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Abstract. A new method for the construction of a quadrature formula for the normal derivative of
the double-layer potential is developed and a method for calculating the approximate solution of the
integral equation of the first kind for Dirichlet boundary value problems for the Helmholtz equation
in the two-dimensional space is presented in this work.
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1 Introduction and problem statement

It is known that in many cases it is impossible to find an exact solution of Dirichlet boundary
value problems for the Helmholtz equation in the two-dimensional space. This generates interest for
studying approximate solution of these problems with theoretical justification. One of the methods
to solve Dirichlet boundary value problem for the Helmholtz equation in two-dimensional space is
to reduce it to an integral equation of the first kind. Note that the main advantage of applying the
method of integral equations to exterior boundary value problems is that this method allows reducing
the problem for an unbounded domain to the one for a bounded domain of lower dimension.

Let D C R? be a bounded domain with twice continuously differentiable boundary L, and f be a
given continuous function on L. Consider the Dirichlet boundary value problems for the Helmholtz
equation:

Interior Dirichlet problem. Find a function u, which is twice continuously differentiable on
D, continuous on D, and satisfies the Helmholtz equation Au + k*>u = 0 in D and the boundary
condition v = f on L, where A is the Laplace operator, and k is a wave number with Im k > 0.

Exterior Dirichlet problem. Find a function u, which is twice continuously differentiable
on R?\D, continuous on R2\D, satisfies the Helmholtz equation in R?\D, Sommerfeld radiation

condition
x , 1
(—,gradu(m))—zku(:z:)zo —7 |, T o0,
] o]

uniformly in all directions =/ |z| and the boundary condition v = f on L.
It was shown in [3, p. 87] that the simple-layer potential

u(x) = / B (.y) ¢(y) dL,, =€ RA\L,
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with continuous density ¢ is a solution of the interior and exterior Dirichlet boundary value problems
if © is a solution of the integral equation of the first kind

So=2F, (1.1)

where

() () = 2 / @ (r,y) p(y) dL, v €L,

®(x, y) is the fundamental solution of the Helmholtz equation, i.e.

<I>(93,y)={

where H(()l) is the zero degree Hankel function of the first kind defined by the formula Hél) (z) =
J(] (Z) + ZNO (Z),

—In L for k=0,

-y

HO (kJe —yl)  for k0,

ms |~

o0

o &)

[e=]

is the Bessel function of zero degree,

No(z) =2 (inZ+C) Z (Z ) %(%)m

is the Neumann function of zero degree, and C' = 0.57721... is Euler’s constant.
Note that the integral equations of the first kind do not fit into the Riesz-Fredholm theory. But,
it was proved in [3, p. 89-90] that if Im k > 0, then the operators S and

0 0P (z, y)
@) =250 ([ B gt ) aer

Tl =5 (I—f(>_1 (I+f(>_17

(f(p) () =2 A%p(y)dLy, x € L,

v (x) is the outer unit normal at the point = € L, and I is the unit operator in C' (L), the space of
all continuous functions on L with the norm ||¢|| = max |© (z) |. Then the inverse operator S~ is
TE

defined by

are invertible, and

where

S (I—f()l (1+R>1T.

Consequently, the solution of equation ([1.1]) has the form

=2 <]—f(>_1 (I+K>_1Tf. (1.2)

Note that in spite of invertibility of the operators I — K and I + K, the explicit forms of the

