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1 Introduction

In recent years non-associative analogues of classical constructions have become of interest in con-
nection with their applications in many branches of mathematics and physics. The notions of local
and 2-local derivations have also become popular for some non-associative algebras such as Lie and
Leibniz algebras.

The notions of local derivations were introduced in 1990 by R.V. Kadison [I7] and D.R. Larson,
A R. Sourour [I8]. Later in 1997, P. Semrl introduced the notions of 2-local derivations and 2-local
automorphisms on algebras [16]. The main problems concerning these notions are to find conditions
under which all local (2-local) derivations become (global) derivations and to present examples of
algebras with local (2-local) derivations that are not derivations.

Investigation of local derivations on Lie algebras was initiated in papers [7] and [I4]. Sh.A. Ayupov
and K.K. Kudaybergenov have proved that every local derivation on a semi-simple Lie algebra is
a derivation and gave examples of nilpotent finite-dimensional Lie algebras with local derivations
which are not derivations. In [§] local derivations and automorphisms of complex finite-dimensional
simple Leibniz algebras are investigated. They proved that all local derivations on finite-dimensional
complex simple Leibniz algebras are automatically derivations and it is shown that filiform Leibniz
algebras admit local derivations which are not derivations.

Several papers have been devoted to similar notions and corresponding problems for 2-local deriva-
tions and automorphisms of finite-dimensional Lie and Leibniz algebras 5l &, @, 14]. Namely, in [9]
it is proved that every 2-local derivation on a semi-simple Lie algebra is a derivation and that each
finite-dimensional nilpotent Lie algebra, with dimension larger than two admits a 2-local derivation
which is not a derivation. Concerning 2-local automorphisms, Z. Chen and D. Wang in [14] proved
that if £ is a simple Lie algebra of type A;, D; or Ey, (k = 6,7,8) over an algebraically closed field
of characteristic zero, then every 2-local automorphism of £ is an automorphism. Finally, in [5]
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Sh.A. Ayupov and K.K. Kudaybergenov generalized this result of [14] and proved that every 2-local
automorphism of a finite-dimensional semi-simple Lie algebra over an algebraically closed field of
characteristic zero is an automorphism. Moreover, they also showed that every nilpotent Lie algebra
of finite dimension greater than two admits a 2-local automorphism which is not an automorphism.

In [3] local derivations of solvable Lie algebras are investigated and it is shown that in the class of
solvable Lie algebras there exist algebras which admit local derivations which are not derivations and
also algebras for which every local derivation is a derivation. Moreover, it is proved that every local
derivation on a finite-dimensional solvable Lie algebra with model nilradical and maximal dimension
of complementary space is a derivation. Sh.A. Ayupov, A.Kh. Khudoyberdiyev and B.B. Yusupov
proved similar results concerning local derivations on solvable Leibniz algebras in their recent paper
[4]. The results of paper [10] show that p-filiform Leibniz algebras as a rule admit local derivations
which are not derivations. Similar results concerning local derivations on direct sum null-filiform
Leibniz algebras were obtained in [2].

In [13], [2I] Sh.A. Ayupov and B.B. Yusupov investigated 2-local derivations on infinite-
dimensional Lie algebras over a field of characteristic zero. They proved that all 2-local derivations
on a Witt algebra as well as on a positive Witt algebra are (global) derivations, and gave an example
of an infinite-dimensional Lie algebra with a 2-local derivation which is not a derivation. In [II] they
have proved that every 2-local derivation on a generalized Witt algebra W, (F) over a vector space F"™
is a derivation. In [I5] Y. Chen, K. Zhao and Y. Zhao studied local derivations on generalized Witt
algebras. They proved that every local derivation a Witt algebra is a derivation and that every local
derivation on a centerless generalized Virasoro algebra of higher rank is a derivation. In [12] Sh.A.
Ayupov, K.K. Kudaybergenov and B.B. Yusupov studied local and 2-local derivations of locally finite
split simple Lie algebras. They proved that every local and 2-local derivation on a locally finite split
simple Lie algebra is a derivation.

In the present paper we study local and 2-local %—derivations of solvable Leibniz algebras. We show
that any local %—derivation on a solvable Leibniz algebra with model or abelian nilradicals, whose
dimension of the complementary space is maximal, is a %—derivation. Moreover, similar problems
concerning 2-local %—derivations of such algebras are investigated.

2 Preliminaries

In this section we give some necessary definitions and preliminary results.

