
ISSN 2077�9879

Eurasian

Mathematical

Journal

2017, Volume 8, Number 1

Founded in 2010 by

the L.N. Gumilyov Eurasian National University

in cooperation with

the M.V. Lomonosov Moscow State University

the Peoples' Friendship University of Russia

the University of Padua

Supported by the ISAAC

(International Society for Analysis, its Applications and Computation)

and

by the Kazakhstan Mathematical Society

Published by

the L.N. Gumilyov Eurasian National University

Astana, Kazakhstan



EURASIAN MATHEMATICAL JOURNAL

Editorial Board

Editors�in�Chief

V.I. Burenkov, M. Otelbaev, V.A. Sadovnichy

Editors

Sh.A. Alimov (Uzbekistan), H. Begehr (Germany), T. Bekjan (China), O.V. Besov (Russia),
N.A. Bokayev (Kazakhstan), A.A. Borubaev (Kyrgyzstan), G. Bourdaud (France), A. Cae-
tano (Portugal), M. Carro (Spain), A.D.R. Choudary (Pakistan), V.N. Chubarikov (Rus-
sia), A.S. Dzumadildaev (Kazakhstan), V.M. Filippov (Russia), H. Ghazaryan (Armenia),
M.L. Goldman (Russia), V. Goldshtein (Israel), V. Guliyev (Azerbaijan), D.D. Haroske (Ger-
many), A. Hasanoglu (Turkey), M. Huxley (Great Britain), M. Imanaliev (Kyrgyzstan),
P. Jain (India), T.Sh. Kalmenov (Kazakhstan), B.E. Kangyzhin (Kazakhstan), K.K. Ken-
zhibaev (Kazakhstan), S.N. Kharin (Kazakhstan), E. Kissin (Great Britain), V. Kokilashvili
(Georgia), V.I. Korzyuk (Belarus), A. Kufner (Czech Republic), L.K. Kussainova (Kazakhstan),
P.D. Lamberti (Italy), M. Lanza de Cristoforis (Italy), V.G. Maz'ya (Sweden), E.D. Nursul-
tanov (Kazakhstan), R. Oinarov (Kazakhstan), K.N. Ospanov (Kazakhstan), I.N. Parasidis
(Greece), J. Pe�cari�c (Croatia), S.A. Plaksa (Ukraine), L.-E. Persson (Sweden), E.L. Pres-
man (Russia), M.A. Ragusa (Italy), M.D. Ramazanov (Russia), M. Reissig (Germany), M.
Ruzhansky (Great Britain), S. Sagitov (Sweden), T.O. Shaposhnikova (Sweden), A.A. Shka-
likov (Russia), V.A. Skvortsov (Poland), G. Sinnamon (Canada), E.S. Smailov (Kazakhstan),
V.D. Stepanov (Russia), Ya.T. Sultanaev (Russia), I.A. Taimanov (Russia), T.V. Tararykova
(Great Britain), J.A. Tussupov (Kazakhstan), U.U. Umirbaev (Kazakhstan), Z.D. Usmanov
(Tajikistan), N. Vasilevski (Mexico), Dachun Yang (China), B.T. Zhumagulov (Kazakhstan)

Managing Editor

A.M. Temirkhanova

c© The Eurasian National University



Aims and Scope

The Eurasian Mathematical Journal (EMJ) publishes carefully selected original research
papers in all areas of mathematics written by mathematicians, principally from Europe and
Asia. However papers by mathematicians from other continents are also welcome.
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The language of the paper must be English only.
The contents of EMJ are indexed in Scopus, Web of Science (ESCI), Mathematical Reviews,
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Submission. Manuscripts should be written in LaTeX and should be submitted elec-
tronically in DVI, PostScript or PDF format to the EMJ Editorial O�ce via e-mail
(eurasianmj@yandex.kz).

When the paper is accepted, the authors will be asked to send the tex-�le of the paper to
the Editorial O�ce.

The author who submitted an article for publication will be considered as a correspond-
ing author. Authors may nominate a member of the Editorial Board whom they consider
appropriate for the article. However, assignment to that particular editor is not guaranteed.

Copyright. When the paper is accepted, the copyright is automatically transferred to the
EMJ. Manuscripts are accepted for review on the understanding that the same work has not
been already published (except in the form of an abstract), that it is not under consideration
for publication elsewhere, and that it has been approved by all authors.

Title page. The title page should start with the title of the paper and authors' names (no
degrees). It should contain the Keywords (no more than 10), the Subject Classi�cation (AMS
Mathematics Subject Classi�cation (2010) with primary (and secondary) subject classi�cation
codes), and the Abstract (no more than 150 words with minimal use of mathematical symbols).

Figures. Figures should be prepared in a digital form which is suitable for direct reproduc-
tion.

References. Bibliographical references should be listed alphabetically at the end of the ar-
ticle. The authors should consult the Mathematical Reviews for the standard abbreviations of
journals' names.

Authors' data. The authors' a�liations, addresses and e-mail addresses should be placed
after the References.

Proofs. The authors will receive proofs only once. The late return of proofs may result in
the paper being published in a later issue.

O�prints. The authors will receive o�prints in electronic form.
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Publication Ethics and Publication Malpractice

For information on Ethics in publishing and Ethical guidelines for journal publi-
cation see http://www.elsevier.com/publishingethics and http://www.elsevier.com/journal-
authors/ethics.

Submission of an article to the EMJ implies that the work described has not been published
previously (except in the form of an abstract or as part of a published lecture or academic
thesis or as an electronic preprint, see http://www.elsevier.com/postingpolicy), that it is not
under consideration for publication elsewhere, that its publication is approved by all authors
and tacitly or explicitly by the responsible authorities where the work was carried out, and
that, if accepted, it will not be published elsewhere in the same form, in English or in any
other language, including electronically without the written consent of the copyright-holder. In
particular, translations into English of papers already published in another language are not
accepted.

No other forms of scienti�c misconduct are allowed, such as plagiarism, falsi�-
cation, fraudulent data, incorrect interpretation of other works, incorrect citations,
etc. The EMJ follows the Code of Conduct of the Committee on Publication
Ethics (COPE), and follows the COPE Flowcharts for Resolving Cases of Suspected
Misconduct (http : //publicationethics.org/files/u2/NewCode.pdf). To verify origi-
nality, your article may be checked by the originality detection service CrossCheck
http://www.elsevier.com/editors/plagdetect.

The authors are obliged to participate in peer review process and be ready to provide
corrections, clari�cations, retractions and apologies when needed. All authors of a paper should
have signi�cantly contributed to the research.

The reviewers should provide objective judgments and should point out relevant published
works which are not yet cited. Reviewed articles should be treated con�dentially. The reviewers
will be chosen in such a way that there is no con�ict of interests with respect to the research,
the authors and/or the research funders.

The editors have complete responsibility and authority to reject or accept a paper, and they
will only accept a paper when reasonably certain. They will preserve anonymity of reviewers
and promote publication of corrections, clari�cations, retractions and apologies when needed.
The acceptance of a paper automatically implies the copyright transfer to the EMJ.

The Editorial Board of the EMJ will monitor and safeguard publishing ethics.
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The procedure of reviewing a manuscript, established
by the Editorial Board of the Eurasian Mathematical Journal

1. Reviewing procedure
1.1. All research papers received by the Eurasian Mathematical Journal (EMJ) are subject

to mandatory reviewing.
1.2. The Managing Editor of the journal determines whether a paper �ts to the scope of

the EMJ and satis�es the rules of writing papers for the EMJ, and directs it for a preliminary
review to one of the Editors-in-chief who checks the scienti�c content of the manuscript and
assigns a specialist for reviewing the manuscript.

1.3. Reviewers of manuscripts are selected from highly quali�ed scientists and specialists
of the L.N. Gumilyov Eurasian National University (doctors of sciences, professors), other
universities of the Republic of Kazakhstan and foreign countries. An author of a paper cannot
be its reviewer.

1.4. Duration of reviewing in each case is determined by the Managing Editor aiming at
creating conditions for the most rapid publication of the paper.

1.5. Reviewing is con�dential. Information about a reviewer is anonymous to the authors
and is available only for the Editorial Board and the Control Committee in the Field of Ed-
ucation and Science of the Ministry of Education and Science of the Republic of Kazakhstan
(CCFES). The author has the right to read the text of the review.

1.6. If required, the review is sent to the author by e-mail.
1.7. A positive review is not a su�cient basis for publication of the paper.
1.8. If a reviewer overall approves the paper, but has observations, the review is con�den-

tially sent to the author. A revised version of the paper in which the comments of the reviewer
are taken into account is sent to the same reviewer for additional reviewing.

1.9. In the case of a negative review the text of the review is con�dentially sent to the
author.

1.10. If the author sends a well reasoned response to the comments of the reviewer, the paper
should be considered by a commission, consisting of three members of the Editorial Board.

1.11. The �nal decision on publication of the paper is made by the Editorial Board and is
recorded in the minutes of the meeting of the Editorial Board.

1.12. After the paper is accepted for publication by the Editorial Board the Managing
Editor informs the author about this and about the date of publication.

1.13. Originals reviews are stored in the Editorial O�ce for three years from the date of
publication and are provided on request of the CCFES.

1.14. No fee for reviewing papers will be charged.

2. Requirements for the content of a review
2.1. In the title of a review there should be indicated the author(s) and the title of a paper.
2.2. A review should include a quali�ed analysis of the material of a paper, objective

assessment and reasoned recommendations.
2.3. A review should cover the following topics:
- compliance of the paper with the scope of the EMJ;
- compliance of the title of the paper to its content;
- compliance of the paper to the rules of writing papers for the EMJ (abstract, key words

and phrases, bibliography etc.);
- a general description and assessment of the content of the paper (subject, focus, actuality

of the topic, importance and actuality of the obtained results, possible applications);



6

- content of the paper (the originality of the material, survey of previously published studies
on the topic of the paper, erroneous statements (if any), controversial issues (if any), and so
on);

- exposition of the paper (clarity, conciseness, completeness of proofs, completeness of bib-
liographic references, typographical quality of the text);

- possibility of reducing the volume of the paper, without harming the content and under-
standing of the presented scienti�c results;

- description of positive aspects of the paper, as well as of drawbacks, recommendations for
corrections and complements to the text.

2.4. The �nal part of the review should contain an overall opinion of a reviewer on the
paper and a clear recommendation on whether the paper can be published in the Eurasian
Mathematical Journal, should be sent back to the author for revision or cannot be published.
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RYSKUL OINAROV

(to the 70th birthday)

On February 26, 2017 was the 70th birthday of Ryskul Oinarov, mem-
ber of the Editorial Board of the Eurasian Mathematical Journal, pro-
fessor of the Department Fundamental Mathematics of the L.N. Gumi-
lyov Eurasian National University, doctor of physical and mathematical
sciences (1994), professor (1997), honoured worker of education of the
Republic of Kazakhstan (2007), corresponding member of the National
Academy of Sciences of the Republic of Kazakhstan (2012). In 2005 he
was awarded the breastplate �For the merits in the development of science
in the Republic of Kazakhstan�, in 2007 and 2014 the state grant �The
best university teacher�, in 2016 the Order �Kurmet� (= �Honour�).

R. Oinarov was born in the village Kul'Aryk, Kazalinsk district, Kyzy-
lorda region. In 1969 he graduated from the S.M. Kirov Kazakh State University (Almaty).
Starting with 1972 he worked at the Institute of Mathematics and Mechanics of the Academy of
Sciences of the Kazakh SSR (senior engineer, junior researcher, senior researcher, head of a lab-
oratory). In 1981 he defended of the candidate of sciences thesis �Continuity and Lipschitzness
of nonlinear integral operators of Uryson's type� at the Tashkent State University of the Uzbek
SSR and in 1994 the doctor of sciences thesis �Weighted estimates of integral and di�erential
operators� at the Institute of Mathematics and Mechanics of the Academy of Sciences of the
Kazakh SSR.

Starting from 2000 he has been working as a professor at the L.N. Gumilyov Eurasian
National University

Scienti�c works of R. Oinarov are devoted to investigation of linear and non-linear integral
and discrete operators in weighted spaces; to studying problems of the well-posedness of dif-
ferential equations; to weighted inequalities; to embedding theorems for the weighted function
spaces of Sobolev type and their applications to the qualitative theory of linear and quasilin-
ear di�erential equations. A certain class of integral operators is named after him - integral
operators with Oinarov's kernels or Oinarov condition. On the whole, the results obtained by
R. Oinarov have laid the groundwork for new perspective directions in the theory of function
spaces and its applications to the theory of di�erential equations.

R. Oinarov has published more than 100 scienti�c papers. The list of his most important
publications may be seen on the web-page

https : //scholar.google.com/citations?user = NzXYMS4AAAAJhl = ruoi = ao

Under his supervision 26 theses have been defended: 1 doctor of sciences thesis, 15 candidate
of sciences theses and 10 PhD theses. The Editorial Board of the Eurasian Mathematical
Journal congratulates Ryskul Oinarov on the occasion of his 70th birthday and wishes him
good health and new achievements in mathematics and mathematical education.
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TIME DEPENDENT BOUNDARY NORMS FOR KERNELS

AND REGULARIZING PROPERTIES OF THE

DOUBLE LAYER HEAT POTENTIAL
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Communicated by T.V. Tararykova
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Abstract. We introduce a class of norms for time dependent kernels on the boundary of
Lipschitz parabolic cylinders and we prove theorems of joint continuity of integral operators
upon variation of both the kernel and the density function. As an application, we prove that
the integral operator associated to the double layer heat potential has a regularizing property
on the boundary.

1 Introduction

This paper is mainly devoted to continuity and regularizing properties of boundary integral
operators de�ned on the boundary of parabolic cylinders upon variation of both the kernel and
the density (or moment) function and to their applications to integral operators, the double
layer heat potential in particular. Throughout the paper, we assume that

n ∈ N \ {0, 1} ,

where N denotes the set of all natural numbers including 0. Let α ∈]0, 1[, T ∈] − ∞,+∞].
Let Ω be a bounded open subset of Rn of class C1,α. The analysis of the properties of the
integral operator associated to the double layer heat potential is a classical topic. Indeed, the
double layer heat potential has been systematically exploited in the analysis of boundary value
problems for the heat equation.

A �rst systematic treatment of the properties of heat layer potentials can be found in the
works of Gevrey [5], [6], where the author has studied the properties of heat potentials in the
case n = 1.

Then Van Tun [20], [21], [22] has developed in a series of papers the work of Gevrey and
has obtained some results on the Schauder regularity of heat potentials. In particular, Van Tun
has proved that the integral operator associated to the double layer heat potential de�ned on
the boundary of a parabolic cylinder improves by 1/2 the H�older exponent of the density.

In the case m ∈ N and Ω is of class Cm,α, it has long been known that if the density µ
is of class C(m+α)/2;m+α(]−∞, T [ × ∂Ω), then the restriction of the double layer potential to
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the set ]−∞, T [ × Ω can be extended to a function of C(m+α)/2;m+α(]−∞, T [ × clΩ) (cf. e.g.
Ladyzhenskaja, Solonnikov and Ural'ceva [15].)

In the case m ∈ N and Ω is of class Cm+2,α, Kamynin [9], [10], [11], [12] has proved that the
integral operator associated to the double layer heat potential is bounded from the Schauder
space C(m+α)/2;m+α([0, T ]× ∂Ω) to C(m+1+α′)/2;m+1+α′([0, T ]× ∂Ω) for α′ ∈]0, α[, T < +∞.

Then Costabel [3] has considered the case of anisotropic Sobolev spaces and has proved
some mapping property of heat potentials in Sobolev spaces on Lipschitz domains. We also
mention the works of Lewis and Murray [16] and Hofmann and Lewis [8] for time dependent
Lipschitz domains.

Our interest is two-fold. On one hand we want to prove that the integral operator associated
to the double layer heat potential improves the regularity of the density in Schauder spaces and
thus extend the above mentioned work of Kamynin, and on the other hand we are interested in
the dependence of an integral operator upon variation of the density and of the kernel. We plan
to apply both types of results in the analysis of singularly perturbed boundary value problems.

In this paper we plan to consider the cases in which Ω is a bounded open Lipschitz subset
of Rn and a bounded open subset of Rn of class C1,α. Then in a forthcoming paper, we plan
to exploit the results of the present paper and to prove a formula for the tangential derivatives
of the double layer heat potential and correspoinding regularizing properties of the integral
operator associated to the double layer heat potential in spaces of fuction with high order
derivatives in H�older spaces in a bounded open subset of Rn of class Cm,α with m > 1.

Thus we plan to prove in a parabolic setting, the corresponding results of [2] for integral op-
erators de�ned on the boundary of Ω and for layer potentials corresponding to the fundamental
solution of an arbitrary second order elliptic operator with constant coe�cients. For references
to previous contributions on the double layer potential for second order elliptic operators, we
refer to [2].

In Sections 2 and 3, we introduse some notation and preliminaries. In Section 4 we collect
some inequalities for the kernel of the double layer heat potential in the case Ω is of class
C1,α. Then in Section 6 we introduce a class of function spaces and norms for kernels of
integral operators de�ned on the boundary of parabolic cylinders, and we verify that the kernel
associated to the fundamental solution of the heat equation and its �rst order derivatives and
the kernel of the double layer heat potential belong to such classes.

In Section 7, we estimate the norm of an integral operator with kernel K applied to a
density µ in terms of the norm of K in the above classes and of the L∞-norm of µ. In Section 8,
we apply the results of Section 7 to the double layer heat potential and deduce corresponding
inequalities.

In Section 9, we estimate the norm of an integral operator with kernelK applied to a density
µ in terms of the norm of K in the above classes and of the H�older norm of µ. In Section 10,
we apply the results of Section 9 to the double layer heat potential and deduce corresponding
inequalities.

The authors believe that the introduction of the above mentioned norms could be applied
to simplify some of the classical proofs of the mapping properties of layer heat potentials.

2 Notation

We denote the norm on a normed space X by ‖·‖X . Let X and Y be normed spaces. We endow
the space X × Y with the norm de�ned by ‖(x, y)‖X×Y ≡ ‖x‖X + ‖y‖Y for all (x, y) ∈ X × Y ,
while we use the Euclidean norm for Rn. For standard de�nitions of Calculus in normed spaces,
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we refer to Deimling [1]. Let s ∈ N \ {0}. Let D ⊆ Rs. Then clD denotes the closure of D, and
∂D denotes the boundary of D, and diam(D) denotes the diameter of D. The symbol | · | denotes
the Euclidean modulus in Rs or in C. For all R ∈]0,+∞[, x ∈ Rs, xj denotes the j-th coordinate
of x for all j ∈ {1, . . . , s}, and Bs(x,R) denotes the ball {y ∈ Rs : |x− y| < R}. B(D,X ) and
C0(D,X ) denote the space of bounded and continuous functions from D to X , respectively. We
endow B(D,X ) with the sup-norm and we set C0

b (D,X ) ≡ C0(D,X ) ∩ B(D,X ). Let Ω be an
open subset of Rs. The space of m times continuously di�erentiable complex-valued functions
on Ω is denoted by Cm(Ω,C), or more simply by Cm(Ω). Let f ∈ Cm(Ω). Then Df denotes
the Jacobian matrix of f . Let η ≡ (η1, . . . , ηs) ∈ Ns, |η| ≡ η1 + · · · + ηs. Then Dηf denotes

∂|η|f
∂x
η1
1 ...∂xηss

. The subspace of Cm(Ω) of those functions f whose derivatives Dηf of order |η| 6 m

can be extended with continuity to clΩ is denoted Cm(clΩ).
The subspace of Cm(cl Ω) whose derivatives up to order m are bounded is denoted Cm

b (cl Ω).
Then Cm

b (cl Ω) endowed with the norm ‖f‖Cmb (cl Ω) ≡
∑
|η|6m supcl Ω |Dηf | is a Banach space. If

Ω is bounded, then Cm
b (cl Ω) = Cm(cl Ω). Now let ω be a function of ]0,+∞[ to itself such that

ω is increasing and lim
r→0+

ω(r) = 0 . (2.1)

If f is a function from a subset D of Rs to a normed space X , we set

|f : D|ω(·) ≡ sup

{
‖f(x)− f(y)‖X
ω(|x− y|)

: x, y ∈ D, x 6= y

}
.

