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1 Introduction and problem statement

Everywhere below in this paper we denote by

fla,x) = %-}-;ancosnm (1.1)

and o
g(a,x) = Zan sin nx (1.2)

n=1

for all = for which the corresponding series converges.

It is known that one of the most important classes of trigonometric series is the class of series
with monotone coefficients, i.e. the sequence @ = {a,} —, is such that a, | 0 as n — oco. In this
case series and have a lot of very good properties. For instance, the following theorem
was proved by G. Hardy and J. Littlewood.

’I‘fheorem 1.1 ([14]). Let p € (1,00). Then f(a,x) € Ly([0,7]) (or g(a,z) € L,([0,7])) if and only

Jp(a) = Za};ﬂ*’”*2 < 00.
n=1
We mention also the well-known theorems of G. Lorentz (Theorem and T. Chaundy and
A. Jolliffe (Theorem |1.3]).

Theorem 1.2 ([16]). Let o € (0,1). Then f(a,x) € Lipa (or g(a,z) € Lipa) if and only if for
some C' > 0 we have a,, < C/n““a for alln € N.



Some new approaches in the theory of trigonometric series with monotone coefficients 23

Theorem 1.3 ([7]). Series (1.2)) uniformly converges if and only if na, — 0 as n — oo.

One of the main topics of the present paper is the so-called asymptotic behaviour of the sums
of trigonometric series with monotone coefficients in a neighbourhood of zero. The first results in
this direction were obtained by R. Salem [22], [23] (see also [6]). His research was continued by
S. Izumi [15], S.A. Telyakovskii [28], [29], A.Yu. Popov and A.P. Solodov (see [18|-[21], [24]-]27]),
and others. Note that the properties of sine and cosine series differ significantly in this problem. In
Section 2 we discuss in detail the asymptotics of the sums of sine series and new approaches to this
problem.

As series with monotone coefficients are very interesting because of their properties, many authors
introduced the classes of trigonometric series with generalized monotone coefficients. In Section 3 we
discuss fractional monotone sequences and the corresponding trigonometric series. M.I. Dyachenko
introduced this class in paper [§] and proved some convergence and smoothness properties of cosine
and sine series with coefficients belonging to this class. It is necessary to say that many impor-
tant auxiliary results essential for the study of monotonicity of fractional order were established
by A. Andersen [4]. A number of new results in this direction were obtained by M.I. Dyachenko,
E.D. Nursultanov, A.P. Solodov, A.B. Mukanov, and E.D. Alferova (see [8|-[13], [17], |2]). Similar
questions were also considered in the works [I], [5], [30].

2 New approaches to asymptotic properties

This section is devoted to the study of the asymptotic behavior in the right half-neighbourhood of
zero of sums of a sine series with monotone coefficients.

To obtain a two-sided estimate of the sum of a series (1.2), R. Salem [22]| defined the following
function:

v(a,x) =2z Z na,, m(x)=|r/z].

Under some additional assumptions on the sequence a monotonically tending to zero, he proved
the existence of positive constants Ci(a), Cy(a), and zg > 0 such that the following estimates hold:

Cy(a)v(a,z) < g(a,x) < Ci(a)v(a,z), 0<z < ). (2.1)

S.A. Telyakovskii has improved this result by deriving estimate with absolute constants C'
and Cjy, freeing the sequence a from additional requirements and showing that the upper bound
holds for any monotone sequence a, and the lower bound — for any convex sequence a (i.e. a, —
20,11 + apae = 0, n € N).

Theorem 2.1 (28|, [29]). There exists a constant Cy; > 0 such that for any nonincreasing null
sequence a
gla,z) < Civ(a,z), 0<z<m/ll.

There exists a constant Cy > 0 such that for any convezr null sequence a
g(a,z) > Cy(a)v(a,z), 0<x<m/lL

A.Yu. Popov calculated the sharp values of the constants in the estimates of Telyakovskii. He
proved the following results.