Definition 1. A vector space with a bilinear bracket (L, [-,-]) is called a Leibniz algebra if for any
x,1y, 2z € L the so-called Leibniz identity

[ZB, [y,zH = [[$,y],z} - [[:B,z],y],
holds, or equivalently, [[x,y], z] = [[z, 2], y] + [z, [y, z]].

Here, we adopt the right Leibniz identity; since the bracket is not skew-symmetric, there exists
the version corresponding to the left Leibniz identity,

[z, 9], 2] = [, [y, 2] = [v, [, 2] .

Let £ be a Leibniz algebra. For a Leibniz algebra £ consider the following lower central and
derived sequences:

£1 _ L:, £k+1 — [ﬁk,ﬁl], k 2 17
cW=rp, =gkl gl s> 1.



44 U. Mamadaliyev, A. Sattarov, B. Yusupov

Definition 2. A Leibniz algebra L is called nilpotent (respectively, solvable), if there exists k € N
(s € N) such that £* = 0 (respectively, £I*) = 0).The minimal number k (respectively, s) with such
property is said to be the index of nilpotency (respectively, of solvability) of the algebra L.

Note that any Leibniz algebra £ contains a unique maximal solvable (respectively nilpotent) ideal,
called the radical (respectively nilradical) of the algebra.
A %—derivation on a Leibniz algebra £ is a linear map D : £ — £ which satisfies the Leibniz rule:

1 ([D(z),y] + [z, D(y)]) for any z,y € L. (2.1)

D)) = 5

The set of all 1 -derivations of a Leibniz algebra L is a Lie algebra with respect to the usual matrix
commutator and 1t is denoted by £ Der(L).
For a finite-dimensional nilpotent Leibniz algebra N and for the matrix of the linear operator ad,

denote by C(z) the descending sequence of its Jordan blocks” dimensions. Consider the lexicograph-
ical order on the set C(N) ={C(z) | = € N}.

Definition 3. The sequence

< max C (x))
zeN\N?2
is said to be the characteristic sequence of a nilpotent Leibniz algebra N.

Definition 4. A linear operator A is called a local %-derivation, if for any = € L, there exists a
s-derivation D, : £ — L (depending on z) such that A(z) = D,(x). The set of all local i-derivations
on £ we denote by Locs Der(L).

Definition 5. A map V : £ — £ (not necessary linear) is called a 2-local % 5-derivation, if for any
z,y € L, there exists a 3-derivation D, € 3 Der(L) such that

V(z) = Dyy(x), V(y) = Day(y).

2.1 Solvable Leibniz algebras with abelian nilradical

Let a,, be an n-dimensional abelian algebra and let R be a solvable Leibniz algebra with the nilradical
a,. Take a basis {fi, fo,..., fn, 21, %2, ... 2} of R, such that {fi, fa,..., fu} is a basis of a,. In [I]
such solvable algebras in the case of k = n are classified and it is proved that any 2n-dimensional
solvable Leibniz algebra with the nilradical a,, is isomorphic to the direct sum of two dimensional
algebras, i.e., isomorphic to the algebra

Lo fizil=fi v fil =aif;, 1<j<n,

where a; € {—1,0} and ¢ is the number of zero parameters «;.
Moreover, in the following theorem a classification of (n+1)-dimensional solvable Leibniz algebras
with n-dimensional abelian nilradical is given.

Theorem 2.1. [1/ Let R be an (n + 1)-dimensional solvable Leibniz algebra with n-dimensional
abelian nilradical. If R has a basis {f1, fa, ..., fn,x} such that the operator ad,|,, has Jordan block
form, then it is isomorphic to one of the following two non-isomorphic algebras:

[fz,l’] fi + fir1s I1<i<n-—1,
R fi,x] = fi+ fiyr, 1<i<n—1, R [fn, 2] = fa,
b [fn,37]:fn, > [l’, ]__ fz+1> 1§i§n_17
[T, fu] = —fa-
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2.2 Solvable Leibniz algebras with model nilradical

Let N be a nilpotent Leibniz algebra with the characteristic sequence (my, ..., m,), and with the
table of multiplication

N -

s

[6;,61]:€§+1, 1§t§5,1§2§mt—1

The algebra Ny, ., is usually said to be a model Leibniz algebra. For solvable Leibniz algebras
with nilradical N, ., and the complement dimension space equal to s, we will use the notation
R(Nony..ms» 8)-

Theorem 2.2. [20)] A solvable Leibniz algebra R(Ny, . m.,S) with nilradical Ny, m., such that
DimR(Np,....me» S) — DimNp,, . m. = s, is isomorphic to the algebra:

’Mwﬂ—eﬂ, 1<t<s,1<i<m—1,
e}, 1] = ie 1<i<my,
R(Npymar 8) [dwﬂ:@—n L2<t<s,2<i<my,
el xy] = e, 2<t<s,1<i<my,
[xhel] %7

where {x1,...xs} is a basis of the complementary vector space.