If |f : D|ω(·) <∞, we say that f is ω(·)-H�older continuous. Sometimes, we simply write |f |ω(·)
instead of |f : D|ω(·). The subspace of C0(D,X ) whose functions are ω(·)-H�older continuous
is denoted C0,ω(·)(D,X ). The space C

0,ω(·)
b (D,X ) ≡ C0,ω(·)(D,X ) ∩ B(D,X ) endowed with the

norm ‖f‖
C

0,ω(·)
b (D,X )

≡ supD ‖f‖X + |f : D|ω(·) is a Banach space. If X = C, we simply write

C0(D), C0,ω(·)(D), C
0,ω(·)
b (D) instead of C0(D,C), C0,ω(·)(D,C), C

0,ω(·)
b (D,C), respectively.

Particularly important is the case in which ω(·) is the function rα for some �xed α ∈]0, 1].
In this case, we simply write C0,α(D), C0,α

b (D), |· : D|α instead of C0,rα(D), C0,rα

b (D), |· : D|rα ,
respectively.

Remark 1. Let s ∈ N\{0}. Let ω be as in (2.1). Let D be a subset of Rs. Let X be a normed
space. Let f ∈ C0

b (D,X ), a ∈]0,+∞[. Then,

sup
x,y∈D, |x−y|>a

‖f(x)− f(y)‖X
ω(|x− y|)

6
2

ω(a)
sup
D
‖f‖X .

Thus the di�culty of estimating the H�older quotient ‖f(x)−f(y)‖X
ω(|x−y|) of a bounded function f

lies entirely in case 0 < |x− y| < a. Then we have the following.

Lemma 2.1. Let s ∈ N \ {0}. Let D be a subset of Rs. Let ψ1, ψ2, ψ3 be as in (2.1). Let
conditions supj=1,2 supr∈]0,1[ ψj(r)ψ

−1
3 (r) <∞ hold. Then the pointwise product is bilinear and

continuous from C
0,ψ1(·)
b (D)× C0,ψ2(·)

b (D) to C
0,ψ3(·)
b (D).

For the de�nition of open subsets of Rn of class C1 or C1,α for some α ∈]0, 1], we refer to
Gilbarg and Trudinger [7]. Let Ω be a bounded open subset of Rn of class C1. We denote by
ν ≡ (νl)l=1,...,n the external unit normal to ∂Ω.
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Next we introduce the H�older spaces on cylindrical domains. If T ∈]−∞,+∞] and if D is
a subset of Rn, then we set

DT ≡ ]−∞, T [× D , ∂TD ≡ (∂D)T = ]−∞, T [× ∂D .

Clearly ]−∞, T [ =] −∞, T ] if T ∈ R and ]−∞, T [ =] −∞,+∞[ if T = +∞. We also note
that

(clD)T = clDT .

Remark 2. As is well known, the map Ξ from the vector space CDT of functions from DT to
C to the vector space (CD)]−∞,T [ of functions from ]−∞, T [ to CD, which takes a function f
to the function Ξf from ]−∞, T [ to CD which takes t to f(t, ·) is an isomorphism. As a rule,
we omit to write the canonical identi�cation map Ξ.

Then we have the following.

De�nition 1. Let α′, α′′ ∈]0, 1], T ∈]−∞,+∞]. Let D be a subset of Rn. Then C0,α′;0,α′′(DT )
denotes the space of bounded functions u from DT to C such that

‖u‖C0,α′;0,α′′ (DT ) ≡ sup
DT
|u|+ sup

t1,t2∈]−∞,T [,t1 6=t2

‖u(t1, ·)− u(t2, ·)‖C0
b (D)

|t1 − t2|α′

+ sup
t∈]−∞,T [

|u(t, ·) : D|α′′ < +∞ .

It is well known that (C0,α′;0,α′′(DT ), ‖ · ‖C0,α′;0,α′′ (DT )) is a Banach space. By Re-

mark 2, u ∈ C0,α′;0,α′′(DT ) if and only if the canonically identi�ed map Ξu belongs to

C0,α′(]−∞, T [, C0
b (D)) ∩B(]−∞, T [, C0,α′′

b (D)). Then we have the following.

De�nition 2. Let α ∈]0, 1[, T ∈]−∞,+∞]. Let D be a subset of Rn. Then Cα/2;α(DT ) denotes
the space of bounded functions u from DT to C such that

‖u‖Cα/2;α(DT ) ≡ sup
(t,x)∈DT

|u(t, x)|

+ sup
(t,x),(τ,y)∈DT ,(t,x)6=(τ,y)

|u(t, x)− u(τ, y)|
(|t− τ |1/2 + |x− y|)α

< +∞ .

It is well known that (Cα/2;α(DT ), ‖ · ‖Cα/2;α(DT )) is a Banach space. Then we have the
following (for a proof cf. e.g., Krylov [14, p. 120].)

Proposition 2.1. Let α ∈]0, 1[, T ∈] −∞,+∞]. Let D is a subset of Rn. Then Cα/2;α(DT )
coincides with C0,α/2;0,α(DT ) both algebraically and topologically.

3 Preliminary inequalities

We start with the following elementary lemma, which collects either known inequalities or
variants of known inequalities, which we need in the sequel.

Lemma 3.1. The following statements hold.
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(i)
1

2
|x′ − y| 6 |x′′ − y| 6 2|x′ − y| ∀y ∈ Rn \ Bn(x′, 2|x′ − x′′|) ,

for all x′, x′′ ∈ Rn, x′ 6= x′′.

(ii) Let h ∈]−∞, 0]. Then∣∣∣eh|x′−y|2 − eh|x′′−y|2∣∣∣ 6 2|h|ρ2,y(x
′, x′′)ehρ

2
1,y(x′,x′′)|x′ − x′′| ,

for all x′, x′′, y ∈ Rn, where

ρ1,y(x
′, x′′) ≡ min{|x′ − y|, |x′′ − y|} , ρ2,y(x

′, x′′) ≡ max{|x′ − y|, |x′′ − y|} .

(iii)

1

2
|x′ − y| 6 ρ1,y(x

′, x′′) 6 ρ2,y(x
′, x′′) 6 2|x′ − y| ∀y ∈ Rn \ Bn(x′, 2|x′ − x′′|) ,

for all x′, x′′ ∈ Rn, x′ 6= x′′.

Proof. Statement (i) follows by the triangular inequality. Statement (ii) follows by applying
the mean value inequalty to the function ehs

2
of s ∈ [0,+∞[. Statement (iii) is an immediate

consequence of statement (i).

Then we have the following well-known statement.

Lemma 3.2. Let α ∈]0, 1]. Let Ω be a bounded open connected subset of Rn of class C1,α. Then
there exists cΩ,α > 0 such that

|ν(y)t(x− y)| 6 cΩ,α|x− y|1+α ∀x, y ∈ ∂Ω .

Next we introduce a list of classical inequalities which can be veri�ed by exploiting the local
parametrizations of ∂Ω.

Lemma 3.3. Let Ω be a bounded open Lipschitz subset of Rn. Then the following statements
hold.

(i) Let γ ∈]−∞, n− 1[. Then

c′Ω,γ ≡ sup
x∈∂Ω

∫
∂Ω

dσy
|x− y|γ

< +∞ .

(ii) Let γ ∈]−∞, n− 1[. Then

c′′Ω,γ ≡ sup
x′,x′′∈∂Ω, x′ 6=x′′

|x′ − x′′|−(n−1)+γ

∫
Bn(x′,3|x′−x′′|)∩∂Ω

dσy
|x′ − y|γ

< +∞ .

(iii) Let γ ∈]n− 1,+∞[. Then

c′′′Ω,γ ≡ sup
x′,x′′∈∂Ω, x′ 6=x′′

|x′ − x′′|−(n−1)+γ

∫
∂Ω\Bn(x′,2|x′−x′′|)

dσy
|x′ − y|γ

< +∞ .
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(iv)

civΩ ≡ sup
x′,x′′∈∂Ω, 0<|x′−x′′|<1/e

| ln |x′ − x′′||−1

∫
∂Ω\Bn(x′,2|x′−x′′|)

dσy
|x′ − y|n−1

< +∞ .

Next we have the following technical elementary lemma, which collects either known in-
equalities or variants of known inequalities, which we need in the sequel.

Lemma 3.4.

(i) e−v 6 δδe−δv−δ for all v, δ ∈]0,+∞[.

(ii) Let s ∈]1,+∞[. Let Fs be the function from ]0,+∞[ to itself de�ned by

Fs(ξ) ≡
∫ +∞

ξ

e−1/uu−s du ∀ξ ∈]0,+∞[ .

If γ ∈]0, s− 1], then
Ds,γ ≡ sup

ξ∈]0,+∞[

ξγFs(ξ) < +∞ .

(iii) Let s ∈]1,+∞[. Let F̃s be the function from ]0,+∞[ to itself de�ned by

F̃s(ξ) ≡
∫ ξ

0

e−1/uu−s du ∀ξ ∈]0,+∞[ .

If γ ∈ [0,+∞[, then
D̃s,γ ≡ sup

ξ∈]0,+∞[

ξ−γF̃s(ξ) < +∞ .

(iv) Let s ∈]1,+∞[. Then Ms ≡
∫ +∞

0
e−1/uu−s du < +∞.

(v) Let b1 ∈]0,+∞[, b2 ∈]b1,+∞[, m ∈ N \ {0}. Then

C(b1, b2,m) ≡ sup
η∈]0,+∞[

e
η
b2
− η
b1

m∑
j=0

ηj < +∞ .

Proof. For statement (i), we refer for example to Kress [13, (9.17)]. Next we prove (ii).
Since s > 1, the function e−1/uu−s is integrable in ]0,+∞[. Then assumption γ > 0 im-
plies that limξ→0 ξ

γFs(ξ) = 0, and assumption γ 6 s − 1 and de l'H�opital rule imply that
limξ→+∞ ξ

γFs(ξ) ∈ R. Hence, statement (ii) holds true. By de l'H�opital rule, we have
limξ→0 ξ

−γF̃s(ξ) = 0, limξ→+∞ ξ
−γF̃s(ξ) ∈ R and thus statement (iii) follows. Statement (iv) is

well known.
In order to prove statement (v) it su�ces to note that the argument of the supremum is

continuous in η and has limiting values 1 and 0 at 0 and +∞, respectively.

Also, we denote by Γ the Euler Γ-function (cf. e.g., Folland [4, p. 58].) Finally, we point
out the following immediate consequence of the triangular inequality

1

2
|t′ − τ | 6 |t′′ − τ | 6 2|t′ − τ | ∀τ ∈ R\]t′ − 2|t′ − t′′|, t′ + 2|t′ − t′′|[ , (3.1)

for all t′, t′′ ∈ R, t′ 6= t′′.
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4 Preliminary inequalities for the fundamental solution of the heat
operator

The function Φn from Rn+1 \ {(0, 0)} to R de�ned by

Φn(t, x) ≡

{
1

(4πt)n/2
e−
|x|2
4t if (t, x) ∈]0,+∞[×Rn ,

0 if (t, x) ∈ (]−∞, 0]× Rn) \ {(0, 0)} ,

is well known to be the fundamental solution for the heat operator ∂t −∆ in Rn+1. Then we
have the following elementary inequalities for Φn.

Lemma 4.1. Let T ∈] − ∞,+∞]. Let G be a nonempty subset of Rn. Then the following
statements hold.

(i)

C0,G ≡ sup
(t,x)∈]0,+∞[×Rn, |x|6diam (G)

|Φn(t, x)|tn/2e
|x|2
4t < +∞ .

(ii)

C̃0,G ≡ sup

{
|Φn(t− τ, x′ − y)− Φn(t− τ, x′′ − y)| |t− τ |

(n/2)+1

|x′ − y| |x′ − x′′|
e
|x′−y|2
16(t−τ) :

x′, x′′ ∈ G, x′ 6= x′′, y ∈ G \ Bn(x′, 2|x′ − x′′|) ,

t, τ ∈ ]−∞, T [, τ < t

}
< +∞ .

(iii) Let a ∈]8,+∞[. Then

C̃ ′0,a,G ≡ sup

{
|Φn(t′ − τ, x− y)− Φn(t′′ − τ, x− y)| |t

′ − τ |(n/2)+1

|t′ − t′′|
e
|x−y|2
a(t′−τ) :

x, y ∈ G, x 6= y, t′, t′′ ∈ ]−∞, T [, t′ < t′′,

τ < t′ − 2|t′ − t′′|
}
< +∞ .

Proof. Statement (i) is an immediate consequence of the de�nition of Φn. We now consider
statement (ii). Let t, τ ∈ ]−∞, T [, τ < t, x′, x′′ ∈ G, x′ 6= x′′, y ∈ G \Bn(x′, 2|x′− x′′|). Then
Lemma 3.1 implies that

|Φn(t− τ, x′ − y)− Φn(t− τ, x′′ − y)|

=
1

(4π)n/2(t− τ)n/2

∣∣∣∣e− |x′−y|24(t−τ) − e−
|x′′−y|2
4(t−τ)

∣∣∣∣
6

1

2(4π)n/2(t− τ)(n/2)+1
ρ2,y(x

′, x′′)e−
ρ21,y(x

′,x′′)
4(t−τ) |x′ − x′′|

6
1

2(4π)n/2(t− τ)(n/2)+1
2|x′ − y|e−

|x′−y|2
16(t−τ) |x′ − x′′| ,
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and accordingly, (ii) follows. Next we consider (iii). Let t′, t′′ ∈ ]−∞, T [, t′ < t′′, τ <
t′ − 2|t′ − t′′|, x, y ∈ G, x 6= y. By the Mean Value Theorem there exists ξ ∈]t′, t′′[ such that

|Φn(t′ − τ, x− y)− Φn(t′′ − τ, x− y)|

=
1

(4π)n/2

∣∣∣∣ 1

(t′ − τ)(n/2)
e
− |x−y|

2

4(t′−τ) − 1

(t′′ − τ)(n/2)
e
− |x−y|

2

4(t′′−τ)

∣∣∣∣
=
|t′ − t′′|
(4π)n/2

∣∣∣∣ −n/2
(ξ − τ)(n/2)+1

e−
|x−y|2
4(ξ−τ) +

1

(ξ − τ)n/2
e−
|x−y|2
4(ξ−τ)

|x− y|2

4(ξ − τ)2

∣∣∣∣ .
Then by inequality (3.1), and by the inequalities |t′ − τ | 6 |ξ − τ | 6 |t′′ − τ |, and by Lemma
3.4 (v), we have

|t′ − t′′|
(4π)n/2

∣∣∣∣ −n/2
(ξ − τ)(n/2)+1

e−
|x−y|2
4(ξ−τ) +

1

(ξ − τ)n/2
e−
|x−y|2
4(ξ−τ)

|x− y|2

4(ξ − τ)2

∣∣∣∣
6
|t′ − t′′|
(4π)n/2

[
n/2

(t′ − τ)(n/2)+1
e
− |x−y|

2

4(t′′−τ) +
1

(t′ − τ)n/2
e
− |x−y|

2

4(t′′−τ)
|x− y|2

4(t′ − τ)2

]
6
|t′ − t′′|
(4π)n/2

[
n/2

(t′ − τ)(n/2)+1
e
− |x−y|

2

8(t′−τ) +
1

(t′ − τ)n/2
e
− |x−y|

2

8(t′−τ)
|x− y|2

4(t′ − τ)2

]
6

|t′ − t′′|(n/2)

(4π)n/2(t′ − τ)(n/2)+1
C(8, a, 1)e

− |x−y|
2

a(t′−τ) ,

and thus statement (iii) holds true.

Next we consider the spatial gradient of the fundamental solution. Clearly,

DxΦn(t, x) ≡

{
−x

2(4π)n/2t(n/2)+1 e
− |x|

2

4t if (t, x) ∈]0,+∞[×Rn ,

0 if (t, x) ∈ (]−∞, 0]× Rn) \ {(0, 0)} .

Then we have the following.

Lemma 4.2. Let T ∈] − ∞,+∞]. Let G be a nonempty subset of Rn. Then the following
statements hold.

(i)

C0,1,G ≡ sup
(t,x)∈]0,+∞[×Rn, |x|6diam (G)

|DxΦn(t, x)|t
(n/2)+1

|x|
e
|x|2
4t < +∞ .

(ii) Let a ∈]16,+∞[. Then

C̃0,1,a,G

≡ sup

{
|DxΦn(t− τ, x′ − y)−DxΦn(t− τ, x′′ − y)| |t− τ |

(n/2)+1e
|x′−y|2
a(t−τ)

|x′ − x′′|
:

x′, x′′ ∈ G, x′ 6= x′′, y ∈ G \ Bn(x′, 2|x′ − x′′|) ,

t, τ ∈ ]−∞, T [, τ < t

}
< +∞ .
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(iii) Let a ∈]8,+∞[. Then

C̃ ′0,1,a,G ≡

sup

{
|DxΦn(t′ − τ, x− y)−DxΦn(t′′ − τ, x− y)| |t

′ − τ |(n/2)+2

|x− y| |t′ − t′′|
e
|x−y|2
a(t′−τ) :

x, y ∈ G, x 6= y, t′, t′′ ∈ ]−∞, T [, t′ < t′′,

τ < t′ − 2|t′ − t′′|
}
< +∞ .

Proof. Statement (i) is an immediate consequence of the formula for DxΦn. We now consider
statement (ii). Let t, τ ∈ ]−∞, T [, τ < t, x′, x′′ ∈ G, x′ 6= x′′, y ∈ G \ Bn(x′, 2|x′ − x′′|). By
the triangular inequality, we have

|DxΦn(t− τ, x′ − y)−DxΦn(t− τ, x′′ − y)| (4.1)

=
1

2(4π)n/2(t− τ)(n/2)+1

∣∣∣∣(x′ − y)e−
|x′−y|2
4(t−τ) − (x′′ − y)e−

|x′′−y|2
4(t−τ)

∣∣∣∣
6

1

2(4π)n/2(t− τ)(n/2)+1

{
e−
|x′−y|2
4(t−τ) |x′ − x′′|

+|x′′ − y|
∣∣∣∣e− |x′−y|24(t−τ) − e−

|x′′−y|2
4(t−τ)

∣∣∣∣ } .
Now Lemma 3.1 implies that∣∣∣∣e− |x′−y|24(t−τ) − e−

|x′′−y|2
4(t−τ)

∣∣∣∣ (4.2)

6
2ρ2,y(x

′, x′′)

4(t− τ)
e−

ρ21,y(x
′,x′′)

4(t−τ) |x′ − x′′| 6 |x
′ − y| |x′ − x′′|

(t− τ)
e−
|x′−y|2
16(t−τ) .

Hence, Lemmas 3.1 (i), 3.4 (v) imply that the right hand side of (4.1) is less or equal to

e−
|x′−y|2
16(t−τ)

2(4π)n/2(t− τ)(n/2)+1

{
|x′ − x′′|+ 2

|x′ − y|2

t− τ
|x′ − x′′|

}

6 C(16, a, 1)
e−
|x′−y|2
a(t−τ)

(4π)n/2(t− τ)(n/2)+1
|x′ − x′′| ,

and thus statement (ii) holds true. Next we consider statement (iii). Let x, y ∈ G, x 6= y, t′,
t′′ ∈ ]−∞, T [, t′ < t′′, τ < t′ − 2|t′ − t′′|. By the Mean Value Theorem, there exists ξ ∈]t′, t′′[
such that

|DxΦn(t′ − τ, x− y)−DxΦn(t′′ − τ, x− y)|

=
|x− y|

2(4π)n/2

∣∣∣∣ 1

(t′ − τ)(n/2)+1
e
− |x−y|

2

4(t′−τ) − 1

(t′′ − τ)(n/2)+1
e
− |x−y|

2

4(t′′−τ)

∣∣∣∣
=
|t′ − t′′| |x− y|

2(4π)n/2

∣∣∣∣ −(n/2)− 1

(ξ − τ)(n/2)+2
e−
|x−y|2
4(ξ−τ) +

1

(ξ − τ)(n/2)+1
e−
|x−y|2
4(ξ−τ)

|x− y|2

4(ξ − τ)2

∣∣∣∣ .
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Then by inequality (3.1), and by the inequalities t′ − τ 6 ξ − τ 6 t′′ − τ , and by Lemma 3.4
(v), we have ∣∣∣∣ −(n/2)− 1

(ξ − τ)(n/2)+2
e−
|x−y|2
4(ξ−τ) +

1

(ξ − τ)(n/2)+1
e−
|x−y|2
4(ξ−τ)

|x− y|2

4(ξ − τ)2

∣∣∣∣ (4.3)

6
e
− |x−y|

2

4(t′′−τ)

(t′ − τ)(n/2)+2

(
n

2
+ 1 +

1

4

|x− y|2

t′ − τ

)

6
e
− |x−y|

2

8(t′−τ)

(t′ − τ)(n/2)+2

(n
2

+ 1
)(

1 +
|x− y|2

t′ − τ

)

6 C(8, a, 1)
e
− |x−y|

2

a(t′−τ)

(t′ − τ)(n/2)+2

(n
2

+ 1
)
,

and thus statement (iii) holds true.

