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ation: 17B50, 17B56.Abstra
t. The se
ond 
ohomology groups of ex
eptional Lie algebras En(n = 6, 7, 8),
F4, G2 over an algebrai
ally 
losed �eld of 
hara
teristi
 p ≥ h+ 5 with 
oe�
ients inmodules, dual to Weyl modules, are expli
itly des
ribed. Here h is the Coxeter number.1 Introdu
tionExamples of modules, dual to Weyl modules, over 
lassi
al modular Lie algebras withnon-vanishing se
ond 
ohomology, were found, for the �rst time, in [11℄. In that paper,the non-triviality of the se
ond 
ohomology groups with the 
oe�
ients in the module,dual to a Weyl module, asso
iated with L((p− 2)λ1 + λ2) for Lie algebras of type An(Theorem on p. 324) was established. Here L((p− 2)λ1 + λ2) is an irredu
ible modulewith the highest weight (p − 2)λ1 + λ2 over a Lie algebra of type An. However, thequestion of �nding all dual to Weyl modules with non-vanishing se
ond 
ohomologygroup for 
lassi
al Lie algebras, remains open.In the present paper we want to study this question. The aim is to �nd and
al
ulate all non-vanishing se
ond 
ohomology groups with 
oe�
ients in the modules,dual to Weyl modules, for simple ex
eptional Lie algebras En(n = 6, 7, 8), F4, G2 overan algebrai
ally 
losed �eld of 
hara
teristi
 p ≥ h + 5. This restri
tion on p followsfrom the de
omposability 
ondition of the se
ond 
ohomology groups. A

ording toour result (Theorem 2.1), the number of the modules dual to Weyl modules with non-vanishing se
ond 
ohomology is equal to n + 1

2
(n+ 2)(n− 1) = 1

2
(n2 + 3n− 2), where

n is the rank of the 
orresponding ex
eptional Lie algebra. In the non-vanishing 
asethe stru
ture of the se
ond 
ohomology group is des
ribed as a rational de
omposablemodule over an algebrai
 group of the 
orresponding ex
eptional Lie algebra.In Se
tion 2 we introdu
e the basi
 notation and formulate our main result. Se
-tion 3 is devoted to the proof of Theorem 2.1.2 Notation and the main resultLet g be a 
lassi
al Lie algebra of simple and simply 
onne
ted algebrai
 group G overan algebrai
ally 
losed �eld kof 
hara
teristi
 p > 0. We �x a maximal torus T and



On the se
ond 
ohomology groups of ex
eptional Lie algebras in positive 
hara
teristi
 105the Borel subgroup B of G 
orresponding to the negative roots. By G1 we denote thekernel of the Frobenius morphism F of G.Choose the root system R asso
iated to (G, T ) with the maximal short root α0 andthe maximal root α̃. The Weyl groupW of R a
ts on the 
hara
ter group X(T ) of T by
sα(λ) = λ− 〈λ, α∨〉α, where sα ∈ W, α ∈ R and α∨ is the 
oroot of α. If ρ is the halfof the sum of the positive roots, then the dot a
tion is given by w · λ = w(λ+ ρ) − ρ,where w ∈ W, λ ∈ X(T ). We denote by l(w) the length of w ∈ W, and by w0 thelongest element in W .The a�ne Weyl groupWp is the group generated by all sα,np for α ∈ R+ and n ∈ Z,where R+ is the set of positive roots. We will use the dot a
tion of Wp on X(T ) :

sα,np · λ = λ− 〈λ+ ρ, α∨〉α + npα.Let
X+(T ) = {λ ∈ X(T ) | 〈λ+ ρ, α∨〉 ≥ 0 for all α ∈ S}is the set of dominant weights, where S is the set of simple roots, and

X1(T ) = {λ ∈ X(T ) | 0 ≤ 〈λ+ ρ, α∨〉 < p for all α ∈ S}is the set of restri
ted weights.We denote by α1, ..., αn the simple roots (numbering 
orresponds to Bourbaki'stables [3℄), and by λ1, ..., λn the fundamental weights.For any λ ∈ X(T ) we de�ne the one-dimensional B-module kλ via the isomorphism
T ∼= B/U , and the indu
ed G-module H0(λ) = IndG

