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MUKHTARBAY OTELBAEV
(to the 75th birthday)

On October 3, 2017 was the 75th birthday of Mukhtarbay Otel-
baev, Doctor of Physical and Mathematical Sciences (1978), Pro-
fessor (1983), academician of the National Academy of Sciences of
the Republic of Kazakhstan (2004), Honored Worker of the Repub-
lic of Kazakhstan (2012), laureate of the State Prize of the Republic
of Kazakhstan in the field of science and technology (2007), Direc-
tor of the Eurasian Mathematical Institute (since 2001), Professor
of the Department s BmFundamental Mathematicss Dk of the L.N.
Gumilyov Eurasian National University, the editor-in-chief of the
Eurasian Mathematical Journal (together with V.I. Burenkov and
V.A. Sadovnichy).

M. Otelbaev was born in the village of Karakemer of the Kurdai
district, Zhambyl region. He graduated from the M.V. Lomonosov
Moscow State University (1969) and then completed his postgraduate studies at the same uni-
versity (1972). There he defended his doctor of sciences thesis (1978).

Professor Otelbaev’s scientific interests are related to functional analysis, differential equa-
tions, computational mathematics, and theoretical physics.

He introduced the g-averaging, which is now called the Otelbaev function; using it he ob-
tained a number of fundamental results. For embedding of the Sobolev weighted spaces and the
resolvent of the Schrodinger operator, he established criterions for the compactness and finiteness
of the type, as well as estimates of the eigenvalues of the Schrodinger and Dirac operators that
are exact in order. He was the first to establish that there is no universal asymptotic formula
for the distribution function of the Sturm-Liouville operator. He obtained effective conditions
for the separation of the differential operators with nonsmooth and oscillating coefficients, he
developed an abstract theory of extension and contraction of operators which are not necessarily
linear in linear topological spaces. M. Otelbaev proposed a new numerical method for solving
boundary value problems, and a method for approximate calculation of eigenvalues and eigen-
vectors of compact operators. He obtained the fundamental results in the theory of nonlinear
evolution equations and in theoretical physics.

He has published more than 70 scientific papers in leading international journals entering the
rating lists of Thomson Reuters and Scopus. Under his supervision 70 postgraduate students
have defended their candidate of sciences theses, 9 of them became doctors of sciences. In 2006
and 2011 he was awarded the state grant "The best university teacher".

The Editorial Board of the Eurasian Mathematical Journal congratulates Mukhtarbay Otel-
baev on the occasion of his 75th birthday and wishes him good health and new achievements in
mathematics and mathematical education.




Award for the Eurasian Mathematical Journal

Dear readers, authors, reviewers and members of the Editorial Board of the Eurasian
Mathematical Journal,

we are happy to inform you that in November 2017 the Eurasian Mathematical Journal was
awarded the title "Leader of Science 2017" by the National Center of State Scientific-Technical
Expertise of the Committee of Science of the Ministry of Education and Science of the Republic
of Kazakhstan in the nomination "Leader of Kazakhstan Scientific Publications" for the high
level of publication activities and high level of citations in Web of Science Core Collection in
2014-2016.

Recall that the Eurasian Mathematical Journal was founded by the L.N. Gumilyov Eurasian
National University in 2010 in co-operation with the M.V. Lomonosov Moscow State University,
the Peoples’ Friendship University of Russia and the University of Padua (see [1]).

The journal pulishes carefully selected original research papers in all areas of mathematics,
survey papers, and short communications. It publishes 4 issues in a year. The language of the
paper must be English only. Papers accepted for publication are edited from the point of view
of English.

More than 280 papers were published written by mathematicians from more than 40 countries
representing all continents.

In 2014 the journal was registered in Scopus and in September 2014 the Elsevier-Kazakhstan
Research Excellence Forum was held at the L.N. Gumilyov Eurasian National University dedi-
cated to this occasion in which the Elsevier Chairman Professor Y.S. Chi participated (see [3]
for details).

In 2015 the Eurasian Mathematical Journal was included in the list of Scopus mathematical
journals, quartile Q4, and it is on the way to entering quartile Q3 (see [3]).

Attached is the invitation letter to the Rector of the L.N. Gumilyov Eurasian National
University Professor E.B. Sydykov to the ceremony of awarding, which took place in Almaty on
November 8, 2017.

On behalf of the Editorial Board of the EMJ V.I. Burenkov, E.D. Nursultanov,
T.Sh. Kalmenov, R. Oinarov, M. Otelbaev, T.V. Tararykova, A.M. Temirkhanova
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Abstract. Let (M, g) be an n-dimensional Riemannian manifold and 7'M its tangent bundle
equipped with Riemannian g—natural metrics which are linear combinations of the three classical
lifts of the base metric with constant coefficients. The purpose of the present paper is three-fold.
Firstly, to study conditions for the tangent bundle T'M to be locally conformally flat. Secondly, to
define a metric connection on the tangent bundle 7'M with respect to the Riemannian g—natural
metric and study some its properties. Finally, to classify affine Killing and Killing vector fields
on the tangent bundle T'M.

