gl (@) | yam < C- (1D @ - g (1) | Lagem |1+
=0

+0(a") - [[D* @ - g2 ) (@1)|| Laeam), (24)

where || - ||L,ax) has the usual meaning, 0(c”) = 0 if (0,a") € R and O(a”) = 1
otherwise.

Proof. Fist note that a; = 0 and d(0,a") = m for (0,a") € R (see the proof of
the properties of the function d(«)). Therefore in this case inequality (2.4) turns into
equality for C' =1 and 6(a”) = 0. Thus we can assume that (0,a") ¢ R, i.e. o) > 0.
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If o = 1 then the sum in the left-hand side of (2.4) consists of two items. The item
for j = 0 coincides with the second item of the right-hand side of (2.4) for (a") = 1
and the item for j = 1 coincides with the first item of the right-hand side of (2.4) for
C = 1. This means that in case o) = 1 the inequality (2.4) is valid for any C' > 1.
Hereinafter we suppose that 0/1 > 2.

Arguing as above we get estimates for the items corresponding to the values 7 =0
and j = aj.

Thus we can assume that 0/1 >2 1<5< 0/1 — 1.

Let us introduce the following notation a(j) = (j,@"), d; = d(a(j)) (j =
oo —1).

Integrating by parts in the variable z1, applying Fubini’s theorem and the property
gu(—21) = go(x1) of the weight function g we obtain for each j:1 < j < a) — 1, for
any x> 0, and for all p € C§°(£2,)

1D°Dpg2. :/yD“(j)sa(x)\Q 9% (21)dx =
2

gl (g |
/ /| ol — SOS 3'/‘2 9.2 (x1)dw =
Oz O(z")

En—1 —g

//ax{a¢" aa;ﬂa( () 2 9% (1) du =

7)|-1 ala '—1—1—(1:)
<P I 2d,;
1 K 7 d +
/ / 0 ) da gy Y ) 4

En—1 —g

(i 2 leDIB(s ,
o / o A e g2 ) el =

6;357 1 x//)a// 8[[’{8(:6, )a//

En—1 —g

To evaluate [y, we apply the property 2d; = d;_1 + d;41 of the function d(a) and
the numerical inequality |ab| < (a® + b?)- We get

= / /|D“(j‘”¢(w) 9% (21)| |D*UVB(z) gL (1) |da <

En—l —K
1 ol ) oli _d;
< B) [ 1D Y 1)90 gg]_lHLi(Qn) + 1D (]H)@ QV»HI)HLQQ(QR) J- (2.6)
To evaluate I, note that |Z1[ <1 for x € {2, and d(a) < m for a € R, therefore

2m o a(i 4
Bl < == (11007 957 | e + 1D 9511 ey T (2.7)

From (2.6), (2.7) it follows that
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4dm

1D°D g5 ) < (1+—)HD”” Yo 9571

bDlFJ

| R ‘ 2m g
+§ || DU ggj+1’|L22(QH) + YHD i g8 HLQ(Q )’

Hence it follows that

(1- —) 1D°Dp 95| 2y <

1 dm N 1 ali .
5 (1+ _)HD U= g di- 1HL2 2x) § D20 gﬁ]“Hi(m :

Application Lemma 2.1 and summing up the obtained inequalities in j = 1,- - - , o}
we get the required inequaliy (2.4). ]
Corollary 2.1. Applying here Lemma 2.1 for all o € NI, |a| <m and summing

up corresponding inequalities (2.4) we get for any k > k1 > 2m and for all ¢ €
Ce(82,), with a constant C > 0

Y D% g |00 < CIY 1D gl a0+

aER ac®’

+ 3 0D g g1 |y (2.8)

" [<m

Corollary 2.2. By applying inequalities (2.8), Corollary 1.3 in [16] (see also Theorem

2.3 in [19]) and the Leibnitz formula we get for all ¢ € C§(£2,) and for every k> ko
with constants Cy >0 and ke > K1

D D% g a0 < CLY [ID%(0 g0 2@+

aeR acR’

+ ) 1D g2 )| Lyi] Vo € C5°(826)- (2.9)

la"|<m

Lemma 2.3. Let the symbol P(§) of the operator P(D) with Newton's polyhedron

R = R(m,my) satisfy conditions (1.1), (1.2). Then there erist positive numbers kg
and C  such that for all kK > kg and ¢ € C5°(£2,),

