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ated by V.S. GuliyevKey words: Hardy operator, fra
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al andglobal Morrey-type spa
es.AMS Mathemati
s Subje
t Classi�
ation: 47B38, 46E30.Abstra
t. In this paper we study the boundedness of the Hardy operator Hα inlo
al and global Morrey-type spa
es LMpθ,w(·), GMpθ,w(·) respe
tively, 
hara
terized bynumeri
al parameters p, θ and a fun
tional parameter w. We redu
e this problem to theproblem of a 
ontinuous embedding of one lo
al Morrey-type spa
e to another one. Thisallows obtaining, for all admissible values of the numeri
al parameters α, p1, p2, θ1, θ2,su�
ient 
onditions on the fun
tional parameters w1 and w2 ensuring the boundednessof Hα from LMp1θ1,w1(·) to LMp2θ2,w2(·) and from GMp1θ1,w1(·) to GMp2θ2,w2(·). Moreover,for a 
ertain range of the numeri
al parameters and under 
ertain a priori assumptionson w1 and w2 these su�
ient 
onditions 
oin
ide with the ne
essary ones.1 Introdu
tionFor x ∈ R
n and r > 0, let B(x, r) denote the open ball 
entered at x of radius r and

|B(x, r)| denote its Lebesgue measure.We 
onsider, for −∞ < α < ∞, the Hardy operator Hα ≡ Hn,α de�ned for f ∈
Lloc

1 (Rn) by
(Hαf)(x) =

1

|B(0, |x|)|1−α
n

∫

B(0,|x|)

f(y)dy, x ∈ R
n . (1.1)This operator is to a 
ertain extent related to the fra
tional maximal operator Mαde�ned for 0 ≤ α < n for f ∈ Lloc

1 (Rn) by
(Mαf)(x) = sup

r>0

1

|B(x, r)|1−α
n

∫

B(x,r)

|f(y)|dy, x ∈ R
n , (1.2)and to the Riesz potential Iα de�ned for 0 < α < n for f ∈ Lloc

1 (Rn) by
Iαf(x) =

∫

Rn

f(y)dy

|x− y|n−α
, x ∈ R

n .
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es 53One 
an easily verify that
(Mαf)(x) = sup

z∈Rn

(Hα(|f(· + x)|))(z), x ∈ R
n , (1.3)and

(Hα(|f |))(x) =
2n−α

|B(x, 2|x|)|1−α
n

∫

B(x,2|x|)

|f(y)|χ
B(0,|x|)

(y) dy

≤ 2n−α(Mα(fχ
B(0,|x|)

))(x) ≤ 2n−α(Mα(f))(x), x ∈ R
n . (1.4)However the latter estimate is rather rough. It may easily happen that (Mαf)(x) = +∞for all x ∈ R

n whilst (Hα(|f |)(x) < +∞ for all x ∈ R
n. (For example, this happens if

f(x) = 0 for |x| ≤ 1 and f(x) = |x|β for |x| > 1 where β > −α.) The reason for thatis that, for a �xed x ∈ R
n, the de�nition of (Mαf)(x) takes into a

ount the values of

f(y) for all y ∈ R
n while the de�nition of (Hαf)(x) takes into a

ount the values of

f(y) only for y ∈ B(0, |x|).Re
all also that, for 0 < α < n,
Mαf(x) ≤ v

α
n
−1

n Iα(|f |)(x) , (1.5)where vn is the volume of the unit ball in R
n.We shall study the boundedness of the operator Hα in the Morrey spa
es Mλ

pθ,where 0 < p, θ ≤ ∞, 0 ≤ λ ≤ n
p
, the spa
es of all fun
tions f ∈ Lloc

p (Rn), for whi
h
‖f‖Mλ

pθ
= sup

x∈Rn




∞∫

0

(
‖f‖Lp(B(x,r))

rλ

)θ
dr

r




1
θ

<∞ (1.6)if θ <∞ and
‖f‖Mλ

p∞
= sup

x∈Rn

sup
r>0

‖f‖Lp(B(x,r))

rλ
<∞ (1.7)if θ = ∞. For θ = ∞, the spa
es Mλ

p∞ ≡ Mλ
p were introdu
ed in [17℄.It will always be assumed that 0 < λ < n
p
if θ < ∞ and that 0 ≤ λ ≤ n

p
if θ = ∞.Otherwise, the spa
e Mλ

pθ is trivial, i. e. 
onsists only of fun
tions equivalent to 0 on
R

n. Also,
M0

p ≡M0
p∞ = Lp(R

n), M
n
p

p ≡M
n
p

p∞ = L∞(Rn).Compared with [17℄, we write rλ in the de�nition of Mλ
pθ rather than r λ

p as in [17℄for θ = ∞, be
ause with this notation the parameter λ is 
losely related to the orderof smoothness. (See [12, 3℄.)We shall also 
onsider the lo
al variant of the spa
es Mλ
pθ, namely the spa
es LMλ

pθ,where 0 < p, θ ≤ ∞, λ ≥ 0, of all fun
tions f ∈ Lloc
p (Rn), for whi
h

‖f‖LMλ
pθ

=




∞∫

0

(
‖f‖Lp(B(0,r))

rλ

)θ
dr

r





1
θ

<∞ (1.8)
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‖f‖LMλ

p∞
= sup

r>0

‖f‖Lp(B(0,r))

rλ
<∞ (1.9)if θ = ∞. It will always be assumed that λ > 0 if θ < ∞ and that λ ≥ 0 if θ = ∞.Otherwise, the spa
e LMλ

pθ is trivial. Also LM 0
p∞ = Lp(R

n).We shall also 
all the spa
es Mλ
pθ global Morrey spa
es and denote them by GMλ

pθ.Note that
‖f‖Mλ

pθ
≡ ‖f‖GMλ

pθ
= sup

x∈Rn

‖f(· + x)‖LMλ
pθ
.Example 1. Let −∞ < β < ∞ and χ

Ω
denote the 
hara
teristi
 fun
tion of a set

Ω ⊂ R
n. Then |x|βχ

B(0,1)
(x) ∈ LMλ

pθ (or GMλ
pθ) if and only if β > λ − n

p
if θ < ∞;

β ≥ λ − n
p
if θ = ∞ and λ > 0; β > −n

p
if θ = ∞, λ = 0 and p < ∞; and β ≥ 0 if

p = θ = ∞ and λ = 0.Example 2. Let, for ε > 0, (τεf)(x) = f(εx). Then
‖τεf‖LMλ

pθ
= ελ−n

p ‖f‖LMλ
pθ
, ‖τεf‖GMλ

pθ
= ελ−n

p ‖f‖GMλ
pθ
. (1.10)In the terminology, used in parti
ular in [2℄, p. 32, λ− n

p
is the di�erential dimension of

LMλ
pθ and of GMλ

pθ. Equality (1.10) also holds if the spa
e LMλ
pθ or GMλ

pθ is repla
edby the homogeneous Nikols'ski-Besov spa
e Ḃλ
pθ of fun
tions with fra
tional order ofsmoothness λ (see the de�nition, for example, in [2℄), hen
e the di�erential dimensionsof the spa
es LMλ

pθ, GMλ
pθ, and Ḃλ

pθ 
oin
ide.Also
Hα(τεf) = ε−ατε(Hαf) , Mα(τεf) = ε−ατε(Mαf) ,

Iα(τεf) = ε−ατε(Iαf),
(1.11)hen
e the order of homogeneity of all three operators Hα, Mα, and Iα is −α.By (1.10) and (1.11)

‖Hα(τεf)‖LMλ
pθ

= ελ−n
p
−α ‖Hαf‖LMλ

pθ
,

‖Hα(τεf)‖GMλ
pθ

= ελ−n
p
−α ‖Hαf‖GMλ

pθ
,

(1.12)where the exponent of ε is the sum of the order of homogeneity of the operator Hα andof the di�erential dimension of the spa
e LMλ
pθ or GMλ

pθ. These equalities also hold if
Hα is repla
ed by Mα or Iα.In fa
t we shall 
onsider more general spa
es LMpθ,w(·) and GMpθ,w(·), the lo
aland the global Morrey-type spa
es, 
hara
terized by numeri
al parameters p, θ and afun
tional parameter w, de�ned in the next se
tion. Note that if w(r) = r−λ− 1

θ , then
LM

pθ,r−λ− 1
θ

= LMλ
pθ and GM

pθ,r−λ−1
θ

= GMλ
pθ .For this reason we may say that LMλ

pθ and GMλ
pθ are power type lo
al Morrey spa
es,power type global Morrey spa
es respe
tively, while LMpθ,w(·), GMpθ,w(·) are generallo
al Morrey-type spa
es, general global Morrey-type spa
es respe
tively.
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es 55In the 
ase of lo
al or global Morrey-type spa
es we obtain su�
ient 
onditionson the fun
tions w1 and w2 ensuring that Hα : LMp1θ1,w1(·) → LMp2θ2,w2(·) or Hα :
GMp1θ1,w1(·) → GMp2θ2,w2(·) (Theorem 3) and ne
essary 
onditions (Theorem 4), whi
h,for a 
ertain range of the numeri
al parameters α, p1, p2, θ1, θ2 and under additional apriori assumptions on w1 and w2, 
oin
ide (Theorem 5). (Note that in [4-9℄ ne
essaryand su�
ient 
onditions on the fun
tions w1 and w2 ensuring the boundedness of theoperators Mα and Iα were obtained, for a 
ertain range of the numeri
al parameters,only for the 
ase of lo
al Morrey-type spa
es.)Given θ1 ≤ θ2 and a fun
tion w2 satisfying 
ertain regularity assumptions, we �nd,for the operator Hα with the target spa
e LMp2θ2,w2(·), the maximal domain spa
e inthe s
ale of spa
es {LMp1θ1,w1(·)} (Theorem 6). If the target spa
e is the power typelo
al Morrey spa
e LMλ2

p2θ2
, then, under the appropriate assumptions on the numeri
alparameters, it appears that the maximal domain spa
es in the s
ale of general Morrey-type spa
es {LMp1θ1,w1(·)} is the power type lo
al Morrey spa
e LMλ1

p1θ1
with λ1 =

λ2 + n( 1
p1

− 1
p2

) − α (Corollary 4).2 De�nitions and basi
 properties of Morrey-type spa
esDe�nition 1. Let 0 < p, θ ≤ ∞ and let w be a non-negative measurable fun
tion on
(0,∞).We denote by LMpθ,w(·) and GMpθ,w(·), the lo
al Morrey-type spa
es, the globalMorrey-type spa
es respe
tively, the spa
es of all fun
tions f ∈ Lloc

p (Rn) with �nitequasi-norms
‖f‖LMpθ,w(·)