Next we consider time derivative of the fundamental solution. Clearly,

∂tΦn(t, x) ≡

 e−
|x|2
4t

(
−n

2
+ 1

4
|x|2
t

)
(4π)n/2t(n/2)+1 if (t, x) ∈]0,+∞[×Rn ,

0 if (t, x) ∈ (]−∞, 0]× Rn) \ {(0, 0)} .

Then we have the following.

Lemma 4.3. Let T ∈] − ∞,+∞]. Let G be a nonempty subset of Rn. Then the following
statements hold.

(i) Let a ∈]4,+∞[. Then

C1,0,a,G ≡ sup
(t,x)∈]0,+∞[×Rn, |x|6diam (G)

|∂tΦn(t, x)|t(n/2)+1e
|x|2
at < +∞ .

(ii) Let a ∈]16,+∞[. Then

C̃1,0,a,G ≡

sup

{
|∂tΦn(t− τ, x′ − y)− ∂tΦn(t− τ, x′′ − y)| |t− τ |

(n/2)+2e
|x′−y|2
a(t−τ)

|x′ − y| |x′ − x′′|
:

x′, x′′ ∈ G, x′ 6= x′′, y ∈ G \ Bn(x′, 2|x′ − x′′|) ,

t, τ ∈ ]−∞, T [, τ < t

}
< +∞ .

(iii) Let a ∈]8,+∞[. Then

C̃ ′1,0,a,G ≡

sup

{
|∂tΦn(t′ − τ, x− y)− ∂tΦn(t′′ − τ, x− y)| |t

′ − τ |(n/2)+2

|t′ − t′′|
e
|x−y|2
a(t′−τ) :

x, y ∈ G, x 6= y, t′, t′′ ∈ ]−∞, T [, t′ < t′′,

τ < t′ − 2|t′ − t′′|
}
< +∞ .
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Proof. Statement (i) is an immediate consequence of the formula for ∂tΦn and of Lemma 3.4
(v). We now consider statement (ii). Let t, τ ∈ ]−∞, T [, τ < t, x′, x′′ ∈ G, x′ 6= x′′,
y ∈ G \ Bn(x′, 2|x′ − x′′|). By the triangular inequality, we have

|∂tΦn(t− τ, x′ − y)− ∂tΦn(t− τ, x′′ − y)| = 1

(4π)n/2(t− τ)(n/2)+1

×
∣∣∣∣e− |x′−y|24(t−τ)

(
−n

2
+

1

4

|x′ − y|2

t− τ

)
− e−

|x′′−y|2
4(t−τ)

(
−n

2
+

1

4

|x′′ − y|2

t− τ

)∣∣∣∣
6

e−
|x′−y|2
4(t−τ)

(4π)n/2(t− τ)(n/2)+1

1

4(t− τ)

∣∣|x′ − y|2 − |x′′ − y|2∣∣
+

n
2

(
1 + |x′′−y|2

t−τ

)
(4π)n/2(t− τ)(n/2)+1

∣∣∣∣e− |x′−y|24(t−τ) − e−
|x′′−y|2
4(t−τ)

∣∣∣∣ .
By the Mean Value Theorem and by Lemma 3.1 (iii), we have∣∣|x′ − y|2 − |x′′ − y|2∣∣ 6 2ρ2,y(x

′, x′′)|x′ − x′′| 6 4|x′ − y| |x′ − x′′| ,

and by Lemma 3.1 (ii), (iii), we have∣∣∣∣e− |x′−y|24(t−τ) − e−
|x′′−y|2
4(t−τ)

∣∣∣∣
6
ρ2,y(x

′, x′′)

2(t− τ)
e−

ρ21,y(x
′,x′′)

4(t−τ) |x′ − x′′| 6 |x
′ − y|

(t− τ)
e−
|x′−y|2
16(t−τ) |x′ − x′′| .

Hence, Lemmas 3.1 and 3.4 (v) imply that

|∂tΦn(t− τ, x′ − y)− ∂tΦn(t− τ, x′′ − y)|

6
e−
|x′−y|2
4(t−τ)

(4π)n/2(t− τ)(n/2)+1

1

4(t− τ)
4|x′ − y| |x′ − x′′|

+

n
2

(
1 + |x′−y|2

t−τ

)
(4π)n/2(t− τ)(n/2)+1

|x′ − y|
(t− τ)

e−
|x′−y|2
16(t−τ) |x′ − x′′|

6
|x′ − y| |x′ − x′′|

(4π)n/2(t− τ)(n/2)+2

{
e−
|x′−y|2
4(t−τ) + (n/2)C(16, a, 1)e−

|x′−y|2
a(t−τ)

}
,

and thus statement (ii) holds true. Next we consider statement (iii). Let x, y ∈ G, x 6= y, t′,
t′′ ∈ ]−∞, T [, t′ < t′′, τ < t′ − 2|t′ − t′′|. By the Mean Value Theorem, there exists ξ ∈]t′, t′′[
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such that

|∂tΦn(t′ − τ, x− y)− ∂tΦn(t′′ − τ, x− y)|

=
1

(4π)n/2

∣∣∣∣∣∣∣
e
− |x−y|

2

4(t′−τ)

(
−n

2
+ 1

4
|x−y|2
(t′−τ)

)
(t′ − τ)(n/2)+1

−
e
− |x−y|

2

4(t′′−τ)

(
−n

2
+ 1

4
|x−y|2
(t′′−τ)

)
(t′′ − τ)(n/2)+1

∣∣∣∣∣∣∣
6

1

(4π)n/2

∣∣∣∣∣∣
(
n
2

+ 1
)
e−
|x−y|2
4(ξ−τ)

(ξ − τ)(n/2)+2

(
−n

2
+

1

4

|x− y|2

(ξ − τ)

)∣∣∣∣∣∣ |t′ − t′′|
+

1

(4π)n/2

∣∣∣∣∣∣ e−
|x−y|2
4(ξ−τ)

(ξ − τ)(n/2)+1

1

4

|x− y|2

(ξ − τ)2

(
−n

2
+

1

4

|x− y|2

(ξ − τ)

)∣∣∣∣∣∣ |t′ − t′′|
+

1

(4π)n/2

∣∣∣∣∣∣ e−
|x−y|2
4(ξ−τ)

(ξ − τ)(n/2)+1

(
−1

4

|x− y|2

(ξ − τ)2

)∣∣∣∣∣∣ |t′ − t′′| .
Then by inequality (3.1), and by the inequalities t′ − τ 6 ξ − τ 6 t′′ − τ , and by Lemma 3.4
(v), we have

|∂tΦn(t′ − τ, x− y)− ∂tΦn(t′′ − τ, x− y)|

6
|t′ − t′′|
(4π)n/2

{(
n
2

+ 1
)
n
2
e
− |x−y|

2

4(t′′−τ)

(t′ − τ)(n/2)+2

(
1 +
|x− y|2

t′ − τ

)

+
n
2
|x− y|2e−

|x−y|2
4(t′′−τ)

4(t′ − τ)(n/2)+3

(
1 +
|x− y|2

t′ − τ

)
+
|x− y|2e−

|x−y|2
4(t′′−τ)

4(t′ − τ)(n/2)+3

}

6
|t′ − t′′|
(4π)n/2

3n
2

(
n
2

+ 1
)

(t′ − τ)(n/2)+2

[
1 +
|x− y|2

t′ − τ
+

(
|x− y|2

t′ − τ

)2
]
e
− |x−y|

2

8(t′−τ)

6
|t′ − t′′|
(4π)n/2

3n
2

(
n
2

+ 1
)

(t′ − τ)(n/2)+2
C(8, a, 2)e

− |x−y|
2

a(t′−τ) ,

and thus statement (iii) holds true.

5 Preliminary inequalities on the kernel of the double layer heat po-
tential

We now turn to introduce some inequalities for the kernel of the double layer heat potential.
We do so by means of the following.

Lemma 5.1. Let T ∈] − ∞,+∞], α ∈]0, 1]. Let Ω be a bounded open subset of Rn of class
C1,α. Then the following statements hold.

(i)

bΩ,α ≡ sup

{ ∣∣∣∣ ∂

∂ν(y)
Φn(t− τ, x− y)

∣∣∣∣ |t− τ |(n/2)+1

|x− y|1+α
e
|x−y|2
4(t−τ) :

x, y ∈ ∂Ω, x 6= y, t, τ ∈ ]−∞, T [, τ < t

}
< +∞ .
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Here
∂

∂ν(y)
Φn(t− τ, x− y) ≡ −DxΦn(t− τ, x− y)ν(y) ,

where DxΦn denotes the Jacobian matrix of Φn with respect to the (spatial) second vari-
able.

(ii) Let a ∈]16,+∞[. Then

b̃a,Ω,α ≡ sup

{ ∣∣∣∣ ∂

∂ν(y)
Φn(t− τ, x′ − y)− ∂

∂ν(y)
Φn(t− τ, x′′ − y)

∣∣∣∣
×|t− τ |

(n/2)+1e
|x′−y|2
a(t−τ)

|x′ − y|α|x′ − x′′|
: x′, x′′ ∈ ∂Ω, x′ 6= x′′,

y ∈ ∂Ω \ Bn(x′, 2|x′ − x′′|) , t, τ ∈ ]−∞, T [, τ < t

}
< +∞ .

(iii) Let a ∈]8,+∞[. Then

b̃′a,Ω,α ≡ sup

{ ∣∣∣∣ ∂

∂ν(y)
Φn(t′ − τ, x− y)− ∂

∂ν(y)
Φn(t′′ − τ, x− y)

∣∣∣∣
× |t′ − τ |(n/2)+2

|x− y|1+α |t′ − t′′|
e
|x−y|2
a(t′−τ) :

x, y ∈ ∂Ω, x 6= y, t′, t′′ ∈ ]−∞, T [, t′ < t′′,

τ < t′ − 2|t′ − t′′|
}
< +∞ .

Proof. Let x, y ∈ ∂Ω, x 6= y, t, τ ∈ ]−∞, T [, τ < t. By Lemma 3.2, we have

∣∣∣∣ ∂

∂ν(y)
Φn(t− τ, x− y)

∣∣∣∣ =

∣∣∣∣∣∣ (x− y)tν(y)e−
|x−y|2
4(t−τ)

2(4π)n/2(t− τ)(n/2)+1

∣∣∣∣∣∣
6
cΩ,α|x− y|1+αe−

|x−y|2
4(t−τ)

2(4π)n/2(t− τ)(n/2)+1
,

and thus statement (i) holds true. We now consider statement (ii). Let t, τ ∈ ]−∞, T [, τ < t,
x′, x′′ ∈ ∂Ω, x′ 6= x′′, y ∈ ∂Ω \ Bn(x′, 2|x′ − x′′|). Then the triangular inequality implies that∣∣∣∣ ∂

∂ν(y)
Φn(t− τ, x′ − y)− ∂

∂ν(y)
Φn(t− τ, x′′ − y)

∣∣∣∣ (5.1)

=
1

2(4π)n/2(t− τ)(n/2)+1

∣∣∣∣(x′ − y)tν(y)e−
|x′−y|2
4(t−τ) − (x′′ − y)tν(y)e−

|x′′−y|2
4(t−τ)

∣∣∣∣
6

e−
|x′−y|2
4(t−τ)

2(4π)n/2(t− τ)(n/2)+1

∣∣(x′ − y)tν(y)− (x′′ − y)tν(y)
∣∣

+
|(x′′ − y)tν(y)|

2(4π)n/2(t− τ)(n/2)+1

∣∣∣∣e− |x′−y|24(t−τ) − e−
|x′′−y|2
4(t−τ)

∣∣∣∣ .
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Since |x′ − x′′| 6 |x′ − y|, Lemma 3.2, implies that

|(x′ − x′′)tν(y)| 6 |(x′ − x′′)t(ν(y)− ν(x′))|+ |(x′ − x′′)tν(x′)|
6 |x′ − x′′| |ν|α|x′ − y|α + cΩ,α|x′ − x′′|1+α

6 |x′ − x′′| |x′ − y|α(|ν|α + cΩ,α) ,

and
|(x′′ − y)tν(y)| 6 cΩ,α|x′′ − y|1+α 6 cΩ,α21+α|x′ − y|1+α .

Then Lemmas 3.1 (i) and 3.4 (v) and inequality (4.2) imply that the right hand side of (5.1) is
less or equal to

e−
|x′−y|2
4(t−τ)

2(4π)n/2(t− τ)(n/2)+1
|x′ − x′′| |x′ − y|α(|ν|α + cΩ,α)

+
cΩ,α21+α|x′ − y|1+αe−

|x′−y|2
16(t−τ)

2(4π)n/2(t− τ)(n/2)+1

|x′ − y| |x′ − x′′|
(t− τ)

6 max

{
(|ν|α + cΩ,α)

2(4π)n/2
,
cΩ,α21+α

2(4π)n/2

}
|x′ − x′′| |x′ − y|αe−

|x′−y|2
16(t−τ)

(t− τ)(n/2)+1

×
{

1 +
|x′ − y|2

t− τ

}

6 max

{
(|ν|α + cΩ,α)

2(4π)n/2
,
cΩ,α21+α

2(4π)n/2

}
C(16, a, 1)

|x′ − x′′| |x′ − y|αe−
|x′−y|2
a(t−τ)

(t− τ)(n/2)+1
,

and thus statement (ii) holds true. Next we consider statement (iii). Let x, y ∈ ∂Ω, x 6= y, t′,
t′′ ∈ ]−∞, T [, t′ < t′′, τ < t′ − 2|t′ − t′′|. By the Mean Value Theorem, there exists ξ ∈]t′, t′′[
such that ∣∣∣∣ ∂

∂ν(y)
Φn(t′ − τ, x− y)− ∂

∂ν(y)
Φn(t′′ − τ, x− y)

∣∣∣∣
=
|(x− y)tν(y)|

2(4π)n/2

∣∣∣∣∣∣ e
− |x−y|

2

4(t′−τ)

(t′ − τ)(n/2)+1
− e

− |x−y|
2

4(t′′−τ)

(t′′ − τ)(n/2)+1

∣∣∣∣∣∣
=
|(x− y)tν(y)| |t′ − t′′|

2(4π)n/2

×
∣∣∣∣ −(n/2)− 1

(ξ − τ)(n/2)+2
e−
|x−y|2
4(ξ−τ) +

1

(ξ − τ)(n/2)+1
e−
|x−y|2
4(ξ−τ)

|x− y|2

4(ξ − τ)2

∣∣∣∣ .
Then by inequality (3.1), and by Lemma 3.2 and inequality (4.3), we have∣∣∣∣ ∂

∂ν(y)
Φn(t′ − τ, x− y)− ∂

∂ν(y)
Φn(t′′ − τ, x− y)

∣∣∣∣
6
cΩ,α|x− y|1+α |t′ − t′′|

2(4π)n/2

×
∣∣∣∣ −(n/2)− 1

(ξ − τ)(n/2)+2
e−
|x−y|2
4(ξ−τ) +

1

(ξ − τ)(n/2)+1
e−
|x−y|2
4(ξ−τ)

|x− y|2

4(ξ − τ)2

∣∣∣∣
6
cΩ,α[(n/2) + 1]

2(4π)n/2
C(8, a, 1)

|x− y|1+α|t′ − t′′|
(t′ − τ)(n/2)+2

e
− |x−y|

2

a(t′−τ) ,
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and thus statement (iii) holds true.

6 Time dependent boundary norms for kernels

For each subset A of R× Rn, we �nd convenient to set

∆A ≡ {(t, x, τ, y) ∈ A× A : t = τ, x = y} .

For each T ∈] −∞,+∞] and G ⊆ Rn, we now introduce a class of functions on (GT )2 \∆GT

which may carry a singularity as the variable tends to a point of the diagonal, just as in the
case of the kernels of integral operators corresponding to layer heat potentials.

De�nition 3. Let a ∈]0,+∞[, T ∈]−∞,+∞]. Let G be a nonempty bounded subset of Rn.
Let

γ ≡ (γ1, γ2, γ
′
1, γ
′
2, γ
′
l, γ
′′
1 , γ

′′
2 , γ

′′
l ) ∈ R8 . (6.1)

We denote by Kγ,a(GT ) the set of continuous functions K from (GT )2 \∆GT to C such that

K(t, x, τ, y) = 0 if (t, x, τ, y) ∈ (GT )2 \∆GT , τ > t ,

and such that

‖K‖Kγ,a(GT )

≡ sup

{
|K(t, x, τ, y)| |t− τ |

γ1

|x− y|γ2
e
|x−y|2
a(t−τ) :

x, y ∈ G, x 6= y, t, τ ∈ ]−∞, T [, τ < t

}

+ sup

{
|K(t, x′, τ, y)−K(t, x′′, τ, y)| |t− τ |

γ′1e
|x′−y|2
a(t−τ)

|x′ − y|γ′2|x′ − x′′|γ′l
:

x′, x′′ ∈ G, x′ 6= x′′, y ∈ G \ Bn(x′, 2|x′ − x′′|) , t, τ ∈ ]−∞, T [, τ < t

}
+ sup

{
|K(t′, x, τ, y)−K(t′′, x, τ, y)| |t′ − τ |γ′′1

|x− y|γ′′2 |t′ − t′′|γ′′l
e
|x−y|2
a(t′−τ) :

x, y ∈ G, x 6= y, t′, t′′ ∈ ]−∞, T [, t′ < t′′, τ < t′ − 2|t′ − t′′|
}
< +∞ .

One can easily verify that (Kγ,a(GT ), ‖ · ‖Kγ,a(GT )) is a Banach space.

Remark 3. Let a ∈]16,+∞[, T ∈]−∞,+∞].

(i) Let G be a nonempty subset of Rn. Then Lemma 4.1 implies that the kernel
Φn(t− τ, x− y) belongs to Kγ,a(GT ), with γ ≡ (γ1, γ2, γ

′
1, γ
′
2, γ
′
l, γ
′′
1 , γ

′′
2 , γ

′′
l ) and

γ1 =
n

2
, γ2 = 0 , γ′1 =

n

2
+ 1 , γ′2 = 1 , γ′l = 1 ,

γ′′1 =
n

2
+ 1 , γ′′2 = 0 , γ′′l = 1 .
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(ii) Let G be a nonempty subset of Rn. Then Lemma 4.3 implies that the kernel ∂tΦn(t −
τ, x− y) belongs to Kγ,a(GT ), with γ ≡ (γ1, γ2, γ

′
1, γ
′
2, γ
′
l, γ
′′
1 , γ

′′
2 , γ

′′
l ) and

γ1 =
n

2
+ 1 , γ2 = 0 , γ′1 =

n

2
+ 2 , γ′2 = 1 , γ′l = 1 ,

γ′′1 =
n

2
+ 2 , γ′′2 = 0 , γ′′l = 1 .

(iii) Let G be a nonempty subset of Rn. Let r ∈ {1, . . . , n}. Then Lemma 4.2 implies that the
kernel ∂xrΦn(t− τ, x− y) belongs to Kγ,a(GT ), with γ ≡ (γ1, γ2, γ

′
1, γ
′
2, γ
′
l, γ
′′
1 , γ

′′
2 , γ

′′
l ) and

γ1 =
n

2
+ 1 , γ2 = 1 , γ′1 =

n

2
+ 1 , γ′2 = 0 , γ′l = 1 ,

γ′′1 =
n

2
+ 2 , γ′′2 = 1 , γ′′l = 1 .

(iv) Let α ∈]0, 1]. Let Ω be a bounded open subset of Rn of class C1,α. Then Lemma
5.1 implies that the kernel ∂

∂ν(y)
Φn(t − τ, x − y) belongs to Kγ,a(∂TΩ), with γ ≡

(γ1, γ2, γ
′
1, γ
′
2, γ
′
l, γ
′′
1 , γ

′′
2 , γ

′′
l ) and

γ1 =
n

2
+ 1 , γ2 = 1 + α , γ′1 =

n

2
+ 1 , γ′2 = α , γ′l = 1 ,

γ′′1 =
n

2
+ 2 , γ′′2 = 1 + α , γ′′l = 1 .

