
ISSN 2077�9879

Eurasian

Mathematical

Journal

2017, Volume 8, Number 4

Founded in 2010 by

the L.N. Gumilyov Eurasian National University

in cooperation with

the M.V. Lomonosov Moscow State University

the Peoples' Friendship University of Russia

the University of Padua

Supported by the ISAAC

(International Society for Analysis, its Applications and Computation)

and

by the Kazakhstan Mathematical Society

Published by

the L.N. Gumilyov Eurasian National University

Astana, Kazakhstan



EURASIAN MATHEMATICAL JOURNAL

Editorial Board

Editors�in�Chief

V.I. Burenkov, M. Otelbaev, V.A. Sadovnichy

Editors

Sh.A. Alimov (Uzbekistan), H. Begehr (Germany), T. Bekjan (China), O.V. Besov (Russia),
N.A. Bokayev (Kazakhstan), A.A. Borubaev (Kyrgyzstan), G. Bourdaud (France), A. Cae-
tano (Portugal), M. Carro (Spain), A.D.R. Choudary (Pakistan), V.N. Chubarikov (Russia),
A.S. Dzumadildaev (Kazakhstan), V.M. Filippov (Russia), H. Ghazaryan (Armenia), M.L. Gold-
man (Russia), V. Goldshtein (Israel), V. Guliyev (Azerbaijan), D.D. Haroske (Germany),
A. Hasanoglu (Turkey), M. Huxley (Great Britain), M. Imanaliev (Kyrgyzstan), P. Jain (In-
dia), T.Sh. Kalmenov (Kazakhstan), B.E. Kangyzhin (Kazakhstan), K.K. Kenzhibaev (Kaza-
khstan), S.N. Kharin (Kazakhstan), E. Kissin (Great Britain), V. Kokilashvili (Georgia), V.I.
Korzyuk (Belarus), A. Kufner (Czech Republic), L.K. Kussainova (Kazakhstan), P.D. Lam-
berti (Italy), M. Lanza de Cristoforis (Italy), V.G. Maz'ya (Sweden), E.D. Nursultanov (Kaza-
khstan), R. Oinarov (Kazakhstan), K.N. Ospanov (Kazakhstan), I.N. Parasidis (Greece),
J. Pe�cari�c (Croatia), S.A. Plaksa (Ukraine), L.-E. Persson (Sweden), E.L. Presman (Rus-
sia), M.A. Ragusa (Italy), M.D. Ramazanov (Russia), M. Reissig (Germany), M. Ruzhansky
(Great Britain), S. Sagitov (Sweden), T.O. Shaposhnikova (Sweden), A.A. Shkalikov (Russia),
V.A. Skvortsov (Poland), G. Sinnamon (Canada), E.S. Smailov (Kazakhstan), V.D. Stepanov
(Russia), Ya.T. Sultanaev (Russia), I.A. Taimanov (Russia), T.V. Tararykova (Great Britain),
J.A. Tussupov (Kazakhstan), U.U. Umirbaev (Kazakhstan), Z.D. Usmanov (Tajikistan), N.
Vasilevski (Mexico), Dachun Yang (China), B.T. Zhumagulov (Kazakhstan)

Managing Editor

A.M. Temirkhanova

c© The Eurasian National University



Aims and Scope
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MathSciNet, Zentralblatt Math (ZMATH), Referativnyi Zhurnal � Matematika, Math-Net.Ru.
The EMJ is included in the list of journals recommended by the Committee for Control of

Education and Science (Ministry of Education and Science of the Republic of Kazakhstan) and in
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The procedure of reviewing a manuscript, established
by the Editorial Board of the Eurasian Mathematical Journal

1. Reviewing procedure
1.1. All research papers received by the Eurasian Mathematical Journal (EMJ) are subject

to mandatory reviewing.
1.2. The Managing Editor of the journal determines whether a paper �ts to the scope of the

EMJ and satis�es the rules of writing papers for the EMJ, and directs it for a preliminary review
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taken into account is sent to the same reviewer for additional reviewing.
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MUKHTARBAY OTELBAEV