≡ ‖f‖LMpθ,w(·)(Rn) =
∥∥∥w(r) ‖f‖Lp(B(0,r))

∥∥∥
Lθ(0,∞)

, (2.1)
‖f‖GMpθ,w(·)

= sup
x∈Rn

‖f(x+ ·)‖LMpθ,w(·)
= sup

x∈Rn

∥∥∥w(r) ‖f‖Lp(B(x,r))

∥∥∥
Lθ(0,∞)

(2.2)respe
tively.Note that
‖f‖LM

pθ,r
−λ−1

θ

= ‖f‖LMλ
pθ
, ‖f‖GM

pθ,r
−λ−1

θ

= ‖f‖GMλ
pθ
≡ ‖f‖Mλ

pθ
.The boundedness of the maximal operatorM, the fra
tional maximal operatorMα,the Riesz potential Iα and the singular integral operator in Morrey or Morrey-typespa
es was studied in [1℄, [11℄, [16℄, [18℄, [12℄, [13℄, [11℄, [4-9℄. In [4-9℄, for a 
ertainrange of the numeri
al parameters α, p1, p2, θ1, θ2, ne
essary and su�
ient 
onditions onthe fun
tions w1 and w2 were obtained ensuring the boundedness of the aforementionedoperators from LMp1θ1,w1(·) to LMp2θ2,w2(·).De�nition 2. Let 0 < p, θ ≤ ∞. We denote by Ωθ the set of all fun
tions w whi
h arenon-negative and measurable on (0,∞), not equivalent to 0, and su
h that for some

t > 0

‖w(r)‖Lθ(t,∞) <∞. (2.3)
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tions w whi
h are non-negative andmeasurable on (0,∞), not equivalent to 0, and su
h that for all t > 0

∥∥w(r)rn/p
∥∥

Lθ(0,t)
<∞ , ‖w(r)‖Lθ(t,∞) <∞ . (2.4)Lemma 1. Let 0 < p, θ ≤ ∞ and let w be a non-negative measurable fun
tion on

(0,∞), whi
h is not equivalent to 0.Then the spa
e LMpθ,w is nontrivial if and only if w ∈ Ωθ, and the spa
e GMpθ,w isnotrivial if and only if w ∈ Ωpθ.Moreover, if w ∈ Ωθ and τ = inf{s > 0 : ‖w‖Lθ(s,∞) <∞}, then the spa
e LMpθ,w(·)
ontains all fun
tions f ∈ Lp(R
n) su
h that f = 0 on B(0, t) for some t > τ . If

w ∈ Ωpθ, then
Lp(R

n) ∩ L∞(Rn) ⊂ GMpθ,w(·) .Proof. Let w be a non-negative measurable fun
tion on (0,∞) whi
h is not equivalentto 0.1. In [5℄ it was proved that if w /∈ Ωθ, then the spa
es LMpθ,w(·) and GMpθ,w(·) aretrivial.It was also proved there that if p < ∞ and ‖w(r)r
n
p ‖Lθ(0,t) = ∞ for all t > 0, thenthe spa
e GMpθ,w(·) is trivial. This also holds for p = ∞. Indeed, assume that f is notequivalent to 0 on R

n. Then there exists y ∈ R
n su
h that Ay ≡ lim

̺→0+
‖f‖L∞(B(y,̺)) > 0.(This follows be
ause otherwise for all ε > 0 and for all x ∈ R

n there exists rε,x > 0su
h that ‖f‖L∞(B(x,rε,x)) < ε. This implies that for all ε > 0

‖f‖L∞(Rn) = sup
x∈Rn

‖f‖L∞(B(x,rε,x)) ≤ ε ,hen
e ‖f‖L∞(Rn) = 0, whi
h 
ontradi
ts the assumption that f is not equivalent to 0.)Therefore
‖f‖GM∞θ,w(·)

≥ ‖w(r)‖f‖L∞(B(y,r))‖Lθ(0,∞) ≥ Ay‖w‖Lθ(0,∞) = ∞ .We also note that if 0 < p ≤ ∞ and ‖w‖Lθ(t,∞) = ∞ for some t > 0, then the spa
e
GMpθ,w(·) is trivial. Indeed, if f is not equivalent to 0, then sup

x∈Rn

‖f‖Lp(B(x,t)) > 0, hen
e
‖f‖GM∞θ,w(·)

≥ sup
x∈Rn

‖w(r)‖f‖Lp(B(x,t))‖Lθ(t,∞)

≥ sup
x∈Rn

‖f‖Lp(B(x,t))‖w(r)‖Lθ(t,∞) = ∞ .Finally assume that ‖w(r)r
n
p ‖Lθ(0,τ) = ∞ for some τ > 0. Then there are twopossibilities: 1) ‖w(r)r

n
p ‖Lθ(0,t) = ∞ for all t > 0 or 2) there exists s ∈ (0, τ) su
h that

‖w(r)r
n
p ‖Lθ(0,s) <∞ whi
h implies that ‖w(r)r

n
p ‖Lθ(s,τ) = ∞, hen
e

‖w‖Lθ(s,∞) ≥ ‖w‖Lθ(s,τ) ≥ τ−
n
p ‖w(r)r

n
p ‖Lθ(s,τ) = ∞ .In both 
ases by the above the spa
e GMpθ,w(·) is trivial.
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es 572. If w ∈ Ωθ, f ∈ Lp(R
n) and f = 0 on B(0, t) for some t > τ , then

‖f‖LMpθ,w(·)
=
∥∥∥w(r) ‖f‖Lp(B(0,r))

∥∥∥
Lθ(t,∞)

≤ ‖f‖Lp(Rn) ‖w(r)‖Lθ(t,∞) <∞ .If w ∈ Ωpθ and f ∈ Lp(R
n) ∩ L∞(Rn), then 1

‖f‖GMpθ,w(·)
= sup

x∈Rn

∥∥∥w(r) ‖f‖Lp(B(x,r))

∥∥∥
Lθ(0,∞)

≤ 2( 1
θ
−1)+

(
sup
x∈Rn

∥∥∥w(r) ‖f‖Lp(B(x,r))

∥∥∥
Lθ(0,1)

+ sup
x∈Rn

∥∥∥w(r) ‖f‖Lp(B(x,r))

∥∥∥
Lθ(1,∞)

)

≤ 2( 1
θ
−1)+

(
v

1
p
n ‖f‖L∞(Rn)

∥∥∥w(r)r
n
p

∥∥∥
Lθ(0,1)

+ ‖f‖Lp(Rn) ‖w(r)‖Lθ(1,∞)

)
<∞ .

In the sequel, keeping in mind Lemma 1, we always assume that w ∈ Ωθ for lo
alMorrey-type spa
es LMpθ,w(·) and w ∈ Ωpθ for global Morrey-type spa
es GMpθ,w(·).Remark 1. In [4-9℄ for the 
ase of global Morrey-type spa
es the 
lass Ωp,θ, widerthan Ωpθ, was 
onsidered. A fun
tion w belongs to this 
lass if it is non-negativeand measurable on (0,∞), not equivalent to 0, and there exist t1, t2 > 0 su
h that∥∥w(r)rn/p
∥∥

Lθ(0,t1)
<∞ and ‖w(r)‖Lθ(t2,∞) <∞. However this does not in
rease gener-ality be
ause for w ∈ Ωp,θ \ Ωpθ the spa
e GMpθ,w(·) is trivial.Example 3. One 
an easily verify that r−λ− 1

θ ∈ Ωθ if and only if λ > 0 for θ <∞ and
λ ≥ 0 for θ = ∞; r−λ− 1

θ ∈ Ωpθ if and only if 0 < λ < n
p
for θ < ∞ and 0 ≤ λ ≤ n

p
for

θ = ∞.For non-negative fun
tions ϕ, ψ de�ned on (0,∞) we shall write ϕ ≪ ψ if thereexists c > 0 su
h that ϕ(t) ≤ cψ(t) for all t ∈ (0,∞), and we shall write ϕ ≍ ψ if
ϕ≪ ψ and ψ ≪ ϕ.Lemma 2 ([6℄). Let 0 < p, θ ≤ ∞ and w1, w2 ∈ Ωθ. Then

1) LMpθ,w1(·) ⊂ LMpθ,w2(·) ⇐⇒ ‖w1‖Lθ(t,∞) ≪ ‖w2‖Lθ(t,∞) ,

2) LMpθ,w1(·) = LMpθ,w2(·) ⇐⇒ ‖w1‖Lθ(t,∞) ≍ ‖w2‖Lθ(t,∞) .1 Here and in the sequel a+ denotes the positive part of the real number a.



58 V.I. Burenkov, P. Jain, T.V. Tararykova3 Corollaries of weighted Lp,u(·)-estimatesFor a measurable set Ω ⊂ R
n and a fun
tion u non-negative and measurable on Ω, let

Lp,u(·)(Ω) be the spa
e of all fun
tions f measurable on Ω for whi
h
‖f‖Lp,u(·)(Ω) = ‖uf‖Lp(Ω) <∞.If 0 < p ≤ θ ≤ ∞, then

‖f‖LMpθ,w(·)
≤ ‖f‖Lp,W (·)

, (3.1)and if 0 < θ ≤ p ≤ ∞, then
‖f‖Lp,W (·)

≤ ‖f‖LMpθ,w(·)
, (3.2)where for all x ∈ R

n

W (x) = ‖w‖Lθ(|x|,∞) .These inequalities 
an be easily proved by applying the following inequality forLebesgue spa
es with mixed quasinorms: for 0 < p ≤ q ≤ ∞ and for a fun
tion
F measurable on R

m+n

∥∥∥
∥∥F (x, y)

∥∥
Lp,x(Rn)

∥∥
Lq,y(Rm)

≤
∥∥∥
∥∥F (x, y)

∥∥
Lq,y(Rm)

∥∥∥
Lp,x(Rn)

.In parti
ular, for 0 < p ≤ ∞
‖f‖LMpp,w(·)

= ‖f‖Lp,V (·)
,where for all x ∈ R

n

V (x) = ‖w‖Lp(|x|,∞) .See, e.g., [6℄.We shall use the following theorem stating ne
essary and su�
ient 
onditions forthe validity of the inequality
‖Hαf‖Lp2,u2(·)

≤ c1 ‖f‖Lp1,u1(·)
, (3.3)where

u1(x) = û1(|x|), u2(x) = û2(|x|),
û1, û2 are fun
tions non-negative and measurable on [0,∞) and c1 > 0 is independentof f.Theorem 1 ([20℄, [21℄, [13℄). Let 1 ≤ p1, p2 ≤ ∞. Then inequality (3.3) holds if andonly if