7 Integral operators on the space of essentially bounded functions

For each θ ∈]0, 1], we de�ne the function ωθ(·) from ]0,+∞[ to itself by setting

ωθ(r) ≡
{
rθ| ln r| r ∈]0, rθ] ,
rθθ | ln rθ| r ∈]rθ,+∞[ ,

where
rθ ≡ e−1/θ ∀θ ∈]0, 1] .

Obviously, ωθ(·) satis�es (2.1). We also note that if D is a subset of Rn, then the following
continuous imbedding holds

C
0,ωθ(·)
b (D) ⊆ C0,θ′

b (D)

for all θ′ ∈]0, θ[. We now consider the properties of an integral operator with a kernel in the
class Kγ,a(∂TΩ) and acting on the space of essentially bounded functions on ∂TΩ.

Proposition 7.1. Let a ∈]0,+∞[, T ∈]−∞,+∞]. Let Ω be a bounded open Lipschitz subset
of Rn. Let γ ≡ (γ1, γ2, γ

′
1, γ
′
2, γ
′
l, γ
′′
1 , γ

′′
2 , γ

′′
l ) ∈ R8. Then the following statements hold.

(i) Let γ1 > 1, 2γ1 − γ2 − 2 ∈] − ∞, n − 1[. If (K,µ) ∈ Kγ,a(∂TΩ) × L∞(∂TΩ), and if
(t, x) ∈ ∂TΩ, then the function K(t, x, ·, ·)µ(·, ·) is integrable in ∂TΩ and the function
u[∂TΩ, K, µ] from ∂TΩ to C de�ned by

u[∂TΩ, K, µ](t, x) ≡
∫ t

−∞

∫
∂Ω

K(t, x, τ, y)µ(τ, y) dσydτ ∀(t, x) ∈ ∂TΩ , (7.1)

is bounded. Moreover, the bilinear map from Kγ,a(∂TΩ) × L∞(∂TΩ) to B(∂TΩ), which
takes (K,µ) to u[∂TΩ, K, µ] is bilinear and continuous.
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(ii) Let γ1 > 1, 2γ1−γ2−2 ∈ [n−2, n−1[, γ′1 > 1, γ′l +(n−1)− (2γ′1−γ′2−2) > 0, γ′l ∈]0, 1].
Let

ω(r) ≡


rmin{(n−1)−(2γ1−γ2−2),γ′l+(n−1)−(2γ′1−γ′2−2)} if 2γ′1 − γ′2 − 2 > n− 1 ,
max{r(n−1)−(2γ1−γ2−2), ωγ′l(r)} if 2γ′1 − γ′2 − 2 = n− 1 ,

rmin{(n−1)−(2γ1−γ2−2),γ′l} if 2γ′1 − γ′2 − 2 < n− 1 ,

for all r ∈]0,+∞[. Then the bilinear map from Kγ,a(∂TΩ) × L∞(∂TΩ) to

B
(

]−∞, T [, C0,ω(·)(∂Ω)
)

which takes (K,µ) to u[∂TΩ, K, µ] is continuous (cf. Re-

mark 2.)

Proof. Let (t, x) ∈ ∂TΩ. Then we have∣∣∣∣∫ t

−∞

∫
∂Ω

K(t, x, τ, y)µ(τ, y) dσydτ

∣∣∣∣
6
∫ t

−∞

∫
∂Ω

‖K‖Kγ,a(∂TΩ)‖µ‖L∞(∂TΩ)
|x− y|γ2
|t− τ |γ1

e−
|x−y|2
a(t−τ) dσydτ

= ‖K‖Kγ,a(∂TΩ)‖µ‖L∞(∂TΩ)

∫
∂Ω

∫ +∞

0

|x− y|γ2+2a−1+γ1

uγ1|x− y|2γ1
e−1/u dudσy

= ‖K‖Kγ,a(∂TΩ)‖µ‖L∞(∂TΩ)a
−1+γ1

∫ +∞

0

u−γ1e−1/u du

∫
∂Ω

dσy
|x− y|2γ1−γ2−2

,

and the integrals in the right hand side converges for 2γ1 − γ2 − 2 < n − 1 and γ1 > 1. Then
Lemma 3.3 (i) implies the validity of statement (i).

Next we consider statement (ii). Let t ∈ ]−∞, T [, x′, x′′ ∈ ∂Ω. By statement (i) and
Remark 1, there is no loss of generality in assuming that 0 < |x′−x′′| 6 rγ′l . Then the inclusion
Bn(x′, 2|x′ − x′′|) ⊆ Bn(x′′, 3|x′ − x′′|) and the triangular inequality imply that

|u[∂TΩ, K, µ](t, x′)− u[∂TΩ, K, µ](t, x′′)| (7.2)

6 ‖µ‖L∞(∂TΩ)

{∫ t

−∞

∫
Bn(x′,2|x′−x′′|)∩∂Ω

|K(t, x′, τ, y)| dσydτ

+

∫ t

−∞

∫
Bn(x′′,3|x′−x′′|)∩∂Ω

|K(t, x′′, τ, y)| dσydτ

+

∫ t

−∞

∫
∂Ω\Bn(x′,2|x′−x′′|)

|K(t, x′, τ, y)−K(t, x′′, τ, y)| dσydτ
}

6 ‖µ‖L∞(∂TΩ)‖K‖Kγ,a(∂TΩ)

{∫ t

−∞

∫
Bn(x′,2|x′−x′′|)∩∂Ω

|x′ − y|γ2
(t− τ)γ1

e−
|x′−y|2
a(t−τ) dσydτ

+

∫ t

−∞

∫
Bn(x′′,3|x′−x′′|)∩∂Ω

|x′′ − y|γ2
(t− τ)γ1

e−
|x′′−y|2
a(t−τ) dσydτ

+|x′ − x′′|γ′l
∫ t

−∞

∫
∂Ω\Bn(x′,2|x′−x′′|)

|x′ − y|γ′2
(t− τ)γ

′
1
e−
|x′−y|2
a(t−τ) dσydτ

}
.

Then by setting a(t − τ) = u|x′ − y|2, a(t − τ) = u|x′′ − y|2, a(t − τ) = u|x′ − y|2 in the �rst,
and second and third integrals in the right hand side of (7.2), respectively, we deduce that the



Time dependent boundary norms for kernels 93

right hand side of (7.2) equals

‖µ‖L∞(∂TΩ)‖K‖Kγ,a(∂TΩ)

{∫ +∞

0

∫
Bn(x′,2|x′−x′′|)∩∂Ω

|x′ − y|γ2+2a−1+γ1

uγ1|x′ − y|2γ1
e−

1
u dσydu

+

∫ +∞

0

∫
Bn(x′′,3|x′−x′′|)∩∂Ω

|x′′ − y|γ2+2a−1+γ1

uγ1|x′′ − y|2γ1
e−

1
u dσydu

+|x′ − x′′|γ′l
∫ +∞

0

∫
∂Ω\Bn(x′,2|x′−x′′|)

|x′ − y|γ′2+2a−1+γ′1

uγ
′
1|x′ − y|2γ′1

e−
1
u dσydu

}
6 ‖µ‖L∞(∂TΩ)‖K‖Kγ,a(∂TΩ)

{
Γ(γ1 − 1)

a1−γ1

∫
Bn(x′,2|x′−x′′|)∩∂Ω

dσy
|x′ − y|2γ1−γ2−2

+
Γ(γ1 − 1)

a1−γ1

∫
Bn(x′′,3|x′−x′′|)∩∂Ω

dσy
|x′′ − y|2γ1−γ2−2

+
Γ(γ′1 − 1)

a1−γ′1
|x′ − x′′|γ′l

∫
∂Ω\Bn(x′,2|x′−x′′|)

dσy
|x′ − y|2γ′1−γ′2−2

}
6 ‖µ‖L∞(∂TΩ)‖K‖Kγ,a(∂TΩ)

{
2

Γ(γ1 − 1)

a1−γ1
c′′Ω,α|x′ − x′′|(n−1)−(2γ1−γ2−2)

+
Γ(γ′1 − 1)

a1−γ′1
|x′ − x′′|γ′l

∫
∂Ω\Bn(x′,2|x′−x′′|)

dσy
|x′ − y|2γ′1−γ′2−2

}
.

We now distinguish three cases. In case 2γ′1 − γ′2 − 2 > n− 1, Lemma 3.3 (iii) implies that

|x′ − x′′|γ′l
∫
∂Ω\Bn(x′,2|x′−x′′|)

dσy
|x′ − y|2γ′1−γ′2−2

6 c′′′Ω,2γ′1−γ′2−2|x′ − x′′|γ
′
l+(n−1)−(2γ′1−γ′2−2) .

In case 2γ′1 − γ′2 − 2 = n− 1, Lemma 3.3 (iv) implies that

|x′ − x′′|γ′l
∫
∂Ω\Bn(x′,2|x′−x′′|)

dσy
|x′ − y|2γ′1−γ′2−2

6 |x′ − x′′|γ′lcivΩ |ln |x′ − x′′|| .

In case 2γ′1 − γ′2 − 2 < n− 1, Lemma 3.3 (i) implies that

|x′ − x′′|γ′l
∫
∂Ω\Bn(x′,2|x′−x′′|)

dσy
|x′ − y|2γ′1−γ′2−2

6 c′Ω,2γ′1−γ′2−2|x′ − x′′|γ
′
l .

Then the above inequalities imply the validity of statement (ii).

Proposition 7.2. Let a ∈]0,+∞[, T ∈]−∞,+∞]. Let Ω be a bounded open Lipschitz subset
of Rn. Let γ ≡ (γ1, γ2, γ

′
1, γ
′
2, γ
′
l, γ
′′
1 , γ

′′
2 , γ

′′
l ) ∈ R8. Let γ1 > 1, 2γ1 − γ2 − 2 ∈]−∞, n− 1[. Let

h ∈
]
0,

(n− 1)− (2γ1 − γ2 − 2)

2

[
∩]0, 1] .

Let γ′′1 > 1, γ′′l ∈]0, 1], max
{

0,
(2γ′′1−γ′′2−2)−(n−1)

2

}
< min{γ′′1 − 1, γ′′l },

h′ ∈
]
max

{
0,

(2γ′′1 − γ′′2 − 2)− (n− 1)

2

}
,min{γ′′1 − 1, γ′′l }

]
.

Then the bilinear map from Kγ,a(∂TΩ)×L∞(∂TΩ) to C
0,min{h,γ′′l −h

′}
b

(
]−∞, T [, C0(∂Ω)

)
, which

takes (K,µ) to u[∂TΩ, K, µ] is continuous (cf. Remark 2.)
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Proof. By Proposition 7.1 (i), it su�ces to estimate the H�older quotient of u[∂TΩ, K, µ] in the
time variable. Let x ∈ ∂Ω, t′, t′′ ∈ ]−∞, T [, t′ < t′′. By Remark 1 and Proposition 7.1
(i), there is no loss of generality in assuming that 0 < |t′ − t′′| 6 1/e. Then the inclusion
]t′ − 2|t′ − t′′|, t′ + 2|t′ − t′′|[⊆]t′′ − 3|t′ − t′′|, t′′ + 3|t′ − t′′|[ and the triangular inequality imply
that

|u[∂TΩ, K, µ](t′, x)− u[∂TΩ, K, µ](t′′, x)| (7.3)

6
∫ t′+2|t′−t′′|

t′−2|t′−t′′|

∫
∂Ω

|K(t′, x, τ, y)−K(t′′, x, τ, y)| |µ(τ, y)| dσydτ

+

∫ t′−2|t′−t′′|

−∞

∫
∂Ω

|K(t′, x, τ, y)−K(t′′, x, τ, y)| |µ(τ, y)| dσydτ

6 ‖µ‖L∞(∂TΩ)‖K‖Kγ,a(∂TΩ)

{∫ t′

t′−2|t′−t′′|

∫
∂Ω

|x− y|γ2
|t′ − τ |γ1

e
− |x−y|

2

a(t′−τ) dσydτ

+

∫ t′′

t′′−3|t′−t′′|

∫
∂Ω

|x− y|γ2
|t′′ − τ |γ1

e
− |x−y|

2

a(t′′−τ) dσydτ

+

∫
∂Ω

∫ t′−2|t′−t′′|

−∞

|x− y|γ′′2
|t′ − τ |γ′′1

|t′ − t′′|γ′′l e−
|x−y|2
a(t′−τ) dσydτ

}
.

Then by setting a(t′ − τ) = u|x − y|2, a(t′′ − τ) = u|x − y|2, a(t′ − τ) = u|x − y|2 in the �rst,
and second and third integrals in the right hand side of (7.3), respectively, we deduce that the
right hand side of (7.3) equals

‖µ‖L∞(∂TΩ)‖K‖Kγ,a(∂TΩ)

{∫
∂Ω

∫ 2a
|t′−t′′|
|x−y|2

0

|x− y|γ2+2aγ1−1

uγ1|x− y|2γ1
e−1/u dudσy

+

∫
∂Ω

∫ 3a
|t′−t′′|
|x−y|2

0

|x− y|γ2+2aγ1−1

uγ1|x− y|2γ1
e−1/u dudσy

+

∫
∂Ω

∫ +∞

2a
|t′−t′′|
|x−y|2

|x− y|γ′′2 +2aγ
′′
1−1

uγ
′′
1 |x− y|2γ′′1

|t′ − t′′|γ′′l e−1/u dudσy

}
.

Next we note that our assumptions of h and h′ imply that 2γ1 − γ2 − 2 + 2h < n− 1 and that
2γ′′1 − γ′′2 − 2− 2h′ < n− 1. Then by Lemmas 3.3 and 3.4 (ii), (iii), the right hand side of (7.3)
is less or equal to

‖µ‖L∞(∂TΩ)‖K‖Kγ,a(∂TΩ)

{∫
∂Ω

D̃γ1,ha
γ1−1

(
2a
|t′ − t′′|
|x− y|2

)h
dσy

|x− y|2γ1−γ2−2

+

∫
∂Ω

D̃γ1,ha
γ1−1

(
3a
|t′ − t′′|
|x− y|2

)h
dσy

|x− y|2γ1−γ2−2

+

∫
∂Ω

Dγ′′1 ,h
′

(
2a
|t′ − t′′|
|x− y|2

)−h′
aγ
′′
1−1|t′ − t′′|γ′′l dσy

|x− y|2γ′′1−γ′′2−2

}
6 ‖µ‖L∞(∂TΩ)‖K‖Kγ,a(∂TΩ)

{
D̃γ1,ha

γ1−1(2a)hc′Ω,2γ1−γ2−2+2h

+D̃γ1,ha
γ1−1(3a)hc′Ω,2γ1−γ2−2+2h +Dγ′′1 ,h

′aγ
′′
1−1(2a)−h

′
c′Ω,2γ′′1−γ′′2−2−2h′

}
×|t′ − t′′|min{h,γ′′l −h

′} ,
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and thus the statement holds true.

Next we prove the following.

Lemma 7.1. Let a ∈]0,+∞[, T ∈] − ∞,+∞]. Let Ω be a bounded open Lipschitz subset
of Rn. Let G be a subset of Rn. Let γ ≡ (γ1, γ2, γ

′
1, γ
′
2, γ
′
l, γ
′′
1 , γ

′′
2 , γ

′′
l ) ∈ R8. Let γ1 > 1,

2γ1 − γ2 − 2 ∈]−∞, n− 1[. Let K ∈ C0((GT × ∂TΩ) \∆∂TΩ) be such that

K(t, x, τ, y) = 0 if (t, x, τ, y) ∈ (GT × ∂TΩ) \∆∂TΩ, τ > t ,

and such that

κγ1,γ2 ≡ sup

{
|K(t, x, τ, y)| |t− τ |

γ1

|x− y|γ2
e
|x−y|2
a(t−τ) :

(t, x, τ, y) ∈ (GT × ∂TΩ) \∆∂TΩ

}
< +∞ .

If µ ∈ L∞(∂TΩ), and if (t, x) ∈ GT , then the function K(t, x, ·, ·)µ(·, ·) is integrable in ∂TΩ and
the function u][GT , ∂TΩ, K, µ] from GT to C de�ned by

u][GT , ∂TΩ, K, µ](t, x) ≡
∫ t

−∞

∫
∂Ω

K(t, x, τ, y)µ(τ, y) dσydτ ,

for all (t, x) ∈ GT , is continuous. If supx∈G
∫
∂Ω

dσy
|x−y|2γ1−γ2−2 < +∞, then the following inequality

holds

|u][GT , ∂TΩ, K, µ](t, x)| (7.4)

6 Γ(γ1 − 1)aγ1−1 sup
x∈G

∫
∂Ω

dσy
|x− y|2γ1−γ2−2

κγ1,γ2‖µ‖L∞(∂TΩ) ,

for all (t, x) ∈ GT .

Proof. Let (t, x) ∈ GT . Then we have∫ t

−∞

∫
∂Ω

|K(t, x, τ, y)µ(τ, y)| dσydτ

6 κγ1,γ2‖µ‖L∞(∂TΩ)

∫ t

−∞

∫
∂Ω

|x− y|γ2
|t− τ |γ1

e−
|x−y|2
a(t−τ) dσydτ

= κγ1,γ2‖µ‖L∞(∂TΩ)

∫
∂Ω

∫ +∞

0

|x− y|γ2+2aγ1−1

uγ1|x− y|2γ1
e−1/u dudσy

= κγ1,γ2‖µ‖L∞(∂TΩ)a
γ1−1

∫ +∞

0

u−γ1e−1/u du

∫
∂Ω

dσy
|x− y|2γ1−γ2−2

.

Then our assumptions imply the convergence of the integrals in the right hand side and the va-
lidity of inequality (7.4). The continuity of u][GT , ∂TΩ, K, µ] follows by the Vitali Convergence
Theorem.
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8 Applications to layer heat potentials with essentially bounded den-
sities

Theorem 8.1. Let α ∈]0, 1], β ∈]0, α[, T ∈]−∞,+∞]. Let Ω be a bounded open subset of Rn

of class C1,α.

(i) If µ ∈ L∞(∂TΩ), then the double layer heat potential

w[∂TΩ, µ](t, x) ≡
∫ t

−∞

∫
∂Ω

∂

∂ν(y)
Φn(t− τ, x− y)µ(τ, y) dσydτ ∀(t, x) ∈ ∂TΩ , (8.1)

belongs to B(]−∞, T [, C0,max{rα,ω1(r)}(∂Ω)). Moreover, the operator from L∞(∂TΩ) to
B(]−∞, T [, C0,max{rα,ω1(r)}(∂Ω)) which takes µ to w[∂TΩ, µ] is linear and continuous
(cf. Remark 2.)

(ii) The operator from L∞(∂TΩ) to C
0,β/2
b (]−∞, T [, C0(∂Ω)) which takes µ to w[∂TΩ, µ] is

linear and continuous (cf. Remark 2.)

(iii) The operator from L∞(∂TΩ) to Cβ/2;β(∂TΩ) which takes µ to w[∂TΩ, µ] is linear and
continuous.

Proof. (i) Let a ∈]16,+∞[. Then we already know that ∂
∂ν(y)

Φn(t−τ, x−y) belongs toKγ,a(∂TΩ)

with γ as in Remark 3 (iv). Clearly,

γ1 = (n/2) + 1 > 1 , 2γ1 − γ2 − 2 = (n− 1)− α ∈ [n− 2, n− 1[ ,

and

γ′1 = (n/2) + 1 > 1 , 2γ′1 − γ′2 − 2 = n− α
{
> (n− 1) if α < 1 ,
= (n− 1) if α = 1 .

γ′l + (n− 1)− (2γ′1 − γ′2 − 2) = 1 + (n− 1)− (n− α) = α > 0 , γ′l = 1 .

If α < 1, then Proposition 7.1 (ii) implies that w[∂TΩ, ·] is linear and continuous from L∞(∂TΩ)
to

B
(

]−∞, T [, C0,min{(n−1)−[(n−1)−α],α}(∂Ω)
)

= B
(

]−∞, T [, C0,α(∂Ω)
)

= B(]−∞, T [, C0,max{rα,ω1(r)}(∂Ω)) .

