
ISSN 2077�9879

Eurasian

Mathematical

Journal

2017, Volume 8, Number 4

Founded in 2010 by

the L.N. Gumilyov Eurasian National University

in cooperation with

the M.V. Lomonosov Moscow State University

the Peoples' Friendship University of Russia

the University of Padua

Supported by the ISAAC

(International Society for Analysis, its Applications and Computation)

and

by the Kazakhstan Mathematical Society

Published by

the L.N. Gumilyov Eurasian National University

Astana, Kazakhstan



EURASIAN MATHEMATICAL JOURNAL

Editorial Board

Editors�in�Chief

V.I. Burenkov, M. Otelbaev, V.A. Sadovnichy

Editors

Sh.A. Alimov (Uzbekistan), H. Begehr (Germany), T. Bekjan (China), O.V. Besov (Russia),
N.A. Bokayev (Kazakhstan), A.A. Borubaev (Kyrgyzstan), G. Bourdaud (France), A. Cae-
tano (Portugal), M. Carro (Spain), A.D.R. Choudary (Pakistan), V.N. Chubarikov (Russia),
A.S. Dzumadildaev (Kazakhstan), V.M. Filippov (Russia), H. Ghazaryan (Armenia), M.L. Gold-
man (Russia), V. Goldshtein (Israel), V. Guliyev (Azerbaijan), D.D. Haroske (Germany),
A. Hasanoglu (Turkey), M. Huxley (Great Britain), M. Imanaliev (Kyrgyzstan), P. Jain (In-
dia), T.Sh. Kalmenov (Kazakhstan), B.E. Kangyzhin (Kazakhstan), K.K. Kenzhibaev (Kaza-
khstan), S.N. Kharin (Kazakhstan), E. Kissin (Great Britain), V. Kokilashvili (Georgia), V.I.
Korzyuk (Belarus), A. Kufner (Czech Republic), L.K. Kussainova (Kazakhstan), P.D. Lam-
berti (Italy), M. Lanza de Cristoforis (Italy), V.G. Maz'ya (Sweden), E.D. Nursultanov (Kaza-
khstan), R. Oinarov (Kazakhstan), K.N. Ospanov (Kazakhstan), I.N. Parasidis (Greece),
J. Pe�cari�c (Croatia), S.A. Plaksa (Ukraine), L.-E. Persson (Sweden), E.L. Presman (Rus-
sia), M.A. Ragusa (Italy), M.D. Ramazanov (Russia), M. Reissig (Germany), M. Ruzhansky
(Great Britain), S. Sagitov (Sweden), T.O. Shaposhnikova (Sweden), A.A. Shkalikov (Russia),
V.A. Skvortsov (Poland), G. Sinnamon (Canada), E.S. Smailov (Kazakhstan), V.D. Stepanov
(Russia), Ya.T. Sultanaev (Russia), I.A. Taimanov (Russia), T.V. Tararykova (Great Britain),
J.A. Tussupov (Kazakhstan), U.U. Umirbaev (Kazakhstan), Z.D. Usmanov (Tajikistan), N.
Vasilevski (Mexico), Dachun Yang (China), B.T. Zhumagulov (Kazakhstan)

Managing Editor

A.M. Temirkhanova

c© The Eurasian National University



Aims and Scope

The Eurasian Mathematical Journal (EMJ) publishes carefully selected original research
papers in all areas of mathematics written by mathematicians, principally from Europe and
Asia. However papers by mathematicians from other continents are also welcome.

From time to time the EMJ publishes survey papers.
The EMJ publishes 4 issues in a year.
The language of the paper must be English only.
The contents of EMJ are indexed in Scopus, Web of Science (ESCI), Mathematical Reviews,

MathSciNet, Zentralblatt Math (ZMATH), Referativnyi Zhurnal � Matematika, Math-Net.Ru.
The EMJ is included in the list of journals recommended by the Committee for Control of

Education and Science (Ministry of Education and Science of the Republic of Kazakhstan) and in
the list of journals recommended by the Higher Attestation Commission (Ministry of Education
and Science of the Russian Federation).

Information for the Authors

Submission. Manuscripts should be written in LaTeX and should be submitted elec-
tronically in DVI, PostScript or PDF format to the EMJ Editorial O�ce via e-mail
(eurasianmj@yandex.kz).

