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Abstract. In this paper we study the validity of various types of minimax condition
for operators in Schatten ideals of compact operators on separable Hilbert spaces.

1 Introduction

Let f : X x A — R be a real function on the product of non-empty sets X and A.
The classical minimax problem is the problem to find suitable conditions on f that
guarantee the validity of the equality

inf (supf(x,)\)> — sup (mff(a;, A)) . (1.1)

z€X \ NeA AeA \zEX

For an overview of the subject see [7]. Borenshtein and Shulman proved in [4] that if
X is a compact metric space, A is a real interval and f is continuous, then (1.1) holds
provided that, for each = € X, the function f(z,-) is concave; and for each A € A, every
local minimum of the function f(-,\) is a global minimum. Some weaker conditions
on f that ensure the validity of (1.1) were established by Saint Raymond in [9] and
Ricceri in [8].

The minimax conditions has many interesting applications to the operator theory
(see [1], 2], [4] and [6]). In [4], for example, the authors used (1.1) to prove Asplund-
Ptak equality inf ||A — AB|| = sup inf ||[Az — ABz||, for operators A, B on a Hilbert

AeC :EEB(H))\E(C
space H and established that, for Banach spaces, it should be replaced by an inequality.

In this paper we study the validity of various types of minimax condition (1.1) for
operators in Schatten ideals of compact operators. These minimax conditions are linked
to the approximation of operators by finite-rank operators in the Schatten norms.

Let H be a separable Hilbert space. Let B(H) be the C*-algebra of all bounded
operators on H with operator norm ||-|| and let C'(H) be the closed ideal of all compact
operators in B(H). A two-sided ideal J of B(H) is symmetrically normed (s.n.) if
(see [5]) it is a Banach space in its own norm || - ||; and ||AX B||; < ||Al||| X||s]| B]|, for
A,B € B(H) and X € J. By Calkin theorem, all s.n. ideals lie in C(H).
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The most important class of s.n. ideals - the class of Schatten ideals - is defined in
the following way (see § I11.4 [5]). Let ¢y be the space of all sequences of real numbers
converging to 0. Consider the following functions ¢, on cy:

o 1/p
bp(&) = (Z |§i\p> , for 1 < p < oo, where £ = (&,...,&n, ...) € Co.
i=1

For each A € C(H), the non-increasing sequence s(A) = {s;(A)} of all singular
values of A, which are eigenvalues of the operator (A*A)Y2, belongs to c;. For each
p € [1,00), the set of compact operators

1/p
§" = {A € C(H): 6,(s(A)) < 00} with norm [|All, = ,(s(4)) = (Z s§<A>>
J
(1.2)
is a Banach *-algebra and a symmetrically normed ideal of B(H):

1Al = |All, and |BACT], < [|BI[[|A[l,[|C| for all A € S*, B,C' € B(H).  (1.3)
The algebras SP are called Schatten ideals. We will also write S = C'(H). Then

[Alloe = [|A]l = sup s; = s1.

All SP are separable algebras and the ideal of all finite rank operators in B(H) is dense
in each of them. Moreover,

ST C SPif g <p<oo, and ||Al, < ||A]l,if A € SY. (1.4)

We extend the norms ||-||, to B(H), by setting ||Al|, = oo, if A € B(H) and A ¢ S?.
Thus
|All, <ooif A€ S, and [|All, =ocoif A ¢ S, for p € [1,00). (1.5)

Let {A,}°°; be a sequence of operators in B(H ). It converges to a bounded operator
A in the weak operator topology (w.o.t), if

(Apz,y) — (Az,y) for all x,y € H;
and in the strong operator topology, if
|Az — Apz|| — 0 for all x € H.

All Schatten ideals SP, p € [1,00), share the following important property.

Theorem 1.1. [5, Theorem II1.5.1|Let p € [1,00) and let a sequence {A,} of operators
from SP converge to A € B(H) in w.o.t. Ifsup|A,|, = M < oo for some M > 0,

then A € SP and || A, < M.

Theorem 1.1 implies the following result.
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Corollary 1.1. Let {T,,} be a sequence of operators in B(H) that converges to 1y in
s.o.t. Let p € [1,00) and let A € B(H). The following conditions are equivalent.

(i) A belongs to SP.

