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ON A WEIGHTED SOBOLEYV SPACE ON REAL LINE
D.V. Prokhorov
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Abstract. A criterion of density of smooth functions in a weighted Sobolev space on real line
is obtained. In one partial case an alternative description of the space associated with the
weighted Sobolev space are given.

1 Introduction

Let I := (a,b) C R. For 1 < p < oo we denote LP(I) the Lebesgue space with the norm

1 :
1 flleey == ([, 1fIP)7. Let V,(I) := {v € LY (I) : v > 0, ||[v]z1r) # O} be the set of weight

loc
functions (weights). Denote W7, .(I) the space of all functions u € Lj, (I), whose distributional

loc

derivatives Du belong to LL _(I). In the papers [3, 4, 5] are studied some properties of the
weighted Sobolev space

Wy (1) = {u € Wi (D)  [ullwy ) < o0},

where 1
lullwary = lvull ey + lpDull oy, v, p € Vy(1), € Ly, (1), (1.1)

and its subspaces

[e]e}

Wi(I):={f € AC(I) : supp f compact in I, |vf| oy + ||pf || o1y < 00}

Wy (I)

and I/;/pl(l) = I(/)IZ}(]) — the closure of the space Iji;pl(]) in W, (I). In particular, for 1 <

p < oo the description of elements of spaces W (1), W (I), criterion of equality W, (I) = W, (I)
and two-sided estimates on supremums

sup —‘ Ji fg{ and sup —fl fgl ,
rex || fllwi rex || fllwi

are proved, where g € L, (I), X € {W}([), I/;/;(I), Ijlj’pl (I)}. Usually in theory of Sobolev spaces
by I/;/pl(l) denote the closure of space C5°(I) in W, (I). In Section 2 we prove, that for the
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L 1S

weights, which satisfy the conditions (1.1), there are the equalities W} () = Cg°(I) s
and

sup ‘f[ fg‘ = sup }f]fg‘ (12)

s [fllwry  recge 1w
for any g € Li..(I). In Section 3 we prove a criterion of finiteness of the supremum
Ji fg
sup M%’ ge L. (), (1.3)
fEWA() W ()

in case, when W (I) # W} (I) and each u € W}(I) has a representative f € AC),c(I) with
f(a+0) = f(b—0) = 0. The criterion gives the answer on the question: under what conditions
on the function g € L\ (I) the map f — f] fg is defined a bounded linear functional on the

loc

weighted Sobolev space V(E/pl(l); and complements the results of papers [3, 4, 5, 1].

2 Density of smooth functions

loc(I)7 f < Wpl(]>
and supp f C (a*,b*) CC (a,b). Then for arbitrary € > 0 there exists h € C§°(I) such that
supp h C (a*,0"), |[f = hlleqy < e and ||f — hllwar) <e.

Theorem 2.1. Let [ = (a,b) C R, 1 < p < o0, p,v € V,(I), % c LV

Proof. Since v,p € Ly, (I) then C§(I) C W}(I). Fix any f € ISIC}I}([) Let supp f C (ag,by) CC

loc

(a3, b3) CC (a*,b*). Fix an arbitrary e > 0. Let

€ b NTE 1\ b\
e sun{ ([ ([TE) ()T A
2 a3 az PP az PP

1
We take by € (bg,b3) such that < bb; pp)p < 2. Let 0 < &y < min{%3, 5(bs — by)}. Since

p € LP([ag, bo]) then there exists (see |6, Theorem 3.14|) hy € C([ag, bo]) such that

bo : bo —
(Fir-wre) <o 2) )

Now we take a; € (as,ag), by € (b, b2) such that

\hl(ao)]max{ U pp];,(ao —al)} <e, \hl(bo)\max{[/b:l ppr,a)l —bo)} <en

We extend the function hy on (a,b;] such that hy = 0 on (a, a;], hy on [ay,ae] is the function
whose graph is the segment connecting the points (a1,0) and (ao, h1(ag)), hy on [by, by] is the
function whose graph is the segment connecting the points (by, h1(bg)) and (by,0).