(to the 75th birthday)

On October 3, 2017 was the 75th birthday of Mukhtarbay Otel-
baev, Doctor of Physical and Mathematical Sciences (1978), Pro-
fessor (1983), academician of the National Academy of Sciences of
the Republic of Kazakhstan (2004), Honored Worker of the Repub-
lic of Kazakhstan (2012), laureate of the State Prize of the Republic
of Kazakhstan in the �eld of science and technology (2007), Direc-
tor of the Eurasian Mathematical Institute (since 2001), Professor
of the Department â�»Fundamental Mathematicsâ��ê of the L.N.
Gumilyov Eurasian National University, the editor-in-chief of the
Eurasian Mathematical Journal (together with V.I. Burenkov and
V.A. Sadovnichy).

M. Otelbaev was born in the village of Karakemer of the Kurdai
district, Zhambyl region. He graduated from the M.V. Lomonosov

Moscow State University (1969) and then completed his postgraduate studies at the same uni-
versity (1972). There he defended his doctor of sciences thesis (1978).

Professor Otelbaev's scienti�c interests are related to functional analysis, di�erential equa-
tions, computational mathematics, and theoretical physics.

He introduced the q-averaging, which is now called the Otelbaev function; using it he ob-
tained a number of fundamental results. For embedding of the Sobolev weighted spaces and the
resolvent of the Schrödinger operator, he established criterions for the compactness and �niteness
of the type, as well as estimates of the eigenvalues of the Schrödinger and Dirac operators that
are exact in order. He was the �rst to establish that there is no universal asymptotic formula
for the distribution function of the Sturm-Liouville operator. He obtained e�ective conditions
for the separation of the di�erential operators with nonsmooth and oscillating coe�cients, he
developed an abstract theory of extension and contraction of operators which are not necessarily
linear in linear topological spaces. M. Otelbaev proposed a new numerical method for solving
boundary value problems, and a method for approximate calculation of eigenvalues and eigen-
vectors of compact operators. He obtained the fundamental results in the theory of nonlinear
evolution equations and in theoretical physics.

He has published more than 70 scienti�c papers in leading international journals entering the
rating lists of Thomson Reuters and Scopus. Under his supervision 70 postgraduate students
have defended their candidate of sciences theses, 9 of them became doctors of sciences. In 2006
and 2011 he was awarded the state grant "The best university teacher".

The Editorial Board of the Eurasian Mathematical Journal congratulates Mukhtarbay Otel-
baev on the occasion of his 75th birthday and wishes him good health and new achievements in
mathematics and mathematical education.



Award for the Eurasian Mathematical Journal

Dear readers, authors, reviewers and members of the Editorial Board of the Eurasian
Mathematical Journal,

we are happy to inform you that in November 2017 the Eurasian Mathematical Journal was
awarded the title "Leader of Science 2017" by the National Center of State Scienti�c-Technical
Expertise of the Committee of Science of the Ministry of Education and Science of the Republic
of Kazakhstan in the nomination "Leader of Kazakhstan Scienti�c Publications" for the high
level of publication activities and high level of citations in Web of Science Core Collection in
2014-2016.

Recall that the Eurasian Mathematical Journal was founded by the L.N. Gumilyov Eurasian
National University in 2010 in co-operation with the M.V. Lomonosov Moscow State University,
the Peoples' Friendship University of Russia and the University of Padua (see [1]).

The journal pulishes carefully selected original research papers in all areas of mathematics,
survey papers, and short communications. It publishes 4 issues in a year. The language of the
paper must be English only. Papers accepted for publication are edited from the point of view
of English.

More than 280 papers were published written by mathematicians from more than 40 countries
representing all continents.

In 2014 the journal was registered in Scopus and in September 2014 the Elsevier-Kazakhstan
Research Excellence Forum was held at the L.N. Gumilyov Eurasian National University dedi-
cated to this occasion in which the Elsevier Chairman Professor Y.S. Chi participated (see [3]
for details).

