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Abstract. This paper is devoted to obtaining a unique solution to an inverse problem for a one-
dimensional time-fractional integro-differential equation. First, we consider the direct problem, and
the unique existence of the weak solution is established, after that, the smoothness conditions for
the solution are obtained. Secondly, we study the inverse problem of determining the unknown
coeflicient and kernel, and the well-posedness of this inverse problem is proved. The local existence
and global uniqueness results are based on the Fourier method, fractional calculus, properties of the
Mittag-Leffler function, and Banach fixed point theorem in a suitable Sobolev space.
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1 Introduction and setting up the problem

For studying objects or processes in the surrounding world, methods of mathematical modeling are
extensively used. An efficient way to study processes by mathematical methods is by modeling these
processes in the form of fractional differential equations.

Fractional differential equations have excited, in recent years, a considerable interest both in
mathematics and in applications. They were used in the modeling of many physical and chemi-
cal processes and engineering (see, e.g., [2]-[4]). Other studies [7]-[6] demonstrate several interesting
features of the fractional diffusion-wave equations, which represent a peculiar union of properties typ-
ical for second-order parabolic and wave differential equations. Fractional evolution inclusions are
an important form of differential inclusions within nonlinear mathematical analysis. They are gener-
alizations of the much more widely developed fractional evolution equations (such as time-fractional
diffusion equations) seen through the lens of multivariate analysis. Compared with fractional evolu-
tion equations, research on the theory of fractional differential inclusions is however only in its initial
stage of development. This is important because differential models with the fractional derivative
provide an excellent instrument for the description of memory and hereditary properties, and have
recently been proven valuable tools in the modeling of many physical phenomena (see, [20] and the
references therein).

According to the fractional order «, the diffusion process can be specified as sub-diffusion (o €
(0,1)) and super-diffusion (o € (1,2)), respectively. There is abundant literature on the studies
of fractional equations on various aspects, such as physical backgrounds, weak solutions, maximum
principle and numerical methods (see, [19] and the references therein).
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Practical needs often lead to problems in determining the coefficients, kernel, or the right-hand
side of a differential equation from certain known information about its solution. Such problems
have received the name inverse problems of mathematical physics. Inverse problems arise in various
domains of human activity, such as seismology, prospecting for mineral deposits, biology, medi-
cal visualization, computer-aided tomography, the remote sounding of the Earth, spectral analysis,
nondestructive control, etc., (see [3], [L0]-|L7]). In this paper, we discuss an inverse problem of de-
termining a coefficient and kernel depending on the time in a fractional-differential equation by the
measurement data of time trace at a fixed point x;.

Let QI := (0,1) x (0,T) for a given time 7' > 0. We consider the following fractional integro-
differential equation with a fractional derivative in time t:

Ou(z,t) + Lu(x,t) = q(t)ue(w, t) + kxu(z, ) + f(z,t), (2,t) € QL, (1.1)

where 1 < o < 2 and Ofu(z,t) is the left Gerasimov-Caputo fractional derivative with respect to ¢
and is defined in [9] as
ovu(t) = K",

here the kernel function K is given by
k() = {%, t>0,
0, t <0,
['(-) is the Gamma function and £ is the differential operator defined by
Lu=—(o(x)u') + c(z)u,
where the coefficients belong to the set:
A= {(0,¢) € C'[0,1] x C[0,1] : ¢(x) >0, o(z) > 0o > 0},

and x denotes the Laplace convolution

Fea = | flt = P)g(r)dr.

Note that if &« = 1 and a = 2, then equation (|1.1]) represents a parabolic and a hyperbolic integro-
differential equations, respectively. Since we are interested mainly in the fractional cases, we restrict
the order o to 1 < av < 2.

We supplement the above fractional wave equation with the following initial conditions:

u(z,0) = p(x), w(z,0)=vx), 0<z<l, (1.2)
and the zero boundary condition:
u(0,t) =u(l,t) =0, 0<t<T. (1.3)

For convenience of the reader, we present here the necessary definitions from functional analysis
and fractional calculus theory.

For integers m, we denote H™(0,1) = W™2(0,1) and W*1(0,T) the usual Sobolev spaces defined
for spatial and time variables respectively (see [I]), and HJ"*(0,1) is the closure of C§°(0,1) in the
norm of space H™(0,1). For a given Banach space V on (0, 1), we use the notation C™([0,T]; V) to
denote the following space:

™0, T V) :={u:[0,T] - V: 107u(t)||v is continuous inton [0, 7] for all0 < j < m}.
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We endow C™([0,T]; V') with the following norm, making it a Banach space:

lollemuainy = Y- g bl )

§=0
In addition, we define the Banach space X{ by
Xg = C(0,T); D(L7+%)) N C'([0, T D(L7))

with the norm
”uHXg = ||u||C([O,T];D(E'Y+é)) + ||U||Cl([O,T};’D(L’Y))-

The notation X! indicates that zero represents the initial state of the time variable, i.e., t = 0.
Furthermore, we set

Yy = X] x C'0,T] x C[0,T)

endowed with the norm
1(w, g, k) |lyr = llullxz + llalleror + &l e

We denote the domain of £ by D(L£) = H*(0,1)NH(0,1). Tt is well known that, if the coefficients
0 and c of the operator £ are in the set A, then the operator £ has only real and simple eigenvalues

An, and with suitable numbering, we have 0 < Ay < Ay < -+ klim A = 00. By e, we denote
— 00

the eigenfunction corresponding to Ay, which satisfies ||ek||%2(0’1) = (ex,ex) = 1, where (-,-) denotes
the inner product in the Hilbert space L?(0,1) and A, e satisfy Lep = Aper, ex(0) = ex(1) = 0,
{ex} € H?(0,1) N H}(0,1) is an orthonormal basis of L*(0, 1).
Now we define the fractional power operator £ for v € R (e.g. [I3]) and the Hilbert space D(L?)
by
D(LY) := {u € L*(0,1) : Z)\iw|(u,ek)|2 < oo}, Ll = Z)\z(u, ek )er
k=1 k=1

with the inner product (u,v)pcv) = (L4, L7) 20,1y and, respectively, the norm

o 1/2
lullpery = [1£7ull = (Z A, 6k)|2> :

k=1

Moreover, we shall use the Mittag-Leffler function (see [9]):

k
ya
Epu(z)=> ———— z€C
T (pk + p)

o0

with Re(p) > 0 and p € C. It is known that E,,(z) is an entire function in z € C.