N\ -1 N\ -1
inverse operators ([ - K ) and (I + K ) are unknown. Besides, Lyapunov’s counterexample
shows (|6, p. 89-90|) that the derivatives of the double-layer potential with continuous density,

in general, do not exist, i.e. the operator S—!, inverse to the compact operator S, is unbounded
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in N (L), the space of all continuous functions ¢, whose double-layer potential with the density
¢ has continuous normal derivatives on both sides of the curve L. Note that in [17], quadrature
formulas for the simple-layer and double-layer potentials have been constructed using the asymptotic
formula for the zero degree Hankel functions of the first kind, which does not allow to find the
convergence rate of these quadrature formulas. But, in [11]|, quadrature formulas for the simple-
layer and double-layer potentials have been constructed by using more practical method, and in [12],
quadrature formulas for the normal derivative of the simple-layer potential have been constructed
and the error estimates have been obtained for the constructed quadrature formulas. Further, in [2,
16], quadrature formulas for the normal derivative of the simple-layer and double-layer logarithmic
potentials have been constructed and approximate solutions for integral equations of the exterior
Dirichlet boundary value problem and the mixed problem for the Laplace equation have been studied
in the two-dimensional space. In [10, 13|, a new method for the construction of a cubature formula
for the normal derivative of the acoustic double-layer potential has been proposed and justification
of the collocation method for the integral equations of exterior Dirichlet and Neumann boundary
value problems for the Helmholtz equation has been given in the three-dimensional space. However,
it is known that the fundamental solution of the Helmholtz equation in three-dimensional space has
the form

exp (ik |z — y|)

At |z —y|

Oz, y) = L Ty ER, w#y,

which differs essentially from the fundamental solution of the Helmholtz equation in the two-
dimensional space. Also note that in [18, p. 115-116], considering normal derivative of the double-
layer potential as a hypersingular integral, i.e. considering integral in the sense of finite value ac-
cording to Hadamard, quadrature formula for the normal derivative of the double-layer potential has
been constructed using subdomain method with an additional condition on the density of f ([18,
p. 285-291]). It is known that with this condition the expression for the normal derivative of the
double-layer potential can be represented in the form of singular integral (|3, p. 57|, [18, p. 100]), i.e
the integral (T'f) (z), x € L, exists in the sense of the Cauchy principal value. Besides, it should be
noted that the quadrature formula constructed in [18] is not practical, in other words, its coefficients
are singular integrals.

Despite important results in the field of numerical solution of integral equations of the first kind
(|4, 5, 7, 8, 20]), due to the above reasons, approximate solving of Dirichlet boundary value problems
for the Helmholtz equation in the two-dimensional space has not yet been studied by the method of
integral equations of the first kind . In this work, considering the normal derivative of the double-
layer potential as an integral in the sense of the Cauchy principal value, we construct a quadrature
formula for the normal derivative of the double-layer potential by a more practical method, and,
using formula , we give a method for calculating an approximate solution to equation at
some selected points.

2 Approximate solution to equation (1.1)

Assume that the curve L is defined by the parametric equation z (t) = (z; (¢ ) ( ), t € la,b]. Let
us divide the interval [a, b] into n > 2M, (b — a) /d equal parts: t, = a + ( —9)p ) =0, n, where

My = max /() (£))* + (2} (1))* < +oc

te[a,b]
(see [19, p. 561]) and d is the standard radius (|21, p. 400]). As control points, we consider z (7,),
b—a) (2p—1 s : "
%. Then the curve L is divided into elementary parts: L = U1 L,,
p:

p=1,n, where 7, = a +

where L, = {z (t): t,o1 <t <t,}.
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It is known (]|14]) that
(1) Vp e {1,2,...,n}: rp(n) ~ R,(n), where

rp (n) = min{ [z (7,) =z (L), 2 (t) =2 (7)] }

Ry (n) = max{ [z () =z (tp-1)| , [ (L) — 2 ()] },
a(n)
b(n)
(2) Vpe{l,2,...n}: R,(n) <d/2;

(3) Vp,j €{1,2,...,n} :r;(n) ~r,(n);

(4) r(n) ~ R(n) ~ %, where R (n) = ;E%Rp (n), r(n) = prilli%rp (n).

and a (n) ~ b(n) means C; < < Cy, with the positive constants C; and C5 independent of n.

The following lemma is true.