(i) for some M; >0, A satisfies

sup |1, AT,[|, = My < co. (1.6)
(ili) for some My > 0, A satisfies sup || T, All, = Ma < oo.

Proof. By the uniform boundedness principle, there is L > 0 such that sup ||7,,|| < L.
(i) — (iii). If A € SP then, by (1.3), we have [T, A, < [|T.[[|All, < LA],.
Hence (iii) holds for M, = L [|A]],.
(iii) — (ii) follows from the fact that, by (1.3), [| T, AT,[|, < [T, All, | Tn]l < ML,
(ii) — (i). Let (1.6) hold. The sequence {T,,AT,,} converges to A in s.o.t. Indeed,
we have ||z — T,,z|| — 0, as n — oo, for all z € H. Hence, for each x € H,

|Ax — T, AT, x| < ||Az — T, Az|| + || T, Az — T, AT, x||
< ||Ax — T, Az|| + |T.|| |A]l |l — Thx]] — 0, as n — oc.

Thus {T,,AT,} converges to A in w.o.t. As ||T,,AT, ||, < M, < oo, all operators T, AT,
belong to SP. It follows from Theorem 1.1 that A € S? and |[A[|, < M. O

Corollary 1.1 is partially stated in Theorem I11.5.2 of [5] but only for monotonically
increasing sequence of finite rank projections. We gave its proof here for the reader’s
convenience.

It should be noted that Corollary 1.1 does not hold for p = oo, that is, for S™ =
C(H), since |[|-||, coincides with the usual operator norm ||-||, so that (1.6) holds for
all operators A € B(H) and not only for compact operators.

The following result shows that each ideal S?, p € [1, o], (including S>* = C(H))
has an approximate identity.

Theorem 1.2. [5, Theorem II1.6.3| Let a sequence of bounded operators {T,} on H
converge to 1y in s.o.t. Then {T,} is an approximate identity in all ideals SP, p €
[1,00], that is, for each A € SP,

|A=T,All, — 0 and [|[A—T,AT,[|, — 0, asn — oo. (1.7)

Corollary 1.2. Let a sequence of bounded operators {T,} on H converge to 1y in
s.0.t. Suppose that sup ||T,|| < 1. Then, for each A € B(H),

sup || T, AT, |, = [|All, - (1.8)

Proof. Let A € SP. Then, by (1.3), | T, AT,|, < [T, [|All, I Tl < [|All, - On the other
hand, by (1.7), lim [|T,,AT,[|, = [[Al|,. Hence sup ||T,, AT, ||, = [|All, -

Let A ¢ SP. Then, by (1.5), [|A[|, = oo. If sup ||T;, AT, ||, < oo then it follows from
Corollary 1.1 that A € SP, a contradiction. Hence sup || T, AT, |, = oo = || A]], . O
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2 Some minimax condition for norms in S?”

Let {T,} be a sequence of bounded operators on H that converges to 1y in the s.o.t. For
each A € B(H), consider the function fa(p,n) = |1, AT,[|,, for n € Nand p € [1, c0).
In this section we will show that f satisfies the following minimax condition:

inf supfa(p,n) =sup inf fa(p,n)
p€E[l,00) n n PE[l,00)

in the following two cases:

1) when A € UPG[LOO)SP,

2) when A ¢ Upei,00)S? and T, ATy, & Upepi,00)SP for some k.

We will also show that the inverse minimax condition

1nf sup fa(p,n) = sup lnffA(p, n)
" p€[l,00) p€E[l,00) ™

holds for all operators A in B(H). The following lemma contains simple norm equali-
ties.

Lemma 2.1. Let A € S9, for some q € [1,00). Then
im 4], = 4] 2.1)

Let a sequence of bounded operators {T,} on H converge to 1y in the s.o.t. If a
sequence {p,} in [q,00) satisfies lim p, = oo, then

Jim |[T,AT, |, = |A] (22)

Proof. Let {s;} be the non-increasing sequence of all singular values of A (the eigen-
values of the operator (A*A)1/2). Set a; = . Then all a; < 1. As A € S, the series

S1

E] L 8§ = s Z ¢, af converges. Hence we can find N such that 7% ; af < 1, so that
YN < 23 N% < 1, for all p > q. Therefore,

0o 0 N—-1 oo

p_ P p_ P Py P P PN _ P _ NP
E sj—slg ozj—slg ozj—i-SlE of < s7(N —1)+s) = Nsi.
i=1 i=1 i=1 i=N

Thus 1
o0 p
< <Zs§> = HAHpgslNl/pHsl, as p — 00.
j=1

Hence lim [|A[|, = s1 = ||(A*A)"/?|| = ||A]| which completes the proof of (2.1).
p—oo
As all p, > ¢, it follows from (1.4) that A belongs to all S and

141 = N AT, | < (141 = 1AL, | + 141, = 1T AT

Pn|

By (2.1), lim [1A] - Il | =

lim p, = co. We also have that
n—oo

(1.4)
141l = I AT, il S 1A= TWAT,,.