Lemma 1.1. Let 0 < p < 2, p € R be arbitrary and 0 satisfy % < 6 < min{m,7p}. Then there
exists a constant ¢ = c(p, pr,0) > 0 such that
c

E <
| PvN(Z)’ — 1—|—|Z"

0 < larg(z)| <,

and the asymptotic behavior of E,,(z) at infinity is as follows: for any N € N

E,(2) = - ; ﬁ LO(=N,
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For the proof, we refer, for example, to [5].

Remark 1. In the paper, the Mittag-Leffler function is used only for real negative z, in which case
the constant ¢ depends only on p and p.

Proposition 1.1. (see [9]) For A > 0, a > 0, 5 € C and positive integer m € N, we have

dm

dt—mEml(—)\ta) = —)\ta_mEa7a_m+1(—>\ta), t >0,
d B—1 « £B—2 «

= (t" ' Eap(=Xt%)) =t" By g1 (=A%), >0

and

0% (Bt (— M) = —AEoy (=A%), >0

Also, we shall use the following simple equality

0

max =01 —-0)"%<1 for 0<0<1. (1.4)

y>0 14y

If q(t), k(t), f(x,t), p(x) and ¥(z) are known, then problem ((1.1))-(|1.3) is called a direct problem.
The inverse problem in this paper is to reconstruct ¢(¢) and k(t) according to the additional data

w(ast) = hi(t), te[0,T], (1.5)

where z; € (0,1), i = 1,2 are fixed points, h;(t), i = 1,2 are given functions.

We investigate the following inverse problem.

Inverse problem. Find u € X, ¢ € C*[0,T] and k € C[0,T] to satisfy (L.I)-(L.3) and addi-
tional measurements , where D(L") is a Hilbert space with some positive constant 7 satisfying

inequality ((1.6]).
We now give a similar definition of a weak solution to (|1.1)-(1.3)), which is introduced in [I5].

Definition 1. We call u a weak solution to (1.1)-(1.3) if (1.1]) holds in L?(0,1) and u(-,t) € H(0,1)
for almost all ¢ € (0,7), u,0u € C([0,T]; D(L77)) and

lm (1) — e = lim Jus(-,) = e = 0
with some v > 0.
Throughout this paper, we assume that % < 7 and
5
157 < %- (1.6)

We make the following assumptions:

(C1) O¢hi € CU0,T] (i = 1,2), p € D(L*a), ¢ € D(L?), f € CY([0,T]; D(LY));

(C2> h;<0)q 0) = 81?‘ 1(0 +£ ( ) ( ) Where fZ( ) f(l'“ )7 ( 72)7

(C3) @(x:) = hi(0), (x;) = hi(0), (i = 1,2);

(C4) p(t) = h}(t)h2(0) — hh(t)h1(0) # 0 and p € C10, T satisfies the following inequality:
1

where pg is a positive constant.



78 A.A. Rahmonov

Remark 2. In (C1), 9¢h € C'(0, T] implies h; € W21(0,T) — H'(0,T) (see [17]).
Remark 3. (C2)-(C3) are the consistency conditions for our problem (1.1)-(1.3), (1.5)), which guar-
antees that inverse problem (1.1)-(1.3)), (1.5] is equivalent to (2.36) and (2.38) (see Lemma 2.6).

Remark 4. In order to guarantee that 0*h € C'[0,T], we could give the usual regularity condition
h; € C?[0,T], such that h}(0) =0 (see [17]).

The main result of this paper is the following local existence and uniqueness result for an inverse
problem.

Theorem 1.1. Let the assumptions (C1)-(C4) hold. Then, the inverse problem has a unique solution
(u,q,k) € YT for sufficiently small T > 0.

The outline of the paper is as follows. Section 2 presents preliminary results, including the
existence and uniqueness of the direct problem —, along with an equivalent problem. In
Section 3, we establish the local existence and global uniqueness of the solution to the inverse problem
—, using the Fourier method and the Banach fixed-point theorem. In Section 4, we

provide examples of the inverse problem (|1.1))-(1.3]), (1.5).

2 Preliminary results

This section presents some preliminary results, including the well-posedness for a fractional differ-
ential equation, an equivalent lemma for our inverse problem, and a technical result, which will be
used to prove our main results.

Let ) -
Ztn(a) = 3 (1. 0) B (=Mt)en @),
Z(tn(z) = 32 (0, e0)tEna(=Aat)en(z), (a.1) € QF,
| Za(00(@) = = T Ml et Ba(=Mut)en (o).

for n € L(0,1).
We first consider the following initial and boundary value problem:

O%u(x,t) + Lu(x,t) = F(x,t), (z,t) € QF,

w(0,t) = u(1,t) =0, 0<t<T, (2.1)

u(z,0) = (x), u(x,0) =1(x), 0<z<l1.

We split into the following two initial and boundary value problems:
ofv(x,t) + Lu(z,t) =0, (z,t) € QF,
v(0,t) =v(1,t) =0, 0<t<T, (2.2)
v(z,0) = p(z), v(z,0) =¢(x), 0<z<l,
and

Orw(x,t) + Lw(z,t) = F(z,t), (x,t) € QF,
w(0,) = w(l,t) = 0, 0<t<T, (2.3)
w(z,0) =0, w(z,0) =0, 0<z<l.