I(û1, û2) <∞ ,where for 2 p1 ≤ p2

I(û1, û2) =
∥∥∥
∥∥û2(τ)τ

α−n+ n−1
p2

∥∥
Lp2 (t,∞)

∥∥û1(τ)
−1τ

n−1
p′1

∥∥
Lp′1

(0,t)

∥∥∥
L∞(0,∞)

(3.4)2 If p1 = 1, then the fa
tor ∥∥û1(τ)
−1τ

n−1

p
′

1

∥∥
L

p
′

1
(0,t)

should be repla
ed by û1(t)
−1 and if p2 = ∞,then the fa
tor ∥∥û2(τ)τ

α−n+ n−1

p2

∥∥
Lp2

(t,∞)
should be repla
ed by û2(t)t

α−n.
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(p′1 is the exponent 
onjugate to p1), and for p2 < p1

I(û1, û2) =
∥∥∥
∥∥û2(τ)τ

α−n+ n−1
p2

∥∥
Lp2 (t,∞)

Λ(t)
∥∥∥

Ls(0,∞)
, (3.5)where 3

Λ(t) =
∥∥∥û1(τ)

−1τ
n−1
p′1

∥∥∥
p′1
p′2

Lp′
1
(0,t)

û1(t)
− p′1

s t
n−1

sand s is de�ned by
1

s
=

1

p2
− 1

p1
. (3.6)Remark 2. Let for 1 ≤ p1 ≤ p2 ≤ ∞

J(û1, û2) =
∥∥tα−n( 1

p1
− 1

p2
)
û1(t)

−1û2(t)
∥∥

L∞(0,∞)
(3.4′)and for 1 ≤ p2 < p1 ≤ ∞

J(û1, û2) =
∥∥tα−n( 1

p1
− 1

p2
)
û1(t)

−1û2(t)t
− 1

s

∥∥
Ls(0,∞)

. (3.5′)Assume that the fun
tions û1 and û2 are non-in
reasing and that
α <

n

p′2
if p2 <∞ and α ≤ n if p2 = ∞ . (3.7)Then for any ν > 1

c2J
(
û1

( t
ν

)
, û2(νt)

)
≤ I(û1(t), û2(t)) ≤ c3J(û1(t), û2(t)) ,where c2 > 0 and c3 > 0 are independent of û1 and û2.Indeed, if p1 ≤ p2, then

I(û1(t), û2(t)) ≤ ‖û2(t)‖τα−n+ n−1
p2 ‖Lp2(t,∞)û1(t)

−1‖τ
n−1
p′
1 ‖Lp′

1
(0,t)‖L∞(0,∞)

= aJ(û1(t), û2(t))and
I(û1(t), û2(t)) ≥ ‖ ‖û2(τ)τ

α−n+ n−1
p2 ‖Lp2 (t,νt)‖û1(τ)

−1τ
n−1
p′1 ‖Lp′

1
( t

ν
,t)‖L∞(0,∞)

≥ bJ
(
û1

( t
ν

)
, û2(νt)

)
,where a, b > 0 are independent of û1, û2. Also similar estimates hold if p2 < p1.Hen
e the 
ondition J(û1, û2) <∞ is su�
ient for the validity of inequality (3.3).3 If p2 = 1, then the fa
tor ∥∥∥û1(τ)

−1τ
n−1

p
′

1

∥∥∥
p
′

1

p
′

2

L
p
′

1
(0,t)

should be omitted.



60 V.I. Burenkov, P. Jain, T.V. TararykovaMoreover, if there exist µ > 1 and c4 > 0 su
h that
û1(t) ≤ c4û1(µt) or û2 ≤ c4û2(µt) , t ∈ (0,∞) , (3.8)then this 
ondition is ne
essary and su�
ient for the validity of inequality (3.3). Thisfollows sin
e in both 
ases

J
(
û1

( t√
µ

)
, û2(

√
µt)
)

= γ1J
(
û1

( t
µ

)
, û2(t)

)

= γ2J(û1(t), û2(µt)) ≥ γJ(û1(t), û2(t))for some γ1, γ2, γ > 0 whi
h are independent of û1 and û2 (γ = min{γ1, γ2}c−1
4 ).It is ne
essary and su�
ient, in parti
ular, if û1(t) ≍ t−β on (0,∞) where β > 0and û2 is non-in
reasing on (0,∞), or û2(t) ≍ t−β on (0,∞) where β > 0 and û1 isnon-in
reasing on (0,∞). In the last 
ase assumption (3.7) 
an be repla
ed by

α <
n

p′2
+ β if p2 <∞ and α ≤ n+ β if p2 = ∞ , (3.9)be
ause in (3.4) ‖û2(τ)τ

α+n+ n−1
p2 ‖Lp2 (t,∞) <∞ if and only if this 
ondition is satis�ed.Remark 3. It may happen that in 
onditions (3.4), (3.5) the �rst fa
tor inside ‖ ·

‖L∞(0,∞), ‖ · ‖Ls(0,∞) respe
tively, is equal to 0 and the se
ond one is equal to ∞, or in
onditions (3.4′), (3.5′) û2(t) = 0 and û1(t)
−1 = ∞. In su
h 
ases it is assumed that

0 · ∞ = 0.Theorem 1, Remark 2, and inequalities (3.1) and (3.2) immediately imply the fol-lowing result for the 
ase of Morrey-type spa
es.Theorem 2. Let 1 ≤ p1, p2 ≤ ∞, 0 < θ1, θ2 ≤ ∞, w1 ∈ Ωθ1, and w2 ∈ Ωθ2 .
1. If p1 ≥ θ1 and p2 ≤ θ2, then the 
ondition

I
(
‖w1‖Lp1(t,∞), ‖w2‖Lp2(t,∞)

)
<∞ (3.10)is su�
ient for the boundedness of Hα from LMp1θ1,w1(·) to LMp2θ2,w2(·).If p1 ≤ θ1 and p2 ≥ θ2, then this 
onditions is ne
essary for the boundedness of Hαfrom LMp1θ1,w1(·) to LMp2θ2,w2(·).In parti
ular, if θ1 = p1 and θ2 = p2, then this 
onditions is ne
essary and su�
ientfor the boundedness of Hα from LMp1p1,w1(·) to LMp2p2,w2(·).

2. If p1 ≥ θ1, p2 ≤ θ2, and 
ondition (3.7) is satis�ed, then the 
ondition
∥∥tα−n( 1

p1
− 1

p2
) ‖w1‖−1

Lθ1
(t,∞) ‖w2‖Lθ2

(t,∞) t
− 1

s

∥∥
Ls(0,∞)

<∞ , (3.11)where s = ∞ if p1 ≤ p2 and s is de�ned by equality (3.6), is su�
ient for the bounded-ness of Hα from LMp1θ1,w1(·) to LMp2θ2,w2(·).If p1 ≤ θ1 and p2 ≥ θ2, then for any µ > 1 both 
onditions
∥∥tα−n( 1

p1
− 1

p2
) ‖w1‖−1

Lθ1
( t

µ
,∞) ‖w2‖Lθ2

(t,∞) t
− 1

s

∥∥
Ls(0,∞)

<∞ , (3.12)
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es 61and ∥∥tα−n( 1
p1

− 1
p2

) ‖w1‖−1
Lθ1

(t,∞) ‖w2‖Lθ2
(µt,∞) t

− 1
s

∥∥
Ls(0,∞)

<∞ (3.13)are ne
essary for the boundedness of Hα from LMp1θ1,w1(·) to LMp2θ2,w2(·).In parti
ular, if θ1 = p1, θ2 = p2, 
ondition (3.7) is satis�ed, and for some µ > 1one of the 
onditions
‖w1‖Lp1 (t,∞) ≪ ‖w1‖Lp1 (µt,∞) or ‖w1‖Lp2(t,∞) ≪ ‖w2‖Lp2 (µt,∞) (3.14)is satis�ed, then 
ondition (3.11) is ne
essary and su�
ient for the boundedness of Hαfrom LMp1p1,w1(·) to LMp2p2,w2(·).For example, if p1 ≥ θ1, p2 ≤ θ2 and 
ondition (3.10) is satis�ed, then

‖Hαf‖LMp2θ2,w2(·)
≤ ‖Hαf‖Lp2,‖w2‖Lθ2

(|x|,∞)

≤ c1‖f‖Lp1,‖w1‖Lθ1
(|x|,∞)

≤ c1‖f‖LMp1θ1,w1(·)
.Corollary 1. Let 1 ≤ p1, p2 ≤ ∞.

1. If λ1 > 0 for p1 < ∞ and λ1 ≥ 0 for p1 = ∞, w2 ∈ Ωp2, and 
ondition (3.7) issatis�ed, then the 
ondition
∥∥tα−n

“
1

p1
− 1

p2

”
+λ1‖w2‖Lp2 (t,∞)t

− 1
s

∥∥
Ls(0,∞)

<∞ (3.11′)is ne
essary and su�
ient for the boundedness of Hα from LMλ1
p1p1

to LMp2p2,w2(·).
2. If w1 ∈ Ωp1, λ2 > 0 for p2 < ∞ and λ2 ≥ 0 for p2 = ∞, and 
ondition (3.9) issatis�ed, then the 
ondition

∥∥tα−n
“

1
p1

− 1
p2

”
−λ2‖w1‖−1

Lp1 (t,∞)t
− 1

s

∥∥
Ls(0,∞)

<∞ (3.11′′)is ne
essary and su�
ient for the boundedness of Hα from LMp1p1,w1(·) to LMλ2
p2p2

.