Theorem 2.2 ([I8]). For any nonincreasing null sequence a,

gla,z) <v(a,z), 0<z<m. (2.2)
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Theorem 2.3 ([18]). For any convex null sequence a,

2
g(a,z) > Pv(a,x) — 046 Gy, 0< <

|5

. (2.3)

The estimate , in general, does not hold if there is no second negative term in its right-hand
side. The question arises: is it possible to modify the Salem function v(a, x) in such way so that the
two-sided estimate with constants C; = 1 and Cy = 272 still holds in some right half-neighbourhood
of zero? The answer to this question is positive.

In [24] was shown that the estimate can be strengthened. As a new majorant, consider the
function

[(m(z)+1)/2] m(z)
u(a,r) =x Z na, + x Z (m(z) + 1 —n)a,.
n=1 n={(m(2)+3)/2]

The following refinement, of Theorem [2.2] is valid.

Theorem 2.4 (|24]). For any nonincreasing null sequence a,
gla,z) <u(a,z), 0<z<m.

Under the additional condition of convexity of the sequence a, the function 27 2u(a, ) turns
out to be a minorant of the sum of the sine series not only in a certain neighbourhood of zero, but
practically over the entire interval (0, 7/2].

Theorem 2.5 (|24]). For any convex null sequence a,

g(a,x) > %u(a,x), 0<z< Z—g
In |21], the asymptotic behavior of sums of the particular sine series as r — 0+ was studied.
Their coefficient sequences not only monotonically tend to zero, but also belong to the following two
special classes. First class — let us denote it as B | — consists of all sequences a monotonically
tending to zero such that the sequence {na,} , does not increase, that is (n+ 1)a,4+1 < na,, n € N.
Second class — let us denote it as B 1 — consists of all sequences a monotonically tending to zero
such that the sequence {na,} -, does not decrease, that is na, < (n + 1)a,+1, n € N.

Theorem 2.6 ([21]). If a € B |, then, for any x € (0,7/3], the following lower estimate holds:

1 3
g(a’vx) = <l - m(x)) ’U(a,l‘) - 5 Am(z)+1 Singa

where o
1:1/ S — 0451 .
0 t

™

Moreover, there exist sequences a € B | and {xy}32, such that

z, >0 (VkeN), lim z, =0, gla,zp) ~Lv(a,zg), k— oc.

k—o0

Theorem 2.7 (|21]). If a € B 1, then, for any x € (0,7), the following upper estimate holds:

1

- 1
g(a,x) <1 (1 + W) U(G,I) + 5 Am(z)+1 tan% )
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where .
/ ST — 0580,
Moreover, there exist sequences a € B 1 and {xk}kzl such that
z, >0 (VkeN), klim x, =0, g(@,z) ~ITv(@,x), k— oco.
—00
In [24], a lower bound for the sums of sine series with convex coefficients was studied. The
following result of Popov was refined.

Theorem 2.8 ([I8]). For any convex null sequence a,

:1

( )>2 (a, ) 1 L 1? 0<z<
a,r) > —v(a,r) — — Qnz) — Q) | — — =cot = |, r < —
g\@ 2 oo @\z 2 2 2

It has been established that the Salem function with a sharp constant 2772 is not, in general, a
minorant for the sum of a sine series for the class of all convex sequences a.
A sequence {f;}32, is called slowly varying if limy_, By /B = 1 for any 6 > 0.

Theorem 2.9 (|24]). There exists a convex slowly varying null sequence a such that

2
g(a,zx) < - v(a, k)
™

for a sequence of points {xy}32, with v — +0.

It is shown that, as an alternative, one can take the modified Salem function

m(z)
QCL[B —:L'(Z na, + am(x)>.

Theorem 2.10 (|24]). Let a be a positive convezr null sequence. Then for some xq > 0

2
g(a,z) > Fvg(a,z), 0 <z <.

For any € > 0 there exists a convex slowly varying null sequence a for which there exists a sequence
of points {xy}32, with xx — +0 such that

m(z)
2 1
g(a,x) < = xk( Z na, + (5 + 5) m(:z:k)am(xk))

In other words, the coefficient 1/2 multiplying the term m(x)a,, ;) in the modified Salem majorant
is sharp. This shows that in some sense the function vg(b, x) is optimal for estimating the sum of a
sine series with convex coefficients from below.