Similarly to Theorem 2.3 in [I5], it is easy to obtain the following assertion:
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Lemma 2.1. Let ¢ € H*(0,1) N H(0,1) and ¢ € Hi(0,1). Let v > 0. Then there exists a unique
weak solution v € C([0,T); H*(0,1) N HL(0,1)) N CH([0,T]; D(L77)) to [2.2]). Moreover, there exists
a constant ¢ > 0, depending only on o,y and Ay, such that

()l 20 + e Dl < e (lellazon + 1 lmey) . € (0,T). (2.4)

Furthermore, we have

{v(xnf) = Zi(1)p(@) + Zo(t0b(a),  (x.1) € QF, (25)

Ut<x7t) = Z3(t)90(x) + Zl<t>w(:€>7 (:C,t) € Qg

Proof. The uniqueness and existence of a weak solution are verified similarly to Theorem 2.1 in
[15], but the statement about the smoothness for the function v given in the lemma differs from the
statement about the smoothness given in [I5]. Therefore, here we prove only inequality . Using
Lemma 1.1, we have

[o( )01y 2D A0 1, €n) Baa(—Ant®)* +2) A2 (1, en)tEaa(—Ant®)[?
n=1 n=1

14+ A\t

2
s )\nta é 1—2
< 2E||@llra0,0) + 262 D Al (W, €0) <u> An 7

n=1

_2 _2
where ¢ > 0, depending only on «, is given in Lemma 1.1. Since Ap © < /\1 *n=1,2,.. by (1.4)
we have

1—2
ot Dl < 26 max{1, 57} (Il + 16130, ) - (2.6)

Further, by the second formula of (2.5)), we have

- - a— ay|?
o, OlBe-) <2 A% At (2, €0) Eaa(=Aat®)|

n=1

+ 23 A2 (1, €0) Ba (—Aat®)[
n=1

2

- )\nta anl —2 1—L+ > —92 1

<27 " A|(psen)l? (%) AT 22N T () PA T (227)
n n=1

n=1

Now, using Lemma 1.1 and (|1.4)), we have

—2(y+1-1) | —2(+1)
o, e < 26 max{ A" 07D (gl + 1l ) (2.8)
[
We introduce the following auxiliary lemmas to obtain the main results.

Lemma 2.2. Let F € C([0,T);D(LY*)). Then there exists a unique weak solution w €
C([0,T]; H*(0,1) N H3(0,1)) to (2.3) with 02w € C([0,T); L*(0,1)). Moreover, for any v > 0,
we have wy € C([0,T]; D(L7Y)),

lin [[w(-, )20 = i lr -, £) ey = 0. (2.9)

t—0



80 A.A. Rahmonov

Furthermore, there exists a constant ¢ > 0, depending only on o,y and Ay, such that

lw(, )l 20y + lwi( ) lpe—y < e(t + "N F loqorypicr/a) (2.10)

and we have

w(a,t) = — [ L7 Z5(t — s)F(x,8)ds, (a,t) € QF,

t (2.11)
wy(x,t) = [; LT Z4(t — s)F(x,s)ds,  (x,t) € QF,

where

Za(t)n(z) = Z A (1, en>ta72Ea,a71(_)‘nta)en(x)

n=1

and the function w belongs to the space C([0,T]; H*(0,1) N H}(0,1)) N C*([0,T]; D(L™7)).

Proof. By Theorem 2.2 in [15], for F' € C([0, T]; D(£'*)), the unique solution w € C([0, T]; H*(0,1)N
H(0,1)) to can be expressed by (2.11). As above, the uniqueness and existence of the weak
solution are verified similarly to Theorem 2.1 in [I5]. Therefore, here we omitted it and we prove
only equality and inequality .

We first have

00 t 2
||w('7t)’|%2(0,1)zz /(F('75>76n>(t_S)a_lEa,a(_An(t_s)a)ds
n=1 0
2
— | [z At —5)%)"
< ¢ )\;fF-,,n(n A tds|
<3| [ el T A s

or, by virtue of the generalized Minkowski inequality, we have

1/2

/ot (i ATI(F(,9), en)lz) A7 lds

t
/ds
0

Furthermore, according to Lemma 2.2, for F' € C([0, T]; D(£Y*)) and by Lemma 1.1, we have

2
lw( OlZ201) <

2
< NN o ripcrant’ (2:12)

< AN? max | F(., ) IDer/e

(-, ) "%{2(0,1)

< HEW<'J)“%2(0,1) = Z)‘i
n=1

t ;o 1/2 _ gyeyest
/0 (;)\n !(F(-,s),en)\2> (f\qji—(tAn(tl)s)a s
t2. (2.13)

2

/0 (F(, ), en)(t — 5)° B~ At — $)%)ds

2

<c

2 2
< CIF oz

By ([2.3) and (2.13) we can estimate also ||0fw (-, t)||c(0,1;2(0,1)) and we have 15% lw(-, )|l z2(0,1) = 0.
Next, applying Lemma 1.1, Proposition 1, and the Cauchy-Schwarz inequality, for any v > 0, we
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have

2

[Jwe (-, HDL ) ZA 2

/ ) e”)(t_s)a 2Eaa 1( )\ (t—S)a)dS

(Z)\ (F(, 8), en)]PAn " )1/2@—5)&%5

02

-1t PR ooy

2

< 272 (2.14)

Therefore, %g% l|ewe (-, t)||%( c—) = 0. Inequality (2.10) follows from inequalities ([2.13) and 219). O

By Lemma 2.1 and 2.2, we get the following assertion:

Lemma 2.3. Let ¢ € H*(0,1)NH(0,1), v € H}(0,1) and F(x,t) € C([0,T]; D(LY®)). Then there
exists a unique weak solution w € C([0,T]; H*(0,1) N H}(0,1)) N CH([0,T]; D(L™7)) to [2.1)), such
that

Nu(-, )l z200,0) + 1w )llpc—)
¢ [lellmzon + 1Yl mo1 + &+ D EFloqomoeey) (2.15)

for allt € [0,T], where the constant ¢ > 0 depends only on «,y and Ay, in particular, does not depend
on T. Furthermore, for all (x,t) € QY we have

{u(x,t)zzl<t)so(w)+22 () = fy £7Z5(t = 5)F (x, 5)ds, (2.16)

up(w,t) = Zs(t)p(x) + Zy () (x) + [y L7 Z4(t — 8)F (2, 8)ds,

where Z;(t)[-](j = 1,2, 3,4) are defined above.
The next two lemmas are regularity results of the solution u to problem (2.1)).

