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Aims and Scope

The Eurasian Mathematical Journal (EMJ) publishes carefully selected original research
papers in all areas of mathematics written by mathematicians, principally from Europe and
Asia. However papers by mathematicians from other continents are also welcome.

From time to time the EMJ publishes survey papers.

The EMJ publishes 4 issues in a year.

The language of the paper must be English only.

The contents of EMJ are indexed in Scopus, Web of Science (ESCI), Mathematical Reviews,
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Education and Science (Ministry of Education and Science of the Republic of Kazakhstan) and in
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and Science of the Russian Federation).
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When the paper is accepted, the authors will be asked to send the tex-file of the paper to
the Editorial Office.

The author who submitted an article for publication will be considered as a corresponding
author. Authors may nominate a member of the Editorial Board whom they consider appropriate
for the article. However, assignment to that particular editor is not guaranteed.

Copyright. When the paper is accepted, the copyright is automatically transferred to the
EMJ. Manuscripts are accepted for review on the understanding that the same work has not
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codes), and the Abstract (no more than 150 words with minimal use of mathematical symbols).
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Offprints. The authors will receive offprints in electronic form.




Publication Ethics and Publication Malpractice
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particular, translations into English of papers already published in another language are not
accepted.

No other forms of scientific misconduct are allowed, such as plagiarism, falsi-
fication, fraudulent data, incorrect interpretation of other works, incorrect citations,
etc. The EMJ follows the Code of Conduct of the Committee on Publication
Ethics (COPE), and follows the COPE Flowcharts for Resolving Cases of Suspected
Misconduct (http : //publicationethics.org/files/u2/Newcode.pdf). To verify origi-
nality, your article may be checked by the originality detection service CrossCheck
http: //www.elsevier.com/editors/plagdetect.

The authors are obliged to participate in peer review process and be ready to provide correc-
tions, clarifications, retractions and apologies when needed. All authors of a paper should have
significantly contributed to the research.
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The procedure of reviewing a manuscript, established
by the Editorial Board of the Eurasian Mathematical Journal

1. Reviewing procedure

1.1. All research papers received by the Eurasian Mathematical Journal (EMJ) are subject
to mandatory reviewing.

1.2. The Managing Editor of the journal determines whether a paper fits to the scope of the
EMJ and satisfies the rules of writing papers for the EMJ, and directs it for a preliminary review
to one of the Editors-in-chief who checks the scientific content of the manuscript and assigns a
specialist for reviewing the manuscript.

1.3. Reviewers of manuscripts are selected from highly qualified scientists and specialists of
the L.N. Gumilyov Eurasian National University (doctors of sciences, professors), other univer-
sities of the Republic of Kazakhstan and foreign countries. An author of a paper cannot be its
reviewer.

1.4. Duration of reviewing in each case is determined by the Managing Editor aiming at
creating conditions for the most rapid publication of the paper.

1.5. Reviewing is confidential. Information about a reviewer is anonymous to the authors and
is available only for the Editorial Board and the Control Committee in the Field of Education
and Science of the Ministry of Education and Science of the Republic of Kazakhstan (CCFES).
The author has the right to read the text of the review.

1.6. If required, the review is sent to the author by e-mail.

1.7. A positive review is not a sufficient basis for publication of the paper.

1.8. If a reviewer overall approves the paper, but has observations, the review is confidentially
sent to the author. A revised version of the paper in which the comments of the reviewer are
taken into account is sent to the same reviewer for additional reviewing.

1.9. In the case of a negative review the text of the review is confidentially sent to the author.

1.10. If the author sends a well reasoned response to the comments of the reviewer, the paper
should be considered by a commission, consisting of three members of the Editorial Board.

1.11. The final decision on publication of the paper is made by the Editorial Board and is
recorded in the minutes of the meeting of the Editorial Board.

1.12. After the paper is accepted for publication by the Editorial Board the Managing Editor
informs the author about this and about the date of publication.

1.13. Originals reviews are stored in the Editorial Office for three years from the date of
publication and are provided on request of the CCFES.

1.14. No fee for reviewing papers will be charged.

2. Requirements for the content of a review

2.1. In the title of a review there should be indicated the author(s) and the title of a paper.

2.2. A review should include a qualified analysis of the material of a paper, objective assess-
ment and reasoned recommendations.