3. Let α ∈ R, λk > 0 for pk < ∞ and λk ≥ 0 for pk = ∞ (k = 1, 2). Then Hα isbounded from LMλ1
p1p1

to LMλ2
p2p2

if and only if
p1 ≤ p2 and α = λ2 − λ1 + n

( 1

p1
− 1

p2

)
. (3.15)Statement 3 of the 
orollary follows by Statement 2, be
ause for the spa
e LMλ1

p1p1for all t > 0

‖w1‖Lp1 (t,∞) = ‖r−λ1− 1
p1 ‖Lp1 (t,∞) = (λ1p1)

− 1
p1 t−λ1if p1 < ∞ and ‖w1‖Lp1 (t,∞) = t−λ1 if p1 = ∞, and 
ondition (3.15) implies 
ondition(3.9).
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tion we �rst investigate assumptions on the parameters ensuring the validityof the inequality
‖Hαf‖Lp2(B(0,r)) ≤ c5(r)‖f‖Lp1(B(0,r)) (4.1)for all r > 0 and for all f ∈ Lp1(B(0, r)), where c5(r) > 0 depends only on r, n, α, p1, p2,and the dependen
e on r of the sharp 
onstant c∗5(r) in this inequality. We start withnoting that inequality (4.1) holds for all r > 0 and for all f ∈ Lp1(B(0, r)) if and onlyif it holds for r = 1 for all f ∈ Lp1(B(0, 1)). Moreover,

c∗5(r) = c∗5(1)r
α−n

“
1

p1
− 1

p2

”

. (4.2)This follows be
ause by (1.11)
‖Hαf‖Lp2(B(0,r)) = rα‖τ 1

r
Hα(τrf)‖Lp2(B(0,r)) = r

α+ n
p2 ‖Hα(τrf)‖Lp2(B(0,1))and

‖τrf‖Lp1(B(0,1)) = r
− n

p1 ‖f‖Lp1(B(0,r)) .Lemma 3. Let 1 ≤ p1, p2 ≤ ∞. Then inequality (4.1) holds for all r > 0 and for all
f ∈ Lp1(B(0, r)) if and only if

α ≥ n

(
1

p1
− 1

p2

)
if 1 < p1 ≤ p2 ≤ ∞ or p1 = 1 and p2 = ∞ (4.3)and

α > n

(
1

p1

− 1

p2

)
if p1 = 1 ≤ p2 <∞ or 1 ≤ p2 < p1 ≤ ∞ . (4.4)Proof. By the above it su�
es to assume that r = 1. By Theorem 1 inequality (4.1)holds if and only if K ≡ I(χ

(0,1)
, χ

(0,1)
) <∞.1. First let p1 ≤ p2. If p1 > 1 and p2 <∞, then

K = sup
0<t<1

( 1∫

t

τ
(α− n

p′
2
)p2−1

dτ
) 1

p2

( t∫

0

τn−1dτ
) 1

p′1 .If α ≥ n
p′2
, then
K ≤ n

− 1
p′
1 sup

0<t<1

( 1∫

t

τ−1dτ
) 1

p2 t
n

p′
1 = n

− 1
p′
1 sup

0<t<1
| ln t|

1
p2 t

n

p′
1 <∞ .If α < n

p′2
, then

K =
(( n

p′2
− α

)
p2

)− 1
p2 n

− 1
p′1 sup

0<t<1

(
t

„
α− n

p′2

«
p2 − 1

) 1
p2 t

n

p′1 <∞
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es 63if and only if α ≥ n
(

1
p1

− 1
p2

)
.If p1 > 1 and p2 = ∞, then
K = n

− 1
p′
1 sup

0<t<1
t
α− n

p1 <∞if and only if α ≥ n
p1
.If p1 = 1 and p2 <∞, then

K = sup
0<t<1

( 1∫

t

τ
(α− n

p′
2
)p2−1

dτ
) 1

p2 <∞if and only if α > n
(
1 − 1

p2

)
.If p1 = 1 and p2 = ∞, then

K = sup
0<t<1

tα−n <∞if and only if α ≥ n .2. Next let p2 < p1. If p2 > 1, then
K =

∥∥∥
( 1∫

t

τ
(α− n

p′2
)p2−1

dτ
) 1

p2

( t∫

0

τn−1dτ
) 1

p′2 t
n−1

s

∥∥∥
Ls(0,1)

.If α ≥ n
p′2
, then

K ≤ n
− 1

p′
1

∥∥∥
( 1∫

t

τ−1dτ
) 1

p2 t
n

p′
1
− 1

s

∥∥∥
Ls(0,1)

= n
− 1

p′
1

∥∥| ln t| t
n

p′
1
− 1

s
∥∥

Ls(0,1)
<∞ .If α < n

p′2
, then
K =

(( n
p′2

− α
)
p2

)− 1
p2 n

− 1
p′
1

∥∥∥
(
t

„
α− n

p′
2

«
p2 − 1

) 1
p2 t

n

p′
1
− 1

s

∥∥∥
Ls(0,1)

<∞if and only if α > n
(

1
p1

− 1
p2

)
.If p2 = 1 < p1 ≤ ∞, then

K =
∥∥∥
( 1∫

t

τα−1dτ
)
t

n−1
p′1

∥∥∥
Lp′

1
(0,1)and by a similar argument it again follows thatK <∞ if and only if α > n

(
1
p1
−1
)
.



64 V.I. Burenkov, P. Jain, T.V. TararykovaLemma 4. Let 1 ≤ p1 ≤ ∞, 0 < p2 ≤ ∞ and α ∈ R is su
h that 
ondition (4.3) andthe 
ondition
α > n

(
1

p1
− 1

p2

)
if p1 = 1 ≤ p2 <∞ or 0 < p2 < p1 ≤ ∞ . (4.5)are satis�ed. Then there exists c6 > 0 su
h that for all x ∈ R

n, for all r > 0, and forall f ∈ Lp1(B(0, |x| + r))

‖Hαf‖Lp2 (B(x,r)) ≤ c6 r
n
p2 (|x| + r)

α− n
p1 ‖f‖Lp1(B(0,|x|+r)) . (4.6)Proof. 1. Assume �rst that |x| ≤ 2r. If p2 ≥ 1, then by Lemma 3

‖Hαf‖Lp2(B(x,r)) ≤ ‖Hαf‖Lp2(B(0,|x|+r))

≤ c∗5(1)(|x| + r)
α−n

“
1

p1
− 1

p2

”

‖f‖Lp1(B(0,|x|+r))

≤ c∗5(1)3
n
p2 r

n
p2 (|x| + r)

α− n
p1 ‖f‖Lp1(B(0,|x|+r)) .If 0 < p2 < 1, then by H�older's inequality and by the above with p2 = 1

‖Hαf‖Lp2 (B(x,r)) ≤ (vnr
n)

1
p2

−1‖Hαf‖L1(B(x,r))

≤ v
1

p2
−1

n c̃∗5(1)3nr
n
p2 (|x| + r)

α− n
p1 ‖f‖Lp1(B(0,|x|+r)) ,where c̃∗5(1) is the value of c∗5(1) (whi
h depends on n, α, p1, p2) for p2 = 1.2. Next assume that |x| ≥ 2r. Then for all y ∈ B(x, r) |x|+r

3
≤ |x|−r ≤ |y| ≤ |x|+rand by H�older's inequality

‖Hαf‖Lp2 (B(x,r)) =

∥∥∥∥∥∥∥

1

|B(0, |y|)|1−α
n

∫

B(0,|y|)

f(z)dz

∥∥∥∥∥∥∥
Lp2(B(x,r))

≤
∥∥∥|B(0, |y|)|

α
n
− 1

p1 ‖f‖Lp1(B(0,|y|))

∥∥∥
Lp2(B(x,r))

≤ v
α
n
− 1

p1
n

∥∥∥|y|α−
n
p1

∥∥∥
Lp2 (B(x,r))

‖f‖Lp1(B(0,|x|+r))

≤ v
α
n
− 1

p1
+ 1

p2
n 3

(( n
p1

−α)+ )
r

n
p2 (|x| + r)

α− n
p1 ‖f‖Lp1(B(0,|x|+r)) .

5 Ne
essary and su�
ient 
onditions for general Morrey-typespa
esLemma 5. Let α ∈ R, 1 ≤ p1 ≤ ∞, 0 < p2, θ1, θ2 ≤ ∞.



On boundedness of the Hardy operator in Morrey-type spa
es 65If w1 ∈ Ωθ1 and w2 ∈ Ωθ2, then the 
ondition: for all t > 0

‖w2(r)r
α− n

p′2 ‖Lθ2
(t,∞) <∞ (5.1)is ne
essary for the boundedness of Hα from LMp1θ1,w1(·) to LMp2θ2,w2(·).If w1 ∈ Ωp1θ1 and w2 ∈ Ωp2θ2, then this 
ondition is also ne
essary for the bounded-ness of Hα from GMp1θ1,w1(·) to GMp2θ2,w2(·).Proof. It su�
es to prove that if ‖w2(r)r

α− n

p′
2 ‖Lθ2

(t,∞) = ∞ for some t > 0, then thereexists a fun
tion f ∈ GMp1θ1,w1(·) (hen
e f ∈ LMp1θ1,w1(·)) su
h that f /∈ LMp2θ2,w2(·)(hen
e f /∈ GMp2θ2,w2(·)). In fa
t this is true for any non-negative fun
tion f ∈
GMp1θ1,w1(·) su
h that ‖f‖Lp1(B(0, t

2
)) > 0. Indeed, if |y| ≥ t

2
, then

(Hαf)(y) ≥ v
α
n
−1

n |y|α−n‖f‖L1(B(0, t
2
)) .Hen
e, if r ≥ t, then

‖Hαf‖Lp2(B(0,r)) ≥ ‖Hαf‖Lp2(B(0,r)\B(0, r
2
))

≥ k1r
α−n|B(0, r) \B(0, r/2)|

1
p2 = k2 r

α− n

p′2 ,where
k1 = v

α
n
−1

n max{1, 2n−α}‖f‖L1(B(0, t
2
)) , k2 = v

1
p2
n (1 − 2−n)

1
p2 k1 > 0 .Therefore

‖Hαf‖LMp2θ2,w2(·)
≥ ‖w2(r)‖Hαf‖Lp2 (B(0,r))‖Lθ2

(t,∞)

≥ k2‖w2(r)r
α− n

p′2 ‖Lθ2
(t,∞) = ∞ .Remark 4. For w2 ∈ Ωθ2 
ondition (5.1) implies that ‖w2‖Lθ2

(t,∞) < ∞ not only forsome t > 0 (whi
h is the meaning of the 
ondition w2 ∈ Ωθ2) but also for all t > 0.Corollary 2. Let α ∈ R, 1 ≤ p1 ≤ ∞, 0 < p2, θ1, θ2 ≤ ∞.If λ2 > 0 if θ2 <∞, λ2 ≥ 0 if θ2 = ∞ and w1 ∈ Ωθ1, then the 
ondition
α < λ2 +

n

p′2
if θ2 <∞ , α ≤ λ2 +

n

p′2
if θ2 = ∞ (5.2)is ne
essary for the boundedness of Hα from LMp1θ1,w1(·) to LMλ2

p2θ2
.If 0 < λ2 <

n
p2

if θ2 <∞, 0 ≤ λ2 ≤ n
p2

if θ2 = ∞ and w1 ∈ Ωp1θ1, then this 
onditionis also ne
essary for the boundedness of Hα from GMp1θ1,w1(·) to GMλ2
p2θ2

. (In this 
aseit implies, in parti
ular, that α < n if θ2 <∞ and α ≤ n if θ2 = ∞.)