Lemma 2.4. Let p € D(L7%), ¢ € D(LY) and F € C([0,T]; D(LY). Then the unique weak solution
u € XI to (2.1)) is such that

i Dlpggret, + s Dlloen) < e(Ielpggret, + 16l + 127 I Fleomoen ), (217

where ¢ > 0 depends only on a.
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Proof. Obviously, by Lemma 1.1 and the Cauchy-Schwarz inequality, we have
> 2y+2 a = 2 +% a
I iy <30T R, en) B (At 4330 AR, ) B At

n=1
+3 i A0S

+ ()\ ta)l/a 2
<3 Z)\7 (,D,en ’2+3C Z)\Q’y w, n (ﬁw)

1

+3‘/ ( > OAN|(F )en)|2)1/2x;:(t—s)a—lEa,a(—An(t—s)a)ds

F(', 8),en)(t — 8)* B a(—An(t — 8)*)ds

2

< 302““””33@:%% + 302|W\|3)(m)

)

< 3c2uso||pwl) + 3 0len) + 37N pmoens| [ (¢ =) [ (219
As a result, we get
€, Ollpere s, < @) (Illpgrss, + 1lloen + I Flogommey) . (219)

3c2

where ¢(a) = -7z Furthermore, by Lemma 2.3, we have

[e.e]

ur(@,t) = > {=Aat* (9, ) Baa(=Mnt®) + (1, €n) Ea (= Ant®) } €0 ()

n=1

+Z{/ s),en)(t — 5)* 2 Eqa 1(—A (t—s)o‘)ds}en(x). (2.20)
Therefore, by applying (1.4]), and Lemma 1.1 again, we have

e ) Der)

<3Y NN, en) Pl Baa(=Aut™) P 3 A4, €0) [P Baa (—Ant®)

n=1 n=1

a3
Ant®) e\ 2 >
< A’” nt?) = 2N )\
3¢ z poen? () DI
1/2 a—2
t_
(ZA%(F(-,s),en)P) Sk A
0 1 1+>\1<t—8>a

3c? o
+ 33Ul by + (a_—l)QtQ( YIIFIZorpiey- (2:21)

2

/ ,8),en)(t — 8)* 2 Eqac1(=An(t — 5)*)ds

2
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Thus,
e )lioieny < e (16l pggas, + ¥ loien + 2 Flleqoryoieny) (2.22)

for all ¢ € [0,T], where ¢; > 0 depends only on «. Then, we immediately obtain the desired estimate

E17). 0

It is easy to see that
t
Cu(wst) = LZ2(8)0(xs) + LZa(E)0(:) — / Zy(t — $)Flan,$)ds, i—1,2.  (2.23)
0

The following lemma is valid.
Lemma 2.5. Let o € D(L0Fa), ¢ € D(L"), ¢ = m[ér}] c(x) >0 and F € C([0,T); D(LY)). Then
x€|0,
there exists a positive constant ¢ > 0, depending only on «, po, Co, Y, Yo, A1, such that
|£u(@, Yewa < e(I€llp s, + 1o + TIFlopmpen), i=1.2, (2:24)
and
Iue Mo < (l@lpgues, + Iloen + T Fleoaioen). i=12.  (2:25)

Proof. An inequality similar to the estimate in ([2.24)) was derived in [I8]. However, the smoothness
assumptions differ from those in [I8], so we provide a detailed proof of inequalities (2.24)) and (12.25)).
Recall the following inequality for the fractional power £° of £ with B € R, 8> 0:

w28 0,1) < C2||£’8U||L2(o,1)

where constant ¢, > 0 depends only on 5 and A\; (see., [13], p. 208).
Let g = min{eg1, ggo} with 2e9; = v + % — % > 0 and 2gpp = v — }1 — é > 0. According to the
Sobolev embedding theorem H?(0,1) C C[0,1] for 8 = 1 + o, we have

lenllco < csllenllmze.n) < eseallL€n 12001y < cal, (2.26)

where cg, 3, ¢4 > 0 depend only of 3, A;.
For convenience, we split Lu(x;,t) in three parts, namely Lu(x;,t) :=I; 4+ Iy + I3, where

L = LZ () (x;), Lo:=LZ(t))(x;), I3:=— /t Zs(t — s)F(x;,8)ds, i =1,2.
0

Note that
Ay > c5n2,

where ¢; > 0 depends only on py and ¢o (see [12], p. 190). For I;, by Lemma 1.1, and , we have

N « = 1 — 1_ 351
’Il, < Z)‘n‘<90aen>|’Ea,1(_)\nt )Hen(ﬂh)‘ < CZ)\:;O—F“’(SD,@“)‘)\”(’YO"'Q B-1)

n=1 n=1

[e§) 2 1/2 oo B 14 1
< C(Z)‘?M—a ‘((707671)’2) (ZANX’Y(H-Q B 1))
n=1 n=1

00 1/2
sccsuwumwa)(Zn“‘“*i‘ﬁ‘”) . (227)
n=1

/2
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By the choice of /3, we have 4(yo + é — f —1) =14 81 — 4ep > 1, which implies

YooY < oo, y0,7).
n=1

So, we get

L| < C(O"'707%p0;CO>H§0HD(£wO+é)' (2.28)
Further, by Lemma 1.1 and (1.4]), we have the following estimate for Iy:

el < 32 Al en) 1B Aot len (o) < e 2 (01 en) 75 75
n=1 n

_ 1_35_
< e 3l

0o 00 1/2
=) 1 5.1
< cey (ZA?O|(w,en>|2> (ZAn bota=? )> < coll¢llpieoy, (2:29)
n=1 n=1

where cg > 0 depends only on «, 7, v, A1, po, co- Next, we estimate I3. The estimate for I3 is the same
as in [I§] for v — 5 — é = 2e02 — €9 > 0, and we have

o) 2

L= A"/o (F (- 5), €n)(t = 8)* Eaa(=Au(t — 5)%)ds - en(w:)

n=1
: , o 1/2 \ (t—s)a)aT_l 2 1
< 202 A|(F P} D ds| A, 2077
_004/[)(2 |(EC, Wf)’) T+ M (t—s)
n=1
< 2)\ 2(’}’ B— F t2 2 30
< AN D P2 o oyt (2:30)
So,

5| < e, v, 70, A1, po, co)tl| Fllcqo,mipic), vt € [0,T]. (2:31)

According to ([2.28))-(2.31]), we obtain (2.24)).