In [26], the sharp constants were found in the two-sided Telyakovskii estimate for the sum of a
sine series with a monotone sequence of coefficients a under the additional condition of convexity.

S.A. Telyakovskii showed that it is convenient to compare the difference between the sum of
series and the main term of its asymptotic expansion, i.e.

A (z) X
_ "7 t —
gla,z) = 22 cot S
with the function
1 m(z)—1
ola,x) = (@) Z n?Ala,, Ala, = a, — anyq > 0.
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Theorem 2.11 (|28, [29]). There exist positive absolute constants Cy and Cy such that

a’mﬂ?
Zmlz) < Cyo(a, ), 0<x<1,

¢ x
co
11

Cio(a,z) < gla,z)— B)
for any convex null sequence a.
In the following theorem, the sharp values of the constants C'; and (5 are obtained.

Theorem 2.12 (|26]). The following equalities hold:

— g(a,r) = (am@)/2) cot (x/2) =«

P xllglo o(a, ) Pk (24)
— (A2 /2) cot (/2 —

ot 9000~ (a0t 0/2) 3 1) s
uf lim o(a,) 2

moreover, the supremum in (2.4) and the infimum in (2.5) are attained for slowly varying sequences.

The following theorems answer the question how large is the deviation between the sum of sine
series (|1.2)) and its asymptotically sharp majorant and minorant for the class of all convex sequences
of coeflicients.

Theorem 2.13 (|24]). There exists a convex slowly varying null sequence a such that

9+ 72
672

2

0<gla,xy) — = vola,zp) < = ¢ 7T2a1$ka3n(xk) + L ()

1
2
for some sequence of points {xy}32,, T — +0.

Theorem 2.14 (|25]). For any € > 0, there exists a convez slowly varying null sequence a such that

m(zg)—1
am x . —
0> g(a,zy) — % cot % — sin % Z n(n+1)A'a, > —ayzi°

n=1

for some sequence of points {x}3,, T — +0.

At the end of the section, we present a result that refines the asymptotics of the sum of a sine
series ([1.1) with a convex slowly varying sequence of coefficients, obtained by S. Aljanc¢i¢, R. Bo-
jani¢ and M. Tomié, in the case when the sequence of coefficients satisfies the additional regularity
condition.

Theorem 2.15 ([27]). Let a be a non-negative convex null sequence, and let {nA'a,}°° | be a convex
slowly varying sequence. Then

Al mix

_ @)
g(a,x) . .

where v — 1is the Fuler constant.
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3 The fractional monotonicity

Let us give the corresponding definitions.

Definition 1. Let a € (—00,00). The Cesaro numbers { A%}, are defined as the coefficients in the
eTpansion

(1—x) ' = Z Atx™  forxz € (0,1).
n=0

The following properties of the Cesaro numbers are known (see [31]):
(1) A2 =1forn=0,1,... and A3 =1 for any a.
(2) If « # —1,—2,..., then there are constants C;(«) > 0 and Cy(«) > 0 depending only on «
such that
Co(a)n® < |AN] < Cy(a)n®  for all n > 0.

(3) For a > —1 and any n, AY > 0; for a« > 0, A2 1 00 as n — oo; and, for —1 < a <0, A2 |0
as n — oo.
(4) For all o, B and n=0,1,...

n
S0 AL A7 = A
k=0

In particular, A — A% | = A2~1,
(5) Fora > —1 and n=0,1,... we have

a+)(a+2)...(a+n)
n! '

o (
A% =
Given a number sequence a = {a,} -, and a real number «, we set
oo
« —a—1
A Ay = E Ak‘ Apik

k=0

for n = 0,1,... if this series converges (this is so, for example, if « > 0 and the sequence a is

bounded).

Definition 2. Let o > 0, and let a = {a,} -, be a sequence of real numbers. We say that a € M,
if lim, o0 @, = 0 and A%, >0 forn=0,1,....

It follows from Definition [2| that the class M, coincides with the class of null sequences of nonneg-
ative numbers, M; is the class of monotone nonincreasing null sequences, Ms is the class of convex
null sequences, etc. In addition, in [8, Lemma 1, assertion b)| it was shown that M, C M;p for
a>f3>=0.