2.3. A review should cover the following topics:

- compliance of the paper with the scope of the EMJ;

- compliance of the title of the paper to its content;

- compliance of the paper to the rules of writing papers for the EMJ (abstract, key words
and phrases, bibliography etc.);

- a general description and assessment of the content of the paper (subject, focus, actuality
of the topic, importance and actuality of the obtained results, possible applications);

- content of the paper (the originality of the material, survey of previously published studies
on the topic of the paper, erroneous statements (if any), controversial issues (if any), and so on);



- exposition of the paper (clarity, conciseness, completeness of proofs, completeness of bibli-
ographic references, typographical quality of the text);

- possibility of reducing the volume of the paper, without harming the content and under-
standing of the presented scientific results;

- description of positive aspects of the paper, as well as of drawbacks, recommendations for
corrections and complements to the text.

2.4. The final part of the review should contain an overall opinion of a reviewer on the
paper and a clear recommendation on whether the paper can be published in the Eurasian
Mathematical Journal, should be sent back to the author for revision or cannot be published.
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MUKHTARBAY OTELBAEV
(to the 75th birthday)

On October 3, 2017 was the 75th birthday of Mukhtarbay Otel-
baev, Doctor of Physical and Mathematical Sciences (1978), Pro-
fessor (1983), academician of the National Academy of Sciences of
the Republic of Kazakhstan (2004), Honored Worker of the Repub-
lic of Kazakhstan (2012), laureate of the State Prize of the Republic
of Kazakhstan in the field of science and technology (2007), Direc-
tor of the Eurasian Mathematical Institute (since 2001), Professor
of the Department s BmFundamental Mathematicss Dk of the L.N.
Gumilyov Eurasian National University, the editor-in-chief of the
Eurasian Mathematical Journal (together with V.I. Burenkov and
V.A. Sadovnichy).

M. Otelbaev was born in the village of Karakemer of the Kurdai
district, Zhambyl region. He graduated from the M.V. Lomonosov
Moscow State University (1969) and then completed his postgraduate studies at the same uni-
versity (1972). There he defended his doctor of sciences thesis (1978).

Professor Otelbaev’s scientific interests are related to functional analysis, differential equa-
tions, computational mathematics, and theoretical physics.

He introduced the g-averaging, which is now called the Otelbaev function; using it he ob-
tained a number of fundamental results. For embedding of the Sobolev weighted spaces and the
resolvent of the Schrodinger operator, he established criterions for the compactness and finiteness
of the type, as well as estimates of the eigenvalues of the Schrodinger and Dirac operators that
are exact in order. He was the first to establish that there is no universal asymptotic formula
for the distribution function of the Sturm-Liouville operator. He obtained effective conditions
for the separation of the differential operators with nonsmooth and oscillating coefficients, he
developed an abstract theory of extension and contraction of operators which are not necessarily
linear in linear topological spaces. M. Otelbaev proposed a new numerical method for solving
boundary value problems, and a method for approximate calculation of eigenvalues and eigen-
vectors of compact operators. He obtained the fundamental results in the theory of nonlinear
evolution equations and in theoretical physics.

He has published more than 70 scientific papers in leading international journals entering the
rating lists of Thomson Reuters and Scopus. Under his supervision 70 postgraduate students
have defended their candidate of sciences theses, 9 of them became doctors of sciences. In 2006
and 2011 he was awarded the state grant "The best university teacher".

The Editorial Board of the Eurasian Mathematical Journal congratulates Mukhtarbay Otel-
baev on the occasion of his 75th birthday and wishes him good health and new achievements in
mathematics and mathematical education.




Award for the Eurasian Mathematical Journal

Dear readers, authors, reviewers and members of the Editorial Board of the Eurasian
Mathematical Journal,

we are happy to inform you that in November 2017 the Eurasian Mathematical Journal was
awarded the title "Leader of Science 2017" by the National Center of State Scientific-Technical
Expertise of the Committee of Science of the Ministry of Education and Science of the Republic
of Kazakhstan in the nomination "Leader of Kazakhstan Scientific Publications" for the high
level of publication activities and high level of citations in Web of Science Core Collection in
2014-2016.

Recall that the Eurasian Mathematical Journal was founded by the L.N. Gumilyov Eurasian
National University in 2010 in co-operation with the M.V. Lomonosov Moscow State University,
the Peoples’ Friendship University of Russia and the University of Padua (see [1]).

The journal pulishes carefully selected original research papers in all areas of mathematics,
survey papers, and short communications. It publishes 4 issues in a year. The language of the
paper must be English only. Papers accepted for publication are edited from the point of view
of English.