Lemma 2.1. [14]. There exist constants Cj > 0 and C| > 0, independent of n, such that the
mequalities
Co ly =z (m)| < o (r) =2 ()| < C1 |y — 2 (7)]

hold for Vp,j € {1, 2,...,n},j #p, and Vy € L;.

Let .
1
e, y) = (Hp (ke —yl), zye L, w#y,
where .
(1) .y _ : (=™ (g)Qm
HG ) = o (2) 4 o (2 o () = 20 (3
and

2z LSS\ (D)™ szy2m
Now (2) = <1“§ +C) Jon (2)+ 2 (Z 7) im0 <§> '
It is not difficult to show that
0P, (x,y) i <(9J0,n (klx—y)) L ONo» (k |z — y|)>
4 )

ov (x) ov (x) ov (x)
where S
AJon (klz —yl) —~ (=D)" B |z -y
ov (z) = (r—y,v(z)) = 22 (m—1)Im!
and
ONow (klz —yl)
ov (x)
2 ( klz—y )5J0n(/f\x—y\) 2 (z —y,v(z))
=—(In——=—+C : Jon (klx — +
n m 1 (_1)m+1 ka ’CE _ y’2m72
"’(x—yaV(x))mz_:l <;j> 22m=1(m — 1) Im| :
Consider the matrix K" = (l%p])n with the elements
p,j=1

L LR LN A Y ey

Pl n (z (1))
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It was proved in [12] that if ¢ € C' (L), then the expression

(KW) Z Kpj

#p

is a quadrature formula for the integral (IN(cp) (x) at the control points x (7,), p =1, n, Wit

max
p=1,n

- n
(£) @) = (Ro) (o )] < 3 (w0, 1) 4 ol P20 )
where w (¢, ¢) is the modulus of continuity of the function ¢, i.e.

w (i, 0) = max |p(z) —¢(y)l, §>0.

lz—y|<é
z,yeL

It is known that if Im k > 0, then for every right-hand side g € C' (L) the integral equations (|3,

p- 81]) N

prKp=g
are uniquely solvable in the space C' (L). Then, proceeding in the same way as in [9], it is not difficult
to prove the following lemmas.

N\l
Lemma 2.2. If Imk > 0, then there exists the inverse matriz <I“ + K”) with

-1

M, = sup H (]"+}~{”> < +00

and

max
I=1,n

)| <21 (o g1/ + ol 22).

<(I+K)_1 ) Zk

where I™ is a unit operator in the space C™, and /;77] 1s the element of the matrix (I” + f(”) in

the [—th row and j—th column.

N\l
Lemma 2.3. If Imk > 0, then there exists the inverse matrix <[“ — K”) with

-1
M, = sup H <I”—K"> < 40

n

and

max
I=1,n

)| <01 (o 1/ + ol 22

((I—f()_l ) Z’?‘

where l;:l_] 15 the element of the matrix (I" — f(") wn the [—th row and j—th column.

! Hereinafter M denotes different positive constants which can be different in different inequalities.
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Now, let us construct a quadrature formula for the normal derivative of the double-layer potential.
For this, let us first determine the conditions for the existence of the normal derivative of the double-
layer potential and derive the formulas for calculating it.

Lemma 2.4. Let a function p be continuously differentiable on L and

/diamL w (gradp, t)
0 t

dt < +o00.

Then the double-layer potential

0P (z, y)

W=l e

p(y)dL,, z€L,

has the normal derivative in L, with

oW (z) [0V (z,y) 1 f@=—yv(y) @—yrv()
= [ gyan, -2 [ o (0(4) ~ p (&) Lyt
ton [ ) - (@)L, e 2.)
and
oW (x) 4w (gradp, t) .
| =0 (Wl + [ ER D) voe 1,
where

i C 1. klz—y| > )" R | — y[Qm_z
V(:E,y):(—————ln—) —xz,v( Z 22m1 “1) I -

m=1

N T e D K = P
_(y—q:,v(y))z <27> ( 23m+1(m_|1) 1y7’n[ N

) Y (':L;f' ,

the first and the second integral terms in (2.1)) are weakly singular, and the last integral exists in the
sense of the Cauchy principal value.

