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s Subje
t Classi�
ation: 53B35, 53C55.Abstra
t. We generalize Cartan's Lemma for inde�nite nearly Kaehler manifoldsof 
onstant type and as an appli
ation we obtain relationship between 
onstan
y ofholomorphi
 se
tional 
urvature and bise
tional 
urvature of inde�nite nearly Kaehlermanifolds.1 Introdu
tionCartan [2℄ proved the following important result for Riemannian manifolds.Theorem [A℄ (Cartan's Lemma). Let (M, g) be a Riemannian manifold of dimension
≥ 3. Then M is a spa
e of 
onstant se
tional 
urvature if and only if the Riemannian
urvature tensor R(X, Y, Z,X) = 0 for all orthonormal ve
tors X, Y, Z ∈ Tp(M), where
Tp(M) is a tangent spa
e of all tangent ve
tors at any point p of M .The Kaehler version of this result has been proved by Nomizu [11℄.Theorem [B℄. A Kaehler manifold M of dimension ≥ 6 is a 
omplex spa
e form ifand only if R(X, Y, JX, Y ) = 0 for all orthonormal ve
tors X and Y whi
h span totallyreal plane se
tion of Tp(M) at an arbitrary point p of M .Graves and Nomizu [6℄ generalized Theorem [A℄ for an inde�nite Riemannian man-ifold.Theorem [C℄. Let (M, g) be an inde�nite Riemannian manifold with inde�nite metri

g. If R(X, Y, Z,X) = 0 for orthonormal ve
tors X, Y and Z, then all non-degenerateplanes have the same se
tional 
urvature.Barros and Romero [1℄, Nagai
h and Hussain [10℄ generalized Theorem [B℄ for aninde�nite Kaehler manifold.Theorem [D℄. Let (M2n, g, J) be an inde�nite Kaehler manifold with real dimen-sion ≥ 6 . Then M is of 
onstant holomorphi
 se
tional 
urvature if and only if
R(X, Y,X, JX) = 0 for every orthonormal set of ve
tors X , Y and JX.
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h and Hussain [9℄ have also proved the exa
t 
omplex version of Cartan'sLemma for inde�nite Kaehler manifolds.Theorem [E℄. Let (M2n, g, J) be an inde�nite Kaehler manifold with real dimension
≥ 6. Then M is an inde�nite 
omplex spa
e form if and only if R(X, Y, Z,X) = 0for all orthonormal ve
tors X, Y and Z at any point p of M whi
h span a totally realsubspa
e of Tp(M).In this paper, we shall generalize Cartan's Lemma for an inde�nite nearly Kaehlermanifold by proving the followingMain Theorem [F℄. Let (M2n, g, J) be an inde�nite nearly Kaehler manifold of 
on-stant type with dimension ≥ 6. Then M is of 
onstant holomorphi
 se
tional 
urvatureif and only if R(X, Y, Z,X) = 0 for all orthonormal ve
tors X, Y and Z.2 PreliminariesNearly Kaehler geometry arises as one of the sixteen 
lasses of almost Hermitian man-ifolds appearing in the 
elebrated Gray and Hervella 
lassi�
ation [5℄ and de�ned as aRiemannian manifold (M2n, g, J) with almost 
omplex stru
ture J su
h that

g(JX, JY ) = g(X, Y ) and (∇XJ)X = 0, (2.1)where X, Y ∈ χ(M) and ∇ is the Levi-Civita 
ovariant operator de�ned by the metri
tensor g. In this paper we 
onsider non-Kaehlerian nearly Kaehler manifolds. Examplesof su
h non-Kaehlerian nearly Kaehler manifolds are S6 (with the 
anoni
al almost
omplex stru
ture and metri
) and G/K, where G is a 
ompa
t semisimple Lie groupand K is a �xed point set of an automorphism of G of order 3 (see [14℄).The metri
 g is said to be degenerate if there exists a non-zero ve
tor X ∈ χ(M)su
h that g(X, Y ) = 0 for all Y ∈ χ(M) and a ve
tor �eld X is a spa
e-like, time-likeor null if g(X,X) > 0, g(X,X) < 0 or g(X,X) = 0 respe
tively for X 6= 0. A plane
p = sp{X, JX} is degenerate if and only if g(X,X) = 0, X 6= 0. For a non-degenerateplane p = sp{X, Y }, the se
tional 
urvature is de�ned, as usual, by

