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Abstract. A constructive method for �nding some �rst integrals of a given evolution-
ary operator equation is suggested.

1 Introduction

First integrals play an important role in mathematics, mechanics, physics because
they have various applications. Usually they are used to prove the uniqueness of
classical solutions of partial di�erential equations (see [2, 9]). P. Lax [3] applied some
conservation laws to prove existence of wave solutions for the Korteweg - de Vries
equation. First integrals of evolutionary equations can be also used for investigation
of stability of motion in the case of some systems with in�nite number of degrees of
freedom (see [10]). So more attention has been paid to development of methods of
constructing �rst integrals and many important results have been obtained [1, 4].

In the paper we use a method based on application of transformation of variables
to establish invariance of the evolutionary operator equation of the following type

N(u) ≡ P2u,tutt + P3u,tu
2
t + P1u,tut +Q(t, u) = 0, (1)

u ∈ D(N) ⊆ U ⊆ V, t ∈ [t0, t1] ⊂ R; ut ≡ Dtu ≡
d

dt
u, utt ≡

d2

dt2
u.

Here ∀t ∈ [t0, t1], ∀u ∈ U1 Piu,t : U1 → V1 (i = 1, 3) are linear operators; Q : [t0, t1] ×
U1 → V1 is an arbitrary operator; D(N) is the domain of de�nition of the operator N ,

D(N) = {u ∈ U : u|t=t0 = ϕ1, u|t=t1 = ϕ2,

ut|t=t0 = ϕ3, ut|t=t1 = ϕ4, ϕi ∈ U1 (i = 1, 4)}; (2)

U = C2([t0, t1];U1), V = C([t0, t1];V1), U1, V1 are linear normed spaces, U1 ⊆ V1.
Assume that for every t ∈ (t0, t1) and g(t), u(t) ∈ U1 the functions P1u,tg(t),

P3u,tg(t) are continuously di�erentiable and P2u,tg(t) is twice continuously di�eren-
tiable on (t0, t1).

Any function u ∈ D(N) is called a solution of problem (1) if it satis�es equation (1).
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In the sequel, we shall write

N(u) ≡ P2uutt + P3uu
2
t + P1uut +Q(u) = 0,

bearing in mind that the operators P1u, P2u, P3u and Q also depend on t.
In the paper we shall use notations and notions of [5-8].
Consider a nonlocal bilinear form

Φ(·, ·) ≡
t1∫

t0

< ·, · > dt : V × V → R (3)

such that the bilinear mapping Φ1(·, ·) ≡ < ·, · > satis�es the following conditions:

< v1(t), v2(t) > = < v2(t), v1(t) > ∀v1(t), v2(t) ∈ V1,

Dt < v(t), g(t) > = < Dtv(t), g(t) > + < v(t), Dtg(t) > ∀v, g ∈ C1([t0, t1];V1).

De�nition 1. The operator N : D(N) ⊂ U → V is said to be Bu-potential on the set
D(N) relative to bilinear form (3), if there exist a functional FN : D(FN) = D(N) → R
and an operator Bu : D(Bu) ⊂ V → V such that

δFN [u, h] = Φ(N(u), Buh) ∀u ∈ D(N), ∀h ∈ D(N ′
u, Bu).

If Bu ≡ I is the identical operator then the operator N is called potential on D(N)
relative to bilinear form (3).

The following theorem is needed for the sequel.

Theorem 1 ([5]). Consider the operator N : D(N) ⊂ U → V and the bilinear form
Φ(·, ·) : V × V → R such that for any �xed elements u ∈ D(N), g, h ∈ D(N ′

u, Bu)
the function ψ(ε) = Φ(N(u + εh), Bu+εhg) belongs to the class C1[0, 1]. For N to be
Bu-potential on the convex set D(N) relative to Φ it is necessary and su�cient to have

Φ(N ′
uh,Bug) + Φ(N(u), B′

u(g;h)) = Φ(N ′
ug,Buh) + Φ(N(u), B′

u(h; g)) (4)

∀u ∈ D(N), ∀g, h ∈ D(N ′
u, Bu).