In 2015 the Eurasian Mathematical Journal was included in the list of Scopus mathematical
journals, quartile Q4, and it is on the way to entering quartile Q3 (see [3]).

Attached is the invitation letter to the Rector of the L.N. Gumilyov Eurasian National
University Professor E.B. Sydykov to the ceremony of awarding, which took place in Almaty on
November 8, 2017.

On behalf of the Editorial Board of the EMJ V.I. Burenkov, E.D. Nursultanov,
T.Sh. Kalmenov, R. Oinarov, M. Otelbaev, T.V. Tararykova, A.M. Temirkhanova
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Abstract. In this paper, by applying a new de�nition of a hyperinner product, we establish
some reverse Schwarz inequalities on hyperinner product spaces over the real or complex �elds
which also gives some interesting reverse Schwarz inequalities in the classic inner product spaces.

1 Introduction

The algebraic hyperstructure is a generalization of the concept of the algebraic structure. In the
usual algebraic structure the composition of two elements is a single element but in the algebraic
hyperstructure the composition of two elements is a set. The hyperstructure was �rst introduced
by F. Marty [3] in 1934 and has attracted attention of many authors in last decades and has
constructed some other structures such as hyperrings, hypergroups, hypermodules, hyper�elds,
and hypervector spaces. These constructions have been applied to many disciplines such as
geometry, hypergraphs, binary relations, combinatorics, codes, cryptography, probability, etc. A
wealth of applications of these concepts are given in [1] and [2].

In 1988, the concept of hypervector space was �rst introduced by Scafati-Tallini. The authors
in [4]-[6] and the references therein, considered hypervector spaces in the viewpoint of analysis.
In mentioned papers, the authors introduce such concepts as dimension of hypervector spaces,
normed hypervector spaces, operators on these spaces and other important concepts. The au-
thors in [7] introduced a new de�nition of an inner product on a hypervector space with the
hyperoperations sum and scalar product over the real or complex �elds.

In [8], we proved some reverse Schwarz inequalities for inde�nite inner product space which
gives some generalizations of the following inequality

|[x, y]J |2 ≥ [x, x]J [y, y]J (1.1)

where J is a Hermitian involution i.e., J = J∗ = J−1 and x, y ∈ Cn where Cn is a n-dimensional
vector space with an inde�nite inner product.

In this paper, we prove some reverse Schwarz inequalities on hyperinner product spaces over
the real or complex �elds. Some of our ideas come from the paper [8].

2 Preliminaries

De�nition 1. [9] A hyperoperation over a non-empty set X is a mapping of X ×X into the set

of all non-empty subsets of X.
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De�nition 2. [9] A non-empty setX with exactly one hyperoperation ] is called a hypergroupoid

. Let (X, ]) be a hypergroupoid, for every point x ∈ X and every non-empty subset A of X, we

de�ne x]A = ∪x∈Ax]a.

De�nition 3. [7] A hypergroupoid (X, ]) is said to be a hypergroup if it contains an element 0

such that

1. (x]y)]z ∩ x](y]z) 6= ∅ for all x, y, z ∈ X,

2. 0 is an unique element in X such that for every x ∈ X there exists an unique element

y ∈ X for which 0 ∈ x]y and 0 ∈ y]x. In this case we denote y by −x,

3. x ∈ ((x]y)](−y)) ∩ (x]0) for all x, y ∈ X.

(X, ]) is said to be a commutative hypergroup when x]y = y]x for all x, y ∈ X.

Example 1. [7]Let α be a real number with 0 < α < 1 and for x, y ∈ R2 de�ne

x]y = {reiθ : α|x+ y| < r < |x+ y|, θ = arg(x+ y)};

i.e., the set of all points in R2 belonging to the line segment whose vertices are the α(x+ y) and

x+ y. It is easy to see that (R2, ]) is a hypergroup.

De�nition 4. [7] Let (X, ]) be a hypergroup and x, y ∈ X. The essential point of x]y, denoted

by ex]y, is an element of x]y such that x ∈ ex]y](−y) if 0 /∈ x]y, or ex]y = 0 if 0 ∈ x]y.