Proof. 1t is easy to calculate that
o0 (z,y) i (&]0 (k|x —y|) e ONy (k|x — y|)>

— 17— i
ov(y) 4 v (y) v (y)
where . -
0Jo (kle—yl) - Z "R Ifc yI ™
ov (y) — 22m im—1) I'm!
and

Jo (K fz —yl) +

ONo (klz—yl) _ 2 () klr—y| OJo (kle—yl)  2y—=v(y)
A (y) _w(l 2 +O> v (y) 7z —yl?
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m=1 =1

9] m 1 (_1)m+1 ka |ZE . y|2m—2
Then the expression W (z) can be represented as
_ [ (l=y,v )
Wi(z) = ———==+V(x,y)) p(y)dL,, x€L.
L\ 27 |z =y

It was shown in [15] that if a function p is continuously differentiable on L and

/diamL w (gradp, t)
0 t

dt < 400,

then the function

W)= 5 [ L pgat, e

has the normal derivative in L, with

oWy (z) 1/(x—y,V(y)) (r —y, v(z))
- p

|z —y|*

ov (x) T

+i/M (0(y) —p(a))dLy. z €L

2m |z —y/?

d dp,t
<01 (ol + ool + [ 2E22 0 o e 1.
0

t

and

‘GWQ ()
o (z)

The last integral in (2.2 exists in the sense of the Cauchy principal value.
As ([21, p. 403])

|(ZE—y, l/(l‘))| < M|x_y|27vx7y € L7

taking into account the inequalities

ol o = |3 (Rl ay

. (|k| diamL)*"
<y WAl et
m=0

o 4qm m'
and
00 m 1 m+1 k’2m|l' |2m—2
Z Zi 22m U(m —1)!'m! =
m=1 \I=1 B
NN | W’” d1amL)2m 2
< = ‘v’ L,
we obtain

|V (z,y)| <M |z —vy|, Va,y€ L.

Consequently, the function

has the normal derivative in L, with

oWy (x) _ oV (z,y)
ov (z) . Ov(z)

(2.2)

(2.5)
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1 / = v@) - v) g~ CO"E" e - Uy

|Qj—y| el 22m71 (m—l) 'm'

‘/L (E‘Q—LIHW) v Y S I ) ar,+

2r 27 = 22 (m—1) Im!
(G5 e ) - ) - v @)
x mz_:z (_231_21{:(:1 = ;ﬁ'm!_ p(y) dL,+
[/ m Ly g 22
+/L (v(y),v(x)) Z_l (; %) ( ;gm—i-l ?m_ll) !yﬂ’ﬂ p(y)dLy,—
- [@-nr@) s ) (Z%) g P Lyt
L m=2 =1 ’ ’
tor L0 ) ) S R g ar, -
! =, ()" (m = 1) 7 [ = g
—5- L(fv—yﬂ/(fv)) (y—ww(y))mz:z Pt ()2 p(y)dLy
and a1
‘#‘ <M |ln|z—y||, Yo,y € L.
Hence, we have
an (.Z‘)
’ 5y | <M ol Vo e L

Obviously, there exists a positive integer ng such that

VR(n) <min{l, d/2}, Vn > n,.