3 %—deriva,tion of solvable Leibniz algebras

In the following propositions, we present a general form of the %—derivation of the algebras
R(le,...,msy S), ﬁt, R1 and RQ.

Proposition 3.1. Any -derivation D of the algebra 3 Der(R(Np,....m,.S)) has the following form:

D(e}) = aye;, 1 <i<my,
D(ef) = 5= (27" = D +ay)el, 2<t<s, 1<i<my,
D(z;) = aur;, 1<i<s.
Proof. Let {e],€%,... €}, 21,...,25} be a basis elements of the algebra R(Ny,,. m.,S).
Let d be a %—derivation of the algebra R(Np, .. m.S)
We put

Zzatlel+zﬁll$i’ D ZZﬁYtzez+ZB2zxu 1§P§S

t=1 i=1 t=1 i=1

The following restrictions follow from the equality

D(le}, w1)) = 5(ID(el), 1] + el D)

1 _ ; 1 _ 1 _ 1
Qy; = 0, 3<1<my, Y1 = 0, 62,1 =07,

o, =0, 2<t<s, i=12 4<i<m,
Bll,izov 1§Z§S
Consider the equality

D([e}, z1]) = 5 ([D(e
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Then we get

of ; =0, 1<i<my,

aﬁi:O, 2<t<s, 2 <1< my,
1

B2 = 0.

Similarly, from the equality

0= D((ry]) = 5 (D), 1] + [y, D),

with 1 < p < s we have

The equality

for 2 < p < s which imply

Consequently,

S S
D(e}) = aj 61 + ajseh, Dl(w,) =Y APl +> phm, 2<p<s.
t=2 =2

From the equality
1

5 ([D(zp), 23] + [, D(25)]),

0= D[y, i) = 5

for 2 < p,j < s we obtain the following restrictions:

From the relations

D([z1, e1]) = %([D(xl%eﬂ + [0, D(ey)]), D([ef, xj]) = %([D(eﬁ’),%’] +[e1, D(x;))),

for 2 < p,j <s, we have

06%72207 'th,l =0, 2<t<s,
o, =0, 2<pt<s, p#t,
f,j:O, ﬁg,p:agl, 2<p<s, 1<j<s,

By,=0, 2<jp<s j#p

Consequently,

From the chain of equalities
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1 :
§[D<€f71),6ﬂ + 5[6?71,13(6%)], 1< p<s, 2<:1 < My,

and the restrictions obtained above, it is easy to establish that

D(e}) = D([ef 1. e1]) =

)

O
Proposition 3.2. Any %-derivation D of the algebra L; has the following form:
D(f;) = a;f;, D(x;) =oybif;, 1<j<n
Proof. The proof is similar to the proof of Proposition m
Proposition 3.3. Any %-dem’vation D of the algebras Ry and Ry have the following forms, respec-
tively:
. (fz) :alfi7 1§z§n,
Der(Rl) ' { (l') = o x.
(fz) :alfia 1§Z§na
Der(Ry) : D) =3 B,f; + awz.
j=1
Proof. The proof is similar to the proof of Proposition O

4 Local %-derivation of solvable Leibniz algebras

4.1 Local %-derivation of solvable Leibniz algebra R(N,,, . m.,$)

Now we shall give the main result concerning local %—derivations of the solvable Leibniz algebra
R(Nyy . my» S)-

Theorem 4.1. Any local %—dem’vation on the solvable Leibniz algebra R(Np,, .. m.,S) s a %—dem’vation.

Proof. Let A be a local 3-derivation on R(Ny,,, . m., ), then we have

S S
t,
Z%xﬁzz 25 Zczﬂﬁzzdz?f
p=1 j=1 p=1 j=1
Let D be a %—derivation on R(Ny, . m.,$), then by Proposition , we obtain
D(e}) :a16161 1 <i<my,

D(ef) = 7 (27 = Darer +aper)e, 2<t<s, 1<i<my,
D(z;) = gz, 1<i<s.

