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ON THE BOUNDEDNESS OF HAUSDORFF OPERATORS
ON MORREY-TYPE SPACES
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Abstract. We give conditions ensuring the boundedness of Hausdorff operators on Morrey-
type spaces. Sharpness of the obtained results is studied, and classes of the Hausdorff operators
are described for which the necessary and sufficient conditions coincide.

1 Introduction

The Hausdorff means are known long ago in connection with summability of number series. It
is also worth mentioning that many classical operators are particular cases of the Hausdorff
ones, the Cesaro means (the Hardy operator) among them. However, modern theory of these
operators has begun to develop quite recently, [14] is a recognized base point.

In the previous episodic works Hausdorff operators were considered mostly on Lebesgue
spaces. The main feature of today study is a variety of spaces on which the boundedness of the
Hausdorff operators is proved.

The main step in [14] as compared with preceding works was involving the real Hardy space
in place of the Lebesgue spaces. Further results are surveyed in detail in [13] and [6].

In the present paper the Morrey-type spaces are the main field on which the game is played.
These spaces have already come to light in line with Hausdorff operators (see, e.g., [10] or [8])
but surprisingly not in straightforward estimates of the norms of operators.

Originally, the Morrey space was introduced by Morrey in [16] while studying some quasi-
linear elliptic partial differential equations. More general Morrey-type spaces are defined as
follows. Let 0 < p,6 < oo.

The local Morrey-type space LMPA@, where
A>0 if f<oco and A>0 if 6=o0, (1.1)

is the set of all functions Lj (R™) for which
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If § = oo, then GM, = M) is the classical Morrey space.

If A = 0, then LMY = GMp,_ = LP(R"). Also, in the limiting case A = 2, GM =
L*>(R™). If conditions (1.1) and (1 2) are not satisfied for the local Morrey-type space LM,
the global Morrey-type space GM, 9 respectively, then these spaces are trivial (consist only of
functions equivalent to 0 on R™).

As for the Hausdorff operators, we consider them in one of their most general forms

(Hf)(2) = (Haf)(2) = (Ho.af)(x) = /n ®(u)f(zA(u)) du, (1.3)

where ® is an averaging function and A = A(u) = (ay)},=, = (aij(u))zjzl is an n X n matrix
with the entries a;;(u) being measurable functions of u. This matrix may be degenerate at most
on a set of measure zero; xA(u) is the row n-vector obtained by multiplying the row n-vector
x by the matrix A.

In the last three decades there is a lot of interest in studying boundedness of various opera-
tors of real analysis (maximal operator, fractional maximal operator, Riesz potential, singular
integrals, etc) in Morrey-type spaces and general Morrey-type spaces. For references, see the
recent surveys [4], |5] and monograph |[1].

This paper is devoted to the study of the boundedness of Hausdorff operator (1.3) in the
local and global Morrey-type spaces LM p97 GM y respectively. We present the obtained results
but omit details concerning the proofs, which Wlll appear elsewhere.
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2 Boundedness of Hausdorff operators

In fact, general Hausdorff means of a Fourier-Stieltjes transform were introduced in [7], but
only in L'. In the real Hardy space on R, for the Hausdorff operator defined, by means of
p € L'(R), as

) = e = [ Fp(2) (2.1)
r |ul u
the boundedness of this operator taking H'(R) into H'(R) was proved in [14].

Observe that, as in [7], in [2]-[3] and [15] similar problems are considered for the Hausdorff
operators defined by suitable measures, while (2.1) is a particular case of absolutely continuous
measures. Here and in what follows we restrict ourselves to the latter case for the sake of
brevity and convenience; we are aiming at a different generality, more transparent in a simpler
setting. Extensions to arbitrary measures go through as in the cited papers.

Since our main goal is the multi-dimensional setting, we shall use a somewhat more advanced
one-dimensional version of the Hausdorff operator, apparently first introduced in [10]:

p(t
1)) = (ol )o) = [ S ftattroar
It contains (2.1) as a particular case, while (1.3) is one of the possible general multivariate
extensions.

Theorem 2.1. Let 1 < p,0 < oo, ¢ be a Lebesgue measurable function on R, g be a Lebesgue
measurable function on R such that g(t) # 0 for almost all t € R, and for each set D C R of
measure 0 the set g~*(D) is also of measure 0.