By differentiating (2.20)) with respect to the variable ¢ and taking into account Proposition 1, we
obtain

d - 2 a—1 «
E}Cu(xu t) = - Z /\n(QO, en)t Ea,a(_/\nt )en(xz)

n=1

o0

+ Z A (¥, €n) Ba 1 (= Ant®)en(3:)

n=1

oo

+ ; An ( /0 t(F(-, s),en)(t — 8)* 2 Ega_1(—Mn(t — s)a)ds) en(z;)

=1 + Iy + I5. (2.32)

Let g9 = min{eqg, 11} where 2619 = vy — % >0 and 261 =y — % > 0.
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By the asymptotic property of the eigenvalues )\, > csn?, for L, using Lemma 1.1 and (1.4]), we
have

L1 <D N en)lt® ™ Enal=Ant®)[en(zs)]

n=1

oo a—1
Jré ()\nta)T — (v —B—
n=1 n

0o /2 / 1/2
2
S ccy (z :)\i’)’o"l‘a |(()07 en)|2> <§ A;Q(vg—ﬁ—l))
n=1

n=1
- 1/2
< cc4c5H<p||D(m0+é) <Z n—4('yo—ﬂ—1)> '
n=1

By choice of 3, we have 4(y9 — 8 — 1) = 1 4 819 — 4e9 > 1, which implies

o0
Zn"l(%’ﬁ’l) < (v, %)-
n=1
Thus, we obtain }
L] < C(CY»70,P0,00)||s0||p(mo+é)- (2.33)

Similarly, we have the following estimate for Io:

Ll <D Aal(, )l Eaa (= Aat®)len()]

n=1

00 )\;(’Yofﬁ*l) > 1/2
< cea Y NP en)| S < (Z Aol 6n>|2)
n=1 " n=1

(3] 1/2
X <Zn_4(’70—5—1)) S C(aa’yv,yo;100700)||77Z)||D(E'YO)' (234)
n=1

Further, we estimate I;. By Lemma 1.1 and v —pB—1=2e; —egg > 0, we have

[e'S)
T <>
n=1

M /0 (F(, ), en)(t — 8)° 2 Ea o 1(= At — 8))ds - en(x1)

2 2 e= 2 2 V2 (t—s)*? ? 2(y—B-1)
< A(F(- n ——————ds| -\ 0T
—CC4A<; n‘( (73)76 )|> 1—|—)\1(t—8)o‘ S n
t RN
2 2 2 a—2 —2(y—p-1
< @ max 1P | [ s2s| 20770
So that 3
5] < e(a, 7,70, M1, pos o) | Fllcqo,rypent®™", vt €[0,T]. (2.35)
Finally, by (2.33))-(2.35)), we get (2.25)), thereby completing the proof of this lemma. ]

To study the main problem (|L.1))-(1.3)), (1.5)), we consider the following auxiliary inverse initial
and boundary value problem.
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Lemma 2.6. Let (C1)-(C4) be held. Then the problem of finding a solution to -, is
equivalent to the problem of determining functions u(z,t) € X7, q(t) € C*0,T] and k(t) € C[0,T]
satisfying

Ofu(x, t) + Lu(x, t) = q()us(z,t) + (kxu)(t) + f(z,t), (x,t) € QL

u(x,0) = @(z), wz,0)=1p(z) 0<z<l1, (2.36)
u(0,t) = u(1,t) =0, 0<t<T,
and
1
q(t) = m( SOV [u, 1] (1) — 1(())/\/Q[U,Z](t)), 0<t<T, (2.37)
1
{W (OONa[u, 1) (t) — Q(t)./\/’l[u,l](t)ﬂ, 0<t<T, (2.38)
where Dy := (d/dt),
Ni = 07 ha(t) + Lulw;, t) — (L= b)(t) = fi(t), (i =1,2) (2.39)
and .
(1) = / k(r)dr. (2.40)

Remark 5. By Lemma 2.6, we know that problem (2.36)-(2.38]) is an equivalent form of the original
inverse problem ([1.1))-(1.3)), (1.5)). Therefore, in the following sections, we will discuss problem ([2.36))-

(2.38)), rather than the original one.

Proof. The solution (u(z,t), q(t), k(t)) € Yi of our inverse problem (L.1)-(L.3), is also a solution
to problem in Y[, because problem is the same as —. Therefore, we should show
only (2.37) and (2.38). Let the three {u(z,t),q(t), k(t)} functions be a solution to problem (L.1])-
(1.3]), (1.5). Taking into account the conditions d%h;(t) € C[0,T] which imply that h; € C[0,T],
and fractional differentiating both sides of with respect to t gives

O u(wy, t) = 0Fhi(t),  w(zs,t) = hi(t), 0<t<T. (2.41)

Set x = x; in equation (|1.1)), the procedure yields
t
Ofu(z, t) + Lu(z, t) = q(t)ue(x;, t) +/ k(t — T)u(z;, 7)dT + f(x5,t), i =1,2. (2.42)
0
We note that [(t) = fg k(7)dr. Then by integration by parts, we get the following equality:

/ Ck(Mh(t — 7)dr = h(O)I() + / Ut — () (2.43)

With the help of (2.41)) and (2.43), we can rewrite (2.42)) as

RL(#)q(t) + hi(O)(t) = %hy(t) + Lulast) — (L W)(E) — fit), i=1,2.

Due to (C4), we can solve this system to get (2.37) and

1
p(t)

Furthermore, by differentiating ([2.44)) with respect to t, we get (2.38)).