When the paper is accepted, the authors will be asked to send the tex-�le of the paper to
the Editorial O�ce.

The author who submitted an article for publication will be considered as a corresponding
author. Authors may nominate a member of the Editorial Board whom they consider appropriate
for the article. However, assignment to that particular editor is not guaranteed.

Copyright. When the paper is accepted, the copyright is automatically transferred to the
EMJ. Manuscripts are accepted for review on the understanding that the same work has not
been already published (except in the form of an abstract), that it is not under consideration
for publication elsewhere, and that it has been approved by all authors.

Title page. The title page should start with the title of the paper and authors' names (no
degrees). It should contain the Keywords (no more than 10), the Subject Classi�cation (AMS
Mathematics Subject Classi�cation (2010) with primary (and secondary) subject classi�cation
codes), and the Abstract (no more than 150 words with minimal use of mathematical symbols).

Figures. Figures should be prepared in a digital form which is suitable for direct reproduction.
References. Bibliographical references should be listed alphabetically at the end of the article.

The authors should consult the Mathematical Reviews for the standard abbreviations of journals'
names.

Authors' data. The authors' a�liations, addresses and e-mail addresses should be placed
after the References.

Proofs. The authors will receive proofs only once. The late return of proofs may result in
the paper being published in a later issue.

O�prints. The authors will receive o�prints in electronic form.



Publication Ethics and Publication Malpractice

For information on Ethics in publishing and Ethical guidelines for journal publi-
cation see http://www.elsevier.com/publishingethics and http://www.elsevier.com/journal-
authors/ethics.

Submission of an article to the EMJ implies that the work described has not been published
previously (except in the form of an abstract or as part of a published lecture or academic
thesis or as an electronic preprint, see http://www.elsevier.com/postingpolicy), that it is not
under consideration for publication elsewhere, that its publication is approved by all authors
and tacitly or explicitly by the responsible authorities where the work was carried out, and
that, if accepted, it will not be published elsewhere in the same form, in English or in any
other language, including electronically without the written consent of the copyright-holder. In
particular, translations into English of papers already published in another language are not
accepted.

No other forms of scienti�c misconduct are allowed, such as plagiarism, falsi-
�cation, fraudulent data, incorrect interpretation of other works, incorrect citations,
etc. The EMJ follows the Code of Conduct of the Committee on Publication
Ethics (COPE), and follows the COPE Flowcharts for Resolving Cases of Suspected
Misconduct (http : //publicationethics.org/files/u2/NewCode.pdf). To verify origi-
nality, your article may be checked by the originality detection service CrossCheck
http://www.elsevier.com/editors/plagdetect.

The authors are obliged to participate in peer review process and be ready to provide correc-
tions, clari�cations, retractions and apologies when needed. All authors of a paper should have
signi�cantly contributed to the research.

The reviewers should provide objective judgments and should point out relevant published
works which are not yet cited. Reviewed articles should be treated con�dentially. The reviewers
will be chosen in such a way that there is no con�ict of interests with respect to the research,
the authors and/or the research funders.

The editors have complete responsibility and authority to reject or accept a paper, and they
will only accept a paper when reasonably certain. They will preserve anonymity of reviewers
and promote publication of corrections, clari�cations, retractions and apologies when needed.
The acceptance of a paper automatically implies the copyright transfer to the EMJ.

The Editorial Board of the EMJ will monitor and safeguard publishing ethics.



The procedure of reviewing a manuscript, established
by the Editorial Board of the Eurasian Mathematical Journal

1. Reviewing procedure
1.1. All research papers received by the Eurasian Mathematical Journal (EMJ) are subject

to mandatory reviewing.
1.2. The Managing Editor of the journal determines whether a paper �ts to the scope of the

EMJ and satis�es the rules of writing papers for the EMJ, and directs it for a preliminary review
to one of the Editors-in-chief who checks the scienti�c content of the manuscript and assigns a
specialist for reviewing the manuscript.

1.3. Reviewers of manuscripts are selected from highly quali�ed scientists and specialists of
the L.N. Gumilyov Eurasian National University (doctors of sciences, professors), other univer-
sities of the Republic of Kazakhstan and foreign countries. An author of a paper cannot be its
reviewer.

1.4. Duration of reviewing in each case is determined by the Managing Editor aiming at
creating conditions for the most rapid publication of the paper.

