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Abstract. In this paper, by using properties of the fundamental solution of the canonical
right-invariant Laplacian, versions of Hardy and Rellich type inequalities are proved on the
complex affine group.

1 Introduction

In the modern analysis, the (L?-)Hardy inequality is given by

2
m ||Vf||L2(]Rn) , n >3, (1.1)

I

for all f € C°(R™) where -2 is sharp.

Hardy type inequalities have also been widely studied on (homogeneous) stratified Lie
groups. Let () be the homogeneous dimension of the stratified Lie group G, Vg be the hori-
zontal gradient, and d(z) be the so-called £-gauge derived from the sub-Laplacian fundamental

solution d(x)*~@ of Folland [6]. One has

2

L2(R™)

2
< g3 Viflie, @23 (1.2)
L2(G)

for all f € C§°(G) where é is sharp. On the Heisenberg group inequality (1.2) was proved
by Garofalo and Lanconelli [11] (see also [8] and [1] for the case p # 2). General weighted cases
of (1.2) on stratified Lie groups are known, see Goldstein and Kombe [10] (see also [2]), and
its further refinements, including boundary terms for bounded domains, were obtained in [15].
We refer to [16] for versions on more general Lie groups, namely, homogeneous groups.
Meanwhile, Rellich type inequalities also have a long history starting with Rellich’s original

work [14] and in the classical case it can be stated as

f

ER

4
S m”AfHLZ(Rn), n 2 5. (13)
L2(Rn)
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Different versions of this inequality have been also intensively investigated on stratified Lie
groups. See, for example, [3], [4], [5], [7], [10], [13], and [17].

In the recent paper [18], Ruzhansky and the second author proved improved versions of
Hardy’s and Rellich’s inequalities as well as of uncertainty principles for sums of squares of
vector fields on bounded sets of smooth manifolds under certain assumptions on the vector
fields, in particular, the obtained results were valid for sums of squares of vector fields on
Euclidean spaces and for sub-Laplacians on stratified Lie groups. However, all this analysis
was related to unimodular Lie groups. The aim of this paper is to show that some of those
techniques are also applicable for non-unimodular Lie groups, namely, the complex affine group.

Let G = C x C* be the complex affine group. Here and in the sequel C* is the multiplicative
group of nonzero complex numbers. The group composition law of the complex affine group G
is given by

(z,y) o (¢, y) = (x +y2', yy)
for all z,2’ € C and y,y’ € C* and the notations x := ¢ + is and y := 7 + i will be also useful
in our analysis. The complex affine group is a Lie group and let us denote its Lie algebra by g.
We now fix a basis { X7, X, X3, X4} of g such that

9 5 o 8 9

x =2 x 9 .,.,9
TS R T M e
9 o 9 9 9

Xy = Xg=—8S—+t——¢—+7—.

0s’ ot ' 0s or  oc

These right invariant vector fields correspond to the canonical basis elements of g. Therefore,
the (sub-)Laplacian
4
-2
j=1

is called the right invariant canonical Laplacian of the complex affine group G. The fundamental
solution of the Laplacian Ay was computed explicitly by Gaudry and Sjogren [9] in the following
form

1 lyl?

S AR L
This explicit formula plays a key role in our proofs (see, e.g. (2.4)). We will also use the
notation of the right invariant (canonical) gradient in the form

VX = (Xlu X27 X37 X4)

The right-invariant and the left-invariant Haar measures on G are defined by

d d
dp, = dx—yz, du; = dx—y4
[yl vl
with the modular function m(x,y) = |y|?, respectively. In addition, one has the following

integration rules with respect to the modular function

/ F 1) g / F(m)dpu(i
/G oY ym= (gl / Fnd(n

The plan of this short paper is as follows. In Section 2 we derive versions of Hardy inequality
and uncertainty principle on the complex affine group G. In Section 3 Rellich type inequality
on G is studied.
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2 Hardy type inequalities and uncertainty principles

We now present a Hardy type inequality on G. The proof of Theorem 2.1 relies on properties
of the fundamental solution of the right invariant canonical Laplacian Ay of the complex affine
group G.

Theorem 2.1. Let a € R, a > 2—, § > 2. Then the following version of the Hardy inequality
is valid:

a _2 2 o 1
/8”\qu|2du12 (ﬁ%) /Eﬂg‘vxewﬂu\zd% (2.1)
G G

for any u € C3°(G), where Vx = (X1, Xa, X3, X4).

Proof. Let (%Xf)g = Zizl Xy fXrg for any differentiable functions f and g. Setting u = d7q
for some (real-valued) functions d > 0, ¢, and a constant v # 0 to be chosen later, we have

'S

(6Xu)u = (6Xd7q)d7q = Z Xi(d7q) Xy (dq)
k=1

4 4 4
= d7 ) (Xd)’q” + 29d g Y Xpd Xig + d¥ ) (Xig)?

k=1 k=1 k=1
= 2d*72((Vxd)d)g® + 2vd? " q(Vxd)g + d* (Vxq)g.
Integrating by parts we observe that

9 da+2w—1 6 Dadu = /% da+2~/ 2d
7/@ q(Vxd)qdu OZ_}_QVG(X q

Y < 2\ ja+2
= \V4 d¥Vdy = —
a+ 2y /@,( xq) i

QA doa+2“/d
04—1—2’)//(}(] X K,

where we note that later on we will choose v so that d®*?7 = ¢. Consequently, we get

