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Abstract. A constructive method for finding some first integrals of a given evolution-
ary operator equation is suggested.

1 Introduction

First integrals play an important role in mathematics, mechanics, physics because
they have various applications. Usually they are used to prove the uniqueness of
classical solutions of partial differential equations (see [2, 9]). P. Lax [3] applied some
conservation laws to prove existence of wave solutions for the Korteweg - de Vries
equation. First integrals of evolutionary equations can be also used for investigation
of stability of motion in the case of some systems with infinite number of degrees of
freedom (see [10]). So more attention has been paid to development of methods of
constructing first integrals and many important results have been obtained |1, 4].

In the paper we use a method based on application of transformation of variables
to establish invariance of the evolutionary operator equation of the following type

N(u) - -l QU,tutt + 1 3u7tut2 -l lu,tut + (Q(t, u) = 07 (1)
u . u ’L[/ pu— _u u p— _u.
= = ) 0,01 ) t t lt ) tt th

Here Vit € [to,t1], Yu € Uy Py, : Uy — Vi (i = 1,3) are linear operators; @ : [to, t1] X
U, — Vi is an arbitrary operator; D(N) is the domain of definition of the operator N,

D(N) ={u € U : uli=y, = 01, Uli=t, = @2,

ut‘t:to = ©3, ut’t:tl =4, p; €Uy (Z = m)h (2)
U = C%[to, t1]; U1), V = C([to, t1]; V1), Uy, Vi are linear normed spaces, U; C V.
Assume that for every ¢ € (to,t;) and g(t),u(t) € U; the functions Py,.:g(t),
Ps,19(t) are continuously differentiable and Ps,.g(t) is twice continuously differen-
tiable on (o, ;).
Any function u € D(N) is called a solution of problem (1) if it satisfies equation (1).



Symmetries and first integrals of a second order evolutionary operator equation 19

In the sequel, we shall write
N(u) = Pyuy + Pau? + Pru, + Qu) =0,

bearing in mind that the operators Py, Psy, P3, and @ also depend on t.
In the paper we shall use notations and notions of [5-8|.
Consider a nonlocal bilinear form

t1
@(-,-)E/<-,->dt:V><V—>R (3)

to

such that the bilinear mapping @4 (-,-) = < -, > satisfies the following conditions:
<1(t), va(t) > = < wa(t), v1(t) > Yoy (t), va(t) € V1,
Dy <w(t), g(t) > = < Dy(t), g(t) > + < v(t), Dig(t) > Vv, g € C*([to, ta]; V1)

Definition 1. The operator N : D(N) C U — V is said to be B,-potential on the set
D(N) relative to bilinear form (3), if there exist a functional Fyy : D(Fy) = D(N) — R
and an operator B, : D(B,) C V — V such that

SFylu,h] = O(N(u), B,h)  Yu e D(N), Vhe DN, B,).

If B, = I is the identical operator then the operator N is called potential on D(NV)
relative to bilinear form (3).
The following theorem is needed for the sequel.

Theorem 1 ([5|). Consider the operator N : D(N) C U — V and the bilinear form
D(-,) : VxV — R such that for any fized elements w € D(N), g,h € D(N|,B,)
the function ¥(e) = ®(N(u + eh), Byieng) belongs to the class C*0,1]. For N to be
By -potential on the convex set D(N) relative to @ it is necessary and sufficient to have

D(Nyh, Bug) + P(N(u), B,(g; h)) = P(Nyg, Buh) + S(N(u), B, (h; g)) (4)

Vu € D(N), Vg,h € D(N,,B,).

2 Conditions of B,-potentiality and symmetries

Theorem 2. Let D; be skew-symmetric on D(N], B,). The operator N of equation (1)
is By-potential on D(N) relative to bilinear form (3) if and only if Vu € D(N),Vh €
D(N], B,), ¥Vt € [to, t1] the following conditions are satisfied on D(N], B,):

B Py, — Py By = 0, (5)
u Py, By — Py (Bu();ue) — Py, By (v ur) + By Py (ui(+)) = 0, (6)
0

ot
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82
oS PLBR -+ [BL Q) — (B )] Qu) +
0 (P B+ BQuh — QB =0, ©

0
P} (Byh;uy) + BiPl, (ug; h) — [Py, (ug; )] Buh + QUtE(PguBu)h%—

0
+P; Bl (h;u) — 2— Pyl (Byh;wy) + [BL(+; h)]* Pryus—

lu™u at
2.0 (P, B (s ) — (B, (h: )] P = 0, )
B Py, (uwe; h) — Poy(Buhs ue) — [Pay (e -)]" Buh + 2uw P3, Buht
+[B, (5 W] Pawtty — P3, By, (i uee) — [ By, (b )] Powuse = 0, (10)