2 Conditions of Bu-potentiality and symmetries

Theorem 2. Let Dt be skew-symmetric on D(N ′
u, Bu). The operator N of equation (1)

is Bu-potential on D(N) relative to bilinear form (3) if and only if ∀u ∈ D(N),∀h ∈
D(N ′

u, Bu),∀t ∈ [t0, t1] the following conditions are satis�ed on D(N ′
u, Bu):

B∗
uP2u − P ∗

2uBu = 0, (5)

utP
∗
3uBu − P ∗′

2u(Bu(·);ut)− P ∗
2uB

′
u(·;ut) +B∗

uP3u(ut(·)) = 0, (6)

−2
∂

∂t
(P ∗

2uBu) + P ∗
1uBu +B∗

uP1u = 0, (7)
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− ∂2

∂t2
(P ∗

2uBu)h+ [B′
u(·;h)]∗Q(u)− [B′

u(h; ·)]∗Q(u)+

+
∂

∂t
(P ∗

1uBu)h+B∗
uQ

′
uh−Q′∗

uBuh = 0, (8)

P ∗′
1u(Buh;ut) +B∗

uP
′
1u(ut;h)− [P ′

1u(ut; ·)]∗Buh+ 2ut
∂

∂t
(P ∗

3uBu)h+

+P ∗
1uB

′
u(h;ut)− 2

∂

∂t
P ∗′

2u(Buh;ut) + [B′
u(·;h)]∗P1uut−

−2
∂

∂t
(P ∗

2uB
′
u(h;ut))− [B′

u(h; ·)]∗P1uut = 0, (9)

B∗
uP

′
2u(utt;h)− P ∗′

2u(Buh;utt)− [P ′
2u(utt; ·)]∗Buh+ 2uttP

∗
3uBuh+

+[B′
u(·;h)]∗P2uutt − P ∗

2uB
′
u(h;utt)− [B′

u(h; ·)]∗P2uutt = 0, (10)

−P ∗′′
2u (Buh;ut;ut) +B∗

uP
′
3u(u2

t ;h)− [P ′
3u(u2

t ; ·)]∗Buh+ 2utP
∗′
3u(Buh;ut)+

+[B′
u(·;h)]∗P3uu

2
t − 2P ∗′

2u(B′
u(h;ut);ut)− P ∗

2uB
′′
u(h;ut;ut)+

+2utP
∗
3uB

′
u(h;ut)− [B′

u(h; ·)]∗P3uu
2
t = 0. (11)

Proof. Using (1), we get

N ′
uh = 2P3u(utht) + P ′

3u(u2
t ;h) + P2uhtt + P ′

2u(utt;h) + P1uht + P ′
1u(ut;h) +Q′

uh.

In this case, condition (4) can be written in the form

t1∫
t0

(< 2P3u(utht) + P ′
3u(u2

t ;h) + P2uhtt + P ′
2u(utt;h) + P1uht + P ′

1u(ut;h)+

+Q′
uh,Bug > + < P2uutt + P1uut + P3uu

2
t +Q(u), B′

u(g;h) >)dt =

=

t1∫
t0

(< 2P3u(utgt) + P ′
3u(u2

t ; g) + P2ugtt + P ′
2u(utt; g) + P1ugt + P ′

1u(ut; g)+

+Q′
ug,Buh > + < P2uutt + P1uut + P3uu

2
t +Q(u), B′

u(h; g) >)dt,

or

t1∫
t0

{< 2B∗
uP3u(utht) +B∗

uP
′
3u(u2

t ;h) +B∗
uP2uhtt +B∗

uP
′
2u(utt;h) +B∗

uP1uht+

+B∗
uP

′
1u(ut;h) +B∗

uQ
′
uh, g > + < [B′

u(·;h)]∗(P2uutt + P1uut + P3uu
2
t +Q(u)), g > −

− < −2Dt(utP
∗
3uBuh) + [P ′

3u(u2
t ; ·)]∗Buh+D2

t (P ∗
2uBuh) + [P ′

2u(utt; ·)]∗Buh−

−Dt(P
∗
1uBuh) + [P ′

1u(ut; ·)]∗Buh+Q′∗
uBuh, g > −

− < [B′
u(h; ·)]∗(P2uutt + P1uut + P3uu

2
t +Q(u)), g >}dt = 0 (12)