More than 280 papers were published written by mathematicians from more than 40 countries
representing all continents.

In 2014 the journal was registered in Scopus and in September 2014 the Elsevier-Kazakhstan
Research Excellence Forum was held at the L.N. Gumilyov Eurasian National University dedi-
cated to this occasion in which the Elsevier Chairman Professor Y.S. Chi participated (see [3]
for details).

In 2015 the Eurasian Mathematical Journal was included in the list of Scopus mathematical
journals, quartile Q4, and it is on the way to entering quartile Q3 (see [3]).

Attached is the invitation letter to the Rector of the L.N. Gumilyov Eurasian National
University Professor E.B. Sydykov to the ceremony of awarding, which took place in Almaty on
November 8, 2017.

On behalf of the Editorial Board of the EMJ V.I. Burenkov, E.D. Nursultanov,
T.Sh. Kalmenov, R. Oinarov, M. Otelbaev, T.V. Tararykova, A.M. Temirkhanova
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Abstract. In this paper, by applying a new definition of a hyperinner product, we establish
some reverse Schwarz inequalities on hyperinner product spaces over the real or complex fields
which also gives some interesting reverse Schwarz inequalities in the classic inner product spaces.

1 Introduction

The algebraic hyperstructure is a generalization of the concept of the algebraic structure. In the
usual algebraic structure the composition of two elements is a single element but in the algebraic
hyperstructure the composition of two elements is a set. The hyperstructure was first introduced
by F. Marty [3] in 1934 and has attracted attention of many authors in last decades and has
constructed some other structures such as hyperrings, hypergroups, hypermodules, hyperfields,
and hypervector spaces. These constructions have been applied to many disciplines such as
geometry, hypergraphs, binary relations, combinatorics, codes, cryptography, probability, etc. A
wealth of applications of these concepts are given in [1] and [2].

In 1988, the concept of hypervector space was first introduced by Scafati-Tallini. The authors
in [4]-[6] and the references therein, considered hypervector spaces in the viewpoint of analysis.
In mentioned papers, the authors introduce such concepts as dimension of hypervector spaces,
normed hypervector spaces, operators on these spaces and other important concepts. The au-
thors in [7]| introduced a new definition of an inner product on a hypervector space with the
hyperoperations sum and scalar product over the real or complex fields.

In [8], we proved some reverse Schwarz inequalities for indefinite inner product space which
gives some generalizations of the following inequality

[z, yla* = [, 2]sly, yls (1.1)

where J is a Hermitian involution i.e., J = J* = J~ ! and z,y € C™ where C" is a n-dimensional
vector space with an indefinite inner product.

In this paper, we prove some reverse Schwarz inequalities on hyperinner product spaces over
the real or complex fields. Some of our ideas come from the paper [§].

2 Preliminaries

Definition 1. [9] A hyperoperation over a non-empty set X is a mapping of X x X into the set
of all non-empty subsets of X.
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Definition 2. [9] A non-empty set X with exactly one hyperoperation f is called a hypergroupoid
. Let (X, #) be a hypergroupoid, for every point € X and every non-empty subset A of X, we
define z8A = U caxfa.

Definition 3. [7] A hypergroupoid (X, f) is said to be a hypergroup if it contains an element 0
such that

1. (zty)tz Nad(ytz) # 0 for all z,y,z € X,

2. 0 is an unique element in X such that for every x € X there exists an unique element
y € X for which 0 € zffy and 0 € yfz. In this case we denote y by —=,

3. z € ((xfy)i(—y)) N (240) for all z,y € X.
(X, 1) is said to be a commutative hypergroup when zfly = yfx for all z,y € X.

Example 1. [7[Let a be a real number with 0 < a < 1 and for z,y € R? define
zty = {re” talr +y| <r < |z +y|,0 = arg(z +y)};

i.e., the set of all points in R? belonging to the line segment whose vertices are the a(x + ) and
x +y. It is easy to see that (R?, #) is a hypergroup.

Definition 4. 7] Let (X, #) be a hypergroup and z,y € X. The essential point of zfy, denoted
by €4y, is an element of xfly such that x € e, fi(—y) if 0 ¢ zfy, or ey, = 0if 0 € zfy.

Remark 1. It was mentioned in [7] that ey, is not necessarily unique . Hence, we denote the
set of all the essential points of xfy by Fyy,.