If (1.1) is valid, then the condition

Alp.g. M p) = R%ww-idw s (2.2)

is sufficient for the boundedness of H, 4 on LM;‘Q and

HHso,gHLM;e—wM;e < A(p,9,A,p).

Moreover, if (t) > 0, t € R, and ¢ is not equivalent to zero on R, then condition (2.2) is
necessary and sufficient for the boundedness of Hy, 4 on LM};\Q and

HHL,O,QHLM;‘BHLM;)\G = A(p,9,\.p)-

If (1.2) is satisfied, then the above statement holds with the space LM;S\Q being replaced by the
space GM,.

In the multidimensional case the situation is, as usual, more complicated. As is mentioned,
we consider the Hausdorff operators (like in, say, [11] and similar to [3] and [15]) to be of one
of the most general forms (1.3).

Let || B||2 = max),—; |Ba"|, where |-| denotes the Euclidean norm and B is an n X n matrix.
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Theorem 2.2. Let 1 < p,0 < oo, ® be a Lebesque measurable function on R™, all the entries
a;j(u) of the matriz A(u) be Lebesgue measurable functions on R™, and for each set D C R™ of

measure 0 the set a;jl(D) be also of measure O for all 1,7, 1 <i,7 < n.
If (1.1) is valid, then

[Ho allary, 510, < A [(w)| | det A(u)|”#[|A(w)l2 du. (2:3)

Moreover, if ®(u) > 0 for almost all uw € R™, then

A
o Al a2 € [ @) det Aw) | A1, du, (2.4
where C' > 0 depends only on n,p, 0, \.

If (1.2) is satisfied, then the above statement holds with the space LMPAG being replaced by
the space GM),.

Corollary 2.1. Let 1 < p,0 < oo, ® be a Lebesgue measurable function on R™, all the entries
a;j(u) of the matriz A(u) be Lebesgue measurable functions on R™, and for each set D C R™ of
measure 0 the set a[jl(D) be also of measure 0 for all i,j, 1 < 1,7 <n. Assume that for some
c>0,

1A @)l < cllAw)lly* (2.5)

for almost all u € R™, and ®(u) > 0 for almost all u € R™.
If (1.1) is valid, then the condition

/n B(u) | det A(u)] || A(u)|2 du < 0o (2.6)

is necessary and sufficient for the boundedness of Hp 4 on LMpA@.
If (1.2) is satisfied, then the above statement holds with the space LMI;\G being replaced by

the space GM),.

Remark 1. Let |A(w)|min, |A(w)|max Tespectively, denote the minimal, the mazimal respectively,
of the absolute values of the eigenvalues of the matriz A(u). Since ||A(u)|ls = |AU)|max,
follows that condition (2.5) is equivalent to the following one:

IA (%) |max < €| A(®)]min (2.7)

for almost all u € R™.
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3 Examples

Let us start with a multidimensional example where necessary and sufficient conditions coincide
and we thus get a criterion for the boundedness of a Hausdorff operator on the Morrey spaces.
In recent papers, see, e.g., [17], an important particular case of the Hausdorff operator has been
considered:

T

f(i7) du. (3.1)

Jul

D (u)

o fuf?

(o) 1, D) = [

Here A, denotes the diagonal matrix with all the diagonal entries % Since in this case routine

calculations give that the norms on the right-hand sides of (2.3) and (2.4) coincide, Theorem
2.2 reduces to

Corollary 3.1. Let 1 <p,0 < oo and ®(u) > 0. If (1.1) is valid, then the condition

/ O (u) |u| ¥ du < oo

is necessary and sufficient for the boundedness of Hew , on LM op and there exist Cp, Cy > 0

Fap+Ad

depending only on n,p, 0, \ such that

n

—n_ —Z -
Cr [ () 70 < [Py liagy g, < Co [ 0w ful P

The same, under assumption (1.2), is true for GM?,

Moreover, we can immediately generalize this statement by introducing a somewhat more
general Hausdorff operator than (3.1) by letting the matrix to be diagonal with equal but
arbitrary diagonal entries G(u). We denote this matrix by Ag and define the operator by

(g i, o) = [ To)1(Gw)e) du

w ful?
Thus, the next corollary is a direct extension of Theorem 2.1.
Corollary 3.2. Let 1 < p,0 < oo and ®(u), G(u) > 0. If (1.1) is valid, then the condition

/R () G(u )A_fdu < 00

n
o |ul

s necessary and sufficient for the boundedness 0qu>< A, 0N LMI;\G and there exist C7,Cy > 0
ul™
depending only on n,p, 0, \ such that

d(u _n
Cl/ ( )G(U)/\ rdu < ”H<1>(> Ag ”LM* —LM?,

|ul™
< G, / ) Gy du,
R

o ful?

