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k
1-multipartite hypertournament ([αi]

k
1-MHT) and the seond (αi)

k
1-multipartite hyper-tournament ((αi)

k
1-MHT). We obtain neessary and su�ient onditions for the k listsof non-negative integers in non-dereasing order to be the losing sore lists (sore lists)of [αi]

k
1-MHT and that of (αi)

k
1-MHT. We extend this onept to more general lass of

[αi]
k
1-multipartite multihypertournament ([αi]

k
1-MMHT) and (αi)

k
1-multipartite multi-hypertournament ((αi)

k
1-MMHT).1 IntrodutionA hypergraph is a generalization of a graph [1℄. While an edge of a graph is a pairof verties, an edge of a hypergraph is a subset of the vertex set. An edge onsistingof k verties is alled a k-edge and a hypergraph whose all edges are k-edges is alleda k-hypergraph. A k-hypertournament is a omplete k-hypergraph with eah k-edgeendowed with an orientation, that is, a linear arrangement of the verties ontainedin the hyperedge. In a k-hypertournament, the sore s(vi) or si of a vertex vi is thenumber of ars ontaning vi and in whih vi is not the last element, the losing sore

r(vi) or ri of a vertex vi is the number of ars ontaining vi and in whih vi is thelast element. The sore sequene (losing sore sequene) is formed by listing the sores(losing sores) in non-dereasing order.The following haraterization of sore sequenes and losing sore sequenes in k-hypertournaments are due to Zhou, Yao and Zhang [12℄. These results are analogousto Landau's theorem [4℄ on tournament sores.Theorem 1. Given two non-negative integers n and k with n ≥ k > 1, a non-dereasing sequene R = [ri]
n
1 of non-negative integers is a losing sore sequene ofsome k-hypertournament if and only if for eah p,

p∑

i=1

ri ≥
(
p

k

)
,with equality when p = n.



On sores in multipartite hypertournaments 113Theorem 2. Given non-negative integers n and k with n ≥ k > 1, a non-dereasing sequene S = [si]
n
1 of non-negative integers is a sore sequene of some

k-hypertournament if and only if for eah p,
p∑

i=1

si ≥ p

(
n− 1

k − 1

)
+

(
n− p

k

)
−
(
n

k

)
,with equality when p = n.A new and short proof of Theorem 1 an be seen in Pirzada and Zhou [9℄. Koh andRee [2, 3℄ have given some properties of the hypertournament matrix and have alsofound some onditions for the existene of k-hypertournament matrix with onstantsore sequene. Various results on sores in bipartite, tripartite and multipartite hy-pertournament sores an be found in [5, 6, 7, 10℄. The extension of sore struture tooriented hypergraphs an be found in Pirzada and Zhou [8℄. Further, various resultson degrees and degree sequenes in hypertournaments an be found in Wang and Zhou[11℄, and the extension of degrees to oriented hypergraphs an be seen in Zhou andPirzada [13℄.2 Sores in [αi]

k
1-multipartite hypertournamentsGiven non-negative integers ni and αi(i = 1, 2, · · · , k) with ni ≥ αi ≥ 1 for eah i,an [α1, α2, · · · , αk]-k-partite hypertournament (or [αi]

k
1-multipartite hypertournamentor [αi]

k
1-MHT) of order ∑k

1 ni onsists of k vertex set Ui with |Ui| = ni for eah i

(1 ≤ i ≤ k) together with an ar set E, a set of ∑k
1 αi tuples of verties, with exatly

αi verties from Ui, alled ars suh that any ∑k
1 αi subset ∪k

1U
′
i of ∪k

1Ui, E ontainsexatly one of the (
∑k

1 αi)!
∑k

1 αi-tuples whose αi entries belong to U ′
i . The soreand losing sore of a vertex in [αi]

k
1-hypertournament is de�ned in the same way as in

k-hypertournaments. The following two results [7℄ haraterize losing sore lists andsore lists in [αi]
k
1-MHT.Theorem 3. Given k non-negative integers ni and k non-negative integers αi with

ni ≥ αi ≥ 1, for eah i(1 ≤ i ≤ k), the k non-dereasing lists Ri = [riji
]ni

ji
of non-negative integers are the losing sore lists of [αi]

k
1- MHT if and only if for eah pi(1 ≤

i ≤ k) with pi ≤ ni,
k∑

i=1

pi∑

ji=1

riji
≥

k∏

i=1

(
pi

αi

) (2.1)with equality when pi = ni.Theorem 4. Given non-negative integers ni and αi with ni ≥ αi ≥ 1, for eah i(1 ≤
i ≤ k), the k non-dereasing lists Si = [siji

]ni

ji
of non-negative integers are the losingsore lists of [αi]

k
1- MHT if and only if for eah pi ≤ ni(1 ≤ i ≤ k) with pi ≤ ni,

k∑

i=1

pi∑

ji=1

siji
≥
( k∑

i=1

αipi

ni

)( k∏

i=1

(
ni

αi

))
+

k∏

i=1

(
ni − pi

αi

)
−

k∏

i=1

(
ni

αi

) (2.2)with equality when pi = ni.