1) = —— (LN [, (2) = PO [, 0(2) ). (2.44)
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Now, assume that (u q, satisﬁes To prove that {u,q, k:} is a solution to the
inverse problem (|1.1] , , it sufﬁces to show that {u, q,k} satisfies

Setting x = x; in equatlon (2.36)), we have

O u(wy, t) + Lu(x;, t) = q(t)ug(xi, t) + (kxw)(t) + f;(¢). (2.45)
On the other hand, from (C2), we easily see that
1
p(0)
We get by integrating over [0,t]. From and (2.44), we conclude that

Ri()a(t) = —hi(0)U(t) + 7 halt) + Lulzs,t) — (L ))(t) = filt)
= 0%hi(t) + Lu(x;, t) — (k= hy)(t) — fi(t)

(14 (O)N[u, 1(0) = By (0)N; [, 1(0) ) = 0.

or

fit) = —hi()a(t) + 07 ha(t) + Lulwi, t) — (k * i) (t). (2.46)
Then substituting (2.46|) into (2.45)), and using (C3), we have that P;(t) := u(z;,t) — hi(t) (i = 1,2)

satisfies
{&X() q@P%> (k* P)(t), t>0,
P;(0) = P/(0) =

Then, the fractional initial value problem (2.47) is equivalent to the integral equation (see, [9], p.
199)

P(t) = ﬁ /Ot (/:(t e — s)dT) Py(s)ds

L t aly (s)ds
—f@yéu—s> ¢ (5)Py(s)d

(2.47)

1

+ m/o (t — 5)*2q(s)Py(s)ds, i=1,2. (2.48)

This is a weakly singular homogeneous integral equation, and it has only a trivial solution for ¢(t) €
C10,T] and k(t) € C[0,T] (see [§]). Therefore, u(x;, t) — hi(t) = 0, for 0 < t < T, i.e., condition
(1.5]) is satisfied. O

At the end of this section, we present a lemma that will be used to estimate ¢ and k.
Lemma 2.7. Let (C1) hold. Then for all (u,q,k) € Yi and | € C*0,T), there exists a constant
¢ > 0 depending only on o, vy, %, A1, Po, Co, in particular, independent of T', p,v, such that

N, Dlleror < 108Rillcro + € (1 p sty + 1o ) + I fillorom

+e(T + T e lullogrieny) + (T + T Elcprlul oo gpet by

+ T+ T flemoey + THllloron], (249)

where N; (i = 1,2) are the same as those in (2.39) and I(t) as in (2.40)).
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Proof. By Lemma 2.5 and condition (C1), we see that
INilu, Ol < 1107 hallcroy + [1Lulas, t) ooy + (12 hill oo,
+ fillew,ry < 197 hillcpo,m +C(H90||D(w+g) + [[¥llpeo)
+T%\!F|\C([O,T];D(£v)>) + T2 op I 20y + | fillowm:
By the definition of F', the last inequality gives
[Nilu, Qllcor < 1107 il oy +C[H90|\Dwo+g) + [[¥llpco)

1
+ T(HC]HC[O,T} [uelleqoripn) + A Tlkllowmlull o mpet),

1 legomeny )| + THllewnl#lzzom + | fllcon,

where we have used that

ol = SN E et < A%
DLy — n U7€7’L) n =71 H/U”D(L:"H'é)'
n=1

On the other hand, direct calculations yields

DN [u, 1)(t) = (07 hs) + Lug(x,t) — (I k) (E) — fi(t).

Here we have taken into account that [(0) = 0. By Lemma 2.5, we have
I DeNilw, e, < 11005 ha) o + C[||90||D(mo+é) + [[¥ Do)

_1
+T (IIQIIC[O,T]||ut||o<[o,T1;D(m)> A Tkl oo rype+4))

i .
+ ”f||0([07T];D(m))>] + 12 [ Ull oo [1Pill 20,y + Wl fillorour-
Using ([2.50) and (2.52)), we obtain the desired estimate given in ([2.49).

3 Well-posedness of the inverse problem

(2.50)

(2.51)

(2.52)
0

We can now prove the existence of a solution to our inverse problem, i.e. Theorem 1.1, which proceeds

by a fixed point argument. First, we define the function set
B,r = {(‘,q‘, k) €Yy a(z,0) = o(x),a,(x,0) = (x), u(0,t) = u(l,t) =0,

lallxz + lallcrpom + 1kl cror < p}-

Here p is a large constant that depends on the initial and source data ¢, ¢, f, as well on the

measurement data h;. For a given (u, q, k) € B,r, we consider

Ofu(w, t) + Lu(z,t) = Fx,t),  (x,t) € Qf,
u($70) = 90(1')? ut(xa()) = 1/1(37)7 0<z <1,
u(0,t) = u(1,t) =0, 0<t<T,
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where
F(x,t) = qt)u(x, t) + (k= a)(t) + f(z, 1),
and
oD ( (0N [u, 1] () — 1(0)N2[u,l_](t)>, (3.2)
d (Wi (N[, 1) (t) — hy(H) N [u, 1](t)
5( p(t) ) (3.3)

to generate (u, g, k), where [(t) = ft (1)dr, N; (i = 1,2) are the same as those in
By Hoélder’s inequality, we have

t t s
Ik < a) Ol < [ 1= n)Pdr [ fum) e <X @R glal g (3
0 0

which implies
1k @) (®)leqoripen) < M = p*T

Furthermore

S e
Using these results, along with f € C'([0,T]; D(L")), we have
20z, 6) + (F 0)(t) + f(,1) € C(0,T]; D(LY)).
By Lemma 2.4, the unique solution u € X! to problem (3.1)), given by (2.16) satisfies
HUHX[{ <c (HSOHD(ﬁwé) + [[¥llpern + TailHFHC([o,T];D(m)O ; (3.6)

where ¢ > 0 depends only on «. Further, (3.2)-(3.3) define the functions ¢(t) and k(t) in terms of w.
Furthermore, by Lemma 2.7, we have

G2 o r7:p(cry) = Max < allZ o1l Z o mpeery < 0" (3.5)

0<t<T

lallcrio + Ikllcoy < cllL/pllexo (11 (0)] + a(O)] + 1B llcro + IHllcroa)
x (14 (T + 7°)(1 + allconlullcgompen)
2 o) || 1. % 7|
+ (@2 + 1) [Fllewnllull g gy + T llleom). (37)

Note [(t) = [} k(r)dr. Then, we get

t
ltlowon = | [ Brar] -+ 1Floon < (1+DlFlog. (3.5)
0 C10,77
Substituting (3.8)) into (3.7 yields
lallcrpom + [[Ellepr < o(T) [1 + llallcom lullegoripe)

+ WEllcwm il ozt + Ellcom |- (3.9)

This implies that ¢(t) € C*[0,T] and k(¢) € C[0,T).
Thus the mapping B
Z:Byr =Yy, (4,q,k) = (u,q,k) (3.10)

given by (3.1))-(3.3)) is well defined.

