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Abstract. In this paper, we discuss two types of hypertournaments, one [oy]}-
multipartite hypertournament ([a;]¥-MHT) and the second (o;)¥-multipartite hyper-
tournament ((a;)-MHT). We obtain necessary and sufficient conditions for the k lists
of non-negative integers in non-decreasing order to be the losing score lists (score lists)
of [;]¥-MHT and that of (a;)%-MHT. We extend this concept to more general class of
[o;]¥-multipartite multihypertournament ([a;]}-MMHT) and (c;)¥-multipartite multi-
hypertournament ((o;)¥-MMHT).

1 Introduction

A hypergraph is a generalization of a graph [1]. While an edge of a graph is a pair
of vertices, an edge of a hypergraph is a subset of the vertex set. An edge consisting
of k vertices is called a k-edge and a hypergraph whose all edges are k-edges is called
a k-hypergraph. A k-hypertournament is a complete k-hypergraph with each k-edge
endowed with an orientation, that is, a linear arrangement of the vertices contained
in the hyperedge. In a k-hypertournament, the score s(v;) or s; of a vertex v; is the
number of arcs contaning v; and in which v; is not the last element, the losing score
r(v;) or r; of a vertex v; is the number of arcs containing v; and in which v; is the
last element. The score sequence (losing score sequence) is formed by listing the scores
(losing scores) in non-decreasing order.

The following characterization of score sequences and losing score sequences in k-
hypertournaments are due to Zhou, Yao and Zhang [12]. These results are analogous
to Landau’s theorem [4] on tournament scores.

Theorem 1. Given two non-negative integers n and k with n > k > 1, a non-
decreasing sequence R = [r;]} of non-negative integers is a losing score sequence of
some k-hypertournament if and only if for each p,

gmz (Z)u

with equality when p = n.



On scores in multipartite hypertournaments 113

Theorem 2. Given non-negative integers n and k with n > k > 1, a non-
decreasing sequence S = [s;]!' of non-negative integers is a score sequence of some
k-hypertournament if and only if for each p,

ozl (1) - (2)

with equality when p = n.

A new and short proof of Theorem 1 can be seen in Pirzada and Zhou [9]. Koh and
Ree [2, 3| have given some properties of the hypertournament matrix and have also
found some conditions for the existence of k-hypertournament matrix with constant
score sequence. Various results on scores in bipartite, tripartite and multipartite hy-
pertournament scores can be found in [5, 6, 7, 10]. The extension of score structure to
oriented hypergraphs can be found in Pirzada and Zhou [8|. Further, various results
on degrees and degree sequences in hypertournaments can be found in Wang and Zhou

[11], and the extension of degrees to oriented hypergraphs can be seen in Zhou and
Pirzada [13].

2 Scores in [o;)}-multipartite hypertournaments

Given non-negative integers n; and «;(i = 1,2,--- k) with n; > «a; > 1 for each i,
an [ay, ao, - -+ , a)-k-partite hypertournament (or [a;]¥-multipartite hypertournament
or [oy]F-MHT) of order S ¥n; consists of k vertex set U; with |U;| = n; for each i
(1 <i < k) together with an arc set F, a set of Zlf a; tuples of vertices, with exactly
a; vertices from Uj;, called arcs such that any Z]f a; subset UYU] of UYU;, E contains
exactly one of the (3% a;)! S2% a-tuples whose a; entries belong to U/. The score
and losing score of a vertex in [o;]¥-hypertournament is defined in the same way as in
k-hypertournaments. The following two results [7] characterize losing score lists and
score lists in [o;]}-MHT.

Theorem 3. Given k non-negative integers n; and k non-negative integers o; with

n; > o; > 1, for each i(1 < i < k), the k non-decreasing lists R; = [ri;,];" of non-

negative integers are the losing score lists of [cu|¥- MHT if and only if for each p;(1 <
i < k) with p; < ny,
k Di k i
>3 = 11(2) )
i=1 ¢

i=1 ji=1
with equality when p; = n;.