1 Introduction

Let (M,g) be a Remannian manifold. On the tangent bundle T'M of M one can construct
several (pseudo-) Riemannian metrics obtained by lifting the metric g from the base manifold
M to the tangent bundle T'M. The first known Riemannian metric which is called the Sasaki
metric on the tangent bundle was constructed by S. Sasaki in [16]. It was shown in many papers
that the study of some geometric properties of the tangent bundle endowed with the Sasaki
metric led to the flatness of the base manifold (for recent survey related to the Sasaki metric,
see [7]). In the next years, using, in particular, various kinds of classical lifts of the metric ¢
from M to T'M, some authors were interested in finding other lifted metrics on the tangent
bundles, with quite interesting properties (e.g. [4, 5, 6, 15, 18, 20]). According to this concept
of lift, the Sasaki metric is no other than the diagonal lift of the base metric. V. Oproiu and
his collaborators constructed natural metrics on the tangent bundles of Riemannian manifolds
possessing interesting geometric properties ([11, 12, 13, 14]). All metrics mentioned above belong
to a wide class of the so-called g-natural metrics on the tangent bundle, initially classified by O.
Kowalski and M. Sekizawa [10]| and fully characterized by M.T.K Abbassi and M. Sarih [1, 2, 3]
(see also [9] for other presentation of the basic result from [10]).

In this paper we consider a tangent bundle T'M equipped with a Riemanian g—natural
metrics of the form G = a®g + b g + ¢V g, where a, b and ¢ are constants satisfying a > 0 and
a(a + c) — b* > 0, generated by the classical lifts: the Sasaki metric ®g, the horizontal lift 7 g
and the vertical lift V¢ of g. The Riemanian g-natural metric G is a particular subclass of all
Riemannian g—natural metrics on TM in [1|. In [4], M.T.K. Abbassi and M. Sarih proved that
the Riemanian g—natural metric G is as rigid as the Sasaki metric in the following sense: if
(T'M, Q) is a space of constant scalar curvature, then (M, g) is flat. Our aim is to study some
properties of the Riemanian g—natural metric G in terms of adapted frame which allows the
tensor calculus to be efficiently done in T'M.
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Throughout this paper, all manifolds, tensor fields and connections are always assumed to
be differentiable of class C*°. Also, we denote by I7(M) the set of all tensor fields of type (p, q)
on M, and by SE(T'M) the corresponding set on the tangent bundle 7M.

2 Preliminaries

Let M be an n-dimensional Riemannian manifold and denote by 7 : TM — M its tangent bundle
which fibres the tangent spaces to M. Then T'M is a 2n—dimensional smooth manifold and some
local charts induced naturally from local charts on M may be used. Namely a system of local

coordinates (U, %) in M induces on TM a system of local coordinates <7r*1 (U), 2!, 2t = y"> :

i=mn+1i=mn+1,..2n, where (3) is the cartesian coordinates in each tangent space TpM
at P € M with respect to the natural base {% p}, P being an arbitrary point in U whose
coordinates are (). Summation over repeated indices is always assumed.

Let X = X"% be the local expression in U of a vector field X on M. Then the vertical lift
VX and the horizontal lift # X of X are given, with respect to the induced coordinates, by

VX = X0, (2.1)
BX = X'0; — T X0, (2.2)
where 0; = 5%, 9; = 8‘; and I, are the coefficients of the Levi-Civita connection V of g.

Let S be a (p, ¢)—tensor field on M, q > 1. We then consider the tensor field 4.5 € %5_1(T]\/[)
on 71 (U) defined by
Y8 = (Y S0 © .. © 0; © da @ ... @ da'
with respect to the induced coordinates (z*,y")([20], p. 12). The tensor field 7S defined on each

71 (U) determines global tensor field on TM. For any C' € 1 (M), we easily see that yC has
components, with respect to the induced coordinates (z°, y*),

(vC) = y°CLo-. (2.3)

Also, note that (yO)(Vf) =0, f € SY(M) , i.e. vC is a vertical vector field on T'M.

With the connection V, of g on M, we can introduce on each induced coordinate neighbour-
hood 771(U) of TM a frame field which is very useful in our computation. The adapted frame
on 7 1(U) consists of the following 2n linearly independent vector fields:

E; = 9;—y'Ty0

b = 0.
We write the adapted frame as {Ez} = {Ej, E;}. Straightforward calculations give the following
lemma.