=Pyl (Buhi ug;we) + By Py, (ufs h) — [Py, (u's )" Buh + 2u Py (Buhs ue) +
+[B,, (5 h)]" Pauuf — 2Py (B, (h ue) ur) — P3, By (hs ug ue)+
+2u, Py, B (h;ug) — [BL(h; )]* Psyu? = 0. (11)

3u—u

Proof. Using (1), we get

In this case, condition (4) can be written in the form
t1
to

+Q;h7 Bug > + < Poyuy + Pryu + P3uU§ + Q(u), B;(g; h) >)dt =

t1

= /(< 2P3, (usgs) + Ph,(u?; ) + Pougss + Py (s 9) + Pruge + Py, (ug; 9)+

to
+@Q.,9, Buh > + < Pyuy + Py + Pyui + Q(u), Bl (h; g) >)dt,

or

t1
/ {< 2B* Py, (ushy) + B2P),(u2; h) + B Pouhy + BE Py (g h) + B Prohe+
to

+B; P, (us; h) + ByQ,h, g > + < [B (- h)]* (Powties + Proty + Poyui + Q(u)), g > —
— < =2Dy(us Py, Buh) + [Py, (uf; )" Buh + Di(Py, Buh) + [Py, (us; )] Byl —
—Dy(Py,Buh) + [Pl (us; )" Buh + Q Buh, g > —
— < [By,(h; )" (Pawuse + Prowy + Poyui +Q(u)), g >}dt =0 (12)
Vu € D(N), Vg,h € D(N,,B,).
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Taking into account the second Gateaux derivative, we obtain

0
D{(Py,Buh) = Di[Dy(P3,Buh)] = Dy | P3,Buhe + - (P5,Bu)h + Py (Buh; ue) +

ot
+ B3, By (h;u)] = o2 L Bu)h+ 2§P2u(Buh; ur) + 25 (P Bu(l; u))+
0
+2—(Py, Bu) i + Pyl (Buh; ug; ug) + 2P (Bl (b ug); wg) + 2Py (Byhy; ug)+

ot

2u™u 2u™u 2u—u

Further,

0

lu™u

0

3u—u

From (12) — (15) it follows that

t1
/ < 2B’ Py, (uhy) + B P, (u2: h) + B: Pouhy + B Py, (w; h) + B Prohi+

to

+B; Py, (us; h) + BiQh + [B (5 h)]*(Pauuy + Prus + Pagui + Q(u))—

—g—;(P§uBu)h - Q%PQ’ZQ(Buh; ug) — 2%(13;”3;(11; ) —
_2%(P5u3u)ht — PY(Buhiugug) — 2P (Bl (hiwg); ug) — 2P (Buhy; ue)—

— Pyl (Byhyuy) — Py, Bl (h;ug; ug) — 2P, B (he; ug) — Py, Bl (h;ug) — Py, Buhgy—
=[Py (uges )]" Buh + 2uy P, Buh + zut%(PékuBu)h + 2uy Py, (Byhi ug)+
+2u,P5, By, (i ur) + 20, Py, Buhy — [Py, (uf'; )] Buh + Pp, Buhy + %(P{‘uBu)th
+Pr(Buhiw) + Pr B, (b ug) — [Pl (s )] Buh — @ Byh—

—[By,(h; )" (Pautisy + Proty + Poyui + Q(u)), g > dt = 0.
Thus condition (12) is represented in the form
i1
/ < (B} Poy — P5,By) hit + (2B} Ps, (ut(+)) + B P, + 2u P3, By, —

to

0
—25:(Py,Bu) = 2B, (Bu(");we) = 285, B, (s we) +P1,Bu) by + B, Py, (uj; h)+
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+B; Py, (uy; h) + By Pl (ug; h) + ByQh + [B (- h)]* Py + [B (-5 h)]" Pryug+

0
+[BL, (s W) Pouf + [BL (3 )" Q(u) + 2ue Py, Buh + 2uy - (P3, Bu) ht

ot
82
F2u P (Buhi wn) + 2Py, B, (s ) — [P (ufs ) Buh = 55 (P5, B
0 0
—QaPJL(Buh; u) — QQ(PQLB;(’Z; w)) — Py (Buhi ue; ur) — 2P5 (By, (b wp); ug) —
=Py (Buhiuy) = P5, By (hyug ) — Py, By (hi ug) — [P, (uee; )] Buh+
0
S PLBN+ PB4 LBl w) — [Pl ) Buh — Qi Buh—