Here, by applying the obtained results from |7], we introduce a new definition of a weak
hypervector space and then a definition of a hyperinner product is established on it.
We assume that the field F' is real or complex.

Definition 5. Let (X, ) be a commutative hypergroup. Then (X, 4,0, F) is said to be a weak
hypervector space or a weak hyperspace over the field F' if there exists a hyperoperation o :
F x X — P*(X) which P*(X) is the power set without the empty set, such that

1. [ao (zty)] N [(aox)i(aoy)] #0, Va € F and Va,y € X.
2. [(a+b)oz]N|[(aocx)i(box)] #0, Va,b € F and Vz € X.
3. (ab)ox =ao (box), Va,b € F and Vz € X.
4. (—a)ox =ao(—z)=—(aox), Va € F and Vo € X.

5. r€loux, Vo e X.

Note that when F'is real, we call (X, #,0) a real weak hypervector space.

Let (X, f, 0, F) be a weak hypervector space and z € X. The essential point of aox, denoted
bY €aor, is an element of a o z such that x € a7 0 egop if @ # 0, OF €40, = 0 if a = 0 (see [4]).
They also stated that ey, is not necessarily unique .
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Example 2. [//The set C with the usual sum and the following scalar product

i0 . _
wow— {re” : 0 <r <|a||z],0 = arg(z)} =z #0,
{0} x = 0.

is a weak hypervector space on R

Definition 6. [7| An inner product on (X, f, 0, F)) is a mapping (-,-) : X x X — F such that
for every a € F and z,y, z € X we have

1. (xz,x) > 0 for x # 0,
2. (x,z) =0 if and only if x = 0,
3. Jegpy € Epyy 1 Vz € X, (2,2) + (y, 2) = (€aty, 2),

4. 3 egor € Eyop = Vy € X7a<x7y> = <€aoway>7

5. (y,z) = (z,y),
6. (u,u) < (euy, €uty), Yu € zfly, and (u,u) < (z,z), Vu € 1o x.
X with an inner product is called a hyperinner product space.

The authors of [7] showed that the above hyperinner product space has the following prop-
erties.

Proposition 2.1. Let (X, 4,0, F) be a hyperinner product space, then the following properties
hold for every x,y € X and a,b € F:

1. (0,z) = (z,0) =0,

2. <_x7y> = <$, _y> = —<$,y>,

4. {u,u) < a*(z,7), Vu€aou,
5. albox,y) = ((ab) o x,y).

Definition 7. [7] A norm on a weak hypervector space X is a mapping || - || : X — R such that
for every a € F and x, € X we have

1. ||z|| = 0 if and only if 2 = 0,
2. sup [legyll < ll=ll + [lyll,
3. sup [|a o z|| = [af||z]]

(X, ]| -||) is called a normed weak hypervector space.
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3 Schwarz inequality on hyperinner product spaces

In this section, we prove some Schwarz inequalities on hyperinner product spaces. We denote
real and imagin*ary part of a complex scalar z by R(z) and S(z), respectively i.e., R(z) = ==
and 3(z) = 5.

Definition 8. Let (X, f,0, F)) be a hyperinner product space. An open hyperball is defined as
B.(y) = {z € X :sup ||2t(—y)|| < r} and a closed hyperball as B,(y) = {x € X : sup||zf(—y)| <
r} with radius r > 0 and center at y in X where ||zf(—y)|| = {||z]| : z € z#(—y)}.

Remark 2. Now, let ||z|| = v/(z,x). It was shown in |7, Theorem 3.11| that \/(x, z) has the
properties of norm on X.

We need the following lemma in our proof of theorems.

Lemma 3.1. /7] The following relations hold
1 [{z, | < iyl

2. supllatyll = leas |
Theorem 3.1. Let (X, 4,0, F) be a hyperinner product space and y € X. If x € B,(y), then

[ + lyl* = 2R(z, y) <" (3.1)
Also, if ||y|| > r then
][Iy 1* — (R(z, y))* < r?l]|”. (3:2)

Proof. Since x € B,(y), so we have

sup [[z3(—y)[| < 7.