We have
b1 ao bo b1
/h1=/ h1+/ h1+/ .
a a1 ap bo
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By construction,

ao bl
/ hy \hy(ag)|(ap — a1) < &1, / hy
al bO

[l = [on=nf< ([ |h1—f’|ppp); ([ pi)<

Thus ’f:l hl‘ < 3e;. We define by = 0 on (by, by]. If fabl hy = 0, then we define h; = 0 on (b, b).
Now let o := sign (f;l h1> # 0. We define h; =0 on [b3, b). Since

by
[

then there exist d € (0,1) and ¢ € (0,4(bs — by)) such that d(bs — by — ¢) = ]fabl hy|. We
extend hy on [by, bs] such that its graph is the polygonal line with vertices (b2, 0), (b + ¢, —ad),
(b3 — ¢, —ad), (bg7 0). In both cases hy € Co(I) and [, hy = 0.

IN

< |ha(bo)|(by — bo) < €1,

0< < 3e1 < (b3 — by),

We put ho(x) := [ hy. Then hy € C3(I) and hy(x) = hy(z), x € I. Hence
/ / a0 bo / b b3 % €0
e Ay AT Ny Ry T
al ao bo bo
Besides that,
supl ()~ ho(o) =sup | [~ [ _/ £ =l
zel zel
1 1 1
P b3 1 'Y c b3 1 o c
(L) (P2 <302 <5
(a3 as PP 2 \Jay PP 4

B~ M

b3 % e b3 % b3 1 i
1 =t < ([ 0) swls@) —ma < 2 ([T0) ([T 5)" <
as xzel 2 as a3 pp

Consequently, ||f — hollo(y < § and [[f — hollwa ) < 5

By g, we denote a mollification of g with radius 7. Since supp ho C [a1, b3], then there exists
7% > 0 such that supp{(ho).} C (a*,b*) holds for any 7 € (0,7*). Besides that, (ho), € C*()
and (h{)-(z) = ((ho):)(x), x € I. Since the functions hy and hy are continuous and have
compact supports, then (see |2, Theorem C.19 (i)])

|ho — (ho)-llecy = 0, [[hg — ((ho)=)'lcay — 0

as 7 — 0+ 0. We take 7/ € (0, 7*) such that

1

g . P € P
Hho—hHC(1)<1mm{(/ ) ,1}, It~ wlew <5 ([ )

for h:= (ho). Therefore || f — hlc(r) < e and ||f — hllwi) <e. O
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Corollary 2.1. Let I = (a,b) CR, 1 <p < o0, p,v € V,(I), /l) € Lf;c(l), g € LL.(I). Then
oo WD)
WA(I)

Wi ="

p

and (1.2) holds.

Proof. We have Cg°(I) C W, (I) and, by Theorem 2.1, W}(I) C Cg°(I) "o Hence
o WD)
wiD) =G,

It is clear that right side of (1.2) is not greater than the left side of (1.2). Fix an arbitrary
f € W}(I). By Theorem 2.1 there exist (a*,b*) CC I and a sequence {h,} C C§°(I) such that
supp h,, C (a*,0%), |f = halleqy = 0 and ||f — hullwyy — 0 as n — co. Since g € L'([a*,b"])

then
|f1fg| ~ lim |f1hng| < sup Ulfg’

Ifllwiry — n= Ballwaay ~ recew Ifllwin

]

Corollary 2.2. Let I = (a,b) C R, 1 < p < o0, p,v € V,(I), L € L, (I). Then Cg°(I) is
dense in Wpl([) if and only if HU”LP((G,C))H%HLP'((a,c)) = HUHLP((c,b))”%HLP’((C,b)) = 00, where the

point ¢ € I is taken such that ||v]|11((ae) > 0 and ||[v||L1¢cp)) > 0.