B(kλ). H
0(λ) 6= 0 if and onlyif λ ∈ X+(T ). If V (λ) is a Weyl module with the highest weight λ over G, then

H0(λ) ∼= V (−w0λ)∗. Hen
e, H0(λ) 
an also be 
onsidered as a dual to a Weyl modulewith the highest weight −w0(λ). A simple G-module L(λ) with the highest weight λ
an be de�ned in terms of the G-modulesH0(λ) and V (λ). It is a simple so
le of H0(λ),and also a unique simple fa
tor of V (λ) ([4℄, 5.7).Any 
lassi
al Lie algebra is a restri
ted Lie algebra with the p-map x 7→ x[p]. Sin
eforG1, the theory ofG1-modules is the same with the theory of U [p]-modules, where U [p]is a restri
ted enveloping algebra for g, hen
e it is equal to the representation theory of
g 
onsidered as a restri
ted Lie algebra ([9℄, I.8.6). Therefore H0(λ), V (λ), L(λ) 
anbe 
onsidered as g-modules, whi
h are denoted by the same symbols.The Ho
hs
hild 
ohomology group Hk(G1, V ) of a restri
ted g-module V 
oin
ideswith the restri
ted 
ohomology group Hk

∗ (g, V ) ([4℄, 6.10).The 
omposition of a representation of G on a ve
tor spa
e V with the Frobeniusmorphism F de�nes a new representation on whi
h G1 (and, therefore, g) a
ts trivially.The so obtained representation is denoted by V (1). On the other hand, if V is a G-module on whi
h G1 (and, therefore, g) a
ts trivially, then there is a unique G-module
V (−1) su
h that V = (V (−1))(1).Suppose now g = En (n = 6, 7, 8), F4, or G2. For ea
h i ∈ {1, 2, · · · , n}, where n isa rank of g, we introdu
e a set of the highest weights Λ1

i of the irredu
ible G-modules:
g = E6 : Λ1

1 = {λ1}, Λ1
2 = {λ2, 0}, Λ1

3 = {λ3, λ6}, Λ1
4 = {λ4, λ1 + λ6, λ2}, Λ1

5 =
{λ5, λ1},Λ1

6 = {λ6};
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g = E7 : Λ1

1 = {λ1, 0}, Λ1
2 = {λ2, λ7}, Λ1

3 = {λ3, λ6, λ1}, Λ1
4 = {λ4, λ1 + λ6, λ2 +

λ7, λ2}, Λ1
5 = {λ5, λ1 + λ7, λ2}, Λ1

6 = {λ6, λ1}, Λ1
7 = {λ7};

g = E8 : Λ1
1 = {λ1, λ8}, Λ1

2 = {λ2, λ7, λ1}, Λ1
3 = {λ3, λ6, λ1 +λ8, λ2}, Λ1

4 = {λ4, λ1 +
λ6, λ2 + λ7, λ3 + λ8, λ1 + λ2, λ5}, Λ1

5 = {λ5, λ1 + λ7, λ2 + λ8, λ3, λ6}, Λ1
6 = {λ6, λ1 +

λ8, λ2, λ7}, Λ1
7 = {λ7, λ1, λ8}, Λ1

8 = {λ8, 0};
g = F4 : Λ1

1 = {λ1, 0}, Λ1
2 = {λ2, 2λ4, λ1}, Λ1

3 = {λ3, λ4}, Λ1
4 = {λ4};

g = G2 : Λ1
1 = {λ1}, Λ1

2 = {λ2, 0}.The main result is followingTheorem 2.1. Let g be a 
lassi
al Lie algebra over an algebrai
ally 
losed �eld k of
hara
teristi
s p, and H0(λ) be a dual to a Weyl module. If g = En (n = 6, 7, 8), F4, G2and p ≥ h+ 5, then H2(g, H0(λ))(−1) is trivial, ex
ept in the following 
ases:
(a) H2(g, H0(pν + w2 · 0))(−1) ∼= H0(ν), for all w2 ∈ {w ∈W | l(w) = 2};
(b) H2(g, H0(pλi − αi))