1.5. Reviewing is con�dential. Information about a reviewer is anonymous to the authors and
is available only for the Editorial Board and the Control Committee in the Field of Education
and Science of the Ministry of Education and Science of the Republic of Kazakhstan (CCFES).
The author has the right to read the text of the review.

1.6. If required, the review is sent to the author by e-mail.
1.7. A positive review is not a su�cient basis for publication of the paper.
1.8. If a reviewer overall approves the paper, but has observations, the review is con�dentially

sent to the author. A revised version of the paper in which the comments of the reviewer are
taken into account is sent to the same reviewer for additional reviewing.

1.9. In the case of a negative review the text of the review is con�dentially sent to the author.
1.10. If the author sends a well reasoned response to the comments of the reviewer, the paper

should be considered by a commission, consisting of three members of the Editorial Board.
1.11. The �nal decision on publication of the paper is made by the Editorial Board and is

recorded in the minutes of the meeting of the Editorial Board.
1.12. After the paper is accepted for publication by the Editorial Board the Managing Editor

informs the author about this and about the date of publication.
1.13. Originals reviews are stored in the Editorial O�ce for three years from the date of

publication and are provided on request of the CCFES.
1.14. No fee for reviewing papers will be charged.

2. Requirements for the content of a review
2.1. In the title of a review there should be indicated the author(s) and the title of a paper.
2.2. A review should include a quali�ed analysis of the material of a paper, objective assess-

ment and reasoned recommendations.
2.3. A review should cover the following topics:
- compliance of the paper with the scope of the EMJ;
- compliance of the title of the paper to its content;
- compliance of the paper to the rules of writing papers for the EMJ (abstract, key words

and phrases, bibliography etc.);
- a general description and assessment of the content of the paper (subject, focus, actuality

of the topic, importance and actuality of the obtained results, possible applications);
- content of the paper (the originality of the material, survey of previously published studies

on the topic of the paper, erroneous statements (if any), controversial issues (if any), and so on);



- exposition of the paper (clarity, conciseness, completeness of proofs, completeness of bibli-
ographic references, typographical quality of the text);

- possibility of reducing the volume of the paper, without harming the content and under-
standing of the presented scienti�c results;

- description of positive aspects of the paper, as well as of drawbacks, recommendations for
corrections and complements to the text.

2.4. The �nal part of the review should contain an overall opinion of a reviewer on the
paper and a clear recommendation on whether the paper can be published in the Eurasian
Mathematical Journal, should be sent back to the author for revision or cannot be published.



Web-page

The web-page of EMJ is www.emj.enu.kz. One can enter the web-page by typing Eurasian
Mathematical Journal in any search engine (Google, Yandex, etc.). The archive of the web-page
contains all papers published in EMJ (free access).

Subscription

For Institutions

• US$ 200 (or equivalent) for one volume (4 issues)
• US$ 60 (or equivalent) for one issue

For Individuals

• US$ 160 (or equivalent) for one volume (4 issues)
• US$ 50 (or equivalent) for one issue.

The price includes handling and postage.

The Subscription Form for subscribers can be obtained by e-mail:

eurasianmj@yandex.kz

The Eurasian Mathematical Journal (EMJ)
The Editorial O�ce
The L.N. Gumilyov Eurasian National University
Building no. 3
Room 306a
Tel.: +7-7172-709500 extension 33312
13 Kazhymukan St
010008 Astana
Kazakhstan



MUKHTARBAY OTELBAEV

(to the 75th birthday)

On October 3, 2017 was the 75th birthday of Mukhtarbay Otel-
baev, Doctor of Physical and Mathematical Sciences (1978), Pro-
fessor (1983), academician of the National Academy of Sciences of
the Republic of Kazakhstan (2004), Honored Worker of the Repub-
lic of Kazakhstan (2012), laureate of the State Prize of the Republic
of Kazakhstan in the �eld of science and technology (2007), Direc-
tor of the Eurasian Mathematical Institute (since 2001), Professor
of the Department â�»Fundamental Mathematicsâ��ê of the L.N.
Gumilyov Eurasian National University, the editor-in-chief of the
Eurasian Mathematical Journal (together with V.I. Burenkov and
V.A. Sadovnichy).

M. Otelbaev was born in the village of Karakemer of the Kurdai
district, Zhambyl region. He graduated from the M.V. Lomonosov

Moscow State University (1969) and then completed his postgraduate studies at the same uni-
versity (1972). There he defended his doctor of sciences thesis (1978).