Definition 3. Let v € (0,1). We say that a sequence a € P, if a € My and

o0
E -y

n 'a, < oo.
n=1

In [8], M.I. Dyachenko proved the following statements. They were proved for cosine series, but
the analogous statements remain valid for sine series.
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Theorem 3.1 ([§]). Let a € (0,1), a sequence a € M, N P,. Then a function f(a,x) ezists for
x € (0,2m), such that f(a,z) € C((0,27)) and |f(a,x)] < C(a)xz™® for x € (0,7), where C(«)

depends only on «.

Theorem 3.2 ([8]). Let o € (0,1), a sequence b € My and b ¢ P,. Then there exists a sequence
a € M, such that a,, < b, for all n, but series (L.1)) diverges at the point w/2.

Theorem 3.3 ([§]). Let a € (1,2) and a € M,. Then for any v € (0,7) we have f(a,xz +t) —
fla,z) = o(t*1) as t — 40 uniformly for x € [y,27 — 7).

Theorem 3.4 ([|8]). Let o € (1,2) and a function ¢ be defined on [0,1] and ¢(t) | 0 as t | 0.
Then there exist a sequence a € M, and a sequence {t,} -, such that t, L 0 as n — oo and
|f(a,7/2+t,) — fla,7/2)] = Ct>lp(t,) for all n where C' > 0 does not depend on n.

In [9], the following statements connected with Theorem were obtained.

Theorem 3.5 (|9]). Let a € (0,1), p € (1/a,0), a sequence a € M, and Jy,(a) < oco. Then
series (1.1)) converges at any x € (0,27).

Theorem 3.6 (|9]). Let a € (1/2,1), p € (1/a,0), a sequence a € M, and J,(a) < co. Then the
function f(a,x) € Ly([0,7]).

Theorem 3.7 ([9]). Let a € (1/2,1). Then there exists a sequence a € M, such that J,(a) < oo
for every p € (1,1/a), but (1.1) is not a Fourier-Lebesque series.

It is natural to suppose that the following hypothesis is true.

Hypothesis 3.1. Let o € (1/2,1), p € (2,1/(1 — ), a function f € L,([0,7]) and has the Fourier
series of type (L.1) or (1.2) with a € M,. Then Jy(a) < cc.

This conjecture is still unsolved, but M.I. Dyachenko and E. D. Nursultanov [I2] proved, in
particular, the following result.

Theorem 3.8 ([12]). Let o € (1/2,1) and p > 1/(1 — «). Then there exists an even function
f € L,([0,7]) such that its Fourier coefficients a € M,, but J,(a) = .

As for asymptotic properties of the sums of trigonometric series with fractional monotone coefhi-
cients, the results are the following. For cosine series they were established by M.I. Dyachenko [I0].
Note that the sums of cosine series are usually estimated using the function

[r/z]
@) = 3 (14 Dl — ).
n=0
Theorem 3.9 ([10]). For any o € (1,2), there exists a sequence a € M, and a monotone null
sequence {t;},;~, such that
. q(a’atl)
im
l—00 f(a,’ tl)
Theorem 3.10 ([I0]). Let a > 2. Then there ezists a constant C(a) > 0 such that if a sequence
a € M,, then, for x € (0,7/6), the sum of series ([L.1)) satisfies the inequality f(a,z) > C(a)q(a,x).

In the same paper [I0], an example showing that the condition @ € M, does not guarantee
the validity of the lower bound in terms of ¢(a,z) was given. Of course, the condition a € M, is
sufficient for the upper bound f(a,z) < Cq(a,x), x € (0,7), to hold. So, for cosine series, we need
2-monotonicity for the upper estimate, and (2 + ¢)-monotonicity for the lower estimate.

For the sine series the situation is quite different. This was shown by M.I. Dyachenko and
A.P. Solodov in the paper [I3]. They proved the following results.
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Theorem 3.11 ([13]). For any o € (0,1), there exists a sequence a € M, such that series (|1.2))
diverges almost everywhere.

Theorem 3.12 ([13]). Let o > 1. Then there exist positive constants C(«a) and x(a) such that if a
sequence a € M,, then, for x € (0,z(«)), the sum of series (1.2)) satisfies the inequality g(a,x) >
Cla)v(a, ).