Remark 1. It was mentioned in [7] that ex]y is not necessarily unique . Hence, we denote the

set of all the essential points of x]y by Ex]y.

Here, by applying the obtained results from [7], we introduce a new de�nition of a weak
hypervector space and then a de�nition of a hyperinner product is established on it.

We assume that the �eld F is real or complex.

De�nition 5. Let (X, ]) be a commutative hypergroup. Then (X, ], ◦, F ) is said to be a weak

hypervector space or a weak hyperspace over the �eld F if there exists a hyperoperation ◦ :

F ×X → P ∗(X) which P ∗(X) is the power set without the empty set, such that

1. [a ◦ (x]y)] ∩ [(a ◦ x)](a ◦ y)] 6= ∅, ∀a ∈ F and ∀x, y ∈ X.

2. [(a+ b) ◦ x] ∩ [(a ◦ x)](b ◦ x)] 6= ∅, ∀a, b ∈ F and ∀x ∈ X.

3. (ab) ◦ x = a ◦ (b ◦ x), ∀a, b ∈ F and ∀x ∈ X.

4. (−a) ◦ x = a ◦ (−x) = −(a ◦ x), ∀a ∈ F and ∀x ∈ X.

5. x ∈ 1 ◦ x, ∀x ∈ X.

Note that when F is real, we call (X, ], ◦) a real weak hypervector space.

Let (X, ], ◦, F ) be a weak hypervector space and x ∈ X. The essential point of a◦x, denoted
by ea◦x, is an element of a ◦ x such that x ∈ a−1 ◦ ea◦x if a 6= 0, or ea◦x = 0 if a = 0 (see [4]).
They also stated that ea◦x is not necessarily unique .
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Example 2. [4]The set C with the usual sum and the following scalar product

a ◦ x =

{
{reiθ : 0 ≤ r ≤ |a||x|, θ = arg(x)} x 6= 0,

{0} x = 0.

is a weak hypervector space on R

De�nition 6. [7] An inner product on (X, ], ◦, F ) is a mapping 〈·, ·〉 : X × X → F such that

for every a ∈ F and x, y, z ∈ X we have

1. 〈x, x〉 > 0 for x 6= 0,

2. 〈x, x〉 = 0 if and only if x = 0,

3. ∃ ex]y ∈ Ex]y : ∀z ∈ X, 〈x, z〉+ 〈y, z〉 = 〈ex]y, z〉,

4. ∃ ea◦x ∈ Ea◦x : ∀y ∈ X, a〈x, y〉 = 〈ea◦x, y〉,

5. 〈y, x〉 = 〈x, y〉,

6. 〈u, u〉 ≤ 〈ex]y, ex]y〉, ∀u ∈ x]y, and 〈u, u〉 ≤ 〈x, x〉, ∀u ∈ 1 ◦ x.

X with an inner product is called a hyperinner product space.

The authors of [7] showed that the above hyperinner product space has the following prop-
erties.

Proposition 2.1. Let (X, ], ◦, F ) be a hyperinner product space, then the following properties

hold for every x, y ∈ X and a, b ∈ F :

1. 〈0, x〉 = 〈x, 0〉 = 0,

2. 〈−x, y〉 = 〈x,−y〉 = −〈x, y〉,

3. 〈x, ea◦x〉 = ā〈x, y〉,

4. 〈u, u〉 ≤ a2〈x, x〉, ∀u ∈ a ◦ x,

5. a〈b ◦ x, y〉 = 〈(ab) ◦ x, y〉.

De�nition 7. [7] A norm on a weak hypervector space X is a mapping ‖ · ‖ : X → R such that

for every a ∈ F and x,∈ X we have

1. ‖x‖ = 0 if and only if x = 0,

2. sup ‖x]y‖ ≤ ‖x‖+ ‖y‖,

3. sup ‖a ◦ x‖ = |a|‖x‖.