Professor Otelbaev's scienti�c interests are related to functional analysis, di�erential equa-
tions, computational mathematics, and theoretical physics.

He introduced the q-averaging, which is now called the Otelbaev function; using it he ob-
tained a number of fundamental results. For embedding of the Sobolev weighted spaces and the
resolvent of the Schrödinger operator, he established criterions for the compactness and �niteness
of the type, as well as estimates of the eigenvalues of the Schrödinger and Dirac operators that
are exact in order. He was the �rst to establish that there is no universal asymptotic formula
for the distribution function of the Sturm-Liouville operator. He obtained e�ective conditions
for the separation of the di�erential operators with nonsmooth and oscillating coe�cients, he
developed an abstract theory of extension and contraction of operators which are not necessarily
linear in linear topological spaces. M. Otelbaev proposed a new numerical method for solving
boundary value problems, and a method for approximate calculation of eigenvalues and eigen-
vectors of compact operators. He obtained the fundamental results in the theory of nonlinear
evolution equations and in theoretical physics.

He has published more than 70 scienti�c papers in leading international journals entering the
rating lists of Thomson Reuters and Scopus. Under his supervision 70 postgraduate students
have defended their candidate of sciences theses, 9 of them became doctors of sciences. In 2006
and 2011 he was awarded the state grant "The best university teacher".

The Editorial Board of the Eurasian Mathematical Journal congratulates Mukhtarbay Otel-
baev on the occasion of his 75th birthday and wishes him good health and new achievements in
mathematics and mathematical education.



Award for the Eurasian Mathematical Journal

Dear readers, authors, reviewers and members of the Editorial Board of the Eurasian
Mathematical Journal,

we are happy to inform you that in November 2017 the Eurasian Mathematical Journal was
awarded the title "Leader of Science 2017" by the National Center of State Scienti�c-Technical
Expertise of the Committee of Science of the Ministry of Education and Science of the Republic
of Kazakhstan in the nomination "Leader of Kazakhstan Scienti�c Publications" for the high
level of publication activities and high level of citations in Web of Science Core Collection in
2014-2016.

Recall that the Eurasian Mathematical Journal was founded by the L.N. Gumilyov Eurasian
National University in 2010 in co-operation with the M.V. Lomonosov Moscow State University,
the Peoples' Friendship University of Russia and the University of Padua (see [1]).

The journal pulishes carefully selected original research papers in all areas of mathematics,
survey papers, and short communications. It publishes 4 issues in a year. The language of the
paper must be English only. Papers accepted for publication are edited from the point of view
of English.

More than 280 papers were published written by mathematicians from more than 40 countries
representing all continents.

In 2014 the journal was registered in Scopus and in September 2014 the Elsevier-Kazakhstan
Research Excellence Forum was held at the L.N. Gumilyov Eurasian National University dedi-
cated to this occasion in which the Elsevier Chairman Professor Y.S. Chi participated (see [3]
for details).

In 2015 the Eurasian Mathematical Journal was included in the list of Scopus mathematical
journals, quartile Q4, and it is on the way to entering quartile Q3 (see [3]).

Attached is the invitation letter to the Rector of the L.N. Gumilyov Eurasian National
University Professor E.B. Sydykov to the ceremony of awarding, which took place in Almaty on
November 8, 2017.

On behalf of the Editorial Board of the EMJ V.I. Burenkov, E.D. Nursultanov,
T.Sh. Kalmenov, R. Oinarov, M. Otelbaev, T.V. Tararykova, A.M. Temirkhanova
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Abstract. The objective of this paper is to introduce a certain new subclass of analytic functions
and obtain an upper bound for the third Hankel determinant for the functions belonging to this
class, using Toeplitz determinants.

1 Introduction

Let A denote the class of all functions f(z) of the form

f(z) = z +
∞∑
n=2

anz
n (1.1)

in the open unit disc E = {z : |z| < 1}. Let S be the subclass of A consisting of all univalent
functions. For a univalent function in the class A, it is well known that the nth coe�cient is
bounded by n. The bounds for the coe�cients give information about geometric properties of
these functions. In particular, the growth and distortion properties of a normalized univalent
function are determined by the bound of its second coe�cient. The Hankel determinant of f for
q ≥ 1 and n ≥ 1 was de�ned by Pommerenke [14] as

Hq(n) =

an an+1 · · · an+q−1

an+1 an+2 · · · an+q
...