It follows

(sup |22(=y)I)* = sup(f|z2(—y)I)* < r*

Hence we obtain (3.1) as follows

0 < [z = 2R((z, ) + |lyl> = llz|* = (z,y) — (z,y) + ||y
(z,2) = (y,2) — (2, y) + (¥, )
= <€a:ti( —y)H & T) — <6a:g( —y)s y) Definition 6 (3)
= (€at(—y), Cat(—y))
(suplla:ti( y)[)? Lemma 3.1 (2)
< 7

If |ly|| > r then /||y[|> — 72 > 0. Dividing inequality (3.1) by \/||ly||?> — 72, we have

o) 2z y)
+VIgE= 7 < - (33)
V=7 VIgE=72

By applying the following elementary inequality

1
mp+ —q > 24/pq, for m >0 and p,q>0,
m
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0 (3.3) we have

||
2|z < W+v||y||2—7‘2~ (3.4)

From (3.3) and (3.4) we can write

2R(x,y)
VIyl? —r?

This completes the proof. O]

2j=]l <

We should note that if z,y € (X, 4,0,F), r > 0 and B,(y) = {x € X : sup ||z8(—y)| < r}
then

1
0 < [lllliyll = I, 9)| < llzlllyll = 1%z, y)] < ] llyll = Rz, y) < 5 (3:5)

For showing this we recall the inequality 2|z||||y|| < ||z||* + ||y||*. Now by inequality (3.1) we
can write
2[z ) llyll < r* + 2Rz, y)

which give the desired inequalities (3.5).
From now on, we assume that F' = R.

Remark 3. In the following two theorems, we assume that (ee]\/joyﬁ(_w),eme_moy) > 0. This
assumption can be replaced by

inf (M o yi(—z),zt(-m)oy) =0,
since the following relations hold
inf(M o yt(—z),z8(—m)oy) >0 = inf(epoyt(—2), x8e_moy) >0
= (€erroyt(—a)s Cate_moy) = 0-
It shows that the assumption (€c,;. 4(—z)s €ate_mo,) = 0 15 weaker.

Theorem 3.2. Let m,M € R and x,y € X where X 1is a hyperinner product space on a real
field. If

<€eMOy]j(f:r)a exﬁe—moy> 2 0

then 1
0 < [lz]?llyll* = [{z,y)|* < M- m|?||y|*. (3.6)
Proof. Let
= (M|ly|* = (z, v))(z, y) — m[ly[?)
and

q = <661Woyﬁ(7$)7 exﬁe—moy>7

then, we have

<e€hloyﬁ(_m 6mﬁ€7moy>
= (€Moy: Cate_moy) — (s Cate_no,) Definition 6
(€Moy, T) + (EMoys €—moy) — (T, ) — (T, €_moy) Definition 6

= M(z,y) —mM(y,y) — (z,z) + m{z,y) Proposition 2.1 (3).
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So, we have
p = Yl (Mz,y) +mlz,y) — [{z, 9)[* = mM |y
and
lyll*a = lyl*(M (2, y) +m{z,y)) = =" ly]|* — mM|ly||*.
It follows that
p = lyllPa = Iz lyl* — [z, »)I*
Since ||y||?q > 0 then we get
pP—q=p.
So,
0 < [l2l*[lyl* — [{z. p)1* < (Mlyll* =z, 9)) ((,y) —m]yl?) -

Moreover, from the following elementary inequality
< flutop
w < —|lu+v
!
for the real numbers u = M||y||> — (z,y) and v = (z,y) — m||y||?, we have

(Mllyl1* = (z,9)) ((z,9) = mllyl|*) < Z[(M —m)lly[]*|*.

| =

Therefore,
0 < el ~ )P < 1M — mPy]*
Equivalently
0 < fallPhylP < Iz, w)I? + Z1M —mP [yl
]

Theorem 3.3. Let m, M € R such that mM > 0 and x,y € X where X s a hyperinner product
space on a real field. If

<eeA{oyﬁ(_$)7 exﬂe—moy> Z O

ool < (222 o 7

which 1s a reverse Schwarz inequality on hyperinner product space.

then

Proof. Let
L = <68Moyﬁ(—r)7 extie_moy> 2 0.

By Definition 6 and Proposition 2.1, we have
L= (M(z,y) —mM(y,y) — (z,z) + m{z,y)) .
It follows that

] +mM]ly|* < m(z,y) + M(z,y)
(m + M)(z,y).
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So, we get
1

——|zlI* +

vmM

From the elementary inequality

for p,g > 0 and m > 0, we have

2| {H{lyll

Acknowledgments

IN

IN

vmM vmM

1
2pq < mp? + —¢°
m

1
[z]” + VVmM||y|?
mM

m+ M

vmM

i < ()

(x,y) (from (3.8)).
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