Also, it was shown in [13] that there exists a sequence @ € M; and a monotone null sequence
{t:},2, such that

g(a’> tl)

l—o0 v(a, tl)

In [2], the following analogue of Theorem [1.2] was obtained.

=0.

Theorem 3.13 ([2]). Let an even 2m-periodic function f be in the class Lip § with some 0 < 5 < 1
and its cosine Fourier coefficients be in the class M, with some 0 < o < 1. Then for some C' > 0
we have a, < C/n"P forn=1,2,....

This result cannot be improved as it follows from the next statement.

Theorem 3.14 (|2]). Let a € (0,1) and B € (0,1). Then there exists an even 2m-periodic function
f € Lip B such that its cosine Fourier coefficients are in the class M, and also there exists a monotone
increasing sequence of natural numbers {1, },- such that the Fourier coefficients a;, (f) = 1,*7 for
all r.

Also in [2], the following property of a-monotone sequences was established.

Theorem 3.15 ([2]). Let o € (0,1) and a = {a,},., be an a-monotone sequence. Then for any
n > 1 holds the inequality ay > a, Ag‘:,lC for all 0 < k < n—1, and this inequality cannot be improved.

In [I1], M.I. Dyachenko proved the following generalization of one part of Theorem

Theorem 3.16 ([I1]). Let o € (0,1), the coefficients of series (1.2)) belong to the class M, and
na, — 0 as n — oo. Then series (1.2)) uniformly converges.

As for reverse statement, the following is true.

Theorem 3.17 ([I1]). Let a € (0,1), series (1.2)) uniformly converge and its coefficients belong to
the class M,. Then n“a, — 0 as n — oo and this result cannot be improved.

Also in [I1] the following generalization of Kolmogorov’s theorem was obtained.
Theorem 3.18 ([1I]). Let a > 1 and a sequence a € M,. Then the sum of series (L.1) f(a,z) €
L([0, 7).

Acknowledgments

This work was supported by the Russian Science Foundation (project no. 24-11-00114) and carried
out at the M.V. Lomonosov Moscow State University.



30

1]

2]

3]

[4]

[5]

16]
7]

8]

[9]

[10]

[11]

[12]

[13]

[14]
[15]
[16]

[17]

[18]

[19]

[20]

[21]

22|

M.I. Dyachenko, A.P. Solodov

References

G. Akishev, Estimates of M-term approximations of functions of several variables in the Lorentz space by a
constructive method, Eurasian Math. J. 15 (2024), no. 2, 8-32.

E.D. Alferova, M.I. Dyachenko, a-monotone sequences and Lorentz theorem. Moscow University Math. Bull.
(2023), no. 2, 63-67.

S. Aljanc¢i¢, R. Bojani¢, M. Tomié, Sur le comportement asymptotique au voisinage de zéro des séries
trigonométriques de sinus a coefficients monotones. Acad. Serbe Sci. Publ. Inst. Math. 10 (1956), 101-120.

A F. Andersen, Comparison theorems in the theory of Cesdro summability. Proc. London. Math. Soc. Ser. 2. 27
(1927), no. 1, 39-71.

S. Artamonov, K. Runovski, H.-J. Schmeisser, Methods of trigonometric approximation and generalized smooth-
ness. II. Eurasian Math. J. 13 (2022), no. 4, 18-43.

N.K. Bary, A treatise on trigonometric series I, II. Pergamon Press Book The Macmillan Co., New York, 1964.

T.W. Chaundy, A.E. Jolliffe, The uniform convergence of a certain class of trigonometric series. Proc. London
Math. Soc. 15 (1916), 214-216.

M.I. Dyachenko, Trigonometric series with generalized-monotone coefficients. Soviet Math. (Iz. VUZ). 30 (1986),
10. 7, 54-66.

M.I. Dyachenko, The Hardy—Littlewood theorem for trigonometric series with generalized monotone coefficients.
Russian Math. (Iz. VUZ). 52 (2008), no. 5, 32—40.

M.I. Dyachenko, Asymptotics of sums of cosine series with fractional monotonicity coefficients. Math. Notes. 110
(2021), no. 6, 894-902.