∀u ∈ D(N), ∀g, h ∈ D(N ′
u, Bu).
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Taking into account the second G�ateaux derivative, we obtain

D2
t (P ∗

2uBuh) = Dt[Dt(P
∗
2uBuh)] = Dt

[
P ∗

2uBuht +
∂

∂t
(P ∗

2uBu)h+ P ∗′
2u(Buh;ut)+

+ P ∗
2uB

′
u(h;ut)] =

∂2

∂t2
(P ∗

2uBu)h+ 2
∂

∂t
P ∗′

2u(Buh;ut) + 2
∂

∂t
(P ∗

2uB
′
u(h;ut))+

+2
∂

∂t
(P ∗

2uBu)ht + P ∗′′
2u (Buh;ut;ut) + 2P ∗′

2u(B′
u(h;ut);ut) + 2P ∗′

2u(Buht;ut)+

+P ∗′
2u(Buh;utt) + P ∗

2uB
′′
u(h;ut;ut) + 2P ∗

2uB
′
u(ht;ut) + P ∗

2uB
′
u(h;utt) + P ∗

2uBuhtt. (13)

Further,

Dt[P
∗
1uBuh] =

∂

∂t
(P ∗

1uBu)h+ P ∗′
1u(Buh;ut) + P ∗

1uB
′
u(h;ut) + P ∗

1uBuht; (14)

Dt[utP
∗
3uBuh] = uttP

∗
3uBuh+ ut

∂

∂t
(P ∗

3uBu)h+ utP
∗′
3u(Buh;ut)+

+utP
∗
3uB

′
u(h;ut) + utP

∗
3uBuht. (15)

From (12) � (15) it follows that

t1∫
t0

< 2B∗
uP3u(utht) +B∗

uP
′
3u(u2

t ;h) +B∗
uP2uhtt +B∗

uP
′
2u(utt;h) +B∗

uP1uht+

+B∗
uP

′
1u(ut;h) +B∗

uQ
′
uh+ [B′

u(·;h)]∗(P2uutt + P1uut + P3uu
2
t +Q(u))−

− ∂2

∂t2
(P ∗

2uBu)h− 2
∂

∂t
P ∗′

2u(Buh;ut)− 2
∂

∂t
(P ∗

2uB
′
u(h;ut))−

−2
∂

∂t
(P ∗

2uBu)ht − P ∗′′
2u (Buh;ut;ut)− 2P ∗′

2u(B′
u(h;ut);ut)− 2P ∗′

2u(Buht;ut)−

−P ∗′
2u(Buh;utt)− P ∗

2uB
′′
u(h;ut;ut)− 2P ∗

2uB
′
u(ht;ut)− P ∗

2uB
′
u(h;utt)− P ∗

2uBuhtt−

−[P ′
2u(utt; ·)]∗Buh+ 2uttP

∗
3uBuh+ 2ut

∂

∂t
(P ∗

3uBu)h+ 2utP
∗′
3u(Buh;ut)+

+2utP
∗
3uB

′
u(h;ut) + 2utP

∗
3uBuht − [P ′

3u(u2
t ; ·)]∗Buh+ P ∗

1uBuht +
∂

∂t
(P ∗

1uBu)h+

+P ∗′
1u(Buh;ut) + P ∗

1uB
′
u(h;ut)− [P ′

1u(ut; ·)]∗Buh−Q′∗
uBuh−

−[B′
u(h; ·)]∗(P2uutt + P1uut + P3uu

2
t +Q(u)), g > dt = 0.

