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n with su�iently smoothboundary, ensuring that its singular numbers sk are of order k− 2l

n . As an appliationertain estimates are obtained for the deviation upon domain perturbation of singularnumbers of suh orret restritions.Let l, n ∈ N and L be an ellipti di�erential expression of the following form: for
u ∈ C∞(Rn)

(Lu)(x) =
∑

|α|,|β|≤l

(−1)|α|+|β|Dα
(
Aαβ(x)Dβu

)
, x ∈ R

n,where Aαβ ∈ C l(Rn) are real-valued funtions for all multi-indies α, β satisfying
|α|, |β| ≤ l. Moreover, let, for a domain Ω ⊆ R

n, LΩ : D(LΩ) → L2(Ω) be a lin-ear operator losed in L2(Ω) generated by L on Ω.A restrition A : D(A) → L2(Ω) of LΩ is orret if the equation Au = f has aunique solution u ∈ D(A) for any f ∈ L2(Ω) and the orresponding inverse operator
A−1 : L2(Ω) → D(A) is bounded. For the properties of orret restritions see [5℄, [3℄.De�nition 1. Let A and B be ompat linear operators in a Hilbert spae H . If thereexist 0 < a < b and c1, c2 > 0 suh that for singular numbers1 sk(A) and sk(B) theondition

c1k
−a ≤ sk(A) , sk(B) ≤ c2k

−b .holds, we say that in the representation C = A+B the operator A is a leading operatorand the operator B is a non-leading operator.1As usual it is assumed that s1(A) ≥ s2(A) ≥ · · · ≥ sk(A) ≥ · · · where eah singular number isrepeated as many times as its multipliity. The same refers to the operator B.



146 V.I. Burenkov, M. OtelbaevTheorem 1. Let A and B be ompat linear operators in a Hilbert spae H. If in therepresentation C = A + B the operator A is a leading operator and the operator B isa non-leading operator and for all 0 < σ < 1

lim
k→∞

sk+[kσ](A)

sk(A)
= 1 ,then

lim
k→∞

sk(A+B)

sk(A)
= 1 .Idea of the proof. The well-known inequality sk(A+B) ≤ sm(A)+sn(B) ifm+n = k+1implies that sk(A + B) ≤ sk−[kθ]+1(A)(1 + c3k

α−θβ) for all k ∈ N, where c3 = c−1
1 c22

βand α
β
< θ < 1. Replaing here A by A + B, B by −A, and k − [kθ] + 1 by k onean prove that for eah γ > 1 there exists c4 > 0 and κγ ∈ N suh that sk(A + B) ≥

sk+[γkθ](A)(1 − c4k
α−θβ) for all k ≥ κγ , whih implies the result.Theorem 2. Let l, n ∈ N, n ≥ 2, 2l(1 − 1

n
) < s ≤ 2l, and Ω be a bounded domain in

R
n with the boundary ∂Ω of lass C2l. Moreover, let A and B be orret restritions ofthe operator LΩ suh that

D(A) ⊆W 2l
2 (Ω) , D(B) ⊆W s

2 (Ω)and the operators A−1 : L2(Ω) →W 2l
2 (Ω) , B−1 : L2(Ω) →W s

2 (Ω) are bounded. Thenin the representation B−1 = A−1 + K the operator A−1 is a leading operator and theoperator K = B−1 − A−1 is a non-leading operator.Idea of the proof. Given f ∈ L2(Ω) we onsider Kf as a solution of the Dirihletboundary value problem LΩu = 0 with the boundary data
tr

∂Ω

( ∂mu

∂nm

)
= tr

∂Ω

( ∂mKf

∂nm

)
∈W

s−m− 1
2

2 (∂Ω), m = 0, ..., l − 1,where s −m − 1
2
> 0. Next we use the fats that for any 0 < µ < s the embeddingoperator E1 : W µ

2 (Ω) → L2(Ω) is ompat and its singular numbers sk(E1) have theorder k−µ
n , and that the embedding operators