D 11D g2 Ly, < CUIP(D)p g2 || Lot +
aeR

+ ) 1D 0 62Ol 10] Ve € CFF(82.) (2.10)

o |[<m
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Proof. Let us choose number ko > 0 such that inequalities (2.8) and (2.9) hold for any
K > Ko+ By applying the Parseval equality, estimate (2.9 ) and property (1.1) of the
operaror P we obtain with a constant C) = C(ka, p1) > 0 for any k > ko

D D% g 1y < CLl[IP(D) (0 g2 Late) + 119 92 | Lot +
aeR

+ ) D" 94l 0] Ve € G5 (020): (2.11)

la” |[<m

It is obvious that it sufficies to estimate only the first term of the right-hand side
of (2.11). For this purpose by applying the Leibnitz formula, properties 1) - 3) of
the function d(«) (see Introduction), the estimate (1.2) and the Parseval equality, we
obtain with a constant Cy > 0 for any x > k9 and for all ¢ € C§°(£2,),

1PD) (e ) Lot < IP(D)@) g2 | La(20)+

+Z— 1 [P9 (D)) (DIg) |ty < || [P(D)g] 67| 1a(amy+

]>1

+C 1o Z Z |D(ﬁ1 ~3. )<P95 ]||L2 ) S

BE(P);p1>1 j=1

- 2
<[(P(D)e) gt + ~ Compz Y 1070 907 |12y
Be(P)

Choose a number kg such that kg > 2Compus.

Since (P) C R, we get the inequality (2.10) for any k > ko by transferring last
term of this inequality from the right-hand to the left-hand side, dividing both parts
by arising positive coefficient and applying inequality (2.11). O

For k € Ny by A denote the set of multi-indices a € N, for which (a; -k, o) ew,
and by R, Newton’s polyhedron of set | J Ay It is obvious that &y = R-
At last we prove the main result of this section.

Lemma 2.4. Let the assumptions of Lemma 2.3 hold. Then for each k € Ny there

exist numbers a; >0 (7 =0,1,--- k) such that for any k > kg
k
Y D% g0 < Y a; IDI(P(D)) 97 | o+
BER 7=0
tag Y 1D 6 2@ | y0] Ve € C5°(820)- (2.12)

o’ |[<m
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Proof. The proof is by induction on k- Since Ry = R, the inequality (2.12) follows from
(2.10) for k = 0 . Assuming that inequalities (2.12) hold for k£ < r, let us prove that
they hold for k = r + 1- Applying the Leibnitz formula we get

> D% g Ny = Y.+ Y )P0 g |10, =

BeR 1 BER1\Rr PBER:
= Y ||Dltrtte)g gllentrite) oo+ Y 1ID% g2 |1y, (2.13)

By the inductive assumption inequality (2.12) holds for & = r, and by the definition
of the function d(«a) (see Condition 1) of the function d(«) in Introduction) d(ag+7r+
1,a") = d(a)+r+1. Therefore the second summand in the right-hand side of (2.13)
is estimated by the right-hand side of (2.12) for k£ = r and thereby by the right-hand
side of (2.12) for k =r + 1.

Thus it suffices to evaluate the first summand in the right-hand side of (2.13).
Applying once more the Leibnitz formula we obtain

Z ||D(a1+r+1,a )¢9g(al+r+1’a )||L2(QN) _
a€eR

= Z 1D (D70 g0t g2 | o+
a € R; a1=0

+ > DDy gt gt~

a€eR; a1>1

o1
=>4 DI e Gl (Dgith) g |10, <
j=1

< ID DT e g 9t a0+

a€ceR

(5] " )
Y D CLND ST (D] g Ly (2.14)
a€eR; >l j=1
Let [; =maz{r+1—350} (j=1,---,0q), then
a) dla)+1l; >dlag—j+r+1,a") (=1, ,a)
b) since |gu(z1)] <1 and |z1]/k <1 for z € (2, hence with some constants
b; > 0 |
D] g @)l <0 g2 () [l <k, (G=100+0n)

’D{ g;+1($1)gg(a)| < bj gi“’)“j(wl) < bj Qg(al_jwﬂ’a )(951),

where 37 = (g —j+r+1,a)eR, (j=1,---,ay)