By Theorem 1.2, [|A — T, AT, ||, — 0, as n — oo. Thus (2.2) holds. O
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In the following proposition we evaluate

p€E(1,00) np

inf (sup||TnATn||p> and sup 1[nf I T, AT, -
n 17

Proposition 2.1. Let A € B(H). Let a sequence of bounded operators {T,,} on H
converge to 1y in s.o.t. Suppose that sup ||T,| < 1.

(i) If A € Upep,0)S? then inf (sup HTnATan> = ||A]l.

p€([l,00)
(ii) If A ¢ Upep1,00)S? then inf (sup | T, AT, || ) = 0.
pE[1,00) n p

(iii) If T, AT, € Upepi,o0)SP, for each n (for example, all T), are finite rank operators,
or A belongs to some S7), then

sup inf [T, AT,[, = [A]. (2.3)
n pE[l,OO)
(iv) If, for some k, TR ATy, & Upepi,o0)SP then sup i[Illf )||TnATn||p =
n pG ,O0

Proof. As sup ||T,,|| < 1, it follows from (1.8) that, for each A € B(H), we have

inf T,AT, = inf ||A4], .
nt (s ITAT, ) = e Al

p€[1,00)

(i) If A € 59, for some g € [1,00), then, taking into account (1.4), we have

inf |[A]l, = mmw—w

pe[l,o0)
which completes the proof of (i).
(i) If A ¢ SP, for all p € [1,00), then [|A]|, = oo and we have mf ||A||
j4S

which proves (ii).
(iii) Fix n. Then T,, AT, belongs to some S%™. Hence T,, AT, € SP, for all p > q(n),
and

inf |LAT, = nf (LAT,  lim | TAT, S TAT .
peE(L,00) P g(n)<pe[l,00)
Therefore
S%WMWW—WWﬂWwWWMWFM

Thus in order to prove (2.3) it suffices to show that ||A| = lim ||T,, AT, .
Given € > 0, we can find x € H such that ||z|| = 1 and 0 < ||A]| — ||Az|| < e. Then,
as T,, — 1y in the s.o.t., we have
|\ T, AT,z — Az|| < ||T,A(T,x — z)|| + || T, Az — Ax||
<|NTull A | Thx — || + | T Az — Az|| — 0, as n — oc.
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Choose N € N such that ||T,, AT,z — Az|| < ¢, for all n > N. Then, as ||T,, AT, z| <
IT, AT, | < || ]|, we have

0 < (Al = T AT < [|A]] = [Tw ATz || < ([[All = [[Az|]) + (| Az]} = [T AT, [])
<e+ ||Ax — T, AT x| < 2e.

Since we can choose ¢ arbitrary small, we have that lim ||7,,AT,| = ||A|. Thus (2.3)
is proved.
(iv) If, for some k, the operator Ty AT}, does not belong to all SP, then || T, ATy ||, = oo
for all p € [1,00). Hence 1nf ||TkATk|| = 00. Therefore sup 1[nf | T, AT, = oo
pe(l
and the proof is complete. O

Making use of Propositions 2.1, we obtain
Theorem 2.1. Let A be a bounded operator on Hilbert spaces H. Let {T,,} be a sequence
of bounded operators on H that converges to 1y in the s.o.t. Suppose that sup ||T, || < 1.