Considering the equalities
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we have
;cwasjjtpz:l;:ldz’]p f—alde%, 1<i<my
f% agmﬁfzyJ@‘ Dy +aga)el, 2<t<s, 1<i<my,
= p=iist

From the previous restrictions, we get that

Alel)=djlel, 1<i<my,
Ael) = dyjel, 2<t<s, 1<i<my,

A(.Z'Z) = QT 1 S ) S S.

Considering A(e] + €}) for 2 < i < my, we have
Ale; +ef) = diﬁe% + dil”ile}.
On the other hand,

A(ei + ezl) = De%-i—e% (6% + 611) = De%—f—eil (6%) + De%-‘r@} (611) =

_ 1 1
- aLe%—i—e,}el + O‘i,e%-{—e,} ei

Comparing the coefficients at the basis elements ef and e}, we get the equalities Qleliel = d}ﬁ,

= dbt

Z’L’

el pe! which imply

1,1 411 .
d’i,i _dlal’ zélgml

Now for 2 <t <s, 1 <7< my, we consider

2,171

A(eﬁ +€i + 2 +.Z't) dtt€t+d1 161 +CZ1 121 + a 4Tt

On the other hand,

t 1 _ —
Ale; +ey +z1+2) =D t+€1+$1+$t(6 ter+x+ay) =
1
92i—1
1
T Qpetrel 4o 42,61 T Qetpel 4o+, L1 T Qpet el yay+a, Tt

1—1 t
((2 - l)al,e§+e}+z1+xt + O‘i,e§+e%+x1+mt>ei+

Comparing the coefficients at the basis elements ef, el, x; and x;, we get the equalities

1

— i—1 t,t
=ayz, i1 ((2 d;’

- 1>a1,e§+e}+x1+xt + ai,@ﬁ—&-@}—i—m-ﬁ-m) iy

- dLl
al,e§+e%+x1+xt — 11
at,eﬁ—l—e%—s—xl—l-xt = Qtt,

which imply

1 )
dﬁz;:ﬂf‘ Ddyy +a), ag=dpy, 2<t<s, 1<i<m.
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Thus, we obtain that the local %—derivation A has the following form:

A(e}) = dyrer, 1<i<my,

Alel) = 55 (27" = Ddpy +ag)el, 2<t<s, 1<i<my,
A(‘(E1> = }ﬁxb

A1) = ag g, 1<t <s.

Propositionimplies that Aisa %—derivation. Hence, every local %—derivation on R(Npy...imss S)
is a %—derivation. O

4.2 Local %—derivation of solvable Leibniz algebras with abelian nilradical

Now we shall give the main result concerning local %—derivations on solvable Leibniz algebras with
abelian nilradicals.

Theorem 4.2. Any local %—dem’vation on the algebra Ly is a %—derivation.
Proof. For any local %—derivation A on the algebra L;, we put the %—derivation D, such that:
D(f;) =a;fj, D(xj) =aybif;, 1<j<n,
Then, we get
A(f;) = Dy, (f5) = a;f5, Alzg) = Do, () = a;b; f;.

Hence, A is a %—derivation. O

In the following theorem, we show that (n + 1)-dimensional solvable Leibniz algebras with n-
dimensional abelian nilradical have a local derivation which is not a derivation.

Theorem 4.3. Consider the (n + 1)-dimensional solvable Leibniz algebras Ry and Ry (see Theorem
. Any local %—dem’vation on the algebras Ry and Ry is a %—dem’vation.

Proof. We prove the theorem for the algebra R;, and for the algebra Ry the proof is similar.
Let A be a local %—derivation on Ry, then we have

A(f;) = Z CLiJ’fj + C;T, 1 S 7 S n,
j=1

Let D be a %—derivation on Ry, then by Proposition , we obtain

D(fz) = al,f—;fia 1 S ? S n,
D(z) =aj,x.

)

Considering the equalities
A(z) = Do(x), A(fi)) = Dy(fi), 1<i<n,

we have .
Yoaiifitar=oypfi, 1<i<n
=1

Yobifj+dr = a .
j=1
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From the previous restrictions, we get that

A(fl) = a/i,ifia 1 S ? S n,
A(z) = dz.

For 2 <1 < n, we have
A(fr+ fi) = arpfr + aii fi.

On the other hand,

A(fi+ fi) = Dy, (fr + fi) = Dy, (f1) + Dy g (fi) =
= 0417f1+fif1 + a17f1+fifi'

Comparing the coefficients at the basis elements f; and f;, we get the equalities oy ¢4, = a1,
A1 f1+f; = Qig, which 1mply

Similarly, the equalities

A(fi+x)=ai1f+dx
= Df1+€13(f1 + l’) = Df1+ét(f1) + Df1+x($)
= o1, f+2f1 T 00 42T,
imply
d= ai.