(−1) ∼=
⊕

ν∈Λ1
i
H0(ν), for all i ∈ {1, 2, · · · , n}.By Theorem 2.1 the number of pe
uliar duals to Weyl modules is equal to the sumthe rank of g and the number of elements with length 2 in the Weyl group. The Weylgroup of g has exa
tly 1

2
(n + 2)(n − 1) elements with length 2 hen
e a number of ape
uliar dual to Weyl modules is equal to n+ 1

2
(n + 2)(n− 1) = 1

2
(n2 + 3n− 2).3 The proof of Theorem 2.1The proof is based on 
onne
tion between Ho
hs
hild 
ohomology groups of G1 andChevalley-Eilenberg 
ohomology groups of the Lie algebra g. For a restri
ted module

V, this 
onne
tion is de�ned by the following exa
t sequen
e [8℄, [9℄, [5℄:
0 → H1(G1, V ) → H1(g, V ) → H0(g(V ) ⊗ g∗ →

H2(G1, V ) → H2(g, V ) → H1(G1, V ) ⊗ g∗ → H3(G1, V ). (3.1)Obviously that H2(g, H0(0)) ∼= H2(g, k) = 0.Now, let V = H0(λ) and λ 6= 0. Sin
e H0(λ)G = 0 at λ 6= 0, then H0(g, H0(λ)) ⊗
g∗ = 0. It is well known that the �rst Ho
hs
hild 
ohomology group of G1 
oin
ideswith the �rst usual Lie algebra 
ohomology group of g [8℄. Then, from (3.1) we get thefollowing exa
t sequen
e

0 → H2(G1, H
0(λ)) → H2(g, H0(λ))

f−→

H1(G1, H
0(λ)) ⊗ g∗ → H3(G1, H

0(λ)). (3.2)Thus, the 
al
ulation of H2(g, H0(λ)) is redu
ed to the 
al
ulations of
H2(G1, H

0(λ)) and the image of the map f in the exa
t sequen
e (3.2). The 
o-homology groups H1(G1, H
0(λ)) and H2(G1, H

0(λ)) are well known. We use theseresults [1℄, [10℄, [2℄.Lemma 3.1. If p > 3 and λ ∈ X1(T ). Then
H1(G1, H

0(λ))(−1) ∼=
{
H0(λi), for all λ = pλi − αi with i ∈ {1, 2, · · · , n};
0, in other 
ases.
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 107Lemma 3.2. Let p > 5 and λ ∈ X1(T )\{0}. Then
H2(G1, H

0(λ))(−1) ∼=
{
H0(ν), for all λ = pν + w2 · 0 with w2 ∈ {w ∈W | l(w) = 2}
0, in other 
ases.Now we prove the followingProposition 3.1. Let p ≥ h+ 5 and λ ∈ X1(T )\{0}. Then

Imf ∼=
{ ⊕

ν∈Λ1
i
H0(ν)(1), for all λ = pλi − αi with i ∈ {1, 2, · · · , n};

0, in other 
ases.Proof. First, we prove that the G-modules H1(G1, H
0(λ))(−1) ⊗ g∗ and

H3(G1, H
0(λ))(−1) are de
omposable.By Lemma 3.1, H1(G1, H

0(λ))(−1) ⊗ g∗ is not trivial if and only if
λ ∈ {pλi − αi ∈ X1(T )|i ∈ {1, 2, · · · , n}},and in this 
ase H1(G1, H

0(pλi − αi))
(−1) ∼= H0(λi) for all i ∈ I. The isomorphism

g∗ ∼= H0(α̃) yields the isomorphism
H1(G1, H

0(pλi − αi))
(−1) ⊗ g∗ ∼= H0(λi) ⊗H0(α̃).Then, assuming the usual partial order on the set of weight, the last tensor produ
tand H3(G1, H

0(pλi −αi))
(−1) have the same greatest weights, and it is equal to α̃+λi.Sin
e
max

i
{〈α̃ + λi + ρ, α∨

0 〉} = h + 5 ≤ p,then the highest weights of all 
omposition fa
tors of H0(λi) ⊗ H0(α̃) and of
H3(G1, H

0(pλi − αi))
(−1) lie in the bottom p-al
ove of the a�ne Weyl group. So,they are de
omposable as G-modules [6, 7℄.By Lemma 3.2, H2(G1, H