Thus condition (12) is represented in the form

t1∫
t0

< (B∗
uP2u − P ∗

2uBu)htt + (2B∗
uP3u(ut(·)) +B∗

uP1u + 2utP
∗
3uBu−

−2
∂

∂t
(P ∗

2uBu)− 2P ∗′
2u(Bu(·);ut)− 2P ∗

2uB
′
u(·;ut) +P ∗

1uBu)ht +B∗
uP

′
3u(u2

t ;h)+
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+B∗
uP

′
2u(utt;h) +B∗

uP
′
1u(ut;h) +B∗

uQ
′
uh+ [B′

u(·;h)]∗P2uutt + [B′
u(·;h)]∗P1uut+

+[B′
u(·;h)]∗P3uu

2
t + [B′

u(·;h)]∗Q(u) + 2uttP
∗
3uBuh+ 2ut

∂

∂t
(P ∗

3uBu)h+

+2utP
∗′
3u(Buh;ut) + 2utP

∗
3uB

′
u(h;ut)− [P ′

3u(u2
t ; ·)]∗Buh−

∂2

∂t2
(P ∗

2uBu)h−

−2
∂

∂t
P ∗′

2u(Buh;ut)− 2
∂

∂t
(P ∗

2uB
′
u(h;ut))− P ∗′′

2u (Buh;ut;ut)− 2P ∗′
2u(B′

u(h;ut);ut)−

−P ∗′
2u(Buh;utt)− P ∗

2uB
′′
u(h;ut;ut)− P ∗

2uB
′
u(h;utt)− [P ′

2u(utt; ·)]∗Buh+

+
∂

∂t
(P ∗

1uBu)h+ P ∗′
1u(Buh;ut) + P ∗

1uB
′
u(h;ut)− [P ′

1u(ut; ·)]∗Buh−Q′∗
uBuh−

−[B′
u(h; ·)]∗P2uutt − [B′

u(h; ·)]∗P1uut − [B′
u(h; ·)]∗P3uu

2
t − [B′

u(h; ·)]∗Q(u), g > dt = 0

∀u ∈ D(N), ∀g, h ∈ D(N ′
u, Bu).

This is satis�ed identically if and only if

(B∗
uP2u − P ∗

2uBu)htt + (2B∗
uP3u(ut(·)) +B∗

uP1u + 2utP
∗
3uBu−

−2
∂

∂t
(P ∗

2uBu)− 2P ∗′
2u(Bu(·);ut)− 2P ∗

2uB
′
u(·;ut) +P ∗

1uBu)ht +B∗
uP

′
3u(u2

t ;h)+

+B∗
uP

′
2u(utt;h) +B∗

uP
′
1u(ut;h) +B∗

uQ
′
uh+ [B′

u(·;h)]∗P2uutt + [B′
u(·;h)]∗P1uut+

+[B′
u(·;h)]∗P3uu

2
t + [B′

u(·;h)]∗Q(u) + 2uttP
∗
3uBuh+ 2ut

∂

∂t
(P ∗

3uBu)h+

+2utP
∗′
3u(Buh;ut) + 2utP

∗
3uB

′
u(h;ut)− [P ′

3u(u2
t ; ·)]∗Buh−

∂2

∂t2
(P ∗

2uBu)h−

−2
∂

∂t
P ∗′

2u(Buh;ut)− 2
∂

∂t
(P ∗

2uB
′
u(h;ut))− P ∗′′

2u (Buh;ut;ut)− 2P ∗′
2u(B′

u(h;ut);ut)−

−P ∗′
2u(Buh;utt)− P ∗

2uB
′′
u(h;ut;ut)− P ∗

2uB
′
u(h;utt)− [P ′

2u(utt; ·)]∗Buh+

+
∂

∂t
(P ∗

1uBu)h+ P ∗′
1u(Buh;ut) + P ∗

1uB
′
u(h;ut)− [P ′

1u(ut; ·)]∗Buh−Q′∗
uBuh−

−[B′
u(h; ·)]∗P2uutt − [B′

u(h; ·)]∗P1uut − [B′
u(h; ·)]∗P3uu

2
t − [B′

u(h; ·)]∗Q(u) = 0

∀u ∈ D(N), ∀h ∈ D(N ′
u, Bu).

The necessary and su�cient conditions for this equality to be valid are that equations
(5) � (11) be satis�ed.