—[B{L(f% )" Powuyy — [B,

u

(B )" Prawe — [ B (h )" Paui — [By(hi )"Q(u), g > dt =0
Yu € D(N), Vg,h € D(N,,B,).
This is satisfied identically if and only if
0

— 25 (Py,Bu) = 285, (Bu(");we) = 283, B,, (s we) +P7,Bu) by + B, Py, (uj; h)+

5,
+[B. (- h)* Psyu? + [BL (5 )] Q(u) + 2uy Py, Byh + 2us—(Pj, B,)h+

ot
82
2, Pyl (Buhs ) + 20,5, Bl (i) = [P (ufi )] Buh = 5 (P, Bu)h—
0 0
—QEPJL(Buh; ug) — QQ(P;uB;(hQ w)) — Py (Buhi ue; ug) — 2P5 (By, (B wp); ug) —

—P;;(Buh; Upt) — PZ*MBZ(h; Uy Ug) — PQ*uBz/L(h; Upt) — [leu(utt; ) Buh+
0

+§(Pfu3u)h + Pl (Buh;ug) + Py, By, (h; ) — [P, (ug; -)]" Buh — Qp Byh—

—[BL,(hs )" Peuer — By, (s )" Prwe — [By,(hi )" Pouu — [By,(h:)]"Q(u) = 0
Yu € D(N), Vhe D(N,,B,).

The necessary and sufficient conditions for this equality to be valid are that equations
(5) — (11) be satisfied.

Consider a one-parametric group of transformations

f t=t+ep(t,u),
: { () = ;(f) vt ), (16)

where @, 1) are some operators.
Using transformation (16), one can define a function %(t, ) such that

u=u+eS(u), (17)

where S(u) = ¥(t,u) — usp(t,u). In this case, the operator S is called a generator of
transformation (17).
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Definition 2. Transformation (17) is said to be a symmetry of the equation
N(u) =0, (18)

if function @ (17) is a solution of (18) for any sufficiently small parameter ¢ and any
solution wu of this equation.

The following theorem is needed for the sequel.
Theorem 3 (Savchin V.M.). Transformation (17) is a symmetry of equation (18) if

and only if

[N, S](u) = N'S(u) — S'Nu) & o. (19)

Definition 3. A functional J[t, u] is called a first integral of equation (1) under con-
ditions (2) if it does not depend on ¢ for any solution wu(t) of problem (1) — (2).

Theorem 4. Suppose that Sy, Sy are generators of symmetries of equation (1) and the
operator N is By-potential on D(N) relative to bilinear form (3). Then

J[t, u] =D < PQUSQ(U), Busl(U) > —
— < 2P3u(ut52(u)) + 2P2thSQ(U) + pluSQ(U), Busl (U) > (20)
s a first integral of the given equation.

Proof. We have

+Py, (uy; h) + Pryhy + P, (ug; h) + Qlh, Byg > +
+ < Pyuy + Prug + Payui + Q(u), By (g3 h) >=
=2 < hy,w P}, Bug > + < h, [Py, (u?; )]*Bug > + < hu, Py, Bug > +
+ < h, [Py (uw; )] "Bug > + < he, Pi,Bug > + < h, [Py, (ug; )] Bug > +
+ < QuBug, h >+ < h,[B,(g; )] (Pruuss + Prjus + Payui + Q(u)) >=

0
=2D; < hyuPy,B.g > —2 < h,uy Py, Bug > —2 < h,u;—(P5,By)g > —

ot
—2 < h,w Py (Bugiu) > =2 < hywP3, B, (g5 u) > =2 < h,u, P, Buge > +
0
+ < h, [P, (u}; )] Bug > +D; < h, Py, B,g > —2D; < h, a(PQ*uBu)g > —
—2D; < h, Pyl (Bug;ut) > —2D; < h, Py, B.(g;u;) > —2D; < h, Py, Byg: > +

2

. 9 . 9 .

0
+2 < h7 &P;uBugt >+ < h; P;g(-Bug;ut;ut) > 42 < h: P;;(B;L(gvut)aut) >+

+2 < h, Pyl (Bugi; ur) > + < h, Pyl (Bug; uy) > + < h, Py, Bl (g; ug; ug) > +

2u—u
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+2 < h, Py, B! (g¢;us) > + < h, Py, Bl (g;us) >+ < h, Py,Bugs > +

0
+ < h, [Py, (uy; )]*Bug > +Dy < h, P},B,g > — < h, E(Pl*uBu)g > —

— < h, Ply(Bug;u))— < h, P}, B, (g;us) > — < h, P}, Bug: > +
+ < h, [Pl (us;-)]"Bug > + < h,Qy Bug > +
+ < h, [B(g; )] (Pouties + Pyt + Poyui + Q(u)) > .