0(pλi − αi)) = 0 for all i ∈ {1, 2, · · · , n}.Thus, it follows from the exa
tness of (3.2) and from Lemma 3.2, that to establishthe isomorphisms 
laimed in Proposition 3.1, it is enough to 
ompare the 
ompositionfa
tors of H0(λi) ⊗H0(α̃) with the 
omposition fa
tors of H3(G1, H
0(pλi − αi))

(−1).We will determine the 
omposition fa
tors of H0(λi) ⊗H0(α̃) using the table 5 in[12℄, be
ause H0(λi) ⊗ H0(α̃) is de
omposable as a G-module. For the 
al
ulation of
H3(G1, H

0(pλi − αi))
(−1) we use the general Andersen-Jantzen's formula [1℄:

Hk(G1, H
0(w · 0+ pν))(−1) ∼=

{
H0(S(k−l(w))/2(u∗) ⊗ kν), if k − l(w) is even;
0, in other 
ases, (3.3)where S(u∗) is the symmetri
 algebra of u∗, u is a maximal nilpotent subalgebra of g
orresponding to the negative roots.
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al
ulations are gathered in the following tables.Table 1. Weights of the 
omposition fa
tors for g = E6.

i H0(λi) ⊗H0(α̃) H3(G1, H
0(pλi − αi))

(−1)

1 λ1 + λ2, λ5, λ1 λ1 + λ2, λ5

2 2λ2, λ4, λ1 + λ6, λ2, 0 2λ2, λ4, λ1 + λ6

3 λ2 + λ3, λ1 + λ5, λ2 + λ6 λ2 + λ3, λ1 + λ5,
2λ1, λ3, λ6 λ2 + λ6, 2λ1

4 λ2 + λ4, λ3 + λ5, λ2 + λ4, λ3 + λ5,
λ1 + λ2 + λ6, λ1 + λ3, λ1 + λ2 + λ6, λ1 + λ3

λ5 + λ6, 2λ2λ4, λ1 + λ6, λ2 λ5 + λ6, 2λ2

5 λ2 + λ5, λ3 + λ6, λ2 + λ5, λ3 + λ6,
λ1 + λ2, 2λ6, λ5, λ1 λ1 + λ2, 2λ6

6 λ2 + λ6, λ3, λ6 λ2 + λ6, λ3Table 2. Weights of the 
omposition fa
tors for g = E7.

i H0(λi) ⊗H0(α̃) H3(G1, H
0(pλi − αi))

(−1)

1 2λ1, λ3, λ6,λ1, 0 2λ1, λ3, λ6

2 λ1 + λ2, λ5, λ1 + λ7,λ2, λ7 λ1 + λ2, λ5, λ1 + λ7

3 λ1 + λ3, λ4, λ1 + λ6, λ1 + λ3, λ4, λ1 + λ6,
λ2 + λ7, 2λ1, λ3,λ6, λ1 λ2 + λ7, 2λ1

4 λ1 + λ4, λ2 + λ5, λ1 + λ4, λ2 + λ5,
λ3 + λ6, λ1 + λ2 + λ7, λ1 + λ2 + λ7, λ3 + λ6,
λ5 + λ7, λ1 + λ3, 2λ2 λ5 + λ7, λ1 + λ3

λ4, λ1 + λ6,λ2 + λ7, λ3 2λ2

5 λ1 + λ5, λ2 + λ6, λ1 + λ5, λ2 + λ6,
λ3 + λ7, λ1 + λ2, λ3 + λ7, λ1 + λ2

λ6 + λ7, λ5,λ1 + λ7, λ2 λ6 + λ7

6 λ1 + λ6, λ2 + λ7, λ3,2λ7, λ6, λ1 λ1 + λ6, λ2 + λ7,λ3, 2λ7

7 λ1 + λ7, λ2, λ7 λ1 + λ7, λ2
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 109Table 3. Weights of the 
omposition fa
tors for g = E8.

i H0(λi) ⊗H0(α̃) H3(G1, H
0(pλi − αi))

(−1)