Consider a one-parametric group of transformations

G :

{
t = t+ εϕ(t, u),
u(t) = u(t) + εψ(t, u),

(16)

where ϕ, ψ are some operators.
Using transformation (16), one can de�ne a function u(t, ε) such that

u = u+ εS(u), (17)

where S(u) = ψ(t, u) − utϕ(t, u). In this case, the operator S is called a generator of
transformation (17).
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De�nition 2. Transformation (17) is said to be a symmetry of the equation

N(u) = 0, (18)

if function u (17) is a solution of (18) for any su�ciently small parameter ε and any
solution u of this equation.

The following theorem is needed for the sequel.

Theorem 3 (Savchin V.M.). Transformation (17) is a symmetry of equation (18) if
and only if

[N,S](u) ≡ N ′
uS(u)− S ′uN(u)

(18)
= 0. (19)

De�nition 3. A functional J [t, u] is called a �rst integral of equation (1) under con-
ditions (2) if it does not depend on t for any solution u(t) of problem (1) � (2).

Theorem 4. Suppose that S1, S2 are generators of symmetries of equation (1) and the
operator N is Bu-potential on D(N) relative to bilinear form (3). Then

J [t, u] = Dt < P2uS2(u), BuS1(u) > −

− < 2P3u(utS2(u)) + 2P2uDtS2(u) + P1uS2(u), BuS1(u) > (20)

is a �rst integral of the given equation.

Proof. We have

< N ′
uh,Bug > + < N(u), B′

u(g;h) >=< 2P3u(utht) + P ′
3u(u2

t ;h) + P2uhtt+

+P ′
2u(utt;h) + P1uht + P ′

1u(ut;h) +Q′
uh,Bug > +

+ < P2uutt + P1uut + P3uu
2
t +Q(u), B′

u(g;h) >=

= 2 < ht, utP
∗
3uBug > + < h, [P ′

3u(u2
t ; ·)]∗Bug > + < htt, P

∗
2uBug > +

+ < h, [P ′
2u(utt; ·)]∗Bug > + < ht, P

∗
1uBug > + < h, [P ′

1u(ut; ·)]∗Bug > +

+ < Q′∗
uBug, h > + < h, [B′

u(g; ·)]∗(P2uutt + P1uut + P3uu
2
t +Q(u)) >=

= 2Dt < h, utP
∗
3uBug > −2 < h, uttP

∗
3uBug > −2 < h, ut

∂

∂t
(P ∗

3uBu)g > −

−2 < h, utP
∗′
3u(Bug;ut) > −2 < h, utP

∗
3uB

′
u(g;ut) > −2 < h, utP

∗
3uBugt > +

+ < h, [P ′
3u(u2

t ; ·)]∗Bug > +D2
t < h, P ∗

2uBug > −2Dt < h,
∂

∂t
(P ∗

2uBu)g > −

−2Dt < h, P ∗′
2u(Bug;ut) > −2Dt < h, P ∗

2uB
′
u(g;ut) > −2Dt < h, P ∗

2uBugt > +

+ < h,
∂2

∂t2
(P ∗

2uBu)g > + < h, 2
∂

∂t
P ∗′

2u(Bug;ut) > +2 < h,
∂

∂t
P ∗

2uB
′
u(g;ut) > +

+2 < h,
∂

∂t
P ∗

2uBugt > + < h, P ∗′′
2u (Bug;ut;ut) > +2 < h, P ∗′

2u(B′
u(g, ut);ut) > +

+2 < h, P ∗′
2u(Bugt;ut) > + < h, P ∗′

2u(Bug;utt) > + < h, P ∗
2uB

′′
u(g;ut;ut) > +
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+2 < h, P ∗
2uB

′
u(gt;ut) > + < h, P ∗

2uB
′
u(g;utt) > + < h, P ∗

2uBugtt > +

+ < h, [P ′
2u(utt; ·)]∗Bug > +Dt < h, P ∗

1uBug > − < h,
∂

∂t
(P ∗

1uBu)g > −

− < h, P ∗′
1u(Bug;ut)− < h, P ∗

1uB
′
u(g;ut) > − < h, P ∗

1uBugt > +

+ < h, [P ′
1u(ut; ·)]∗Bug > + < h,Q′∗

uBug > +

+ < h, [B′
u(g; ·)]∗(P2uutt + P1uut + P3uu

2
t +Q(u)) > .