The same, under assumption (1.2), is true for GM)



On the boundedness of Hausdorff operators on Morrey-type spaces 102

Acknowledgments

The research of the first author was supported by the Ministry of Education and Science of the
Russian Federation (the Agreement number 02.a03.21.008).



1]
2]

3]

4]

5]

(6]

7]

18]

19]
[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

On the boundedness of Hausdorff operators on Morrey-type spaces 103

References
D.R. Adams, Morrey spaces, Birkh&user, 2015.

K.F. Andersen, Boundedness of Hausdorff operators on LP(R™), H'(R"), and BMO(R™), Acta Sci. Math.
(Szeged) 69 (2003), 409-418.

G. Brown, F. Moéricz, Multivariate Hausdorff operators on the spaces LP(R™), J. Math. Anal. Appl. 271
(2002), 443-454.

V.I. Burenkov, Recent progress in the problem of the boundedness of classical operators of real analysis in
general Morrey-type spaces. I, Eurasian Math. J. 3 (2012), no. 3, 11-32.

V.I. Burenkov, Recent progress in the problem of the boundedness of classical operators of real analysis in
general Morrey-type spaces. II, Eurasian Math. J. 4 (2013), no. 1, 21-45.

J. Chen, D. Fan, S. Wang, Hausdorff operators on Euclidean spaces, Appl. Math. J. Chinese Univ. (Ser.
B) (4) 28 (2014), 548-564.

C. Georgakis, The Hausdorff mean of a Fourier-Stieltjes transform, Proc. Am. Math. Soc. 116 (1992),
465-471.

A. Hussain, G. Gao, Multidimensional Hausdorff operators and commutators on Herz-type spaces, J.
Inequal. Appl. 594 (2013), 1-12.

Y. Kanjin, The Hausdorff operators on the real Hardy spaces HP(R), Studia Math. 148 (2001), 37-45.

J.C. Kuang, Generalized Hausdorff operators on weighted Morrey-Herz spaces, Acta Math. Sinica (Chin.
Ser.) 55 (2012), 895-902 (Chinese; Chinese, English summaries).

A. Lerner, E. Liflyand, Multidimensional Hausdorff operator on the real Hardy space, J. Austr. Math. Soc.
83 (2007), 79-86.

E. Liflyand, Boundedness of multidimensional Hausdorff operators on H*(R™), Acta Sci. Math. (Szeged)
74 (2008), 845-851.

E. Liflyand, Hausdorff operators on Hardy spaces, Eurasian Math. J. 4 (2013), no. 4, 101-141.

E. Liflyand, F. Méricz, The Hausdorff operator is bounded on the real Hardy space H'(R), Proc. Am.
Math. Soc. 128 (2000), 1391-1396.

F. Méricz, Multivariate Hausdorff operators on the spaces H'(R™) and BMO(R"), Analysis Math. 31
(2005), 31-41.

C. Morrey, On the solutions of quasi-linear elliptic partial differential equations, Trans. Amer. Math. Soc.
43 (1938), 126-166.

J. Ruan, D. Fan, Hausdorff operators on the power weighted Hardy spaces, J. Math. Anal. Appl. 433
(2016), 31-48.

Victor Ivanovich Burenkov

Department of Mathematical Analysis and Theory of Functions
Peoples Friendship University of Russia (RUDN University)

6 Miklukho-Maklay St, Moscow, 117198 Russia

and

Department of Theory of Functions



On the boundedness of Hausdorff operators on Morrey-type spaces 104

Steklov Mathematical Institute
8 Gubkin St, Moscow, 119991 Russia
E-mail: burenkov@cf.ac.uk

Elijah Liflyand

Department of Mathematics
Bar-Ilan University
Ramat-Gan, 52900, Israel
E-mail: liflyand@math.biu.ac.il

Received: 31.08.2016