Thus the second summand in the right-hand side of (2.14) is estimated by the left-
hand side of (2.12) for k = r, which in turn, by the inductive assumption, is estimated
by the right-hand side of (2.12) for k=1r+ 1-
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Since Do gt € Cg°(2,), it follows from Lemma 2.3 that for the first summand
in the right-hand side of (2.14) we get with a constant C; > 0

> 1D DT 0 g 9 s < CLIP(D)DT 0 g g Lat) +

a€eR

+ > ID* DT e g gt acan (2.15)

|Oé” |§m

Applying the generalized Leibnitz formula (see [14], Theorem 11.1.7) we obtain for
the first component in the right-hand side of (2.15)

P(D)[D; o gi ] = P(D)[Dy ) git! +Z 7P ")(D)[Dy '] Dig -

From here we get with a constant C > 0
|P(D)[Dy e gt < |[P(D)[Dy ] g+

m 2 ”
C N\ P(l,O ) D Dr+1 D r+1
+ 2?:1("”") | (D)D" ¢l Dygi™ |
From which it follows for every x > 2

IPD)DT 0 g™ 97 ||ty < IP(D)DT @lgi ™ || o+

2 m "
Cy = PEOY (D)D) grttrm 2.16
+2/<ZH (D)DT el 95" | Loty (2.16)
Let
Z,VVIDV by (1217"'7m)'
v e (P)
Then
pl 0,/)(D)[D§+1g0] grim=1 Z ,le(l/H-r—O—l Ly )90] grrm=,
v e (P)
Sincer+14+m—1 <r+l4+m—1forallveR (I=1,- ) and (H—m V) eR,,

it follows that (r+1+m —1, V") e R, forall v € R and | = 1,
On the other hand since 0 < g,(z1) <1 for z € £2,, we see that g,7;+1+m_l(:cl) <
grtiti=l(x) for x € .- Therefore we get from here with a constant Cs > 0 being

independent of r

S IPCODIDT g s < Ca Y 1D%0 98 lagan
=1 fei
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This means that the second summand in the right-hand side of (2.16) is estimated
by the left-hand side of (2.12) for k£ = r, which in turn, by the inductive assumtion, is
estimated by the right-hand side of (2.12).

The first component in the right-hand side of (2.16) coincides with last term of the
first summand in the right-hand side of (2.12) for k = r 4 1- The result is that the first
component in the right - hand side of (2.15) is estimated by the right - hand side of
(2.12) for k =r + 1-

For the second summand in the right-hand side of (2.15) we have

S DY D e g 6O o < Y 11D o gl L 1],

o |[<m o |<m

Since m > 2 and d(0, @) +r+1=d(r + 1, a"), it follows (r + 1, a") € R, for all
o € NI, || <m and therefore we get with a constant Cy > 0

> DT gl ) L 1[0 < Ca Y D0 g8 |y

|’ |[<m B e Ry

By the inductive assumption the right-hand side of this inequality is estimated by
the right-hand side of (2.12) for k£ = r. It follows from the last two inequalities that the
second summand in the right-hand side of (2.15) is estimated by the right-hand side of
(2.12) for k =17+ 1 as well. O

3 Function spaces and the main result

Let the functions g(t),d(«), the domain (2, and for each k € Ny the polyhedron Ry
have the same meaning as above. Denote by Hy, = Hyi(Rk,q,d, (2;) the set of all
function u locally integrable on (2., with finite norms

lull, = 3 11D 62 Lo (3.1)
aERy
It is obvious that for any k& € Ny and any functions d(«) and ¢(t), satisfying stated
above conditions, the set Hy with the norm (3.1) is complete normed space, coinciding
with the weighted Sobolev space W%(QH) for mo = 0- For my # 0 the space Hj is
often called multianisotropic weighted Sobolev space.
First we need some properties of spaces Hy.

Lemma 3.1. For each k € Ny and any k > 0
a) the norm

lullg, = Y 1D [ug || 12 (3.2)

a€ RN
is equivalent to the initial norm (3.1) of the space Hy,
b) the set C§°(12,) is dense in Hy,
¢) Hy is semi - local ( see [14], Definition 10.1.18), i.e. if p € C°(§2,) and u € Hy,
then pu € Hy:
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Proof. We start with part a). Applying the Leibnitz formula and property 1) of the
function d(«), we get with a constant C' = C'(k) > 0