Lemma 2.1. |19, 20| The Lie brackets of the adapted frame of TM satisfy the following identi-
ties:

[Ejv Ej] = bei]%Eav

[Ej, E5| = T Eq,

[E5 Ei] = 0,

where R, denote the components of the curvature tensor of M.
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Using (2.1), (2.2) and (2.3), we have

iX = X7E;, (2.4)
\% _ Bnl
X =XE;, (2.5)
and
~C = ySC'gE;- (2.6)

with respect to the adapted frame {Ez} (for details, see [20]).
3 On locally conformally flat tangent bundles with Riemannian
g—matural metrics of the form G =a°g+bfg+c"yg

The Riemannian g—natural metric G = a®g + b g+ ¢V g on the tangent bundle TM over the
Riemannian manifold (M, g) is defined by the following three equations:

G(XY) = (a+)" (9(X,Y)), (3.1)
GYXHEY)=G"X,YY)=b"(9(X,Y)), (3.2)
GVX,YY)=d"(g(X,Y)) (3.3)

for all X,Y € S3(M), where the inequalities @ > 0 and a(a + ¢) — b* > 0 hold [4].
If g = g;jdz'da? is the expression of the Riemannian metric g on M, then from (3.1)-(3.3),
the Riemannian g—natural metric G is expressed in the adapted local frame by

G = (Gug) = (a+c)gij bgij (3.4)
o bgij agij ) '
For the Levi-Civita connection of the Riemannian g—natural metric GG, we have the following.

Proposition 3.1. [4| Let (M, g) be a Riemannian manifold, ¥V its Levi-Civita connection and
R its curvature tensor. Then the corresponding Levi-Civita connection V of T M with the Rie-
mannian g-natural metric of the form G = a®g +b" g+ cVg is characterized by the following
equalities

i) Vax 1y = T(VxY)+ % HIR(y, X)Y + R(y,Y)X] (3.5)
vy - D rxvy),
i) Vax VY = —% HR(Y, ) X)+ V(VxY)+ % V(R(Y,y)X),
iii) Vvy 1Y = —% H(R(X,y)Y + % V(R(X,y)Y),

iU) ﬁvX VY = 0

for all X, Y € S4(M), where a = a(a + ¢) — b* and the inequalities a > 0 and a(a + ¢) — b* > 0
hold.
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For the tangent bundle (T'M, G), the conformal curvature tensor C is given by:

~ ~ 1 ~ ~ ~ ~
Coq/ﬁa - Raryﬁo‘ - W(G’YUR&B_GQURWﬂ_’—Gaﬁ R/ya_ G’Yﬁ Raa)
S
+2(71 —1)(2n—1) (GapGro — GaolGyp)-

A Riemannian manifold (M, g) (dim M > 4) is called locally conformally flat if the conformal
curvature tensor C' = 0. In this section, we shall prove the following theorem.

Theorem 3.1. Let M be an n—dimensional Riemannian manifold and TM its tangent bundle
with the Riemannian g—natural metric G = a®g+b"g+cYg, such that a > 0 and a(a+c) —b* >
0. The tangent bundle T'M 1is locally conformally flat if and only if M is locally flat and the
Riemannian g—natural metric G is of the form G = a(®g + g) +cVg.

Now, let us consider the formula %Ea Es = leﬁEv with respect to the adapted frame {Ej},

where flﬁ denote the components of the Levi-Civita connection V of G. On taking account of
(3.5) for the cases VX = E;, "X = E; and VY = E;, 'Y = Ej, we have the following.

Lemma 3.1. The Levi-Civita connection V of ('M,G) is characterized by the following equal-
ities

( ab s s h (CL +_C) s
VE {F 2 20éy (st’; + R]sz)}Eh + { y RZS] 200 RZ]Z}EE’
VELEL = {__%y SRJSZL}E}I + {F _ySR]sz} ho (36)
. ab
VE{E {__ystsj}Eh + {_yst]}Eh’
\ %EI‘EJ =0,

with respect to the adapted frame {Ez}, where FZ, and Ry,;; ° respectively, denole the components

of the Levi-Civita connection V and the curvature tensor field R of g on M with respect to the
natural frame {0;}.