114 S. PirzadaIf in [αi]
k
1-MHT H , the ar set E ontains at most (

∑k
1 αi)!

∑k
1 αi-tuples (but atleast one), then it is alled [αi]

k
1-multipartite multihypertournament(or brie�y [αi]

k
1-MMHT). If E ontains exatly (

∑k
1 αi)!

∑k
1 αi-tuples, then [αi]

k
1-MMHT is said to beomplete. The sore and losing sore of a vertex in an [αi]

k
1-MMHT is de�ned in thesame way as in [αi]

k
1-MHT. The losing sore lists Ri, i = 1, 2, · · · , k of an [αi]

k
1-MMHT

H are the k non-dereasing sequenes Ri = [riji
]ni

ji=1, where riji
is the losing sore of avertex uiji

in Ui. Similarly the sore lists Si, i = 1, 2, · · · , k of an [αi]
k
1-MMHT H arethe k non-dereasing sequenes Si = [siji

]ni

ji=1, where siji
is the sore of a vertex uiji

in
Ui. We note that there are exatly (

∑k
1 αi)!

∏k
i=1

(
ni

αi

) ars in a omplete [αi]
k
1-MMHT,and therefore

k∑

i=1

ni∑

ji=1

d−H(uiji
) =

( k∑

i=1

αi

)
!

k∏

i=1

(
ni

αi

)where d−H(uiji
) denotes the number of ars in whih uiji

is at the last entry and thus
k∑

i=1

pi∑

ji=1

riji
=

( k∑

i=1

αi

)
!

k∏

i=1

(
ni

αi

)
. (2.3)Now we have the following result.Theorem 5. If H is a omplete [αi]

k
1-MMHT of order ∑k

i=1 ni with sore lists Si =
[siji

]ni

ji=1 for eah i, 1 ≤ i ≤ k, then
k∑

i=1

ni∑

ji=1

siji
=

[( k∑

i=1

αi

)
− 1

]( k∑

i=1

αi

)
!

[ k∏

i=1

(
ni

αi

)]
.Proof. Sine there are (

∑k
i=1 αi)!

(
ni−1
αi−1

)
[
∏k

i=1,t6=i

(
nt

αt

)
] ars ontaining a vertex uiji

∈ Ui,for eah i, 1 ≤ i ≤ k and 1 ≤ ji ≤ ni, using equation (3), we get
k∑

i=1

ni∑

ji=1

siji
=

[ k∑

i=1

( k∑

i=1

αi

)
!

(
ni − 1

αi − 1

)][ k∏

i=1,t6=i

(
nt

αt

)]
−
( k∑

i=1

αi

)
!

k∏

i=1

(
ni

αi

)

=

( k∑

i=1

αi

)
!

k∑

i=1

(
ni − 1

αi − 1

) k∏

i=1,t6=i

(
nt

αt

)
−
( k∑

i=1

αi

)
!

k∏

i=1

(
ni

αi

)

=

( k∑

i=1

αi

)
!

[
α1

k∏

t=1

(
nt

αt

)
+ α2

k∏

t=1

(
nt

αt

)
+

· · · + αk

k∏

t=1

(
nt

αt

)
−

k∏

i=1

(
ni

αi

)]

=

( k∑

i=1

αi

)
!

[
(α1 + α2 + · · ·+ αk − 1)

k∏

i=1

(
ni

αi

)]

=

( k∑

i=1

αi

)
!

[( k∑

i=1

αi

)
− 1

] k∏

i=1

(
ni

αi

)
,and the proof is omplete.



On sores in multipartite hypertournaments 115The following two results are immediate onsequenes of the above observations.Theorem 6. The lists Ri = [riji
]ni

ji=1 are the losing sore lists of a omplete [αi]
k
1-MMHT if and only if for eah pi, 1 ≤ i ≤ k

k∑

i=1

pi∑

ji=1

riji
=

[( k∑

i=1

αi

)
− 1

]
!

[
pi

(
ni − 1

αi − 1

) k∏

t=1,t6=i

(
nt

αt

)]
.Theorem 7. The lists Si = [siji

]ni

ji=1 are the sore lists of a omplete [αi]
k
1-MMHT ifand only if for eah pi, 1 ≤ i ≤ k

k∑

i=1

pi∑

ji=1

siji
=

[( k∑

i=1

αi

)
− 1

]
!