Taking into account conditions (5) — (11), we obtain
< Nyh, Byg > + < N(u), B,(g:h) >=< N,,g, B,h > + < N(u), B, (h; g) > +

+Dy[Dy < Pyg, Byh > — < 2P3,(uig) + 2Py 9: + Prug, Buh >]. (21)

Substituting Sy (u) for h and Sp(u) for g in (21) and taking into consideration (19),
we obtain that a first integral of the given equation is represented in form (20). O]

Remark 2.1. Suppose that the operator N of equation (1) is not B,-potential on
D(N) relative to bilinear form (3), S; is a generator of symmetry of this equation and

there exists an operator Sy such that N/*B,Ss(u) 2 0. Then

J[t, U] = Dt < PQuSl(u), BuSQ<U> > —

- < 2P3u(ut51 (U)) -+ QPQUDt,SH (U) + PMSl (U), BUSQ(U) > (22)

a the first integral of the given equation.

Indeed, in this case

—2D,[u Py, Bug) + [Péu(u?7 )]*Bug + Q2 B.g.
Then

< h,N*B,g > — < N'h, B,g >=< h, D[Py, Bug| + [Py, (ts; -)]* Bug—

—Dy[P},Bug) + [P, (us: )" Bug — 2Di[us P5, Bug) + [P3, (uf; )] Bug + Qi Bug > —
— < Poyhys + Py (ugs; h) 4+ Prhy + P (ug; h) + 2Ps, (whe) + Py, (uf; )+
+Qh, Bug >=<h, D}[Py,Bugl + [Py, (wir; )] Bug — Di[ Py, Bug) + [P, (us; -)]* Bug—
—2D4[u Py, Bug) + [Ps, (uf; )] Bug + Qy Bug > —Dy < hy, Py, Bug > +
+ < hy, Dy[ Py, Bug] > — < h, [Py, (ug; )" Bug > —Dy < h, P},B,g > +
+ < h, Dy[ Py, Bug] > — < h,[P],(us; )" Bug > —2D; < h,u;P;,Bug > +
+2 < h, Di[uy Py, Bug) > — < h,[P4,(u?; )]*Bug > — < h,Q"B,g >=
=< h, D[Py, Bug] > —Dy[D; < h, Py, By,g > — < h, D[P}, B.g >]+
+D; < h, D;|Py, B.g] > — < h, D[Py, B.g] > —D; < h, P}, B,g > —
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—2D; < h,u; P}, B,g >= —D? < Poyh, Bug > +2D; < h, Dy[P;, B,g] > —
—Dy < Piyh, Bug > —2D; < Py, (u;h), Byg >= —D? < Pyyh, Bug > +
+2D? < Pyyh, Bug > —2D; < Py,hy, Bug > —Dy < Pi,h, Bug > —
—2D; < Py, (ush), Bug >= D? < Payh, Byg > —2D; < Poyhy, Bug > —
—D; < Pi,h, Byg > —2D; < P3,(uh), B,g > . (23)

Substituting S;(u) for h and Sy(u) for g in (23), we obtain that a first integral of
the given equation is represented in form (22).

3 Examples

1. Consider the following partial differentional equation
N(u) = uy + 200t + Uspee + 02 () tge + BV (H)u, = 0, (24)

(z,t) € Qr = (a,b) x (0, 7).
Define D(N) by

D(N) = {ue U= C(Qr) : ulimo = $1(), ulier = $(2) (2 € (a,b)), (25)

u’x:a - wl(t)7 U|r:b - 77b2(t)7 Uw‘r:a - ¢3(t)7 um|r:b = ¢4(t)7
ua:ac|;r:a — 77Z)5(t)7 uzx|a;:b — ¢6(t)7 ux:m:|ac:a - ¢7<t>7 umxw|x:b - ¢8(t)a
ut$|z:a = ¢9(t)7 utac|:c:b - ¢10(t)7 (t S (07 T)}a

where ¢;,1;(i = 1,2, j =1, 10) are given continuous functions.
Let us note that operator N (24) is potential on domain of definitions (25) relative
to the classical bilinear form

D(v,g) :/T/bv(a:,t)g(:r;,t) dxdt.

a
Indeed, in this case

OP;
P,=1 P =2Bv(t)D,,  P}=—-2pv(t)D,, 8151 = —26v'(t) Dy,

Py=0,  Q,=D,+v*(t)D;+ ' (t)Ds, Q=D+ 0*(t)D; — V() Dy

5) = 1—-1=0,

6) = 0=0,

7) = 20v(t)D, — 2pv(t)D, = 0,

8) = —28v'(t)D, + D3 + v*(t)D2 + pv'(¢t)D, — D} — v?*(t)D? + v'(t) D, = 0,
9)