The Riemannian curvature tensor R of (T'M, Q) is obtained from the well-known formula
R(X.¥)Z=VVsZ - VeVsZ - VigyZ

for all X,Y, Z € S(TM). For pairs X = E,, By and Y = Ej, B and Z = Ej, E;, by Lemma 2.1
and 3.1, we get the following lemma.
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Lemma 3.2. The components of the curvature tensor R of (T'M,G) are as follows:

(i) R(E, E;)E;

b
— { R,.f+ ;—ays (Vi (Rpnst + Rjont) = Vi (Ri;* + Rji")]
2
+Z_ypys [Rhsrr’fRij RhS'LkRm]p - 2Rmzs th] :|
2b2
+ﬂy y [Rmsi]f (Ripj + ijz ) - Rishk (Rmpj + Rme)] }Ek

2
+{l; VR b= ViR, ] + LT

F- ViR,

* ViRt — ViR,

e }
3

b
+27ypys [Rsmflltc (Rzm t Ry ) + R (Rmm + Rypm)]

ab
+— 9"y Ryt (R,,;"

k
Aoy ipj T ij ) = Ripg (Rmm + ijm)
k k
+Rhsz Rm]p Rhstijp +2Rmzs th] }E

(id) R(Ew, E;)

ab a’b?

CL2 s a3b D, S h h
5 Y jsm -V R]sz ) @y Y [ijz Rmsh ijm sth } Ek
+ {Rng +5- 20 (V R]sz -V, Rgsm) 40./2 ypys [R]pthsmh + R]pm sth }

+ _O{y y [Rmth - thskR' h] } EE

Jpi Jpm

ab a?
= {_a<Rm7'] + R]zm ) - _ysv R

zsy

ab
+ @ypy [Rip]hRmsh Rishk (Rmp;'l + R]pﬂil)] } Ek

P2 b o
+ {—R U O “— VR + Py R R,

o M 20 mji 4o

mpj jpm ) smh

a’b? D s k h k
+ Ty Yy [Rish (R +R +Ripj R } EE

a’b
_‘_@ypys [Rmpi]z (R]sz + sty ) - RishkR h] } Ek

mpj
v . ala+c) . ab |
+ {ERzmj - TRijm 2 v Rmsy
a’b? .

- rﬂypys [Rmsh (ijih + Ripjh) + Rmm Ry }

a? )
_4_y Y sth Rmp] } EE
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() B(E, BB — { TR c_ @ er iR nlp
my =)y ji Aoy ny ish ]pm k

+ {_Rﬂm 402 ypy Rish ijm } EE

N T CL2 CZ4 s
(vi) R(Em, Ez‘)E} = {__aijik + @ypy RmshRJm }Ek

2
ab a’b
+ {%ijf 220V R, Rjp }Ek
.. = CL2 CL4 S
(vid) R(Em, E)E; = {ERW-’“ + 1V (R By — Rish’“Rmm}}Ek

ab k a’b s k k
+ {_le] N @ypy [RmshR - sth Rmp]:| EE

«
(viii) R(Em, ;) E; =0

with respect to the adapted frame {Eg}, where a = a(a + ¢) — b* (for invariant forms of R, see

14]).

Let ﬁaﬁ = Ea'aﬁ ? denote the components of Ricci tensor of (T'M,G). From Lemma 3.2 we
have

Lemma 3.3. The components Eag of the Ricci tensor of (IT'M,G) are as follows:

4
N D a s m
(Z) Rﬁ = _4_2y Yy sth R_]pm
S ab a?
(ZZ) Rﬁ = _ﬁRﬂ + — 2
a*b
_ﬂy Yy Rpjm Rszh )

= ab a
(ZZZ) Rf~ = ——Rij—i—%

©J 92
a’b
~1a2Y "Y' R, DR
L= b? ab
(ZU) Rij = (1 — E)RU + %
2
a s m m
+4_ypy (Rshi ijp + has Rmp] - 2Rmzs thj )
2b2 -
_ﬁy Yy (Rish Rmp] + sth ijrr?)

Yy (VsRji — V,Ry;)

2

?/s(vst’j - Vist)

sgh )

yS(QVSRij - V,‘st - VjRis)

with respect to the adapted frame {Eg} .

The scalar curvature S of (TM,G) is defined by S = Gaﬂéaﬁ, where G*? denote the com-
ponents of the inverse matrix of (Gap) in (3.4) which has the following local expression:

ik _ b gk
-1 _ (B7) — ad 29
G - (G ) - ( _ggjk (a(—:c)gjk ) .

In view of Lemma 3.3, the following result is obtained.
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Lemma 3.4. The scalar curvature S of (TM,QG) is given by

. 3

S = _S_ a_y y Rp”mR sz

o 204
where S denote the scalar curvature of (M, g).