(X, ‖ · ‖) is called a normed weak hypervector space.
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3 Schwarz inequality on hyperinner product spaces

In this section, we prove some Schwarz inequalities on hyperinner product spaces. We denote
real and imaginary part of a complex scalar z by <(z) and =(z), respectively i.e., <(z) = z+z∗

2

and =(z) = z−z∗
2i

.

De�nition 8. Let (X, ], ◦, F ) be a hyperinner product space. An open hyperball is de�ned as

Br(y) = {x ∈ X : sup ‖x](−y)‖ < r} and a closed hyperball as Br(y) = {x ∈ X : sup ‖x](−y)‖ ≤
r} with radius r > 0 and center at y in X where ‖x](−y)‖ = {‖z‖ : z ∈ x](−y)}.

Remark 2. Now, let ‖x‖ =
√
〈x, x〉. It was shown in [7, Theorem 3.11] that

√
〈x, x〉 has the

properties of norm on X.

We need the following lemma in our proof of theorems.

Lemma 3.1. [7] The following relations hold

1. |〈x, y〉| ≤ ‖x‖‖y‖.

2. sup ‖x]y‖ = ‖ex]y‖.

Theorem 3.1. Let (X, ], ◦, F ) be a hyperinner product space and y ∈ X. If x ∈ Br(y), then

‖x‖2 + ‖y‖2 − 2<〈x, y〉 ≤ r2. (3.1)

Also, if ‖y‖ > r then

‖x‖2‖y‖2 − (<〈x, y〉)2 ≤ r2‖x‖2. (3.2)

Proof. Since x ∈ Br(y), so we have

sup ‖x](−y)‖ ≤ r.

It follows

(sup ‖x](−y)‖)2 = sup(‖x](−y)‖)2 ≤ r2.

Hence we obtain (3.1) as follows

0 ≤ ‖x‖2 − 2<(〈x, y〉) + ‖y‖2 = ‖x‖2 − 〈x, y〉 − 〈x, y〉+ ‖y‖2

= 〈x, x〉 − 〈y, x〉 − 〈x, y〉+ 〈y, y〉
= 〈ex](−y), x〉 − 〈ex](−y), y〉 De�nition 6 (3)

= 〈ex](−y), ex](−y)〉
= (sup ‖x](−y)‖)2 Lemma 3.1 (2)

≤ r2.

If ‖y‖ > r then
√
‖y‖2 − r2 > 0. Dividing inequality (3.1) by

√
‖y‖2 − r2, we have

‖x‖2√
‖y‖2 − r2

+
√
‖y‖2 − r2 ≤ 2<〈x, y〉√

‖y‖2 − r2
. (3.3)

By applying the following elementary inequality

mp+
1

m
q ≥ 2

√
pq, for m > 0 and p, q ≥ 0,
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to (3.3) we have

2‖x‖ ≤ ‖x‖2√
‖y‖2 − r2

+
√
‖y‖2 − r2. (3.4)

From (3.3) and (3.4) we can write

2‖x‖ ≤ 2<〈x, y〉√
‖y‖2 − r2

.

This completes the proof.

We should note that if x, y ∈ (X, ], ◦, F ), r > 0 and Br(y) = {x ∈ X : sup ‖x](−y)‖ < r}
then

0 ≤ ‖x‖‖y‖ − |〈x, y〉| < ‖x‖‖y‖ − |<〈x, y〉| < ‖x‖‖y‖ − <〈x, y〉 < 1

2
r2. (3.5)

For showing this we recall the inequality 2‖x‖‖y‖ < ‖x‖2 + ‖y‖2. Now by inequality (3.1) we
can write

2‖x‖‖y‖ < r2 + 2<〈x, y〉

which give the desired inequalities (3.5).
From now on, we assume that F = R.

Remark 3. In the following two theorems, we assume that 〈eeM◦y](−x), ex]e−m◦y〉 ≥ 0. This

assumption can be replaced by

inf〈M ◦ y](−x), x](−m) ◦ y〉 ≥ 0,

since the following relations hold

inf〈M ◦ y](−x), x](−m) ◦ y〉 ≥ 0 ⇒ inf〈eM◦y](−x), x]e−m◦y〉 ≥ 0

⇒ 〈eeM◦y](−x), ex]e−m◦y〉 ≥ 0.