66 V.I. Burenkov, P. Jain, T.V. TararykovaLemma 6. Let α ∈ R, 1 ≤ p1 ≤ ∞, 0 < p2, θ1, θ2 ≤ ∞, w1 ∈ Ωp1θ1, and w2 ∈ Ωp2θ2.Then the 
ondition
α ≤ n

p1
(5.3)is ne
essary for the boundedness of Hα from GMp1θ1,w1(·) to GMp2θ2,w2(·).Moreover, if in addition ‖w2(r)r

n
p2 ‖Lθ2

(0,∞) = ∞, then the 
ondition
α <

n

p1
(5.4)is ne
essary for the boundedness of Hα from GMp1θ1,w1(·) to GMp2θ2,w2(·).Proof. 1. If 1 ≤ p1 ≤ ∞ and α > n, then Hαf /∈ GMp2θ2,w2(·) for any non-negativefun
tion f ∈ GMp1θ1,w1(·) whi
h is not equivalent to 0. Indeed, for all x ∈ R

n, x 6= 0,and for all y ∈ R
n with |y| ≥ |x|

(Hαf)(y) =
1

(vn|y|n)1−α
n

∫

B(0,|y|)

f(z) dz ≥ v
α
n
−1

n |x|α−n‖f‖L1(B(0,|x|)) ,hen
e, sin
e |B(x, r) \B(0, |x|)| ≥ 1
2
|B(x, r)|,

‖Hαf‖Lp2(B(x,r)\B(0,|x|)) ≥ v
α
n
−1

n |x|α−n‖f‖L1(B(0,|x|))|B(x, r) \B(0, |x|)|
1

p2

≥ 2
− 1

p2 v
α
n
−1+ 1

p2
n |x|α−n‖f‖L1(B(0,|x|))r

n
p2 .and

‖Hαf‖GMp2θ2,w2(·)
≥ sup

x∈Rn

‖w2(r)‖Hαf‖Lp2(B(x,r)\B(0,|x|))‖Lθ2
(0,∞)

≥ 2
− 1

p2 v
α
n
−1+ 1

p2
n

(
lim
x→∞

|x|α−n‖f‖L1(B(0,|x|))

)
‖w2(r)r

n
p2 ‖Lθ2

(0,∞) = ∞ .2. Assume that p1 > 1 and n
p1
< α ≤ n. Consider the fun
tion

fβ(y) = |y|βχc
B(0,1)

(y) , y ∈ R
n ,where max{−α,−n} < β < − n

p1
. Note that for all x ∈ R

n and r > 0

‖fβ‖Lp1 (B(x,r)) ≤ ‖1‖Lp1(B(x,r)) = k1r
n
p1 ,where k1 = v

1
p1
n , and

‖fβ‖Lp1 (B(x,r)) ≤ ‖|y|β‖Lp1(cB(0,1)) = k2 <∞ ,where k2 > 0 depends only on n, p1 and β. Therefore
‖fβ‖GMp1θ1,w1(·)

= sup
x∈Rn

‖w1(r)‖fβ‖Lp1 (B(x,r))‖Lθ1
(0,∞)
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≤ 2

( 1
θ1

−1)+
(

sup
x∈Rn

‖w1(r)‖fβ‖Lp1 (B(x,r))‖Lθ1
(0,1)

+ sup
x∈Rn

‖w1(r)‖fβ‖Lp1 (B(x,r))‖Lθ1
(1,∞)

)

≤ 2
( 1

θ1
−1)+

(
k1‖w1(r)r

n
p1 ‖Lθ1

(0,1) + k2‖w1(r)‖Lθ1
(1,∞)

)
<∞ .Sin
e β > −n, for all y ∈ R

n with |y| ≥ 2

(Hαfβ)(y) =
1

(vn|y|n)1−α
n

∫

B(0,|y|)\B(0,1)

|z|β dz

= nv
α
n
n (β + n)−1|y|α−n(|y|β+n − 1) ≥ k3|y|α+β ,where k3 = nv

α
n
n (β + n)−1(1 − 2−(β+n)), be
ause |y|β+n − 1 ≥ (1 − 2−(β+n))|y|β+n for

|y| ≥ 2.If |x| ≥ 2, then for all y ∈ B(x, r) \B(0, |x|) |y| ≥ |x| ≥ 2, hen
e
‖Hαfβ‖GMp2θ2,w2(·)

≥ sup
|x|≥2

‖w2(r)‖Hαfβ‖Lp2(B(x,r)\B(0,|x|))‖Lθ2
(0,∞)

≥
(vn

2

) 1
p2 k3

(
sup
|x|≥2

|x|α+β
)
‖w2(r)r

n
p2 ‖Lθ2

(0,∞) = ∞ .3. The se
ond statement of the lemma will be proved later as a 
orollary of Theo-rem 4.Lemma 7. Let 1 ≤ p1 ≤ ∞, 0 < p2, θ1, θ2 ≤ ∞, w1 ∈ Ωθ1, and w2 ∈ Ωθ2 . Assume that
onditions (4.3) and (4.5) are satis�ed.If LMp1θ1,w1(·) is 
ontinuously embedded in LMp1θ2,v2(·), brie�y
LMp1θ1,w1(·) →֒ LMp1θ2,v2(·) , (5.5)where
v2(r) = w2(r)r

α−n
“

1
p1

− 1
p2

”
, (5.6)then the operator Hα is bounded from LMp1θ1,w1(·) to LMp2θ2,w2(·).Moreover, if the fun
tion w2(r)r

n
p2 is almost in
reasing, then the operator Hα isbounded from LMp1θ1,w1(·) to GMp2θ2,w2(·) with w2 ∈ Ωp2θ2, hen
e also from GMp1θ1,w1(·)to GMp2θ2,w2(·). (In the last 
ase it is also assumed that w1 ∈ Ωp1θ1.)Proof. 1. Let c7 > 0 be the norm of the embedding operator 
orresponding to theembedding (5.5). Then by (4.6) with x = 0

‖Hαf‖LMp2θ2,w2(·)
=

∥∥∥w2(r) ‖Hαf‖Lp2 (B(0,r))

∥∥∥
Lθ2

(0,∞)

≤ c6

∥∥∥v2(r) ‖f‖Lp1 (B(0,r))

∥∥∥
Lθ2

(0,∞)

= c6 ‖f‖LMp1θ2,v2(·)
≤ c6c7 ‖f‖LMp1θ1,w1(·)

.
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e Hα is bounded from LMp1θ1,w1(·) to LMp2θ2,w2(·).2. Next let the fun
tion w2(r)r
n
p2 be almost in
reasing, i. e. there exists c8 > 0su
h that w2(r)r

n
p2 ≤ c8w2(̺)̺

n
p2 for all 0 < r ≤ ̺ <∞. Then by (4.6)

‖Hαf‖GMp2θ2,w2(·)

= sup
x∈Rn

∥∥∥w2(r) ‖Hαf‖Lp2(B(x,r))

∥∥∥
Lθ2(0,∞)

≤ c6 sup
x∈Rn

∥∥∥w2(r)r
n
p2 (|x| + r)

α− n
p1 ‖f‖Lp1 (B(0,|x|+r))

∥∥∥
Lθ2(0,∞)

= c6 sup
x∈Rn

∥∥∥w2(̺− |x|)(̺− |x|)
n
p2 ̺

α− n
p1 ‖f‖Lp1 (B(0,̺))

∥∥∥
Lθ2(|x|,∞)

≤ c6c8 sup
x∈Rn

∥∥∥∥w2(̺)̺
α−n

“
1

p1
− 1

p2

”

‖f‖Lp1 (B(0,̺))

∥∥∥∥
Lθ2(|x|,∞)

= c6c8 ‖f‖LMp1θ2,v2(·)
≤ c6c7c8 ‖f‖LMp1θ1,w1(·)

≤ c6c7c8 ‖f‖GMp1θ1,w1(·)
.Hen
e Hα is bounded from GMp1θ1,w1(·) to GMp2θ2,w2(·).Lemma 8 ([19℄). Let 0 < θ1, θ2 ≤ ∞, u1 ∈ Ωθ1 , and u2 ∈ Ωθ2 . Then the inequality

‖u2g‖Lθ2
(0,∞) ≤ c9 ‖u1g‖Lθ1

(0,∞) (5.7)holds for some c9 > 0 for all fun
tions g non-negative and non-de
reasing on (0,∞) ifand only if1. for θ1 ≤ θ2 ∥∥∥‖u2‖Lθ2
(t,∞) ‖u1‖−1

Lθ1
(t,∞)

∥∥∥
L∞(0,∞)

<∞ , (5.8)2. for θ2 < θ1 <∞
∥∥∥∥‖u2‖Lθ2

(t,∞)‖u1‖
− θ1

θ2

Lθ1
(t,∞)u1(t)

θ1
σ

∥∥∥∥
Lσ(0,∞)

<∞ , (5.9)where σ is de�ned by
1

σ
=

1

θ2
− 1

θ1
. (5.10)Theorem 3. Let 1 ≤ p1 ≤ ∞, 0 < p2, θ1, θ2 ≤ ∞, and 
onditions (4.3), (4.5) besatis�ed.