E2j : W
s−j− 1

2
2 (∂Ω) → W

µ−j− 1
2

2 (∂Ω) , j = 0, 1, ..., l− 1 .are ompat and their singular numbers sk(E2j) have the same order k− s−µ
n−1 . (See [6℄.)Finally we apply deep results from [4] on solvability of this Dirihlet problem for thease in whih the boundary data belongs to Sobolev spaes of negative order.Theorem 3. Let l, n ∈ N, n ≥ 2, 2l(1 − 1

n
) < s ≤ 2l and Ω be a bounded domain in

R
n with the boundary ∂Ω of lass C2l. Then there exists b > 0suh that the singular numbers 2 sk(B) of all orret restritions B of the operator

LΩ satisfying the ondition D(B) ⊆ W s
2 (Ω) with the bounded inverse B−1 : L2(Ω) →

W 2l
2 (Ω)

lim
k→∞

sk(B)k−
2l
n = b .2 As usual it is assumed that s1(B) ≤ s2(B) ≤ · · · ≤ sk(B) ≤ · · · where eah singular number isrepeated as many times as its multipliity.



On the singular numbers of orret restritions . . . 147Idea of the proof. We onsider a orret restrition A of the operator LΩ satisfyingthe ondition D(A) ⊆ W 2l
2 (Ω) with the bounded inverse A−1 : L2(Ω) → W 2l

2 (Ω)whose asymptotis of singular numbers is known, represent the inverse B−1 in theform B−1 = A−1 + K, where by Theorem 2 A−1 and K are a leading operator, anon-leading operator respetively, and apply Theorem 1.Let now, for u ∈ C∞(Rn), Lu be a seond order ellipti di�erential expressionwithout lower terms with symmetri Aαβ, namely
Lu = −

n∑

i,j=1

∂

∂xi

(
aij(x)

∂u

∂xj

)
, x ∈ R

n,where aij ∈ C1(Rn) are real-valued funtions satisfying aij = aji for all i, j = 1, ..., n.Moreover, let A be a �xed atlas in R
n, M > 0, and C2

M(A) be a family of boundeddomains Ω ⊆ R
n with boundaries of lass C2, whose preise desription is given in [1℄,[2℄.Theorem 4. Let n ∈ N, n ≥ 2, 2− 2

n
< s ≤ 2. Moreover, let B(A) = {BΩ}Ω∈C2

M
(A) bea family of orret restritions BΩ of the operator LΩ suh that D(BΩ) ⊆ W s

2 (Ω) and
supBΩ∈B(A) ‖B−1

Ω ‖L2(Ω)→W s
2 (Ω) < ∞ . Then there exist δ, c5 > 0 and for eah ε ∈ (0, δ]there exists k(ε) ∈ N suh that

|sk(BΩ1) − sk(BΩ2)| ≤ c5 k
2
n εfor all k ≥ k(ε) and for all Ω1,Ω2 ∈ C2

M(A) satisfying
(Ω1)ε ⊆ Ω2 ⊆ (Ω1)

ε or (Ω2)ε ⊆ Ω1 ⊆ (Ω2)
ε .Idea of the proof. We onsider the family A(A) = {AΩ}Ω∈C2

M (A) of orret re-strition AΩ of the operators LΩ de�ned by the homogeneous Dirihlet boundaryondition. For this family A(A), whih satis�es onditions D(AΩ) ⊆ W 2
2 (Ω) and

supAΩ∈A(A) ‖A−1
Ω ‖L2(Ω)→W 2

2 (Ω) < ∞, the estimate of the above type is proved in [2℄.Next we apply an appropriate orollary of Theorem 3 stating that the ratio sk(BΩ)
sk(AΩ)

on-verges to 1 uniformly with respet the families A(A) and B(A) whih allows reduingthe desired estimate to a similar estimate for sk(AΩ) for su�iently large k ≥ k(ε).AknowledgmentBurenkov's researh was partially supported by the grants of the RFBR (projets 09-01-00093-a, 11-01-00744-a).
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