Let
P={il1<i<n. le(m-o(m)|< VR },
Q={il1<j<n. |z -=(r) > VE®m |
and

(i C 1. klx—y| (=) E o — g
Vn(a:,y)<—————1n—) (y_”“"”’(y»mZ:l 22m—1(m —1) Im!

n m 1 (_1)m+1 kgm |.f1: . y|2m—2
_(y—:zc,u(y))z (Zf) 22mt1 (m — 1) Im!
1 (D) E -y

2 22m (m1)?
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(2.6)
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It is easy to see that

Wolry) 1 (y—av@)ly—zv@y) -~ ED"F e -y

ov (z) 27 |z — y|? = 22m=(m—1)!m!
i C 1 klz—y (=) R =y
S (i PPN b4
(4 or  or 2 ) v (y),y(x))m:1 2o (m — 1) lm!

n

(5 ) ) ey 3 T

22m=2(m —2) Im!

m=2

(_1)m+1 ka |ﬂj _ y|2m72

+ (v (y),v(2)) (Z %) 2mtl (i — 1) Im!|

m 1 -1 m—+1 ka ., |2m—4
Zz) (-1) ey

22m (m —2) I'm!

m=2 =1
1 (=) E =y
to - Wly),v(@) (y -, v (y)) 2 22m (1)’ B
I (D" (m = DR ey
—o- =y v @) (- u(y))m:2 221 (]2 :

The following theorem is true.

Theorem 2.1. Let a function p be continuously differentiable on L and

diam L

do, t
/ MW*”
0

Then the expression

(L) o ) = 2o 57 LI fa (7)) 4 (0 () o )
o
20-0) Nn(r(n) () v () () —a(n) viam) |
mn § 2 () — 2 ()

V@ @)+ @ @) (0 () - o () +
e W ) fiad () 4 (0 ()7 (0 ) = p @ 7,))

2 le(n)—x(m)

is a quadrature formula for (Tp) (x) at the control points x (1,) , p = 1, n, and the following estimate

holds:
max |(Tp) (z (7)) = (Tup) (& (7))] <
1/v/n
.y [npnmlnn , llgradopl, / w(grad p, ¢) dt]'
n Vn 0 t
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Proof. Tt was proved in [1] that if a function p is continuously differentiable on L and

/diamL w(gradp, t)
0 t

dt < 400,

then the expression

N bea s () —aln) v @) @) o) (e ()
(3) won=-"5 2 2 (5) — 2 ()]
J#p

Grma s W), v @) o 2 4 @ () (0 (7)) — o (7))

2mn Z5 Ja(r) —x(r,)]

Wo(z)
ov(z)

max [T () @6

Ipllnn  |lgrad pf . /“%<gradp,t> ]
—+ -+ —= " 2 dt].
n \/ﬁ 0 t

Now, let us show that the expression

(52) ) =2 5o T2 o 1) 4 () oo (1)

is a quadrature formula for the integral 2
estimate holds:

at the control points z (7,) , p = 1, n, and the following

<

<M

n

is a quadrature formula for the integral %VZ—ES) at the control points x (1) , [ = 1, n. It is not difficult

to see that
Wi (m) (W' [ V(). )
T (8) i) = [ S ) ¢
y) 0V( (), z (15))
+Z/ ( 9 ( (0) )p(y)dLy+
J#p
u oV, (z (1), x(15))
+Z/ T 20D (o)~ p o () a4
J#p
u LoV, (x (1), (15))
Z L. @)
J#p

Denote the terms in the last equality by 67 (z (7)), 0% (2 (7)), 0% (2 (7)) and 0} (x (7)), respec-
tively.
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Taking into account (2.6)) and the formula for calculating a curvilinear integral, we obtain
R(n)
|07 (= ()] < M {|pll /0 Inr|dr < M |lpll B (n) [In R (n)].