...
...

...
an+q−1 an+q · · · an+2q−2

. (a1 = 1)

This determinant has been considered by many authors in the literature. For example, Noor
[12] determined the rate of growth of Hq(n) as n → ∞ for the functions in S with bounded
boundary. Ehrenborg [4] studied the Hankel determinant of exponential polynomials. The
Hankel transform of an integer sequence and some of its properties were discussed by Layman
in [9]. In the recent years several authors have investigated bounds for the Hankel determinant
of functions belonging to various subclasses of univalent and multivalent analytic functions. In
particular for q = 2, n = 1, a1 = 1 and q = 2, n = 2, a1 = 1, the Hankel determinant simpli�es
respectively to

H2(1) =
a1 a2

a2 a3
= a3 − a2

2 and H2(2) =
a2 a3

a3 a4
= a2a4 − a2

3.
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For our discussion, in this paper, we consider the Hankel determinant in the case q = 3 and
n = 1, denoted by H3(1), given by

H3(1) =
a1 a2 a3

a2 a3 a4

a3 a4 a5

(1.2)

For f ∈ A, a1 = 1, so that, we have

H3(1) = a3(a2a4 − a2
3)− a4(a4 − a2a3) + a5(a3 − a2

2).

and by applying the triangle inequality, we obtain

|H3(1)| ≤ |a3||a2a4 − a2
3|+ |a4||a2a3 − a4|+ |a5||a3 − a2

2|. (1.3)

The sharp upper bound for the second Hankel functional H2(2) for the subclass RT of S, con-
sisting of functions whose derivative has a positive real part, studied by Mac Gregor [11], was
obtained by Janteng [8]. It was known that if f ∈ RT then |ak| ≤ 2

k
, for k ∈ {2, 3, ....}. Also the

sharp upper bound for the functional |a3 − a2
2| was 2

3
, stated in [2], for the class RT. Further,

the best possible sharp upper bound for the functional |a2a3 − a4| was obtained by Babalola [2]
and hence the sharp inequality for |H3(1)|, for the class RT.

Motivated by the above mentioned results obtained by di�erent authors in this direction and
the result by Babalola [2], in the present paper, we introduce certain new subclass of analytic
functions and seek a sharp upper bound to the functional |a2a4−a2

3| and an upper bound to the
third Hankel determinant, de�ned as follows.

De�nition 1. A function f ∈ A is said to be a function whose reciprocal derivative has a

positive real part (also called the reciprocal of a bounded turning function), denoted by f ∈ R̃T ,
if and only if

Re
( 1

f ′(z)

)
> 0,∀z ∈ E. (1.4)

Some preliminary lemmas required for proving our results are in Section 2.

2 Preliminary results

Let P denote the class of all functions p of the form

p(z) = 1 + c1z + c2z
2 + c3z

3 + ... = 1 +
∞∑
n=1

cnz
n, (2.1)

which are regular in the open unit disc E and satisfy Re{p(z)} > 0 for any z ∈ E. Here p(z) is
called the Caratheòdory function [3].

Lemma 2.1. [13, 15] If p ∈P, then |ck| ≤ 2, for each k ≥ 1 and the inequality is sharp for the

function 1+z
1−z .

Lemma 2.2. [6] The power series for p(z) given in (2.1) converges in the open unit disc E to

a function in P if and only if the Toeplitz determinants

Dn =

2 c1 c2 · · · cn
c−1 2 c1 · · · cn−1

c−2 c−1 2 · · · cn−2

...
...

...
...

...

c−n c−n+1 c−n+2 · · · 2

, for n = 1, 2, 3....
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and c−k = ck, are all non-negative. They are strictly positive except for

p(z) =
m∑
k=1

ρkp0(eitkz),

ρk > 0, tk real and tk 6= tj, for k 6= j, where p0(z) = 1+z
1−z ; in this case Dn > 0 for n < (m − 1)

and Dn
.
= 0 for n ≥ m.