Proof. Statement follows from |3, Lemma 1.6] and Corollary 2.1. ]

3 Finiteness of the supremum

Let I = (a,b), 1 < p < 0o and weight functions be satisfy the following set of conditions

pv € V(D) 5 € Ly (D) 1Mo (aen 10l o(@ery < 005 51w ep 10 logeeny < 00, (3.1)

where the point ¢ € I is taken such that ||v||11((q.¢) > 0 and [[v|[L1(cp)) > 0. By [3, Lemma 1.6],

when the condition (3.1) holds f € W} (I) if and only if f € W}(I) and f(a+0) = f(b—0) =0,
where f is the representative of f, which existence is proved in [5, Corollary 2.2|. By using |3,
Theorem 3.1] and [5, Theorem 2.6|, a criterion of finiteness of the supremum (1.3) is formulated
in terms of special functions constructed with the Oinarov and Otelbaev scheme [3]. In this
paper we prove a criterion that does not use Oinarov-Otelbaev functions.

We first prove a result for the vector space AOC’I,(p, I):={f € AC\.(I) : f(a+0) = f(b—0) =
0, || f'pllze(ry < 0o}, equipped with the norm

11 = 17 pllon + @], F € AC,(p, 1),

where ¢ € I is a fixed point. This space was considered in the paper [1] (see, also, the references
to the article).

Theorem 3.1. Let I := (a,b) CR, 1 <p <00, g € Ly (), L € L¥(I), c€ I. Then

loc
J; f4l

<o & B <o,
: ILf"pll ey

Ag:= sup
fGAOCp(PJ
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e (/]

/Ifg _ /IG-f’, [ € AC,(p, 1),

where G(z) :=— [Tg, v €I, and
g

AoSBQZ:in (/
vER I
if, besides that, p € LY (I), then Ay = Bs.

Proof. Necessity. Let Ay < oo. Then for any f € ACy,(p,I) there exist the integral [, fg, and
definition of Lebesgue integral implies fl |fgl < oc.

Fix a point a; € (a, ¢) an arbitrary Lebesgue measurable function h such that ph € LP((c,b)).
Since fcb Ip| 7" < oo then fcb |h| < oo. Let hg be such that phg € LP((a1,c)) and || pho||r((a1,¢)) >
/ c b c
0. Since % € Ly, (I) we have [ [ho| < co. We put hy := h()%. Then [/ 7 = fcb h. We

define f(z) := ["(hiX(ar,e) — PX(et)). Then f € AC(I), pf’ € LP(I) and

c T b
f(a:):/ hl—/ h:/ h
al c T
holds for = € (¢, b). In particular, f € AOCP(,O, I). Therefore
b| b
A
for any Lebesgue measurable function h with ||ph|| e () < 00.
By [5, Lemma 2.4] (where X := {f : |[pf|lrrr) < 00}, Y := L'(I), (Th)(z) = g(z) f; h) we

have the inequality
by pb b ;
[ 1wt <e ([ mr)" (5.2

Using the result |7, Theorem 2.4|, we find that

where

, 1
D p’

() !‘p'daf)

In this case

1

p/

|p() I_p/daﬁ> ;

/

p

l9(x)| dz < o0

1

Biy = ( [ ([ ([ |g|>,,1 9(0) dx) " oo

Integrating by parts, we get the estimate

B> [ ’ (/ b i) ([ |gr)p’_1 o(a)lde > | i ([ rgr)p/ o) [ da

for any point 5 € (¢,b). Analogously we prove the finiteness of

1
7

Biy = ( [ () (] |g\)p,_1 90) dx)p
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iz [ ([ |gr) p(@) P dr, € (@)

Using the monotone convergence theorem, we obtain the estimate p/(BY; + BYy) > BY'.