The next lemma shows that Z is a contraction map on B, for sufficiently small 7" > 0. More
precisely, we have the following result.
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Lemma 3.1. Let (C1)-(C4) be hold. For (i,q,k), (U,Q,K) € B,r, define
(u,q.k) = Z(u,q.k), (U,Q,K)=Z2(U,Q K).
Then for any sufficiently large p and suitably small T(p) > 0, we have
1(u, q, k) llyr < p

and
1 _ o
Iu=Uig=Qk = K)llyr < Sll(@ =V, = Q@ k = Kllyz (3.11)

for all T € (0,7(p)].

In the following proof, we use ¢; (j = 7, ...) to denote a constant that depends on a, v, v, A1, po, Co
and the known functions ¢, ¢, f and measurement data h;,7 = 1,2, but is independent of p.

Proof. First, we prove that Z(B,r) C B, for sufficiently large p and suitably small 7. Without
loss of generality, we assume that p € [1,00) and T € (0, 1].

By Lemma 2.4 and inequalities (3.4))-(3.6]), we have

lullxg < AT el proe s, + [l
+ ! [Hcf(t)ﬂt||C([0,T},D(m)) + || (k * @)l cqo.r.p000)

+ Iflloqompien)| < er [L+ T (3.12)

Here we have used the assumptions p € [1,00) and T' € (0,1] (and we shall use them further on).
On the other hand, by (3.2)-(3.3)), together with Lemma 2.7 and (3.8)), we have

lalleo + Ikllcpm < es (I fw, Dlloriom + 1INl Dllesom
S@h+T+TW*+MT+T“UWmewMW

1
+ p(T% 4+ T%) ull, +pTH(1+T)]

0,7]:D(L7+ &)
<L+ T+ T (T T Dl + T )

< e[l + erpT® Y1+ p?To ) + pTV/?
< e[l + P (T + T2 (3.13)

Adding inequalities (3.12)) and (3.13]) gives us

(s g, )y < er [L+ p"T7]
+mﬂ+f@”HTWﬂ§mP+f@WHTW”.@M)

For p > ¢13, we choose a sufficiently small 7 (p) such that, for p > ¢;3 and 0 < T < 7 (p)
e L+ ot (12 + T2 | <. (3.15)
Therefore, for all T < min{1, 71 (p)}, we have

1(u, q, k) [lyr < p- (3.16)
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That is, Z maps B, r into itself for each fixed p > ¢13 and T' € (0, min{1, 71(p)}].

Next, we check the second condition of contractive mapping Z. Let (u,q,k) = Z(u,q, k) and
(U,Q,K)=Z(U,Q, K). Then we obtain that (u — U, q — @, k — K) satisfies the equalities

u(z,t) — Uz, t) = /Ot ATY (t — s)F(z,s)ds, (x,t) € QF, (3.17)

and
0(6) = Q) =~ (BaON N TI) = AU ZJ1) = I (O)Nalo 1) = MU ZJE). (319
0 - k() = (OG0 A 10) _ BOWSIIO ML (3

Fi:C](Ut—Ut)JF(q—Q)Ut+k5*(U—U)+(k_K)*U-
Using Lemma 2.4, ) and . we get
lu = Ullxr < c1aT*™ [H(@ — Q)] o,y + (@ — Un)dlleom b
+[[(k = K) * @)lleqo,pen) + [k (@ = U)lleqor,ne)
< T [Ilti - Q”C[O,T]||ﬂt||0([07T];D(U))
+ 17 = Oillogomven I@lop + T4 " Ik = Kllcpnll gy mer b
+ T 8= Ol (,ﬂ%))uf%ucm,n}
< cupT* max{1, T2\, } g = Qlloor + 1t = Tllxg + Ik = Kllcpm |- (320
Similarly, by (3.18)-(3.19) and Lemma 2.7, we have
_1
lg = Qlleroz + 1k — Kllcpor) < esp(T? + T2~ max{1, T2\, *, T}
x g = Qllep + i = Ullxg + Ik = Kllcpn]. (321)

Therefore, by (3.20)) and (3.21)), we have

l(u—U,q—Q,k — K)|lyr < clﬁp[Ta_l max{1,T2A;i}
(T2 + T VY max{1, T2\ =, T I = 0,a- Q.= Ky (322)
Hence, we can choose a sufficiently small 75 such that
cmp[Ta—l max{1, T2\, 7 } + (T2 + T°°1) max{1,T2Aﬁ,T%}] <1/2 (3.23)
for all T € (0, 73] to obtain
[(u=U,q=Q, k= K)llyyr < %H(ﬂ U= Q. k= K)llyr. (3.24)

Estimates (3.16) and ([3.24)) show that Z is a contraction map on B, r for all T' € (0, 7], if we choose
7 < min{l, 7y, 7 }. O
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Let us now prove Theorem 1.1.

Proof. Lemma 3.1 shows that there exists a sufficiently large p > 0 and a corresponding sufficiently
small 7(p) > 0, such that, for any 0 < 7' < 7(p), the mapping Z is a contraction on B, . Hence,
the Banach fixed point theorem guarantees the existence of a unique solution (u,q,k) € B,r C Yy
to the system —, for sufficiently small 7. As a consequence, the problem constituted by

(1.1)-(1.3) and (1.5)) also admits a unique solution (u,q,k) € B, C Yy by Lemma 2.6. O

Now, we present a global uniqueness result in time.

Lemma 3.2. Under conditions (C1)-(C4), for given measurement data h;(t) fori = 1,2 in (L.5), if

the inverse problem (L.I)-(L.3)), (L.5]) has two solutions (uj,q;,k;) € Yy (j = 1,2) for any time, then
(u1, q1, k1) = (u2, o, k2) in [0, T7.

According to Remark 5, we know that (2.36))-(2.38) is equivalent to (1.1)-({1.3), (1.5). In Lemma
3.2, we discuss the global uniqueness of inverse problem (|2.36])-([2.38)).

Proof. Given any time 7', let (u;, g;, k;) (i = 1,2) be two solutions to inverse problem ([2.36))-(2.38)) in
[0, 7] such that (u;,q;, k;) € Yy . This implies

H(Uz, q;, ki)”YOT S C*, 1= 1, 2, (325)
where C* > 0 depends only on «, T, initial data ¢ and ), the known function f and measurement
data h;.