Thus, we obtain that the local %—derivation A has the following form:

A(fi)=a11fi, 1<i<n,
A(z) = a1z

Proposition implies that A is a %—derivation. Hence, every local %—derivation on R; is a
%—derivation.

]

5 2-local %-derivation of solvable Leibniz algebras

5.1 2-local %-derivation of solvable Leibniz algebra R(N,,,  m.,$)

Now we shall give the main result concerning of the 2-local %-derivations of the solvable Leibniz
algebra R(Ny,  m.,S)-

Consider an element ¢ = Y x; of R(Ny, . ., S)-
t=1

Theorem 5.1. Any 2-local %—dem’vation of the solvable Leibniz algebra R(Np,, . . m.,S) iS5 a %—

derivation.

Proof. Let V be a 2-local i-derivation on R(Ny,, . m,,s) such that V(g) = 0. Then for any element

s myg

P = Z ngeﬁ + Z Ctl't € R(le,m,ms? S)v
t=1

t=1 =1
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there exists a 3-derivation Dy, (p), such that

Hence,
0="V(q) = Dyplq) = Y _ v,
t=1

which implies, a; =0, 1 <t <s.

Consequently, from the description of the %—derivation R(Np,
Thus, we obtain that if V(g) = 0, then V is a zero.

Let now V be an arbitrary 2-local %—derivation of R(Np,....m.,s). Take a %—derivation D, p, such
that

,,,,, ms» $), we conclude that D, , = 0.

V(q) = Dyp(q) and V(p) = Dy,(p).

Set Vi =V — Dy, Then V; is a 2-local 3-derivation, such that Vy(g) = 0. Hence V;(p) = 0 for
all £ € R(Npy,...m,,S), which implies V = D, ,,. Therefore, V is a %—derivation.
[l

5.2 2-local %-derivation of solvable Leibniz algebras with alebian nilradical

Now we shall give the result concerning of 2-local %-derivations of solvable Leibniz algebras with
abelian nilradical.

Proposition 5.1. Any 2-local %-dem’vation of the algebra Ry is a derivation.

Proof. Let V be a 2-local %—derivation on Ry, such that V(f;) = 0. Then for any element { =

n
S &ifi + &z € Ry, there exists a 3-derivation Dy, ¢(£), such that
i=1

V(fi) = Dpe(fi), V(€)= Dy e(§)-

Hence,
0= V(fl) = thﬁ(fl) = Oélfl;
which implies, a; = 0.
Consequently, from the description of the %—derivation of Ry, we conclude that Dy, ¢ = 0. Thus,

we obtain that if V(f;) =0, then V is a zero.
Let now V be an arbitrary 2-local 3-derivation of Ry. Take a 3-derivation Dy, ¢, such that

V(f1) = Dpe(fr) and V(§) = Dy, ¢(8)-

Set Vi =V — Dy, ¢. Then V), is a 2-local 3-derivation, such that Vy(f;) = 0. Hence, V;(£) =0
for all £ € Ry, which implies that V = Dy, ¢. Therefore, V is a %—derivation. O]

1

Theorem 5.2. The solvable Leibniz algebra Ry admits a 2-local %—dem’vation which is not a 3

derivation.

Proof. Let us define a homogeneous non-additive function f on C? as follows

2

Z_la if22#07
Z21,%90) = *2
far,22) {0, if 25 = 0,
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where (z1, 29) € C2.
Define the operator V on R,, such that

V(§) = f(&1, &) f1, (5.1)

for any element & = > & fi + > &nvity,
i=1 i=1

The operator V is not a %—derivation, since it is not linear.
Let us show that V is a 2-local %—derivation. For this purpose, define a %—derivation D on R, by

D(€) = (a&1 + b&2) fu-

For each pair of elements £ and 7, we choose a and b, such that V(§) = D(§) and V(n) = D(n).
Let us rewrite the above equalities as system of linear equations with respect to the unknowns a, b
as follows

(5.2)
ma+ b = f(n1,1m0).
Case 1. {my — &my = 0. In this case, since the right-hand side of system ([5.2]) is homogeneous,

it has infinitely many solutions.
Case 2. &1 — &m # 0. In this case, system ([5.2]) has a unique solution.

{fla + &b = f(&1,&),

Theorem 5.3. The algebra L; admits a 2-local %-derivation which is not a %-dem’vation.

Proof. The proof is similar to the proof of Theorem [5.2] O
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