If α = 1, then Proposition 7.1 (ii) implies that w[∂TΩ, ·] is linear and continuous from L∞(∂TΩ)

to B
(

]−∞, T [, C0,max{rα,ω1(r)}(∂Ω)
)
. Hence, statement (i) follows. Next we prove statement

(ii) and we plan to apply Proposition 7.2. We note that γ1 > 1 and that]
0,

(n− 1)− (2γ1 − γ2 − 2)

2

[
∩]0, 1] =]0, α/2[ .

Then we can choose h ≡ β/2. Next we note that γ′′1 > 1, γ′′l = 1 and that

(2γ′′1 − γ′′2 − 2) = n+ 1− α ,
(2γ′′1 − γ′′2 − 2)− (n− 1)

2
=

2− α
2

= 1− α

2
< 1 ,

min{γ′′1 − 1, γ′′l } = min{(n/2) + 1, 1} = 1 .
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Next we choose h′ ≡ 1−h = 1− (β/2). Clearly h′ ∈]1− (α/2), 1[. Then Proposition 7.2 implies
that w[∂TΩ, ·] is linear and continuous from L∞(∂TΩ) to

C
0,min{h,γ′′l −h

′}
b

(
]−∞, T [, C0(∂Ω)

)
= C

0,β/2
b

(
]−∞, T [, C0(∂Ω)

)
,

and thus statement (ii) holds true. Then Proposition 2.1, statements (i), (ii) and the continuity
of the imbedding of C0,max{rα,ω1(r)}(∂Ω) into C0,β(∂Ω), imply the validity of statement (iii).

Next we turn to analyze a class of integral operators which we need to study the properties
of an integral operator related to the kernel DxΦn(t− τ, x− y), and we introduce the following.

Lemma 8.1. Let a ∈]0,+∞[, T ∈] −∞,+∞]. Let Ω be a bounded open Lipschitz subset of
Rn. Let θ ∈]0, 1]. Let Z ∈ C0([(clΩ)T × ∂TΩ] \∆∂TΩ) be such that

Z(t, x, τ, y) = 0 if (t, x, τ, y) ∈ [(clΩ)T × ∂TΩ] \∆∂TΩ, τ > t ,

and such that

ζ ≡ sup

{
|Z(t, x, τ, y)| |t− τ |

n
2

+1

|x− y|
e
|x−y|2
a(t−τ) :

(t, x, τ, y) ∈ [(clΩ)T × ∂TΩ] \∆∂TΩ

}
< +∞ .

Let f ∈ C0,θ(clΩ). Let H][Z, f ] be the function from [(clΩ)T × ∂TΩ] \∆∂TΩ to C de�ned by

H][Z, f ](t, x, τ, y) ≡ (f(x)− f(y))Z(t, x, τ, y) ∀(t, x, τ, y) ∈ [(clΩ)T × ∂TΩ] \∆∂TΩ .

If µ ∈ L∞(∂TΩ) and if (t, x) ∈ (clΩ)T , then the function H][Z, f ](t, x, ·, ·)µ(·, ·) is Lebesgue
integrable in ∂TΩ and the function Q][Z, f, µ] from (clΩ)T to C de�ned by

Q][Z, f, µ](t, x) ≡
∫ t

−∞

∫
∂Ω

H][Z, f ](t, x, τ, y)µ(τ, y) dσydτ ∀(t, x) ∈ (clΩ)T ,

is continuous and bounded.

Proof. We plan to apply Lemma 7.1. By de�nition of ζ, and by the H�older continuity of f , we
have ∣∣H][Z, f ](t, x, τ, y)

∣∣ 6 |f |θ|x− y|1+θ

|t− τ |(n/2)+1
ζe−

|x−y|2
a(t−τ)

for all (t, x, τ, y) ∈ (clΩ)T × ∂TΩ \∆∂TΩ. Next we note that

(n/2) + 1 > 1 , 2 ((n/2) + 1)− (1 + θ)− 2 = n− 1− θ < n− 1 ,

and that the Vitali Convergence Theorem implies the continuity of the function
∫
∂Ω

dσy
|x−y|(n−1)−θ

in the variable x ∈ clΩ and accordingly that supx∈clΩ

∫
∂Ω

dσy
|x−y|(n−1)−θ < +∞. Then Lemma 7.1

implies the validity of the statement.

Lemma 8.2. Let a ∈]0,+∞[, T ∈] −∞,+∞]. Let Ω be a bounded open Lipschitz subset of
Rn. Let θ ∈]0, 1]. Let

γn ≡ ((n/2) + 1, 1, (n/2) + 1, 0, 1, (n/2) + 2, 1, 1) , (8.2)

γn,θ ≡ ((n/2) + 1, 1 + θ, (n/2) + 1, 1, θ, (n/2) + 2, 1 + θ, 1) ,

(cf. Remark 3 (iii).) Then the following statements hold.
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(i) The map H from Kγn,a(∂TΩ)×C0,θ(∂Ω) to Kγn,θ,4a(∂TΩ), which takes (Z, g) to the function
H[Z, g] from (∂TΩ)2 \∆∂TΩ to C de�ned by

H[Z, g](t, x, τ, y) ≡ (g(x)− g(y))Z(t, x, τ, y) ∀(t, x, τ, y) ∈ (∂TΩ)2 \∆∂TΩ , (8.3)

is bilinear and continuous.

(ii) Let θ1 ∈]0, θ[. The map Q from Kγn,a(∂TΩ) × C0,θ(∂Ω) × L∞(∂TΩ) to

B
(

]−∞, T [, C0,ωθ(·)(∂Ω)
)
∩C0,θ1/2

b

(
]−∞, T [, C0(∂Ω)

)
, which takes (Z, g, µ) to the func-

tion Q[Z, g, µ] from ∂TΩ to C de�ned by

Q[Z, g, µ](t, x) ≡
∫ t

−∞

∫
∂Ω

H[Z, g](t, x, τ, y)µ(τ, y) dσydτ ∀(t, x) ∈ ∂TΩ , (8.4)

is trilinear and continuous (cf. Remark 2.)

Proof. Let x, y ∈ ∂Ω, x 6= y, t, τ ∈ ]−∞, T [, τ < t. Then we have

|(g(x)− g(y))Z(t, x, τ, y)| 6 |g|θ|x− y|θ‖Z‖Kγn,a(∂TΩ)
|x− y|

|t− τ |(n/2)+1
e−
|x−y|2
a(t−τ) . (8.5)

Let t, τ ∈ ]−∞, T [, τ < t, x′, x′′ ∈ ∂Ω, x′ 6= x′′, y ∈ ∂Ω \ Bn(x′, 2|x′ − x′′|). Then Lemma 3.1
(i) and the de�nition of ‖Z‖Kγn,a(∂TΩ) imply that

|(g(x′)− g(y))Z(t, x′, τ, y)− (g(x′′)− g(y))Z(t, x′′, τ, y)|
6 |g(x′)− g(y)| |Z(t, x′, τ, y)− Z(t, x′′, τ, y)|+ |g(x′)− g(x′′)| |Z(t, x′′, τ, y)|

6 |g|θ
|x′ − y|θ|x′ − x′′|
|t− τ |(n/2)+1

e−
|x′−y|2
a(t−τ) ‖Z‖Kγn,a(∂TΩ)

+
|x′ − x′′|θ|x′′ − y|
|t− τ |(n/2)+1

e−
|x′′−y|2
a(t−τ) |g|θ‖Z‖Kγn,a(∂TΩ)

6 |g|θ‖Z‖Kγn,a(∂TΩ)

{
|x′ − y|θ

|t− τ |(n/2)+1
|x′ − x′′|+ |x′ − x′′|θ 2|x′ − y|

|t− τ |(n/2)+1

}
e−
|x′−y|2
4a(t−τ) .

Since |x′ − x′′| 6 |x′ − y|, we have |x′ − x′′|1−θ 6 |x′ − y|1−θ. Hence,

|x′ − y|θ|x′ − x′′|+ |x′ − x′′|θ2|x′ − y|
6 |x′ − y| |x′ − x′′|θ + |x′ − x′′|θ2|x′ − y| = 3|x′ − y| |x′ − x′′|θ ,

and accordingly

|(g(x′)− g(y))Z(t, x′, τ, y)− (g(x′′)− g(y))Z(t, x′′, τ, y)| (8.6)

6 |g|θ‖Z‖Kγn,a(∂TΩ)3
|x′ − y|

|t− τ |(n/2)+1
|x′ − x′′|θe−

|x′−y|2
4a(t−τ) .

Now let x, y ∈ ∂Ω, x 6= y, t′, t′′ ∈ ]−∞, T [, t′ < t′′, τ < t′ − 2|t′ − t′′|. Then the H�older
continuity of g and the de�niton of ‖ · ‖Kγn,a(∂TΩ) imply that

|(g(x)− g(y))Z(t′, x, τ, y)− (g(x)− g(y))Z(t′′, x, τ, y)| (8.7)

6 |x− y|θ|g|θ|Z(t′, x, τ, y)− Z(t′′, x, τ, y)|

6 |g|θ‖Z‖Kγn,a(∂TΩ)|x− y|θ
|x− y|

|t′ − τ |(n/2)+2
|t′ − t′′|e−

|x−y|2
a(t′−τ) .
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Then inequalities (8.5)�(8.7) imply the validity of statement (i). Next we consider statement
(ii). By Proposition 7.1 (ii) with γ = γn,θ, the map u[∂TΩ, ·, ·] is bilinear and continuous from

Kγn,θ,4a(∂TΩ)× L∞(∂TΩ) to B
(

]−∞, T [, C0,max{rθ,ωθ(·)}(∂Ω)
)
. Indeed,

γ1 = (n/2) + 1 > 1 ,

2γ1 − γ2 − 2 = 2((n/2) + 1)− (1 + θ)− 2 = (n− 1)− θ ∈ [n− 2, n− 1[ ,

γ′1 = (n/2) + 1 > 1 ,

γ′l = θ ∈]0, 1] ,

2γ′1 − γ′2 − 2 = 2((n/2) + 1)− 1− 2 = n− 1 ,

(n− 1)− (2γ1 − γ2 − 2) = (n− 1)− [2((n/2) + 1)− (1 + θ)− 2] = θ ,

γ′l + (n− 1)− (2γ′1 − γ′2 − 2) = θ + (n− 1)− (n− 1) = θ > 0 ,

and C0,max{rθ,ωθ(·)}(∂Ω) = C0,ωθ(·)(∂Ω).
Next we wish to apply Proposition 7.2 with γ = γn,θ. Clearly, γ1 = (n/2)+1 > 1. Moreover,

we have seen above that 2γ1 − γ2 − 2 = (n− 1)− θ ∈ [n− 2, n− 1[. Then we can choose

h ≡ θ1/2 ∈]0, θ/2[=

]
0,

(n− 1)− [(n− 1)− θ]
2

[
∩]0, 1] .

Next we observe that γ′′1 = (n/2) + 2 > 1, γ′′l = 1 and that

(2γ′′1 − γ′′2 − 2)− (n− 1)

2
=

2((n/2) + 2)− (1 + θ)− 2− (n− 1)

2
= 1− (θ/2) > 0,

γ′′1 − 1 = ((n/2) + 2)− 1 = (n/2) + 1 > 1 ,

min{γ′′1 − 1, γ′′l } = min{(n/2) + 1, 1} = 1 > 1− (θ/2) .

Since 1− (θ/2) < 1− (θ1/2) = 1− h < 1, we can choose

h′ ∈]1− (θ/2), 1[ ,

close enough to 1 − (θ/2) so that h′ < 1 − (θ1/2) = 1 − h, i.e., such that h < 1 − h′. Then
min{h, γ′′l − h′} = min{h, 1 − h′} = h and Proposition 7.2 implies that the map u[∂TΩ, ·, ·] is
bilinear and continuous from Kγn,θ,4a(∂TΩ)× L∞(∂TΩ) to C

0,θ1/2
b

(
]−∞, T [, C0(∂Ω)

)
. Hence,

statement (i) implies the validity of statement (ii).

Remark 4. Under the assumptions of the previous proposition, Proposition 2.1 implies

that B
(

]−∞, T [, C0,ωθ(·)(∂Ω)
)
∩ C0,θ1/2

b

(
]−∞, T [, C0(∂Ω)

)
is continuously imbedded into

Cθ1/2,θ1(∂TΩ).

Then Remark 3 (iii), Lemma 8.2 and Remark 4 immediately imply the validity of the
following.

Theorem 8.2. Let T ∈] − ∞,+∞]. Let Ω be a bounded open Lipschitz subset of Rn. Let
θ ∈]0, 1], θ1 ∈]0, θ[. Let r ∈ {1, . . . , n}. Then the map Q[∂xrΦn(t−τ, x−y), ·, ·] from C0,θ(∂Ω)×
L∞(∂TΩ) to Cθ1/2,θ1(∂TΩ) which takes (g, µ) to the function

Q[∂xrΦn(t− τ, x− y), g, µ](t, x) (8.8)

≡
∫ t

−∞

∫
∂Ω

(g(x)− g(y))∂xrΦn(t− τ, x− y)µ(τ, y) dσydτ ∀(t, x) ∈ ∂TΩ ,

is bilinear and continuous (cf. Remark 2.)
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Next we turn to analyze a class of integral operators which we need to study the properties
of an integral operator related to the kernel ∂tΦn(t− τ, x− y), and we introduce the following
two statements.

Lemma 8.3. Let a ∈]0,+∞[, T ∈] −∞,+∞]. Let Ω be a bounded open Lipschitz subset of
Rn. Let θ ∈]0, 1]. Let Z̃ ∈ C0([(clΩ)T × ∂TΩ] \∆∂TΩ) be such that

Z̃(t, x, τ, y) = 0 if (t, x, τ, y) ∈ [(clΩ)T × ∂TΩ] \∆∂TΩ, τ > t ,

and such that

ζ̃ ≡ sup

{
|Z̃(t, x, τ, y)||t− τ |

n
2

+1e
|x−y|2
a(t−τ) :

(t, x, τ, y) ∈ [(clΩ)T × ∂TΩ] \∆∂TΩ

}
< +∞ .

Let f ∈ C0,θ(clΩ) and ϕ ∈ C
0,1/2
b (]−∞, T [, C0(∂Ω)). Let H̃][Z̃, f, ϕ] be the function from

[(clΩ)T × ∂TΩ] \∆∂TΩ to C de�ned by

H̃][Z̃, f, ϕ](t, x, τ, y) ≡ (f(x)− f(y))Z̃(t, x, τ, y)(ϕ(τ, y)− ϕ(t, y))

∀(t, x, τ, y) ∈ [(clΩ)T × ∂TΩ] \∆∂TΩ .

If (t, x) ∈ (clΩ)T , then the function H̃][Z̃, f, ϕ](t, x, ·, ·) is Lebesgue integrable in ∂TΩ and the
function Q̃][Z, f, ϕ] from (clΩ)T to C de�ned by

Q̃][Z̃, f, ϕ](t, x) ≡
∫ t

−∞

∫
∂Ω

H̃][Z̃, f, ϕ](t, x, τ, y) dσydτ ∀(t, x) ∈ (clΩ)T ,

is continuous and bounded.

Proof. We plan to apply Lemma 7.1. By de�nition of ζ̃ and of H̃[Z̃, f, ϕ], we have

∣∣∣H̃][Z̃, f̃ ](t, x, τ, y)
∣∣∣ 6 |f |θ||ϕ||C0,1/2

b (]−∞,T [,C0(∂Ω))
|x− y|θ

|t− τ |(n+1)/2
ζ̃e−

|x−y|2
a(t−τ) ,

for all (t, x, τ, y) ∈ (clΩ)T × ∂TΩ \∆∂TΩ. Next we note that

(n+ 1)/2 > 1 , 2((n+ 1)/2)− θ − 2 = n− 1− θ < n− 1 ,

and that Vitali Convergence Theorem implies the continuity of the function
∫
∂Ω

dσy
|x−y|(n−1)−θ in

the variable x ∈ clΩ and accordingly that supx∈clΩ

∫
∂Ω

dσy
|x−y|(n−1)−θ < +∞. Then Lemma 7.1

with µ ≡ 1 implies the validity of the statement.

Proposition 8.1. Let a ∈]0,+∞[, T ∈]−∞,+∞]. Let Ω be a bounded open Lipschitz subset
of Rn. Let θ ∈]0, 1]. Let b ∈ [1/2, 1], b1 ∈]0, b[. If n = 2, then we further assume that b < 1.
Let

γ]n ≡ ((n/2) + 1, 0, (n/2) + 2, 1, 1, (n/2) + 2, 0, 1) , (8.9)

γ]n,θ,b ≡ ((n/2) + 1− b, θ, (n/2) + 1− b, 0, θ, (n/2) + 1− (b− b1), θ, b1) ,

(cf. Remark 3 (ii).) Then the following statements hold.
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(i) The map H̃ from Kγ]n,a(∂TΩ) × C0,θ(∂Ω) × C0,b;0,1(∂TΩ) to Kγ]n,θ,b,5a(∂TΩ), which takes

(Z, g, ϕ) to the function from (∂TΩ)2 \∆∂TΩ to C de�ned by

H̃[Z, g, ϕ](t, x, τ, y) ≡ (g(x)− g(y))Z(t, x, τ, y)(ϕ(τ, y)− ϕ(t, y)) ,

for all (t, x, τ, y) ∈ (∂TΩ)2 \∆∂TΩ is trilinear and continuous.

(ii) Let 2b+ θ 6 2. Let

ω̃b,θ(r) ≡
{
rθ if b ∈]1/2, 1] ,
ωθ(r) if b = 1/2 ,

for all r ∈]0,+∞[. The map Q̃ from Kγ]n,a(∂TΩ) × C0,θ(∂Ω) × C0,b;0,1(∂TΩ) to

B(]−∞, T [, C0,ω̃b,θ(·)(∂Ω)) which takes (Z, g, ϕ) to the function from ∂TΩ to C de�ned
by

Q̃[Z, g, ϕ](t, x) ≡
∫ t

−∞

∫
∂Ω

H̃[Z, g, ϕ](τ, y) dσydτ ,

for all (t, x) ∈ ∂TΩ is trilinear and continuous.

(iii) The interval ] max{0, [1− θ−2(b− b1)]/2},min{(n/2)− (b− b1), b1}] is not empty and the

map Q̃ from Kγ]n,a(∂TΩ)×C0,θ(∂Ω)×C0,b;0,1(∂TΩ) to C
0,min{h,b1−b2}
b (]−∞, T [, C0(∂Ω)) is

trilinear and continuous for all

h ∈]0, (2b+ θ − 1)/2[ , b2 ∈] max{0, [1− θ − 2(b− b1)]/2},min{(n/2)− (b− b1), b1}] .

Proof. We �rst consider statement (i). Let x, y ∈ ∂Ω, x 6= y, t, τ ∈ ]−∞, T [, τ < t. Then we
have

|(g(x)− g(y))Z(t, x, τ, y)| |ϕ(τ, y)− ϕ(t, y)| (8.10)

6 |g|θ
|x− y|θ

|t− τ |(n/2)+1
e−
|x−y|2
a(t−τ)‖Z‖K

γ
]
n,a

(∂TΩ)‖ϕ‖C0,b;0,1(∂TΩ)|τ − t|b

= |g|θ‖Z‖K
γ
]
n,a

(∂TΩ)‖ϕ‖C0,b;0,1(∂TΩ)

|x− y|θ

|t− τ |(n/2)+1−b e
− |x−y|

2

a(t−τ) .