Let y € Lj and j # p. From Lemma 2.1 and inequality it is obvious that
e (1) =yl — | () — @ (7;)|] < Mq R (n) (diamL)"""
(v (y), v (@ (7)) = (v (2 (1)), v (2 (7)))] < M R(n),
(@ (1) =y, v () = (& (7)) == (), v ()| = [(&(75) =y, v (y)| < M (R

(
(@ () =y, v (2(1) = (2 (mp) = (75), v (z (R)))| = [(x(75) =y, v (2 (7))
< | (n) —y, v (@@ + (@ (5) —y, v (@ (n) —v(e(r )))!<M|y—fv(7p

n))*,
)l <
)| R (n)

and

I (k|2 () — o) — Do (k |z () — 2 (m)])| = ’m 'ﬂ%p;f(yffﬂ _

i (1 O )l () )] R

|z (75) — ¥ - |z () — % (1) — I’
where ¢ € N. Then, taking into account inequalities (2.4)) and (2.5), it is not difficult to show that

‘3V(I(Tp),’y) 3V( (70) , z(75))
ov (v (7)) v (z (7))

Also, by the inequality

<M (R(n) |ln|x(7p)—y||+%)'

OV (x (1), x (1)) V(2 (1), (7)) In |2 (7) — vl
‘ v (x (1)) v (x (1)) =M n! ’ (2.7)
we have
‘3‘/ (z (1), 9)  OVa(z (), x(15))
v (z (7)) v (x (7p)) B
R(n) . Inle(s) gl
<01 (R(0) e (5) ol + oy e =)

So, we obtain

105 (2 (7))] <
diam L diam L dr 1 diam L
<M |pllo <R(n)/ |ln7']dT+R(n)/ ——i——'/ |1n7’|d7’> <
r(n) r T n: r(n)

(n)

<0 foll (RO R 0]+ ).

Let y € L; and j # p. From Lemma 2.1 and inequalities (2.6, (2.7) it is obvious that

OV, (x (7). (7))
‘ wam) |-
OV (2(1), 5 ()| |0V (2 (1), 2(13)  Va(w(n), (1))
S| T (m) *’ v (z () W) |-
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<M (]ln\x(Tp) —x (15)]| + L ) Vn € N. (2.8)

Then,
aV Tp ), x (7))

z (7))

185 (2 (7,))] < 2w (p, R ‘dLyg

J#p

<2wpRM) [ anj<g>(;j)@>>\dLngw (0. R (n)).

Besides, taking into account Lemma inequality ([2.8) and

W (24 (B + (w5 (1)* = \/ (@ (73))° + (a5 (7))’

< MR(n),vVtetji_1,t;],

we obtain

6% (2 (1) < Mol R Z / s ;jf >>‘dt<
J#p o
< Ml R el ar, <
J#p
<M ol R [ \%ﬁ;;i;;;wwd% <M ol Rn).

Summing up the estimates obtained for the expressions 07 (x (7)), 05 (x (7)), 0% (z (7)) and
04 ( (7)), and considering the relation R (n) ~ <, we obtain

| Zo ) (20) )

<01 (o, 1)+ ol ")

| O (2 (1)) ov
As a result, summing up the quadrature formulas constructed for the integrals 8gy/ ‘z() nd amy’t;))
at the control points x (7,) , p =1, n, we get the validity of Theorem a

Now, let us state the main result of this work. Let

2(b—a) i ((n) — 2 (), v(x(r))) (z(n) —a(r), vz(n)

by = 1
|z (1) — 2 (7)]




44 E.H. Khalilov

hyi = @\/@3 (73))% + (25 (7)) (8Vn (@ (n),z (7)) _

el e, v ) ) st vem) | Gt v <ng>>> for j € Q1.

@ (m) —a ()"

From Theorem 2.1] it follows that
(Top) (z (1)) = Ztlj/)(l’ (m)).1=1,n.
=1

Theorem 2.2. Let Imk > 0, a function f be continuously differentiable on L and

/diame(gradf’ t)
t

0

dt < +o0.