It shows that the assumption 〈eeM◦y](−x), ex]e−m◦y〉 ≥ 0 is weaker.

Theorem 3.2. Let m,M ∈ R and x, y ∈ X where X is a hyperinner product space on a real

�eld. If

〈eeM◦y](−x), ex]e−m◦y〉 ≥ 0

then

0 ≤ ‖x‖2‖y‖2 − |〈x, y〉|2 ≤ 1

4
|M −m|2‖y‖4. (3.6)

Proof. Let

p := (M‖y‖2 − 〈x, y〉)(〈x, y〉 −m‖y‖2)

and

q := 〈eeM◦y](−x), ex]e−m◦y〉,

then, we have

q = 〈eeM◦y](−x), ex]e−m◦y〉
= 〈eM◦y, ex]e−m◦y〉 − 〈x, ex]e−m◦y〉 De�nition 6

= 〈eM◦y, x〉+ 〈eM◦y, e−m◦y〉 − 〈x, x〉 − 〈x, e−m◦y〉 De�nition 6

= M〈x, y〉 −mM〈y, y〉 − 〈x, x〉+m〈x, y〉 Proposition 2.1 (3).
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So, we have

p = ‖y‖2(M〈x, y〉+m〈x, y〉)− |〈x, y〉|2 −mM‖y‖4

and

‖y‖2q = ‖y‖2(M〈x, y〉+m〈x, y〉)− ‖x‖2‖y‖2 −mM‖y‖4.

It follows that

p− ‖y‖2q = ‖x‖2‖y‖2 − |〈x, y〉|2.

Since ‖y‖2q ≥ 0 then we get

p− q ≤ p.

So,

0 ≤ ‖x‖2‖y‖2 − |〈x, y〉|2 ≤ (M‖y‖2 − 〈x, y〉)
(
〈x, y〉 −m‖y‖2

)
.

Moreover, from the following elementary inequality

uv ≤ 1

4
|u+ v|2

for the real numbers u = M‖y‖2 − 〈x, y〉 and v = 〈x, y〉 −m‖y‖2, we have

(
M‖y‖2 − 〈x, y〉

) (
〈x, y〉 −m‖y‖2

)
≤ 1

4
|(M −m)‖y‖2|2.

Therefore,

0 ≤ ‖x‖2‖y‖2 − |〈x, y〉|2 ≤ 1

4
|M −m|2‖y‖4.

Equivalently

0 ≤ ‖x‖2‖y‖2 ≤ |〈x, y〉|2 +
1

4
|M −m|2‖y‖4.

Theorem 3.3. Let m,M ∈ R such that mM > 0 and x, y ∈ X where X is a hyperinner product

space on a real �eld. If

〈eeM◦y](−x), ex]e−m◦y〉 ≥ 0

then

‖x‖‖y‖ ≤
(
M +m

2
√
mM

)
〈x, y〉 (3.7)

which is a reverse Schwarz inequality on hyperinner product space.

Proof. Let

L := 〈eeM◦y](−x), ex]e−m◦y〉 ≥ 0.

By De�nition 6 and Proposition 2.1, we have

L = (M〈x, y〉 −mM〈y, y〉 − 〈x, x〉+m〈x, y〉) .

It follows that

‖x‖2 +mM‖y‖2 ≤ m〈x, y〉+M〈x, y〉
= (m+M)〈x, y〉.
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So, we get
1√
mM

‖x‖2 +
mM√
mM

‖y‖2 ≤
(
m+M√
mM

)
〈x, y〉. (3.8)

From the elementary inequality

2pq ≤ mp2 +
1

m
q2

for p, q ≥ 0 and m > 0, we have

2‖x‖‖y‖ ≤ 1√
mM

‖x‖2 +
√
mM‖y‖2

≤ m+M√
mM

〈x, y〉 (from (3.8)).
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