/ d*(V xu)udpy, =
G

72/ da+27_2((6xd)d) duy +
G

/ (Vxd* ™) g2dpy
G

T / E(F xq)adp = 7 / (Y d)d) P
G G

o+ 2y

. Y /q2AXda+2'ydul+/da+2fy(6xq>qdul
G G

o+ 2y
/qQAXdaJr%d,ul, (2.2)
G

> 2 da+2’y—2 % dd 2d o
257 [ () - 5



Hardy and Rellich type inequalities ... 34

since d > 0 and (Vxq)g = [Vxgq/> > 0. On the other hand, it can be readily checked that for a
vector field X we have
Y 2/ j04+2v\ _ a+2vy—1 i a+2y+8—2 2—8
X(d¥™ X(d*™ Xd X (d* X(d
X @) =X )= 55X (@)
= 550+ 2y F = AP NN ()
Y a+2v+8-2 2/ 12— 8
——d*T X“(d
S (@)
= (a4 2y + 5 — 2)d** (X d)*

7 2y+B—2 2/ 12—
da-l— vy+8 X2(d B .
tots (&)

Consequently, we get the equality

Axd™™ = —y(a + 2y + f — 2)d*"7*(Vxd)d — ﬁda%w Axd* (23)

« + 2y
Since ¢* = d=?'u?, by substituting (2.3) into (2.2) we obtain
[ @i = (7 = ala+ 5 -2) [ @ (Fxd)dpid
G G
v 28\ ja+B8-2, 2
- Axd d dx.
2-p G( xd™) o
Taking d = 8ﬁ, 8> 2, we get

a+B8—2

/G(Axe)gagﬁf;Qqux = (%) T We)=0,a>2-8 8>2, (2.4)

since ¢ is the fundamental solution to Ax. Here e = (0,0,1,0) is the identity element of G.
Thus, with d = sﬁ, £ > 2, we obtain

/ e (Vxuudp > (=7 = y(a + § —2)) / e (Ve 7 )em s ul dp. (2:5)
G G

Now taking v = 22=% we obtain (2.1). O
Theorem 2.1 implies the following uncertainty principles:

Corollary 2.1 (Uncertainty principle on G). Let § > 2. Then for any u € C§°(G) we have

/G€2 7|V e ™5 2l du/ IV ultdy > ( ) (/ Ve Pl dy> e
/ﬁw du/ IV xul2dv > ( ) (/ [l d,/) . 2.7)

and also



Hardy and Rellich type inequalities ... 35
Proof. By taking o = 0 in inequality (2.1) we get

/522ﬁ|VX521ﬁ]2\u|2d1// IV yuldy
G G

~2\’ VxeT|?
- (B—) / (Ve Plufdy [ X e a
2
G G

g2-8

_9 2 Ny 2
() ()
2 G

where we have used the Holder inequality in the last line. This shows (2.6). The proof of (2.7)
is similar. O

3 Rellich type inequalities

In this section, we present a version of the Rellich inequality.

Theorem 3.1. Leta € R, > a > 44— and > 2. Then the following version of the Rellich
wnequality s valid:

e

/ €278 |AXu|2d,ul > (5 + o — 4)2(ﬁ _ 01)2
G

IV xe T2 16

/gé)‘é‘|vxgzlzs|2|u|2dm, (3.1)
G

for any u € C3°(G), where Vx is the gradient and Ax is the Laplacian of G as defined in
Introduction.

Proof. A direct calculation shows that

k=1 k=1
a—4 4 1|2 a-3 4 1
— (-2 (a—-3)eEF Y \ngf (0= 25 3 X, (X7
k=1 k=1
4 4
a—4 1|2 a—2 a— B=1
=(a—2)(a—3)e2 ‘XkEQi + 2—582_32Xk (62—5Xk€>
k=1 k=1
4 4
a-4 a2 (a=2)(f—1) a=s 1
= (a—2)(a—3)e2" Z‘ka— + . g2pbe 1Z(Xk52— ) (Xke)
k=1 k=1
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that is,

B T
(;_ 65’83—54AX5. (3.2)

As before we can assume that u is real-valued. Multiplying both sides of (3.2) by u? and
integrating over G, and taking into account that ¢ is the fundamental solution of Ax and
B+ a—4>0, we get

Axe? 7 = (B+a—4)(a — 2)e55 |Vye? 7|2 +

/ W Ayes duy = (f+a—4)(a—2) / 5%|ngﬁ|2u2 dy. (3.3)
G G
On the other hand, integrating by parts, we have
/ = duy = / 575 Axu? dp, = / 5%(2uAXu + 2|V xul?) duy, (3.4)
G G G

Combining (3.3) and (3.4) we obtain
a—2 a—4 1
- 2/ e2=fulxudy + (B +a—4)(a—2) / £27 |VxeZ 5 |2 udyy
G G

:2/532?’|vxu|2dm. (3.5)
G

By using (2.1) we establish

It follows that
a—2 - 4 - a—
- [ uavudp > (5 o ) (5 “) [ P . (37
G 2 2 G

On the other hand, for any v > 0 Hélder’s and Young’s inequalities give

a-2 a—4 1o 1o : €ﬁ 2
— | errulxudy < €278 |V xe2=8 |*|ul“dy ——|Axul“duy
G G G |Vxez5|?

a— 1 1 ﬁ
< 1//52;31|VX526|2|U|2dm+—/ €—1|Axu|2dul. (3.8)
G v Jg |V

XxETF |2

[N

Inequalities (3.8) and (3.7) imply that

(o3

-5 o
/ %|AXU|2dul > (—462 +(B+a—4)(6— Oz)e) / 5Tg|vxéﬁ|2|u|2 dpy.
G |VX€2*ﬁ‘2 G

(B+a—4)(B~a)

Taking v = S

, we arrive at

[e3

/ £2F |AXU|2d,U/l > (ﬁ +a— 4)2(/6 B a)2
G

IV xe?7 |2 16

/ 5%|VX€ﬁ|2|u|2 d,ul.
G
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