Let 3
U=u —u2, ¢=q —q, k=k —k
Then (@, §, k) satisfies
ofu + Lu = qiy + quag + ky £ U4 k * ug, (z,t) € QF,
(x,0) = U (z,0) = 0, 0<z<l, (3.26)
u(0,t) = u(1,t) =0, 0<t<T,
and ]
i) = o (2(0) i1, 8) = b (0) Lz, 1) — [+ p), (3.27)
) 4 () (Eﬁ(xg,t) . h;) —RY() <£a(m1,t) . h’1>
(1) =< , (3.28)
dt p(t)
where () = I, — lo and I;(t) = [, k;(s)ds. We have to show
(@, 4, k)|lyr = 0. (3.29)
Define 3
o = inf {t € (0,7 |[(@,d,k)llys > o}. (3.30)

It does not hold, then it is clear that o is well-defined and satisfies
by Theorem 1.1, we have ¢ > 0, and o < T follows from the fact that ||(
continuity of the norm with respect to time ¢.

Let 0 < e < T — 0. Further, by , we can write the solution u as

o < T. Moreover,

0 <
, G, k)|lyr > 0 and the

u(z,t) = —/0 L7175t — 8)F(z,8)ds, (x,t) € Q7T (3.31)
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where ) )
F(x,t) = iy + quas + Ky * @+ K * ug.

Then, similarly to the proofs of Lemma 2.4 and 2.5, we have
]| o+ < Cea_l||F||C([o,a+e];D(E“f))a (3.32)
and

{HE@((L’“ '>||C[U,U+e] S Cl7€||FHC([U,a-{—s];D(ﬁV))7 (3 33)

1Lt (2i, )| cloota < 18€* | Fllc(joo+edD(27))-

From the definition of o, we see that

i=G=k=0 in [0,0]. (3.34)
By the definition of F', and using (3.4)), (3.5) and (3.25), we have
]| ore < c19€*" (||qlﬂt||0([a,a+e];p(m)) + |quat|lo(joo+asp(c)
+ ||k1 * 4|0+ + | * U2”C([a,a+e};7)(m)))

< gC*e* ! <Hﬂt!|0([a,a+e];p(m)) + |l c1o,0+4

A Nl gy, A WRlopa) - (3:39)
Due to ¢(o) = 0, then implies
lctona = max | [ 7163051 < clllesomsas (3.0
Substituting (3.36|) into (3.35)), we have
_1 -
]| xote < cooC*e* T max{1, e, A\, “e}||(@, g, E)llyo+e. (3.37)

Note ||q[|c1(0,0] = Ik]lc0.0] = 0. On the other hand, by (3.27), and using (3.33)), we have the following
estimate for ¢

ldllerioora
< eale + ) (I0200)/pOlloriora + 112(0)/pOcri00a ) IFllcqrosamien
+ & pllcpesdlllcpera
< 0210(W11H01 o017 1h2llcrjory) (e + €71) (HﬁtHC([oﬁe};D(m)) +elldllcrioord

N il gty ) + Cltlcwms Illopm)e M Flopora, — (3.39)

C(|o,0+€;D

where we have used that

Vllcposq = max | / $)ds| < e[ Flcpos.

o<t<o+te

Similarly to (3-38), by ([3-28) we can easily estimate &

&l clo.org < CURallc2o,s [[h2llc20,m) [021(6 + Ea_l)(HatHC([U,chre];D(ll’v))

+elldllcrporg + A EIIUH + €| kllcinoral- (3:39)

C(lo0+€D (Wé)))
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From (3.37)-(3.39)), we obtain
1(@, G, B)llyz+e < ClBallozory, Cn(e)I(@ G k) lyz+e (3.40)
with

: a—1 | 3/2 A
€1;111017( €) = elgfo (e+2e* "+ €7 ) max{l,e, A\, “€} =0,

and implying .
1(@, G, k)l[yg+e =0
for some sufficiently small positive constant e. This means that (u; — u2, g1 — g2, k1 — k2) vanishes in

[0, 0 + €], which contradicts with the definition of o. Therefore (3.29) is proved. From here, we can
conclude that

(u1,q1, k1) = (u2,q2, k) in [OvT]
for any time 7. O]

4 Examples

In this section, as an illustration, we provide two examples of inverse problem (|1.1))-(1.3]), (1.5).
Example 1. In this example, we consider inverse problem ([L.1f)-(|1.3]), (1.5) with the following input
data:

/

o(x) =sin2mz, Y(x) = ((8 —16v2)2% + (8v2 — 2)z) sinmwz, =1, 2y =3,
flz,t) = — [(¥"(x) + (64 — T4V2 + Tr?)(z) )t + (48 — 42v/2 + 872) 1%y (z)]
—[(48 — 42\/' 2+ 812t + Am*t?] p(x),

\hl(t) =14 t, hz(t) = 1.

It is easy to see that all functions given in Example 1 satisfy conditions (C1)-(C4).
Then, the exact solution of the inverse problem is

w(z,t) = p(x) +(x)t, k() = 48 — 42v/2 + 87° + 87,

q(t) = (64 — 74V2 + Tt + (24 — 21V2 + 4t — ?t?ﬂ
Example 2. In this example, we consider inverse problem —, with the following input
data:
o(x) =sin27rz, Y(z) = ((8 — 16v/2)2* + (8v2 — 2)z )sinmz, @ =1, @y i=1,
fla,t) = =" (x) + o(2)¢" (21)
=[5 + (L) = ()9 (22) + (" (1) = 0" (1) )p()] cost,
hi(t) :=14+1t, ho(t) =t.
Then the exact solution of the inverse problem is
u(x,t) = p(x) +(x)t, k() =48 — 42v/2 + 4x?sint,
q(t) = (=64 + 74v/2 — 372t + (24 — 21v/2)t% + 4n®sin t.
Since the inverse problem considered in equations —, is nonlinear, hence, an ana-

lytical solution cannot be found, however, to obtain the exact solutions provided in Examples 1 and
2, we employed a reverse approach: first, we define the functions ¢, ¥, hq, hy that satisfy conditions

(C1)-(C4) and the function u(t,z) that satisfies conditions (1.2)), (1.3)) and (1.5]), then we determine
the remaining functions ¢, k, f from the system of equations (2.36)-([2.38)).
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