1. Assume that w1 ∈ Ωθ1, w2 ∈ Ωθ2 and 
ondition (5.1) is satis�ed. Then for
θ1 ≤ θ2 the 
ondition 4

∥∥∥‖v2‖Lθ2
(t,∞)‖w1‖−1

Lθ1
(t,∞)

∥∥∥
L∞(0,∞)

<∞ (5.11)4 If α = n
(

1
p1

− 1
p2

), then it 
oin
ides with 
ondition (3.11).
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es 69and for θ2 < θ1 <∞ the 
ondition
∥∥∥‖v2‖Lθ2

(t,∞)‖w1‖
− θ1

θ2

Lθ1
(t,∞)w1(t)

θ1
σ

∥∥∥
Lσ(0,∞)

<∞ , (5.12)where the fun
tion v2 is de�ned by equality (5.6), are su�
ient for the boundedness ofthe operator Hα from LMp1θ1,w1(·) to LMp2θ2,w2(·).
2. Assume that w1 ∈ Ωp1θ1, w2 ∈ Ωp2θ2, 
ondition (5.1) is satis�ed, the fun
tion

w2(r)r
n
p2 is almost in
reasing, α ≤ n

p1
, and α < n

p1
if ‖w2(r)r

n
p2 ‖Lθ2

(0,∞) = ∞. Then
onditions (2.2) and (2.8) are su�
ient for the boundedness of the operator Hα alsofrom GMp1θ1,w1(·) to GMp2θ2,w2(·).Proof. Follows by Lemmas 5 � 8.Remark 5. Condition (2.2) implies that for all ε ≥ 0 and for all γ ≥ 1

∥∥∥tε
∥∥v2(r)r

−ε
∥∥

Lθ2
(γt,∞)

∥∥w1

∥∥−1

Lθ1
(t,∞)

∥∥∥
L∞(0,∞)

<∞. (5.13)Theorem 4. Let 1 ≤ p1 ≤ ∞, 0 < p2, θ1, θ2 ≤ ∞.Then
1) For w1 ∈ Ωθ1 and w2 ∈ Ωθ2 
ondition (5.13) for ε = 0 and for all γ > 1 if p1 = 1,and for all ε > 0 and for all γ > 1 if p1 > 1 is ne
essary for the boundedness of theoperator Hα from LMp1θ1,w1(·) to LMp2θ2,w2(·).
2) For w1 ∈ Ωp1θ1 and w2 ∈ Ωp2θ2 the 
ondition: for ε = 0 and for all γ > 1 if

p1 = 1, and for all ε > 0 and for all γ > 1 if p1 > 1

∥∥∥∥∥
t
α− n

p1

∥∥w2(r)r
n
p2

∥∥
Lθ2

(0,γt)
+ tε

∥∥v2(r)r
−ε
∥∥

Lθ2
(γt,∞)

t
− n

p1

∥∥w1(r)r
n
p1

∥∥
Lθ1

(0,t)
+
∥∥w1(r)

∥∥
Lθ1

(t,∞)

∥∥∥∥∥
L∞(0,∞)

<∞ (5.14)is ne
essary for the boundedness of the operator Hα from GMp1θ1,w1(·) to GMp2θ2,w2(·).Proof. 1. First let 1 < p1 ≤ ∞. We note that due to monotoni
ity in ε it su�
esto prove the statements for su�
iently small ε > 0, say for 0 < ε < n
p′1
. Consider thefamily of fun
tions

ft,ε(y) = |y|−
n
p1

−ε
χcB(0,t)

(y), y ∈ R
n,where t > 0 and 0 < ε < n

p′1
. Then for all x ∈ R

n and t > 0

‖ft,ε‖Lp1(B(x,r)) =
∥∥∥|y|−

n
p1

−ε
∥∥∥

Lp1 (B(x,r)∩c
B(0,t))

.Hen
e
‖ft,ε‖Lp1(B(0,r)) = 0 if r ≤ t , (5.15)

‖ft,ε‖Lp1(B(x,r)) ≤
∥∥∥|y|−

n
p1

−ε
∥∥∥

Lp1 (cB(0,t))
= c10t

−ε , (5.16)
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(

nvn

εp1

) 1
p1 , and

‖ft,ε‖Lp1 (B(x,r)) ≤ t
− n

p1
−ε ‖1‖Lp1 ((B(x,r)) = c11t

− n
p1

−ε
r

n
p1 , (5.17)where c11 = v

1
p1
n .Also

(Hαft,ε) (y) = 0 if |y| ≤ t,

(Hαft,ε) (y) = c12|y|α−n
(
|y|

n

p′
1
−ε − t

n

p′
1
−ε
) if |y| ≥ t,where c12 = n

(
n
p′1

− ε
)−1

v
α
n
n . Note that, if γ > 1, r ≥ γt, and γ+1

2γ
r ≤ |y| ≤ r, then

(Hαft,ε) (y) ≥ c12|y|α−n
(
|y|

n

p′1
−ε −

( r
γ

) n

p′1
−ε)

≥ c13r
α− n

p1
−ε
,where

c13 = c12

(γ + 1

2γ

)(n−α)+((γ + 1

2γ

) n

p′
1
−ε

−
(1

γ

) n

p′
1
−ε)

> 0 .Therefore, if γ > 1 and r ≥ γt, then
‖Hαft,ε‖Lp2(B(0,r)) ≥ ‖Hαft,ε‖Lp2 (B(0,r))\(B(0, γ+1

2γ
r))

≥ c13

∥∥∥rα− n
p1

−ε
∥∥∥

Lp2 (B(0,r))\(B(0, γ+1
2γ

r))
≥ c14r

α−n
“

1
p1

− 1
p2

”
−ε
, (5.18)where c14 = c13v

1
p2
n

(
1 −

(
γ+1
2γ

)n) 1
p2 > 0.Also, if γ > 1, z ∈ R

n, |z| = 2γt and r ≤ γt, then for all y ∈ B(z, r) we have
γt ≤ |y| ≤ 3γt and

(Hαft,ε) (y) ≥ c15t
α− n

p1
−ε
,where c15 = c12γ

α−n3((n−α)+)
(
γ

n

p′
1
−ε − 1

)
> 0, hen
e

‖Hαft,ε‖Lp2 (B(z,r)) ≥ c16t
α− n

p1
−ε
r

n
p2 , (5.19)where c16 = c15v

1
p2
n .If the operator Hα : LMp1θ1,w1(·) → LMp2θ2,w2(·) is bounded, i.e. for some c17 > 0

∥∥∥w2(r) ‖Hαf‖Lp2 (B(0,r))

∥∥∥
Lθ2(0,∞)

≤ c17

∥∥∥w1(r) ‖f‖Lp1 (B(0,r))

∥∥∥
Lθ1(0,∞)for all f ∈ LMp1θ1,w1(·), then by taking here f = ft,ε and applying (5.18), (5.15) and(5.16) we get that for all t > 0

c14

∥∥∥∥w2(r)r
α−n

“
1

p1
− 1

p2

”
−ε

∥∥∥∥
Lθ2(γt,∞)

≤ c17c10t
−ε ‖w1(r)‖Lθ1(t,∞)

, (5.20)
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es 71hen
e the �rst statement follows.If the operator Hα : GMp1θ1,w1(·) → GMp2θ2,w2(·) is bounded, i.e. for some c18 > 0

sup
x∈Rn

∥∥∥w2(r) ‖Hαf‖Lp2(B(x,r))

∥∥∥
Lθ2(0,∞)

≤ c18 sup
x∈Rn

∥∥∥w1(r) ‖f‖Lp1(B(x,r))

∥∥∥
Lθ1(0,∞)for all f ∈ LMp1θ1,w1(·), then

∥∥∥w2(r) ‖Hαf‖Lp2 (B(z,r))

∥∥∥
Lθ2(0,γt)

+
∥∥∥w2(r) ‖Hαf‖Lp2 (B(0,r))

∥∥∥
Lθ2(γt,∞)

≤ sup
x∈Rn

∥∥∥w2(r) ‖Hαf‖Lp2 (B(x,r))

∥∥∥
Lθ2(0,γt)

+ sup
x∈Rn

∥∥∥w2(r) ‖Hαf‖Lp2 (B(x,r))

∥∥∥
Lθ2(γt,∞)

≤ 2 sup
x∈Rn

∥∥∥w2(r) ‖Hαf‖Lp2 (B(x,r))

∥∥∥
Lθ2(0,∞)

≤ c19

(
sup
x∈Rn

∥∥∥w1(r) ‖f‖Lp1 (B(x,r))

∥∥∥
Lθ1(0,t)

+ sup
x∈Rn

∥∥∥w1(r) ‖f‖Lp1 (B(x,r))

∥∥∥
Lθ1(t,∞)

)
,where c19 = c182

(( 1
θ 1

−1)+)+1. By taking heref = ft,ε and applying (5.19), (5.18), (5.17)and (5.16) we get that for all t > 0

c16t
α− n

p1
−ε∥∥w2(r)r

n
p2

∥∥
Lθ2

(0,γt)
+ c14

∥∥v2(r)r
−ε
∥∥

Lθ2
(γt,∞)

≤ c19

(
c11t

− n
p1

−ε∥∥w1(r)r
n
p1

∥∥
Lθ1

(0,t)
+ c10t

−ε
∥∥w1

∥∥
Lθ1

(t,∞)

)
, (5.21)hen
e the se
ond statement follows.2. Let p1 = 1 and γ > 1. Consider the family of fun
tions

gt,γ(y) = χ
B(0,γ1t)\B(0,t)

, t > 0,where γ1 = γ+1
2
.Then for all x ∈ R

n and t > 0

‖gt,γ‖L1(B(x,r)) = ‖1‖L1(B(x,r)∩(B(0,γ1t)\B(0,t))) .Hen
e
‖gt,γ‖L1(B(0,r)) = 0 if r ≤ t , (5.22)

‖gt,γ‖L1(B(x,r)) ≤ ‖1‖L1(B(0,γ1t)\B(0,t)) = c20t
n , (5.23)where c20 = vn(γn

1 − 1), and
‖gt,γ‖L1(B(x,r)) ≤ ‖1‖L1((B(x,r)) = c21r

n , (5.24)
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(Hαgt,γ) (y) = 0 if |y| ≤ t,

(Hαgt,γ) (y) = c22|y|α−ntn if |y| ≥ γ1t,where c22 = v
α
n
n (γn

1 − 1).Note that, if r ≥ γt and γ+1
2γ

r ≤ |y| ≤ r, then |y| ≥ γ1r and
‖Hαgt,γ‖Lp2(B(0,r)) ≥ ‖Hαgt,γ‖Lp2(B(0,r))\(B(0, γ+1

2γ
r))

≥ c23t
nr

α−n
(
1− 1

p2

) (5.25)where c23 = c22γ
((n−α)+)
1 v

1
p2
n

(
1 −

(
γ+1
2γ

)n) 1
p2 > 0.Also, if z ∈ R

n, |z| = 2γt and r ≤ γt, then for all y ∈ B(z, r) we have γt ≤ |y| ≤ 3γtand
(Hαgt,γ) (y) ≥ c24t

α ,where c24 = c22γ
α−n3(n−α)+ , hen
e

‖Hαgt,γ‖Lp2 (B(z,r)) ≥ c25t
αr

n
p2 , (5.26)where c25 = c24v

1
p2
n .If the operator Hα : LMp1θ1,w1(·) → LMp2θ2,w2(·) is bounded, then similarly to howinequality (5.20) was obtained, by taking f = gt,γ and applying (5.25), (5.22) and(5.23) we get that for all t > 0

c23t
n

∥∥∥∥w2(r)r
α−n

“
1− 1

p2

”∥∥∥∥
Lθ2(γt,∞)

≤ c17c20t
n ‖w1(r)‖Lθ1(t,∞)