K(X, Y ) =
R(X, Y,X, Y )

g(X,X)g(Y, Y ) − g(X, Y )2
. (2.2)The holomorphi
 se
tional 
urvature H(X) for a unit ve
tors X is the se
tional
urvature K(X, JX) and the holomorphi
 bise
tional 
urvature H(X, Y ), for unit ve
-tors X and Y is given as R(X, JX, Y, JY ). In a nearly Kaehler manifold, the followingidentities are well known [4℄:

R(X, Y,X, Y ) − R(X, Y, JX, JY ) = ‖(∇XJ)Y ‖2. (2.3)
R(X, Y, Z,W ) = R(JX, JY, JZ, JW ). (2.4)

R(X, JX, Y, JY ) = R(X, Y,X, Y ) +R(X, JY,X, JY ) − 2‖(∇XJ)Y ‖2. (2.5)
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hIt is known that if M is of 
onstant holomorphi
 se
tional 
urvature c at everypoint m ∈M , then the Riemannian 
urvature tensor of M is of the following form
R(X, Y, Z,W ) =

c

4
{g(X,W )g(Y, Z)− g(X,Z)g(Y,W ) (2.6)

+ g(X, JW )g(Y, JZ)− g(X, JZ)g(Y, JW )

− 2g(X, JY )g(Z, JW )}
+

1

4
{g((∇XJ)W, (∇Y J)Z) − g((∇XJ)Z, (∇Y J)W )

− 2g((∇XJ)Y, (∇ZJ)W )},for all X, Y, Z,W ∈ χ(M).De�nition ([4℄). Let M be an almost Hermitian manifold. Then M is said to be of
onstant type at m ∈M if for all x ∈ Tm(M) we have
[‖∇x(J)(y)‖ = ‖∇x(J)(z)‖]whenever

[< x, y >=< Jx, y >=< x, z >=< Jx, z >= 0 and ‖y‖ = ‖z‖.]If this holds for all m ∈M we say that M has (pointwise) 
onstant type. Finally, if
M has pointwise 
onstant type and for X, Y ∈ χ(M) with < X, Y >=< JX, Y >= 0,the fun
tion ‖∇X(J)(Y )‖ is 
onstant whenever ‖X‖ = ‖Y ‖ = 1, then we say that Mhas global 
onstant type.Lemma [G℄ ([4℄). Let M be a nearly Kaehler manifold. Then M has (pointwise)
onstant type if and only if there exists α ∈ F (M) su
h that

‖(∇XJ)Y ‖2 = α{g(X,X)g(Y, Y ) − g(X, Y )2 − g(X, JY )2}, (2.7)for all X, Y ∈ χ(M) and F (M) is the set of real valued C∞ fun
tions on M . Further-more, M has global 
onstant type if and only if (2.7) holds with a 
onstant fun
tion
α. Also for orthonormal ve
tors, from (2.5) and (2.7), the holomorphi
 bise
tional
urvature H(X, Y ) satis�es

H(X, Y ) = K(X, Y ) +K(X, JY ) − 2α. (2.8)3 Proof of the Main TheoremLet (M2n, g, J) be an inde�nite nearly Kaehler manifold of 
onstant type and
{X, Y, Z, JX, JY, JZ} be a set of orthonormal ve
tors, then by (2.7) we have

2α = ‖(∇XJ)(Y + Z)‖2

= ‖(∇XJ)Y ‖2 + ‖(∇XJ)Z‖2 + 2g((∇XJ)Y, (∇XJ)Z), (3.1)
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onstant type 123this implies
g((∇XJ)Y, (∇XJ)Z) = 0. (3.2)Let M be of 
onstant holomorphi
 se
tional 
urvature, then from (2.6), repla
ing Wby X, we have