lullg, < Z (D=t Dy Dl @) | ) <

a€ R =0
)' a]— a// a)—
<. Z —_l)"@“ ug O Ly, <
a€ R =0
<C Y 1(0%0) 68Ol 1ai0) = C llul| . (3.3)
Be Ry,

where C' does not depend on k when xk > 1-
To prove the converse estimate first we show that for any multiindex a € Ry, there
exists a number C; = C(«) > 0 such that

aq
1(D°u) 6| a0y < C1 D IDY g™ )l (34)
1=0
Since g depends on only xq, inequality (3.4) is hold for a; = 0 and for any C; > 1.
Let oy > 1 and k > 1. Applying once more the Leibnitz formula and property 1) of
the function d(«), we get with a constant Cy = Cy(a) > 0

aq
1(D%u) 9| Lo = 1D (g @) = D (D" Du) Dg 10, <
1=0

a;—1

< 1D (u g )| gy + Co Z (D) g 20| g,

which means that estimate (3.4) for a multiindex o = (a1, a”) will be proved once we
prove it for the multiindex (o — 1, o”)-

Continuing this process after oy — 1 step we get estimate (3.4).

Summing up inequalities (3.4) on all o € Ry, we get with a constant C3 > 0

llul s, < Cs|ully,  Vu € Hy

Taking into account (3.3) the last inequality proves part a).

For the proof of part b) we shall assume that the function u € Hy, is fixed. Then
by the definition of the improper Lebesgue integral for each € > 0 there exist numbers
0 € (0,k) and M > 1 such that

[l H(Ry, g, 2:\02M ) < &, (3.5)
)

where QM o= {z € E" |x1| <Kk — 0, |x;| < M, j=2,--- ,n}

Let the numbers x,0 and M be fixed . We construct nonnegative functions ¢, 5 €
Cs°(E") of variable 7, € E' and 1, € C5°(E™Y) of variables 2" = (xy,--- ,2,) € E"!
such that
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1) ¢y s(x1) = 1for |a1| < k=0, 91,5 =0 for |z1] >k — /2,

2) o(x”) = 1 for |z < M (§ = 2,--,n),9a(z") = 0 for |z;| > M +1(j =
2,...,n), g € Cg°(E™ 1),

3) for a number b > 1 and for all z = (z1,2") € E»

Uy(wn) <6677 (j=0,1,+ m); [D¥ o(a") < b [a"| <m:

It is obvious that such a function ) exist and satisfies Conditions 2), 3).

Let us construct the function v 5- Let x4 be the characteristic function of set A =
A(k,0) = {|m| <k = (0} and 0 < p € CF(=1,1), [o(@)dr =1, p(r) = "p(2),
put

Y1,6(x1) = (xa * ps/a) (1) = /XA(xl — )5 a(t)dt =

= /XA(z)<p5/4(x1 — 2)dz- (3.6)

It is obvious that 1y s € C§°(E"')- We show that 1), s satisfies condition 1).
Let |z1] < Kk —0- Because of [t| <¢6/4 and |v; —t| <|xy|+|[t| <k—0+d/4=
K — 36, then xa(z1 —t) =1 and from (3.6) we have for |z;| <Kk —¢

6/4 5/4
dusto) = [ eyt = [ @ e =1
—4/4 —5/4

Let |z1| > k—6/2- Then |zg—t| > |z1|—|t| > k—8/2—6/4 = k— 36, therefore
Xa(z1 —t) =0 and it follows from (3.6) that ¢ s(z1) = 0-

Let us prove Property 3) of function 1 s+ From (3.6) and the definition of the
function x4 we have

Kk—36 k=36
! ) ! T —z
st = [ emln =iz = @7 [ B
~(s—33) ~(x=25)
Therefore
nfgts
) _ r1T — =z
e =@ [ Dhetre -
—(r—39)
k=36 z1+(k—36)
0 —j—1 J h— = 0 —J @)
= () (Do) (50 = () o (1)t
—(r—26) z1—(r—39)

Then
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W)l < (§ /w Dldt=C;577 (j=0,1,--- .m)-

Denoting by b the maximum of the numbers {C,}, we get the property 3) of the
function -
After the construction of functions ;5 and o, we put wo(zr) =

u(@) ¥, o(z1) vala”): Then suppv = 2V
Henceforth it is assumed that for all o € Ry the functions D*u are continued by
zero outside of (2.. We denote by D%u the continued functions too.