0)

1)
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Suppose that ¢, = 0(i = 1,10) in (25). Taking into account that S;(u) = u, and
So(u) = u,, are generators of symmetries of equation (24) and using (20), we obtain a
first integral of the given equation in the form

b

Jt,u] = /um(um + Bo(t)ug, )d.

a

Remark 3.1. Note that equation (24) can be represented in the divergence form
N(u) = Dy + Do[2Bv(#) s + Ugee + 0° () uy + BV (t)u] = 0.

It is well known that ,

Ji[t,u] = /utda:

a

is also a first integral of (24).

2. Let us consider the equation of in the form
N(u) = auuy + butly, + au? + buZ = 0, (26)

(x,t) € Qr = (0,1) x (0,7,

where a, b are constants.

Define D(N) by
D(N) ={ue U= C*@Qr) : ulizo = ¢1(2), uli=r = pa(z) (x € (0,1)), (27)

=0 = P1(t), ula= = Pa(t) (t € (0,T)},

where @1, w9, 191,19 are given continuous functions.
Here
Py, =aul, Py=al, P =0, Q(u)=buty, + bu’.

It is easy to check that operator N (26) is not B,-potential on D(N) (27) relative
to the bilinear form

B(v, g) = /T / o(x, t)g(x, t) dudt,

if B, = u(D, + ).
By straightforward computations we find that S;(u) = u, is a generator of symme-

try of equation (26) and Sy(u) = u satisfies the condition N/*B,Ss(u) =2

Suppose that 1; =0 (i = 1,2) in (27) and using (22), we obtain that

I
J[t,u] = /uzutumdx
0

is a first integral of the given equation.
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Remark 3.2. Let us note that equation (26) can be written in the divergence form
N(u) = Dy(avuy) + Dy (buu,) = 0.

It is well known that in this case

I
Ji[t,u] = /uutdx
0
is also a first integral of (26).

4 Conclusion

In the paper we investigate B,-potentiality of a given operator N and obtain formulas
for finding some first integrals of the evolutionary operator equation. All theoretical
results are illustrated by some examples. It should be noted that the considered method
allows us constructing first integrals different from the known ones.

Acknowledgments

The author is grateful to Professor V.M. Savchin for constant attention to this work
and useful discussions.

The research was supported by the Russian Foundation for Basic Research (grant
10-01-91331-NNIO-a).



28

[1]

2]
3]

[4]

[5]

[6]

7]

18]

[9]

[10]

S.A. Budochkina

References

G. Caviglia, Symmetry transformation, isovectors and conservation laws. J. Math. Phys., 27, no.
4 (1986), 972 — 978.

R. Kurant, Partial differential equations. Mir, Moscow, 1964 (in Russian).

P.D. Lax, Integrals of nonlinear equations of evolution and solitary waves. Commun. Pure and
Appl. Math., 21, no. 5 (1968), 467 — 490.

E. Noether, Invariant variational problems. Variational principles of mechanics (1959), 611 — 630
(in Russian).

V.M. Savchin, Mathematical methods of mechanics of infinite-dimensional nonpotential systems.
Peoples’ Friendship University of Russia, Moscow, 1991 (in Russian).

V.M. Savchin, S.A. Budochkina, On the existence of a variational principle for an operator
equation with the second derivative with respect to “time". Mathematical Notes, 80, no. 1 (2006),
87 — 94 (in Russian).

V.M. Savchin, S.A. Budochkina, On indirect variational formulations for operator equations.
Journal of Function Spaces and Applications, 5, no. 3 (2007), 231 — 242.

V.M. Savchin, S.A. Budochkina, Symmetries and first integrals in the mechanics of infinite-
dimensional systems. Doklady Mathematics, 425, no. 2 (2009), 169 — 171 (in Russian).

A.N. Tikhonov, A.A. Samarsky, Equations of mathematical physics. Nauka, Moscow, 1977 (in
Russian).

V.G. Vil'’ke, Analitical and qualitative methods of mechanics of systems with infinite number of
degrees of freedom. M.V. Lomonosov Moscow State University, Moscow, 1986 (in Russian).

Svetlana Budochkina

Department of Mathematical Analysis and Theory of Functions
Peoples’ Friendship University of Russia

6 Miklukho-Maklaya st.,

117198 Moscow, Russia

E-mail: sbudotchkina@yandex.ru

Received: 29.09.2010