R(X, Y, Z,X) =
c

4
{g(X,X)g(Y, Z)− g(X,Z)g(Y,X)

+ g(X, JX)g(Y, JZ)− g(X, JZ)g(Y, JX)

− 2g(X, JY )g(Z, JX)}
+

1

4
{g((∇XJ)X, (∇Y J)Z) − g((∇XJ)Z, (∇Y J)X)

− 2g((∇XJ)Y, (∇ZJ)X)}. (3.3)Sin
e {X, Y, Z, JX, JY, JZ} is a set of orthonormal ve
tors, then we have
R(X, Y, Z,X) =

3

4
g((∇XJ)Y, (∇XJ)Z). (3.4)Using (3.2) we get

R(X, Y, Z,X) = 0. (3.5)Now, we shall dis
uss the 
onverse part of the theorem in two 
ases:Case I: when g(X,X) = g(Y, Y ).In this 
ase, de�ne X́ = X cos θ+Y sin θ and Ý = −X sin θ+Y cos θ. Then 
learly X́,
Ý and ´JX form an orthonormal set of ve
tors, using (3.5) we have

R(X́, ´JX, Ý , ´JX) = 0. (3.6)From this we get
0 = − sin θ cos3 θH(X) + sin3 θ cos θH(Y ) − sin3 θ cos θR(Y, JY,X, JX)

− sin3 θ cos θR(X, JY,X, JY ) − sin3 θ cos θR(Y, JX,X, JY )

+ sin θ cos3 θR(X, JY, Y, JX) + sin θ cos3 θR(Y, JX, Y, JX)

+ sin θ cos3 θR(X, JX, Y, JY ). (3.7)Choosing θ =
π

4
, we get

H(X) = H(Y ). (3.8)Case II: when g(X,X) = −g(Y, Y ).In this 
ase, we de�ne X́ = X cosh θ+ Y sinh θ and Ý = X sinh θ+ Y cosh θ. Again X́,
Ý and ´JX form an orthonormal set of ve
tors, using (3.5) we have

R(X́, ´JX, Ý , ´JX) = 0. (3.9)This gives
0 = sinh θ cosh3 θH(X) + sinh3 θ cosh θH(Y ) + sinh3 θ cosh θR(Y, JY,X, JX)

+ sinh3 θ cosh θR(X, JY,X, JY ) + sinh3 θ cosh θR(Y, JX,X, JY )

+ sinh θ cosh3 θR(X, JY, Y, JX)

+ sinh θ cosh3 θR(Y, JX, Y, JX)

+ sinh θ cosh3 θR(X, JX, Y, JY ). (3.10)
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hConsequently, we have
0 = cosh2 θH(X) + sinh2 θH(Y ) + (cosh2 θ + sinh2 θ)R(X, JX, Y, JY )

+(cosh2 θ + sinh2 θ)R(X, JY,X, JY ) + (cosh2 θ

+sinh2θ)R(X, JY, Y, JX). (3.11)This implies
0 = cos2 θH(X) − sin2 θH(Y ) + (cos2 θ − sin2 θ){R(X, JX, Y, JY )

R(X, JY,X, JY ) +R(X, JY, Y, JX)}. (3.12)Choosing θ = π
4
in above relation, we get