Then
(1) If A € Upepr,o0)S? then the minimaz condition holds:

mf sup || T, AT,[|, = = sup 1[nf 1T, AT, = [IAll-

€[L,00) n

(i) If A & Upep,o0)S? and T ATy, & Upep,)S?, for some k, then the minimaz
condition trivially holds:

inf sup | T, AT,[|, = sup mf ||TnATan =

p€E[l,00) n

(iii) If A € Upep,o0)S? but each T, AT, € Upcpi o0)S?, then the minimaz condition
does not hold:

inf T,AT,|. = oo, whil inf || T,AT,|. = ||A]l.
inf_sup [T, AT, |, = oo, while sup inf_[T,AT, |, = ||

Remark 2.1. Using the same arguments as above, we obtain that the results of The-
orem 2.1 hold if T,,AT,, is replaced by T, A.

Unlike the minimax condition in Theorem 2.1 that only holds for some operators
in B(H), its inverse minimax condition holds for all operators in B(H). To prove this,
we need the following lemma.

Lemma 2.2. Let f: X x A — RU oo be a function on the product of non-empty sets
X and A. Suppose that there exists € A such that

supf(xz,\) = f(z, ) for each x € X. (2.4)
AeA

Then
1g)f( (supf(x,)\)) = sup (mff(x )\)) = ig}f{f(x,,u). (2.5)

AeA AeA
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Proof. For any function f: X x A — R U oo, we always have
inf (supf(x,\) ) > sup | inf f(x, A 2.6
int (sups(e)) = sup (7)) (2:6)

Indeed, f(y,\) > in)f(f(x,/\), for each A € A and y € X. Hence supf(y,\) >
x€ AeA

sup <1nff(9c )\)) , for all y € Y, which implies (2.6).

AEA reX

Suppose now that (2.4) holds. Then inf (supf(x,)\)) = inf f(x, u). Hence
z€X \ NeA zeX

inf <supf(x, )\)) = mff(:c p) < sup (mff(:z: )\)>
z€X \ AeA AeA
Combining this with (2.6), we obtain (2.5). O

Theorem 2.2. For a set X, let {A,}rex be a family of operators in B(H). Then the
following minimax condition holds:

inf sup || Az = sup (inf A, ): inf ||A.ll; .
reX (pe[lm)ll ||p) o inf || 4|, ) = inf [|A],

In particular, if {T,} is a sequence of operators in B(H) then, for each operator A €
B(H), the following minimaz condition holds:

inf ( sup [|T,AT.], ) = sup (inf||TnATn||p>:inf||TnATn||1.
"\ pell o) pe[l,o0) N T "

Proof. Set f(x,p) = [[A.l, for all z € X and p € [1,00). Then, for each z € X, it
follows from (1.4) that

sup f(z,p) = sup [ Aufl, = [[Aally = f(2,1).

pE€[l,00) pE[l,00)

Setting A = [1,00) and p = 1 in Lemma 2.2, we obtain

inf [ sup ||A, = sup (inf A, ): inf ||A,
nf (pe[mn ||) s (1A, ) = ing 1A,

which concludes the proof. O

Remark 2.2. Note that we can not apply Lemma 2.2 to prove Theorem 2.1. Indeed,
to do this, we have to set X = [1,00), A = N and f(p,n) = || T,AT,|,. Then (see
(2.4)) we have to find € N such that

sup || T, AT, ||, = SUPf(p, n) = f(p,p) = |T,AT,]|, , for each p € [1,00).

neN
As, by (1.8), sup |7, AT, ||, = ||All,, this means that there is 4 € N such that, for each
p € [1,00), ||A|| = || T, AT} ||, which is, generally speaking, not true.
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For z,y € H, consider the rank one operator x ® y on H that acts by the formula
(r®y)z = (z,x)y for all z € H. For any selfadjoint operator T € B(H), we have

Tx@y)l'=Tr@Tyand [z @y, = [l lyl, (2.7)

for all p € [1,00). Thus if ||z|| = 1 then 2 ® z is the projection on the one-dimensional
subspace Cz.

Definition 2.1. We say that a family of nonzero subspaces { L, } of H is approximately
intersecting if, for every € > 0, there is x. € H such that

|z|| =1 and dist(x., L,,) := miLn |ze — y|| < e for all n. (2.8)
yELn

Let P, be the projections on L,. If there exists 0 # x € H such that P,z = z, for
all n, then, clearly, the family of subspaces {L, } is approximately intersecting.