1 λ1 + λ8, λ2, λ7, λ1, λ8 λ1 + λ8, λ2, λ7

2 λ2 + λ8, λ3, λ6, λ1 + λ8, λ2, λ7, λ1 λ2 + λ8, λ3, λ6, λ1 + λ8

3 λ3 + λ8, λ1 + λ2, λ5, λ1 + λ7, λ3 + λ8, λ1 + λ2, λ5,
λ2 + λ8, 2λ1, λ3, λ6, λ1 + λ8, λ2 λ1 + λ7, λ2 + λ8, 2λ1

4 λ4 + λ8, λ2 + λ3, λ1 + λ5, λ4 + λ8, λ2 + λ3,
λ2 + λ6, λ3 + λ7, λ1 + λ2 + λ8, λ1 + λ5, λ2 + λ6,
λ5 + λ8, λ1 + λ3, 2λ2, λ4, λ1 + λ6, λ3 + λ7, λ1 + λ2 + λ8,
λ2 + λ7, λ3 + λ8, λ1 + λ2, λ5 λ5 + λ8, λ1 + λ3, 2λ2

5 λ5 + λ8, λ4, λ1 + λ6, λ2 + λ7, λ5 + λ8, λ4, λ1 + λ6, λ2 + λ7,
λ3 + λ8, λ1 + λ2, λ6 + λ8, λ5, λ3 + λ8, λ6 + λ8,
λ1 + λ7, λ2 + λ8, λ3, λ6 λ1 + λ2,

6 λ6 + λ8, λ5, λ1 + λ7, λ6 + λ8, λ5, λ1 + λ7

λ2 + λ8, λ3, λ7 + λ8, λ2 + λ8, λ3,
λ6, λ1 + λ8, λ7 + λ8,
λ2, λ7

7 λ7 + λ8, λ6, λ1 + λ8, λ7 + λ8, λ6, λ1 + λ8,
λ2, 2λ8, λ7 λ2, 2λ8

λ1, λ8

8 2λ8, λ7, λ1 2λ8, λ7, λ1

λ8, 0Table 4. Weights of the 
omposition fa
tors for g = F4.

i H0(λi) ⊗H0(α̃) H3(G1, H
0(pλi − αi))

(−1)

1 2λ1, λ2, 2λ4, λ1, 0 2λ1, λ2, 2λ4, λ1 + λ4, λ3

2 λ1 + λ2, 2λ3, λ1 + 2λ4, λ1 + λ2, 2λ3, λ1 + 2λ4, λ1 + λ3,
λ3 + λ4, 2λ1, λ2, 2λ4, λ1, λ3 + λ4, 2λ1, λ2 + λ4

3 λ1 + λ3, λ3 + λ4, 2λ4, λ3, λ4, λ1 + λ3, λ3 + λ4, λ1 + 2λ4, λ2,
λ1 + λ4, λ1 + λ4, 2λ4

4 λ1 + λ4, λ3, λ4 λ1 + λ4, λ3, λ1Table 5. Weights of the 
omposition fa
tors for g = G2.

i H0(λi) ⊗H0(α̃) H3(G1, H
0(pλi − αi))

(−1)

1 λ1 + λ2, 2λ1, λ1 λ1 + λ2, 2λ1, λ2

2 2λ2, 3λ1, 2λ1, 2λ2, 3λ1,
λ2, 0 λ1 + λ2, 2λ1Comparing the 
omposition fa
tors of H0(λi)⊗H0(α̃) with the 
omposition fa
torsof H3(G1, H

0(µ))
(−1), listed in the tables 1-5, we obtain the statements of Proposi-tion 3.1. This 
ompletes the proof of Proposition 3.1.



110 S.S. IbraevFinally, we 
an �nish the proof of Theorem 2.1.By (3.3), H1(G1, H
0(pν + w2 · 0) = 0 for all w2 ∈ {w ∈ W | l(w) = 2}. Then, fromthe exa
tness of (3.2) it follows that

H2(G1, H
0(pν + w · 0)) ∼= H2(g, H0(pν + w · 0)) for all w2 ∈ {w ∈ W | l(w) = 2}.Thus, 
ombining the statements of Lemma 3.2 and Proposition 3.1 we get the statementof Theorem 2.1. This 
ompletes the proof of Theorem 2.1. �A
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