Let t, τ ∈ ]−∞, T [, τ < t, x′, x′′ ∈ ∂Ω, x′ 6= x′′, y ∈ ∂Ω \ Bn(x′, 2|x′ − x′′|). Then Lemma 3.1
(i), and the de�nition of ‖Z‖K

γ
]
n,a

(∂TΩ), and the H�older continuity of g, ϕ, and the triangular

inequality imply that

|(g(x′)− g(y))Z(t, x′, τ, y)(ϕ(τ, y)− ϕ(t, y)) (8.11)

−(g(x′′)− g(y))Z(t, x′′, τ, y)(ϕ(τ, y)− ϕ(t, y))|

6

{
|g(x′)− g(y)| |Z(t, x′, τ, y)− Z(t, x′′, τ, y)|

+|g(x′)− g(x′′)| |Z(t, x′′, τ, y)|
}
|ϕ(τ, y)− ϕ(t, y)|

6 |g|θ‖Z‖K
γ
]
n,a

(∂TΩ)‖ϕ‖C0,b;0,1(∂TΩ)

{
|x′ − y|θ+1

|t− τ |(n/2)+2
|x′ − x′′|e−

|x′−y|2
a(t−τ)

+
|x′ − x′′|θ

|t− τ |(n/2)+1
e−
|x′′−y|2
a(t−τ)

}
|t− τ |b .
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Since |x′ − x′′| 6 |x′ − y|, we have |x′ − x′′|1−θ 6 |x′ − y|1−θ. Moreover, Lemma 3.1 (i) implies
that |x′′ − y| > 1

2
|x′ − y|. Then Lemma 3.4 (v) implies that the right hand side of (8.11) is less

or equal to

|g|θ‖Z‖K
γ
]
n,a

(∂TΩ)‖ϕ‖C0,b;0,1(∂TΩ)

{
|x′ − y|2|x′ − x′′|θ

|t− τ |(n/2)+2
e−
|x′−y|2
a(t−τ) (8.12)

+
|x′ − x′′|θ

|t− τ |(n/2)+1
e−
|x′−y|2
4a(t−τ)

}
|t− τ |b

6 |g|θ‖Z‖K
γ
]
n,a

(∂TΩ)‖ϕ‖C0,b;0,1(∂TΩ)

|x′ − x′′|θ

|t− τ |(n/2)+1−b

{
|x′ − y|2

t− τ
+ 1

}
e−
|x′−y|2
4a(t−τ)

6 |g|θ‖Z‖K
γ
]
n,a

(∂TΩ)‖ϕ‖C0,b;0,1(∂TΩ)

|x′ − x′′|θ

|t− τ |(n/2)+1−bC(4a, 5a, 1)e−
|x′−y|2
5a(t−τ) .

Let x, y ∈ ∂Ω, x 6= y, t′, t′′ ∈ ]−∞, T [, t′ < t′′, τ < t′ − 2|t′ − t′′|. Then inequality (3.1) and
the triangular inequality imply that

|(g(x)− g(y))Z(t′, x, τ, y)(ϕ(τ, y)− ϕ(t′, y)) (8.13)

−(g(x)− g(y))Z(t′′, x, τ, y)(ϕ(τ, y)− ϕ(t′′, y))|
6 |(g(x)− g(y))Z(t′, x, τ, y)| |(ϕ(τ, y)− ϕ(t′, y))− (ϕ(τ, y)− ϕ(t′′, y))|

+|ϕ(τ, y)− ϕ(t′′, y)| |(g(x)− g(y))Z(t′, x, τ, y)− (g(x)− g(y))Z(t′′, x, τ, y)|

6 |g|θ‖Z‖K
γ
]
n,a

(∂TΩ)‖ϕ‖C0,b;0,1(∂TΩ)

{
|x− y|θ|t′ − t′′|b

(t′ − τ)(n/2)+1
e
− |x−y|

2

a(t′−τ)

+
|τ − t′′|b|x− y|θ|t′ − t′′|

(t′ − τ)(n/2)+2
e
− |x−y|

2

a(t′−τ)

}
6 |g|θ‖Z‖K

γ
]
n,a

(∂TΩ)‖ϕ‖C0,b;0,1(∂TΩ)|t′ − t′′|b1
{
|x− y|θ|t′ − t′′|b−b1

(t′ − τ)(n/2)+1

+2b
|x− y|θ|t′ − t′′|1−b1

(t′ − τ)(n/2)+2−b

}
e
− |x−y|

2

a(t′−τ)

6 2|g|θ‖Z‖K
γ
]
n,a

(∂TΩ)‖ϕ‖C0,b;0,1(∂TΩ)|t′ − t′′|b1
{

|x− y|θ

(t′ − τ)(n/2)+1−(b−b1)

+
|x− y|θ

(t′ − τ)(n/2)+2−b−(1−b1)

}
e
− |x−y|

2

a(t′−τ)

6 4|g|θ‖Z‖K
γ
]
n,a

(∂TΩ)‖ϕ‖C0,b;0,1(∂TΩ)|t′ − t′′|b1
|x− y|θ

(t′ − τ)(n/2)+1−(b−b1)
e
− |x−y|

2

a(t′−τ) .

Then inequalities (8.10)�(8.13) imply the validity of statement (i).
We now prove statement (ii). We distinguish case b ∈]1/2, 1] and case b = 1/2 and we �rst

consider case b ∈]1/2, 1]. By Proposition 7.1 (ii) with γ = γ]n,θ,b, the map u[∂TΩ, ·, 1] is linear
and continuous from Kγ]n,θ,b,5a(∂TΩ) to

B(]−∞, T [, C0,min{(n−1)−(n−2b−θ),θ}(∂Ω))

= B(]−∞, T [, C0,min{2b+θ−1,θ}(∂Ω)) = B(]−∞, T [, C0,θ(∂Ω)) .
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Indeed, by our assumptions we have 1 < 2b+ θ 6 2 and

γ1 = (n/2) + 1− b > 1 , (8.14)

2γ1 − γ2 − 2 = 2[(n/2) + 1− b]− θ − 2

= n− 2b− θ = (n− 1)− (2b+ θ − 1) ∈ [n− 2, n− 1[ ,

γ′1 = (n/2) + 1− b > 1 ,

γ′l = θ ∈]0, 1] ,

γ′l + (n− 1)− (2γ′1 − γ′2 − 2) = θ + (n− 1)− (n− 2b) = θ − 1 + 2b > 0 .

Moreover, assumption b > 1/2 implies that

2γ′1 − γ′2 − 2 = 2((n/2) + 1− b)− 2 = n− 2b < n− 1 ,

and that
(n− 1)− (2γ1 − γ2 − 2) = 2b+ θ − 1 > θ = γ′l .

Hence, statement (i) implies the validity of statement (ii) for b ∈]1/2, 1]. Next we consider the
case b = 1/2. Since

2γ′1 − γ′2 − 2 = n− 1 , (n− 1)− (2γ1 − γ2 − 2) = θ ,

statement (i) and Proposition 7.1 (ii) imply the validity of statement (ii).
We now turn to prove statement (iii). We �rst note that the assumptions b ∈ [1/2, 1] and

θ > 0 imply that [1− θ − 2(b− b1)]/2 < b1 and that accordingly the interval
] max{0, [1−θ−2(b−b1)]/2},min{(n/2)−(b−b1), b1}] is not empty. Indeed, [1−θ−2(b−b1)]/2 <
(n/2) − (b − b1). Next we plan to exploit Proposition 7.2 with γ = γ]n,θ,b. By assumption and
by the equalities in (8.14), we have

h ∈]0, (2b+ θ − 1)/2[=]0, [(n− 1)− (2γ1 − γ2 − 2)]/2[∩]0, 1] .

Next we observe that γ′′1 = (n/2) + 1− (b− b1) > 1, γ′′l = b1 ∈]0, 1] and that

(2γ′′1 − γ′′2 − 2)− (n− 1)

2
=
n+ 2− 2(b− b1)− θ − 2− (n− 1)

2

=
(1− θ)− 2(b− b1)

2
< γ′′1 − 1 = (n/2) + 1− (b− b1)− 1

= (n/2)− (b− b1) > 0 ,

(2γ′′1 − γ′′2 − 2)− (n− 1)

2
=

(1− θ)− 2(b− b1)

2
< γ′′l = b1 > 0 .

Indeed, (1− θ)− 2(b− b1) < n− 2(b− b1) and (1− θ)− 2(b− b1) < 2b1. By assumption,

b2 ∈] max{0, [(1− θ)− 2(b− b1)]/2},min{(n/2)− (b− b1), b1}] .

Then the map u[∂TΩ, ·, 1] from Kγ]n,θ,b,5a(∂TΩ) to C
0,min{h,b1−b2}
b (]−∞, T [, C0(∂Ω)) is linear and

continuous. Hence, statement (i) implies the validity of statement (iii).
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9 Integral operators on the space of H�older continuous functions

Next we consider the action of u[∂TΩ, K, ·] in case the functional variable µ is H�older continuous.

Proposition 9.1. Let a ∈]0,+∞[, T ∈]−∞,+∞]. Let Ω be a bounded open Lipschitz subset
of Rn. Let γ ∈ R8 be as in (6.1). Let γ′l, γ

′′
l ∈]0, 1]. Let γ1 > 1, 2γ1 − γ2 − 2 ∈ [n − 2, n − 1[.

Then the following statements hold.

(i) Let η2 ∈]0, 1[. Let γ′1 − (η2/2) > 1, (n− 1)− (2γ′1 − γ′2 − 2− η2) + γ′l > 0. Let

ω(r) ≡



rmin{(n−1)−(2γ1−γ2−2),γ′l}

if 2γ′1 − γ′2 − 2− η2 < n− 1 ,
max{r(n−1)−(2γ1−γ2−2), ωγ′l(r)}

if 2γ′1 − γ′2 − 2− η2 = n− 1 ,
rmin{(n−1)−(2γ1−γ2−2),(n−1)−(2γ′1−γ′2−2−η2)+γ′l}

if 2γ′1 − γ′2 − 2− η2 > n− 1 ,

for all r ∈]0,+∞[. Then there exists c1 > 0 such that the function u[∂TΩ, K, µ] de�ned
by (7.1) satis�es the following inequality

|u[∂TΩ, K, µ](t, x′)− u[∂TΩ, K, µ](t, x′′)| (9.1)

6 c1‖K‖Kγ,a(∂TΩ)‖µ‖Cη2/2;η2 (∂TΩ)ω(|x′ − x′′|)
+‖µ‖L∞(∂TΩ)|u[∂TΩ, K, 1](t, x′)− u[∂TΩ, K, 1](t, x′′)| ,

for all x′, x′′ ∈ ∂Ω, t ∈ ]−∞, T [, and for all (K,µ) ∈ Kγ,a(∂TΩ)× Cη2/2;η2(∂TΩ).

(ii) Let η1 ∈]0, 2[, η2 ∈]0, η1]. Let

γ1 − (η2/2) > 1 ,

2γ1 − γ2 − 2 + (η1 − η2) < n− 1 ,

γ′′1 − (η2/2) > 1 ,

γ′′l < γ′′1 − 1 + 2−1(η1 − η2) ,

η1 < 2γ′′l ,

2γ′′1 − γ′′2 − 2− 2γ′′l + (η1 − η2) < (n− 1) .

Then there exists c2 > 0 such that the function u[∂TΩ, K, µ] de�ned by (7.1) satis�es the
following inequality

|u[∂TΩ, K, µ](t′, x)− u[∂TΩ, K, µ](t′′, x)| (9.2)

6 c2‖K‖Kγ,a(∂TΩ)‖µ‖C0,η2/2
b (]−∞,T [,C0(∂Ω))

|t′ − t′′|η1/2

+|u[∂TΩ, K, µ(t′, ·)](t′, x)− u[∂TΩ, K, µ(t′, ·)](t′′, x)| ,

for all x ∈ ∂Ω, t′, t′′ ∈ ]−∞, T [, t′ < t′′, and for all (K,µ) ∈ Kγ,a(∂TΩ) ×
C

0,η2/2
b (]−∞, T [, C0(∂Ω)).

Proof. We �rst consider inequality (9.1). Let x′, x′′ ∈ ∂Ω, t ∈ ]−∞, T [. By Remark 1 and by
Proposition 7.1 (i), it su�ces to consider case 0 < |x′ − x′′| < rγ′l . By the triangular inequality
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and by the inclusion Bn(x′, 2|x′ − x′′|) ⊆ Bn(x′′, 3|x′ − x′′|), we have

|u[∂TΩ, K, µ](t, x′)− u[∂TΩ, K, µ](t, x′′)| (9.3)

6 |[u[∂TΩ, K, µ](t, x′)− µ(t, x′)u[∂TΩ, K, 1](t, x′)]

−[u[∂TΩ, K, µ](t, x′′)− µ(t, x′)u[∂TΩ, K, 1](t, x′′)]|
+|µ(t, x′)| |u[∂TΩ, K, 1](t, x′)− u[∂TΩ, K, 1](t, x′′)|

6
∫ t

−∞

∫
Bn(x′,2|x′−x′′|)∩∂Ω

|K(t, x′, τ, y)| |µ(τ, y)− µ(t, x′)| dσydτ

+

∫ t

−∞

∫
Bn(x′′,3|x′−x′′|)∩∂Ω

|K(t, x′′, τ, y)| |µ(τ, y)− µ(t, x′)| dσydτ

+

∫ t

−∞

∫
∂Ω\Bn(x′,2|x′−x′′|)

|K(t, x′, τ, y)−K(t, x′′, τ, y)| |µ(τ, y)− µ(t, x′)| dσydτ

+‖µ‖L∞(∂TΩ)|u[∂TΩ, K, 1](t, x′)− u[∂TΩ, K, 1](t, x′′)| .

We now estimate the sum of the �rst two terms in the right hand side of (9.3). By Lemma 3.3
(ii), we have∫ t

−∞

∫
Bn(x′,2|x′−x′′|)∩∂Ω

|K(t, x′, τ, y)| |µ(τ, y)− µ(t, x′)| dσydτ (9.4)

+

∫ t

−∞

∫
Bn(x′′,3|x′−x′′|)∩∂Ω

|K(t, x′′, τ, y)| |µ(τ, y)− µ(t, x′)| dσydτ

6 2‖K‖Kγ,a(∂TΩ)‖µ‖L∞(∂TΩ)

{∫ t

−∞

∫
Bn(x′,2|x′−x′′|)∩∂Ω

|x′ − y|γ2
|t− τ |γ1

e−
|x′−y|2
a(t−τ) dσydτ

+

∫ t

−∞

∫
Bn(x′′,3|x′−x′′|)∩∂Ω

|x′′ − y|γ2
|t− τ |γ1

e−
|x′′−y|2
a(t−τ) dσydτ

}
6 2‖K‖Kγ,a(∂TΩ)‖µ‖L∞(∂TΩ)

×
{∫ +∞

0

∫
Bn(x′,2|x′−x′′|)∩∂Ω

|x′ − y|γ2+2a−1+γ1

|u|γ1|x′ − y|2γ1
e−1/u dσydu

+

∫ +∞

0

∫
Bn(x′′,3|x′−x′′|)∩∂Ω

|x′′ − y|γ2+2a−1+γ1

|u|γ1|x′′ − y|2γ1
e−1/u dσydu

}
6 4‖K‖Kγ,a(∂TΩ)‖µ‖L∞(∂TΩ)

Γ(γ1 − 1)

aγ1−1
c′′Ω,2γ1−γ2−2|x′ − x′′|(n−1)−(2γ1−γ2−2) .

We now consider the third term in the right hand side of (9.3).∫ t

−∞

∫
∂Ω\Bn(x′,2|x′−x′′|)

|K(t, x′, τ, y)−K(t, x′′, τ, y)| |µ(τ, y)− µ(t, x′)| dσydτ

6 ‖K‖Kγ,a(∂TΩ)

∫ t

−∞

∫
∂Ω\Bn(x′,2|x′−x′′|)

|x′ − y|γ′2
|t− τ |γ′1

|x′ − x′′|γ′le−
|x′−y|2
a(t−τ)

× [|µ(τ, y)− µ(τ, x′)|+ |µ(τ, x′)− µ(t, x′)|] dσydτ

6 ‖K‖Kγ,a(∂TΩ)‖µ‖Cη2/2;η2 (∂TΩ)
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×
{∫ +∞

0

∫
∂Ω\Bn(x′,2|x′−x′′|)

|x′ − y|γ′2+2+η2a−1+γ′1

uγ
′
1|x′ − y|2γ′1

|x′ − x′′|γ′le−1/u dσydu

+

∫ +∞

0

∫
∂Ω\Bn(x′,2|x′−x′′|)

|x′ − y|γ′2+2a−1+γ′1−(η2/2)

uγ
′
1−(η2/2)|x′ − y|2γ′1−η2

|x′ − x′′|γ′le−1/u dσydu

}
6 2‖K‖Kγ,a(∂TΩ)‖µ‖Cη2/2;η2 (∂TΩ)|x′ − x′′|γ

′
l

×max

{
Γ(γ′1 − 1)

aγ
′
1−1

,
Γ(γ′1 −

η2
2
− 1)

aγ
′
1−

η2
2
−1

}∫
∂Ω\Bn(x′,2|x′−x′′|)

dσy
|x′ − y|2γ′1−γ′2−2−η2

. (9.5)

At this point we distinguish three cases. If 2γ′1−γ′2−2−η2 < n−1, then Lemma 3.3 (i) implies
that ∫

∂Ω\Bn(x′,2|x′−x′′|)

dσy
|x′ − y|2γ′1−γ′2−2−η2

6
∫
∂Ω

dσy
|x′ − y|2γ′1−γ′2−2−η2

6 c′Ω,2γ′1−γ′2−2−η2 ,

and thus inequalities (9.3)�(9.5) imply that there exists c1 > 0 such that inequality (9.1) holds
with ω(r) as in statement (i). If 2γ′1 − γ′2 − 2− η2 = n− 1, then Lemma 3.3 (iv) implies that∫

∂Ω\Bn(x′,2|x′−x′′|)

dσy
|x′ − y|2γ′1−γ′2−2−η2

6 civΩ | ln |x′ − x′′|| ,

and thus inequalities (9.3)�(9.5) imply that there exists c1 > 0 such that inequality (9.1) holds
with ω(r) as in statement (i). If 2γ′1 − γ′2 − 2− η2 > n− 1, then Lemma 3.3 (iii) implies that∫

∂Ω\Bn(x′,2|x′−x′′|)

dσy
|x′ − y|2γ′1−γ′2−2−η2

6 c
′′′

Ω,2γ′1−γ′2−2−η2|x
′ − x′′|(n−1)−(2γ′1−γ′2−2−η2) ,

and thus inequalities (9.3)�(9.5) imply that there exists c1 > 0 such that inequality (9.1) holds
with ω(r) as in statement (i).