Taking into account conditions (5) � (11), we obtain

< N ′
uh,Bug > + < N(u), B′

u(g;h) >=< N ′
ug,Buh > + < N(u), B′

u(h; g) > +

+Dt[Dt < P2ug,Buh > − < 2P3u(utg) + 2P2ugt + P1ug,Buh >]. (21)

Substituting S1(u) for h and S2(u) for g in (21) and taking into consideration (19),
we obtain that a �rst integral of the given equation is represented in form (20).

Remark 2.1. Suppose that the operator N of equation (1) is not Bu-potential on
D(N) relative to bilinear form (3), S1 is a generator of symmetry of this equation and

there exists an operator S2 such that N ′∗
u BuS2(u)

(1)
= 0. Then

J [t, u] = Dt < P2uS1(u), BuS2(u) > −

− < 2P3u(utS1(u)) + 2P2uDtS1(u) + P1uS1(u), BuS2(u) > (22)

a the �rst integral of the given equation.

Indeed, in this case

N ′∗
u Bug = D2

t [P ∗
2uBug] + [P ′

2u(utt; ·)]∗Bug −Dt[P
∗
1uBug] + [P ′

1u(ut; ·)]∗Bug−

−2Dt[utP
∗
3uBug] + [P ′

3u(u2
t ; ·)]∗Bug +Q′∗

uBug.

Then

< h,N ′∗
u Bug > − < N ′

uh,Bug >=< h,D2
t [P ∗

2uBug] + [P ′
2u(utt; ·)]∗Bug−

−Dt[P
∗
1uBug] + [P ′

1u(ut; ·)]∗Bug − 2Dt[utP
∗
3uBug] + [P ′

3u(u2
t ; ·)]∗Bug +Q′∗

uBug > −

− < P2uhtt + P ′
2u(utt;h) + P1uht + P ′

1u(ut;h) + 2P3u(utht) + P ′
3u(u2

t ;h)+

+Q′
uh,Bug >=< h,D2

t [P ∗
2uBug] + [P ′

2u(utt; ·)]∗Bug −Dt[P
∗
1uBug] + [P ′

1u(ut; ·)]∗Bug−

−2Dt[utP
∗
3uBug] + [P ′

3u(u2
t ; ·)]∗Bug +Q′∗

uBug > −Dt < ht, P
∗
2uBug > +

+ < ht, Dt[P
∗
2uBug] > − < h, [P ′

2u(utt; ·)]∗Bug > −Dt < h, P ∗
1uBug > +

+ < h,Dt[P
∗
1uBug] > − < h, [P ′

1u(ut; ·)]∗Bug > −2Dt < h, utP
∗
3uBug > +

+2 < h,Dt[utP
∗
3uBug] > − < h, [P ′

3u(u2
t ; ·)]∗Bug > − < h,Q′∗

uBug >=

=< h,D2
t [P ∗

2uBug] > −Dt[Dt < h, P ∗
2uBug > − < h,Dt[P

∗
2uBug >]+

+Dt < h,Dt[P
∗
2uBug] > − < h,D2

t [P ∗
2uBug] > −Dt < h, P ∗

1uBug > −
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−2Dt < h, utP
∗
3uBug >= −D2

t < P2uh,Bug > +2Dt < h,Dt[P
∗
2uBug] > −

−Dt < P1uh,Bug > −2Dt < P3u(uth), Bug >= −D2
t < P2uh,Bug > +

+2D2
t < P2uh,Bug > −2Dt < P2uht, Bug > −Dt < P1uh,Bug > −

−2Dt < P3u(uth), Bug >= D2
t < P2uh,Bug > −2Dt < P2uht, Bug > −

−Dt < P1uh,Bug > −2Dt < P3u(uth), Bug > . (23)

Substituting S1(u) for h and S2(u) for g in (23), we obtain that a �rst integral of
the given equation is represented in form (22).

3 Examples

1. Consider the following partial di�erentional equation

N(u) ≡ utt + 2βv(t)utx + uxxxx + v2(t)uxx + βv′(t)ux = 0, (24)

(x, t) ∈ QT = (a, b)× (0, T ).