,hen
e the �rst statement with ε = 0 follows.If the operator Hα : GMp1θ1,w1(·) → GMp2θ2,w2(·) is bounded, then similarly to howinequality (5.21) was obtained, by taking f = gt,γ and applying (5.26), (5.25), (5.24)and (5.23) we get that for all t > 0

c25t
α
∥∥w2(r)r

n
p2

∥∥
Lθ2

(0,γt)
+ c23t

n
∥∥v2(r)

∥∥
Lθ2

(γt,∞)

≤ c19

(
c22
∥∥w1(r)r

n
∥∥

Lθ1
(0,t)

+ c20t
n
∥∥w1

∥∥
Lθ1

(t,∞)

)
,hen
e the se
ond statement with ε = 0 follows.Se
ond proof of Lemma 6 (in
luding the proof of the se
ond statement of the lemma).If α > n

p1
, or α = n

p1
and ‖w2(r)r

n
p2 ‖Lθ2

(0,∞) = ∞, then the numerator of the fra
tion in(5.14) tends to in�nity as t→ ∞ whilst the denominator is bounded be
ause for t ≥ 1

t
− n

p1

∥∥w1(r)r
n
p1

∥∥
Lθ1

(0,t)
+
∥∥w1(r)

∥∥
Lθ1

(t,∞)

≤ 2
( 1

θ1
−1)+

(∥∥w1(r)r
n
p1

∥∥
Lθ1

(0,1)
+
∥∥w1(r)

∥∥
Lθ1

(1,∞)

)
+
∥∥w1(r)

∥∥
Lθ1

(1,∞)
.Hen
e α ≤ n

p1
, and α < n

p1
if ‖w2(r)r

n
p2 ‖Lθ2

(0,∞) = ∞. �
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es 73Theorem 5. Let 1 ≤ p1 ≤ ∞, 0 < p2 ≤ ∞, 0 < θ1 ≤ θ2 ≤ ∞, and 
onditions (4.3),
(4.5) be satis�ed.

1. Assume that w1 ∈ Ωθ1 , w2 ∈ Ωθ2 and 
ondition (5.1) is satis�ed. If for p1 = 1for some γ > 1 and c26 > 0 for all t > 0

‖v2(r)‖Lθ2(γt,∞)
≥ c26‖v2(r)‖Lθ2

(t,∞) , (5.27)or for p1 > 1 for some ε > 0, γ > 1 and c27 > 0 for all t > 0

tε‖v2(r)r
−ε‖Lθ2(γt,∞)

≥ c27‖v2(r)‖Lθ2
(t,∞) , (5.28)where the fun
tion v2 is de�ned by equality (5.6), then 
ondition (2.2) is ne
essary andsu�
ient for the boundedness of the operator Hα from LMp1θ1,w1(·) to LMp2θ2,w2(·).

2. Assume that w1 ∈ Ωp1θ1, w2 ∈ Ωp2θ2, 
ondition (5.1) is satis�ed, the fun
tion
w2(r)r

n
p2 is almost in
reasing, α ≤ n

p1
, and α < n

p1
if ‖w2(r)r

n
p2 ‖Lθ2

(0,∞) = ∞. If, inaddition to (5.27) and (5.28), for some c28 > 0 for all t > 0

t
− n

p1 ‖w1(r)r
n
p1 ‖Lθ1(0,t)

≤ c28‖w1(r)‖Lθ1
(t,∞) , (5.29)then 
ondition (2.2) is also ne
essary and su�
ient for the boundedness of the operator

Hα from GMp1θ1,w1(·) to GMp2θ2,w2(·).Proof. The su�
ien
y follows by Theorem 3, the ne
essity follows by Theorem 4, (5.13),(5.27), (5.28), and (5.29).Corollary 3. Let 1 ≤ p1 ≤ ∞, 0 < p2 ≤ ∞, 0 < θ1 ≤ θ2 ≤ ∞, and 
onditions (4.3),
(4.5) be satis�ed.

1. Assume that w1 ∈ Ωθ1, λ2 > 0 and α < λ2+ n
p′2

if θ2 <∞, λ2 ≥ 0 and α ≤ λ2+ n
p′2if θ2 = ∞. Then the operator Hα is bounded from LMp1θ1,w1(·) to LMλ2

p2θ2
if and only if5 ∥∥∥tα−n

“
1

p1
− 1

p2

”
−λ2‖w1‖−1

Lθ1
(t,∞)

∥∥∥
L∞(0,∞)

<∞ . (5.30)
2. Assume that w1 ∈ Ωp1θ1, 
ondition (5.29) holds, 0 < λ2 ≤ n

p2
− 1

θ2
and α < λ2+ n

p′2if θ2 < ∞, 0 ≤ λ2 ≤ n
p2

and α ≤ λ2 + n
p′2

if θ2 = ∞. Then the operator Hα is boundedfrom GMp1θ1,w1(·) to GMλ2
p2θ2

also if and only if 
ondition (5.30) is satis�ed.Proof. Immediately follows by Theorem 5 if to take into a

ount that the fun
tion
w2(r)r

n
p2 = r

n
p2

−λ2− 1
θ2 is non-de
reasing sin
e it is assumed that n

p2
− λ2 − 1

θ2
≥ 0.Theorem 6. Let 1 ≤ p1 ≤ ∞, 0 < p2 ≤ ∞, 0 < θ1 ≤ θ2 ≤ ∞, w1 ∈ Ωθ1, and
onditions (4.3), (4.5), (5.1) be satis�ed.Assume that 
ondition (5.27) is satis�ed if p1 = 1 and 
ondition (5.28) is satis�edif p1 > 1 and let for all t > 0

‖v2‖Lθ2
(t,∞) <∞ , (5.31)5 For θ1 = p1 this 
ondition 
oin
ides with 
ondition (3.11′′).
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tion v2 is de�ned by equality (5.6). Moreover, if θ2 = ∞ and θ1 < ∞ itis also assumed that
lim
t→∞

‖v2‖L∞(t,∞) = 0 . (5.32)Then1) Hα is bounded from LMp1θ1,w∗
1(·) to LMp2θ2,w2(·), where w∗

1 is a non-negative mea-surable fun
tion on (0,∞) de�ned by
‖w∗

1‖Lθ1
(t,∞) = ‖v2‖Lθ2

(t,∞) , t ∈ (0,∞). (5.33)2) If w1 ∈ Ωθ1 and Hα is bounded from LMp1θ1,w1(·) to LMp2θ2,w2(·), then
LMp1θ1,w1(·) ⊂ LMp1θ1,w∗

1(·) . (5.34)Thus the spa
e LMp1θ1,w∗
1(·) is the maximal domain spa
e for the operator Hα with thetarget spa
e LMp2θ2,w2(·) in the s
ale of spa
es {LMp1θ1,w1(·), w1 ∈ Ωθ1}, i.e. the maximalamong spa
es LMp1θ1,w1(·) for whi
h Hα is bounded from LMp1θ1,w1(·) to LMp2θ2,w2(·).Remark 6. If 0 < θ1 ≤ θ2 <∞, then equality (5.33) de�nes the fun
tion w∗

1 uniquelyup to equivalen
e:
w∗

1(t) =

{
−
[( ∞∫

t

vθ2
2 (r) dr

)θ1
θ2

]′} 1
θ1

=
(θ1
θ2

) 1
θ1 ‖v2‖

1− θ2
θ1

Lθ2
(t,∞) (v2(t))

θ2
θ1 (5.35)for almost all t ∈ (0,∞). In parti
ular, if 0 < θ1 = θ2 < ∞, then w∗

1(t) = v2(t) foralmost all t ∈ (0,∞).If 0 < θ1 < θ2 = ∞, then equality (5.33) also de�nes the fun
tion w∗
1 uniquely upto equivalen
e:

w∗
1(t) =

{
−
[
‖v2‖θ1

L∞(t,∞)

]′} 1
θ1 = θ1

1
θ1 ‖v2‖

1− 1
θ1

L∞(t,∞)

∣∣(‖v2‖L∞(t,∞))
′∣∣ 1

θ1 (5.36)for almost all t ∈ (0,∞).If 0 < θ1 = θ2 = ∞, then equality (5.33) does not de�ne the fun
tion w∗
1 uniquely.However, this is not important be
ause for di�erent fun
tions w∗

1 satisfying (5.33) byLemma 2 the spa
es LMp1θ1,w∗
1(·) are the same. Under the additional assumptions thatthe fun
tion w∗

1 is non-in
reasing and 
ontinuous on the right, equality (5.33) impliesthat
w∗

1(t) = ‖v2‖L∞(t,∞) (5.37)for all t ∈ (0,∞). 66 Indeed, if fun
tions ϕ and ψ are non-in
reasing on (0,∞) and ψ(t) = esssupτ>tϕ(τ) for all
t > 0, then ψ(t) = lim

τ→t+
ϕ(τ) ≡ ϕ(t+). (This follows sin
e ψ(t) ≤ supτ>tϕ(τ) and ψ(t) =

supξ>tesssupt<τ<ξϕ(τ) ≥ supξ>tϕ(ξ) , hen
e ψ(t) = esssupτ>tϕ(τ) = supτ>tϕ(τ) .) Therefore, if ϕis 
ontinuous on the right at the point t > 0, then ϕ(t) = ϕ(t+) = ψ(t).
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es 75Proof. 1) Statement 1 of the theorem follows by Theorem 5.2) Let w1 ∈ Ωθ1 and let Hα be bounded from LMp1θ1,w1(·) to LMp2θ2,w2(·). ByTheorem 5 and equality (5.33) there exists c29 > 0 su
h that for all t > 0

‖w∗
1‖Lθ1

(t,∞) = ‖v2‖Lθ2
(0,∞) ≤ c29‖w1‖Lθ1

(t,∞).Therefore, by the �rst statement of Lemma 2 in
lusion (5.34) follows.Remark 7. Let us 
ompare the ne
essary and su�
ient 
onditions ensuring the bound-edness of the operators Hα, Mα, and Iα in general lo
al Morrey-type spa
es.This 
an be done if
1 < p1 < p2 <∞, 0 < θ1 ≤ θ2 ≤ ∞, α = n

( 1

p1
− 1

p2

)
,

w1 ∈ Ωθ1 , w2 ∈ Ωθ2 and 
onditions (5.1), (5.28) are satis�ed, when the ne
essary andsu�
ient 
onditions for all three operators Hα, Mα, and Iα are known.Under these assumptions by Theorem 5 Hn( 1
p1