Theorem 4. Given non-negative integers n; and «; with n; > o; > 1, for each i(1 <
i < k), the k non-decreasing lists S; = [sm];‘; of non-negative integers are the losing

score lists of [o;]}- MHT if and only if for each p; < n;(1 <i < k) with p; < ny,
k

5 (S () 1 (5) -T0() e

i=1 j;=1 i=1 i=1 i=1 i=1

with equality when p; = n;.
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If in [o,]5-MHT H, the arc set E contains at most (3% a;)! 3% a-tuples (but at
least one), then it is called [o;]%-multipartite multihypertournament(or briefly [oy]}-
MMHT). If E contains exactly (Zlf a;)! 2% a-tuples, then [oy]*-MMHT is said to be
complete. The score and losing score of a vertex in an [o;]*-MMHT is defined in the
same way as in [a;]¥-MHT. The losing score lists R;, i = 1,2, -+ , k of an [a;]}-MMHT
H are the k non-decreasing sequences R; = [r;;,[;"_;, where 7y, is the losing score of a
vertex u;;, in U;. Similarly the score lists S;, i = 1,2,--- , k of an [a;]§{-MMHT H are
the k non-decreasing sequences S; = [sm]] 1 Where si;, is the score of a vertex u;;, in

U;. We note that there are exactly (3% ay)! Hle (™) arcs in a complete [a;]}-MMHT,

and therefore L i i
> dytun) = (Lo ) I (2)
i=1 v

i=1 j;=1 i=1

where dj;(u;j,) denotes the number of arcs in which wu;;, is at the last entry and thus
k  pi k k n
>3 r= (Z ai) 11 (a:). (23)
i=1 j;=1 =1 i=1
Now we have the following result.

Theorem 5. If H is a complete [o;)N-MMHT of order E _, ni with score lists S; =
[sij)jiy for eachi, 1 < i <k, then

235w [(Z) - (S [T C)]

Proof. Since there are (Y5, a)! (")) I, ot (a )] arcs containing a vertex u;;, € U,

a;—1

for each i, 1 <i <k and 1 < j; < n;, using equation (3), we get

>3- [ (L) (oL ()] - () 11 ()

(2

S S(2 D) 1L () - (ST ()

i=1 i=1 1 i1\ i=1 i=1
k koo k
t t
= a; | + o +
(e[ () 1L ()

( )' (;az)-lm( )

and the proof is complete. O
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The following two results are immediate consequences of the above observations.

Theorem 6. The lists R; = [ri;]}'_, are the losing score lists of a complete [oy]}-

MMHT if and only if for each p;, 1 <i <k

%= [(5e) - Pl I C)

Q
i=1 ji=1 i=1 t=1,0i N ¢

Theorem 7. The lists S; = [s;;,]5, are the score lists of a complete [os]f-MMHT if
and only if for each p;, 1 <i <k

2% = [(Se) - P[(5e) -l 7) I Gl

=1 j;=1 =1 i=1

3 Scores in (o;){-multipartite hypertournaments

Let n; and «; (1 = 1,2,--- | k) be non-negative integers with n; > «; > 1 for each i. An
(v, g, - -+, )-k-partite hypertournament (or (o;)7-multipartite hypertournament or
(a;)7-MHT) of order S_F  n; consists of k vertex sets U; with |U;| = n, for each
i(1 < i < k) together with an arc set F, a set of Zle a; tuples of vertices, with j;
vertices from Uj, for every 3; = 1,2, -+, «; and for every ¢ = 1,2,--- ,n, called arcs
such that any SF | 3 subset Uk, U! of U, U, E contains exactly one of the (325 3,)!
SO | Bi-tuples whose 3; entries belong to U!. We denote an (3.1, f;)-arc by e.

If His an (a;)7-MHT, for a given vertex w;;, € U; for each i(1 < ¢ < k,1 <j <
a;), the score dj(u;;,) or simply d*(uy;,) respectively, is the number of (25 | 3;)-arcs
containing u;;, as not the last element (as the last element). The score lists (losing score
lists) of (;){-MHT are k non-decreasing sequences of non-negative integers Q; = [qi;, |}’
(Ti = [ti;]}) where gi;, (tij,) is the score (losing score) of some vertex u;;, € U;, for
each i (1 <i<k).