Proof of Theorem 3.1. The tangent bundle (T'M, G) is locally conformally flat if and only if the
components of the curvature tensor R of (T'M, G) satisfy the following equations:

- 1 ~ - ~ -
Royps = m(GwRaﬁ—GaonﬂJrGaﬁRw— G Rao) (3.7)

S
22n—1)(n—1)

(Gaﬁ GWU — Gao Gvﬁ) ]

where ngo = Gc,aR

owﬁ
In the cases of a =m, y=1,B=j,0=landa=m, y =1, 3 =74, 0 =1in (3.7), we get

Rm?jl = m(bgllR bgmlR +agij a‘gljR ) (38)
S
and
éﬁ?ﬂ — m(agilé agmlR +agm]}§ ag”é 7) (3.9)
S
_2(2n “D(n—1) (a2gmjgil - CLQleQij)-
By using (viii) of Lemma 3.2 and (3.4) we have Emigk 0 and Rm]k 0. Thus the equations
(3.8) and (3.9) reduce to the followings:
S
22n —D(n—1) (abgmjgia — abgmigi;) (3.10)
1 ~ ~ ~
- m(bgﬂR bgmlR “+ag,,; Ry —agij Rim)
and
S 2 2

1 -
— m(aguR agmlR a9, Rg—agij Ry)-

Comparing (3.10) with (3.11), we obtain a = b and R; = Rﬁ. From here, by means of (i) and
(7i7) of Lemma 3.3, we get

Rij - O
and
D CL4 D,,S m h
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Transvecting (3.11) by ¢* and then by g™ respectively, we have

an

T 1§ — 24" Ry, (3.13)

By (3.12), we calculate

4
il a s i m

CL4

= @ypys Rypinj R "

2
aa® ~
= ——5.
2
Substituting (3.14) into (3.13), we obtain

(an ~

2 _
T +aa”)S =0
from which S = 0, i.e. Rpin;R,™ = 0 which gives R,;,; = 0. This completes the proof. O

4 Metric connection with torsion of Riemannian g-natural metrics of
the form G = a°g +bflg+ g

It is well-known that a linear connection V on a Riemannian manifold (M, g) is metric connection
with repect to g if Vg = 0. The (unique) metric connection V which is torsion-free is called
the Levi-Civita connection of g. But there exist other metric connections whose torsion tensor
is non-zero on a Riemannian manifold (M, g). In this section we consider a metric connection
on (T'M,G) with a non-zero torsion tensor.

The horizontal lift “V of a linear connection on M to T'M is the unique linear connection
defined on T'M by the following conditions

AV, Y = H(VxY), IV, Y = V(VxY)
v, Ay =0, v,y =0

for all X,Y € S§(M). The torsion tensor T of #V satisfies the conditions

TVXYY) = 0, T("X,"Y) =" (T(X,Y)),
THX"Y) = H(T(X,Y))—~vR(X,Y)

where 7" and R are respectively the torsion and curvature tensor fields of the linear connection
V on M (for details, see, [20]). From the last identities above, we say that the connection 7V
has non-zero torsion tensor even if V is selected as the Levi-Civita connection V, of g on the
Riemannian manifold (M, g). By using the definition of the horizontal lift #V and (3.1)-(3.3),
on calculating

(IVLG\Y,Z2) = X(G(Y,2)) - GHVY,Z) - QY 2V Z)

for all X,Y,Z € SL(TM), we get

("VvxG)("YY Z) 0, ("VuxG)("Y)Y Z) = a " ((Vx9)(Y. 2)),
("VvxG)(Y " Z) = 0, ("VaxG) (YT Z) =b Y (Vxg) (Y. 2)),
("VvxG) (Y Z) = 0, ("VaxG)("Y.)" Z) =b " (Vxg)(Y, 2)),
("VvxG)("Y 1 Z) = 0, ("VaxG)("TY Z) = (a+ ) V((Vxg)(Y, Z)).
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If V=V, where V, is the Levi-Civita connection of g on the Riemannian manifold (M, g),
then VG = 0. This gives the following result.

Theorem 4.1. The horizontal lift *(V,) of the Levi-Civita connection V, of a Riemannian
manifold (M, g) is a metric connection with a non-zero torsion on TM with respect to the
Riemannian g—natural metric G = a®g+ b2 g+ g, such that a > 0 and a(a + c) — v* > 0.

The metric connection (V) is given by

Vi, B =ThEy,

Vi, E; = r;;E -

Vg E;j=0, Vg E; =0,
with respect to the adapted frame {FEjs}. Also we can say that the metric connection #(V,)
and the Levi-Civita connection V of G coincide if and only if (M, g) is flat. On computing the
contracted curvature tensor (Ricci tensor) of #(V,), we have the components " Ros =" R_ ]
such that

"Ry =Ry, "Ry =0, "Ry; =0, "Rz =0

with respect to the adapted frame, where R;; is the Ricci tensor of V, on M (]|20], p.154). For
the scalar curvature of #(V,) with respect to G, we get

a -
HS = Gaﬁ HRaﬁ = —gURi]‘
@
a
= —S.
o
From the last identity, we can state the following theorem.