M.I. Dyachenko, Uniform convergence of sine series with fractional-monotone coefficients. Math. Notes. 114
(2023), no. 3, 296-302.

M.I. Dyachenko, E.D. Nursultanov, Hardy-Littlewood theorem for trigonometric series with a-monotone coeffi-
cients. Sb. Math. 200 (2009), no. 11, 1617-1631.

M.I. Dyachenko, A.P. Solodov, Asymptotics of sums of cosine series with fractional monotonicity coefficients.
Anal. Math. 49 (2023), no. 1, 67-77.

G.H. Hardy, J.E. Littlewood, Some new properties of Fourier constants. Math. Ann. 97 (1926), 159-2009.
S. Izumi, Some trigonometrical series, XII. Proc. Japan Acad. 31 (1955), no. 4, 207-209.
G.G. Lorentz, Fourier—Koeffizienten und Funktionenklassen. Math. Zeit. 51 (1948), 135-149.

A.B. Mukanov, Integrability of the Fourier transforms of a-monotone functions. Eurasian Math. J. 6 (2015), no.
1, 132-135.

A.Yu. Popov, Estimates of the sums of sine series with monotone coefficients of certain classes. Math. Notes. 74
(2003), no. 6, 829-840.

A.Yu. Popov, Refinement of estimates of sums of sine series with monotone coefficients and cosine series with
convez coefficients. Math. Notes. 109 (2021), no. 5, 808-818.

A.Yu. Popov, A.P. Solodov, The negative parts of the sums of sine series with quasimonotonic coefficients. Sbh.
Math. 208 (2017), no. 6, 878-901.

A.Yu. Popov, A.P. Solodov, Estimates with sharp constants of the sums of sine series with monotone coefficients
of certain classes in terms of the Salem majorant. Math. Notes. 104 (2018), no. 5, 702-711.

R. Salem, Determination de l’ordre de grandeur a l'origine de certaines series trigonometriques. C. R. Acad. Sci.
Paris. 186 (1928), 1804-1806.



23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

Some new approaches in the theory of trigonometric series with monotone coefficients 31

R. Salem, Essais sur les series trigonometriques. Actual. Sci. et Industr. 862 (1940).

A.P. Solodov, A sharp lower bound for the sum of a sine series with convez coefficients. Sb. Math. 207 (2016),
no. 12, 1743-1777.

A.P. Solodov, Sharp two-sided estimate for the sum of a sine series with convex slowly varying sequence of
coefficients. Anal. Math. 46 (2020), no. 3, 579-603.

A.P. Solodov, Ezxact constants in Telyakouvskii’s two-sided estimate of the sum of a sine series with convex sequence
of coefficients. Math. Notes. 107 (2020), no. 6, 988—-1001.

A.P. Solodov, Asymptotics of the sum of a sine series with a convex slowly varying sequence of coefficients.
Mathematics. 9 (2021), 2252.

S.A. Telyakovskii, On the behavior near the origin of sine series with convex coefficients. Publ. Inst. Math.
(Beograd) (N.S.). 58 (72) (1995), 43-50.

S.A. Telyakovskii, On the behavior of sine series near zero. Makedon. Akad. Nauk. Umet. Oddel. Mat.-Tehn.
Nauk. Prilozi. 21 (2000), 47-54.

N.T. Tleukhanova, A.N. Bashirova, Multipliers of Fourier—Haar series in Lorentz spaces. Eurasian Math. J., 13
(2022), no. 4, 82-87.

A. Zygmund, Trigonometric series I, II. Cambridge Univ. Press, Cambridge, 2002.

Mikhail Ivanovich Dyachenko, Aleksei Petrovich Solodov
Faculty of Mechanics and Mathematics

M.V. Lomonosov Moscow State University,

Moscow Center of Fundamental and Applied Mathematics
GSP-1, 1 Leninskie Gory, 119991 Moscow, Russia
E-mails: dyach@mail.ru, apsolodov@mail.ru

Received: 11.05.2024



	Страница 1
	Introduction and problem statement
	New approaches to asymptotic properties
	The fractional monotonicity