De�ne D(N) by

D(N) = {u ∈ U = C2,4
t,x (QT ) : u|t=0 = φ1(x), u|t=T = φ2(x) (x ∈ (a, b)), (25)

u|x=a = ψ1(t), u|x=b = ψ2(t), ux|x=a = ψ3(t), ux|x=b = ψ4(t),

uxx|x=a = ψ5(t), uxx|x=b = ψ6(t), uxxx|x=a = ψ7(t), uxxx|x=b = ψ8(t),

utx|x=a = ψ9(t), utx|x=b = ψ10(t), (t ∈ (0, T )},

where φi, ψj(i = 1, 2, j = 1, 10) are given continuous functions.
Let us note that operator N (24) is potential on domain of de�nitions (25) relative

to the classical bilinear form

Φ(v, g) =

T∫
0

b∫
a

v(x, t)g(x, t) dxdt.

Indeed, in this case

P2 = I, P1 = 2βv(t)Dx, P ∗
1 = −2βv(t)Dx,

∂P ∗
1

∂t
= −2βv′(t)Dx,

P3 = 0, Q′
u = D4

x + v2(t)D2
x + βv′(t)Dx, Q′∗

u = D4
x + v2(t)D2

x − βv′(t)Dx

and
(5) =⇒ I − I = 0,
(6) =⇒ 0 = 0,
(7) =⇒ 2βv(t)Dx − 2βv(t)Dx = 0,
(8) =⇒ −2βv′(t)Dx +D4

x + v2(t)D2
x + βv′(t)Dx −D4

x − v2(t)D2
x + βv′(t)Dx = 0,

(9) =⇒ 0 = 0,
(10) =⇒ 0 = 0,
(11) =⇒ 0 = 0.
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Suppose that ψi ≡ 0 (i = 1, 10) in (25). Taking into account that S1(u) = ux and
S2(u) = uxx are generators of symmetries of equation (24) and using (20), we obtain a
�rst integral of the given equation in the form

J [t, u] =

b∫
a

uxx(utx + βv(t)uxx)dx.

Remark 3.1. Note that equation (24) can be represented in the divergence form

N(u) ≡ Dtut +Dx[2βv(t)ut + uxxx + v2(t)ux + βv′(t)u] = 0.

It is well known that

J1[t, u] =

b∫
a

utdx

is also a �rst integral of (24).

2. Let us consider the equation of in the form

N(u) ≡ auutt + buuxx + au2
t + bu2

x = 0, (26)

(x, t) ∈ QT = (0, l)× (0, T ),

where a, b are constants.
De�ne D(N) by

D(N) = {u ∈ U = C2(QT ) : u|t=0 = ϕ1(x), u|t=T = ϕ2(x) (x ∈ (0, l)), (27)

u|x=0 = ψ1(t), u|x=l = ψ2(t) (t ∈ (0, T )},
where ϕ1, ϕ2, ψ1, ψ2 are given continuous functions.

Here
P2u = auI, P3 = aI, P1 = 0, Q(u) = buuxx + bu2

x.

It is easy to check that operator N (26) is not Bu-potential on D(N) (27) relative
to the bilinear form

Φ(v, g) =

T∫
0

l∫
0

v(x, t)g(x, t) dxdt,

if Bu = u(Dx + I).
By straightforward computations we �nd that S1(u) = ux is a generator of symme-

try of equation (26) and S2(u) = u satis�es the condition N ′∗
u BuS2(u)

(26)
= 0.

Suppose that ψi ≡ 0 (i = 1, 2) in (27) and using (22), we obtain that

J [t, u] =

l∫
0

u2utuxdx

is a �rst integral of the given equation.
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Remark 3.2. Let us note that equation (26) can be written in the divergence form

N(u) ≡ Dt(auut) +Dx(buux) = 0.

It is well known that in this case

J1[t, u] =

l∫
0

uutdx

is also a �rst integral of (26).

4 Conclusion

In the paper we investigate Bu-potentiality of a given operator N and obtain formulas
for �nding some �rst integrals of the evolutionary operator equation. All theoretical
results are illustrated by some examples. It should be noted that the considered method
allows us constructing �rst integrals di�erent from the known ones.
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