[( k∑

i=1

αi

)
− 1

][
pi

(
ni − 1

αi − 1

) k∏

t=1,t6=i

(
nt

αt

)]
.3 Sores in (αi)

k
1-multipartite hypertournamentsLet ni and αi (i = 1, 2, · · · , k) be non-negative integers with ni ≥ αi ≥ 1 for eah i. An

(α1, α2, · · · , αk)-k-partite hypertournament (or (αi)
n
1 -multipartite hypertournament or

(αi)
n
1 -MHT) of order ∑k

i=1 ni onsists of k vertex sets Ui with |Ui| = ni for eah
i(1 ≤ i ≤ k) together with an ar set E, a set of ∑k

i=1 αi tuples of verties, with βiverties from Ui, for every βi = 1, 2, · · · , αi and for every i = 1, 2, · · · , n, alled arssuh that any∑k
i=1 βi subset ∪k

i=1U
′
i of ∪k

i=1Ui, E ontains exatly one of the (
∑k

i=1 βi)!∑k
i=1 βi-tuples whose βi entries belong to U ′

i . We denote an (
∑k

i=1 βi)-ar by e.If H is an (αi)
n
1 -MHT, for a given vertex uiji

∈ Ui for eah i(1 ≤ i ≤ k, 1 ≤ j ≤
αi), the sore d+

H(uiji
) or simply d+(uiji

) respetively, is the number of (
∑k

i=1 βi)-arsontaining uiji
as not the last element (as the last element). The sore lists (losing sorelists) of (αi)

k
1-MHT are k non-dereasing sequenes of non-negative integers Qi = [qiji

]ni

ji

(Ti = [tiji
]ni

ji
) where qiji

(tiji
) is the sore (losing sore) of some vertex uiji

∈ Ui, foreah i (1 ≤ i ≤ k).Evidently, in (αi)
k
1-MHT H there are exatly

α1∑

t1=1

α2∑

t2=1

· · ·
αk∑

tk=1

(
n1

t1

)(
n2

t2

)
· · ·
(
nk

tk

)ars, and in eah ar only one vertex is at the last entry. Therefore,
α1∑

t1=1

d−H(ut1) +

α2∑

t2=1

d−H(ut2) + · · · +
αk∑

tk=1

d−H(uik)

=

α1∑

t1=1

α2∑

t2=1

· · ·
αk∑

tk=1

(
n1

t1

)(
n2

t2

)
· · ·
(
nk

tk

)
.Now, we have the following observation about the sore lists of (αi)

k
1-MHT of order∑k

i=1 ni.



116 S. PirzadaTheorem 8. If H is (αi)
k
1-MHT of order ∑k

i=1 ni with sore lists Qi = [qiji
]ni

ji
for eah

i, i ≤ i ≤ k, then
k∑

i=1

ni∑

ji=1

qiji
=

[ α1∑

β1=1

α2∑

β2=1

· · ·
αk∑

βk=1

(( k∑

i=1

βi

)
− 1

)( k∏

i=1

(
ni

βi

))]
.Proof. Let H be an (αi)

k
1-MHT of order ∑k

i=1 ni with sore lists Qi = [qiji
]ni

ji
with

1 ≤ i ≤ k, 1 ≤ j ≤ αi. Therefore, learly
k∑

i=1

ni∑

ji=1

qiji
=
∑

A

( k∑

i=1

ni∑

ji=1

siji

)
,where ∑A is the sum of sores of [βi]

k
1-MHT for all βi = 1, 2, · · · , αi and for all i =

1, 2, · · · , k.Therefore,
k∑

i=1

ni∑

ji=1

qiji
=
∑

A

(( k∑

i=1

βi

)
− 1

)( k∏

i=1

(
ni

βi

))

=

α1∑

β1=1

α2∑

β2=1

· · ·
αk∑

βk=1

(( k∑

i=1

βi

)
− 1

)( k∏

i=1

(
ni

βi

))
,ompleting the proof.The following result provides a haraterization of losing sore lists in (αi)

k
1-multipartite hypertournaments.Theorem 9. Given non-negative integers ni and αi with ni ≥ αi ≥ 1, for eah i

(1 ≤ i ≤ k), the k non-dereasing lists Ti = [tiji
]ni

ji
of non-negative integers are thelosing sore lists of [αi]

k
1- MHT H if and only if for eah pi ≤ ni (1 ≤ i ≤ k) with

pi ≤ ni,
k∑

i=1

pi∑

ji=1

tiji
≥

α1∑

β1=1

α2∑

β2=1

· · ·
αk∑

βk=1

( k∏

i=1

(
pi

βi

))
,with equality when pi = ni.Proof. Obviously for [αi]

k
1- MHT H , we have

k∑

i=1

pi∑

ji=1

tiji
=
∑

A

( k∑

i=1

pi∑

ji=1

riji

)
,where ∑A is the sum of losing sores of all [βi]

k
1-MHT for all βi = 1, 2, · · · , αi and forall i = 1, 2, · · · , k. By Theorem 3, Ti are sore lists of (αi)

k
1-MHT if and only if

k∑

i=1

pi∑

ji=1

tiji
≥
∑

A

( k∏

i=1

(
pi

βi

))