This necessary and su�cient condition found in [6] is due to Caratheòdory and Toeplitz. We
may assume without restriction that c1 > 0. On using Lemma 2.2, for n = 2, we have

D2 =
2 c1 c2

c1 2 c1

c2 c1 2
= [8 + 2Re{c2

1c2} − 2 | c2 |2 − 4|c1|2] ≥ 0,

which is equivalent to

2c2 = c2
1 + x(4− c2

1), for some x, |x| ≤ 1. (2.2)

For n = 3,

D3 =

2 c1 c2 c3

c1 2 c1 c2

c2 c1 2 c1

c3 c2 c1 2

≥ 0.

and is equivalent to

|(4c3 − 4c1c2 + c3
1)(4− c2

1) + c1(2c2 − c2
1)2| ≤ 2(4− c2

1)2 − 2|(2c2 − c2
1)|2. (2.3)

From the relations (2.2) and (2.3), after simplifying, we get

4c3 = c3
1 + 2c1(4− c2

1)x− c1(4− c2
1)x2 + 2(4− c2

1)(1− |x|2)z,

for some z, with |z| ≤ 1. (2.4)

To obtain our results, we refer to the classical method initiated by Libera and Zlotkiewicz [10]
and used by several authors in the literature.

3 Main results

Theorem 3.1. If f(z) ∈ R̃T then

|a2a4 − a2
3| ≤

4

9

and the inequality is sharp.

Proof. For

f(z) = z +
∞∑
n=2

anz
n ∈ R̃T ,

there exists an analytic function p ∈P in the open unit disc E with p(0) = 1 and Re{p(z)} > 0

such that
1

f ′(z)
= p(z)⇔ 1 = f ′(z)p(z). (3.1)
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Replacing f ′(z) and p(z) with their equivalent series expressions in (3.1), we have

1 =
(

1 +
∞∑
n=2

nanz
n−1
)(

1 +
∞∑
n=1

cnz
n
)
.

upon simpli�cation, we obtain

1 = 1 + (c1 + 2a2)z + (c2 + 2a2c1 + 3a3)z2 + (c3 + 2a2c2 + 3a3c1 + 4a4)z3+

(c4 + 2a2c3 + 3a3c2 + 4a4c1 + 5a5)z4 · · · (3.2)

Equating the coe�cients of like powers of z, z2, z3 and z4 respectively on both sides of (3.2),

after simplifying, we get

a2 = −c1

2
; a3 =

1

3
(c2

1 − c2); a4 = −1

4
(c3 − 2c1c2 + c3

1);

a5 = −1

5
(c4 − 2c1c3 + 3c2

1c2 − c2
2 − c4

1). (3.3)

Substituting the values of a2, a3 and a4 from (3.3) in the functional |a2a4 − a2
3| for the

function f ∈ R̃T , upon simpli�cation, we obtain

|a2a4 − a2
3| =

1

72

∣∣9c1c3 − 2c2
1c2 − 8c2

2 + c4
1

∣∣ , (3.4)

which is equivalent to

|a2a4 − a2
3| =

1

72

∣∣d1c1c3 + d2c
2
1c2 + d3c

2
2 + d4c

4
1

∣∣ ,
where d1 = 9; d2 = −2; d3 = −8; d4 = 1. (3.5)

Substituting the values of c2 and c3 given in (2.2) and (2.4) respectively on the right-hand side

of (3.5), we have

|d1c1c3 + d2c
2
1c2 + d3c

2
2 + d4c

4
1| =

∣∣∣d1c1 ×
1

4
{c3

1 + 2c1(4− c2
1)x− c1(4− c2

1)x2

+ 2(4− c2
1)(1− |x|2)z}+ d2c

2
1 ×

1

2
{c2

1 + x(4− c2
1)}

+ d3 ×
1

4
{c2

1 + x(4− c2
1)}2 + d4c

4
1

∣∣∣. (3.6)

Using triangle inequality and the fact that |z| < 1, we get

4 | d1c1c3 + d2c
2
1c2 + d3c

2
2 + d4c

4
1 | ≤

∣∣∣(d1 + 2d2 + d3 + 4d4)c4
1 + 2d1c1(4− c2

1)

+ 2(d1 + d2 + d3)c2
1(4− c2

1)|x|

−
{

(d1 + d3)c2
1 + 2d1c1 − 4d3

}
(4− c2

1)|x|2
∣∣∣. (3.7)

From (3.5), we can now write

d1 + 2d2 + d3 + 4d4 = 1; 2(d1 + d2 + d3) = −2; (3.8)