Next we consider statement (ii). Let x ∈ ∂Ω, t′, t′′ ∈ ]−∞, T [, t′ < t′′. By Remark 1 and
by Proposition 7.1 (i), it su�ces to consider case 0 < |t′ − t′′| < 1. By inequalities (3.1), and
by the inclusion ]t′ − 2|t′ − t′′|, t′ + 2|t′ − t′′|[⊆]t′′ − 3|t′ − t′′|, t′′ + 3|t′ − t′′|[, we have

|u[∂TΩ, K, µ](t′, x)− u[∂TΩ, K, µ](t′′, x)| (9.6)

6 |[u[∂TΩ, K, µ](t′, x)− u[∂TΩ, K, µ(t′, ·)](t′, x)]

−[u[∂TΩ, K, µ](t′′, x)− u[∂TΩ, K, µ(t′, ·)](t′′, x)]|
+|u[∂TΩ, K, µ(t′, ·)](t′, x)− u[∂TΩ, K, µ(t′, ·)](t′′, x)|

6
∫ t′+2|t′−t′′|

t′−2|t′−t′′|

∫
∂Ω

|K(t′, x, τ, y)| |µ(τ, y)− µ(t′, y)| dσydτ

+

∫ t′′+3|t′−t′′|

t′′−3|t′−t′′|

∫
∂Ω

|K(t′′, x, τ, y)| |µ(τ, y)− µ(t′, y)| dσydτ

+

∫ t′−2|t′−t′′|

−∞

∫
∂Ω

|(K(t′, x, τ, y)−K(t′′, x, τ, y))(µ(τ, y)− µ(t′, y))| dσydτ

+|u[∂TΩ, K, µ(t′, ·)](t′, x)− u[∂TΩ, K, µ(t′, ·)](t′′, x)| .
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We now estimate the �rst two summands in the right hand side of (9.6). By Lemmas 3.3 (i)
and 3.4 (iii), and by the elementary inequality |t′ − τ |η2/2 6 |t′ − t′′|η2/2 + |t′′ − τ |η2/2, we have∫ t′+2|t′−t′′|

t′−2|t′−t′′|

∫
∂Ω

|K(t′, x, τ, y)| |µ(τ, y)− µ(t′, y)| dσydτ (9.7)

+

∫ t′′+3|t′−t′′|

t′′−3|t′−t′′|

∫
∂Ω

|K(t′′, x, τ, y)| |µ(τ, y)− µ(t′, y)| dσydτ

6 ‖K‖Kγ,a(∂TΩ)‖µ‖C0,η2/2
b (]−∞,T [,C0(∂Ω))

×
{∫ t′

t′−2|t′−t′′|

∫
∂Ω

|x− y|γ2
|t′ − τ |γ1

e
− |x−y|

2

a(t′−τ) |t′ − τ |(η2/2) dσydτ

+|t′ − t′′|η2/2
∫ t′′

t′′−3|t′−t′′|

∫
∂Ω

|x− y|γ2
|t′′ − τ |γ1

e
− |x−y|

2

a(t′′−τ) dσydτ

+

∫ t′′

t′′−3|t′−t′′|

∫
∂Ω

|x− y|γ2
|t′′ − τ |γ1

e
− |x−y|

2

a(t′′−τ) |t′′ − τ |η2/2 dσydτ
}

6 ‖K‖Kγ,a(∂TΩ)‖µ‖C0,η2/2
b (]−∞,T [,C0(∂Ω))

×
{∫

∂Ω

∫ 2a|t′−t′′|
|x−y|2

0

|x− y|γ2+2a−1+γ1−(η2/2)

uγ1−(η2/2)|x− y|2γ1−η2
e−1/u dudσy

+|t′ − t′′|η2/2
∫
∂Ω

∫ 3a|t′−t′′|
|x−y|2

0

|x− y|γ2+2

uγ1|x− y|2γ1
a−1+γ1e−1/u dudσy

+

∫
∂Ω

∫ 3a|t′−t′′|
|x−y|2

0

|x− y|γ2+2a−1+γ1−(η2/2)

uγ1−(η2/2)|x− y|2γ1−η2
e−1/u dudσy

}
6 ‖K‖Kγ,a(∂TΩ)‖µ‖C0,η2/2

b (]−∞,T [,C0(∂Ω))
max{a−1+γ1−(η2/2), a−1+γ1}

×
{

2

∫
∂Ω

D̃γ1−(η2/2),η1/2

(
3a|t′ − t′′|
|x− y|2

)η1/2 dσy
|x− y|2γ1−γ2−2−η2

+|t′ − t′′|η2/2
∫
∂Ω

D̃γ1,(η1−η2)/2

(
3a|t′ − t′′|
|x− y|2

)(η1−η2)/2
dσy

|x− y|2γ1−γ2−2

}
6 ‖K‖Kγ,a(∂TΩ)‖µ‖C0,η2/2

b (]−∞,T [,C0(∂Ω))
max{a−1+γ1−(η2/2), a−1+γ1}

×
{

2D̃γ1−(η2/2),η1/2(3a)η1/2c′Ω,2γ1−γ2−2+(η1−η2)

+(3a)(η1−η2)/2D̃γ1,(η1−η2)/2c
′
Ω,2γ1−γ2−2+(η1−η2)

}
|t′ − t′′|η1/2 .

We now estimate the third term in the right hand side of (9.6). By Lemmas 3.3 (i) and 3.4 (ii),
we have ∫ t′−2|t′−t′′|

−∞

∫
∂Ω

|(K(t′, x, τ, y)−K(t′′, x, τ, y))(µ(τ, y)− µ(t′, y))| dσydτ

6 ‖K‖Kγ,a(∂TΩ)‖µ‖C0,η2/2
b (]−∞,T [,C0(∂Ω))∫ t′−2|t′−t′′|

−∞

∫
∂Ω

|x− y|γ′′2
|t′ − τ |γ′′1−(η2/2)

|t′ − t′′|γ′′l e−
|x−y|2
a(t′−τ) dσydτ



Time dependent boundary norms for kernels 108

6 ‖K‖Kγ,a(∂TΩ)‖µ‖C0,η2/2
b (]−∞,T [,C0(∂Ω))

|t′ − t′′|γ′′l∫
∂Ω

∫ +∞

2a|t′−t′′|
|x−y|2

|x− y|γ′′2 +2a−1+γ′′1−(η2/2)

uγ
′′
1−(η2/2)|x− y|2γ′′1−η2

e−1/u dσydu

6 ‖K‖Kγ,a(∂TΩ)‖µ‖C0,η2/2
b (]−∞,T [,C0(∂Ω))

Dγ′′1−(η2/2),r|t′ − t′′|γ
′′
l a−1+γ′′1−(η2/2)

×
∫
∂Ω

(
2a|t′ − t′′|
|x− y|2

)−r
dσy

|x− y|2γ′′1−γ′′2−2−η2

6 ‖K‖Kγ,a(∂TΩ)‖µ‖C0,η2/2
b (]−∞,T [,C0(∂Ω))

Dγ′′1−(η2/2),r|t′ − t′′|γ
′′
l −r

×(2a)−ra−1+γ′′1−(η2/2)c′Ω,2γ′′1−γ′′2−2−η2−2r , (9.8)

for all r ∈]0, γ′′1 − (η2/2)− 1[, provided that 2γ′′1 − γ′′2 − 2− η2 − 2r < (n− 1). We now wish to
select r so that γ′′l − r = η1/2, i.e., r = γ′′l − η1/2. To do so, we must verify that

0 < γ′′l − (η1/2) , γ′′l − (η1/2) < γ′′1 − (η2/2)− 1 , (9.9)

and that 2γ′′1 − γ′′2 − 2− η2 − 2r < (n− 1). Now we can rewrite inequalities (9.9) as

η1 < 2γ′′l , γ′′l < γ′′1 − 1 + 2−1(η1 − η2) ,

and we observe that such inequalities hold by assumption. Moreover, if we set r = γ′′l − η1/2,
then our assumptions imply that

2γ′′1 − γ′′2 − 2− η2 − 2r = 2γ′′1 − γ′′2 − 2− η2 − 2γ′′l + η1 < (n− 1) ,

Hence, we conclude that we can choose r as above, and that accordingly inequalities (9.6)�(9.8)
imply the validity of statement (ii).

Lemma 9.1. Let a ∈]0,+∞[, T ∈] −∞,+∞]. Let Ω be a bounded open Lipschitz subset of
Rn. Let α ∈]0, 1[, β ∈]0, α[. Let γn be de�ned as in (8.2). Then the following statements hold.

(i) There exists q1 ∈]0,+∞[ such that

|Q[Z, g, µ](t, x′)−Q[Z, g, µ](t, x′′)| (9.10)

6 q1‖Z‖Kγn,a(∂TΩ)‖g‖C0,α(∂Ω)‖µ‖Cβ/2;β(∂TΩ)|x′ − x′′|α

+‖µ‖L∞(∂TΩ)|Q[Z, g, 1](t, x′)−Q[Z, g, 1](t, x′′)| ,

for all x′, x′′ ∈ ∂Ω, t ∈ ]−∞, T [, and for all (Z, g, µ) ∈ Kγn,a(∂TΩ) × C0,α(∂Ω) ×
Cβ/2;β(∂TΩ) (cf. (8.4).)

(ii) There exists q2 ∈]0,+∞[ such that

|Q[Z, g, µ](t′, x)−Q[Z, g, µ](t′′, x)| (9.11)

6 q2‖Z‖Kγn,a(∂TΩ)‖g‖C0,α(∂Ω)‖µ‖C0,β/2
b (]−∞,T [,C0(∂Ω))

|t′ − t′′|α/2

+|Q[Z, g, µ(t′, ·)](t′, x)−Q[Z, g, µ(t′, ·)](t′′, x)| ,

for all x ∈ ∂Ω, t′, t′′ ∈ ]−∞, T [, t′ < t′′, and for all (Z, g, µ) ∈ Kγn,a(∂TΩ)×C0,α(∂Ω)×
C

0,β/2
b (]−∞, T [, C0(∂Ω)).
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(iii) There exists q3 ∈]0,+∞[ such that

|Q[Z, g, µ](t′, x)−Q[Z, g, µ](t′′, x)| (9.12)

6 q3‖Z‖Kγn,a(∂TΩ)‖g‖C0,α(∂Ω)‖µ‖C0,(1+β)/2
b (]−∞,T [,C0(∂Ω))

|t′ − t′′|(1+α)/2

+|Q[Z, g, µ(t′, ·)](t′, x)−Q[Z, g, µ(t′, ·)](t′′, x)| ,

for all x ∈ ∂Ω, t′, t′′ ∈ ]−∞, T [, t′ < t′′, and for all (Z, g, µ) ∈ Kγn,a(∂TΩ)×C0,α(∂Ω)×
C

0,(1+β)/2
b (]−∞, T [, C0(∂Ω)).

(iv) There exists q4 ∈]0,+∞[ such that

|Q[Z, g, µ](t′, x)−Q[Z, g, µ](t′′, x)| (9.13)

6 q4||Z||Kγn,a(∂TΩ)||g||C0,α(∂Ω)||µ||C0,1/2
b (]−∞,T [,C0(∂Ω))

|t′ − t′′|(1+β)/2

+|Q[Z, g, µ(t′, ·)](t′, x)−Q[Z, g, µ(t′, ·)](t′′, x)|,

for all x ∈ ∂Ω, , t′, t′′ ∈ ]−∞, T [, t′ < t′′, and for all (Z, g, µ) ∈ Kγn,a(∂TΩ)× C0,α(∂Ω)×
C

0,1/2
b (]−∞, T [, C0(∂Ω)).

Proof. We �rst consider statement (i). Let γn,θ, be de�ned as in (8.2) with θ = α. By Propo-
sition 9.1 (i) with γ = γn,θ, θ = α, η2 = β, there exists c1 > 0 such that inequality (9.1) holds
with ω(r) ≡ rα for all (K,µ) ∈ Kγn,α,4a(∂TΩ)× Cβ/2;β(∂TΩ). Indeed, γ′l = α, γ′′l = 1,

γ1 = (n/2) + 1 > 1 ,

2γ1 − γ2 − 2 = 2((n/2) + 1)− (1 + α)− 2 = (n− 1)− α ∈ [n− 2, n− 1[ ,

γ′1 − (η2/2) = (n/2) + 1− (β/2) > 1 ,

(n− 1)− (2γ′1 − γ′2 − 2− η2) + γ′l
= (n− 1)− [2((n/2) + 1)− 1− 2] + α + β = α + β > 0 ,

2γ′1 − γ′2 − 2− η2 = 2((n/2) + 1)− 1− 2− β = (n− 1)− β < (n− 1) .

Then inequality (9.10) follows by Lemma 8.2 (i) with θ = α and by the equality u[H[Z, g], µ] =
Q[Z, g, µ]. Next we consider statement (ii). By Proposition 9.1 (ii) with γ = γn,θ, θ = α, η1 = α,
η2 = β, there exists c2 > 0 such that inequality (9.2) holds for all (K,µ) ∈ Kγn,α,4a(∂TΩ) ×
Cβ/2;β(∂TΩ). Indeed, γ′l = α, γ′′l = 1,

γ1 − (η2/2) = (n/2) + 1− (β/2) > 1 ,

2γ1 − γ2 − 2 + (η1 − η2) = (n− 1)− α + (α− β) = (n− 1)− β < (n− 1) ,

γ′′1 − (η2/2) = (n/2) + 2− (β/2) > 1 ,

γ′′l − γ′′1 + 1− 2−1(η1 − η2)

= 1− ((n/2) + 2) + 1− 2−1(α− β) = −(n/2)− 2−1(α− β) < 0 ,

η1 − 2γ′′l = α− 2 < 0

2γ′′1 − γ′′2 − 2− 2γ′′l + (η1 − η2)

= 2((n/2) + 2)− (1 + α)− 2− 2 + (α− β) = (n− 1)− β < (n− 1) .

Then inequality (9.11) follows by Lemma 8.2 (i) with θ = α and by the equality u[H[Z, g], µ] =
Q[Z, g, µ]. Next we consider statement (iii). Let γn,α be as in (8.2) with θ = α. By Proposition
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9.1 (ii) with γ = γn,α, η1 = (1 + α), η2 = (1 + β), there exists c3 > 0 such that

|u[∂TΩ, K, µ](t′, x)− u[∂TΩ, K, µ](t′′, x)| (9.14)

6 c3‖K‖Kγn,α,4a(∂TΩ)‖µ‖C0,(1+β)/2
b (]−∞,T [,C0(∂Ω))

|t′ − t′′|(1+α)/2

+|u[∂TΩ, K, µ(t′, ·)](t′, x)− u[∂TΩ, K, µ(t′, ·)](t′′, x)| ,

for all x ∈ ∂Ω, t′, t′′ ∈ ]−∞, T [, t′ < t′′, and for all (K,µ) ∈ Kγn,α,4a(∂TΩ) ×
C

0,(1+β)/2
b (]−∞, T [, C0(∂Ω)). Indeed,

γ1 − (η2/2) = (n/2) + 1− 2−1(1 + β) > 1 ,

2γ1 − γ2 − 2 + (η1 − η2)

= 2((n/2) + 1)− 1− α− 2 + (1 + α)− (1 + β) = n− 1− α + (α− β)

< (n− 1) ,

γ′′1 − (η2/2) = (n/2) + 2− 2−1(1 + β) > 1 ,

γ′′l − γ′′1 + 1− 2−1(η1 − η2)

= 1− ((n/2) + 2) + 1− 2−1(α− β) = −(n/2)− 2−1(α− β) < 0 ,

η1 − 2γ′′l = (1 + α)− 2 < 0 ,

2γ′′1 − γ′′2 − 2− 2γ′′l + ((1 + α)− (1 + β))

= 2((n/2) + 2)− 1− α− 2− 2 + ((1 + α)− (1 + β))

= (n− 1)− α + (α− β) < (n− 1) .

Then inequality (9.12) follows by Lemma 8.2 (i) with θ = α and by inequality (9.14) and by
the equality u[H[Z, g], µ] = Q[Z, g, µ].

Finally we consider statement (iv). Next we plan to apply Proposition 9.1 (ii) with η1 =
1 + β, η2 = 1, γ = γn,α. As above we can verify that all the assumption of Proposition 9.1 (ii)
are satis�ed and that accordingly there exists q4 > 0 such that

|u[∂TΩ, K, µ](t′, x)− u[∂TΩ, K, µ](t′′, x)| (9.15)

6 q4||K||Kγn,α,4a(∂TΩ)||µ||C0,1/2
b (]−∞,T [,C0(∂Ω))

|t′ − t′′|(1+β)/2

+|u[∂TΩ, K, µ(t′, ·)](t′, x)− u[∂TΩ, K, µ(t′, ·)](t′′, x)|,

for all x ∈ ∂Ω, t′, t′′ ∈ ]−∞, T [, t′ < t′′, and for all (K,µ) ∈ Kγn,α,4a(∂TΩ) ×
C

0,1/2
b (]−∞, T [, C0(∂Ω)). Then the inequality (9.13) follows by Lemma 8.2 (i) and by in-

equality (9.15) and by the equality u[H[Z, g], µ] = Q[Z, g, µ].

10 Applications to layer heat potentials with H�older continuous den-
sities

Let

Sn(x) ≡
{ 1

sn
ln |x| ∀x ∈ Rn \ {0}, if n = 2 ,
1

(2−n)sn
|x|2−n ∀x ∈ Rn \ {0}, if n > 2 ,

where sn denotes the (n − 1) dimensional measure of ∂Bn. Sn is well known to be the funda-
mental solution of the Laplace operator. Then we have the following known elementary lemma
for densities which do not depend on time.
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Lemma 10.1. Let α ∈]0, 1], T ∈] −∞,+∞]. Let Ω be a bounded open subset of Rn of class
C1,α. If ϕ ∈ L∞(∂Ω), then

w[∂TΩ, ϕ](t, x) = −
∫
∂Ω

∂

∂ν(y)
Sn(x− y)ϕ(y) dσy , (10.1)

for all (x, t) ∈ ∂TΩ (cf. (8.1).)

Proof. By setting (t − τ) = u|x − y|2 in the integral (8.1) which de�nes the double layer heat
potential, we obtain

w[∂TΩ, ϕ](t, x) = − sn
2(4π)n/2

∫
∂Ω

∂

∂ν(y)
Sn(x− y)ψ(y) dσy ,

for all (x, t) ∈ ∂TΩ, where

ψ(y) ≡
∫ +∞

0

e−
1
4u

u(n/2)+1
ϕ(y) du ∀y ∈ ∂Ω ,

(see also Kress [13, p. 157].) Since
∫ +∞

0
e−

1
4u

u(n/2)+1 du = 4(n/2)Γ(n/2) and sn = 2πn/2

Γ(n/2)
, the formula

of the statement holds true.

Then we have the following statement.

Theorem 10.1. Let α ∈]0, 1[, β ∈]0, α[, T ∈] −∞,+∞]. Let Ω be a bounded open subset of
Rn of class C1,α.

(i) If µ ∈ C0,β/2
b (]−∞, T [, C0(∂Ω)), then w[∂TΩ, µ] ∈ C0,α/2

b (]−∞, T [, C0(∂Ω)). Moreover,

the operator from C
0,β/2
b (]−∞, T [, C0(∂Ω)) to C

0,α/2
b (]−∞, T [, C0(∂Ω)) which takes µ to

w[∂TΩ, µ] is linear and continuous (cf. Remark 2.)

(ii) If µ ∈ Cβ/2;β(∂TΩ), then w[∂TΩ, µ] ∈ Cα/2;α(∂TΩ). Moreover, the operator from
Cβ/2;β(∂TΩ) to Cα/2;α(∂TΩ) which takes µ to w[∂TΩ, µ] is linear and continuous.

(iii) If µ ∈ C
0,(1+β)/2
b (]−∞, T [, C0(∂Ω)), then w[∂TΩ, µ] ∈ C

0,(1+α)/2
b (]−∞, T [, C0(∂Ω)).

Moreover, the operator from C
0,(1+β)/2
b (]−∞, T [, C0(∂Ω)) to

C
0,(1+α)/2
b (]−∞, T [, C0(∂Ω)) which takes µ to w[∂TΩ, µ] is linear and continuous

(cf. Remark 2.)

(iv) If µ ∈ C0,1/2
b (]−∞, T [, C0(∂Ω)), then w[∂TΩ, µ] ∈ C0,(1+β)/2

b (]−∞, T [, C0(∂Ω)). More-

over the operator from C
0,1/2
b (]−∞, T [, C0(∂Ω)) to C

0,(1+β)/2
b (]−∞, T [, C0(∂Ω)) which

takes µ to w[∂TΩ, µ] is linear and continuous (cf. Remark 2.)

Proof. We �rst consider statement (i). By Theorem 8.1 (i), we already know that w[∂TΩ, ·]
is linear and continuous from L∞(∂TΩ) to B(]−∞, T [, C0,α(∂Ω)), and accordingly from

C
0,β/2
b (]−∞, T [, C0(∂Ω)) to B(]−∞, T [, C0,α(∂Ω)).
Next we plan to apply Proposition 9.1 (ii) with η1 = α, η2 = β, a ∈]16,+∞[. By Remark 3

(iv), we already know that the kernel ∂
∂ν(y)

Φn(t − τ, x − y) ∈ Kγ,a(∂TΩ), with γ as in Remark
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3 (iv). Then we observe that

γ1 − (η2/2) = (n/2) + 1− (β/2) > 1 ,

2γ1 − γ2 − 2 = 2((n/2) + 1)− (1 + α)− 2 = (n− 1)− α ∈ [n− 2, (n− 1)[ ,

2γ1 − γ2 − 2 + (η1 − η2) = (n− 1)− α + (α− β) = (n− 1)− β < (n− 1) ,

γ′′1 − (η2/2) = ((n/2) + 2)− (β/2) > 1 ,

γ′′l − γ′′1 + 1− 2−1(η1 − η2) = 1− ((n/2) + 2) + 1− 2−1(α− β) < 0 ,

η1 − 2γ′′l = α− 2 < 0 ,

2γ′′1 − γ′′2 − 2− 2γ′′l + (η1 − η2)

= 2((n/2) + 2)− (1 + α)− 2− 2 + (α− β) = (n− 1)− β < (n− 1) .