Then the expression

utetn = 2315 (S8 (3 s et ] )

p=1

max | ¢ (z (1)) = ¢n (2 (7)) | <

I=1,n

1 UV (grad f, t) 1 fdismlo, (grad f, t)
<M |— df,1 —=— 2 dt + — —=— 2 dt] .
<M | e g [ 2ERE Dy L

Proof. From Lemmas 2.2 and 2.3 we obtain

n n
- -
max E ‘kjl‘ SM“}E% E )kﬂ‘ < M.
=1 =1

Jj=1,n T~

Besides, taking into account the error estimate for the quadrature formula for (T'f) (x),z € L, at the
control points x (1) , [ = 1, n, we have

[ (2 (1) = @n (x(n)) | <

- ( i

M {(I+K’)1 ITf . R(n) |lnR(n)|+w <(I+K’)_1Tf,R(n)>} +

+M M, [||Tf|l, R(n) |InR(n)|+w (Tf,R(n)] +
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1 d Lvn dp, t
ML [Hpum nn | Jgradpll,, / w(grad p, >dt]_
n N4 0 t

From Lemma 2.4 it follows

diam L
w ad | t

175 < 3 (11 + o FL+ [

Further, as the integral aggtg% x € L, is weakly singular, it is not difficult to show that
oW
w( 5 1,5) <M |pll, 0 |Iné|,6>0.
v

It was shown in [15] that if a function f is continuously differentiable on L and

/diamL w(gradf, t)
t

0

dt < 400,

oW,
270 5 <
w( ov ’5> -

4 diamL
§M(5 IInd| + w (grad f, §) + / Mdt+5/ %ﬁ’ﬂdt),
5

then

o

where 6 > 0. Hence, it follows that

w (Tf,6) <2 <w <%,5> +w (%,5)) <

é diamL
<M (5 IInd| + w (grad f, ) + / Mdtjté/ Mdt>,5>0.

o 1) t2

It is known ([3, p. 53-54]) that

w(Kp,6) <M |lpll, § | né],6>0.

Then, if a function p, is a solution of the equation p + Kp = T'f, we have
N . -
W <<I+K> Tf,é) — w(p.,9) :w(Tf—Kp*,(S) gw(Tf,(S)—irw(Kp*,(S) <
N -1
<w(Tf,8)+ M |p.] 6 |1n6|:w(Tf,6)+MH (1+K) TfH 5 |1nd| <

<w(Tf,0)+ M

‘ (”K)_lH ITf]l,00 | ] <

t2

é diamZL
<M (5 IInd| + w (grad f, ) + / Mdt—i—é/ Mdt>,5>0.
o 0

45

So, taking into account the above obtained inequalities in (2.9)) and the relation R (n) ~ %, we get

the validity of the theorem.

Theorem 2.2 has the following corollaries.

]
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Corollary 2.1. Let Imk > 0, a function f be continuously differentiable on L and

/diamL w(gradf, t)
t

0

dt < +o0.

Then the sequence

un) = 2= Y Pulenz(n) eule(n) \/(w’l (m))° + (25 (n))*, @. €D,

n
=1

converges to the value u (z.) of the solution u(x) to the interior Dirichlet boundary value problem
for the Helmholtz equation at the point ., with

Jun () — u(2.)] <

1 1/vn d t 1 diam L d "
——I—w(gradf71/n)+/ MdH_/ wlgradf, 1) .1

<M
=7 | Vn 0 t n Jijm 2

where
eutotmy = 2355 (328 (3 s et ) )
7j=1 p=1 m=1
Corollary 2.2. Let Imk > 0, a function f be continuously differentiable on L and

/diamL w(gradf, t)
t

0

dt < +o0.

Then the sequence

n

Y ez (n) pulz(n) \/(1”1 (m))” + (25 (n))*, 2" € R\D,

=1

_b—a

converges to the value u (z*) of the solution u (x) to the exterior Dirichlet boundary value problem
for the Helmholtz equation at the point x*, with

|t (27) = u (27)] <

1 UV (grad f t) 1 fdismlo, (grad f, t)
<M |— df,1 —=— 2 dt+ — —=—dt
= \/ﬁ—i—w(gra f7 /n)+/0 t +n/1/n t2 ’

where

m=1

oot =23 (S8 (3 s ) ).
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