(d1 + d3)c2
1 + 2d1c1 − 4d3 = c2

1 + 18c1 + 32 = (c1 + 16)(c1 + 2) (3.9)
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Since c1 ∈ [0, 2], using the result (c1 + a)(c1 + b) ≥ (c1 − a)(c1 − b), where a, b ≥ 0 in (3.9),

we can have

−{(d1 + d3)c2
1 + 2d1c1 − 4d3} ≤ −(c2

1 − 18c1 + 32). (3.10)

Substituting the calculated values from (3.8) and (3.10) on the right-hand side of (3.7), we have

4|d1c1c3 + d2c
2
1c2 + d3c

2
2 + d4c

4
1| ≤

∣∣∣c4
1 + 18c1(4− c2

1)− 2c2
1(4− c2

1)|x|

− (c2
1 − 18c1 + 32)(4− c2

1)|x|2
∣∣∣.

Choosing c1 = c ∈ [0, 2], applying triangle inequality and replacing |x| by µ on the right-hand

side of the above inequality,we get

4 |d1c1c3 + d2c
2
1c2 + d3c

2
2 + d4c

4
1| ≤

[
c4 + 18c(4− c2) + 2c2(4− c2)µ

+ (c2 − 18c+ 32)(4− c2)µ2
]

= F (c, µ) , 0 ≤ µ = |x| ≤ 1 and 0 ≤ c ≤ 2. (3.11)

We next maximize the function F (c, µ) on the closed region [0, 2] × [0, 1]. Di�erentiating

F (c, µ) given in (3.11) partially with respect to µ, we obtain

∂F

∂µ
= [2c2 + 2(c2 − 18c+ 32)µ](4− c2). (3.12)

For 0 < µ < 1 and for �xed c with 0 < c < 2, from (3.12), we observe that ∂F
∂µ

> 0. Therefore,

F (c, µ) becomes an increasing function of µ and hence it cannot have a maximum value at any

point in the interior of the closed region [0, 2]× [0, 1]. Moreover, for a �xed c ∈ [0, 2], we have

max
0≤µ≤1

F (c, µ) = F (c, 1) = G(c).

Therefore, replacing µ by 1 in F (c, µ), upon simpli�cation, we obtain

G(c) = 2(−c4 − 10c2 + 64). (3.13)

G′(c) = −8c(c3 + 5). (3.14)

From (3.14), we observe that G′(c) ≤ 0, for every c ∈ [0, 2]. Therefore, G(c) is a decreasing

function of c in the interval [0, 2], whose maximum value occurs at c = 0 only. From (3.13), the

maximum value of G(c) at c = 0 is given by

Gmax = G(0) = 128. (3.15)

Simplifying the expressions (3.11) and (3.15), we get

|d1c1c3 + d2c
2
1c2 + d3c

2
2 + d4c

4
1| ≤ 32. (3.16)

From the relations (3.4) and (3.16), upon simpli�cation, we obtain

|a2a4 − a2
3| ≤

4

9
.

By setting c1 = c = 0 and selecting x = 1 in the expressions (2.2) and (2.4), we �nd that c2 = 2

and c3 = 0 respectively. Substituting these values in (3.16) together with the values in (3.5), we
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observe that equality is attained, which shows that our result is sharp. The extremal function

in this case is given by

1

f ′(z)
= 1 + 2z2 + 2z4 + · · · =

1 + z2

1− z2
.

This completes the proof of our Theorem.

Remark 1. It is observed that the sharp upper bound to the second Hankel determinant of a

function whose derivative has a positive real part [8] and a function whose reciprocal derivative

has a positive real part is the same.

Theorem 3.2. If f(z) ∈ R̃T then |a2a3 − a4| ≤ 1
6

[
5
3

] 3
2
and the inequality is sharp.

Proof. Substituting the values of a2, a3 and a4 from (3.3) in the functional

| a2a3 − a4 | for the function f ∈ R̃T , after simplifying, we get

| a2a3 − a4 | =
1

12
| 3c3 − 4c1c2 + c3

1 | . (3.17)

Substituting the values of c2 and c3 from (2.2) and (2.4) respectively on the right-hand side of

(3.17), we have

|3c3 − 4c1c2 + c3
1| =

∣∣∣3× 1

4
{c3

1 + 2c1(4− c2
1)x− c1(4− c2

1)x2

+ 2(4− c2
1)(1− | x2 |)z}

− 4c1 ×
1

2
c2

1 + x(4− c2
1) + c3

1

∣∣∣.
Using the fact | z |< 1, after simplifying, we get

4|3c3 − 4c1c2 + c3
1| ≤ | − c3

1 + 6(4− c2
1)− 2c1(4− c2

1)|x|+ (−3c1 − 6)(4− c2
1)|x|2|.