Theorem 4.2. Let (M,g) be a Riemannian manifold and TM its tangent bundle with the
Riemannian g—natural metric G = ag+ b2 g+c"g, such that a > 0 and a(a+c) —b> > 0. The
scalar curvature ©.S of the tangent bundle TM with the metric connection (V) with respect to
G is zero if and only if the scalar curvature S of V, on (M, g) is zero.

5 Affine Killing and Killing Vectors with respect to Riemannian g¢-
natural metrics of the form G = a°g + bg+ Vg

Let A is a (1,1)—tensor field on M with the components (Aé»), then *A defined by
A= {Ay}E;,

with respect to the adapted frame {E3} is a smooth vector field on T'M [17].

Let L5 be the Lie derivation with respect to the vector field X. We shall first state following
lemma which are needed later on.

Lemma 5.1. (see [8]) The Lie derivations of the adapted frame and its dual basis with respect
to X = v"Ey, + v"Ex are given as follows:

(1) LgEy=—(Bw")E, {bvﬂRhcﬁ—vErzh—whvE)}Ea
(2) LgBy=—(Ep")Eq + {v'T, — (Epv™)} Eq

(3) Lgda" = (E,0")dz" + (Ez0")6y"

(4) Lgdy" = {y o Ry + T, + (Ead) | da”

- {vbrga - (Eaﬁ)} 5y°.
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The general forms of affine Killing vector fields on (7'M, G) are given by

Theorem 5.1. Let (M,g) be a Riemannian manifold and TM its tangent bundle with the
Riemannian g—natural metric G = a®g + b’ g + c"g, such that a > 0 and a(a + ¢) — b* > 0.
Then the vector field X is an affine Killing vector field on (TM,G) if and only if the vector
field X defined by
X="B+VD+~C+ *4,
where B = (B"), D = (D") € S{(M) and A = (A}), C = (CF) € SH(M) satisfying
()vAh_aQR hpl,

20" Vjli

(11) ViC} = —=Ry;;"B' — %Rﬂi hDl,

(i17) LBFh = ((Iijl;h%—RzlJ "D,

(iv) LDF?Z‘ = o (lez h— %Rﬁz h)Dl7

(vi) & HWQ&—“lem—ﬁ@JvH——&Jq

a? hl 1 pAh
2aRJl’L CS QQRJSZ Al?

(vii) R, ;' (82, Bt — B Al — 2 Ch 4 @7 phy — 0,

VED

(viii) LDV Ry, " = Ry, (VB + £V,D! — ¢ty + bR, "V, D!

al(;g;rc ERﬂl (Cl +V Bl) + R]lsh(cf + szl) + Rlis h(CJZ + VJBZ)]
ab®+a?(a+c
—dreleto g IV D,

Proof. Let X = v"E), + v"E; be an affine Killing vector on TM:

(Lgﬁyiié):zaxﬁyéy—ﬁguﬁéy_ﬁgﬁﬁzzzo (5.1)

forany X,Y,Z €S o(TM).
Putting ¥ = Ez and Z = E; in (5.1), by virtue of Lemma 3.1 and 5.1 we have
(LgV)(Ej5 E7)
= Lg(VEE;) = Vi (L3 E) —Vge)E;
= Lgl%Ey + LTk Ey

2
{0500" + 54 (R 050" + Ry 9°)} By
ab
+{0; Bl — Q—yb(wah&v + ijch&v )Y Er,
= 0.
From Lgf% = Lgf% = 0, we respectively obtain

2

000" 4+ Sy (Ryic" 050" + Ry 0) = 0 (5.2)
and .
050" — Sy (Ry, 50" + Ry 0) = 0. (5.3)

a—a_'&fl}h - _a_'(bebich/Uc) - &i(bebjch/UC)' (54)
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Differentiating (5.4) partially, we have

200500 = —030;(y" Ry "v°) — 005(y Ry 0°)

= _0j%<bebkch ) - 030_( bszc )
= _aiafc(?/bijch v°) — 8583( bRbkc ‘)

Therefore we get 9;05(%9:0" + y* Ry, "v°) = 0, hence we can put

Je

O (500" + o Ry, ") = P, (5.5)

and N
SOty Ry = ATy R

av’

(5.6)

where A} and P,/ are certain functions which depend only on the variables (z"). The coordinate
transformation rule implies that A = (A}) € S{(M) and P = (P}) € S§(M).
From (5.2), we have

Ph+Ph 2&80 +_yb{szc (av>+Rb]c (8{ )}:07
from which
&i(bebjch UC) - aj(bebich UC) = PZ}]Z - P]h; = 2P’L};

Thus we have
29" Py = y*0a(y Ryi." v°) — 4 0:(y" Ry v°)