Since v(x) =u(z) for x € M, and D% € Ly for o € Ry, we obtain by (3.5)

D D% = D*u) gl yiemy = Y (D0 = D*u) gh| pymmon ) <

acRy acRy

< LD g Ly ) + (D% g8 Lyanan )] <
aeRy

< Y D (ul@) (@) $a(2")) 95 oo,y + & (3.7)

aERy

Since g.(x1) < (20)/k for @ € supp (1, s102) N (2. \ 2M,) and ¢4 < g2 for
[ < a applying the Leibnitz formula and Properties 1) — 3) of the functions 1y 5,1, we
obtain for the first part in the right-hand side of (3.7) with a constant C; = C1(k) > 0

> D% (u(w) v, s(1) va(a)) 2 agonape <

aeRy

< Z ZO£||DﬂUD1a1_ﬂ1¢1,6D§2_52 - Do Py g | (2\2M ) <

aeRy B<La

a— o 0 o @
<Y DO () A D g | g gy <

aeRy, f<a

<G Z HDBUQ»g(B)HLQ(QK\QQgé) <C(Cie
BER

From here and (3.7 ) we get

> (D% = D) g8y < (Cr + 1) e (3.8)
aERy
Let h > 0, S, = {x € E|z| < h}, x € C°(S1), x(z) > 0, [x(x)dz =
1, xn(x) =h=2-x(x/h) and v, = v * xp
One can easily to see that v, € C*(E") for h > 0, where vy(z) = 0 for = ¢

supp v U Sy. On the other hand since supp v U S, C £2, for h € (0,5/4) we have
vy, € C§°(£2,) for h € (0,0/4)-
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Since gx(z1) < 1 and u € Hg, we obtain D% € Lo(E™) for all a € Ry, where
(see, for instance, [1] , 6.3.(2)) D*(v;) = (D®v);- Then by Young’s inequality and by
the continuity in the mean of functions from Ly we get

> D (on =) gE |y gy < Y D (0n = )|y sm) =

ac RNy a€ R

= Y D ) = D0l ey < S sup D0 — ) = D0 () |0y — 0

a€ R a€ Ry ‘y|<h
as h — 0-
Because ¢ > 0 is arbitrary we get the proof of part b) of the Lemma from (3.5) -

(3.8).

We obtain the proof of part ¢) if for any a € R, we denote by ¢.(z) =
@(x)/gg(a)(xl) for x € supp ¢ and ¢,(xr) = 0 for = ¢ supp ¢, and note that
ba € C°(E™). O

Let P(D) be a regular partially hypoelliptic (with respect to hyperplane 2" =
(9, ...,2,) = 0 of the space E™) operator with Newton polyhedron R = R(m,ms,),
the symbol P(£) of which satisfies conditions (1.1) - (1.2). Denote

N(P, k) = {u; DOy € Ly(£2,),]a"| < m, P(D)yu =0 on 2,}.

Let ¢ € C°(—1,1), ¢ > 0, [o@t)dt =1, h > 0 and ¢u(x) = 1 o(t/h)-
Arguing as above it is assumed that the functions u are continued by zero outside of
(2. and the continued functions we denote by w.

Next we put for any h > 0

up(z) = /U(l’l - yhxn)@h(yl)dyl'

It is easy to verify that D%, € L, for « € R, (k = 0,1,---) and Dauuh =
(D* w), for |a"| < m-
Lemma 3.2. Let u € N(P,k)- Then for any 1 =0,1,---

1(DYP(D)un) g™ || o) — 0 (3.9)
as h — 0t
Proof. Since P(D)u = 0 for u € N(P, k), we have that D![P(D)u] =0 (I =0,1,---).
Consequently D! P(D)uy(z) = (D{P(D)u)y(x) =0 (1 =0,1,---) for z € 2,5, (see
[1] , 6.2.(2)). Therefore to prove the relation (3.9) it suffices to show that for any
=01,
I(DYP(D)un) - 97 L2y — 0 (3.10)

as h — +0-
Let
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DiP(D) = 3 kD

a€g(DiP)

and

v =maz{|yl, o€ (DIP)}:

Since g, (z1) < 2h/k for x € 2.\ 2,_p, by Young’s inequality we obtain with a constant
Ol = Ol(lf) >0

I(DYP(D)un) g5 | a(22un) < (—) HIDYP(D)unl|La@0 2. <

2h m (6% OZN
<7 (=) > DT | o0, ) <

a€e(P)