H(X) = H(Y ). (3.13)Thus, from (3.8) and (3.13) the result follows.Corollary [H℄. Let M be an inde�nite nearly Kaehler manifold of 
onstant type withdimension ≥ 6. Then M is of 
onstant holomorphi
 se
tional 
urvature if and only if
R(X, Y,X, JX) = 0 for every orthonormal set of ve
tors X, Y and JX.Theorem [I℄ ([12℄). There does not exist a nearly Kaehler manifold of 
onstant 
ur-vature provided that n 6= 6.Theorem [J℄ ([13℄). A 6-dimensional nearly Kaehler manifold of 
onstant holomorphi
se
tional 
urvature is a spa
e of 
onstant 
urvature.In [7, 8℄ Iwatani showed that an 8-dimensional and a 10-dimensional nearly Kaehlermanifolds of 
onstant holomorphi
 se
tional 
urvature are Kaehler manifolds. There-fore a nearly Kaehler manifold of 
onstant holomorphi
 se
tional 
urvature, satisfyingabove result, whi
h is not kaehlerian is S6.Now, as an appli
ation of above result, we prove the following theorem.Theorem [K℄. Let (M2n, g, J) be an inde�nite nearly Kaehler manifold of 
onstanttype with dimension ≥ 6. Then M is of 
onstant holomorphi
 se
tional 
urvature ifand only if M has 
onstant bise
tional 
urvature.Proof. One part of the theorem is obvious by (2.8). Conversely, sin
e M is of 
onstanttype, therefore

R(X, Y, Z,X) = 0, (3.14)whereX, Y and Z are orthonormal ve
tors. LetM be of 
onstant bise
tional 
urvature,then
H(X, Y ) = c. (3.15)Therefore using (2.8) we have

K(X, Y ) +K(X, JY ) = c+ 2α. (3.16)
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onstant type 125We prove the theorem in two di�erent 
ases, as de�ned earlier.Case I: It is 
lear that U = X cos θ+Y sin θ and V = −X sin θ+Y cos θ are orthonor-mal ve
tors, therefore from (3.15) we have
H(U, V ) = c, (3.17)this gives

c = sin2 θ cos2 θ[H(X) +H(Y )] + (sin4 θ + cos4 θ)H(X, Y )

−2 sin2 θ cos2 θK(X, JY ) − 2 sin2 θ cos2 θR(X, JY, Y, JX), (3.18)repla
e Y by JY in (3.18) we get
c = sin2 θ cos2 θ[H(X) +H(Y )] + (sin4 θ + cos4 θ)H(X, Y )

−2 sin2 θ cos2 θK(X, Y ) + 2 sin2 θ cos2 θR(X, Y, JY, JX). (3.19)Adding (3.18) and (3.19) using (3.16) with Bian
hi's �rst identity, we get
2c = 2 sin2 θ cos2 θ[H(X) +H(Y )] + 2(sin4 θ + cos4 θ)H(X, Y )

−4 sin2 θ cos2 θ[H(X, Y ) + α]. (3.20)Choosing θ = π
4
, we get

H(X) +H(Y ) = 4c+ 2α. (3.21)Case II: It is also 
lear that U = X cosh θ + Y sinh θ and V = X sinh θ+ Y cosh θ areorthonormal ve
tors, therefore from (3.15) we have
H(U, V ) = c, (3.22)from this, we get

c = sinh2 θ cosh2 θ[H(X) +H(Y )] + (sinh4 θ + cosh4 θ)H(X, Y )

+2 sinh2 θ cosh2 θK(X, JY ) + 2 sinh2 θ cosh2 θR(X, JY, Y, JX). (3.23)Repla
ing Y by JY in (3.23) we get
c = sinh2 θ cosh2 θ[H(X) +H(Y )] + (sinh4 θ + cosh4 θ)H(X, Y )

−2 sinh2 θ cosh2 θK(X, Y ) − 2 sinh2 θ cosh2 θR(X, Y, JY, JX). (3.24)Adding (3.23) and (3.24), using (3.16) and Bian
hi's �rst identity, we get
2c = sinh2 θ cosh2 θ[H(X) +H(Y )] + 2(sinh4 θ + cosh4θ)H(X, Y )

+4 sinh2 θ cosh2 θ[H(X, Y ) + α]. (3.25)Choosing θ =
π

4
, we get

H(X) +H(Y ) = −[4c+ 2α]. (3.26)Therefore from (3.21) and (3.26) it is obvious that M is of 
onstant holomorphi
se
tional 
urvature.
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