= _anRiac " v + ybyaRaich al_)vc' (57)
From (5.6) and (5.7), we get
1
%agvh - §ybyaRaich al;UC = A?u (58)
which gives
Q a a
2y Oav" = y* A (5.9)

Therefore, substituting (5.9) into (5.8), it follows that

«Q a C
0" = Ai + 2y Y Ry A (5.10)

from which

CL2

200
On the other hand, substituting (5.10) into (5.2), we obtain

%%Uh = y (RaichAg =+ RjichAZ>' (511)

050" = —5izy (R A5 + Ry A7)

ajc

5.12
4(;2 yaybyk<Raicthjchl + Rajcthiché)' ( )

Comparing (5.11) with (5.12), we get

CL2 a4 b 2 h 4 N
<%+T«2)R A+ SR MAC 4 SR, PAS =0,
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from which, changing the roles j and ¢, and adding together, we have

2 4
(a— + Q—Q) (R, AS + Ry M AS) = 0,
@]

2a
that is,
RaichA§ + RajchAf =

Furthermore, by virtue of the first Bianchi identity we obtain

R, MAS = 0. (5.13)
From (5.11) and (5.13), we have

o' = Aj.
Hence we can put

o' =y Al + B (5.14)

where B" are certain functions which depend only on (2"). The coordinate transformation rule
implies that B = (B") € 3}(M). Here, substituting (5.14) into (5.5) and using (5.13), we get

P =Rl B (5.15)

jic

Substituting (5.14) into (5.3), by using (5.13), we get
o = y*Ch 4 DM (5.16)

where C" and D" are certain functions which depend only on the variables (z") and C = (Ch) €
31(M) and D = (D") € SH(M).

Putting ¥ = Esand Z = Ej in (5.1), using (5.13), (5.14), (5.16), Lemma 3.1 and 5.1, we
obtain

(LgV)(E;, E;) (5.17)
= L)Z(VEEEi) - VE‘;(L)}EZ') - V(L)}EE)Ei
= LglhE,+ LgThE;

2 a2
h_ @ h Ly l ! h h l
bl Bl ab a’? !
—R);"C; — Ry, "Cy) — 2aR fAT Y+ %0 —(—ALVIR,"
+stilVlAZ - stlhviAfk)] ysyk} Ey
h hl | b h ! a? ! po ab h !
{V C —I—Rh] B+ 2aR D"+ [204}2'“ VD" + 2_(st1 VB

b
"—B Vlesz + Rlsz' hOJl —|— lez’ hcré - stilclhﬂ |:a (Al le]szh
2
a_(R

205 jsi

+Ryy " ViA,) + ViCr - stiCRclkhBl)] ysyk} Ey,.
From LI =0 in (5.17), we obtain

iA’u R hpt 5.18
Vidj = o~ (5.18)
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a? I h a? ! h a’? h !
gB lejsi - %stz‘ VIB - % sl VZB (519)
2 2
a hevt @ heo b 1 gh
—%sti C; — %lei C — gsti Ay
and

By means of (5.13), (5.18) and the second Bianchi identity, the last equation holds.
From L;(F?Z. =0 in (5.17), it follows that

ab

vxﬁe:—RthP—§aRthl (5.20)
2
b
%ﬁ@;v¢ﬁ+g;U%ﬁVJ#+BW&&M“+&$%3+RMWX—f%ﬂj):o (5.21)
and
ab h h ! a’? ! h ¢ h ol
Contracting j and h in (5.22), then (5.22) can be written as
ab l a? l j c il

The equation (5.23) holds. In fact, by virtue of (5.13) and (5.18) and (5.20) and the second
Bianchi identity, we get

ab g2 , e
(AR, + R VAl + ALV Ry + S (R (ViG] + By BY)
— R R DRID =0
- 4@2( jis + j St ) kel - Y
From (5.19) and (5.21), we obtain
p(abo oy Vo ab oy a o )
R, <2aVGB Al = 5o Cl o SVt | =0, (5.24)

Putting Y = E; and Z = E; in (5.1), using (5.13), (5.14), (5.16), (5.18), (5.19), (5.20) and
(5.24), after tremendous calculations give the followings:

b
LsT — S2(R

20 jli

a(a + c)

"+ Ry;")D' =0,

ilj

1
(Ry" — SR

h h l

ab
3 D' Vilt"
v? ab b? ab
_ h I I I h l
ala+c)
_T[Rjilh(ci +V,B) + lesh(cil + VB + Rlish(cgl‘ +V;BY)
ab® + a*(a + c)
2ba
Conversely, if B" D" and Al Ch are given so that they satisfy (i) — (viii), reversing the
above steps, we see that X = 7B +V D +~yC+ *A is an affine Killing vector field on (T'M, G).
Hence, the proof is complete. O

«
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Let X be a vector field on TM with components (v, v ) with respect to the adapted frame
{E}, E;}. Then Xisa fibre-preserving vector field on 7'M if and only if v" depend only on the
variables (z"). In the case, the vector field X in Theorem 5.1 reduces X = 7B +V D + ~C.
Hence, as a corollary to Theorem 5.1, we obtain the following conclusion.