2h " " o
< 7(;)7”“ Z | / (D" u)(x1 — Y1, 2 )DlI—HSOh(yl)dyl"LQ(QR\Q,{,h) <

aE(%) En—1
2h m o Oé// 4
<y ()™ DS onl[n, sup (DY u) (@1 — y1, ") Ly ann) <
K acR vi1<h
< oLyt 2y D u)(zy — g1,z : 3.11
< G()" (=) > sup [I(D w) (@ = y1, 2 )| oo o) (3.11)
h : |a”\<my1<h

By the definition of the set N(P,x) we have DYy € Ly(E™) for || < m.
Therefore by Fubini’s theorem we obtain

o (21) = /E BCE

and by the continuity of the Lebesgue integral in measure we have for h — +0, and
| a/l| S m

/

‘w)?(z)dz” € Li(EY); war(z1) =0, |21 > K

a// ” 1/2
sup [|[(D* u)(x1 —y1, 2 )|| = sup [|war (71 — yl)HL/l(nfh<|m1|<n) — 0
yi<h y1<h
Hence relation (3.10) is proved using (3.11). O

The main goal of this paper is to prove the following statement.

Theorem 3.1. Let R = R(my,ms) be the Newton polyhedron of an operator P(D)
with the symbol P(§) satisfying conditions (1.1) - (1.2) and the number ko > 0 be
chosen as in Lemma 2.3. Then

a) N(P,k) C HRy,g,82) for any k> kg and 1 =0,1, ...

b) N(P,k) C C>®(£2y) for all k > Ko-
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Proof. of the first part. Let | € Ny, k > ko,u € N(P,k)- We must prove that u €
H(Ry, g, 02:)- As above it is assumed that u being continued by zero outside of (2,-
Let h >0, ¢ € C5°(—1,1), [p(t)dt =1, and ¢@n(t) = h~'@(t/h)- We put

]. " t
up(z) = u* @, = 7 /U(371 —tx )@(E)dta

El

Applying Lemma 2.4 and part b) of Lemma 3.1, we obtain

> D) g 1y ) < Za] ||D{(P(D)un) g || Lo( 2+

Be RN,

tan Y 1D w, 25| Ly

18" |<m

for k > ko Let {hi} be an arbitrary infinitesimal sequence. From this inequality and
by Lemma 3.2 we obtain that ||us, — 0, as p,s — oo ie. up, is a Cauchy
sequence in H; for every [ € Ny- Since the space H; is complete the sequence {hy}
converges. It is obvious that in Lo(f2;) the sequence wuy, converges to initial function
u- On the other hand, since the operator of generalized differentiation is closed (see [1],
Lemma 6.2 ), up, — u as k — oo in Hy too, where u € Hy- The part a) is proved.

To prove the second part of the Theorem we put ko(§) = 1+ |P(&)], k(&) =
ko(€).(1+[&])7 (j=1,2,...). Since the operator P(D) satisfies the conditions (1.1)-
(1.2), it is easy to verify that k;(§) (j = 0,1,---) are tempered weight functions.
On the other hand since the operator P(D) is partially hypoelliptic with respect to
hyperplane z” = (25, ..., z,,) = 0, and taking account the Garding - Malgrange Theorem
(see Introduction), in order to prove the second part it suffices to show that

N(P,/{) CB%?ij(in)a /{Z”f'ﬂv ]:OaL

Let ¢ € C3°(f2,). In view of Parseval’s equality and the point b) of Lemma 3.1 we
have with positive constants C; = C1(R;), Cy = Co(R, ¢)

luell B, (2<) = |1+ [PEON A + &) F(we)(©)]] Loy <

< Cilfu-ollm; < Collull -

It follows from this and the part a) of Lemma 3.1 that u¢ € By ,(2:) for any
function ¢ € Cg°(£2,), ie. u e BY, (£2,) for any K > ko and j=0,1,--- O

Remark. Burenkov’s Theorem quoted in Introduction cannot be applied to proving
that N(P, k) C C* because N(P, k)  [Usa]1(£2s).

Theorem 3.1 shows that a priori assumption u € [Us],,(£2) in Burenkov’s Theorem
can be weakened at least for the class of operators under consideration. An interesting
question arises. Is it possible to further weaken the assumption u € [Us),,(£2)? Can it
be replaced just by u € [La],,(£2)?
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