On sores in multipartite hypertournaments 117that is if and only if
k∑

i=1

pi∑

ji=1

tiji
≥

α1∑

β1=1

α2∑

β2=1

· · ·
αk∑

βk=1

( k∏

i=1

(
pi

βi

))
,and the proof is omplete.By using the same argument as in Theorem 9, we have the following result on soresin (αi)

k
1-MHT.Theorem 10. Given non-negative integers ni and αi with ni ≥ αi ≥ 1, i = 1, 2, · · · , k½the k non-dereasing lists Qi = [qiji

]ni

ji
of non-negative integers are the sore lists of some

(αi)
k
1-MHT if and only if for eah pi ≤ ni(1 ≤ i ≤ k) with pi ≤ ni

k∑

i=1

pi∑

ji=1

qiji
≥

α1∑

β1=1

α2∑

β2=1

· · ·
αk∑

βk=1

[( k∑

i=1

βipi

ni

)( k∏

i=1

(
pi

βi

))

+

k∏

i=1

(
ni − pi

βi

)
−

k∏

i=1

(
pi

βi

)]with equality when pi = ni.If in (αi)
k
1-multipartite hypertournament H , the ar set E ontains at most(at leastone) (

∑k
i=1 αi)!

∑k
i=1 αi-tuples, then H is said to be [αi]

k
1-multipartite multi hypertour-nament (or brie�y (αi)

k
1-MMHT). In ase E ontains exatly (

∑k
i=1 αi)!

∑k
i=1 αi-tuples,then H is said to be omplete (αi)

k
1-MMHT. The sore and losing sore of a vertexin an (αi)

k
1-MMHT is de�ned in the same way as in (αi)

k
1-MHT. The sores (losingsores) arranged in k lists in non-dereasing order are then the sore (losing sore) listsof (αi)

k
1-MMHT and are denoted by Qi = [qiji

]ni

ji=1 and Ti = [tiji
]ni

ji=1. Evidently thereare exatly ( k∑

i=1

αi

)
!

[ α1∑

β1=1

α1∑

β2=1

· · ·
αk∑

βk=1

k∏

i=1

(
ni

βi

)]ars in a omplete (αi)
k
1-MMHT H , and therefore

k∑

i=1

ni∑

ji=1

d−H(uiji
) =

( k∑

i=1

αi

)
!

[ α1∑

β1=1

α2∑

β2=1

· · ·
αk∑

βk=1

k∏

i=1

(
ni

βi

)]
.So,

k∑

i=1

ni∑

ji=1

tiji
=

[( k∑

i=1

αi

)
− 1

]( k∑

i=1

αi

)
!

[ α1∑

β1=1

α2∑

β2=1

· · ·
αk∑

βk=1

k∏

i=1

(
ni

βi

)]
. (3.1)Now, sine there are

( k∑

i=1

αi

)
!

[ α1∑

t1=1

α1∑

t2=1

· · ·
αk∑

tk=1

(
ni − 1

αi − 1

) k∏

i=1,t6=i

(
nt

αt

)]



118 S. Pirzadaars ontaining a vertex uiji
∈ Ui, by using equation (4), we obtain

k∑

i=1

ni∑

ji=1

qiji
=

( k∑

i=1

αi

)
!

[ α1∑

β1=1

α1∑

β2=1

· · ·
αk∑

βk=1

(( k∑

i=1

βi

)
− 1

) k∏

i=1

(
ni

βi

)]
.The above observations lead to the following results, the proofs are immediateonsequenes.Theorem 11. The lists Ti = [tiji

]ni

ji=1 are the losing sore lists of a omplete (αi)
k
1-MMHT if and only if

k∑

i=1

ni∑

ji=1

tiji
=

[( k∑

i=1

αi

)
− 1

]
!

[ α1∑

β1=1

α1∑

β2=1

· · ·
αk∑

βk=1

pi

(
ni − 1

βi − 1

) k∏

t=1,t6=i

(
nt

βt

)]
,for eah pi, 1 ≤ i ≤ k.Theorem 12. The lists Qi = [qiji

]ni

ji=1 are the sore lists of a omplete (αi)
k
1-MMHT ifand only if

k∑

i=1

ni∑

ji=1

qiji
=

[( k∑

i=1

αi

)
− 1

]
!

[( k∑

i=1

αi

)
− 1

]
X

[ α1∑

β1=1

α1∑

β2=1

· · ·
αk∑

βk=1

pi

(
ni − 1

βi − 1

) k∏

t=1,t6=i

(
nt

βt

)]
,for eah pi, 1 ≤ i ≤ k.
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