Lemma 2.3. A family of nonzero subspaces {L,} of H is approzimately intersecting
if and only if, for each € > 0, there is x. € H such that

|ze|| =1 and ||P,x.|| > 1 — ¢ for all n. (2.9)
Proof. Let {L,,} be approximately intersecting. Then, for each € > 0, there is z. € H

such that (2.8) holds for all n. As ||z. — P,x.|| = min |z — y|| < e, we have ||P,z.| >
yELln

||| = ||z — Pozc|| > 1 — ¢ for all n.

Conversely, let for each € > 0, there is . € H such that (2.9) holds for all n. As
ze = Pye. + (1 — P,)z. and (1 — P,)x., P,x. are orthogonal, we have 1 = ||x€||2 =
| Py ||” + [|(1 — Py)a.||” . Hence

2. — Pox.||” =1 — || Puz|® <1 — (1 —)? = 2e — &2 for all n.
Thus ||z.2/o — Pyx.2ps|| < e, for all n, and (2.8) holds. O
We will now verify the following minimax conditions in Schatten ideals for a family

of projections.

Theorem 2.3. Let {P,}°, be projections in B(H), P, # 1, and let 1 < ¢ < 0.
Suppose that a sequence {p,}>2, in (q,00) satisfies lim p,, = co. Then

i inf P, XP, = inf P, XP, = 0.

(i) R (sip | Hpn) sup (XeSql,ﬂqul | ||pn)

(ii) The inverse minimaz condition

inf < sup ||PnXPann) = sup (inf HPnXPann) =1, (2.10)

o\ Xes |l x],=1 Xesa||X| =1

holds if and only if the family of subspaces {L, = P,H}> | is approximately intersect-
ng.
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Proof. (i) As all P, # 1, we can choose for each n the operator X,, € S? such that
[Xnll, =1 and P, X, P, = 0. Then we have that RHS = 0.
Set p = inf{p, }. Since lim p,, = 0o, we have ¢ < p < p,, — 00, as n — oo, and

(1.4)
1B X Poll,,, < I Pall 1IX 1L, 1201 = 11X, < [1XIl,- (2.11)

Let X, = {k='/9, ..., k12,0, ...} be the diagonal operators with first k& elements equal

to k~'/¢ and the rest equal 0. Then all || X[, = 1 and [ X,||, = (k;f/q)l/l’ = k0 — 0,
as k — oo. Hence

(2.11)
inf (sup HPnXPann) < ir]if (sup HPnXkPann) < irkl;f | Xell, =0

XeSt[X[l,=1 \ n

and (i) is proved.
(ii) First note that it follows from (2.6) that

inf ( sup HPnXPann) > sup <inf HPnXPann>

o\ Xesa||x],=1 XeS | X[l,=1 * "

always holds. As |[P,XPull, < [PllIX],, IPall = 1 X1, < [IX]l, = 1, we have

Pn | Pn

n\ Xese,| x|, =1

1 > inf ( sup ||PnXPn||pn) :

Thus in order to prove (2.10) we only need to show that

sup (ianPnXPan)zl. (2.12)
Xesa|X|,=1 N " "

Let the spaces {L,, = P,H}22, be approximately intersecting. Then, by (2.9), for
each ¢ > 0, there is x. € H such that [|z.|]| = 1 and ||P,z.|| > 1 — ¢ for all n. Set
X. = x.®x.. Then, by (2.7), | X.[|, = ||z ® x|, = ||z.]|* = 1, P, X.P, = Pow. ® Py,
and

HPnXePann = ||Paze ® ansHpn = ||an€H2 > (1—¢)%

Hence

sup (mf HPnXPann) > sup (mf HPnXEPann) > sup(l —¢)? = 1

XeSa|X],=1 \ "

which proves (2.12).

Conversely, suppose now that (2.10) holds. Let us prove that the spaces {L, =
P,H} | are approximately intersecting. It follows from the last equality in (2.10)
that, for each € > 0, there is X, € S such that | X.||, = 1 and |P, X.P,|l,, > 1 — ¢,
for all n. Let p = inf{p,}. Then ¢ < p and

| Xcllp > (|1 P XePollp > | PoXePollp, > 1 — ¢ for all n. (2.13)
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Let s; > s > ... be the singular values of X,, that is, the eigenvalues of the operator
(X*X.)'2. Then it follows from (1.2) and (2.13) that

o)

dosh= Xl = (1 e

n=1
Therefore, as s? < s77%s4 and || X.[|, = O 2 s1)7 = 1, we have

n=1°n

o
(Lol S|IXp =) sh< i) sh=s7 X5 =st".