Sufficiency. Let By < co. We have
b T P’ , P
o=, ([ ([11) i) = ([ ) [
B—b—0 B c
and, analogously,
i ([T)" [ el =0

Define G(z) := — [ |g|, z € (a,b),

and the estimate

L) =[G, featipD.
I
Then L € (AOC’p(p, I))*. Integrating by parts, we get
. ‘A / . b !
- Lo f'or- m, [ or g [ o

=t (s [ 1) + i (@@ + [ 1a1).

Now fix an arbitrary f € AOC’p(p, I). Since f € AC)oc(]) then

o
JRGE (/:|pf'|p>;’ (/ o ) < o0,

we have f(z) = [7 f'. Therefore

From f(a + 0) = 0 and from the estimate

1
7

s o ([ o) (o)

( / If’pl”) ~0.
Analogously, limg ;o |G(8)f(8)] = 0. Thus,

(= tim, [ flgl+ Jim / gl

\gl

and

e

imsup(Gys(@)l < s [lol- ([C17)

a—a+0 a—a+0 [
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Since | f| € AC,(p, I) then there exists the integral

J156= g, [0+ i, [ 150 = 2051

Now we put G(z) := — [ g, = € (a,b), and
:/G.f', feAC,(p,]).
I

Then L € (AC,(p,I))*. Using similar arguments, we obtain the equality

= [ 104, [ 1

And the existence of the integral [, |fg| implies

= / /9.
I
This proves the finiteness of A.

Remark that
I .
/If _ﬂgglo/ f'= 51—1>Ibnof f) =

for any f € AOCp(p, I). Then for arbitrary v € R we have

G / z |P , P
Ay= sup Ms(}w/g |p<x>|-pdx>

/
ey PO

that is Ay < Bs.
Now let p € Lt (I). Then Cj(I) C AC,(p, I). Denote

Ay = sup UI Go ‘
PpeC(1 H¢ pHLP

28

Let A; < oo. The set YV := {¢' : ¢ € CL(I)} is a subspace of the weighted Lebesgue space
L) = A = fllzgay == I pllery < oo} Since Ay < oo then A : f [, Gf is a linear
functional on Y and |A(f)| < Au[|f|| ey for any f € Y. Denote by A the extension by Hahn-
Banach theorem of the functional A on all Lb(I). Then there exists the function F' € LE ()

such that A(f) = [, F'f, f € LE(I), and

A = T
1 fesilppf) Hf||Lp /| ”|pl

1
o

Since A coincides with A on Y, then there exists the constant v € R such that F = G + v a.e.

on I. Consequently,
1

oz = ([16 40 ) 2 B
I
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Now we formulate a criterion of finiteness of the supremum (1.3).

Corollary 3.1. Let [ := (a,b) CR, 1 < p < o0, g € Li..(I), the point c € I be taken such that
]| 21 ((a,e) > 0 and ||v]| ey > 0, weight functions p,v be satisfy the set of conditions (3.1).

Then
o ‘f]fg‘
Ay = sup ——— < o0 & B <o
fev?/,}(l) ||fHW,}(1)

In this case
[1a= [c-pr. reim.
where G(z) := — f g, x € 1. In particular, (1 + HUHLP(])H%”LP,(I))_I By, < Ay < B,.
Proof. The set of conditions (3.1) is equivalent to the following set of conditions
pv € V(I), 1 € LP(I), ve L(I). (3.3)

Required only to show that (3.1) implies (3.3). Since p € L (I) then H 2+ (a,c)) > O
and ||1||LP(cb)) > 0. Since ||1||Lp(ac)||v||Lp ((a)) < 00 and ||p||Lp ((qb))HUHL’” ((c,b)) < oo then

loc

|v]|Le(ry < 0o0. Given a choice of the point ¢ € I, we get c LY (I).

Therefore
1
. sup |/fIfg} < su Ulf9| sup Ulfg‘ '
L+ (|ollean 151 e ) s ||f Pl rea ||f||W (I) sedtn ||f pllze
Applying Theorem 3.1, we obtain the required result. O
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