Evidently, in (a;)}-MHT H there are exactly

a1 oo ag
DS (”1) (n2) (nk)
t1=11t2=1 tp=1 tl t2 tk

arcs, and in each arc only one vertex is at the last entry. Therefore,

Zdl_{(utl) + Zdl_{(um) +-F Zdl_{(ulk)

t1=1 to=1 tp=1
a1 an g

BNy (”1) (”2) (”k)
timlta=1  tp—1 ty by 2

Now, we have the following observation about the score lists of (c;)¥-MHT of order

2
Zi:l 1.
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Theorem 8. If H is (o;)5-MHT of order YF_, n; with score lists Q; = (G5, for each
1, 1 <1<k, then

S [£55 (5 )0

i=1 ji=1 B1=1 B2=1

Proof. Let H be an (o;)¥-MHT of order 31, n; with score lists Q; = (gij,])5 with
1 <i<k,1<j<a; Therefore, clearly

Ein-n ()

where Y, is the sum of scores of [3;]i-MHT for all 3; = 1,2,--- ,; and for all i =
1,2, k.

Therefore,

koo k L

S o((£0) )

=1 j;=1 A i=1 i=1 1
a2 Qg k k ‘

232 ((3) ) ()
B1=162=1  B=1 i=1 i=1
completing the proof. O

The following result provides a characterization of losing score lists in (oy;)k-

multipartite hypertournaments.

Theorem 9. Given non-negative integers n; and «; with n; > o; > 1, for each i
(1 <i < k), the k non-decreasing lists T; = [ti;,];' of non-negative integers are the
losing score lists of [cu)¥- MHT H if and only if for each p; < n; (1 < i < k) with

o >3 =333 (11(5))

i=1 j;=1 B1=1 Ba=1 =1

with equality when p; = n;.
Proof. Obviously for [o;]}- MHT H, we have
ko pi
>3 -3 (L3
i=1 j;=1 i=1 ji=1

where EA is the sum of losing scores of all [3;]¥-MHT for all 3; = 1,2, -, a; and for
alli =1,2,--- k. By Theorem 3, T; are score lists of (o;)}-MHT if and only if

350> (1(5))

i=1 j;=1 A i=1
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that is if and only if

and the proof is complete. O

By using the same argument as in Theorem 9, we have the following result on scores
in (o;)%-MHT.

Theorem 10. Given non-negative integers n; and o; withn; > a; > 1,1 =1,2,--- |k,
the k non-decreasing lists (Q; = [qm];1 of non-negative integers are the score lists of some
()X-MHT if and only if for each p; < n;(1 <i < k) with p; < n;

22253 () (1)

i=1 j;=1 B1=1 B2=1 Br=1 i=1 i=1

AT(5)1I(3)

with equality when p; = n;.

If in (a;)¥-multipartite hypertournament H, the arc set E contains at most(at least
one) (X8 a;)! 328 | as-tuples, then H is said to be [a;]f-multipartite multi hypertour-
nament (or briefly (o;)>-MMHT). In case E contains exactly (325, a;)! 325 ap-tuples,
then H is said to be complete (o;)¥-MMHT. The score and losing score of a vertex
in an (a;)¥-MMHT is defined in the same way as in (o;)¥-MHT. The scores (losing
scores) arranged in k lists in non-decreasing order are then the score (losing score) lists
of (a;)}-MMHT and are denoted by Q; = [gi;,];, and T; = [ty;,];,. Evidently there
are exactly

(Z) (S 10

=1 /611521 ﬁklll

arcs in a complete (o;)¥-MMHT H, and therefore

D) SCTUREY O SATID 35 9E 93§ ()]

i=1 ji=1 i=1 B1=1B2=1  Bp=1i=1

So,

S-S ENES SHE)L @

i=1 j;=1 i=1 Bi=1p=1  B=1i=1

Now, since there are

(S S80I

=1 t1=11t2=1 tp=1 =1,t#1
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arcs containing a vertex w;;, € U;, by using equation (4), we obtain

23 (Se)[E - 2 () )i ()]

i=1 j;=1 i=1 B1=1 Ba=1 =1

The above observations lead to the following results, the proofs are immediate
consequences.

Theorem 11. The lists T; = [ty;,];, are the losing score lists of a complete (oy)}-
MMHT if and only if

kK n,; k a a [} k
S5 U5 S0 0]

i=1 ji=1 i=1 Bi=182=1  fBp=1 fi—1 ¢ P
for each p;, 1 <i <k.

Theorem 12. The lists Q; = [qi;,]}—, are the score lists of a complete (o;)y-MMHT if
and only if

S5 l(50) - l(50)

S0 11 (3)

for each p;, 1 <i <k.
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