n=1 n

Thus s; > (1 —e)va.
Consider the Schmidt decomposition of the operator X.:

where {x(e)}22, and {yx(e)}2, are some orthonormal systems of vectors in H (see
|5, Sec. 11.2.2]). Then B, = s121(¢) ® y1(€) is a rank one operator and, for all n,

e} 1/q o0 1/q
1
I = By, < [1X- = Belly = (Z ) - (Z o —s%> =(1-sp'r.

k=2 k=1

Hence it follows from this and (2.13) that, for all n,

HPnBePn”pn > ||PnXsPn||pn — || Pa(Xe — Be)Pn“pn >(1—g)— X~ Bsnpn
>(1—¢)—(1—sH)Ya,

Making use of (2.7), we obtain that, for all n,
1 P2 B Pollp,, = lls1Pnz1(€) © Payi(€)llp, = Is1] [|Paza ()] |1 Paya ()] -
Hence, by the above inequality,
(1] [1Paz ()] | Payr ()] > (1 =) — (1 = s§)"/.

Therefore
_ 5611 ) 1/q

P @ IR (e)] = S0
We have ||P,zi(e)|| < ||z1(e)|| = 1 and ||Poyi(e)]| < |lya(e)]] = 1. We also have that
s; > (1 —e)5a. Hence, if ¢ — 0 then s, — 1, so that ||[Pua1(e)| || Payi(e)]] — 1
uniformly with respect to n. Therefore || P,x1(¢)|| — 1 uniformly with respect to n.
Hence it follows by Lemma 2.3 that the family {L, = P,H}>°, is approximately
intersecting. [
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3 Some minimax condition for norms on [, spaces

The results of the previous section can be easily transferred to [, spaces. Let M be

the commutative C*-algebra of all bounded infinite sequences m = (my, ma, ..., m;, ...)

with norm ||m||,, = sup|m;| and pointwise multiplication. For each p € [1,00), let [,
i

be the subspace of M that consists of all sequences x = (1, ..., Tp, ...) in M satisfying

o

1/p
loll, = (D lwal”) ™ < o0

i=1
Then each [, is a Banach *-algebra in [|-[|,, an ideal of M and
Imal[, < [Iml[ ||z, for all m € M and = € I,,. (3.1)

The space [, is a Hilbert space with the scalar product (z,y) = >, ,, 7.

Each m = (my, ..., my,...) € M generates a bounded multiplication operator A,, on
ly by the formula T,z = (miz1,...,MpZy,...), for x € ly, and ||T,,] = ||m]|,,. Thus
T, € B(ly), for each m € M, and we can identify M with the maximal commutative
subalgebra M = {T,,: m € M} of B(ly). Moreover, if m € l, then T,, € SP(ly) and
| Tonll, = [[ml|,,. Thus we can identify each [, with the ideal M N SP(ly) of M.

Let a sequence {&,}22, of elements in M poinwise converge to the identity 1 =
{1,..,1,..} in M and let ||&,|[,, < 1, for all n. Then the multiplication operators
Tg, converge to the identity operator 1;, on [, in the strong operator tolology and
|| T¢, || < 1. Combining this and Theorems 2.1 and 2.2, we obtain

Corollary 3.1. (i) Let {&,} be a sequence of elements in M that pointwise converge
to the identity 1 = {1,...,1,...} in M and let ||&,|,, < 1, for all n. Then
1) if m € Upepioo)lp then the following minimaz condition holds:

inf s =5 inf = 3
nf ngéanp up inf 1&nml], = [Im]|;

2) if m & Upepioo)lp and Em ¢ Upe oo)lp, for some k, then the following mini-
maz condition trivially holds:

inf sup||&,m||, = sup inf aml| = oo;
int_sup[€um], = sup nf_[&,ml

3) if m & Upcp,oo)lp but each Em € Upepi oo)lp, then the above minimazx condi-
tion does not hold:

inf sup ||&ml|| = oo, while sup inf ||&,m| = ||m].
L np||§ [ nppe[lvm)Hf I, = [[m]]

(ii) For a set X, let {&}rex be a family of elements in M. Then the following
minimazx condition holds:

inf ( . ||5x|rp> = sw (;g; ||£x||,,) = inf [|&.Il

pE|l,0c0 pE(l,00
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