− 1
p2

) is bounded from LMp1θ1,w1(·) to
LMp2θ2,w2(·) if and only if

sup
t>0

‖w2‖Lθ2
(t,∞)‖w1‖−1

Lθ1
(t,∞) <∞ ,by [6℄, [4℄ Mn( 1

p1
− 1

p2
) is bounded from LMp1θ1,w1(·) to LMp2θ2,w2(·) if and only if

sup
t>0

(
t
− n

p2 ‖w2(r)r
n
p2 ‖Lθ1

(t,∞) + ‖w2‖Lθ2
(t,∞)

)
‖w1‖−1

Lθ1
(t,∞) <∞ ,and by [7℄, [5℄ this 
ondition is also ne
essary and su�
ient for the boundedness of

In( 1
p1

− 1
p2

) from LMp1θ1,w1(·) to LMp2θ2,w2(·).Moreover, if
p1 = 1, 0 < p2 <∞, 0 < θ1 ≤ θ2 <∞, n

(
1 − 1

p2

)
+
< α < n ,

w1 ∈ Ωθ1 , w2 ∈ Ωθ2 and 
onditions (5.1), (5.27) are satis�ed, then by Theorem 5 Hα isbounded from LM1θ1,w1(·) to LMp2θ2,w2(·) if and only if
sup
t>0

‖w2(r)r
α−n(1− 1

p2
)‖Lθ2

(t,∞)‖w1‖−1
Lθ1

(t,∞) <∞and by [4℄ Mα is bounded from LM1θ1,w1(·) to LMp2θ2,w2(·) if and only if
sup
t>0

(
tα−n‖w2(r)r

n
p2 ‖Lθ2

(t,∞) + ‖w2‖Lθ2
(t,∞)

)
‖w1‖−1

Lθ1
(t,∞) <∞ . (5.38)If 0 < θ1 ≤ 1, then 
ondition (5.38) is also ne
essary and su�
ient for the bounded-ness of Iα from LM1θ1,w1(·) to LMp2θ2,w2(·). If θ1 > 1, then Iα is bounded from LM1θ1,w1(·)to LMp2θ2,w2(·) if and only if apart from 
ondition (5.38) also

sup
t>0

‖w2(r)r
n
p2 ‖Lθ2

(0,t)

∥∥∥∥
wθ1−1

1 (r)r
α− n

p1

‖w1‖θ1

Lθ1
(r,∞)

∥∥∥∥
Lθ′

1
(t,∞)

<∞ .(See [5℄.)Clearly the 
onditions for the boundedness of Hα are in general weaker than for
Mα and the 
onditions for the boundedness of Mα are in general weaker than for Iαwhi
h 
onforms with inequalities (1.4) and (1.5), though sometimes they 
oin
ide.
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ase of Morrey spa
esTheorem 7. Let 1 ≤ p1 ≤ ∞, 0 < p2 ≤ ∞, 0 < θ1 ≤ θ2 ≤ ∞. Assume that 
onditions
(4.3) and (4.5) are satis�ed.

1. Assume that λi > 0 if θi < ∞; λi ≥ 0 if θi = ∞ (i = 1, 2). Then the operator
Hα is bounded from LMλ1

p1θ1
to LMλ2

p2θ2
if and only if

α = λ2 − λ1 + n
( 1

p1
− 1

p2

)
. (6.1)

2. Assume that α < n
p1
; 0 < λ1 < n

p1
if θ1 < ∞; 0 ≤ λ1 ≤ n

p1
if θ1 = ∞;

0 < λ2 ≤ n
p2

− 1
θ2

if θ2 < ∞; 0 ≤ λ2 ≤ n
p2

if θ2 = ∞. Then the operator Hα is boundedfrom GMλ1
p1θ1

to GMλ2
p2θ2

also if and only if 
ondition (6.1) is satis�ed.Proof. Note that, for the spa
es LMλi

piθi
and GMλi

piθi
, wi(r) = r

−λi− 1
θi and by (6.1) forall ε ≥ 0, γ > 1, and t > 0

tε‖v2(r)r
−ε‖Lθ2

(γt,∞) = tε‖r−λ2− 1
θ2

+α−n( 1
p1

− 1
p2

)−ε‖Lθ2
(γt,∞)

= c30 ‖r−λ2− 1
θ2

+α−n( 1
p1

− 1
p2

)‖Lθ2
(t,∞) = c30 ‖v2‖Lθ2

(t,∞) ,where c30 > 0 is independent of t. Hen
e regularity 
onditions (5.27) and (5.28) aresatis�ed.Also the fun
tion w2(r)r
n
p2 = r

n
p2

−λ2− 1
θ2 is non-de
reasing sin
e it is assumed that

n
p2

− λ2 − 1
θ2

≥ 0 and in the 
ase of global Morrey spa
es domination 
ondition (5.29)is satis�ed be
ause for all t > 0

t
− n

p1 ‖w1(r)r
n
p1 ‖Lθ1

(0,t) = t
− n

p1 ‖r−λ1− 1
θ1

+ n
p1 ‖Lθ1

(0,t)

= c31‖r−λ1− 1
θ1 ‖Lθ1

(t,∞) = c31‖w1(r)‖Lθ1
(t,∞) ,where c31 > 0 is independent of t, sin
e in this 
ase 0 < λ1 < n

p1
if θ1 < ∞ and

0 ≤ λ1 ≤ n
p1

if θ1 = ∞.Therefore the statements of the theorem follow by Corollary 3 be
ause for w1(r) =

r
−λ1− 1

θ1 
ondition (5.30) is equivalent to 
ondition (6.1).Remark 8. Note that if equation (6.1) is satis�ed, then 
onditions (4.3) and (4.5) areequivalent to
λ1 ≤ λ2 for 1 < p1 ≤ p2 ≤ ∞ or p1 = 1 and p2 = ∞ , (6.2)and
λ1 < λ2 for p1 = 1 ≤ p2 <∞ or 0 < p2 < p1 ≤ ∞ . (6.3)Also it follows that

α < λ2 + n
( 1

p1

− 1

p2

)
if θ1 <∞ , α ≤ λ2 + n

( 1

p1

− 1

p2

)
if θ1 = ∞ , (6.4)
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es 77whi
h is a stronger 
ondition than the ne
essary 
ondition (5.2) (sin
e in Theorem 7
p1 ≥ 1 and θ1 ≤ θ2).In the 
ase of global Morrey-type spa
es the assumptions on λ1 and λ2 imply somefurther restri
tions on the parameters:

λ2 −
n

p2
< α ≤ n

p1
− λ1 −

1

θ2
if θ1 <∞or

λ2 −
n

p2
≤ α ≤ n

p1
− λ1 −

1

θ2
if θ1 = ∞ .If p2 < p1, it may happen that α < 0 for both lo
al and global Morrey spa
es (say,if λ1 = n

2p1
, λ2 = n

2p2
; in the 
ase of global Morrey spa
es it should also be assumedthat θ2 ≥ 2p2

n
). In the 
ase of lo
al Morrey spa
es it may also happen that α ≥ n (say,

λ1 = n, λ2 = 3n, p1 = p2). In su
h 
ases the boundedness of the Hardy operator doesnot follow by inequality (1.4) and the boundedness of the fra
tional maximal operator.For example, if 1 < p ≤ ∞ and λ ≥ 0, then by Theorem 7
Hα : LMλ

p,∞ → LMλ+α
p,∞for all 0 ≤ α < ∞, but by applying inequality (1.4) and the boundedness of thefra
tional maximal operator Mα this 
an be proved only for 0 ≤ α < n.Corollary 4. Let 1 ≤ p1 ≤ ∞, 0 < p2 ≤ ∞, 0 < θ1 ≤ θ2 ≤ ∞. Assume that 
onditions

(4.3) and (4.5) are satis�ed.Assume that λ2 > 0 if θ2 <∞, λ2 ≥ 0 if θ2 = ∞ and that 
ondition (6.4) is satis�ed.Then the maximal domain spa
e for the operator Hα with the power type target spa
e
LMλ2

p2θ2
in the s
ale of the general lo
al Morrey-type spa
es {LM p1θ1,w1(·), w1 ∈ Ωθ1} isthe power type spa
e LMλ1

p1θ1
with λ1 = λ2 + n( 1

p1
− 1

p2
) − α.Proof. Follows immediately by Theorem 6 and Remark 5.Remark 9. The ne
essity of 
ondition (6.1) 
an be proved by using the `dilation'argument. Indeed, let the operator Hα be bounded from LMλ1

p1θ1
to LMλ2

p2θ2
, i.e., forall f ∈Mλ1

p1θ1

‖Hαf‖LM
λ2
p2θ2

≤ c32 ‖f‖LM
λ1
p1θ1

, (6.5)where c32 > 0 is independent of f. Sin
e τεf ∈ LMλ1
p1θ1

for all ε > 0, this inequalityalso holds for τεf for all ε > 0 :

‖Hα(τεf)‖
LM

λ2
p2θ2

≤ c32 ‖(τεf)‖
LM

λ1
p1θ1

.By (1.10) and (1.12), it follows that
ε

λ2− n
p2

−α−(λ1− n
p1

)‖Hαf‖LM
λ2
p2θ2

≤ c32 ‖f‖LM
λ1
p1θ1for all ε > 0 whi
h is only possible if equality (6.1) holds.A similar argument works if the spa
es LMλ1

p1θ1
and LMλ2

p2θ2
are repla
ed by thespa
es GMλ1

p1θ1
, GMλ2

p2θ2
respe
tively.



78 V.I. Burenkov, P. Jain, T.V. TararykovaRemark 10. Equality (6.1), rewritten in the form
λ2 −

n

p2
− α = λ1 −

n

p1
,has a simple meaning: the sums of the di�erential dimension of the spa
e and of theorder of homogeneity of the operator in the left hand side and in the right hand side ofinequality (6.5) 
oin
ide. (In the right hand side the operator is the identity operatorwhose order of homogeneity is equal to 0.)Remark 11. In Theorem 7 it is assumed that θ1 ≤ θ2. It may happen that this
ondition is ne
essary for the boundedness of Hα from LMλ1

p1θ1
to LMλ2

p2θ2
, at least, byCorollary 1, this is so if θ1 = p1 and θ2 = p2.Remark 12. Let 1 ≤ p1, p2 ≤ ∞. By Lemma 3 
onditions (4.3) and (4.4) are ne
essaryand su�
ient for the validity of inequality (4.1). However, it may happen that they arenot ne
essary for the boundedness of Hα from LMλ1

p1θ1
to LMλ2

p2θ2
. (By Corollary 1, thisis so if θ1 = p1 and θ2 = p2.) We note that the method developed in this paper doesnot allow investigating the 
ase in whi
h 
onditions (4.3) and (4.4) are not satis�ed,be
ause it is based on inequality (4.1), point-wise in r > 0, and a di�erent approa
h inthis 
ase will be required.A
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