Then Proposition 9.1 (ii) implies the existence of c2 > 0 such that

|w[∂TΩ, µ](t′, x)− w[∂TΩ, µ](t′′, x)| (10.2)

6 c2

∥∥∥∥ ∂

∂ν(y)
Φn(t− τ, x− y)

∥∥∥∥
Kγ,a(∂TΩ)

‖µ‖
C

0,β/2
b (]−∞,T [,C0(∂Ω))

|t′ − t′′|α/2

+|w[∂TΩ, µ(t′, ·)](t′, x)− w[∂TΩ, µ(t′, ·)](t′′, x)| ,

for all x ∈ ∂Ω, t′, t′′ ∈ ]−∞, T [, t′ < t′′, and for all µ ∈ C0,β/2
b (]−∞, T [, C0(∂Ω)). By Lemma

10.1, we have

w[∂TΩ, µ(t′, ·)](t, x) = −
∫
∂Ω

∂

∂ν(y)
Sn(x− y)µ(t′, y) dσy ,

for all x ∈ ∂Ω, t, t′ ∈ ]−∞, T [ and for all µ ∈ C
0,β/2
b (]−∞, T [, C0(∂Ω)). Then the second

summand in the right hand side of (10.2) equals 0 and inequality (10.2) implies that statement
(i) holds true. Statement (ii) is an immediate consequence of statement (i) and of Theorem 8.1
(i) and of Proposition 2.1.

We now consider statement (iii). Since C
0,(1+β)/2
b (]−∞, T [, C0(∂Ω)) is continuously imbed-

ded into L∞(]−∞, T [, C0(∂Ω)), Theorem 8.1 (i) implies that w[∂TΩ, ·] is linear and continuous
from C

0,(1+β)/2
b (]−∞, T [, C0(∂Ω)) to B(]−∞, T [, C0,α(∂Ω)). Next we plan to apply Proposi-

tion 9.1 (ii) with η1 = 1 +α, η2 = 1 + β, a ∈]16,+∞[, γ as in Remark 3 (iv). As above, we can
verify that all the assumptions of Proposition 9.1 (ii) are satis�ed and that accordingly there
exists c̃2 > 0 such that

|w[∂TΩ, µ](t′, x)− w[∂TΩ, µ](t′′, x)| (10.3)

6 c̃2

∥∥∥∥ ∂

∂ν(y)
Φn(t− τ, x− y)

∥∥∥∥
Kγ,a(∂TΩ)

‖µ‖
C

0,(1+β)/2
b (]−∞,T [,C0(∂Ω))

|t′ − t′′|(1+α)/2

+|w[∂TΩ, µ(t′, ·)](t′, x)− w[∂TΩ, µ(t′, ·)](t′′, x)| ,

for all x ∈ ∂Ω, t′, t′′ ∈ ]−∞, T [, t′ < t′′, and for all µ ∈ C0,(1+β)/2
b (]−∞, T [, C0(∂Ω)). Then

again by (10.1), we conclude that the second summand in the right hand side of (10.3) vanishes
and that accordingly statement (iii) holds true.

We now consider statement (iv). Since C
0,1/2
b (]−∞, T [, C0(∂Ω)) is continuously imbedded

into L∞(]−∞, T [, C0(∂Ω)), Theorem 8.1 (i) implies that w[∂TΩ, ·] is linear and continuous

from C
0,1/2
b (]−∞, T [, C0(∂Ω)) to B(]−∞, , T [, C0,α(∂Ω)). Next we plan to apply Proposition

9.1 (ii) with η1 = 1 + β, η2 = 1, a ∈]16,+∞[, γ as in Remark 3 (iv). As above, we can verify
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that all the assumptions of Proposition 9.1 (ii) are satis�ed and that accordingly there exists
ĉ2 > 0 such that

|w[∂TΩ, µ](t′, x)− w[∂TΩ, µ](t′′, x)| (10.4)

6 ĉ2

∣∣∣∣∣∣∣∣ ∂

∂ν(y)
Φn(t− τ, x− y)

∣∣∣∣∣∣∣∣
Kγ,a(∂TΩ)

||µ||
C

0,1/2
b (]−∞,T [,C0(∂Ω))

|t′ − t′′|(1+β)/2

+|w[∂TΩ, µ(t′, ·)](t′, x)− w[∂TΩ, µ(t′, ·)](t′′, x)|,

for all x ∈ ∂Ω, t′, t′′ ∈ ]−∞, T [, t′ < t′′, and for all µ ∈ C0,1/2
b (]−∞, T [, C0(∂Ω)). Then again

by (10.1), we conclude that the second summand in the right hand side of (10.4) vanishes and
that accordingly statement (iv) holds true.

Next we analyze an integral operator with kernel ∂xrΦn(t− τ, x− y) for r ∈ {1, . . . , n} and
we prove the following.

Theorem 10.2. Let T ∈] −∞,+∞]. Let α ∈]0, 1[, β ∈]0, α[. Let r ∈ {1, . . . , n}. Let Ω be a
bounded open subset of Rn of class C1,α. Then the following statements hold

(i) The map Q[∂xrΦn(t − τ, x − y), ·, ·] from C0,α(∂Ω) × Cβ/2;β(∂TΩ) to Cα/2;α(∂TΩ) which
takes (g, µ) to Q[∂xrΦn(t− τ, x− y), g, µ] is bilinear and continuous (cf. (8.8).)

(ii) The map Q[∂xrΦn(t − τ, x − y), ·, ·] from C0,α(∂Ω) × C
0,(1+β)/2
b (]−∞, T [, C0(∂Ω)) to

C
0,(1+α)/2
b (]−∞, T [, C0(∂Ω)) which takes (g, µ) to Q[∂xrΦn(t − τ, x − y), g, µ] is bilinear

and continuous.

(iii) The map Q[∂xrΦn(t − τ, x − y), ·, ·] from C0,α(∂Ω) × C
0,1/2
b (]−∞, T [, C0(∂Ω)) to

C
0,(1+β)/2
b (]−∞, T [, C0(∂Ω)) which takes (g, µ) to Q[∂xrΦn(t − τ, x − y), g, µ] is bilinear

and continuous.

Proof. Let Z(t, x, τ, y) ≡ ∂xrΦn(t − τ, x − y). Let a ∈]16,+∞[. We now prove state-
ment (i). By Theorem 8.2 the map Q[Z, ·, ·] is bilinear and continuous from C0,α(∂Ω) ×
C

0,1/2
b (]−∞, T [, C0(∂Ω)) to C0(∂TΩ). By Remark 3 (iii), we have Z ∈ Kγn,a(∂TΩ) with γn

as in (8.2). Then Lemma 9.1 (i) implies that there exists q1 > 0 such that

|Q[Z, g, µ](t, x′)−Q[Z, g, µ](t, x′′)| (10.5)

6 q1||Z||Kγn,a(∂TΩ)||g||C0,α(∂Ω)||µ||Cβ/2;β(∂TΩ))|x′ − x′′|α

+||µ||L∞(∂TΩ)|Q[Z, g, 1](t, x′)−Q[Z, g, 1](t, x′′)|,

for all x′, x′′ ∈ ∂Ω, t ∈ ]−∞, T [, and for all (g, µ) ∈ C0,α(∂Ω) × Cβ/2;β(∂TΩ). By performing
the change of variables (t− τ) = u|x− y|2, we have

Q[Z, g, 1](t, x) =

∫ t

−∞

∫
∂Ω

(g(x)− g(y))
∂

∂xr
Φn(t− τ, x− y) dσydστ (10.6)

= −
∫ +∞

0

e−
1
4u

2(4π)n/2u(n/2)+1
dusn

∫
∂Ω

(g(x)− g(y))
∂

∂xr
Sn(x− y) dσy

= −
∫
∂Ω

(g(x)− g(y))
∂

∂xr
Sn(x− y) dσy ∀(x, t) ∈ ∂TΩ ,
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(see also the proof of Lemma 10.1.) Then known properties of harmonic layer potentials imply
that there exists q′1 > 0 such that

|Q[Z, g, 1](t, x′)−Q[Z, g, 1](t, x′′)| 6 q′1|x′ − x′′|α, (10.7)

for all x′, x′′ ∈ ∂Ω, t ∈ ]−∞, T [ (cf. e.g. Schauder [18, Hilfsatz VII, p. 112], [2, �8].) Next we
apply Lemma 9.1 (ii). Then there exists q2 > 0 such that

|Q[Z, g, µ](t′, x)−Q[Z, g, µ](t′′, x)| (10.8)

6 q2||Z||Kγn,a(∂TΩ)||g||C0,α(∂Ω)||µ||C0,β/2
b (]−∞,T [,C0(∂Ω))

|t′ − t′′|α/2

+|Q[Z, g, µ(t′, ·)](t′, x)−Q[Z, g, µ(t′, ·)](t′′, x)|,

for all x ∈ ∂Ω, t′, t′′ ∈ ]−∞, T [, t′ < t′′, and for all (g, µ) ∈ C0,α(∂Ω) ×
C

0,β/2
b (]−∞, T [, C0(∂Ω)). By exploiting the same change of variables of (10.6), we can show

that
|Q[Z, g, µ(t′, ·)](t′, x)−Q[Z, g, µ(t′, ·)](t′′, x)| = 0 , (10.9)

for all x ∈ ∂Ω, t′, t′′ ∈ ]−∞, T [, t′ < t′′. Then by Proposition 2.1 and by inequalities (10.5),
(10.7), (10.8) and equality (10.9), we conclude that statement (i) holds true. Statement (ii) is
a consequence of Lemma 9.1 (iii) and of equality (10.9).

Finally statement (iii) is a consequence of Lemma 9.1 (iv) again together with equality
(10.9).

Next we analyze an integral operator with kernel ∂tΦn(t− τ, x− y).

Theorem 10.3. Let T ∈] − ∞,+∞]. Let Ω be a bounded open Lipschitz subset of Rn. Let
α ∈]0, 1[, β ∈]0, α[. Then the following statements hold.

(i) The map Q̃[∂tΦn(t−τ, x−y), ·, ·] from C0,α(∂Ω)×C0,(1+β)/2;0,1(∂TΩ) to Cα/2;α(∂TΩ) which
takes (g, µ) to the function

Q̃[∂tΦn(t− τ, x− y), g, µ](t, x)

≡
∫ t

0

∫
∂Ω

(g(x)− g(y))∂tΦn(t− τ, x− y)(µ(τ, y)− µ(t, y))dσydτ ,

for all (t, x) ∈ ∂TΩ is bilinear and continuous.

(ii) The map Q̃[∂tΦn(t−τ, x−y), ·, ·] is bilinear and continuous from C0,α(∂Ω)×C0,1/2;0,1(∂TΩ)
to Cβ/2;β(∂TΩ).

(iii) The map Q̃[∂tΦn(t−τ, x−y), ·, ·] is bilinear and continuous from C0,1(∂Ω)×C0,1;0,1(∂TΩ)

to C
0,(1+α)/2
b (]−∞, T [, C0(∂Ω)).

Proof. Let a ∈]16,+∞[. Then Remark 3 (ii) implies that ∂tΦn(t−τ, x−y) belongs toKγ]n,a(∂TΩ)

with γ]n as in (8.9). We now prove statement (i). If β1 ∈]0, β], then C0,(1+β)/2;0,1(∂TΩ) is
continuously imbedded into C0,(1+β1)/2;0,1(∂TΩ). Thus there is no loss of generality in assuming
that α + β < 1. Then we can apply Proposition 8.1 with b = (1 + β)/2, θ = α and b1 ∈
](α/2), (α + β)/2[⊆](α/2), (1 + β)/2[. Indeed, 2b + θ = 1 + β + α ∈]1, 2]. Proposition 8.1 (ii)
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implies that Q̃[∂tΦn(t−τ, x−y), ·, ·] is bilinear and continuous from C0,α(∂Ω)×C0,(1+β)/2;0,1(∂TΩ)

to B
(

]−∞, T [, C0,α(∂Ω)
)
. Then we note that

h ≡ α/2 ∈]0, (2b+ θ − 1)/2[=]0, (α + β)/2[ ,

and that 1 > b − b1 > (1 − α)/2, (n/2) − [2−1(1 + β) − b1] > (n/2) − 2−1(1 + β) + (α/2) >
(α/2)− (β/2), and that accordingly

] max{0, [1− θ − 2(b− b1)]/2},min{(n/2)− [b− b1], b1}[
=]0,min{(n/2)− [2−1(1 + β)− b1], b1}[⊇]0, 2−1(α− β)[ .

Since b1 > α/2, then we can choose b2 ∈]0, 2−1(α − β)[ such that b1 − b2 > α/2, and thus
min{h, b1 − b2} = α/2, and Proposition 8.1 (iii) implies that Q̃[∂tΦn(t − τ, x − y), ·, ·] is bi-
linear and continuous from C0,α(∂Ω) × C0,(1+β)/2;0,1(∂TΩ) to C

0,α/2
b (]−∞, T [, C0(∂Ω)). Then

Proposition 2.1 implies that statement (i) holds true.
Next we consider statement (ii). We apply Proposition 8.1 (ii) with b = 1/2, θ = α. Then

the map Q̃[∂tΦn(t− τ, x− y), ·, ·] is bilinear and continuous from C0,α(∂Ω)×C0,1/2;0,1(∂TΩ) to
B(]−∞, T [, C0,ωα(·)(∂Ω)). By the continuity of the embedding of C0,ωα(·)(∂Ω) into C0,β(∂Ω),
the same map is continuous from C0,α(∂Ω) × C0,1/2;0,1(∂TΩ) to B(]−∞, T [, C0,β(∂Ω)). Then
we plan to apply Proposition 8.1 (iii) with b = 1/2, θ = α, b1 ∈]β/2, α/2[. We take

h ≡ β/2 ∈ ]0, (2b+ θ − 1)/2[ = ]0, α/2[ ,

and we choose

b2 ∈ ]max {0, [1− θ − 2(b− b1)]/2} ,min{(n/2)− (b− b1), b1}]
= ]max {0, b1 − α/2} ,min {(n− 1)/2 + b1, b1}]
=]0, b1[ ,

where we have exploited the membership of b1 in ]β/2, α/2[. We note that since b1 > β/2 we
can choose b2 ∈]0, b1[ such that b1 − b2 > β/2. Hence, Q̃[∂tΦn(t − τ, x − y), ·, ·] is bilinear and
continuous from C0,α(∂Ω) × C0,1/2;0,1(∂TΩ) to C

0,β/2
b (]−∞, T ], C0(∂Ω)). Combining Proposi-

tion 2.1 and the two result above we can conclude that Q̃[∂tΦn(t− τ, x− y), ·, ·] is bilinear and
continuous from C0,α(∂Ω)× C0,1/2;0,1(∂TΩ) to Cβ/2,β(∂TΩ). Hence, statement (ii) holds true.

Next we turn to prove statement (iii). We plan to apply Proposition 8.1 (iii) with b ∈
]2−1(1 + α), 1[, θ = 1, b1 ∈]2−1(1 + α), b[. We note that

h ≡ 2−1(1 + α) ∈]0, (2b+ θ − 1)/2[=]0, b[ ,

and that b− b1 6 1− 2−1(1 + α) = 2−1(1− α), and that accordingly

] max{0, [1− θ − 2(b− b1)]/2},min{(n/2)− [b− b1], b1}[
=]0,min{(n/2)− [b− b1], b1}[⊇]0,min{1− 2−1(1− α), b1}[
=]0, 2−1(1 + α)[ .

Since b1 > 2−1(1 +α), we can choose b2 ∈]0, 2−1(1 +α)[ such that b1− b2 > 2−1(1 +α) and thus
min{h, b1 − b2} = 2−1(1 + α). Hence, Proposition 8.1 (iii) implies that statement (iii) holds
true.



Time dependent boundary norms for kernels 116

Acknowledgments

This paper represents an extension of part of the work performed by P. Luzzini in his `Laurea
Magistrale' dissertation [17] under the guidance of M. Lanza de Cristoforis.

The �rst author acknwledges the support of the INdAM GNAMPA Project 2015 - �Un ap-
proccio funzionale analitico per problemi di perturbazione singolare e di omogeneizzazione" and
of the grant EP/M013545/1: "Mathematical Analysis of Boundary-Domain Integral Equations
for Nonlinear PDEs" from the EPSRC, UK.



Time dependent boundary norms for kernels 117

References

[1] K. Deimling, Nonlinear functional analysis, Springer-Verlag, Berlin, etc., 1985.

[2] F. Dondi, M. Lanza de Cristoforis, Tangential derivatives of the double layer potential of second order
elliptic di�erential operators with constant coe�cients, to appear in Memoirs on Di�erential Equations
and Mathematical Physics, 71 (2017).

[3] M. Costabel, Boundary integral operators for the heat equation, Integral Equations Operator Theory, 13
(1990), no. 4, 498-552

[4] G.B. Folland, Real analysis. Modern techniques and their applications, Second edition. John Wiley & Sons,
Inc., New York, 1999.

[5] M. Gevrey. Sur les �equations aux d�eriv�ees partielle du type parabolique, Journal de math�ematiques pures
et appliqu�ees, 9 (1913), 305�471.

[6] M. Gevrey. Sur les �equations aux d�eriv�ees partielle du type parabolique (suite), Journal de math�ematiques
pures et appliqu�ees, 10 (1914), 105�148.

[7] D. Gilbarg, N.S. Trudinger, Elliptic partial di�erential equations of second order, Second edition. Springer-
Verlag, Berlin, 1983

[8] S. Hofmann, J.L. Lewis, L2 solvability and representation by caloric layer potentials in time-varying do-
mains, Ann. of Math. 144 (1996), no. 2, 349�420.

[9] L.I. Kamynin, On the smoothness of thermal potentials, (Russian) Di�erencial'nye Uravnenija, 1 (1965),
799�839.

[10] L.I. Kamynin, On the smoothness of thermal potentials. II. Thermal potentials on the surface of type

L
1,α,α/2
1,1,(1+α)/2, Di�erencial'nye Uravnenija, 2 (1966), 647�687 (in Russian).

[11] L.I. Kamynin, On the smoothness of thermal potentials. V. Thermal potentials U , V and W on surfaces

of type Π
m+1,α,α/2
2m+1,1,(1+α)/2 and Π

m+1,1,(1+α)/2
2m+3,1,α,α/2 , Di�erensial'nye Uravnenija, 4 (1968), 347�365 (in Russian).

[12] L.I. Kamynin, On the smoothness of thermal potentials. V. Thermal potentials U , V and W on surfaces of

type L
m+1,α,α/2
2m+1,1,(1+α)/2 and L

m+1,1,(1+α)/2
2m+3,α,α/2 . II, Di�erencial'nye Uravnenija, 4 (1968), 881�895 (in Russian).

[13] R. Kress, Linear integral equations, Applied Mathematical Sciences 82. Springer-Verlag, Berlin, 1989.

[14] N.V. Krylov, Lectures on elliptic and parabolic equations in H�older spaces, Graduate Studies in Mathe-
matics, 12. American Mathematical Society, Providence, RI, 1996.

[15] O.A. Lady�zenskaja, V.A. Solonnikov, N.N. Ural'ceva, Linear and quasilinear equations of parabolic type,
Translated from the Russian by S. Smith. Translations of Mathematical Monographs, 23 American Math-
ematical Society, Providence, R.I. 1968 (in Russian).

[16] J.L. Lewis, M.A.M. Murray, The method of layer potentials for the heat equation in time-varying domains,
Mem. Amer. Math. Soc. 114 (1995), no. 545.

[17] P. Luzzini, Derivate tangenziali del potenziale di doppio strato calorico, Tesi di laurea magistrale, relatore
M. Lanza de Cristoforis, Universit�a degli studi di Padova, 1�86, 2015.

[18] J. Schauder, Potentialtheoretische Untersuchungen, Math. Z. 33 (1931), no. 1, 602-640.

[19] J. Schauder, Bemerkung zu meiner Arbeit �Potentialtheoretische Untersuchungen I (Anhang)�, Math. Z.
35 (1933), no. 1, 536-538.

[20] Van Tun, Theory of the heat potential. I. Level curves of heat potentials and the inverse problem in the
theory of the heat potential, �Z. Vy�cisl. Mat. i Mat. Fiz. 4 (1964), 660�670 (in Russian).



Time dependent boundary norms for kernels 118

[21] Van Tun, Theory of the heat potential. II. Smoothness of contour heat potentials, �Z. Vy�cisl. Mat. i Mat.
Fiz. 5 (1965), 474-487 (in Russian).

[22] Van Tun, A theory of the thermal potential. III. Smoothness of a plane thermal potential, �Z. Vy�cisl. Mat.
i Mat. Fiz. 5 (1965), 658�666 (in Russian).

Massimo Lanza de Cristoforis, Paolo Luzzini
Dipartimento di Matematica
Universit�a degli Studi di Padova
via Trieste 63,
35121 Italy, Padova
E-mails: mldc@math.unipd.it, pluzzini@math.unipd.it

Received: 26.09.2016