Since c1 = c ∈ [0, 2], using the result (c1 + a) ≥ (c1 − a), where a ≥ 0, applying triangle

inequality and replacing |x| by µ on the right-hand side of the above inequality, we have

4 | 3c3 − 4c1c2 + c3
1 |≤ | c3 + 6

(
4− c2

)
+ 2c

(
4− c2

)
µ+ 3 (c− 2)

(
4− c2

)
µ2 |

= F (c, µ) , 0 ≤ µ =| x |≤ 1 and 0 ≤ c ≤ 2. (3.18)

Where F (c, µ) = c3 + 6
(
4− c2

)
+ 2c

(
4− c2

)
µ+ 3 (c− 2)

(
4− c2

)
µ2.

Applying the same procedure described in Theorem 3.1, we observe that

∂F

∂µ
= [2c+ 6(c− 2)µ](4− c2) > 0 (3.19)

For 0 < µ < 1 and for �xed c with 0 < c < 2, from (3.19), we observe that ∂F
∂µ

> 0. Therefore,

F (c, µ) becomes an increasing function of µ and hence it cannot have a maximum value at any

point in the interior of the closed region [0, 2]× [0, 1]. Further, for a �xed c ∈ [0, 2], we have

max
0≤µ≤1

F (c, µ) = F (c, 1) = G(c).
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Therefore, replacing µ by 1 in F (c, µ), upon simpli�cation, we obtain

G(c) = −4c3 + 20c. (3.20)

G′(c) = −12c2 + 20. (3.21)

G′′(c) = −24c. (3.22)

For optimum value of G(c), consider G′(c) = 0. From (3.21), we get

c = ±
√

5

3
.

Since c ∈ [0, 2], consider c =
√

5
3
only. Substituting this value in (3.21), we observe that

G′′(c) = −24

√
5

3
< 0.

By the second derivative test, G(c) has maximum value at c =
√

5
3
. Substituting the value

of c2 in the expression (3.20), upon simpli�cation, we obtain the maximum value of G(c) as

Gmax =
40

3

√
5

3
. (3.23)

Simplifying the expressions (3.18) and (3.23), we get

| 3c3 − 4c1c2 + c3
1 | ≤

10

3

√
5

3
. (3.24)

From the relations (3.17) and (3.24), upon simpli�cation, we obtain

|a2a3 − a4| ≤
1

6

[5

3

] 3
2
.

By setting c1 =
√

5
3
and selecting x = 1 in the expressions (2.2) and (2.4), we �nd that c2 = 1

3

and c3 = 4
3

√
5
3
respectively. Substituting these values in (3.24), we observe that equality is

attained, which shows that our result is sharp. This completes the proof of our Theorem.

Remark 2. It is observed that the sharp upper bound to the |a2a3 − a4| of a function whose

derivative has a positive real part [2] and a function whose reciprocal derivative has a positive

real part is the same.

The following Theorem is a straight forward veri�cation on applying the same procedure as
described in Theorems 3.1 and 3.3 and the result is sharp for the values c1 = 0, c2 = 2 and x = 1.

Theorem 3.3. If f ∈ R̃T then |a3 − a2
2| ≤ 2

3
.

Using the fact that |cn| ≤ 2, n ∈ N = {1, 2, 3, · · · }, with the help of c2 and c3 values
given in 2.2 and 2.4 respectively together with the values in (3.3), we obtain |ak| ≤ 2

k
, for

k ∈ {2, 3, 4, 5, · · · }.
Using the results of Theorems 3.1, 3.3, 3.5 and |ak| ≤ 2

k
, for k ∈ {2, 3, 4, 5, · · · }, we obtain

the following corollary.
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Corollary 3.1. If f(z) ∈ R̃T then

|H3(1)| ≤ 1

3

[
76

45
+

1

4

(5

3

) 3
2

]
.

Remark 3. It is observed that the sharp upper bound to the third Hankel determinant of a

function whose derivative has a positive real part [2] and a function whose reciprocal derivative

has a positive real part is the same.
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