Corollary 5.1. Let (M,g) be a Riemannian manifold and TM its tangent bundle with the
Riemannian g—natural metric G = a®g + b g+ Vg, such that a > 0 and a(a +c) — b> > 0. If
TM admits a fibre-preserving affine Killing vector field X, then the fibre-preserving vector field
X defined by B
X="B+Y' D ++C,

where B = (Bh), D = (D" € S{(M) and C = (Ch) € 1 (M) satisfying

(ii) LBF" =0,

(m)LDFh =0,

(ZU) a(a+c [ gl (Oi + VSBZ) + lesh(cf + lel) + Rlis h(C]l + VJBZ)]

+h 0 2‘;;”3 'V,D" = 0.

As an application of Theorem 5.1, we state a result related to a classification of Killing vector

fields on T'M with respect to the Riemannian g—natural metric G. Firstly we give the following
lemma.

Lemma 5.2. Let (M,g) be a Riemannian manifold and TM its tangent bundle with the Rie-
mannian g—natural metric G = a®g + b g+ ¢"g. The Lie derivatives LG with respect to the
vector field X = v*E, +v*Ey are given as follows:

LG

= {(a+c) [V Engi; + gny (E") + gin (Ej0")] + bginly“v” Ry."

—i—vgl“ﬁj + (Ejvﬁ)] + bgn; [y’ Ry, " + UEFZZ- + (Ezvﬁ)]} dx'dx’

+ {(a +¢c) ghi(Ejvh) + b[thhgij + G (Eﬂfh> - gihvbrl};j

gin (Bzt")] + agis [y v Ry " + 0Tl + (E")] } da'oy’

+ {CL[’UhEhgij — ghjvbl“f}i — gihvbl“{jj + Ghj (EEUE) + gih(E;vﬁ)]

+0lgn; (Ezo") + gin(E;0")] } 6y'y’.
Proof. The proof is similar to that of the Proposition 2.3 [19], so we omit it. ]

The general forms of Killing vector fields on (T'M, G) are given by

Theorem 5.2. Let (M,g) be a Riemannian manifold and TM its tangent bundle with the
Riemannian g—natural metric G = a®g + bt g + Vg, such that a > 0 and a(a + ¢) — b* > 0.
Then the vector field X isa Killing vector field on (T'M,G) if and only if the vector field X
defined by B

X="B+VYD+~C+ *A

where B = (B"), D = (D") € S{(M) and A = (A, C = (CF) € S1(M) satisfying
(i) V,-A? =R, "D,

(ii) ViC" = ~- R, hpl
(iii) LBF 2L(R

jli
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(iw)Lpl"; + @(Rﬂi - %Rjz’l MD'=0

(U)RajchAz? = 07

(vi) (a+c¢) Lpg;; + bLpgi; =0,

(UZZ) ghi((a + C) A? + bCJh) + ghj<bviBh + GVZ‘Dh) = O,

(viii) a(gn;Cl" + gihCJh> + b(gn; AL + gz’hA?) = 0.
Proof. Let TM be the tangent bundle over M with the Riemannian g—natural metric of the
form G = a%g + b g+ ¢Vg. Let X be a Killing vector field on (T'M,G) such that LzG = 0.

Since it is also an affine Killing vector field, according to Theorem 5.1, it can be expressed the
following form

X="B+VD+~C+ *A (5.25)
where B = (B"), D = (D") € 3}(M) and A = (A}), C = (C!) € S1(M) satisfy the conditions
listed in Theorem 5.1.

Substituting (5.25) into Lemma 5.2, by means of (i) — (v) in Theorem 5.1, we get

LG

= {(a+¢) Lpgij + bLpgi;}da'da’
Honi((a+ c) AF +bCF) + gy (WViB" + aV;D") }da' sy’
+{algniCl" + ginCl) + b(gn; Al + gin AL ) Yoy 6y

=0

from which
((l -+ C) LBg,'j -+ bLDgij = 0,

gri((a+c) A? + bC’jh) + ghj(bViBh +aV,;D") =0,

and
a(ghjcih + gihC]}'l) + b(gth? + gihA?) = 0.

Conversely, it is easily seen that X="1B +V D+~C+ *Ais a Killing vector fields on (T'M, G)
under which of the conditions (i) — (viii). This completes the proof. O
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